by 1 2 3

1 gagan@buckaroo.att.com 2 dave@buckaroo.att.com 3 wow@research.att.com

Abstract

t t /

Keywords:

variables.

calculate time-dependent

t t

− 13

l_1^{th} l_2^{th} l_1 nearly l_2 nearly

l_1 and l_2 n n

f(t_1 ,t_2 variables t_1 and t_2 be

f̃(s_1 ,s_2 ) = 0 ∫^∞_0∫^∞ e^{− (s1 t1 +s2 t2 )} f(t1 ,t2 )dt1 dt2

s_1 and s_2 Re(s_1 ) > s_2 ) > 0.

f(t_1 ,t_2 f̃(s_1 ,s_2 ).

F(t_1 ,t_2 R^2

ϕ (u_1 ,u_2 ) = ∫ ∞ ∫^∞ e^{i(t1 u1 +t2 u2 )} F(t1 ,t2 )dt1 dt2

(If F ϕ F

F(t_1 ,t_2 ) = 4π^2

1 ∫^∞ ∫^∞ e^{− i(t1 u1 +t2 u2 )} ϕ (u1 ,u2 )du1 du2

F and ϕ

F

j Σ^∞_k Σ^{∞ F}^t1^+_{h1}^{2π j , t}2^+_{h2}^{2πk}^=_j Σ^∞_k Σ^∞_{4π}2^{h1 h2 ϕ (} 1^{,kh}2^{)e− ( 1 t1 +kh2 t2 ) . (2.4)}

aliasing t_1 and t_2 h_1^{− 1} and h_2^{− 1} ϕ (_1 ,kh_2

(2.3). f F(t_1 ,t_2 f(t_1 ,t_2 )e^{− (a 1 t1 +a 2 t2 )}

when t_1 ≥ t_2 ≥ ϕ (u_1 ,u_2 ) = f̃(a_1 − iu_1 , a_2 − iu_2 f̃

h_1 /(t_1 l_1 h_2 /(t_2 l_2 l_1 , l_2 ≥

j=0Σ^∞_{k=0}Σ^{∞ e− [a 1 +2 1 )t1 +a 2 +2kl2 )t2 ] f +2} 1^{)t}1^{+2kl}2^{)t}2^) = 4l_1 t_1 l_2 t_2 1 j Σ^∞_k Σ^{∞ e} − i l^1 jπ + l_2 kπ f̃ a_1 −

l_1 t_1 π , a_2 − l_2 t_2 ikπ . (2.5)

a_1 = A_1 / t_1 l_1 a_2 = A_2 / t_2 l_2

j=0Σ^∞_{k=0}Σ^{∞ e− (A1 j+A2 k) f +2} 1^{)t}1^{+2kl}2^{)t}2^)

= 4l_1 t_1 l_2 t_2 exp 2l^1

A_1 + 2l_2

A_2

j Σ^∞_k Σ^{∞ e} − i l^1 jπ + l_2 kπ f̃ 2l^1 t^1

A_1 − l_1 t_1 π , 2l_2 t_2

A_2 − l_2 t_2 ikπ . (2.6)

f(t_1 ,t_2 ) = f _ (t_1 ,t_2 )− e _

f _ (t_1 ,t_2 ) = 2l_1 t_1

A_1 /2l_1 )

j Σ^{∞ e− π 1}

2l_2 t_2

A_2 /2l_2 )

k Σ^{∞ e− ikπ 2}

× f̃ 2l^1 t^1

A_1 − l_1 t_1 π , 2l_2 t_2

A_2 − l_2 t_2 ikπ (2.7) e _ ≡ e _ (t_1 ,t_2 ,A_1 ,A_2 ,l_1 ,l_2 ) = =k=0 j=0 k=0

e^{− (A1 j+A2 k)} f + 2_1 )t_1 +2kl_2 )t_2 ) . (2.8)

l_1 = l_2 =

f̃

e _

f(t1 ,t2 ) ≤ C C t1 ,t2 (C = f(t1 ,t2

e _ ≤ − e^{− A1} − e^{− A2} )

C(e^{− A1} +e^{− A2} − e^{− (A1 +A2 )} ) ∼ ∼ C(e^{− A1} +e^{− A2} ) . (2.9)

f _ (t_1 ,t_2 ) = 2l_1 t_1

A_1 /2l_1 )

j_1 =1Σ l_1

j Σ^{∞ (− j e− l1} 1 π 2l_2 t_2

A_2 /2l_2 )

k_1 =1Σ l_2

k Σ^{∞ (− k}

× l_2 e^{− ik1 π} f̃ 2l^1 t^1

A_1 − l_1 t_1 1 π − t_1 π , 2l_2 t_2

A_2 − l_2 t_2 ik_1 π − t_2 ikπ . (2.10)

f f and e _ f f̃(s __1 ,s __2

) = f̃(s_1 ,s_2 )

_______ s _ s

f _ (t_1 ,t_2 ) = 4t_1 l_1 t_2 l_2 exp 2l^1

A_1 + 2l_2

A_2 f̃ 2t^1 l^1

A_1 , 2t_2 l_2

A_2

+ 2 k_1 =1Σ l_2

k=0Σ^{∞ (− k Re}

e^{− ik1 π 2} f̃

2t^1 l^1

A_1 , 2t_2 l_2

A_2 − t_2 l_2 ik_1 π − t_2 ikπ

+ 2 j_1 =1Σ l_1

j=0Σ^{∞ (− j Re}

k^{1 =1}

Σ^{l2}_{k=0}Σ^{∞ (− ke} − l^1 1 π + l_2 ik_1 π

× f̃ 2t^1 l^1

A_1 − t_1 l_1 1 π − t_1 π , 2t_2 l_2

A_2 − t_2 l_2 ik_1 π − t_2 ikπ

+ 2 j_1 =1Σ l_1

j=0Σ^{∞ (− j Re}

e^{− 1 π 1} f̃

2t^1 l^1

A_1 − t_1 l_1 1 π − t_1 π , 2t_2 l_2

A_2

+ k_1 =1Σ l_2

k=0Σ^{∞ (− ke} − l^1 1 π − l_2 ik_1 π

× f̃ 2t^1 l^1

A_1 − t_1 l_1 1 π − t_1 π , 2t_2 l_2

A_2 + t_2 l_2 ik_1 π + t_2 ikπ . (2.11)

S = k=0Σ^{∞ (− ka} k^{where a} k

k Σ^{∞ (− ka} k

when a_k n and m

E(m,n) = S_n + (−^{n +1}

k=0Σ^{m− 1(− k2− (k+ Δka} n +1^=_{k=0}Σ^m_k^m^{2− mS}n +k

where,

S_j =

k=0Σ^{j (− ka} k

Δa_j = a_{j+1} − a_j and Δ^k k Δ. E(m,n).

(−^mΔ^ma_{n +k} k for k ≥ then

E(m,n) − S ≤ 2^m

Δ^ma_{n +1} = E(m,n) − E(m− n)

E(m,n E(m− n a_k

E(m,n S 10^{− 13} n = m = K terms K E(m,n)− E(m− n) estimate e _

e _ A_1 and A_2 C = e _ −^8 A_1 = A_2 =^{− 12} A_1 = A_2 =

− 13

E(m,n)− E(m− n).

2l^1

A_1 + 2l_2

A_2 / l_1 t_1 l_2 t_2

A_1 ,A_2 ,l_1,

and l_2 A_1 and A_2 l_1 and l_2 to

l_1 and l_2

2l^1

A_1 + 2l_2

A_2 / l_1 t_1 l_2 t_2 l_1 and l_2 (assuming t_1 = t_2 =

− 8 − 12

A_1 and A_2 (assuming A_1 = A_2 l_1 , l_2

l_1 and l_2 l_1 and l_2 A_1 and A_2

l_1 = l_2 = with l_1 = l_2 =

usually l_1 = l_2 = l_1 and l_2

n n l_i

Let p_{n1 n2} n_1 ,n_2 G(z_1 ,z_2

G(z_1 ,z_2 ) =

n_1 =0Σ ∞ n_2 =0Σ ∞ p_{n1 n2} z_1^{n1} z_2^{n2} . (3.1)

p_{n1 n2} G(z_1 ,z_2 ). a_{n1 ,n2} n_1 ,n_2 ϕ (u_1 ,u_2 transform, where ϕ (u_1 ,u_2 ) =

n_1 Σ ∞ n_2 Σ ∞ a_{n1 n2} e^{i(u1 n1 +u2 n2 )} . (3.2)

j Σ^∞_k Σ^{∞ a} n1 + 1 ,n2 +km2^=_{m1 m2}^1_{j=} 2 − m_1Σ 2 m_1 − 1

k= 2 − m_2Σ 2 m_2 − 1 ϕ m^1

2π j , m_2 2πk e − i m^1

2π_1 + m_2

2πkn_2

.(3.3)

m_1 and m_2 m_1 and m_2

a_{n1 n2}

sequence p_{n1 n2} by

a_{n1 n2} = 0 p_{n1 n2} r_1^{n1} r_2^{n2} for n_1 ≥ n_2 ≥ 0

(3.4)

where r_i < r_i < i = r_1^{n1} r_2^{n2}

function G ϕ

ϕ (u_1 ,u_2 ) = G(r_1 e^{iu1} , r_2 e^{iu2} ) .

p_{n1 n2} = p

__n

1 n_2 − e _

p __n

1 ,n_2 =

m_1 r_1^{n1} 1 j= 2 − m_1Σ 2 m_1 − 1 e − m_1

2π_1

m_2 r_2^{n2} 1 k 2 m_2Σ 2 m_2 − 1 e^{m2}

− 2πikn_2

G(r_1 e^{m1} 2π , r_2 e^{m2}

2πik ) (3.5)

and e ≡ e(m_1 ,m_2 ,r_1 ,r_2 ) = =k=0 j=0 k=0

p_{n1 + 1 ,n2 +km2} r_1^1 r_2^{km2} . (3.6)

If p_{n1 ,n2} ≤ C_2 then

e _ ≤ − r_1^{m1} − r_2^{m2} )

C(r_1^{m1} +r_2^{m2} − r_1^{m1} r_2^{m2} ) ∼ ∼ C(r_1^{m1} +r_2^{m2} ) . (3.7)

m_1 = 2l_1 n_1 and m_2 = 2l_2 n_2

p __n

1 ,n_2 =

2l_1 n_1 r_1^{n1} 1 j_1 =0Σ l_1 − 1 j n_1Σ n_i − 1

(−^j e − l_1 π_1

2l2 n2 r2^{n2} 1 k_1 =0Σ l_2 − 1 k n_2Σ n_2 − 1

(−^k

×e − l_2 πik_1

G(r_1 e^{l1 n1}

πi( j_1 +l_1 j)

, r_2 e^{l2 n2}

πi(k_1 +l_2 k) ) (3.8)

C(r_1^{2l1 n1} +r_2^{l2 n2} ). If p_{n1 ,n2} G(r_1 e^{iu1} ,r_2 e^{iu2} ) = G(r_1 e^{− iu1} ,r_2 e^{− u2}

l_1 = l_2 = l_1 and l_2

C(r_1^{2l1 n1} +r_2^{l2 n2} / l_1 l_2 n_1 n_2 r_1^{n1} r_2^{n2} parameters l_1 ,l_2 ,r_1 and r_2 n_1 and n_2 f(t,n t n

f(t,n

f̃(s,z) = 0 ∫^∞_{n =0}Σ^∞ f(t,n)e^{− st}z^n (4.1)

F(t,n t

n ϕ (u_1 ,u_2

ϕ (u_1 ,u_2 ) = ∫ ∞ n Σ^{∞ F(t,n)ei(u1 t +u2 n) (4.2)}

The is

j Σ^∞_k Σ^{∞ F(t +}_h^{2π j , n + km) =}_{2πm}^h_j Σ^∞_k 2 mΣ^2 m − 1 ϕ ( , m 2πk )e − i + m 2πkn .(4.3)

t n

F(t,n) = 0 f(t,n)e^{− at}r^n fo ≥ n ≥ 0 (4.4)

where, a > < r < ϕ (u_1 ,u_2 ) = f̃(a − iu_1 ,re^{iu2} h /(tl_1 ),

m = 2l_2 n and a = tl_1 f(t,n) = f _ (t,n) − e _ , where f _ (t,n) = 2l_1 t exp 2l^1 A

j_1 =1Σ l_1

j Σ^{∞ (− j e− l1} 1 π

× 2l_2 nr_2^n 1 k_1 =0Σ l_2 − 1

k nΣ^{n − 1 (− ke− l2}

ik_1 π f̃ 2l_1 t A − l_1 t 1 π − t π , re^{l2 n}

πi(k_1 +l_2 k)

(4.5)

and

e _ = =k=0 j=0 k=0

e^− r^{2kl2 n}f +2_1 )t +2kl_2 )n) . (4.6)

e _ ≤ − e^{− A} − r^{2l2 n} )

C(e^{− A} +r^{2l2 n} − e^{− A}r^{2l2 n} ) ∼− C(e^{− A} +r^{2l2 n}

f ≤ C f(t,n

A,r,l_1 and l_2 n

f(t t ≡ (t_1 t_l l nonnegative

T_k

T_k = t_k T_k = t_k is

≤ k ≤ l I_k t_k let

I_k =

t^{k =0} Σ^∞ ∫_0^∞ dtk

if T_k = 2 .

if T_k = 1 (5.1)

Let s ≡ (s_1 s_l l ≤ k ≤ l

α_k(s_k,t_k) = s_k^{tk} e^{− sktk} if T_k = 2 .

if T_k = 1 (5.2)

f

f̃(s) = (

k=1Π^{l I}k^{) f(t)}_{k=1}Π^{l α} k^{(s}k^{,t}k^{) . (5.3)}

let A_k and r_k l_k r_k < ≤ k ≤ l ĵ_k be

the k j_1 j_k l-vector j ≡ ( j_1 j_l

1 ≤ k ≤ l p̂_k k p_1 p_k l-vector p = (p_1 p_l ).

f(t) = f _ (t) − e _ f _ (t) ≡ F_j^_{0 ,p̂0} ≤ k ≤ l,

F_{k− j}^_{k− 1 ,p̂k− 1} =

2l_kt_kr_k^{tk} 1 p_k =0Σ l_k − 1

j_k t_kΣ t_k − 1

(−^{jk} e − l_k ip_kπ

F_{k,j}^_{k,p̂k} if T_k =

2t_kl_k e^{Ak/2lk}

p_k =1Σ l_k

j_k Σ ∞ (−^{jk} e^{lk}

− ip_kπ

F_{k,j}^_{k,p̂k} if T_k = 1 (5.4)

where

F_{l,j}^_{l ,p̂l} = f̃(

with (ξ_1 ξ_l ξ_k =

r_ke^{lktk}

πi(p_k +l_k j_k)

2t_kl_k

A_k − t_kl_k ip_kπ − t_k kπ

if T_k = 2 .

if T_k = 1

(5.6)

e _

e _ ≡ not j_1 = =j_l =0 j_1 =0 j_l =0

Σ Σ^{f(}_{k=1}Π^{l β} k

where (τ_1 τ_l ),

τ_k = t_k + 2j_kl_k and

β_k =

r_k^{2lktk jk} e^{− jkAk}

if T_k = 2 .

if T_k = 1 (5.9)

If f(t) ≤ C

e _ ≤ ê ∼ C_{k=1}Σ l γ_k

where

γ_k = r_k^{2lktk} e^{− Ak}

if T_k = 2 .

if T_k = 1 (5.11)

f

N X G_1 (n) = P(N = n), G_2 (x) = P(X ≤ x G(n,x) = P(N=n, X ≤ G_1 (z) = n =0Σ ∞ z^nG_1 (n Ĝ_2 (s) = 0 ∫^∞ e^{− sx}dG2 (x

G̃(z,s) = n =0Σ ∞ 0 ∫^∞ e^{− sx}z^ndxG(n,x) . (6.3)

Ĝ(s) = G̃ s G(z) = G̃(z

G̃^c (z,s Ĝ^c (s

G̃^c (z,s) = n =0Σ ∞ 0 ∫^∞ e^{− sx}z^nG^c (n,x)dx

Ĝ^c (s) = 0 ∫^∞ e^{− sx}G2^c (x)dx

G^c (n,x) = P(N=n, X > x G_2^c (x) = P(X > x

G̃^c (z,s) = s 1 (G(z)− G̃(z,s

Ĝ^c (s) = s 1 − Ĝ(s . (6.7)

G̃(z,s), Ĝ(s G(z

G̃(z,s) = zĥ(s G̃(z,s Ĝ(s) = ĥ(s Ĝ(s G(z) = zĥ( G(z

where ĥ(s

P(X > xN = n) = G^c (n,x)_1 (n n = n = n =

P(X > x

n

n

E_k k k k

Q(t) t t = i_0 Y_{i0} (n,t) = P(Q(t) = nQ = i_0

Ỹ_{i0} (z,s) = n =0Σ ∞ t =0

∫^∞ e^{− st}z^nYi_0 (n,t) (6.11)

Ỹ_{i0} (z,s) = (s z z− ĥ(s z z^{i0 +1} − ĥ(s z + z− ĥ(s z)

(z− p̂_{i0 0} (s)ĥ(s z) _______________________

where

p̂_{i0 0} (s) = s Ĝ(s) .

{Ĝ(s^{i0} _____________ (6.13)

and Ĝ_2 (s

t = i_0 = M(exponential), E_{4 4} = Γ_{1/4} = t = t = t =

t = n n

Y_{i0} (n,t

t is

W(t t W(t,x w̃(ξ,s) = ∫_0^∞ ∫_0^∞ e^te^{− sx}d_xW(t,x) (6.14)

w̃(ξ,s) = s ĥ(s)

{ĥ(s^{i0} − sP̂_{i0 0} (s)

where i_0 t = p̂_{i0 0} (s

w̃^c (ξ,s) = ∫_0^∞ ∫_0^∞ e^te^{− sx}W^c (t,x)

where W^c (t,x) = 1− W(t,x

w̃(ξ,s) = sξ 1 − s w̃(ξ,s) . (6.17)

t = t = t = t = = W(t) as t .

Q_j j^{th} probability p_{ik}^{(n)} = P(Q_{n +m} = kQ_m = i p_{ik}^{(n)}

P(z,ω) ≡ n =0Σ ∞ k=0Σ^{∞ p}ik^{(n) zkωn}_{[z− g(ω zωg(ω}

g(ω ( )z]z^i

+ − g(ω z− g(ω zωg(ω − z ( )g(ω g(ω^{i +1}

where λ μ

g(ω) = 2 ( )− ( )^2 − 4 . (6.20)

n +^{st} n = 2, n = 10, n = n n k n + n + n +^{st} customer

Acknowledgment

References

M_{t t} /

Applications,

formula.

Computing 21, 245-258.

648.

queue.

exp 2l^1

A_1 + 2l_2

A_2

/ l_1 t_1 l_2 t_2 )

Aliasing A_1 (= A_2 ) l_1 = l_2 = 1 l_1 = l_2 = 2 l_1 = l_2 = 3

10^{− 8} ×10^7 ×10^2 16.2

10^{− 12} ×10^{11} ×10^4 350

l_1 and l_2 t_1 = t_2 = 1.)

P(X > xN = n n

P(Q = nQ =

P(Q(t) = nQ = t

P(W(t) > xW =

P(Q_{n +1} = kQ_1 = n