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Abstract

We intro duce open stochastic uid networks that can be regardedascortinuous analogsor uid
limits of open networks of in nite-serv er queues.Random exogenousnput may cometo any of the
gueues.At ead queue,a cdf-valued stochastic processgovernsthe proportion of the input processed
by a given time after arrival. The routing may be deterministic (a speci ed sequenceof successie
gueue visits) or proportional, i.e., a stochastic transition matrix may govern the proportion of
output routed from one queueto another. This stochastic uid network with deterministic cdf's
governing processingat the queuesarises as the limit of normalized networks of in nite-serv er
gueueswith batch arrival processeswvhere the batch sizesgrow. In this limit, one can think of
ead particle having an ewlution through the network, depending on its time and place of arrival,
but otherwiseindependert of all other particles. A key property assaiated with this independence
is the linearity: The workload assaiated with a superposition of inputs, ead possibly having its
own pattern of ow through the network, is simply the sum of the componernt workloads. Just like
in nite-serv er queueingmodels, the tractabilit y makesthe linear stochastic uid network a natural
candidate for approximations.

Keywords. uid models, stochastic uid networks, storage networks, linear stochastic uid
networks, Levy processesjn nite-serv er gueues,gueueing networks, shot noise, multidimensional
shot noise



1. Intro duction

This paper is a cortinuation of our study of stochastic uid networks begunin Kella and Whitt
[25] and corntinued in Kella [22, 23, 24], Kella and Whitt [26] and referencestherein. The basic
stochastic uid network has random external inputs, but all internal ows are deterministic and
continuouslike uid (occurring at a deterministic rate, conditional on the systemstate). Stochastic
uid networks are natural modelsfor stochastic storage networks in which the random uctuations
within the network occur in a shorter time scalethan the random uctuations in the external
inputs. A possibleapplication is a communication network composedof high-speedswitchesserving
randomly arriving large messagesvhich are broken up into xed-length padkets or \cells" and sert
from origin to destination. The uid property of the internal o ws provides a simpli cation that
enablesus to say more about model behavior. For example, for certain cases(see[25, 22, 23]) we
derived the steady-state distribution of the cortents in a two-bu er stochastic uid network with
Levy external input process(which is never product form), as well as the steady state covariance
matrix in the multi-bu er tandem case(see[22)).

In this paper we introduce a new stochastic uid model that is even more tractable. It is a
linear stochastic uid model, in which the movemert of separateparticles, conditional on the time
and placethey enter the network, can bethought of asbeing mutually independert. Howeer, since
there are in generaluncourtably in nitely many particles under consideration, we do not directly
de ne stochastic behavior of individual particles. Instead, we specify what happensto deterministic

proportions of the uid after it arrives.

m queuescan beregardedasthe limit asn! 1 ofthe scalednumber of busy serersat eat queue,

(GX=G=1 )™, wherethe batch sizesin model n are the batch sizesin model 1 multiplied by n. In
the (GX=G=1 )™ queueingmodel, arrivals in the samebatch have i.i.d. stochastic paths through
the network. In conrast, in the limiting uid model, by virtue of the law of large numbers,
deterministic proportions follow those sameroutes. Similarly, instead of i.i.d. service times at
a queue governed by a cdf G, a proportion G(t) of all uid arriving at a given time completes
processingand departs in the interval [0;t] after arrival. (For related limits, seeKurtz [28].) We
actually considera generalization of the uid model speci ed so far, in which the cdf G is allowed

to be a stochastic process(seeSection 2).



Thusthe linear stochastic uid network consideredhere (with a deterministic cdf G) is a simpli-
cation (limiting form) of a network of in nite-serv er queueswith batch arrivals. For relevant badk-
ground on single in nite-serv er queueswith batch arrivals, seeShandbhag[36], Holman, Chaudhry
and Kashyap [18], Chapter 5 of Chaudhry and Templeton [6], Liu, Kashyap and Templeton [29],
Liu and Templeton [30] and referencegherein. Thesemodelsin turn are related to shot noise pro-
cessesseeDaley [7], Klupp elberg and Mikosd [27], Rice [34], Vervaat [37] and referencestherein.
Especially tractable are uid analogsof a network of M * =M =1 queues,which we call the Levy
stochastic uid network with proportional releaserates. In the uid network the input is assumed
to be an m-dimensionalnondecreasing_evy process(a nondecreasingight-contin uous processwith
stationary independen incremerts). For this model, we obtain a relatively tractable expressionfor
its steady-state distribution (Section5). For related work when the driving processis a Brownian
motion, seeJacobsen[21].

We are also able to describe the time-dependent mean uid content of ead queuein very
general time-dependert stochastic uid networks by making connectionsto previous results for
networks of in nite-serv er queueswith nonhomogeneou$oissonarrival processegdenoted by M ).
In remarkable generality, we shaw that the mean uid contents are identical to the mean queue
lengths derived in Masseyand Whitt [31] (Sections 2{3).

A key structural property is the linearity (additivit y). If W' and W?2 are cortent processes
assaiated with input processesA® and A2, then W1+ W? is the cortent processassaiated with
the input processA® + A2, Thus, extensionsto multiple-class networks are immediate.

Becauseof the tractable expressiondor performancemeasuresthe linear stochastic uid model
is very promising for applications, just like in nite-serv er queues.In nite-serv er queuesare appeal-
ing as approximations for multi-server queues,with an in nite waiting room, a nite waiting room
or no waiting room. SeeWhitt [38], Masseyand Whitt [32], Jennings, Mandelbaum, Masseyand
Whitt [19], Jennings and Massey[20], Grier, Massey McKoy and Whitt [17], Du eld and Whitt
[11] and referencestherein for a discussionof approximations and applications in the queueing
context. The linear stochastic uid networks are natural models to considerin the samesetting,

when individual customersor jobs are small comparedto the total systemsize.
2. The G=Gi=1 Fluid Mo del

We start by consideringa single linear stochastic uid queue. Let A(s;t] be the external input

during the time interval (s;t], where 1 < s<t< 1;ie.,AB = A(B) A(';B) is modeled



as a random measureon the real line (! is a sample point and B is a Borel set). We assumethat
P[A(s;t] < 1 ]= 1for eah nite interval (s;t]. The t in the subscripts of G; in G;=G(=1 isto
emphasizethe potential time inhomogeneiy.

We now specify the servicemedanism. Let G = fG(x;1)j (x;t) 2 <?g be a stochastic process
with 0 G(;) 1,sud that for every xed x, G(x; ) is nondecreasingand right-contin uous with
G(x;x ) = 0. We stipulate that a proportion G(x;t) of any input arriving at time x departs by
time t. In general, G(x; ) neednot be proper; i.e., it is allowed that someinput may never leave.
Furthermore, it is possiblethat G(x;x) > 0 or even G(x; x) = 1, i.e. it is allowed that some,or
even all, arriving input may leave as soon as it arrives. In addition, we assumethat for ead t,
G( ;t) has left-continuous sample paths. As for the input process,the t in the service G, is to
point out the possibility of time inhomogeneily of the service medtanism. One example of such a
processis G(x;t) = H(t x) whereH is a deterministic cdf with H(0 ) = 0. Another exampleis
G(x;t) =1 H¢t)=H®(x), whereH®() =1 H() andH is a deterministic cdf. A generalization

of the secondexampleis G(x;t) = 1 e x RWd

where R is a nonnegative stochastic process. It
is identical to the secondexamplewhen H has a density h and we take R(t) = h(t)=H (t).

Letting G°=1 G, G(x;t) =1 G°(x;t)=G°(x;x), G°=1 G, A(B) = RB G¢(x; x)dA(x) (the
random measureassaiated with arriving input that does not instantly leave) and denoting the
initial content by W (0) = Af0gG¢(0;0) = AfOg (the remaining net value of a potential batch that
arrived at time zero), we de ne the workload (bu er content) at time t and the output (departures)
in the interval [0;t] by

Z Z
W (t) = o ]Gc(x; t)dA(x) = W(0)G°(0;t) + o ]Gc(x; t)dA(x); t O; (2.2)
it it

and 2 2

D() = G(x; t)dA(x) = G(x;t)dA(x); t O; (2.2)

[0:t] [0;1)
respectively. From (2.2) and the fact that G is nondecreasing,right-continuous and bounded, it
follows by bounded corvergencethat D is a right-continuous nondecreasingprocess(when con-
verging from the right to t, let the integral in (2.2) be on any xed nite open interval containing
[0;1], sothat its A-measureis nite). We understand the stochastic integralsin (2.1) and (2.2) to
be de ned for eah sample path. Since G( ;t) (hence, G°( ;t)) is left continuous, (2.1) and (2.2)

are well de ned as Riemann-Stieltjes integrals for ead sample path; seeChapter 9 of Apostol [1],



especially p. 200. Thus, the integrals can be represerted as limits of nite sums,i.e.,

Z 1
. X kt kt (k+ 1)t
G(x; t)dA(x) = lim G —t A —; ( ) : (2.3)
©t] Mo n n n
Note that we have the basic consenation relation
W(t) = A[0;t] D(@); t O0; (2.4)

ascanbe seenby adding equations(2.1) and (2.2). Thus, W is aright-continuousbounded-\ariation
(hencehaving left IimitsIQ process,which from (2.1) is also nonnegative.
t
When G(x;t) = e « RWA the processw (t) in (2.1) is the unique processsatisfying
z t
W (t) = A[O;t] R(s)W(s)ds: (2.5)
0
That is, W is a dam processwith a modulated linear releaserate. SeeSections3 and 4 of Asmussen
and Kella [3] for more on this case.

Under minor regularity conditions, it is easyto give expressionsfor mean values.

Lemma 2.1 In the G;=G;=1 uid moaodel, assumethat A and G are independent, that Gg(s)

EG(x; x + s) is (functional ly) independent of x, and that

z t
EA[Q;t]= + (Wdu; t O: (2.6)
0
Then the mean valuesare
VA t
m(t) EW(t)= Gg(t) + 6t u) (u)du (2.7
0
and z,
ED(t) = Go(t)+ Go(t u) (u)du: (2.8)
0
The Laplace transforms of the means are
Z,
ms) e m(ndt= (+ () TP 29)
0
Z1 00(s)
e SSED(t)dt = ( + A(S))T : (2.10)
where 7 z,
Go(s) = e S'dGy(t) and ~(s) = e St (t)dt (2.11)
1) 0
If, in addition, = 0, then EW (1) and ED(t) havethe sameform as the mean queuelength at

time t and mean number of demrturesin the interval [0;t], respectively, in the M(=GI=1 queueing

model starting empty at time 0 with arrival rate function (t) and service-time cdf Gg.
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Pro of. To obtain (2.7) and (2.8), take expectations in (2.1) and (2.2), exploiting (2.6). For the
Laplace transform, use the property that the transform of a corvolution is the product of the
transforms. For the M=GI=1 formulas, seeTheorem 1 of Eick et al. [12]. [

We remark that the M{=Gl=1 mean formulas do not depend on the Poisson property; see
Remark 2.3 of Masseyand Whitt [31]. Lemma 2.1 implies that, under the conditions speci ed,
previously derived formulas for the meansin the M{=G=1L queuein Eick et al. [12, 13] and Massey
and Whitt [31] alsoapply to the meansin G{=G;=1 uid queues.We thus have many explicit mean
formulas for the G{=G;=1 uid model. Important examplesare the casesin which the arrival-rate
function (t) is polynomial or sinusoidal.

If Go from Lemma 2.1 is absolutely continuous with density go, then the departure rate is well

de ned, i.e., 7
t
ED(t) = (s)ds; t O0; (2.12)
0
where z,
(t) = go(t) + . Qo(t  x) (x)dx: (2.13)
We note that for the casewhere (t)= > 0;t 0(in particular whenthe input is a stationary
random measure,i.e., has stationary incremerts), then
Z t
EW(t) = Gj(t) + G§(x)dx! m ast! 1 ; (2.14)
0

wherem is the mean of the cdf G (possiblyin nite). Note that whenm is nite G§(t) necessarily
vanishesast! 1.
Now supposethat in addition to the conditions of Lemma 2.1 fA(0;t]:t 0Og hasindependert

incremerts, AfOg and G are deterministic (sothat necessarily G(x;t) = Go(t x) for all x; t), and

VarAO;t]=V(@)<1 ; t O0: (2.15)
Then 7
VarW (t) = S(t - x)2dV(x) (2.16)
[0:t]
and 2
VarD(t) = Go(t x)%dV(x): t O; (2.17)
[0:t]

as can be seenfrom (2.3).
For example,if fA(0;t]:t Og is a nonhomogeneousompound Poissonprocess,i.e., if

Ne(t)
A(0;t] = Xi; t 0; (2.18)
i=1



where X; are i.i.d. and N (t) is a nonhomogeneoudPoisson processwith intensity function (t),

then 7
V(t) VarA(t) = E(X?) Ot (udu; t O0; (2.19)
and
Zt
VarW (t) = E(X?) ; S(t x) (x)dx : (2.20)
If in additon (t)= t 0, then
VarW(t)! mE (X?) ast! 1 ; (2.21)

where again m is the mean of Go. For the stationary input case,in the limit ast! 1 , W(t) then
hasmeanm E (X) and variancem E (X 2). Only in the pure Poissoncase(X = 1) is the mean
equal to the variance.

Denote AY(B) = A(u+ B) and GY(x;t) = G(x + u;t + u), whereu+ B = fu+ b: b2 Bg. We

now state the following generalresult.

Theorem 2.1 Assumethat the (joint) distribution of (GY; AY) is independentof u. Then AfOg= 0
a.s., and if 7
W (0) = G®(x; 0)dA(x) (2.22)
(1 0]

is a.s. nite, then 7

W (t) = - G(x;t)dA(x) ; t O; (2.23)
is a stationary process. Furthermore, W (t) convemesin distribution to W (0) and is stochastially
increasing. If Go() = EG(0; ) is a proper cdf (Go(t) ! l1last! 1), then changingthe initial
condition to a nonnegative a.s. nite randomvariable (i.e., replacingA() in (2.1) by A()+ Z1iq4()
wher P[0 < 1] = 1) will not changethe limiting distribution. Finally, if in addition A and
G are independent, = EA(0;1]< 1 and Gg hasa nite mean m, then EA(s;t] = m(t s) for
s<tandEW (0)= m <1 (hene, W (0) is a.s. nite).

Pro of. A random measurecan have at most a courntable number of xed atoms (e.g., Prop. 6.3.111,
p. 1730f [8]). If Oisa xed atom of A then by stationarity any t is sud, which is a cortradiction.

Thus P[AfOg = 0] = 1. Note that for every u;t,
A VA
W (u+t)= G(x; u+ t)dA(x) = GY¢(x; t)dAY(x) ; (2.24)
(1 ju+t] (1 ]
whereGY¢ = 1 GY, which impliesthat foreveryn landt; < :::< t,, (W (t1+u);::;W (th+

u)) isafunctional of (GY; AY), sothat stationarity clearly follows from the conditions of the theorem.
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The fact that W (t) is stochastically increasingand cornvergesin distribution to W (0) is immediate

from

Z Z Z
W(t) = GC(x; t)dA(x) = G%¢(x; 0)dAY(x) GC(x; 0)dA(x) : (2.25)
[0:t] [ t0] [ tO]

Next, we obsene that since G(0;t) is bounded above by 1, Go(t) ! 1if and only if G(O;t) ! 1
a.s. Thus, for any a.s. nite random variable , G°(0;t) vanishesa.s. ast! 1, which gives
the insensitivity to initial conditions. Finally, EA(s;t] = (t s) follows from the additivit y and
monotonicity of EA(O; ], and when A and G are independert EW (0) = m < 1 follows from
Lemma 2.1 and (2.14). [

Note that A in Theorem 2.1 is necessarilya stationary random measure. Two examplesfor

which the time-stationarity condition of Theorem 2.1 is satis ed are

1. G(x;t) = H(t x) andH is a stochastic cdf with H(0 ) = 0 which is independert of A and

A is a stationary random measure(has stationary incremerts).

Rt
2. G(x;t) = 1 e x "% wherethe distribution of (RY; AY) is independert of u with RU(t) =
R(u + t). In particular, R is a stationary processand A is a stationary random measure.
t u
This is seenby observingthat GU(x;t) = 1 e x R 9 geg[3] for more on this and related

processes.

We now further characterize the steady-state distribution when the input processis compound

Poissonand G(x;t) = Go(t x) is deterministic.

Theorem 2.2 Let A(O; ] be a homayeneus compound Poisson processas in (2.18) with Poisson
arrival rate and random jump sizes X; and assumethat G(x;t) = Gp(t x) is deterministic.
Let S, denotethe n'" point of the Poisson processto the right of the origin. Then the stationary
workload in (2.23) is distributed as the \shot noise" series
W (0) = * XnG§(Sh) ; (2.26)
n=1
which is in nitely divisible with mean m E X and variance m E X 2, where m is the mean of G.
Moreover, taking ( ) = (1 Ee X1) = log(Ee A (1) the Laplae-Stieltjes transform of
W (0) is given by R,
Ee W @ =g o (Gs0Ndx. (2.27)



Pro of. The represenation (2.26) follows directly from (2.23) and (2.18). The property of being
in nitely divisible is discussedon p. 766 of Vervaat [37]. The rest is straightforward. To show
(2.27), see(5.9) below and the sertence that follows. [

In addition to the steady state workload at an arbitrary time, we can considerthe steady state
seenby an arrival (not courting the input at that arrival epoch). If the arrival processA is a Levy
process,then thesetwo notions of steady state coincide (the LASTA property); seeRemark 5 on

p. 162 of Melamed and Whitt [33].

3. Extension to Networks

We start our extension to networks by considering m uid queuesin tandem (series) with
external input A to the rst queue,denoted by Gi=G;1=1 ! Gip=1 ! :::! Gym=1l. Let
the servicemedanism Gy govern the output from queuek; i.e., a proportion G (x;t) of all input
that arrivesto queuek at time x departs by time t. Let Ho(X;t) = 11 )(t) and Hg(x;t) =
R[X;t]Gk(y;t)Hk 1(x; dy). In particular, H1 = G; and if Gx(x;t) = Gok(t x) (deterministic), then
Hok() Hk(O; ) is the k-fold convolution of Gg1;:::; Gok. With the above setup, the workload

and output processedor the k" queueare
z
Wi(t) = [O_t][Hk 106 1)  Hi(x; H]dA(X) ; (3.1)

and 7

Dk(t) = He(x;)dA(x) ; t 0 (3.2)
[O;t]

R
To seethis, note that with Do = A we have that Dy(t) = o Gk(x;t)dDy 1(x) and Wi(t) =
R
o4 CE0OG )dD 1(x) forall 1k  m.

distribution of (HY;:::;Hf;AY) is independent of u, where H/(x;t) = Hg(u + x;u + t). In this
casewe can construct a stationary versionof f (W4(t);:::;Wn(t)) :t Og, i.e.,
Z
W () = " _t][Hk 1) He(GHIdA(X) 3t 0 (3.3)

provided that W, (0) is a.s. nite for all k. Supposethat Gi(x;t) = Gox(t x) and AfOg are
deterministic and that A(O; ] hasindependert incremerts, with (2.15) holding. Then the workload
variancesare

z
VarW(t) = [m][Ho;k 1t x) Hox(t  x)]%dV(x) : (3.9
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Moreover, the covariance betweenworkloads (possibly at di erent times) have the form

Z
Cov(W;j (t1); Wi(tz)) = t][(Ho;j 1(ts X) Hgj(ts X))(Hok(tz X) Hox(tz2 x)]dV(x) (3.5)

it
wheret; ~ to = min(tq;to).

We now consider general networks with deterministic routes. For any deterministic route, we
caninitially treat revisits to the samequeueasvisits to di erent queuesby relabeling every revisited
gueueas a distinct queue. Then we can apply the tandem queueresults above. Afterwards we can
add over those instanceswhere a queueis repeated. For a tandem model, we can recursively apply
the results of Section 2. There we showved that the mean workload at one queueand mean output
from that queuehave the sameform asthe meannumber of busy seners and the mean number of
departuresin the M{=G=1L queue. Hence,we can proceedrecursively to successie queuesin the
tandem model. Finally supposethat there is proportional routing; i.e., a probability matrix P suc
that a proportion Pj of the output from node i goesnext to node j. Then there are countably
many deterministic routes through the entire network, ead of which can be apportioned its portion
of ead originating ow.

We now construct the workload processesusing a minor modi cation of the construction on
p. 220 of Masseyand Whitt [31]. In general,we have a courtable collection T of possibleroutesr.
Asscciated with ead route r is an initial queueqi(r). Asscciated with ead input at queueq(r),
a proportion of that input p(r) follows route r. Let S; be a random variable with a cdf equal to
the corvolution of the rst k cdf's on route r. Let r (k) be the set of sites on route r that are
queuek.

Now assumein addition that for the j ™ input A along the route

z t
EA(sit] = . j(s)ds; t O; (3.6)
sothat the intensity of input following route r is  "(t) = p(r) ¢ (r)(t). Wenow show that the mean
workload at queuek hasthe sameform asin (5.4) and the proof of Theorem 5.3 of Masseyand

Whitt [31].

Theorem 3.1 Under (3.6) the mean workload at queuek starting empty in the distant past is

X X Zy
EW(t) = (S 1<t s ) "(s)ds: (3.7)
r2rRi2r 1(k)



Pro of. Following p. 220 of Masseyand Whitt [31], we can de ne the workload at queuek starting

empty in the distant past by the stochastic integral
X x Z t r r
Wi () = p(r) P(S 1<t s §)dAg(r)(s); (3.8)
r2Ri2r 1(k) 1

from which (3.7) is an elemertary consequence.Since we are calculating means, the dependence
among input processesA; neednot be considered. [
As a consequencef the reasoningabove, we can treat the casesin which the time-dependert
intensity function for ead route is a polynomial or sinusoidal function; seeTheorems 6.2 and 6.3
of Masseyand Whitt [31].
Unfortunately, we cannot proceedbeyond the meanswith the argument above. We can exploit
(3.8) to characterize the vector workload process,but its full distribution will not be the sameas

for the vector queue-lengthdistribution in the M(=G=1L queueingnetworks.
4. Stochastic Fluid Networks with Prop ortional Release Rates

An alternative uid model hasstate-dependen releaserates. Let f  (f1;:::;fm) beavector of
nonnegative measurablereal-valued functions on [0; 1 ). When queuek has corntent x, the output
rate is fi(x). Let P be a substochastic transition matrix with P" ! Oasn! 1. ThusP has
spectral radius lessthan 1,1 P isnonsingularand (I P) = [, P". Weinterpret P; as
the proportion of output from queuei that goesnext to queuej. (In the setting of Sections3 and

4,P; = 1orOforalliandj.) With this framework, the workload processesan be de ned by
Xn Zy Zy
Wi (1) = Wi (0) + A0t + Py . fj (W;j(s))ds . fi(Wi(s))ds ; (4.1)
j=1

1 k m,whereA (A1();:::;An()), 1 k mgisthe vector of inputs (random measures),
assumingthat the integrals are nite.

We will focusonthe specialcasein which f ((x) = rx, x  0;i.e., the output rate is proportional
to the current content. Our model is thus a natural generalization of a dam (single bu er) with
proportional releaserule; e.g.,seeChapter Xl 11 of Asmussen[2]. In this caseof proportional release
rate, we will show that the model is a linear stochastic uid network with exponertial processing
time cdf's; i.e., in the setting of Sections2{3, the deterministic servicemedanism Gy at queuek
isGy(x;t)= 1 e "« X t 0. In other words, the proportion of uid departing by time t after
arrival to queuek is G¢(0;t). We can think of eadh particle having an independert exponertial

holding time at ead queue.
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Remark 4.1 We have noted that the proportional routing with proportions r correspond to the
exponertial cdf's. If we actually wish to usenon-exponertial cdf's, then we can often still exploit
the samestructure, becausef a queuehas a phase-ype cdf, then we can represen it equivalertly
as a network where ead queuehas an exponertial cdf. To illustrate, a mixture of two exponertial
cdf's could be represertied by routing proportions of the input to ead of two queueswith the
componert exponertial cdf's.

With proportional rates, we can rewrite (4.1) in matrix notation

Z t
W (t) = W(0) + A(0;t] Q° . W (s)ds ; (4.2)

whereQ = D,(I P), D, = diag(r) for r = (r1;::::rm), M ?denotesthe transposeof M and
RéW(s)ds is a vector with componerts Ré Wy (s)ds.

We now show that the vector workload processis the natural generalization of (2.1) with
e QU %) replacing GS(x; t).

Theorem 4.1 For everyinput A, the unique solution to (4.2) is

Z
W(t) = e Rtw(0) + e AU 9ga(s) ; (4.3)
(05t]

y4

xXn
Wi (t) = ([e QOt]kj Wi 0) + (O.t][e QYt S)]kj dAj 9) : (4.4)

j=1 '
1 k m

R

Pro of. It is straightforward to seethat W (t) in (4.3) satis es (4.2); calculate Q° éW(s)ds, changing
the order of integration. To seethat (4.3) is the unique solution, let W and W? be two candidate

solutions. Then there dierence W = W2 W1 satis es
Z t
wit)= Q° W (s)ds
0

with W = 0. This implies that W is continuous and di erentiable. Thusit satis es

d W(t) _

0
= QW

with  W(0) = 0, which implies that W (t) = 0 for all t (a standard results about di eren tial
equations). [

Remark 4.2 Note that (4.2) is the corntinuous-time analog of the stochastic di er ence equation
Whit Wh = Ansr Ap QG\Nn (4.5)
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or

Wh+1 = Bn + ChW,, (4.6)

whereB, = Aps1 ApandC, =1 Q% For badground on sud stochastic di erence equations,
where C, aswell asB,, may be random, seeVervaat [37], Brandt [5] and Chapter 7 of Glasserman
and Yao [15]. Thesein turn are related to the discrete-time production models of Denardo and
Tang [10] and Denardo and Lee [9].

We now considerthe limiting distribution of W(t) ast! 1.

Theorem 4.2 Let WO(t) be W (t) with W(0) = 0, i.e.,

z
WO(t) = (O_t]e QAN SgA(s); t O 4.7)

There exists > 0 suchthat etjjw(t) WO(t)jj! Oast! 1. Conseuently, if W(t) converges
to a proper limit ast! 1 for someinitial condition, then it convergesto the samelimit for any

a.s. nite initial condition.

Pro of. First recall that for a squarematrix M the matrix exponertial is

Mt _ p Mktk

€ Kl

: (4.8)
k=0

It is well known and easyto ched (applying a Jordan decomposition of M) that the ertries of eM!
are nite linear combinations (possibly with complex coe cien ts) of functions of the form et tX,
where is a (possibly complex) eigervalue of the matrix M and k is lessthan the dimension of the
matrix. Hence,if the real parts of all eigervalues of M are strictly negative, then there exists a
positive sud that e'eMt! Oast! 1 . The proofis completedby noting that all eigervaluesof
Q% have negative real parts, and applying Theorem 4.1. To substartiate the required property of
Q% notethat P | isthe (sub) generatorof a Markov processwhich is terminating whenthe chain
corresponding to P is, but we have assumedthat P is substochastic with P" ! 0. The Markov
processwith subgeneratorD,(P ) is alsoterminating, sinceit is just a time transformation of
the other Markov process.Henceits state probability matrix ePr(P Dt = e Qt convergesto zero,
which in turn implies the eigervalue property.
As in Section2, it is now interesting to considersomeadditional assumptionswhich will insure
that WO(t) convergesin distribution to someproper limit or, alternatively, that there exists some

choice of initial condition which will make the processstationary. In the latter casethe stationary

12



versionwill trivially have a limiting distribution and thus with any a.s. nite initial condition, we

will get the samelimiting distribution. With this in mind, we have the following result.

Theorem 4.3 Assumethat A is a stationary random measure (on <™), andthat EA;(0;1]= ;<
R
1 foralli = 1;::;m. Then, for everyt 0, WO(t) in (4.7) and | eQdA(s) are identically
distributed, so that fWO(t)jt  Og is stachasticlly increasing. Furthermore, let
4
W (0) eQSdA(s) (4.9)
(1 :0]
and let W be the solution of
z t
W ()= W (0)+ A@0;t] Q° W (s)ds: (4.10)
0
Then the mean vector of W (0) is nite and is given by
EW (0)= (Q9% * ; (4.11)
where = ( ;). Moreover, W is a stationary processand, for any a.s. nite initial condition,

W (t) convemesin distribution to W (0) ast! 1.

R
Pro of. The fact that W°(t) and ( to]€ QOSdA(s) are identically distributed holds since
Z Z y4

wot) = e QU ga(s) = eRSdAl(s) eQSdA(s) (4.12)

(0;t] ( t0] ( t0]
where AY(B) = A(t + B). Stochastic monotonicity is now implied by the nonnegativity of the
matrix 2™ fors 0. To proceed,we rst note that sinceEA;(0; ] is additive and monotone, then

EA;(t) = it. In orderto shawv that EW (0) < 1 , by the proof of Theorem 4.2, it su ces to show

gives R R
E gq€%dAi(s) = E  €'A(0it]+" §€SAi(0;s]ds
(4.13)
— "'t n Rt 's —_ RO 's .
= e j+" ,e® jsds= ;| [“e®ds:
By monotone corvergence,this implies that E (1 0] eSdAi(s) = i="< 1. Toshow that W is
a stationary process,we apply (4.3) to give
4 Z
W (t) = e AU 9ga(s) = eQSdAl(s) ; (4.14)
(1 (130

where the stationarity of the right hand side is given by the stationarity of A. The fact that
convergencein distribution holds for any initial condition follows from Theorem 6.2. Finally, (4.11)
can be shown either directly from (4.9) or a bit more simply from (4.10). In particular, in the
latter, taking expectations, applying stationarity and subtracting EW (0) = EW (t) from both
sides,oneobtains 0= t QY¥EW (0)t, which gives (4.11). [
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5. Levy Stochastic Fluid Networks with Prop ortional Release Rates

As in the last section, we considerthe linear stochastic uid network governed by proportional
releaserate vector r and proportional routing matrix P, but now we assumein addition that
the right-continuous nondecreasingprocessA(0; ] is a Levy process. That is, it has stationary
independert incremerts. Let () log(Ee A0l peits exponert (O 2 <M,

The prototype nondecreasing_evy processs a compound Poissonprocesswith a possiblevector
valued drift ¢ 0, i.e,let fN(t) :t Og be a Poissonprocesswith rate andlet X;,i 1, be

i.i.d. nonnegative random vectors with Laplace transform

() Ee X1 Ee = iXu. (5.1)
Then
N(t)
A(O;t] = ct+ X (5.2)
i=1
and for this special casethe exponert is
()= %+ @ (): (5.3)

Any nondecreasingLevy processis actually a limit of such compound Poissonprocessesvith non-
negative jumps and nonnegative drifts.
The Levy structure enablesus to obtain very attractiv e explicit results for the steady-state

distribution.

Theorem 5.1 If, in addition to the conditions of Theorem 4.3, A(0; ] is a multivariate Levy process

with expnent ( )= logEe °AQ1 which is independent of W (0), then W (t) is distributed as

Z
e Qtw(0) + e VSdA(s) ; (5.4)
(0:t]
Thus
oy R e @ )ds
W( ;t) Ee WO =we @ ;0e o © ) (5.5)
R
| W () Ee WO =g , (6% )s (5.6)

ast! 1. In particular, W (0) hasan in nitely divisible distribution andif is aright eigenvetor
of Q with respect to someeigenvalue , then

Rl(x)
W ( )=e o x & (5.7)
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Moreover, W ( ) solvesthe following di er ential equation

QY logw ()= (): (5.8)

Pro of. The fact that (5.4) holds follows from (4.3) via an obvious change of variable (s .=t )
recalling the fact that, since A(0;:::] is Levy, fA(0;s]jl0 s tgandfA(t s;t]j0 s tgare
identically distributed processes.Next, we obsene that for any function h: <! <" which is a.s.

corntinuous (w.r.t. Lebesguemeasure)and boundedon nite intervals,
R R

Ee o"O®UWAG) = g o (Ns)ds . (5.9)
From the stationary independen incremerts property, it is easyto show that it holds for (vector
valued) step functions and thus also for functions which are a.s. continuous and bounded (i.e., h
and any continuous function of h is Riemannintegrable) on nite intervals. In particular this holds
for h(s) = e @ | which together with (5.4) gives (5.5). In nite divisibilit y of W (0) follows from
(4.9) and the fact that, for every n, the sum of n i.i.d. Levy processesad with exponert =nis
a Levy processwith exponert . Now, (5.7) follows from (5.5) by the fact that e @ = e S

and the changeof variablesx := e 5. As for (5.8) we rst obsene that
Z

1
r logW ()= e 5 (e & )ds: (5.10)
0
Sincee @1 Qast! 1,
z 1 o 1
e °°r (e ®)ds= (e ) = (); (5.11)
0 0
which implies (5.8). [

We now give an expressionfor the covariance matrix under extra regularity conditions. See

Theorem 2.12 of Jacobsen[21] for a similar result for the caseA(0O;t] is a Brownian motion.

Theorem 5.2 If, in addition to the conditions of Theorem 5.1, A(0; 1] has nite second moments

with covariance matrix = r 2 (0) = ( i ), then the covariance matrix = () of W (0) is

given by 7
1 0,

= e @5 e (s (5.12)

and is the unique solution of

Q° + Q= (5.13)
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In particular, for the two dimensional case,

11P12+ 22Pp21+ 2 12

127 2+ 1)1 puab2y)
11, 2Py
= 114 5.14
11 o P ( )
- 22 TP
22 o, r, 12
Pro of. From (5.5) we have that
2 0
rZIng():rW() rW()rVZ()
W () w ()
(5.15)
= e 5r 2 (e & )e ds
0
sothat (5.12) is obtained by letting ! 0. To show (5.13) we obsene that
%e Q% ¢ A= Q% QM ¢ A4 e QM g AQ (5.16)

and the result is obtained by integrating both sidesand recallingthat e @' ! Qast! 1 . Toshow
that the solution of (5.13) is unigque, we rst obsene that the di erence betweenany two solutions
is somesymmetric matrix S which satis es Q% + SQ = 0. This implies that (Q9"S = S( Q)"
and, by multiplying by t"=n! and summing, that e?*S = Se . Thus, S = e ?"Se 2 which
vanishesast ! 1 . Therefore, S = 0 and the solution is unique. Finally, (5.14) is obtained by
explicitly solving the linear system of three equation in three unknowns dictated by (5.13). We

note that ;, on the right hand side of the bottom two equationsis not an error. [
6. Concluding Remarks

We concludewith someremarks about applications to cortrol and heavy-trac limit theorems.

Centralized and Distributed Control

The linear stochastic uid model provides a way to combine certralized and distributed cortrol.
The certral cortroller might choosethe proportions P (P ) and/or r (rj). Then a local
cortroller at queuek might take actions throughout time to achieve processingat rate r (X wheneer
his workload is x. Moreover, he can route his output accordingto the speci ed proportions Py,

1 7 m.
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Given projected input according to the input A with intensity vector , the cortroller might
aim to minimize his expected work in process,which is given by Q° 1 in (4.11). If P is given,

then the meantotal workload is
xXn
EW = i=r (6.1)
i=1
wherethe net input rates ; are obtained by solving the trac rate equations
Xn -
i= it iPi, 1 1 m: (6.2)
j=1

The certral cortroller might chooseto minimize EW over possible rate vectors r subject to a

constraint on costsassaiated with the rates
rig C: (6.3)

Clearly the meanis reducedby increasingri, sothat it suces to consideran equality constraint

in (6.3). The elemerary solution to this problem is
P =y
C 4= 1 i m: (6.4)

Heavy-Trac Limit Theorems

Paralleling the heavy-trac limits for in nite-serv er queuesin Glynn and Whitt [16], we can
obtain heavy-trac limits for linear stochastic uid networks. Indeed, we can apply the previous
theoremsbecausehe previoustheoremsdid not depend on the input processedeingintegervalued.
Those theoremsdepend on the service-timedistribution beinga nite mixture of atoms. Howewer,

here, if the processing-timecdf G is assaiated with nitely many atoms, i.e., if
X
G(t) = Pilox(t); t O (6.5)
i=1
then we understand a deterministic proportion p; of the arrivals to require x; units of processing

time. Hence,the workload at time t is

X
W)= pAlt  xit]; (6.6)
i=1

i.e., in the setting of Glynn and Whitt [16], N' = p;N. We can thus apply the theoremsthere to

get limits asn! 1 for normalized processesud as
n(m wmnt) m@); t O; (6.7)
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The arrival rate grows by assumingthat
n(n *AQO;nt] t)) Z(t) asn! 1 ; (6.8)

asin (2.3) of Glynn and Whitt [16]. Under regularity conditions, these limits support Gaussian

approximations with the exact meansand covarianceswhen the input rate is relatively high.
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