Chapter 3

Preservation of Pointwise
Convergence

3.1. Introduction

With the continuous-mapping approach to stochastic-process limits, we
are concerned about limits z, — z and fr(z,) — f(z) for a sequences of
functions {z,, : n > 1} in D and f,,, f : D — D; see Section 3.5 and Chapter
13 in the book. However, in many applications we actually are interested in
the pointwise limits

z(t)/Pp(t) v in R as t— o0 (1.1)
and
f@)(@)/p(t) »n in R as t— o0 (1.2)

for single functions x € D and f : D — D, where ¢ is a suitable scaling
function. In particular, we may want to show that the pointwise limit (1.1)
implies the associated pointwise limit (1.2) and identify the limit 7.

It is significant that we often can obtain such limits in R as consequences
of function-space limits by setting

ys(t) = z(st)/P(s), s>0. (1.3)

As a regularity condition, we will assume that the scaling function ¢ is a
homeomorphism of Ry, i.e., ¢ € A(R;). That implies that ¢(0) = 0, ¢ is
increasing and ¢(t) — oo as t — oo. If we can show that

ys—y in D as s— o0 (1.4)

o1
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for y, in (1.3), where 1 ¢ Disc(y), then we can apply the projection map m;
taking z into z(1) to obtain

ys(1) = z(s)/¢(s) > y(l) in R as s— oo, (1.5)

which implies the desired convergence in (1.1) and identifies the limit -y in
(1.1) as y(1) in (1.5). Moreover, if we can show that

f(x)(t)/p(t) = ge(y:) for each >0, (1.6)

where g;,9 : D — R and

9s(ys) > g(y) in R (1.7)

whenever y; — y in D, then we can obtain (1.2) from (1.4) as well, and we
identify the limit 7 in (1.2) as g(y)-

For example, this reasoning applies to the supremum function: f(z)(t) =
z'(t) for t > 0. Then g(y) = gs(y) = f(y)(1) = y'(1) for all y € D and
s> 0. As a consequence, the limit in (1.2) holds with 7 = g(y) = y'(1).

Even though many pointwise limits for single functions can be subsumed
as special cases of function-space limits, it is interesting to consider what
can be obtained directly without resorting to the function-space construction
in (1.3). In particular, it is natural to ask how pointwise limits for single
functions are preserved under the composition, supremum, and inverse maps.
We investigate that question in this chapter.

For queues and related applied probability models, this convergence-
preservation issue for single sample paths corresponds to sample-path anal-
ysis, which is commonly associated with the fundamental relations (conser-
vation laws) L = AW and Arrivals See Time Averages (ASTA); see El-Taha
and Stidham (1999); see the chapter notes at the end of the chapter.

3.2. From Pointwise to Uniform Convergence

Clearly, the pointwise limit in (1.1) is more elementary than the function-
space limit (1.4) but, surprisingly, (1.4) is not much stronger than (1.1). In-
deed, under minor regularity conditions, (1.1) actually implies (1.4). Recall
that ¢ in A(R, ) is regularly varying with index p > 0, denoted by ¢ € R(p),
if

o(tz)/Pp(t) —» 2P as t— o (2.1)

for all z > 0; see Appendix A at the end of the book.
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Theorem 3.2.1. (from pointwise to uniform convergence) Let z € D and
¢ € A(Ry) with ¢ € R(p) for p > 0. If the limit (1.1) holds in R, then

lys —yllr =0 as s—oo0 foreach T >0 (2.2)

for ys in (1.3) and
y(t) =~t*, t>0.

Proof. Under the conditions, for any € > 0, there is a ¢y such that
|z(t)/p(t) —v| <€ forall t>t. (2.3)

and an sg such that

o(st)
ORI

see Theorem A.5 in Appendix A in the book. For ¢ < #y/s,

<e forall s> sp; (2.4)

0<t<T

a(0) — 9(H)] < lya(0)] + [y(e)] < 120 4 (—) L @)

which is less than e for all sufficiently large s, say s > s1 > sg. Since

w®) -y = 53 (S0 ) wr (20 -) . o)

$(st) \ ¢(s) (st)
for s > sq,
) R EICO NI O z(st) _
lys =yl < +t2t5;{ o(50) ‘qs(s) Rsarey ”‘}
< e+ (v +ee+ TP, (27)

which can be made arbitrarily small with an appropriate choice of €. =
For the special case in which ¢(¢) = ¢, condition (1.1) corresponds to a
strong law of large numbers (SLLN) for a stochastic process, while the con-
clusion (2.2) corresponds to a functional strong law of large numbers (FS-
LLN). The following corollary is Theorem 4 from Glynn and Whitt (1988).

Corollary 3.2.1. (from a SLLN to a FSLLN) Let {X(t) : ¢t > 0} be a
real-valued stochastic process and let

X, (t)=n"'X(nt), t>0, n>1. (2.8)
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If a SLLN holds, i.e., if
t1X(t) >y wplinRast— oo, (2.9)
then a FSLLN holds, i.e.,
|X, —vellr =0 wp.lin D(0,T],R) as n— oo (2.10)

for all T > 0.

3.3. Supremum

In this section we consider the supremum map. The following elementary
convergence-preservation result is referred to as the “fundamental lemma, of
maxima” in Section 2.5 of El-Taha and Stidham (1999).

Proposition 3.3.1. (preservation of pointwise convergence for the supre-
mum) Suppose that x € D([0,00),R), ¢ is an increasing real-valued function
on Ry with ¢(t) — oo ast — oo. If z(t)/d(t) — v > 0 as t — oo, then
' (t)/p(t) = v as t — oco.

Proof. Under the condition, for any € > 0, there exists #y such that

(v —e)¢(t) < z(t) < (v +€)o(t)

for all ¢ > ty. Hence,

(v = €)p(t) <2'(t) <a'(to) V (7 + €)(t)

for all ¢t > ty9. Since v > 0 and ¢(t) — oo, there is t; > ¢y such that
zT(tg) < (v + €)p(t) for all t > t;. Thus, for t > ¢,

B 2T~ <e.

Under the conditions of Theorem 3.2.1, if v > 0, then we can apply
the continuous mapping theorem to deduce that z'(t)/¢(t) — v as t — oo;
i.e., the conclusion of Proposition (3.3.1) holds by virtue of Theorems 3.2.1
here and 13.4.1 in the book. However, Theorem 3.2.1 here has the extra
assumption that ¢ is regularly varying.

Paralleling Proposition (3.3.1), we can also establish a pointwise-convergence
result for supremum with centering for a single function.
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Proposition 3.3.2. (preservation of pointwise convergence with centering
for the supremum) Suppose that ¢ is an increasing real-valued function such
that ¢(t) — oo and ¢(t)/t — 0 ast — oco. If

o) x(t) —M] =y as t— oo (3.1)
for A >0, then
d®) " HzT(t) = M] =y as t— . (3.2)

Proof. Under condition (3.1), for any € > 0, there exists ¢ such that

At — ¢(t) (v —€) < z(t) < Xt + B(t) (7 +€)
for all ¢ > ¢3. Then

Xt —¢(t) (v —€) < zT(t) < 2'(to) V (At + (1) (v +¢)).-

However, since A > 0 and ¢(t)/t — 0, there is a #; > # such that zT(t5) <
At + ¢(t)(y + €) for all ¢ > ¢;. Hence

() 2T (t) = M] — 7] <€
for all ¢ > t1, so that (3.2) holds. =

3.4. Counting Functions

We now turn to counting functions, as in Section 13.8 of the book. A
counting function is defined in terms of a sequence {s, : n > 0} of nonde-
creasing nonnegative real numbers with sy = 0. We can think of s, as the
partial sum

Sp=xz1++xTp, N>1, (4.1)

by simply writing z; = s; — s;—1, ¢ > 1. The associated counting function
{c(t) : t > 0} is defined by

c(t)=max{k>0:s,<t}, t>0. (4.2)

To have c(t) finite for all ¢ > 0, we assume that s, — oo as n — oo.

To establish limits for counting functions, we use two scaling functions.
We again let the scaling functions be elements of A(R;). Note that if ¢ €
A(Ry), then ¢(0) = 0 and ¢ is strictly increasing. Also, ¢ necessarily has an
inverse ¢! with ¢po ¢~ = ¢! 0 ¢ = e. Moreover, (¢1 0 ¢po) ! = ¢51 o qul
for two homeomorphisms ¢ and ¢,.

The basis for positive results is the basic inverse relation in Lemma, 13.8.1
of the book, which we restate here:
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Lemma 3.4.1. (basic inverse relation) For any nonnegative integer n and
nonnegative real number t,

Sn <t ifand only if c(t) >n. (4.3)

The relation between the limits for s, as n — oo and c¢(t) as t — oo
follows easily from the following bounds, which are of independent interest.
Let | x| be the greatest integer less than or equal to z and let [z] be the least
integer greater than or equal to z. One-sided bounds are obtained below by
either setting € = 1 or setting d = oco. Let 1/0 = oo and 1/00 = 0.

Lemma 3.4.2. (one-sided bounds) Suppose that ¢1, ¢ € A(R;),0<e<1
and 0 < § < oo.

(a) If

l—ef%((:)))<1+5 for all t > to, (4.4)

then

1 < #1(sn) <

775 < &) ST forall n2no=[6 (Aik)(A+ )] (45)

(b) If
l1—e< 212((?)) <1446 forall n>ng, (4.6)
then (e(t)
¢2 c(t 1
b)) —1-e (47)
and

po(c®) +1) o 1
¢1(t) 144

(4.8)

for all ¢ > tg = [ (d2(to)(1 +6))]. Moreover, there is a sequence of times
{tx} such that t; — oo as k — oo and

pole(t)) - 1
PR W (4.9)

for all ¢ > tg.



3.4. COUNTING FUNCTIONS 57

Proof. (a) If (4.4) holds, then
ni(t) = |63 ($1(8)(1 — )] < e(t) < [y (d1(t)(1+ )] = ma(?)
for all t > ¢, and, by Lemma 3.4.1,
Spy(t) ST < Spyp forall >t (4.10)
Let t; and t3 be functions of n defined by
ti(n) = ¢ (¢2(n)/(1 —€)) and ta(n) = ¢1 " (¢2(n)/(1+9)),

and note that n1(t1(n)) = ne(t2(n)) = n for all n. Hence, for all n > ny =
|—§b2_1(¢1 (to)(l + 6))-|, we have tl(no) 2 tQ(n()) Z t() and, by (4.10),

tQ(n) < 3n2(t2(n)) =8p = Snl(tl(n)) S t]_ (n)

or, equivalently,

2) (15— 1) < di(oa) = o) < o) (1 1)

which implies (4.5).
(b) If (4.6) holds, then

t1(n) = ¢ (d2(n) (1 — €)) < sn < b7 (d2(n)(1+6)) = Ta(n)

for all n > ny and, by Lemma 3.4.1,

c(ti(n)) <n <c(ty(n)) forall n>nyg. (4.11)
Let 11 and 7o be functions of ¢ defined by

1(t) = [¢3 ' (¢1(0)/(L—€)] and 7a(t) = [¢5 " (¢1(8)/(1 +6))]
and note that
ta(fia(t)) <t < H (i (1)) -
Hence, by (4.11),

fig(t) < eft2(Ra(?))) < et) < e(t1(n(?))) < (?)

and
¢y ($1(8)/(1+6)) =1 <ct) < b3 (¢ ()/(1 —¢))
for all t > tg = ¢ (d2(n0)(1 + 4)), because 71 (ty) > fia(to) = no, which
implies (4.7) and (4.8) by the reasoning for part (a). For (4.9), choose the
sequence {t;} so that ¢y *(¢1(tx)/(1 + 0)) is an integer. Then we have the
lower bound c(tx) > ¢5 *(¢1(tx)/(1 + 6)) for all k, which implies (4.9). =
We now apply Lemma 3.4.2 to characterize the asymptotic behavior.
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Theorem 3.4.1. (implications for pointwise convergence) Suppose that ¢1,
P2 € A(Ry) and 0 < X < 0.
(a) If ¢a(c(t))/#1(t) — A as t — oo, then ¢1(sn)/¢p2(n) — A7" asn —

00.
(b) If ¢1(sn)/dp2(n) — A1 as n — oo, then
tl_i>—m pa(c(t))/pr(t) = A. (4.12)
(c) If, in addition to the condition for (b), either
pa(c(t) + 1) — da(c(t))
5@ -0 as t— o (4.13)
" daln+ 1)
2( 1
2 () —1 as n— oo, (4.14)

then ¢2(c(t))/d1(t) = A as t — 0.
(d) If $1(sp)/d2(n) — 0 as n — oo and either

i Gl +1) —da(ct)) _ (4.15)

t—00 ¢1 (t)

or
lim ¢a(n)

then ¢o(c(t))/d1(t) — o0 ast — oco.

Proof. (a) First suppose that 0 < A < co. Then incorporate A into ¢ (t)
by dividing by A. The condition implies that for all appropriate ¢ and §
there exists ¢y such that (4.4) holds. By Lemma 3.4.2(a), (4.5) holds. Since
€ and § are arbitrary in (4.5), it implies the desired conclusion. To treat
the cases A = 0 and A = oo, use the one-sided bounds in Lemma 3.4.2.
For example, if ¢a(c(t))/¢1(t) — 0 as t — oo, then for all positive € and ¢
there exists to such that ¢o(c(t))/ep1(t)) < 1+ § for all ¢ > #;. By Lemma
3.4.2(a), €p1(sp)/d2(n) > 1/(1+46) for all n > ny. Since € can be arbitrarily
small, ¢1(sp)/p2(n) — oo as n — oc.

(b) Reason as in (a) using (4.6), (4.7) and (4.9).

(c) Use (4.8), (4.13) and (4.14), noting that

L galeld) £ 1)~ alelt) _ dole(®)) _ 1
e 7D STowm Si-e 0
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and
P2(c(t))
Pa(c(t) +1)(1 +¢)

(d) Reason as in (c), using (4.15) and

balelt) _ 1
¢1 (t) —1—¢€
(4.16) with (4.17) and (4.18). =

<

(4.18)

Remark 3.4.1. Note that ¢o(c(t))/¢1(t) — X as t — oo if and only if
ba(c(py (1)) /t — X as t — oo; i.e., the spatial normalization ¢ (t) is equiv-
alent to the standard normalizing function e after making a time transfor-
mation by ¢~1. =

Example 3.4.1. The need for an extra condition. To see that an extra
condition is needed in Theorem 3.4.1(c), let s, = n for all n, so that c(t) =
|t] for all t. Also let ¢ (t) = ¢o(t) = e for all t. Then ¢1(s,)/P2(n) = 1 for
all n, while

$o(c(t)) /¢ (t) = e,
which has limit supremum 1 and limit infimum e~!. Also note that neither
(4.13) nor (4.14) is satisfied.

Example 3.4.2. The extra conditions are not necessary. To see that the
specific extra conditions in Theorem 3.4.1(c) are not necessary, let s, = e”
for all n, so that c(t) = | logt|. Let ¢2(t) = e’ and ¢1(t) = ¢ for all . Then
1(8n)/¢p2(n) =1 for all n and

dalclt) _ ellst
M) ot
but ¢o(n + 1)/pa(n) = e for all n and
¢2(C(t) + 1) — QSQ(C(t)) (e — 1)@[108275]

= —e—1 as t—=o00. =
¢1(2) t
A special case of interest is when the homeomorphisms are of the form
d(t) = tP for p > 0. Of course, the case of greatest interest is p = 1; then
we have simple averages.

—+1 as t— oo,

Corollary 3.4.1. (the special case of powers) Suppose that 0 < p < oo and
0 < A< 0. The following are equivalent:

(i) c(t)/tP - X as t— oo,
(ii) (c(t))YP/t = AP as t — oo,
(iii) sp/n'’? - X"V /p as n— oo,

(iv) (sp)P/n = A"t as n— oo.
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Proof. Apply Theorem 3.4.1 with ¢2(t) = ¢ and ¢ (¢) = P to relate (i) and
(iv). Note that (4.14) holds. To relate (i) and (ii), note that (c(t))'/?/t =
(c(t)/t?)'/P| and similarly for (iii) and (iv).m

We used the property that ¢(z/y) = ¢(z)/¢(y) for ¢(z) = 2P in Corol-
lary 3.4.1. The following classic lemma shows that this does not hold more
generally.

Lemma 3.4.3. A homeomorphism ¢ of Ry satisfies ¢p(zy) = ¢(z)d(y) for
all nonnegative x and y if and only if ¢(t) = t* for some p > 0.

Proof. The sufficiency is immediate. For the necessity, suppose that
d(zy) = ¢(x)p(y) for all nonnegative z and y. If we let ¥(z) = log ¢(e”),
then ¥(z + y) = ¥(z) + ¢¥(y) for all real z and y. It is well known and
easy to see that i (z) = px for some real number p, which implies that
P(z) = e¥l082) — ePlogz — 4P Since ¢ is strictly increasing, we must have
p>0. =

The Corollary to Theorem 3.4.1 is useful because it enables us to replace

¢2(c(1))/d1(t) and ¢1(sn)/d2(n) by c(t)/¢5" ($1(1)) and sy/d7 " (¢2(n)) re-

spectively. The following lemma shows that we can do this more generally.

Lemma 3.4.4. Suppose that ¢ € A(R,), a, = oo and a, /b, — 1 as n —
co. If there is a ty such that log $(e') is uniformly continuous in (ty,00),
then ¢(an)/P(bn) — 1 as n — oo.

Proof. Since a, — oo and a,/b, — 1 as n — oo, loga, — logb, — 0,
log a,, — oo and logb,, — oo as n — oco. If log(¢(e?)) is uniformly continuous
in (tg,00), then

log ¢(e'°8 *") — log (€'*8 ") = log ¢(an) — log ¢(by)
= log(¢(an)/d(by)) >0 as n — oo,

so that ¢(ap)/d(by) > 1asn —oo. =
The following Corollary to Lemma 3.4.4 indicates how Lemma 3.4.4 can
be applied in our context.

Corollary 3.4.2. If ¢o(c(t))/P1(t) = X as t — oo, where ¢1, ¢a € A(Ry)
and log ¢5 * (et) is uniformly continuous in (ty, 00) for some to, then c(t)/dy * (Ap1(t)) —
1 ast— o0.

Remark 3.4.2. Lemma 3.4.4 implies Corollary 3.4.1 because log ¢(ef) =
log A + pt when ¢(t) = AtP. Another function covered by Lemma 3.4.4 is
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#(t) = alogbt; then log $(e')) = loga + log(logb + t). However, log ¢(e') =
loga + be' when ¢(t) = ae’, so that the uniform continuity does not hold
when ¢(t) = aeb’. =

The following result is also useful to characterize the normalizing func-
tions.

Lemma 3.4.5. Suppose that ¢ € A(Ry), 0 < A < o0 and a, — o0 as
n — oo. If there is a ty such that log ¢(e!) is uniformly continuous in
(to,00), then

lim ‘
n—od

Proof. Recall that if a function ¢ is uniformly continuous in (¢, ), then
sup{|v(t +z) —(t)| : t > to} < o0
for any positive . Since

log Aa,, — loga,, =log X\ ,

i—m {|log ¢(e°87*) —log p(e)[} = i—m {l1log ¢(Aan) — log ¢(an)|}
= i_m {llog(¢(Aan)/d(an))| < o0,

which implies the desired conclusion.m

We are thinking of {s,, : » > 1} being the points in a point process sample
path, so it is natural to assume that {s,} is nondecreasing. However, we
could start with a general sequence of real numbers {¢,, : n > 1} and obtain
{sn} as the successive maxima, i.e.,

sp=th =max{ty :0<k<n}, n>1, (4.19)

where t9p = 0. A similar result holds for ¢(¢). The following result closely
parallel Proposition 3.3.1.

Proposition 3.4.1. Suppose that ¢1, ¢o € A(R}) and 0 < XA < 0. If
é1(tn)/p2(n) = A7t as n — oo, then ¢1(sp)/P2(n) = At asn — oo for sy

in (4.19).
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Proof. First assume that 0 < A < oco. Given the assumed convergence,
for all € > 0, there is an ng such that

¢1 " (p2(n) /A1 +€)) <t < ¢7H(d2(n)/A(1 —¢)) forall n>ny,
which implies
¢1 " (¢2(n)/A(1+€)) < sp < max{sn,, ¢7 " (¢2(n)/A(1—€))} forall n > no.
Let ny be such that
¢1 " (P2(n)/A(L —€)) > sng -
Then, for all n > ny,

1 (;Sl(sn) ].
NI+ = doln) S Mi—e)

which implies the conclusion. For A = 0 and A = oo use associated one-sided
inequalities. =

3.5. Counting Functions with Centering

We now turn to counting functions with centering. Due to the results
for the inverse map with centering in Section 13.7 of the book, Theorem
13.8.2 in the book yields FCLTs for stochastic counting processes with cen-
tering given FCLTs for associated sequences of nondecreasing nonnegative
random variables with centering, by an application of the continuous map-
ping theorem. We now show that we can also exploit the monotonicity to
obtain ordinary CLTs for stochastic counting processes from associated or-
dinary CLTs for sequences of nondecreasing nonnegative random variables.
The resulting CLT for stochastic counting process is the same as can be
obtained from the FCLT by projection, but the condition is weaker. In both
cases, we rely on an existing limit rather than specific stochastic assump-
tions. For this purpose, let {S, : n > 0} be a sequence of nondecreasing
nonnegative random variables with Sy = 0 and let {C(¢) : ¢ > 0} be the
associated stochastic counting process, defined as before by

C(t)=max{k>0:S5,<t}, t>0. (5.1)

We again use regularly varying functions.
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Theorem 3.5.1. (CLT equivalence) Suppose that m > 0 and 9 € R(p) for
0<p<1. Then

Pp(n) Sy —mm]=L in R as n— oo, (5.2)

where {S, : n > 0} is a sequence of nondecreasing nonnegative random
variables with Sy = 0 if and only if

PO —m ] = —m L in R as n— oo, (5.3)
where {C(t) : t > 0} is the associated stochastic counting process.

We obtain Theorem 3.5.1 from a more general theorem which allows
more general scalings, which are of value when analyzing nonstationary point
processes.

Theorem 3.5.2. (CLT implications with more general scaling functions)
Suppose that ¢1, ¢ € A(Ry), ¢ € C4 and

Y)Yt +zp(t) =1 as t— (5.4)

for all .

(a) If

X(t) = () [g2(CM) —41(t)] > L in R as n—oo, (55)
then

Y (n) = ¢(¢2(n)) " [$1(Sn) — ¢2(n)] = ~L in R as n—oo. (5.6)

(b) If (5.6) above holds, then there exists an increasing sequence of posi-
tive real numbers {t,, : n > 1} with t,, — co as n — oo such that X (t,) = L
for X(t) in (5.5) above.

(¢) If, in addition to (5.6) above,

[p2(n+ 1) — ¢2(n)]/¢(g2(n)) =1 as n— o0 (5.7)

and

P($a(n +1))/P(g2(n)) =1 as n— oo, (5.8)
then (5.5) above holds.

We first apply Theorem 3.5.2 to prove Theorem 3.5.1.
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Proof of Theorem 3.5.1. We apply Theorem 3.5.2 with ¢,(t) = mit,
¢2(t) =t and 1 € R(p) for 0 < p < 1. It is easy to see that 1) satisfies (5.4):
For any z, there is a ty such that

P((1 = e)t) <Pt +a1p(t)) < p((1 = e)t) (5.9)
for all ¢ > t¢, from which it follows that
1’ (1) 1\’
(i) <wotom < (=) (>:10)

for all suitably large t. We also apply the regular variation property to
deduce that (¢ (t)) in (5.5) has the asymptotic form

P(P1(t)) = Y(mt) ~mPp(t) as t— oo . (5.11)

Thus (5.2) is equivalent to (5.6) with the limit in (5.2) changed to m?”L.
Similarly, (5.3) is equivalent to (5.5) with the limit in (5.3) changed to
—m™!L. Thus the form of the limits in (5.2) and (5.3) follow from (5.5) and
(5.6). Finally, it remains to observe that the assumptions in Theorem 3.5.1
imply that conditions (5.7) and (5.8) hold. =

We now turn to the proof of Theorem 3.5.2. For that purpose, we use a
basic lemma about cumulative distribution functions (cdf’s).

Lemma 3.5.1. Let F,,, n > 0, be cdf’s. The following are equivalent:

(i) For each t € Disc(Fy)¢, Fy(tn) — Fo(t) as n — oo for some sequence
{tn : m > 1} with t,, — t.

(ii) F, = Fy; i.e., for each t € Disc(Fy)¢, F,(t) = Fo(t) as n — oo.

(i7i) For each t € Disc(Fy)¢ and all sequences {t, : n > 1} with t,, — t
as n — oo, Fy(ty) — Fy(t) as n — oc.

Proof. Clearly (iii)—(ii)—(i), so it suffices to show that (i)—(iii). Let
t € Disc(Fp)¢. Then, for any € > 0, there exists § > 0 such that

F()(t) —e< F()(t — 6) < F()(t) < F()(t + 6) < F()(t) + €. (5.12)

Since Fj is nondecreasing, it has at most countably many discontinuities.
Let ¢/, t" € Disc(Fp)© be such that t — ¢ < t' <t <t < t+ 4. Given
(i), there exist sequences {t/, : n > 1} and {t! : n > 1} such that ¢, — ¢/,
tr — ", F,(th) — Fo(t') and F,(t!) — Fo(t") as n — oo. Let {t, : n > 1}
be any sequence such that ¢, — ¢ as n — oo. Hence, there is an ng such
that

Fo(t —68) < Fp(ty) < Fp(ty) < Fu(th) < Fo(t + ) (5.13)
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for all n > ng. Combining (5.12) and (5.13), we see that
Fo(t) — e < Fp(tn) < Fo(t) +€. = (5.14)

Proof of Theorem 3.5.2. (a) Suppose that (5.5) holds. Then
Fi(z—)=P(X(t)<z) > P(L<z)=F(z) as t— 0 (5.15)
for each z € Disc(F)¢. However,
Fy(z—) = P(¢2(C(t) < $1(t) + z9(41(2)))
= P(C(t) < ¢3 " (1(2) + 2((1)))
so that, by Lemma 3.4.1, Fy(z) = P(Sy(; > t) for any ¢ such that

n(t) = d3 ' (41(t) + 29p(41(2))) (5.16)

is an integer. For such ¢,

Fy(z=) = P((¢2(n(t)) " [$1(Snr) — P2(n(t)] > —z(t)) (5.17)

where

z(t) = —[¢1(t) — d2(n(2))]/9(¢2(n(?)))
= ap(d1(8)/P(¢1 (1) +29p(¢1(2))) > & as t—=o00 (5.18)
by (5.16) and (5.4). Note that, for each positive integer n, we can find %,

such that n(t,) = n, because ¢, ¢ and 1) are nondecreasing and continuous,
and n(t) — oo as t — oco. Hence

Gn(zn) = P(9($2(n)) " [$1(S) — $2(n)] < zn) = Fy, (zn) (5.19)

where =, = z(t,) = = as n — oo. Since z € Disc(F)¢, Fy, (z,) — F(z) as
n — co. By Lemma 3.5.1, G, = F, so that Y(n) = —L.
(b) Let the cdf G, be defined by (5.19). Then

Gu(x) = P(Sn > ¢1 " (¢2(n) — 23($2(n)))) = P(A(ta) < n)
for
tn = ¢1 " (¢2(n) — 2(g2(n))) (5-20)
by Lemma 3.4.1. Thus, for F; in (5.15) and t, in (5.20), Fy, (z,—) = Gp(z)
for
Tn = [$2(n) — d1(tn)]/¥(1(tn))
= atp(da(n))/P(¢2(n) — z9p(d2(n)) > = as n—oo (5.21)
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by (5.20) and (5.4). Hence, if G,(z) — F(z) for x € Disc(F)¢, then
F;, (zn) = F(z) as n — oo. By Lemma 3.5.1, F; = F, so that X(¢,) = L.

(c) For any ¢, let n be such that ¢, < ¢t < t,41 for ¢, in (5.20). Since
C(t,) < C(t) < C(tp=1), it suffices to show that C(t,) and C(t,+1) have
the same limits with the normalization. It suffices to show that

$($1(tn1)) " [B2(C(tn)) — b1 (tns1)] = L, (5.22)
which in turn holds if

(1 (tn1)) /(1 (tn)) = 1 (5.23)

and
[f1(tnt1) — @1(tn)] /(1 (tn)) = as n— o0. (5.24)

By (5.4) and (5.20), (5.23) is equivalent to (5.8). By (5.20) and (5.23),
(5.24) is equivalent to (5.7): Applying (5.20) and dividing numerator and
denominator by ¥ (¢2(n)), we see that (5.21) becomes A,, /By, where

Bn = (¢2(n) — z¢(¢2(n))) /¢(¢2(n)) > 1 as n— oo (5.25)
by (5.4) and
An = [pa(n+ 1) — zp(d2(n + 1)) — da(n) + z¢p(¢2(n)]/¢(¢2(n))  (5.26)
by (5.8) and (5.7). =

Example 3.5.1. It is possible that only subsequences converge. To see that
we can have X (t,) = L as n — oo in Theorem 3.5.2 (b) without X (¢) = L
as t — oo for X (t) in (5.5), let ¢ () = ¢, ¢2(t) = t2 and 9 (t) =1 for ¢t > 0.
Then (5.4) and (5.8) hold, but (5.7) does not:

Po(n+1) —do(n)  (n+1)? —n?

G () = 3 —0. (5.27)
Let P(L =0) =1 and let S,, = n?, so that
PY(2(n)) Hp1(Sn) — 2(n)] =0=—~L w.p.1 for all n. (5.28)
However, C(t) = /[t] and ¢o(C(t)) = [t], so that
P(d1 (1) [B2(C(1) — p1 ()] = [¢) — 1, (5.29)

from which we see that

lim X(¢)=-1<0= lim X(#)

t—o0 t—o0

for X(¢) in (5.5). =
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A major theme here is obtaining probabilistic limits directly from deter-
ministic limits. Thus it is natural to ask if there is a deterministic analog
of Theorem 3.5.2 that implies Theorem 3.5.2. We show that there is. In
particular, the following result implies parts (a) and (c) of Theorem 3.5.2.

Theorem 3.5.3. (deterministic analog of Theorem 3.5.2) Let ¢1, ¢o €
A(Ry) and let ¥ be a continuous positive real-valued function on [0,00)
for which (5.4) holds

(a) If

() = (1) ba(e(t) — ()] @ in R as t—oo, (5.30)
then

y(n) = P($a(n)) ' [¢1(sn) — d2(n)] = —a in R as n—oo. (5.31)

. (b) If, in addition to (5.31) here, (5.7) and (5.8) above hold, then (5.30)
here holds.

Proof. (a) If (5.30) holds, then for all ¢ > 0 there exists ¢y such that
a—e<z(t) <a+eforall t >ty. Given that z(t) < a + ¢,

$3 1 (1(8) + (@ — €)p(¢1 (1) < c(t) < by (1 (D) + (@ + (A1 (1)) - (5.32)
Let ¢ be such that
n(t) = g3 (d1(t) + (@ + )y(¢1 (1)) (5.33)
is an integer. By Lemma 3.4.1,
Sn(t) >t - (5.34)
Given (5.34),
y(n(t)) = (2 (n(1)) ' [$1(sn(r) — $2(n(1))] > —a(t) (5.35)
where

o(t) $1(t) — ¢a(n(t)) —(a+ €)pp(d1(2))

= - —(a+e€) (5.36
PEm®) 0+t opie@) | B39
by (5.4), so that y(n(t)) > —(a + 2¢) for all ¢ > ¢; > . Since for each
positive integer n, we can find ¢ such that n(t) = n, there is an ng such that
y(n) > —(a + 2¢) for all n > ny. Similarly, from the lower bound in (5.32),
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we can conclude that y(t) < —(a — 2¢) for all n > n;. Since € was arbitrary,
the proof is complete.

(b) For any € > 0, there exists ng such that —a — e < y(n) < —a + € for
n > ng. As a consequence,

¢1 " (2(n) — (a+e)9p(¢2(n))) < sp < ¢y (d2(n) — (@ —€)p(d2(n))) (5.37)

for all n > ng. Now let

tn = ¢7 (d2(n) — (@ — )1p(d2(n))) - (5.38)

By Lemma 3.4.1,
c(tp) >n (5.39)

and

p2(c(tn)) — d1(tn)
P(d1(tn))
¢(¢1 (tn))
(a = €)p(¢2(n)) Ly
() — (@ = p(gam)) =@ 2 (5.40)

for n > n1 > ng by (5.4). We now want to show that there is o such that
z(t) > a — 3¢ for all t > ty. Consider t with ¢, <t < t,+1. Notice that

Y

p2(c(tn)) — d1(tni1) < dalc(t)) — ¢1(t) < da(c(tnt1)) — d1(tn)) . (5.41)

Since (5.41) holds, (5.40), (5.7) and (5.8) imply that there is ¢y such that
z(t) > a — 3e for t > . Similarly, using the lower bound in (5.37), we can
deduce that for any € > 0 there exists ¢ such that z(t) < « + 3¢ for t > tg.
Since € was arbitrary, the proof is complete. =

3.6. Composition

We now turn to the composition map. We first state a preliminary
lemma.

Lemma 3.6.1. If ¢ € R(p) with p > 0, and t~%y(t) — p > 0, then

o(y(£))/¢(@?) = P as t— 0. (6.1)
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Proof. For any € > 0, there is ¢y such that t9(u —€) < y(t) < t9(u + €).
Since ¢ is regularly varying with index p,

Bt . Pt e)
) R S (7)

<(u+ep

and

Proposition 3.6.1. Suppose that ¢ € R(p) with p > 0. If

) Xt)=>U and t7Y({t)=>pu in R, (6.2)
then

o)X (Y(t) = pPU in R. (6.3)
Proof. Since the limit g4 in (6.2) is deterministic, we have the joint limit
()" X(1),t7'Y (t) = (Uyp) in R?. (6.4)
Use the Skorohod representation theorem to replace convergence in distri-
bution in (6.4) with convergence w.p.1 (for special versions). By Lemma

3.6.1, p(Y'(1))/¢(t) — uP. Then

X(Y(1)  H¥(1) X (D)
o - e s MU (6.5)

Finally, (6.5) implies (6.3). =

Proposition 3.6.2. Suppose that ¢ € R(p) with 0 <p < 1. If
d) X () — M, Y () —pt] = (U, V) in R (6.6)

then
d®)TUX(Y (1) — Mut] = pPU + XV in R?. (6.7)
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Proof. From (6.6) the regular variation condition, we have t 'Y (t) = u
and ¢(Y (t))/¢(t) — pP as t — oo. Now replace convergence in distribution
by convergence w.p.1 for special versions. Then

(Y (1) X(Y(1) =AY (#)  AV(F) — Aut
¢(t) P(Y (2) ¢(t)

which implies (6.7). =

There are two difficulties with Propositions (3.6.1) and (3.6.2) for ap-
plications. An obvious difficulty is that we may actually need the stronger
conclusions giving limits in D in applications. The other difficulty is that
it may be difficult to obtain the conditions. The joint limit in (6.6) holds if
the component limits hold in R when X (¢) and Y (¢) are independent, but
in most applications X (¢) and Y (¢) are actually dependent. A critical step
then is to establish condition (6.6).

To illustrate, we may start with the sequence {(A,,B,) : n > 1} of
ordered pairs of nonnegative random variables. We may be able to determine
that

— pPU + AV w.p.last— oo,
(6.8)

é(n) A, —n\ B, —np~ = (U,V') as n—oo in R (6.9
and be interested in the asymptotic behavior of A¢(y), where
C(t) =max{k>1:Bp<t}, t>0. (6.10)
From the second component of (6.9), we can determine that
B(t) O ) — pt] = —pHV (6.11)

from Theorem 3.5.1. However, we have difficulty directly expressing the
joint limits of

d(n) (A, —nX) as n—oo and H(t)7C(t) —ut] as t— oco.
(6.12)
The extension of (6.9) in D offers a resolution. We can hopefully extend
(6.9) to

(A,,B,) = (U,V) in D? (6.13)
where
An(t) = ¢(n) ' [Apy — Ant]
B,(t) = ¢(n) '[Bpuy —p 'ni
(u@),va) £ @, v). (6.14)
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From (6.13), we can get
(An,Bn,Cp) = (U, V,— iV o e) (6.15)

where

C.(t) = ¢(n)~L[C(nt) — unt] . (6.16)

We can then apply the composition map in D. In particular, letting

®,(t) =n"'C(nt) (6.17)
and
Xn = ¢(n)71[AC'(nt) - )\/,L’I’Lt] ’ (618)
we obtain
X,=A,0o®,+uC,=>Uole+uC in D (6.19)

under regularity conditions, by Theorem 13.3.2 in the book. As a conse-
quence,

¢(n) Acm) — Aun] = U(A) + uC(1) in R, (6.20)

assuming that P(1 € Disc(U o de + uC)) = 0.
Alternative approaches have been developed for dealing with this prob-
lem directly, starting with the Anscombe (1952, 1953) condition, see Gut

(1988), but those conditions are essentially equivalent to A, = U with
P(UeC)=1.

3.7. Chapter Notes

The main results in this chapter are so basic that they no doubt have a
long history, but we are unable to trace that history beyond our own work.
Much related material, with emphasis on the classical case of partial sums
of i.i.d. random variables, appears in Gut (1988).

We have primarily drawn upon Glynn and Whitt (1986, 1988) and
Massey and Whitt (1994). Those papers contain further applications to
queues related to the conservation law L = AW. El-Taha and Stidham
(1999) is closely related from that perspective. El-Taha and Stidham demon-
strate the far-reaching implications possible from pointwise limits for single
functions (sample-path analysis). Baccelli and Bremaud (1994) provide an
alternative treatment of many of the same topics in the context of stationary
processes. An overview of L = AW appears in Whitt (1991, 1992).
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The strengthening of pointwise convergence to uniform convergence in
Theorem 3.2.1 extends Theorem 4 of Glynn and Whitt (1988), which was
in the form of Corollary 3.2.1. For the case ¢(t) = ¢, Proposition 3.3.1 is
implication (iii)—(v) in Theorem 2(b) of Glynn and Whitt (1986). The
more general version appears in Section 2.5 of El-Taha and Stidham (1999).

Theorem 3.5.1 here extends Theorem 4.2 of Massey and Whitt (1994)
by allowing the space scaling function i to be regularly varying instead of
a simple power. Lemma 3.5.1 is an improved statement of Lemma 4.1 of
Massey and Whitt (1994). The deterministic basis for Theorem 3.5.2 in
Theorem 3.5.3 is new here.

An extensive treatment of the composition map and convergence in dis-
tribution under a random time change appears in Gut (1988). The first few
sections there provide useful perspective. A related result is the conservation

law Y = AX in El-Taha and Stidham (1999).



