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Abstract

Motivated by queues with service interruptions, we consider an infinite-capacity storage

model with a two-state random environment. The environment alternates between ‘‘up’’ and

‘‘down’’ states. In the down state, the content increases according to one stochastic process; in

the up state, the content decreases according to another stochastic process. We describe the

steady-state behavior of this system under assumptions on the component stochastic elements.

For the special case of deterministic linear flow during the up and down states, we show that the

steady-state content is directly related to the steady-state workload or virtual waiting time in an

associated G/G/1 queue, thus supplementing results of Gaver and Miller (1962), Miller (1963)

and Chen and Yao (1990).

Subject classifications: Probability, regenerative processes: a storage model in a two-state random

environment. Queues, approximations: a fluid model with random disruptions.

Inventory/production, operating characteristics: a fluid model with alternating up and down times.



Gaver and Miller (1962), Miller (1963) and Chen and Yao (1990) studied a stochastic storage

model that we believe is especially promising for operations research applications. The model is

an infinite-capacity linear fluid model in a random environment, which can serve as an

approximation for a G/G/1 queue when the major source of variability is the availability of the

server rather than the interarrival times and service times. In particular, the environment is

viewed as a regenerative stochastic process, with down times D k having mean d and up times U k

having mean u, where the sequence of random vectors { (D k , U k ) : k ≥ 1 } is i.i.d. (but the joint

distribution of (D 1 , U 1 ) is general). During the down times, there is deterministic linear net

flow into the buffer at rate λ; during up times, there is deterministic linear flow out of the buffer at

rate µ − λ whenever the buffer is not empty (µ > λ). (Think of an arrival rate λ and a service

rate µ.) We require that λd < (µ − λ) u to have long-run stability. Chen and Yao (1990) show

that this fluid model is a good approximation for a D/D/1 queue in a random environment when

the interarrival times and service times are relatively short compared to the up and down times.

Chen and Yao (1990) obtained a relatively complicated description of the steady-state buffer

content in terms of an associated G/G/1 queue having service times λD k and interarrival times

(µ − λ) U k . Our first purpose is to supplement this analysis by showing that the steady-state

buffer content, say Z, is in fact directly related to the steady-state workload (or virtual waiting

time) in this G/G/1 queue, say V. In particular, we show that (ZZ > 0 ) is distributed exactly as

(VV > 0 ), and that the distribution of V has a relatively simple form despite the allowed

dependence between service times and interarrival times. We also determine P(Z > 0 ), which

typically does not coincide with P(V > 0 ). Explicit formulas for the distribution of Z when U 1

and D 1 are independent and one of them has an exponential distribution are then immediate

(corresponding to the classical M/G/1 and GI/M/1 models). Consequently, this stochastic storage

model is remarkably tractable; hence its appeal.
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Our second purpose is to consider more general models in the same spirit, in part, to better

understand why the relationship above holds. Our first idea was to replace the deterministic

linear flows by deterministic nonlinear flows, and indeed much of the analysis can be carried

through for this case, provided that the flow is nondecreasing during the down periods and

nonincreasing during the up periods. This covers the interesting case in which the up and down

intervals are composed of subintervals with different linear rates on each subinterval.

Our next idea was to consider stochastic flows during the up and down periods, and this is the

model we investigate first here. We define the general model in Section 1. We discuss the

connection to the associated single-server queue in Section 2; this connection depends on the

monotonicity of the sample paths of the two flow processes. The monotonicity is very natural

during the down periods, but not so natural during the up periods, except in the case of the fluid

model. However, the monotonicity during the up periods may sometimes be a reasonable

approximation, which is worth considering because the analysis simplifies considerably.

In Section 3 we see what happens when the flow out is linear and deterministic. In this case,

we show that the content process restricted to up periods coincides with a time-scaled version of

the workload process in a single-server queue. (This is a partial explanation for the

characterization of the full steady-state content Z for the fluid model.)

We first make stochastic assumptions in Section 4. In particular, we assume that the sequence

of down and up times and associated flow processes is i.i.d. (The flow processes themselves are

still general at first.) In Section 4 we characterize the steady-state behavior under successively

stronger assumptions. In Section 5 we treat the linear fluid model of Gaver and Miller (1962),

Miller (1963) and Chen and Yao (1990). Finally, in Section 6 we consider the extension arising

when the down interval is composed of random subintervals with associated linear deterministic

flow rates.
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Before proceeding, we mention that we apply our results for the linear fluid model in Kella

and Whitt (1992) to analyze the distributions of successive buffer contents in a tandem fluid

network with stochastic input (in particular, nondecreasing Le ́ vy process input). Perhaps the

main contribution of Kella and Whitt (1992) is to determine the non-product-form steady-state

distribution for the case of two tandem buffers. It turns out that, without any disruptions, the

content of each buffer can be viewed as the linear fluid model in a random environment

considered here. That application was our initial motivation for this work.

For additional background on fluid models, see Keilson and Rao (1970), Meyer, Rothkopf

and Smith (1979, 1983), Newell (1982), Mitra (1988), Chen and Mandelbaum (1991), and

references in these sources. For additional background on queues with service interruptions (or

server vacations), see Doshi (1986, 1990).

1. The General Model

There are four elements in the general model: two sequences of strictly positive random

variables, {D k : k ≥ 1 } and {U k : k ≥ 1 }, and two sequences of continuous-time real-valued

stochastic processes, { {R k (t) : t ≥ 0 } : k ≥ 1 } and { {S k (t) : t ≥ 0 } : k ≥ 1 }, having right-

continuous sample paths with left limits. We think of D k and U k as successive down and up

times. The storage content grows according to {R k (t) : t ≥ 0 } during the k th down time and

decreases according to {S k (t) : t ≥ 0 } during the k th up time.

In particular, let

T k = D 1 + U 1 + . . . + D k + U k , k ≥ 1 , (1)

with T 0 = 0; i.e., T k is the k th environment cycle time. We assume that the first down time

begins at time t = 0. Then the net input process {Y(t) : t ≥ 0 } can be defined by



- 4 -

Y(t) =





Y(T k − ) + R k + 1 (D k + 1 − ) − S k + 1 (t − T k − D k + 1 ) , T k + D k + 1 ≤ t < T k + 1 ,

Y(T k − ) + R k + 1 (t − T k ) , T k ≤ t < T k + D k + 1

(2)

for k ≥ 0 with Y( 0 − ) = 0 (where X(t − ) =
s ↓ 0
lim X(t − s) ). Then the content process

{Z(t) : t ≥ 0 } is obtained by applying the reflection map to the net input process, i.e.,

Z(t) = Y(t) − min { 0 , inf {Y(s) : 0 ≤ s ≤ t} } , t ≥ 0 ; (3)

see p. 19 of Harrison (1985). (Hence, Z( 0 ) = [R( 0 ) ] + , where [x] + = max {x, 0 }.)

We will also consider content processes {Z u (t) : t ≥ 0 } and {Z d (t) : t ≥ 0 } restricted to up

and down intervals, respectively; e.g., Z u (t) represents Z(s) where s is the time when the

cumulative up time first reaches t. For this purpose, define an environment state indicator process

by

I(t) =





0

1 ,

T k ≤ t < T k + D k + 1

T k + D k + 1 ≤ t ≤ T k + 1

(4)

for k ≥ 0. Processes depicting the cumulative up and down time during the interval [ 0 , t] can

then be defined by

C u (t) = ∫
0

t
I(s) ds , t ≥ 0 , (5)

and

C d (t) = t − C u (t) , t ≥ 0 . (6)

Now define inverse processes by

Cu
− 1 (t) = inf {s ≥ 0 : C u (s) > t} , t ≥ 0 , (7)

assuming that C u (t) → ∞ as t → ∞, and similarly for Cd
− 1 (t). Then let
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Z u (t) = Z(Cu
− 1 (t) ) , t ≥ 0 , (8)

and

Z d (t) = Z(Cd
− 1 (t) ) , t ≥ 0 . (9)

Note that (7)–(8) makes Z u (U 1 ) = Z(D 1 + U 1 + D 2 ) as opposed to Z(D 1 + U 1 ).

2. An Associated Single-Server Queue

Under an extra assumption on the basic stochastic processes {R k (t) : t ≥ 0 } and

{S k (t) : t ≥ 0 }, we can relate our model to an associated single-server queue with unlimited

waiting space and the first-in first-out discipline. In the queueing model, let a 0th customer arrive

at an empty system at time t = 0. Moreover, let the service time of customer k − 1 be R k (D k − )

and let the interarrival time between customers k − 1 and k be S k (U k − ). Let {W k : k ≥ 0 } be

the associated sequence of waiting times, defined as usual by

W k = [W k − 1 + R k (D k − ) − S k (U k − ) ] + , k ≥ 1 , (10)

where W 0 = 0.

Theorem 2.1. If the sample paths of {R k (t) : k ≥ 0 } and {S k (t) : t ≥ 0 } are nondecreasing for

all k w.p.1, then

Z(T k − ) = W k , k ≥ 0 , w. p. 1.

Proof. Under the monotonicity assumptions, we can represent the content process by

Z(t) =





[Z(T k − ) + R k + 1 (D k + 1 − ) − S k + 1 (t − T k − D k + 1 ) ] + , T k + D k + 1 ≤ t < T k + 1

Z(T k − ) + R k + 1 (t − T k ) , T k ≤ t < T k + D k + 1

(11)

for k ≥ 0 with Z( 0 − ) = 0. (This can be established from (2) and (3) by induction on k.

Our main results later are connections between the content processes {Z(t) : t ≥ 0 } and
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{Z u (t) : t ≥ 0 } and the workload (or virtual waiting time) process of this single server queue.

The workload V(t) depicts the remaining service time of all customers in the system at time t,

i.e.,

V(t) = [W N(t) + R N(t) + 1 (D N(t) + 1 − ) − t +
k = 1
Σ

N(t)
S k (U k − ) ] + , t ≥ 0 , (12)

where

N(t) = max {k ≥ 0 :
j = 1
Σ
k

S j (U j − ) ≤ t} , t ≥ 0 . (13)

3. Linear Decline

A second nice connection to the single-server queue occurs when we assume the process

{S k (t) : t ≥ 0 } is deterministic and linear, i.e.,

S k (t) = st , t ≥ 0 . (14)

Theorem 3.1. If, in addition to the monotonicity assumptions of Theorem 2.1, (14) holds, then

Z u (t) = V(st) , t ≥ 0 ,

where {V(t) : t ≥ 0 } is the workload process of the single-server queue in (12).

Proof. Both processes have jumps up of R k + 1 (D k + 1 − ) at times U 1 + . . . + U k and otherwise

decrease linearly at rate s, with a reflecting barrier at the origin.

4. Steady State

We now investigate the steady-state behavior of our model under stochastic assumptions. In

particular, we assume

Main Independence Assumption. { (D k , U k , {R k (t) : t ≥ 0 }, {S k (t) : t ≥ 0 } ) : k ≥ 1 } is an

i.i.d. sequence with E[D 1 ] = d < ∞, E[U 1 ] = u < ∞, E[R 1 (D 1 − ) ] < ∞ and

0 < E[S 1 (U 1 − ) ] < ∞.
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Let = = > denote convergence in distribution. Let G/G/1 denote the single-server queueing

model in which the sequence of ordered pairs of interarrival times and service times is stationary

(without any independence assumed). Let GI/G/1 denote the special case in which all the random

variables are independent. We will typically be concerned with G/G/1 with extra independence

(but not GI/G/1). As a consequence of Theorem 2.1, we have

Theorem 4.1. Under the Main Independence Assumption and the monotonicity assumptions of

Theorem 2.1, there exists a proper random variable Z e such that

Z(T k − ) = = > Z e as k → ∞

if and only if ρ ≡ E[R 1 (D 1 − ) ]/ E[S 1 (U 1 − ) ] < 1. Moreover, Z e is distributed as the steady-

state waiting time in a G/G/1 queue with (possibly dependent) service time R 1 (D 1 − ) and

interarrival time S 1 (U 1 − ).

Proof. Apply results for the GI/G/1 queue, e.g., Propositions 1.1 and 1.2 on p. 181 of

Asmussen (1987). The GI/G/1 theory applies because {R k (D k − ) − S k (U k − ) : k ≥ 1 } is

i.i.d.

Using the regenerative structure of the environment, we can also establish limits for the

continuous-time process. For any nonnegative random variable X with finite mean, let X ∗ be a

random variable with the stationary-excess (or equilibrium-residual-life) distribution associated

with the distribution of X; i.e.,

P(X ∗ ≤ x) =
EX
1_ ___ ∫

0

x
P(X > s) ds . (15)

Let =
d

denote equality in distribution.

Remark (4.1) Below we want to consider R 1 (D1
∗ ). When {R 1 (t) : t ≥ 0 } and D 1 are

independent, the intended meaning is clear, but in general they are dependent. Let R 1 (D1
∗ ) have

the distribution
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P(R 1 (D1
∗ ) > x) =

ED 1

1_ ____ E ∫
0

D 1
1 {R 1 (t) > x} dt

=
ED 1

1_ ____ ∫
0

∞
P(R 1 (t) > x , D 1 > t) dt

=
ED 1

1_ ____ ∫
0

∞
P(R 1 (t) > xD 1 > t) P(D 1 > t) dt

= ∫
0

∞
P(R 1 (t) > xD 1 > t) dP(D1

∗ ≤ t) .

Theorem 4.2. In addition to the assumptions of Theorem 4.1 with ρ < 1, suppose that D 1 , U 1

and D 1 + U 1 have non-lattice distributions. Then

( c )

( b )

( a )

[Z(t) , I(t) ] = = > [Z , I] as t → ∞ ,

Z u (t) = = > Z u and

Z d (t) = = > Z d =
d

Z e + R 1 (D1
∗ ) ,

where Z e is from Theorem 4.1, R 1 (D1
∗ ) is independent of Z e , Z d =

d
(ZI = 0 ),

Z u = (ZI = 1 ),

P(Z > z) =
u + d

u_ ____ P(Z u > z) +
u + d

d_ ____ P(Z d > z) (16)

and

P(I = 1 ) = 1 − P(I = 0 ) =
u + d

u_ ____ .

Proof. Apply basic regenerative process theory as on pp. 125-127 of Asmussen (1987). See

Green (1982) for an explicit treatment of the subintervals.

Remark (4.2) The independence in the Main Independence Assumption can be relaxed; see

Wolff (1988). Also D 1 + U 1 is automatically nonlattice if in addition D 1 and U 1 are

independent.

Theorem 4.3. If, in addition to the assumptions of Theorem 4.2,

U k , D k , {R k (t) : t ≥ 0 } and {S k (t) : t ≥ 0 }
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are mutually independent, then

Z u =
d

[Z e + R 1 (D 1 − ) − S 1 (U 1 − ∗ ) ] +

with the component random variables being independent.

Proof. This is a standard result for the GI/G/1 queue; see p. 189 of Asmussen (1987).

We can obtain a useful further characterization of Z u under the linearity condition (14).

Theorem 4.4. If (14) holds in addition to the assumptions of Theorem 4.2, then Z u is distributed

as the steady-state workload in the associated G/G/1 queue; i.e.,

P(Z u > 0 ) = ρ ≡ E[R 1 (D 1 − ) ]/ su (17)

and

P(Z u > xZ u > 0 ) = P(Z e + R 1 (D 1 − ) ∗ > z)

where R 1 (D 1 − ) ∗ is independent of Z e .

Proof. Apply Theorem 3.5, p. 189, of Asmussen (1987) and Theorem 3.1 here, noting that the

standard GI/G/1 argument holds if the service time and waiting time of customer k are

independent. Alternatively, apply (4.5.1) and (4.5.7) of Franken et al. (1981).

From Theorems 4.2 and 4.4, we obtain a nice characterization of Z in terms of R 1 (D1
∗ ) and

R 1 (D 1 − ) ∗ .

Corollary 1. Under the assumptions of Theorem 4.4,

P(Z > z) =
u + d

u_ ____ ρ P(Z e + R 1 (D 1 − ) ∗ > z) +
u + d

d_ ____ P(Z e + R 1 (D1
∗ ) > z)

for ρ in (17), with R 1 (D 1 − ) ∗ and R 1 (D1
∗ ) independent of Z e .

Corollary 2. Under the assumptions of Theorem 4.4,

E[Z u ] = ρ E[Z e ] +
2E[R 1 (D 1 − ) ]

E[R 1 (D 1 − )2 ]_ _____________ .
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It is natural to develop approximations for E[Z u ] and E[Z] by exploiting approximations for

E[Z e ]; e.g.,

E[Z e ] ∼∼
2 ( 1 − ρ)

τ ρ(ca
2 + cs

2 − 2cas
2 )_ _________________ , (18)

where τ = ER 1 (D 1 − ), while cs
2 and ca

2 are the squared coefficients of variation (variance

divided by the square of the mean) of R 1 (D 1 − ) and sU 1 , respectively, while

cas
2 =

E[R 1 (D 1 − ) ] E[sU 1 ]

Cov (R 1 (D 1 − ) , sU 1 )_ __________________ ; (19)

see Fendick and Whitt (1989). (The squared coefficients of variation of sU 1 and U 1 coincide.

Thus (18) is exact when U 1 is independent of D 1 and U 1 has an exponential distribution.)

Alternatively, we can use refinements; e.g., see Whitt (1989), Fendick and Whitt (1989) and

references cited there.

5. The Linear Fluid Model with Random Disruptions

If, in addition to (14), we assume that

R k (t) = rt , t ≥ 0 , (20)

with s > 0 and r > 0, then we obtain the linear fluid model with random disruptions considered

by Gaver and Miller (1962), Miller (1963) and Chen and Yao (1990). For this special case, they

established Theorem 4.1 and obtained an expression for the Laplace transform for the steady-state

content Z. However, from the analysis above, we obtain a much more elementary expression for

the distribution of Z. We apply the following elementary lemma. (We omit the proof.)

Lemma 5.1. Under (20),

R 1 (D1
∗ ) = rD1

∗ =
d

(rD 1 ) ∗ = R 1 (D 1 − ) ∗ .

Theorem 5.1. Suppose that (14) and (20) hold in addition to the assumptions of Theorem 4.2.
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Then (Z uZ u > 0 ) and (ZZ > 0 ) are both distributed the same as (VV > 0 ) where V is the

steady-state workload in a G/G/1 queue with (possibly dependent) service times rD k and

interarrival times sU k; i.e.,

P(Z u > zZ u > 0 ) = P(Z > zZ > 0 ) = P(Z e + rD1
∗ > z) .

where D1
∗ is independent of Z e . Moreover,

P(Z u > 0 ) = P(V > 0 ) = ρ = rd / su .

Corollary. Under the assumptions of Theorem 5.1,

P(Z > z) =


 u + d

u_ ____






 r

s + r_ ____



P(V > z)

=


 u + d

u_ _____






 r

s + r_ ____




ρP(Z e + rD1
∗ > z) , z ≥ 0 ,

where V is the steady-state workload in the G/G/1 queue with (possibly dependent) service times

rD k and interarrival times sU k .

Using (18) with the Corollary to Theorem 5.1, we obtain the approximation (which is exact

when U and D are independent and U has an exponential distribution)

E[Z] ∼∼


 u + d

u_ ____






 r

s + r_ ____






 2 ( 1 − ρ)

ρ2 (cU
2 + cD

2 − 2cUD
2 )_ __________________ +

2

ρ(cD
2 + 1 )_ _________





rd , (21)

where cD
2 and cU

2 are the squared coefficients of variation of D 1 and U 1; and

cUD
2 = cov (U , D)/ E[U] E[D]; see (1)–(5) of Whitt 1989). From ρ = rd / su, we can rewrite

(21) as

E[Z] ∼∼


 a + 1

a + ρ_ _____






 2 ( 1 − ρ)

ρ2 (cU
2 + cD

2 − 2cUD
2 )_ __________________ +

2

ρ(cD
2 + 1 )_ _________





su (22)

where a = d / u. For d / u and r / s fixed, a and ρ are fixed, so that E[Z] is approximately directly

proportional to s and u.
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6. Another Special Case: Down Subintervals

Another special case of Section 4 occurs when the down time D k is composed of random n

subintervals, i.e., D k = D k1 + . . . + D kn with E[D ki ] = d i , and {R k (t) : t ≥ 0 } can be

represented as {R ki (t) : t ≥ 0 } during down subinterval i. In addition, suppose that

R ki (t) = r i t, t ≥ 0, where r i > 0 for each i and (14) holds. Moreover, suppose that

D 11 , . . . , D 1n are independent with non-lattice distributions. Then we can focus on the

processes {Z di (t) : t ≥ 0 } restricted to the i th down subinterval. Instead of Theorem 4.2(a), we

have

Z di (t) = = > Z di =
d

Z e +
j = 1
Σ

i − 1
r j D 1 j + r i D1i

∗ , 1 ≤ i ≤ n , (23)

where Z e , D 11 , . . . , D 1 ,i − 1 and D1i
∗ are mutually independent. Moreover,

R 1 (D 1 − ) = r 1 D 11 + . . . + r n D 1n , (24)

so that R 1 (D 1 − ) ∗ is determined by (15) and (24). Finally, P(Z > z) is given by (16) with

P(Z d > z) =
i = 1
Σ
n 


 d

d i_ __




P(Z e +
j = 1
Σ

i − 1
r j D 1 j + r i D1i

∗ > z) , z ≥ 0 , (25)

and P(Z u > z) as in Theorem 4.4, using (24).

Remark (6.1) The analysis is much more difficult when the up interval is divided into

subintervals.
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