M_t ∞ by

Abstract

t/G/∞

t/G/∞ t t

t/G/∞ t

t/G/∞ queue,

{λ (t t t/G/∞ t/G/∞ t/G/∞ t (with s r t/G/∞

t/G/∞ t/G/∞

t/G/∞_t/G/s/r

t/G/∞

t/G/∞ t/G/∞

t ∞ Model t/G/∞

t

λ λ

Let S G S_e (or

G_e (t) ≡ P(S_e ≤ t) ≡ E[S]

1 ∫_0^t G^c (u)du , t ≥

where G^c (t) = 1 − G(t S_e Sby

E[S_e^k] =

(k + E[S]

E[S^{k+1} ] , k ≥ 1 . (2)

Let Q(t t m(t) = E[Q(t M_t/G/∞ Q(t

m(t) = ∫_0^∞ G^c (u)λ (t − u)du = E

∫_{t − S}^t λ (u)du = E[λ (t − Se E[S] . (3)

theory. m(t λ (t)E[S m(t L W ∞ m(∞ ∞ t/G/∞ m(t m(t λ (t λ t t m(t λ (t λ m λ

m(t t t

λ m linear operator; m

λ t/G/∞ model t/G/∞_t

m(t superposition integral function t = G^c m function G^c λ E[S

S_e

Q(t t m λ G, m(t understand_t/G/∞ m(t for m(t

M/G/∞ λ _

approximation m(t λ (t m(t λ _ E[S λ (t)E[S

for m(t λ

m(t) (t − E[S_e E[S] + 2 λ (t) S_e )E[S where λ^{(k)} (t k^{th} λ at t λ D λ

m(t) =

j=0Σ^{n (− j}_{( j +}^{λ ( j) (t)E[Sj+1 ] + R}n^{(t}

where R_n (t

t/G/∞ m(t

λ (t) _ γt) _ _ α π ψ λ _ , _ α and 2π/ψ λ _ α relative amplitude and ψ or period. γ the frequency. λ _ , β, γ λ _ , α , ψ ) λ _ , α , γ E[S E[S] = λ _ ψ as the and γ then

m(t_t/G/∞ λ _ , α, γ G, ES = 1. m. λ m(t) _ E[S] γt)E γS_e − γt)E γS_e E[S] . (7) Proof. m(t) = (λ _ E t − S_e E[S] .

x − y) = sin x cos y − cos x sin (8)

m 2π/γ λ .

m =_tlim t^{− 1} ∫_0^t m(s)ds _ E[S

.

underestimates

m m will λ _ of λ

λ

t_λ = 2γ π + γ πn (10)

n n m z = x + iy i = − modulus of

z is z = (x^2 + y^2 )^{1/2} argument of z arg(z θ x-

x, y e^z = e^x y + i sin y).

t_m^{− 1} tan^{− 1} (− E γS_e ] γS_e

= t_λ^{− 1} tan^{− 1} (E γS_e ] γS_e = t_λ^{− 1} E[e^{iγSe}

m(t_m) _ E[S] E[e^{iγSe} ] E[S _ E[S] E γS_e^2 + (E γS_e^2 )^{1⁄2}E[S m(t) _ E[S] E[e^{iγSe} ]E[S] E[S]

γ

t_m − t_λ λ γ λ λ (t_λ + t) (t_λ − t t m

m(t_0 + t) = m(t_0 − t t t_0 = t_m for t_m Proof. m(t_0 + t) − m(t_0 − t t_0 = t_m. m

γ λ and mby γ γgets γ

λ t, λ_γ(t) _ and m_γ(t) _ ES t m_γ γ γ t as 0. If 0_γ(t)_γ(t)E[S] → 0_γ( γ)_1 (t)E[S] uniformly

Proof. γx → γx → x E γS_e → E γS_e →

a, b

∫_a^b λ (t)dt integral of λ λ λ ∫_a^b λ (t)dt^∼ λ (a b − a λ

λ (t

λ _ . If_γ(t) _ E[S] Proof. Since E γS_e → E γS_e → m_γ(t) _ E[S t λ_γ rate λ _ as ∫_0^t [λ^_ γu du^_t +_γ^β γt)^_t as ;

Q_γ(t

Q(t t as m_γ(t) → m(t γ

e_{PSA}(t) (t)E[S] − m(t _ E[S γt − E γS_e + γt)E γS_e and e_{SSA}(t) _ E[S] − m(t) _ E[S − γt)E γS_e + γt)E γS_e . (14) e_{PSA}(t e_{SSA}(t λ _ e_{PSA}(t) (t e_{SSA}(t) (t (λ _ , α , ψ α , ψ ).

E γS_e /^2 E γS_e = 1/^2

m(t) _ + 1^2 β γt cos γt] . (15)

t/M/∞ model m′(t)E[S] (t)E[S] − m(t m′(t t/M/∞ m′(t) (t) m(t 1 [S]. λ (t)E[S m(t) m′(t) = 0.

t/M/∞

E[S] =

that m′(t) =

t_m = t_λ + cot^{− 1} /γ)/γ

of m λ is L(γ) ≡ cot^{− 1} /γ)/γ

ϕ (γ) ≡ π/γ) L(γ) = 2π cot^{− 1} /γ) . (17)

L(γ decreasing in γ L = L(∞ ) =

increasing in γ ϕ = ϕ (∞ ) = 1/4. m

m(t_m) _ ± 1^2 β . (18)

γ tight

bound

eSSA(t) ≡ m(t) _ / 1^2 (19)

m(t) e_{SSA}(t) ∼ λ _ E[S] e_{SSA}(t) ∼_2 ) α (20)

for α and γ α γ

t/M/∞ λ (t) = 10 + t λ _ = 10, 1. λ m m′(t) = λ (t) = m(t of m is 1^2 = 2 /4 ∼ λ cot^{− 1} /4 ∼

λ and m m λ . λ m(t

m_{2n +1} (t) _ 1 j=0Σ^{n (− j (γ2 ) j}^{γt cos γt)}

, n ≥

2 )^{− 1} =

j=0Σ^{∞ (− j (γ2 ) j} j=0Σ^{n (− j (γ2 ) j S E[S] = 1,}

R_n (t) = E[λ^{(n +} (t − S because S_e = Sand E[S^n ] = n

t ≥ 0

supR_n (t)

__{n +1} . (23)

n =

m(t) e_{PSA}(t) = 1^2 γt cos γt] γ^2 γt) cos γt . (24)

t parameters γ and α m(t α α m(t

γ λ _ =

m(t

For

m(t

when

of m(t λ _ = 10,

∞ m(∞ λ _ E[S

m_t/G/∞ model.

m(t) _ + γ β γ(t − − γt . (25)

that m′(t) (t) (t − E[S_t/D/∞

m′(t) =

t_m = t_λ + 2 1 (26)

and

m(t_m) _ ± γ 2β 2 γ ) . (27)

x) ≤ x, m(t_m) _

L(γ shift ϕ (γ / γ L(γ) = 1/ ϕ (γ) /4π 4π γ π.

S H_k k exponentials); i.e.,

G^c (t) = i =1Σ k p_i e^{i t} , t ≥

where E[S] = i =1Σ k (p_i /μ_i ) =

obtain

m(t) _ i =1Σ k μ_i p_i (μi )^2 i γt) − (μ_i )^2 μ_i^2 γt) . (29)

H_2 p_1 /μ_1 = p_2 /μ_2 = c_s^2 = p_1 = μ_1 = p_2 = μ_2 = 1, then E γS_e = E γ(S_e = m(t) _ t − t) .

m(t) _ t − t) .

λ π/γ t/G/∞

b, c b a, b a, c b, c].

Since λ π/γ m π/γ λ λ i.e.,

λ_n (t) = a_0 +

k=1Σ^{n (a} k^{sin kγt + b}k^{cos kγt}

where

a_k = π 1 ∫_0^{2π} λ (t kγ and bk =_π^1 ∫_0^{2π} λ (t kγ (31)

λ_n n λ π/γ λ λ λ_n (t) (t n t that λ and λ_n (t) → [λ (t +) (t − / λ m_n λ_n m when λ_n λ

Moreover

m_n (t) = a_0 +

k=1Σ^{n a} k^mk1^{(t) + b}k^mk2^{(t}

where m_{k2} (t) = m_{k1} (t /2γ kt) = kt /2γ m_{k1} (t γ kγ.

m_n (t) = a_0 +

k=1Σ^n_{1 + (kγ)}2^{a k kγt) − kγ kγt} + k=1Σ^n_{1 + (kγ)}2^{bk kγt / − kγ kγt /}

= a_0 +

k=1Σ^n_{1 + (kγ)}2

(a_k + kb_kγ) kγt) + k=1Σ^n_{1 + (kγ)}2

(b_k − ka_kγ) kγt) . (33)

k + (kγ)^2 m λ .

S_e^{(k)} = (S_e^{(k−} )_e.

t/G/∞ system,

2∫_0^∞ Q(t Q(t + u du = E[λ (t − Se E[S^2 ] .

Proof.

∫_0^∞ Q(t Q(t + u du = ∫_0^∞ E[∫_{t − (S− s)+}^t λ (s)ds]du = ∫_0^∞ ∫^t λ (s)P(S > t + u − s) = ∫^t λ (s) ∫_0^∞ P(S > t + u − s)

= E[S] ∫^t λ (s)P(S_e > t − s) ds = E[S]E[S_e ]E[λ (t − S_e = E[λ (t − S_e E[S^2 ]/2 .

Ifλ (t) (t) is

t lim t^{− 1} ∫_0^tQ(s)ds] = T 1 ∫_0^TE[λ (t − Se [S^2 ] .

Proof. If Q(t

t lim t^{− 1} ∫_0^tQ(s)ds] = 2∫_0^∞ Q Q(t dt ,

Q(t t ≥ T {Q^∗ (t t ≥

Q^∗ Q^∗ (t = T 1 ∫_0^T Q(s Q(s + t ds

λ (t T Q(t T

∫_0^{nT}Q(s)ds] = ∫_0^{nT} ∫_0^{nT} Q(s Q(t = 2 ∫_0^{nT} ∫_0^t Q(s Q(t = 2 j=1Σ^n ∫_{( j− T} ∫_0^{t Q(s Q(t} = 2 j=1Σ^n ∫_{( j− T} ∫_{( j− T}^{t Q(s Q(t} + 2 j=1Σ^n_{k=1}Σ^{j− 1} ∫_{( j− T} ∫_{(k− T}^{kT Q(s Q(t} = 2 j=1Σ^n ∫_0^T ∫_0^{t Q(s Q(t} + 2 j=1Σ^n_{k=1}Σ^{j− 1} ∫_{( j− k)T}^{( j− k+ T} ∫_0^{T Q(s Q(t} = 2 j=1Σ^n ∫_0^T ∫_s^{T Q(s Q(t} + 2 j=1Σ^n_{k=1}Σ^{j− 1} ∫_{kT}^{(k+ T} ∫_0^{T Q(s Q(t} = 2 j=1Σ^n ∫_0^T ∫_s^{Q(s Q(t ,}

n lim n^{− 1} ∫_0^{nT}Q(s)ds] = 2 ∫_0^T ∫_s^∞ Q(s Q(t

= 2 ∫_0^TE[λ (t − Se E[S^2 ]dt

t and T[

t/G/∞ t, m(t m m λ

m(t

λ _

γ

γ γ 1

approximations.

m λ . Acknowledgment. comments.

References

739-744. t/G/∞

54,

PRE′ Type,’’ o .. tvo ..

Queue,’’

k

t t

Noise,

SSA λ _ E[S]

PSA λ (t)E[S]

LIN-S λ (t − E[S_e E[S]

LIN-D λ (t)E[S] − 2 λ (t)E[S^2 ]

QUAD-S λ (t − E[S_e E[S] + 2 λ (t) S_e )E[S]

QUAD-D λ (t)E[S] − 2 λ (t)E[S^2 ] + 6 λ (t)E[S^3 ]

− 24 λ (t)E[S^4 ]

m.

ψ γ E[S] × 10^{− 5} × 10^{− 3}

ψ γ E[S] = 1.)

λ (t) ≡ PSAwith m(t m(t α γ revisited.

m(t