by

and

Abstract

bounds.

V

v̂(s) = ∫_0^∞ e^{− st}dV(t) = ∫_0^∞ e^{− st}v(t)dt (1.1) V v when V(t) = ∫_0^tv(u)du t s with s ρ B b̂(s) = ∫_0^∞ e^{− st}dB(t) = ∫_0^∞ e^{− st}b(t)dt (1.2) b when B(t) = ∫_0^tb(u)du t b̂ b̂(s) = v̂(s b̂(s

B(t) = n =1Σ ∞ ∫_0^t_{n!}^{(ρ u)n − 1} e^udV^{(n)} (u t ≥

where V^{(n)} n V B(t

s s operator T_s T_s (x) = v̂(s x ≤ x ≤ 1 . (1.5) T_s x v̂ T_s = v̂(s ) > T_s = v̂(s) ≤ T_s T_s b(s

T_s^n (x) ↑ b(s n if x < b(s and T_s^n (x) ↓ b(s n if x > b(s s

f(t f̂(s) = ∫_0^∞ e^{− st}f(t)dt (1.9)

f̂(s s u + iv where u ≥

f(t) ∼ k=0Σ^{n a} k^{f̂ u + ivk}

n u and v a_k. B^c B^c (t) = 1 − B(t t

f̂(s) = B̂^c (s) ≡ ∫_0^∞ e^{− st}B^c (t)dt = s 1 − b̂(s)

. (1.11)

B^c (t b̂(s s = u + iv for u > 0 and v >

f̂(s s s

s direct s s s probabilistically.

x =

conditions x = x =

T( f̂ ) ≡ T( f̂ s) = v̂(s f̂(s where s s) ≥ f̂ F, F(∞ ) < s x = f̂(s F x = f̂(s) = s if F = f̂(s) = s if F(t) = t T T( f̂ ^ ( f̂ ) Proof. T( f̂ S A(t t ≥ ρ X, X_1 , X_2 ,

X =^d S +

j=1Σ^{A(S)X}j

where =^d T

T(F) ≡ T(F t) = P(S +

j=1Σ^{A(S) Y}j^{≤ t t ≥}

where S A(t t ≥ Y_j : j ≥ S V A(t t ≥ ρ Y_j , j ≥ F f̂ n s n .

s) > 0 = f̂(s) s n (x) → b̂(s)_s^

Proof: T^n ( f̂ n F_n T^n ( f̂ s x x = f̂(s T_s^n (x) → b̂(s n s x ∈ T^n ( f̂ s) → b̂(s s T

s F_n Bas n F_n (t) → B(t n (2.4) t B(t

s s) > u > e^{− ut} cos vt and e^{− ut} sin v(t) s = u + iv with u >

Re f̂_n (s) = ∫_0^∞ Re e^{− st}dF_n (t) = ∫_0^∞ e^{− ut} cos_n (t) (2.5)

→ ∫_0^∞ e^{− ut} cos (t) = Re b^^(s n and Im f̂_n (s) = ∫_0^∞ Im e^{− st}dF_n (t) = ∫_0^∞ e^{− ut} sin_n (t) (2.6)

→ ∫_0^∞ e^{− ut} sin (t) = Im b^^(s n ;

s s. T

T

F_1 is F_2 F_1 ≤_{st} F_2 F_1 (t) ≥ F_2 (t t

1 ≤_{st} F_2 (F_1 ) ≤_{st} T(F_2 ) (F_i ) i (t) = P(Y_j^i ≤ t) Proof. S +

j=1Σ^{A(S) Y}j^Yj^{: j ≥}

F_1 ≤_{st} F_2 Y_j^i : j ≥ Y_j^i : j ≥ Y_1^i F_i and Y_j^1 ≤ Y_j^2 j w.p.1.

Hence,

S + j=1Σ^{A(S) Y}j^{1 ≤ S +}_{j=1}Σ^{A(S) Y}j^2

T(F_1 t) = P(S +

j=1Σ^{A(S) Y}j^{1 ≤ t) ≥ P(S +}_{j=1}Σ^{A(S) Y}j^{2 ≤ t) = T(F} 2^{t)}

t T(F_1 ) ≤_{st} T(F_2 ). F_∗ and F^∗ with F_∗ (t) = t and F^∗ (t) = t i.e., F_∗ ≤_{st} F ≤_{st} F^∗ F F_∗ and F^∗ f̂_∗ (s) = s and f̂^∗ (s) = s

s n (x) = 1 = 0 ^_{n∗} (s) ^_n^∗ (s) n∗ (t)_n^∗ (t) with 1 = f_∗ (s) ≥ v̂(s) = b̂_{1∗} (s) ≥ b̂_{n∗} (s) ≥ b̂_{(n + ∗} (s) ≥ b̂(s ≥ b̂_{(n +}^∗ (s) ≥ b̂_n^∗ (s) ≥ b̂_1^∗ (s) = v̂(s ) ≥ f^∗ (s) = 0

1 = F_∗ (t) ≥ V(t) = B_{1∗} (t) ≥ B_{n∗} (t) ≥ B_{(n + ∗} (t) ≥ B(t) ≥ B_{n +1}^∗ (t) ≥ B_n^∗ (t) ≥ B_1^∗ (t) = P(S ≤ t , A(S) = ≥ F^∗ (t) =

B(t P(S ≤ t, A(S) = k) = A_k(t A_k(t v̂(s ) = Ã_0 (s k^{th} f^∗ (s) = exactly ksteps.

f̂ = T( f̂ where f̂ F.

n (ĝ s) → f̂(s)^

F_n (t) → F(t) (3.2) n (t)^n (ĝ) (t)^ T^n (ĝ s) → f̂(s) s) > 0. Proof.

T( f̂ s) = T_s ( f̂(s s T_s > 0_s ≤ 1_s^n (x) → f̂(s) 0 ≤ x ≤ 1.

Proof:

1 = f̂_∗ (s) ≥ T^n ( f̂_∗ s) ≥ T^{n +1} ( f̂_∗ s) ≥ f̂(s) ≥ T^{n +1} ( f̂^∗ s) ≥ T^n ( f̂^∗ s) ≥ f̂^∗ (s) =

s T

s s F_{n∗} (t F_n^∗ (t t s T^n ( f̂_∗ s) − T^n ( f^∗ s s f̂(s n iterations.

1 = F_∗ (t) ≥ F_{n∗} (t) ≥ F_{(n + ∗} (t) ≥ F(t) ≥ F_{n +1}^∗ (t) ≥ F_n^∗ (t) ≥ F^∗ (t) = 0

n∗ n

∗ n ( f̂_∗ )^n ( f̂^∗ )

B^c (t / v̂(s) = + 2s)^{− 1/2}. b̂_0 (s) = f_∗ (s) = b̂_0 (s) = f̂^∗ (s) = s = + i T^n (b_0 (s T^n (b_0 (s T^n (b_0 (s^2 + T^n (b_0 (s^2 )^{1/2} transforms s.) B^c (t t − 8 n t

Acknowledgment.

References

distributions,’’ Oper.

Oper. Res.,

1982).

1251-1271.

Statist.

queue,’’ 13

(Wiley,

1962).

b̂_0 (s) = 0 − − − − − − − − 9 0.5637366

− 0.1637504

0.5870376

b̂_0 (s) = 1 − − − − − − − − −

s = + i.

b̂_0 (s) = b̂_0 (s) = 0

− − − − x − − x − 60 − − x − x − B^c (t

(estimate− exact)×10^6 x