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ABSTRACT

We relate laws of large numbers and central limit theorems for nonstationary counting
processes to corresponding limits for their inverse processes. We apply these results to develop
approximations for queues that are unstable in a nonstationary manner. We obtain unstable
nonstationary analogs of the queueing relation L = AW and associated central-limit-theorem
versions. For modeling and to obtain the first limits, we can construct nonstationary point
processes as random time-transformations of familiar point processes, such as renewal processes
and stationary point processes. We deduce the asymptotic behavior of the nonstationary point

process from the asymptotic behavior of the familiar point process and the time transformation.

Keywords. nonstationary queues, nonstationary point processes, unstable queues, law of large

numbers, central limit theorem, random time change, Little'slaw, L = AW.



1. Introduction

In this paper we prove limit theorems to help describe the behavior of queueing systems that
are unstable in a (possibly) nonstationary manner for a period of time. Let A(t) and D(t) count
the number of arrivals and departures, respectively, in the time interval [0,t]. The arrival rate
might be increasing while the service rate remains fixed, so that A(t) EAtP for p > 1 and
D(t) But. Alternatively, there might be a degradation of service with constant arrival rate, so
that A(t) EIAt and D(t) B put9 for g < 1. There could even be a combination of these factors.
We want to see how the arrival and departure times, queue-length process (number in system) and
the waiting times (time in system) behave in these circumstances. In particular, one purpose of
this paper is to investigate the possibility of establishing unstable nonstationary analogs of the
familiar stable stationary queueing relation L = AW in Little (1961) and Stidham (1974) and the
central-limit-theorem versions in Glynn and Whitt (1986, 1988, 1989); see Bremaud (1992),
Stidham and EI-Taha (1989) and Whitt (1991, 1992) for background. Unstable stationary analogs
of L = AW appear in Iglehart and Whitt (1970a), Whitt (1971), Szczotka (1986, 1992), Szczotka
and Topolski (1991) and Serfozo, Szczotka and Topolski (1992).

Example 1.1. A simple motivating example is the standard GI/GI/1 queue with unlimited
waiting space, the first-in first-out (FIFO) discipline, arrival rate A and service rate y. Since the
arrival and service rates are constant, we regard this as a stationary model. Let Q(t) represent the
number of customers in the system at time t and W,, the time spent in the system by customer n.
If A > , then Q(t) and W, fail to have proper limiting distributionsast — o andn — oo for
any initial conditions. Then we say that this stationary model is unstable. In this unstable
situation, we have nondegenerate limits (for any finite initia conditions) for the normalized

processes, i.e.,

t71Q(t) ~ L=A-pwplast - (1.1)



and
n“'w, - W=pt-Axtwplan- o. (1.2)
Notethat L = ApWfor L and Win (1.1) and (1.2); this can be regarded as an unstable stationary
analog of the familiar stable stationary relation L = AW.
If, in addition, the interarrival times and service times have finite variances 02 and o032,

respectively, one of which is strictly positive, then also

[Q(t) = (» = Wtl/A//(A¥0Z + p¥o3)t = N(0,1) ast - (13
and
W, = (0™ = A"Hn]/\/(62 + 0%)n = N(0,1) asn - o , (1.4)

where = denotes convergence in distribution and N(0,1) denotes a standard (mean O, variance 1)
normal random variable. In fact, a generalization of (1.3) and (1.4) holds with joint convergence,
so that [Q(t) - )\WDJID]/\/_t converges to a nondegenerate limit ast — o; see Proposition 6.3

below.

The limits (1.1) and (1.2) are the familiar heavy-traffic strong laws of large numbers
(SLLNSs), while the limits (1.3) and (1.4) are the associated heavy-traffic central limit theorems
(CLTs). They follow from Whitt (1971) or Iglehart and Whitt (1970a). The key to (1.1) and
(1.3) istherelation

Q(t) = A(t) -D(t) ,t=20, (1.5)
whilethe key to (1.2) and (1.4) isthe relation

W,=D,-A,,n>1, (1.6)

where An and D n arethe arrival and departure epochs of customer n. Since the arrival processis

arenewal process, the SLLN and CLT for A(t) andits‘‘inverse’’ An are standard; see Section 17



of Billingsey (1968), Chapter 11 of Feller (1971), Section 7 of Whitt (1980) and Theorem 6 of
Glynn and Whitt (1988). Since the queue is unstable, the departure process is asymptotically
equivalent to the service renewal process, obtained by letting the server run continuously, which
is independent of the arrival process. Hence the SLLN and CLT for D(t) and its inverse hold as
well. Moreover, it is known that similar limits often hold when the independence conditions are
relaxed, see Theorems 1 and 2 of Iglehart and Whitt (1970b) and Theorem 6.4 of Whitt (1980).
Our primary purpose here is to establish corresponding results when the model is nonstationary
aswell asunstable.

Example 1.2. We were primarily motivated by studying queues with nonstationary arrival
processes; e.g., see Massey and Whitt (1992). For a concrete example of this type, consider an
M;/GI/1 queue with one server, unlimited waiting space, the FIFO discipline, a
nonhomogeneous Poisson arrival process with deterministic nonstationary arrival-rate function
A(t), and i.i.d. service times that are independent of the arrival process. Asin Example 1.1, let
the service-time distribution have mean p~* and finite variance 2. Suppose that A(t) = at® for
positive constants a and b. It is well known that A(t) has a Poisson distribution for each t with

time-dependent mean

atb+1

b+1 (3.9

t
o(t) = _[O)\(s)ds =
We approximate the behavior at time t by considering limits as t - o. By the SLLN,
A)/@(t) - 1lw.p.last —» o and, by theCLT,
[A(t) - @(t)]/Ve(t) = N(0,1) ast — o . (1.8)

(The SLLN and CLT apply because any Poisson random variable with mean m has the

distribution of the sum of n independent Poisson random variables each with mean m/n.)

Since the arrival rate is increasing without bound, after some initial period the server will be

continuously busy. Thus, we can concludethat D(t)/t - pw.p.last - o and



OA®M) - o(t) D(t) -t
B _ , 0= (N1(0,1), N,(0,1)) ast - oo, (1.9
0 Vel N ’

where N;(0,1) and N,(0,1) are independent standard normal random variables. By (1.5) and

the continuous mapping theorem (Theorem 5.1 of Billingsley (1968)), we can deduce that

Q(t)/o(t) - 1w.plast - o and
[Q(1) - @(t) + pt]/Ve(t) = N1(0,1) ast — o (1.10)

jointly with (1.9) for @(t) in (1.7). We obtain (1.10) from (1.5) and (1.9) because t/@(t) — O0as

t - oo,

In this paper, we establish generaizations of (1.9) and (1.10), and investigate the associated

asymptotic behavior of the arrival times, departure times and waiting times. =

Here is how the rest of this paper is organized. In 82 we discuss SLLNs for nonstationary
counting processes and their inverses. In 83 we establish SLLNs for unstable nonstationary
gueues. In &4 we discuss CLTs for nonstationary counting processes and their inverses. In 85 we
discuss associated functional central limit theorems (FCLTs). In 86 we show how the CLTs for
point processes imply CLTs for the queueing processes. In 87 we consider how to construct
nonstationary counting processes as random time transformations of familiar counting processes.
e.g., renewal processes. We obtain LLNs and CLTs for the nonstationary counting process from
corresponding limits for the familiar counting process and the random time transformation. In
Section 8 we discuss how to obtain CLTs for nonstationary point processes by exploiting their
compensators. Sections 4-8 combine to yield general conditions for CLTs for nonstationary

gueueing processes.

In contrast to the unstable asymptotics for nonstationary queues considered here, stable
asymptotics for possibly nonstationary queues are discussed in Gelenbe (1983), Heyman and

Whitt (1984), Gelenbe and Finkel (1987), Lemoine (1989), Rolski (1989) and El-Taha and



Stidham (1991) and references cited there, and uniform acceleration asymptotics for
nonstationary queues are discussed in Massey (1985), Whitt (1991), Mandelbaum and Massey

(1992), Massey and Whitt (1992) and Grier, Massey and Whitt (1992).

2. SLLNsfor Nonstationary Counting Processes and Their Inverses

Let A= {An :n =1} be a nondecreasing sequence of nonnegative numbers and let

A = {A(t) : t = 0} bethe associated counting function, defined by
A) = max{n=1:A,<t},t20, (2.1)

with A(t) = Oif Al > t. The pair {An} and { A(t)} provide two different representations of a
sample path of a stochastic point process. In this section we relate limits for normalized versions
of {An} and { A(t)}. Since we are thinking of nonstationary point processes, we allow genera
nonlinear normalization functions. In the stochastic setting, the limits will hold w.p.1 and can be

regarded as SLLNs.

Our normalization functions will be homeomorphisms of the positive real line R, . Such a
function @ is strictly increasing and continuous on R , with @(0) = Oand @(t) —» o ast — oo,
Let +denote the composition map, i.e.,, (@1+p>)(t) = @1(P>(t)) , and let e denote the identity
map, i.e, e(t) =t Of great importance is the fact that @ has an inverse ¢ ! with
et ! = o l4p = e. Also note that (@;+9,) ! = @z1+p;t for two homeomorphisms of
R, . Thus, if @isahomeomorphismof R, ,thensois A @(t) for any positive real number

A, anditsinverseis @ 1 (t/\) .

The basis for our results is the fundamental inverse relation, which we state without proof.

Lemma2.l. Foralnz>=1landt > 0, An < tifand onlyif A(t) = n.

The relation between the limits for A and A follows easily from the following bounds, which

are of independent interest. Let [k[be the greatest integer less than or equal to x and let xObe



the least integer greater than or equal to x.

One-sided bounds are obtained below by either setting € = 1 or setting 0 = o .

1/0 = 0 and 1/ = 0.

Lemma 2.2. Suppose that @; and @, are homeomorphisms of R .,

0<0< ™,
(@ If
A(t
1—ESM<1+6forallt2to,
P1(t)
then
1 01 (An) 1 _O-1
5 S e S Te for all n = ng = E{pz (@1 (to) (A + 8))
(b) If
A
l-¢< 91(An) <1+9 foral nzng,
®2(n)
then
®AM) _ 1
e()  1-¢
and
QAN +1) 1
@1(t) S 1+d

O

o

Let

O<ege<l1l and

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

forall t=ty = %pil((pz(to)(l + 6))% Moreover, there is a sequence of times {t,} such that

ty - o as k - o and



®AM) | 1

A REET: @)
for all t, = tg.
Proof. (a) If (2.2) holds, then
ni(t) = gt (@101 - €))7 AL < 3" (@(D(L + 8)) 7= na (1)
foral t =ty and, by LemmaZ2.1,
Ay St <Anq foral t=tg. (2.8)

Lett, andt, be functions of n defined by

t1(n) = @' (@2(n)/(1 - ¢)) and t(n) = @1 (@2(n)/ (1 +3)) ,
and note that nq(ty(n)) = ny(ta(n)) =n for al n. Hence, for all

n=ng = E&p;l(cpl(to)(l + 6))5 wehavety (ny) = to(ng) = to and, by (2.8),

t2(N) < An,t,in) = An = Ant,n) < ta(n)

or, equivaently,

O 1 O ~ d 1 O
(pz(n)[lm = 10< @1(An) — @2(n) < (Pz(n)Dm - 10

which implies (2.3). (b) If (2.4) holds, then
t1(n) = 7' (@2(n)(1 - £)) < An < g1 (92(n)(1 + 8)) =t,(n)
foral n= ny and, by Lemma2.1,
A(t1(n)) < n<A(ty(n)) for dl n=ng . (2.9)

Let n, and N, be functions of t defined by



A1(t) = 35" (01 (D/(L - &) gand fip(t) = 6" (@1 (V/(1 + B))
and note that
to (o (1) <t <ty(Ay(t)),
so that, by (2.9),

fia(t) < Atz (7o (1) < At) < Aty (A1 (1)) < fiy(t)

and

@ (@1 (D/(1 +8)) - 1< A(t) < @2 (p1(1)/(1 - €))

foral t =ty = @1t (@a(ng)(1 + B)), because fiy(tg) = fy(tg) = ng , which implies (2.5)

and (2.6) by the reasoning for part (). For (2.7), choose the sequence {t.}
@ (e (t)/(1+8)) is an integer. Then we have the lower

Al = @31 (@4 (te)/(1 + 8)) for al k, whichimplies (2.7). m

We now apply Lemma 2.2 to characterize the asymptotic behavior.

Theorem 2.1. Suppose that @, and @, are homeomorphismsof R, and 0 < A < o .
@ If @2(AM)/Q1(t) — Aas t — « , then@; (A,)/gp(n) — Atasn - w,
() If @1(A,)/@x(n) — A"Lasn - oo, then

M@z (A1 (1) = A

(c) If, in addition to the condition for (b), either

@2 (A(t) + 1) — @2 (A(1))
01 (1)

> 0ast -

or

so that

bound

(2.10)

(2.12)



P2(n+1)
W_>1asn_,oo, (2.12)
then @, (A(t))/@1(t) - Aast - oo,

(d) 1f @1 (A,)/@,(n) — Oas n — o and either

P2(A(D) +1) = 92(A(M) _

im 2.13
om Q) (213)
or
. @2(n)
lim s >0, (2.14)

then @2 (A(1))/@1(t) -  ast - o.

Proof. (@) First suppose that O < A < co. Then incorporate A into @ (t) by dividing by A.
The condition implies that for all appropriate € and o there exists ty such that (2.2) holds. By
Lemma 2.2(a), (2.3) holds. Since € and 6 are arbitrary in (2.3), it implies the desired conclusion.
To treat the cases A = 0 and A = o, use the one-sided bounds in Lemma 2.2. For example, if
Q> (A(t)/@1(t) - 0 ast » o, then for al positive € and o there exists ty such that
0> (A(t))/e@i(t)) <1+ dforadlt=tyg. By Lemma22(a), € (pl(An)/(pz(n) > 1/(1 + 0)
for al n = ny. Since € can be arbitrarily small, cpl(An)/cpz(n) - o a n - o. (b) Reason

asin (a) using (2.4), (2.5) and (2.7). (c) Use (2.6), (2.11) and (2.12), noting that

1 e + 1) - @AD) _ @(AD) _ 1

T—¢ NG) Sem S T-¢ @15

and

02 (A(1)) c9(AM) 1

AN + DT +e) @)  I-g° (2.16)

(d) Reason asin (c), using (2.13) and (2.14) with (2.15) and (2.16). =

Remark 2.1. Notethat @, (A(t))/@(t) — A as t — o if andonly if @,(A(@71(t)))/t - A
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as t - oo;i.e, the spatial normalization @4 (t) is equivalent to the standard normalizing function
e after making atime transformationby @™ =
Example 2.1. To see that an extra condition is needed in Theorem 2.1(c), let An = nforaln, so

that A(t) = xOfor all t. Also let @, (t) = @,(t) = e' foralt. Then (pl(,&n)/(pz(n) = 1for

al n, while

P2 (A())/ @y (1) = e,

which has limit supremum 1 and limit infimum e 1. Also note that neither (2.11) nor (2.12) is
satisfied.

Example 2.2. To see that the extra conditions in Theorem 2.1(c) are not necessary, let An =e"
for all n, so that A(t) = Oogtd Let @y(t) = el and @i(t) =t for al t. Then
©1(An)/2(n) = 1foral nand

P2(A(t)) _ et

= —>13$t—>°°,
P1(t) t

but @, (n + 1)/@,(n) = eforal nand

P2(A(t) + 1) = @2(A(L)) _ (e- 1)e"®™ e-last - o. m
9:(D i t i o

A specia case of interest is when the homeomorphisms are of the form ¢(t) = tP forp > 0.

Corollary. Supposethat 0 < p < o and0 < A < «. The following are equivalent:

i AD Nt e, (ii)m_.)\llpastaw,

tP
An _1/p . (An)p -1
(iii) F/p__’)\ an - o, (iv) - - At an - o,

Proof. Apply Theorem 2.1 with @,(t) =t and @4 (t) = tP to relate (i) and (iv). Note that

(2.12) holds. To relate (i) and (ii), note that (A(t))YP/t = (A(t)/tP)YP, and similarly for (jii)
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and (iv). =

We used the property that @(x/y) = @(x)/@(y) for @(x) = xP in the Corollary. The
following classic lemma shows that this does not hold more generally.
Lemma 2.3. A homeomorphism @ of R , satisfies @(xy) = @(x) @(y) for all nonnegative x and y
if and only if @(t) = tP for somep > O.
Proof. The sufficiency is immediate. For the necessity, suppose that @(xy) = @(x) @(y) for all
nonnegative x and y. If welet P(x) = log @(e*), then P(x +y) = PY(x) + Y(y) for al rea x
and y. It iswell known and easy to see that Y(x) = px for some rea number p, which implies

that (x) = e¥(109%) = gPlogX = yP gGincegisstrictly increasing, we must havep > 0. m

The Corollary to Theorem 2.1 is very useful in queueing applications involving (1.5) and
(1.6) because it enables us to replace @, (A(t))/@,(t) and (pl(An)/(pz(n) by A(t)/ @31 (94 (1))
and An/@Il(cpz(n)) respectively. The following lemma shows that we can do this more
generally.

Lemma 2.4. Suppose that a, — o and a,/b, - 1 asn - o. If there is a ty such that
logg(e!) is uniformly continuousin (tq, «), then @(a,)/@(b,) - lasn - o

Proof. Sincea, - » and a,/b, - 1an - o, loga, — logb, - 0, loga, - o and
logb, - wasn - o. If log(@(e')) isuniformly continuousin (ty, ), then

Iogan) |Ogbn) —

log (e — log o(e log @(a,) — log @(bp)

= log(e(an)/@(by)) -~ 0 asn - o,

so that o(a,)/@(b,) - lasn - . =

The following Corollary to Lemma 2.4 indicates how LemmaZ2.4 can be applied in our
context.
Corollary. If @,(A(t))/@.(t) - A ast — o and log @;*(e') is uniformly continuous in

(to, ) for sometg, then A(t)/@zt(A@.(t)) - 1 ast - o,
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Remark 22. Lemma 24 implies the Corollaay to Theorem 2.1 because
log @(e') = logA + pt when @(t) = AtP. Another function covered by Lemma2.4 is
@(t) = alog bt; then log @(e')) = log a + log (log b +t). However, log @(e!) =
log a + be! when @(t) = ae™, so that the uniform continuity does not hold when

o(t) = ae™. m

Thefollowing result is aso useful to characterize the normalizing functions.
Lemma 2.5. Suppose that 0 <A <o and a, - © asn — o. If there is a tg such that

logp(e!) is uniformly continuousin (tq, ©), then

O e(a,) O
im DMD< 0o .
n - o@(Aan) o

Proof. Recall that if afunction  isuniformly continuousin (tq, o), then
sup{p(t + x) — P(t)O: t = to} < oo
for any positive x. Since

logAa, —loga, = log A,

im {dog @(e'°®*") - loge(e®)}

n - o

= Tim {fogg(Aan) ~ logg(an)c}

= Tm {dog(e(Aan)/e(an))0<

which impliesthe desired conclusion. m

We are thinking of {An : n=1} being the points in a point process sample path, so it is
natural to assume that {An} is nondecreasing. However, we could start with a general sequence

of real numbers{X,, : n= 1} and obtain{An} as the successive maxima, i.e.,



-13-

A

Ap =max{Xy:0<ksn},n=21, (2.17)
where Xo = 0. A similar result holds for A(t) defined is
A(t) = sup{0, X(s),0<ss<t}, (2.18)

t = 0,where {X(t):t = 0} isaright-continuous integer-valued process with |eft limits.
Proposition 2.2. Suppose that @, and ¢, are two homeomorphisms of R, and 0 < A < 0. If
©1(X)/02(n) - A lasn - oo, then @1 (A,)/02(n) — Alasn - o for A, in (2.17).
Proof. First assumethat 0 < A < . Given the assumed convergence, for all € > 0, thereisan

Ng such that
@1 (@2(N)/A(L + €)) < X, < @1 (@2(n)/A(L - ¢€)) foral n=ng,
which implies
01 (@2(N)/A(L + €)) < Ay < max{A,, , g1 (P2(N)/A(L - €))} for dl n > ng .
Let n; be such that
Gl (@2(n)/A(1 - €)) = Ay, .
Then, foral n = nq,

1 - @1 (An) - 1
AMI+e) ™ @(n) ~ A1-¢)’

which impliesthe conclusion. For A = Oand A = o use associated one-sided inequalities. m

3. SLLNsfor Queueing Processes

In this section we investigate nonstationary analogs of the queueing relation L = AW.
Consider the deterministic framework based on a sequence of ordered pairs of real numbers
{(Ak,lﬁk) tk=1}, where 0 < Ak < Akﬂ and Ak < I5k for al k. We interpret Ak as the k'

arrival epoch and f)k as the departure epoch of the k™ arrival, so that W, = f)k - Ak isthetime
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spent by customer k in the system. It isimportant to note that the service discipline makes a big
difference with unstable queues. For example, with the last-come first-served discipline, many
early customers might never depart. Hence, we consider only the FIFO discipline, under which,
Dy < D41 foral k. However, the results apply to other disciplinesif we just interpret [Sk asthe

k™ departure epoch.

As in Section 1, we state our conditions in terms of the departure epochs [3k, which are not
primitive model elements. However, in unstable situations, limits for the service times usually

trandate easily into limits for the departure times.

Limits for the sequences {An} and { I5n} can be related to limits for the associated arrival
and departure counting processes { A(t)} and { D(t)} defined by (2.1) as indicated in Section 2.
These limitsin turn easily imply limits for Q(t) and W,, via (1.5) and (1.6). We state two sample
results.

Proposition 3.1. Suppose that the discipline is FIFO, 0<A <o, 0<spu<o and

0<gsp<o.
(&) The limits
AW and&quast—»oo, (31)
tP td
hold if and only if the limits
% - AYP and qu_ S~ p Y as noow (3.2

hold.

(b) If the limitsin (a) hold withp < w and A > Owhenp = g, then
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tP
t‘(“p)fOtQ(s)ds L L/(1+p) ast - o, (3.4)
W,
F,q_ansnaoo, (35)
4, N
n~*a) 5 W, . W/(1+q7!) asn - o . (3.6)
k=1

Ifp > g,thenL = AandW = p~ Y9, Ifp = g,thenL = A — p and W = p~ /P — A~1P,
Proof. (@) Apply the Corollary to Theorem 2.1. (b) The limits (3.3) and (3.5) follow from (1.5),
(1.6), (3.1 and (3.2). To see that (3.3) implies (3.4), first suppose that 0 < L < o and then

note that (3.1) impliesthat, for all € > 0, there existsty such that

(1-¢)LtP < Q(t) < (1+¢€)LtP fort =t . 3.7
Hence,
p+1 +1 t to p+l_4p+1
-9 =P < fawes s [aes+ O 0
(L+e)L(tP*1-18*1)
< toA(tp) + 57T :
s0 that

(1-¢)L < m t~ (p+1)J'Q(S)dS< |"_ t~ (P+1)IQ(S)ds< (3.8)

(1+¢)L
p+1 - +1
Since € was arbitrary, we can let € — 0in (3.8) to complete the proof. WhenL = Oor L =
the argument is similar, using one-sided relations; e.g., when L = 0 instead of (3.7) we have
Q(t) < etP for t > ty. Similarly, the limit (3.5) implies (3.6). The argument is dightly more
complicated, involving Riemann sum approximations of integrals. It is Lemma4 of Glynn and
Whitt (1992). =

Remark 3.1. Inthe setting of Proposition 3.1, we can also consider the queue length seen by the

n'" arrival, say Q. Given (3.2) and (3.3),
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Qn _ Q(A-) (Ay-)P
(AP T

—»)\_1L asn - o,

Ifp > g thenA™1L = 1and,if p = g, thenA"1L = 1 — (u/A).
Proposition 3.2. Suppose that the discipline is FIFO and O < p < A <. Let @ be a

homeomorphism of R , such that logp™* (') is uniformly continuousin (tg, ) for sometg. If

AD 5 ag PO

—7 4 —Z L past - o, 39
o0 o (39)
then
An D,
@ ~(n/A) @ ~(n/p)
and
W, = @ (n/p) = @ 2(n/A) + o(@7Y(n)) asn - o . (3.11)

Proof. By Theorem 2.1(a), (3.9) implies that

O(An)

D
_,A‘land(p( n)ﬂu‘lasn_.oo,
n n

which in turnimplies (3.10) by Lemma2.4. By (1.6) and Lemma2.5, (3.10) implies (3.11). =

Remark 3.2. The results above and the CLTs below also hold for many non-FIFO systems too.
If 6n denotes the n™ departure time while D . denotes the departure time of the n" arrival, then
in addition to (3.2) for D, instead of D, it suffices to show that D, - D,, is asymptotically
negligible after normalization. For example, consider the standard s-server model with the first-
come first-served discipline. We can write 15n = An + T, + S, where T, is the delay before
beginning service and S, is the service time. The key is the delay before beginning service. As
in Sections 5-7 of Iglehart and Whitt (1970a), the delay can often be related first to the virtua

waiting time, then the total workload process and finally the queue length process. =
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4. CLTsfor Nonstationary Counting Processes and Their Inverses

In this section we relate CLTs for normalized versions of the processes { A(t)} and {An}.
For this purpose, we use the following elementary lemma, which we state without proof.
Lemmad4.l. Let{F, : n= 1} bea sequence of cdf's and let x be a continuity point of a cdf F.
ThenF,(X,) - F(Xx)asn - oo for all sequence of real numbers{x, : n = 1} withx, - xas

n - oo if the convergence holds for one such sequence.

The following result is a CLT analog of the SLLN in Theorem 2.1. This result extends
Theorem 6 of Glynn and Whitt (1988), which covers the linear case. We note that the bounding
argument used to treat discontinuous limiting cdf’ sin the proof there is actually not needed.
Theorem 4.1. Let ¢; and @, be homeomorphisms of R, and let ¢ be a nondecreasing

continuous positive real-valued function for which

WO)/P(t + xP(t)) - last - o (4.1)
for all x.
(a) If
X(t) = [@2(A(1)) — @1 ()]/W(@1()) = Xast - =, (4.2)
then
Y(n) = [91(An) — @2(M]/B(92(n)) = -X asn - (4.3)

(b) If (4.3) holds, then there exists an increasing sequence of positive real numbers

{t,:n =0} witht, - oasn - o suchthat X(t,) = Xasn - oo for X(t)in (4.2).
(c) If (4.3) holdswith

@2(n + 1) = @a(n)

A D) R @9
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and

W(e2(n+1))/P(2(n)) -~ lasn - o,

then (4.2) holds.

Proof. (a) If (4.2) holds, then

Fi(x=) = P(X(t) <x) - P(X<X) =F(x)

ast — oo for al continuity points x of F. Note that

Fe(x-)

P([o2(A(1) — @1 ()]/W(@1(1)) < X)
P(@2(A(1)) < @1(t) + xW(@.(1)))
P(A(t) < @27 (91(t) + xW(@a (1))

so that, by Lemma 2.1, F{(x) = P(An(t) > t) for any t such that

n(t) = g1 (@1 (1) + xP(P1(1)))

isaninteger. For sucht,

Fi(x) = P([@1(Angy) — @2(n(D)1/B(@2(n(1) > =x(1)) ,

where

X() = = [02(t) = @2(n(0) /W (@2(n(t))
= XP(@1 (D) W((@1(t) + xW(@e(1)) —» xast - o

(4.5)

(4.6)

by (4.1). Note that, for each positive integer n sufficiently large, we can find t, such that

n(t,) = n, because @1, ¢, and Y are nondecreasing and continuous, and n(t) — o ast - oo,

Hence,

Gn(Xn) = P(=[@1(An) = 02(MI/W(92(N)) < Xn) = Fy, (Xn)

4.7

where x, = X(t,) - X a n - c. Since X is a continuity point of F, G,(X) - F(x) as

n - o aswell by Lemma4.1. Hence, Y(n) = - X



-19-

(b) The argument is similar. Note that for G, defined in (4.7).
Gn(X) = P(An > g1 (2(n) - xW(92(n))) = P(A(ty) < n)
for
th = @1 (92(n) — xW(@2(n))) (4.8)

by Lemma2.1. Thus, for F;in(4.6) andt, in (4.8), Fy (X,—) = Gn(x) for

[@2(n) = @1(tn)]/W (@1 (tn))
XY (@2(n)/W(@2(n) - xP(P2(n))) - xasn —»

Xn

by (4.1). If G,(x) —» F(x), where x is a continuity point of F, then F; (x,) - F(x) and

Fi, (X) - F(x)asn - o, by Lemma4.1. Hence X(t,) = X, asclaimed.

(0 For any t, let n be such that t,<t<t,,; for t, in (48). Since
A(ty) € A(t) < A(t,+1), it suffices to show that A(t,,) and A(t,,+1) have the same limits with

the same normalization; i.e., it suffices to show that

QZ(A(tn)) - (pl(tn+1)

X,
W(P1(th+1))
which in turn holds if
L|J((Pl('[n+1))
S 1 - 00 49
$(@1(t) =0 (49
and

(pl(tn+1) - (pl(tn) L0 an o (4.10)

W(@(tn))

By (4.1) and (4.8), (4.9) is equivaent to (4.5). By (4.8) and (4.9), (4.10) is equivaent to
(4.4). =

Remark 4.1. The standard stationary case is covered as the special case of Theorem 4.1 in which
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X = N(0,1), w(t) = AoVt, @;(t) = At and @,(t) = t for al t, where A and o are positive
constants. In the nonstationary case, we typicaly will have X = N(0,1) and W(t) = cVt for
some constant ¢ as well. If, asin Example 1.2, A(t) is a nonhomogeneous Poisson process with
deterministic rate function A (t), such that @(t) = J'Ot)\(s) ds - o« ast - o, then (4.2) holds
with X = N(0,1), w(t) = Vt, @;(t) = @(t) and @,(t) =t for al t. Note that Y(t) = tP
satisfies (4.1) for al p < 1, but not for p = 1.

Remark 4.2. Giventhat Q(t) = tP for 0 < p < 1, so that (4.1) holds, if @,(t) = t9, then (4.5)

aways holds, but

P2(n+1) —@2(n) _ (n+1)9-n? _ O(n")

MCA@) o T (4.11)

so that (4.4) holds if and only if p > (q—1)/q. Hence, (4.4) always holds for g < 1, but (4.4)
doesnot holdfor g = 2andp = 1/2.

Remark 4.3. If P(t)/t - Oast - oo, then thelimitsin (4.2) and (4.3) imply

02 (A(1))

@1 (t)

and

01 (An)

= —-lan - o,
®2(n)

respectively. These can be regarded as associated weak laws of large numbers (WLLNS).

Example 4.1. To seethat, we can have X(t,,) = Xasn - oo in Theorem 4.1(b) for a sequence
{t,} without having X(t) = Xin Theorem 4.1(c), let @, (t) = t, @,(t) = t? and Y(t) = 1for
t > 0. Then (4.1) and (4.5) hold, but (4.4) does not. Let P(X = 0) = 1 and let An = n?, 0

that
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01(An) = @o(n) _

M0

-X w.p.1 for all n.

However, A(t) = y/i0and @, (A(t)) = [i0], so that

02(A(1)) — @.(1)

TCAG)

from which we see that

e AD) -0 ea(AD) - 00
R Y 3) UL e - )

Paralleling the Corollary to Theorem 2.1, we next establish an equivalence between CLTs
without spatial transformations when the growth rateis AtP.

Theorem 4.2. Supposethat0 < A < 0,0 < p <o and 0 < g < 1. Then

- p
X(t)EA(t)tTMDX as t o o (4.12)
if and only if
_ An = (NP -X
Y(n) = =10 = SNTFTTD as n - oo, (4.13)

Proof. The beginning of the proof isjust like the proof of Theorem 4.1. If (4.12) holds, then
Fi(x—=) = P(X(t) < x) - P(X<Xx) =F(x)

for al continuity points x of F. Note that, by Lemma2.1,

Fi(x=) = P(A(t) < n(t)) = P(App > 1)

pgAnw — (MMt — (ny)MP =
0O n()YP-(1-9 n(t)P-(-a o

for
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n(t) = ENP + tpqxg- (4.14)

From (4.14), note that it is possible to choose an increasing sequence {t,,} such that n(t,) = n
for all nsufficiently large. Hence, asn — oo,

EAH - (n/A)YP ty — (n(tn)/)\)l’pg

>
LI R 7p-{1-a) n(t.)7p-1-a U
5 (tn) -

- F(x),

but

o2 T ()Tt - (R AT 415
: n(t, )P -{T-a) (MR + tPy7P=T=p) '

By doing a Taylor series expansion, we see that the numerator of (4.15) has the asymptotic form

t - (tp + tPa X)\-l)llp - t(l _ (1+t—p(1—q) X)\—l)l/p

¢ 1-p(1-0)
= TR T T 4oty as t L o
Ap
s0 that
X —X as n (o]
n — p_)\(mﬁ — .

Hence, —p AYP*9 Y(n) = X as n - o, which is equivalent to the desired conclusion (4.13).
Asin the proof of Theorem 4.1, the argument the other way is similar, yielding X(t,) = X for

the sequence
t, = (n/)\)l/p + n@/p)-(1-a) y (4.16)

Next choose t,, <t < t,+1. Asinthe proof of Theorem 4.1, since A(t,) < A(t) < A(th+1) ,

it sufficesto have

AP, — AtP
Mt %M L0 as n o o (4.17)
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and

thd,

e

From (4.16), it follows that t,/n*P _ AYP as n - o, which implies (4.18). We now

establish (4.17). Note that

AtRey = (n+D)YP + (n+1)P- =Dy A LpyP
= (n+1)(1 + (n+1)" @D x \/PyP

= (N+1)(1 + pxAYP(n+1)"(A"D + o(n+1)~(~D)

Since 1-q > 0, Athyy — Ath < 2 for all n sufficiently large, which implies (4.17), since

tﬁqﬁwasn—»w.l

5. FCLTsfor Nonstationary Counting Processes and Their Inverses

In 84 we established a CLT version of the SLLN-equivalence in Theorem 2.2. Now we
establish a FCLT version. The FCLT version is of interest, in part, because we obtain a stronger
duality than in Theorem 4.1; i.e., we do not need the extra conditions in Theorem 4.1(c). In fact,

the result here is an easy application of Section 7 of Whitt (1980).

We thus begin by reviewing the more genera framework in Section 7 of Whitt (1980); it is
also used in Glynn and Whitt (1989). We consider nondecreasing right-continuous nonnegative
real-valued functions x on R, with x(t) - o ast - o. For such functions, we define an

inverse function x~* by
x1(t) = inf{s=20:x(s) >t} ,t=0. (5.1)

Our point process setting is covered as the special case in which x(t) = ADD with AO = 0and

x~H(t) = A(t) + 1fort = 0.
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This framework is easily understood by considering the completed graph I, in R? associated

withx, i.e,
M = {(0,%) 1 x < x(0)}O{(t,x) : x(t-) < x < x(t)} . (5.2)
Then
Mt = {0t :(tx) O Mg} . (5.3)

Given Iy, we construct X as the unique right-continuous function with graph I',. Since

Mxyt = My, weseethat (x 1) = x.

However, we do not necessarily have x 1 (x(t)) = t. Wedo have x 1(x(t)) = t. Moreover,
if X(s) <t thenx™1(t) = s andif x(s) > t,thenx"1(t) < s. Theserelations serve asthe basis

for extensions of Theorem 2.1 and 2.2.

For the functional limit theorems of interest, we consider the function space D[0, ) endowed
with the Skorohod (1956) M ; topology; see Pomarede (1976) and Section 7 of Whitt (1980). As
with the usual Skorohod (1956) J; topology in Billingsley (1968), at continuous limit functions
convergence in the M topology is equivalent to uniform convergence over bounded intervals.
Convergence in distribution of random elements in D[0,) is understood to be weak
convergence of the probability measures on this function space, as in Billingsley (1968). Asin
Whitt (1980), the following result covers all forms of functional limit theorems (e.g., FWLLNs
and FSLLNs) as well as FCLTs. So before, let e be the identity map in D, i.e, e(t) =t for
t = 0, and let Let +denote composition, i.e., (x#y)(t) = x(y(t)).

Theorem 5.1. Let {X, : h = 1} be a sequence of nondecreasing right-continuous nonnegative
real-valued functions that are unbounded above; let { @1, : n = 1} and { @,, : N = 1} be two
sequences of homeomorphisms of R ,; and let {c,} be a sequence of scalars withc,, » « as
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Cn(@an Py —€) - 2 asn - o in (D[0,®), My)
if and only if

Cn(@un #4020 —€) - -z asn - «in (D[0,©), My) .
Proof. Apply Theorem 7.5 of Whitt (1980) after noting (e.g., Lemma 7.6 in Whitt (1980)) that
(Q2nn#010) ™ = Qa1 400, ®

We now apply Theorem 5.1 to obtain a specific relation among FCLTs for stochastic
processes with the general nondecreasing sample paths specified in the beginning of this section.
Theorem 5.2. Let {B(t) :t >0} be a stochastic process with sample paths that are
nondecreasing, honnegative, unbounded above and in D[0,»); let ¢@; and @, be

homeomorphisms of R .; and let Y bea functionon R , such that t/(t) — o ast - o. Then

P2 (B(erH (1)) -

o) = X(t) in (D[0,0), M{) ass — (5.7)
if and only if
@1(B™ (g2 (1)) - .
o) = —X(t) in (D[0,0), M) asS - o , (5.8)
in which case they hold jointly.

Proof. Apply Theorem 5.1, setting X,(t) = B(spt)/sp,  @in(t) = @i(syt)/s, and
Ch = Sp/Y(sy) for any sequence {s,:n=1} with s, - o as n - o. Note that
X7 (t) = B Y(spt)/s, and @il (t) = @1 (syt)/s,. By above,

®2(B(@1* (snt))) — snt

W (sn) = Cn((@anHn4@ra)(t) = 1) , t 20,

and

01 (B(2(snt))) — snt
W(sn)

= Cn(((Pln'B(n'Kpgr})(t) -t),t=20,
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where ¢, = s,/Y(sy). As discussed in Section 1 of Whitt (1980), use the Skorohod
representation theorem to convert the stated convergence in distribution to the w.p.1 convergence

needed in Theorem5.1. m

We now show that these FCLTs provide the CLTsin 84.
Corollary 1. Under the conditions of Theorem 5.1, if either of the limits in (5.7) or (5.8) hold
andif P(X(1-) = X(1)) = 1, then

02(B(1)) — @1 (1)

Q) = X(1) inR ast => o (5.9)

and

P1(B7H(1)) — @a(t)

MCAO) = -X(1) inR ast - o . (5.20

Proof. By the continuous mapping theorem with the projection map, we obtain

@2 (B(@rt(t)) —t

0] = X(1) inR ast - o

from (5.7). Then, by atime change, we obtain (5.9). A similar argument applies with (5.8) to
yield (5.10). =
Remark 5.1. Recdl that (5.1) makes A(t) + 1 the inverse of ADD Hence, Corollary 1 to

Theorem 5.2 does not apply directly to the counting process A(t). In addition, we need

02 (A1) + 1)) — 92(A(1))
W(eL(1))

=0ast - o (5.11)

Of course, thelimit (5.11) always holdswhen @, (t) = tand P(t) —» o ast - . =

We now note that we can deduce something about the limit process from the convergence in
Theorem 5.2. Recall that a positive monotone function  is regularly varying at infinity if

P(ct)/P(t) » &(c)ast - oo, in which case &(c) = cP for some p > 0; see p. 275 of Feller
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(1971).
Lemma 5.1. If Y(st)/@(s) = X(t) in R as s —» o for each t and Y(sc)/Y(s) — cP as

s - oo for p > 0, then
d
X(ct) = cPX(t) . (5.12)
Proof. Replacet by ct and sby csto obtain

Y(sct) P(cs) Y(sct)
MO X(ct) and “W(s)y(cs)

= cPX(t) . =

Remark 5.2 Of course, usually (t) = Vt so that p = 1/2. Moreover, often X is Brownian

motion, which iswell known to satisfy (5.12) withp = 1/2. =

The following is an elementary consequence of Theorem 5.2, which we will apply in
Section 6.
Corollary 2. If P(X(t-) = X(t)) = 1for all tand

A -1

= = X(t) in (D[0,), M;) asn - o« , (5.13)

Then

U A ~ 0
OA(t) - nt Aomo~ Nt Ago ~ HNUA G
3 v Vn V-

= (=AX(At) , X(At), X(ut)) in (D[0,), M) asn - oo

Proof. Let B(t) = Agy @1(t) = At, @2(t) =t and Y(t) = Vit in Theorem 5.2. Note that
B™1(t) = A(t) + 1, but the difference is asymptotically negligible; apply Theorem 4.1 of

Billingsley (1968). m
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6. CLTsfor Unstable Nonstationary Queues

The CLTs and FCLTs for nonstationary counting processes and their inverses have easy
applications to unstable nonstationary queues. We illustrate by stating one CLT; the
corresponding FCLT is similar. Unfortunately, however, the nonlinear functions @, and @, in
(4.2) and (4.3) do not combine well with the linear relations (1.5) and (1.6). We obtain useful
resultsfor Q(t) and W,, by assuming at least one of @; is the identity.

Proposition 6.1. Consider a queue with the FIFO discipline asin 83. Let @5, W4, @4 and Yy

be homeomorphismsof R .. If Wy (t)/W,(t) - Yy < «and

S Wa(t) " wa(l) BD (X,Y) inR?,

then

Q1) — [@a(t) — @q(t)]
Wa(t)

= (X-vyY)inR .

Proof. Apply the continuous mapping theorem, writing

QM) ~ [0a() = 9a(®] _ AW = @a() _ Dg(t) IO - (V)
NG Ga (0 .05 Ge®

Remark 6.1. As before, the joint convergence condition in Proposition 6.1 are often easy to
establish because the arrival process is often independent of the service process, and the departure
process is asymptotically equivalent to the service process when the server is amost always

busy. =

The following is based on Theorem 4.2.
Proposition 6.2. Suppose that 0 <A <o, 0 < p <o, 0<r<p; <o 0<p,<p; <o

and
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0 - P1 _ p. O
o t tf O

(@) 1fpy = p2 = p, then

JAn = ()P Dy = ()P Wy = (/)P + ()P D
On@ P 1 ' @b g n@ b — 1 0

:E -X -Y X Y gin R3
Dp)\(r+l)/p ! pu(r+1)/p ’ p)\(r+1)/p pu(r+1)/p|:|

(b) If p1 > po, then

N A H
0An = (/)™ Dy = (i)™ Wy - ()™ + (/)™

O @ m _ 4 ' @b, _ (TP, _ O
on 1 n 1 n 1 0
I S e
Tp; ' p, ' T)7p, :
T R T T

Proof. Apply Theorem 4.2 with g; = r/p; and then apply the continuous mapping theorem. m

The following is an unstable stationary CLT version of L = AW, see Whitt (1971), Szczotka
(1986, 1992) and Serfozo, Szczotka and Topolski (1992) for related results.

Proposition 6.3. If thedisciplineisFIFO, A = pand

Oa - - 10
DAmo~ A7'nt Dgyg - uointg

0 , 0= (X(1), Y(1)) in (D[0,e0), M1)® asn — w0,
0 vn v 0

where at least one of X(t) or Y(t) has continuous sample paths w.p.1, then

2 - (-t Moo~ (A - tE
0 Vi ’ Vit O

= (=AX(A) + HY(W) , AY(R) + AX(W)) inR? ast - o
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and

(Q(t) = AW,

= (M= A)Y(H) = A(X(A) - X(W)) ast - . (6.1)
vt

Proof. Apply Corollary 2 to Theorem 5.2 and the continuous mapping theorem. =

Note that the right side of (6.1) is O when A = J. Generaizations of Proposition 6.3 with

other normalizations aso follow from Theorem 5.2.

7. Constructing Nonstationary Point Processes

In this section we consider how to construct nonstationary point processes for which SLLNs
and CLTs can be shown to hold. We propose using a random or deterministic time
transformation of a familiar counting process { S(t) : t = 0} for which the SLLN, CLT and
FCLT are known. For example, {S(t) :t = 0} might be a renewa counting process or a
counting process with stationary increments. Let {C(t) : t = 0} be a stochastic process with
nondecreasing nonnegative sample paths that is independent of the given counting process

{S(t) : t = 0}. Wethen define our general nonnegative counting process A by setting

A(t) = S(C(1)) ,t=0. (7.1)

A familiar specia case occurs when Sis a homogeneous Poisson process with unit intensity

and C(t) = jot)\(s) ds for a deterministic positive function A; then A is a nonhomogeneous

Poisson process with rate function A. If Sis Poisson and C is random, then A is a doubly-
stochastic Poisson process, Cox process or Poisson process in a random environment; e.g., see
Serfozo (1990). If, in addition, the process C is Markov, then A is a Markov modulated Poisson
process (MMPP). However, (7.1) can be used without S being a Poisson process. We are

primarily interested in the case in which C is nonstationary.
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From (7.1) we can easily obtaina SLLN for A, which is of the form of §2.
Proposition 7.1. If S(t)/t - 1 and C(t)/@(t) - A w.p.l ast — oo, then A(t)/o(t) - A
w.p.last - oo.

Proof. Note that

A(t) _ S(C(1) . C(1)

o - cm  em Ml "

We now turn to FCLTs. We continue to use the M ; topology because of its role in Theorem
5.1. Note that the conclusionsin Theorem 7.2 are in the form of one of the limitsin Theorem 5.2.
Thus, Theorems 5.2 and 7.2 and Proposition 6.1 combine to yield CLTs for queueing processes.
Theorem 7.2. Let @ and Y be homeomorphisms of R , such that P(s)/s - 0ass - . Let A
be defined by (7.1). Suppose that

S(St)—p‘S‘ = X(t) in (D[0,0),M;) as s - (7.2)

forp > 0Oand

C((p_luf(gs))) ~% = y(1) in (D[0,) My) ass — o . (7.3)

(@ If Y(s)/sP - Oass — o, then

A(Q™1(st)) - st

sP = X(t) in (D[O1°°)1M1) assS - o,

(b) If Y(s)/sP - yass —» », 0 <y< o and either X or Y as continuous sample paths,

then

A(p™H(st)) - s

& = X(t) + yY(t) in (D[0, @), M;) ass - oo .

(©) If Y(s)/sP — oass - o, then
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Ao (s1) — o - - -
o) = Y(t) in (D[0,»), M) ass - o .

Proof. By Theorems 3.2 and 4.4 of Billingsley (1968),

oS() st CleT i) -8t CleTH(s))  W(s) o

o s~ P(s) s S g
= (X(t), Y(t), Z(t), y) in (D[0,0), M;)® xR ass - o .

For (a) and (b), apply the continuous mapping theorem with the function h:D3xR - D defined
by h(x,y,z,w)(t) = x(z(t)) + wy(t) using the path-continuity condition in (b) to assure that
addition is continuous almost surely; see 84 of Whitt (1980). For (c) use the continuous mapping
theorem with h(x,y,z,w)(t) = x(z(t))/w + y(t). =

Remark 7.1. The crucia condition in Theorem 7.2 is (7.3). Note that (7.3) will hold if we

choose C to be of the form C(t) = Z(¢(t)), where Z is a stochastic process known to satisfy a

Z(st) - st
S

FCLT. Typicaly we will have = Y(t) ass » o, whereY is Brownian motion,

so that Y(s) = s*? in (7.3). Also, typicaly p = 1/2 in (7.2), so that case (b) results. In the
deterministic case C = ¢ and case (a) results.

Remark 7.2. We can also apply a corresponding procedure with the arrival epochs, writing
An =S¢ ,n=1, (7.4)

where { én} is a familiar stochastic point sequence and {én} is a nondecreasing nonnegative
sequence. Analogs of Proposition 7.1 and Theorem 7.2 are easy. They yield conditions for the
convergenceof A, /@ 1(n) and[A, - @ 1(n)]/w(n)asn — .

Remark 7.3. We could also consider additive modifications, e.g.,
A(t) = S(t) + C(t) ,t=0, (7.5)

or



A,=S,+Cy,nz1 (7.6)

Again, analogs of Proposition 7.1 and Theorem 7.1 areeasy. =

8. Exploiting the Compensator

Given a nonstationary counting process { A(t) : t = 0}, we can obtain LLNs and CLTs by
exploiting its compensator; see Brémaud (1981) and Ethier and Kurtz (1986). In particular, now
assume that { A(t) : t = 0} is a stochastic counting process on R , that is adapted to a history
{AN;:t=0}. Let C = {C(t) : t = 0} bethe compensator of A. We are thinking of A growing

nonlinear manner. Hence, we assume that
Ct)/o(t) - 1 wplast » o . (8.2)

where @ is a deterministic homeomorphism of R ,. Moreover, we assume that { C(t) : t = 0} is
arandom homeomorphism of R *. For example, this occursin the familiar case in which A(t) has

astochastic intensity { A(t) : t = 0} with
A(t) > 0 for al t and jo°°/\(t)dt = o w.p.l (8.2)
Then
c(t) = jot/\(s) ds, t>0, 83)
and C™1(t) is defined by
cH(y)
jo A(s)ds =t,t=0. (8.4)
An important property for our purposes is the random-time-change theorem that allows us to
transform A by C ™1 in order to obtain a stationary Poisson process; see p. 40 of Brémaud (1981).

Lemma 8.1. The process A+C™% = { A(C™%(t)) : t = 0} is a homogeneous Poisson process

with unit rate.



We now apply Lemma 8.1 to obtain sufficient conditions for A to satisfy aFCLT.
Theorem 8.1. Suppose that C is a random homeomorphism of R ;. and the compensator of A.

Suppose that

Cle *(s1) — & - - -
o) = X(t) in (D[0,0),M;) ass - (8.5

where P(s)/s - 0ass — oo,

(@ If Y(s)/Vs - Oass - oo, then

Al H(s) - st B(t) in (D[0,),M;) ass - o,
Vs

where B is standard Brownian motion.

(b) If Vs/p(s) — Oass — oo, then

Ale~ (1) — s - - o
0 = X(t) in (D[0,0),M1) ass - o .

Proof. By Lemma8.1 and the FCLT for a Poisson process,

A(C () - &

7e = B(t) in (D[O,oo),l\/ll) ass - o (86)

In (a), the conditions imply that

GCo ) =t COHENE g1 in (D[0e). M)? ass - o,  (67)
0 Vs S O

Since the limit in (8.7) is deterministic, it holds jointly with (8.6) by Theorem 4.4 of Billingsley
(1968). Hence, we can apply the continuous mapping theorem as in the proof of Theorem 7.2 to
obtain the conclusion. The argument is essentially the same for (b), dividing by (s) instead of

Vs. m

Remark 8.1. Theorem 8.1 says nothing about the difficult case in which Y(s)/Vs - vy as
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S — o where 0 <y < c. Then we need the joint convergence of (8.5) and (8.6), which seems
difficult to verify; see Glynn, Melamed and Whitt (1993) for related problems in a stationary

setting. However, in our nonstationary setting, the casesin Theorem 8.1 are natural. =
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