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Abstract
In this paper we describe the time-dependent moments of the workload process in the M/G/1
queue. The k™ moment as a function of time can be characterized in terms of a differential
equation involving lower moment functions and the time-dependent server-occupation
probability. For general initial conditions, we show that the first two moment functions can be
represented as the difference of two nondecreasing functions, one of which is the moment
function starting at zero. The two nondecreasing components can be regarded as probability
cumulative distribution functions (cdf's) after appropriate normalization. The normalized
moment functions starting empty are called moment cdf’s; the other normalized components are
called moment-difference cdf’s. We establish relations among these cdf’ s using stationary-excess
relations. We apply these relations to calculate moments and derivatives at the origin of these
cdf’s. We aso abtain results for the covariance function of the stationary workload process. It is
interesting that these various time-dependent characteristics can be described directly in terms of

the steady-state workload distribution.

Subject classification: queues, transient results: M/G/1 workload process. queues, busy-period

anaysis. M/G/1 queue.



In this paper, we derive some simple descriptions of the transient behavior of the classical
M/G/1 queue. In particular, we focus on the workload process{ W(t) : t = 0} (also known asthe
unfinished work process and the virtual waiting time process), which is convenient to analyze
because it is a Markov process. Our main results describe the time-dependent probability that the
server is busy, P(W(t) > 0), the time-dependent moments of the workload process, E[W(t)*],

and the covariance function of the stationary workload process.

Of course, the transient behavior of the M/G/1 queue (and more general models) has been
studied extensively, so that there is a substantial literature, including the early papers by
Kendall (1951, 1953), Takécs (1955, 1962b), Benes (1957) and Keilson and Kooharian (1960);
the advanced books by Takécs (1962a, 1967), Beneg (1963), Prabhu (1965, 1980), Kingman
(1972), Cohen (1982), Asmussen (1987) and Neuts (1989), and the more recent papers by Ott
(1977a,b), Harrison (1977), Middleton (1979), Rosenkrantz (1983), Blanc and van Doorn (1986),
Cox and Isham (1986), Gaver and Jacobs (1986, 1990), Baccelli and Makowski (1989a,b) and

Kellaand Whitt (1991). A good basic referenceisKleinrock (1975).

Nevertheless, we believe that we have something to contribute. We focus on relatively simple
exact relations and approximations that are convenient for engineering applications. In
particular, we extend previous work for the same purpose in Abate and Whitt (1987a-c, 1988a-d).
Our earlier work described the transient behavior of one-dimensional reflected Brownian motion
(RBM) and various processes associated with the M/M/1 queue. The M/M/1 workload process
was discussed in 86 of Abate and Whitt (1988b). Since RBM and the M/G/1 processes can serve
as rough approximations for many other queueing processes, these results help describe how a
large class of queueing processes approach steady state. These results provide simple analytical
approximations in the spirit of the empirical work by Odoni and Roth (1983). The RBM and
M/M/1 approximations have also been applied to gain additiona insight into queueing

simulations in Whitt (1989, 1991).



There are two main objectives in relation to our previous work. First, we want to see how the
theory for RBM and M/M/1 extends to the M/G/1 model. Asindicated in Remark 6.3(b) of Abate
and Whitt (1988b), much of the theory does extend and now we provide details. Second, we want
to see how well the RBM and M/M/1 approximations work for the M/G/1 model. We focus on the
first objective in this paper; we intend to focus on the second objective in a sequel. Our approach
to approximations is discussed in 81 of Abate and Whitt (1987a), 88 of Abate and Whitt (1988b)
and Abate and Whitt (1988c).

Moment CDFs and M oment-Difference CDFs

Asin our previous work, the special case of starting out empty plays an important role. We

represent the k' moment function starting at x as
M (t,%) = E]W(D)*OW(0) = X] = my(t,0) + di(t,X) 1

and we show that the k' moment function starting empty, m(t,0), is nondecreasing in t for all k
while the k™ moment difference function, di(t,x), is nonincreasing in t for k = 1,2. Indeed,
except for the monotonicity of d»(t,x), which is covered by Theorem 13 here, this result was
already obtained for the M/G/1 workload process and other reflected Lévy processes without
negative jumps in Theorem 7.3 of Abate and Whitt (1987b). (It isimportant to add the condition

of no negative jumps there!)

Since the functions m, (t,0) and d (t,x) are monotone (the last only for k = 1 and 2), we can
express them as probability cumulative distribution functions (cdf’s) after appropriate
normalization. For m,(t,0), we just divide by the steady-state limit my (o) = my (o, X).

Looking at the moment cdf’s
Hy(t) = my(t,0)/my() , t=20, )

is convenient for interpretation, because we separate the steady-state value my () from the

proportion of the steady-state value attained at time t. Moreover, as before, the moment cdf’s



have nice probabilistic structure. See 81 of Abate and Whitt (1987a) for more discussion.

Much of the probabilistic structure is expressed via the stationary-excess operator. For any
cdf F on the positive real line with mean fq, let Fo be the associated stationary-excess cdf (or

equilibrium residual lifetime cdf) defined by
t
Fe(t) = ffljo[l—F(U)]du,tEO; ©)
e.g., see p. 193 of Karlin and Taylor (1975), Whitt (1985) and pp. 319 and 337 of Abate and
Whitt (1988b). Let f, and f 4 be the k™ moments of F and F, respectively. Then
fae = frer/(K+ 1)fp . 4

Let F®(0) and F{ (0) be the k™ (right) derivatives at the origin of F and F, respectively.

Then

FP () = 1/f; and FE*D(0) = - FM (0)F®(0) . (5)

By Theorem 7.3 of Abate and Whitt (1987b),

© P(W(e) >y)

0 = fo —Erwier -

P(Tyo <t)dy = [ "Fyo(t)dVe(y) | (6)

where V(t) = P(W(x) <t), V. isthe stationary-excess cdf associated with V, T, is again the
first passage time from y to 0 and F g is its cdf, whose Laplace-Stieltjes transform is given by
(33) below. Moreover, here we show that the second-moment cdf is the stationary-excess of the
first-moment cdf, just asit is for the M/M/1 workload process; see Theorem 5 of Abate and Whitt

(1988b) and Theorem 4 below.

Paralleling (2), we aso form the two moment-difference cdf' s

Gl(t,X) =1-

dq(t, do(t,
1(X %) and Go(t,x) = 1 - L)((Zi) . @)

The moment-difference cdf’s aso have nice structure. Indeed, by Theorem 7.3 of Abate and



Whitt (1987b),
1,x
Gi(t,x) = on P[Tyo < t]dy, (8)

where T, isthe first-passage time from y to 0. Here we show that the second-moment-difference
cdf G, is the stationary-excess of the first-moment-difference cdf G;; see Theorem 13 below.
From (4), (6) and (8), we see that the moments of H; and G; for i = 1,2 can be determined in

terms of the moments E[T{jo]; we determine the first four in Theorem 9 below.

Just as we did before for RBM and M/M/1, in this paper we also derive the moments and
derivatives at the origin of the M/G/1 moment cdf’s and moment-difference cdf’s, so that we can
also derive approximations for these cdf’s just as we did for the M/M/1 cdf’s in our previous
work; e.g., we can fit a cdf to the special characteristics. See Abate and Whitt (1987a, 1988c) and
Johnson and Taaffe (1989, 1990, 1991) for more discussion.

Expressionsin Terms of the Steady-State Wor kload Moments

An interesting feature of the M/G/1 model in contrast to many other stochastic models is that
the steady-state workload distribution depends on al the ingredients of the model, in particular,
the full service-time distribution; see Whitt (1983). Thus, the steady-state workload distribution
determines the service-time distribution and, in principle, the transient behavior. Consistent with
this property, we show that the moments of the moment cdf’s have relatively nice expressions
directly in terms of the steady-state workload moments v, = my (). (In part, this is explained
by (6) above.) The steady-state moments in turn can be expressed in terms of the service-time

moments via the Takécs (1962b) recurrence formula, (20) below.

For one example, let hy; be the ji™ moment of the moment cdf Hy, in (2), let
Vi = my () = E[W()*] be the k™ moment of the steady-state workload cdf V and let v be
the k™ moment of the steady-state workload stationary-excess cdf V.. Let the service rate be 1

and let the arrival rate and traffic intensity be p, which we assume is less than one. Then, by the



Corollary to Theorem 8 below,

Vel 0 1 oo Vo O
hy = =0 O0=—0. 9)
1 1 - p Dl - p DDZV]_ D

Note that hq; provides a summary description of the time it takes for the mean
E[W(t)CW(0) = 0] to approach its steady-state value my ().

For a second example, let { W™(t) : t = 0} be a stationary version of the workload process,

d d
with WE(0) = W(e), where = denotes equality in distribution. Then the covariance function is

Cw(t) = E[TWZ(0)W (t)] - (E[W7(0)])* , t=0, (10)
and the asymptotic variance is
02 = zjo°° Cy,(t)dt; (11)
e.g., see p. 1345 of Whitt (1989). In the same spirit as (9), we show that

2

V3 —VaVy
Oy = —

—s (12)
see Theorem 12 below. Formula (12) extends Beneg (1957), Ott (1977a) and Theorem 8 of
Abate and Whitt (1988b). Note that o32/VarW™(0) = (v — vovy)/[(1 - p)(vy - V3)]
provides a summary description for the time t it takes for the dependence between W™(0) and

WFU(t) in the stationary version to die out. Note that this summary measure differs from h; in

(9), but both are of order (1 — p) 2 asp - 1.



Organization of this Paper

Here is how the rest of this paper is organized. In 81 we define the M/G/1 workload process
and introduce our notation. In 82 we present a simple derivation of differential equations for the
M/G/1 moment functions. This produces a nice simple derivation of the Takéacs (1962b)
recurrence relation for the steady-state moments. In 83 we apply the differential equations to
establish the key relations among the moment cdf’s. In 84 we review the relations among the
basic transforms describing the M/G/1 transient behavior. In 85 we apply these transform
relations to derive the moments of the moment cdf’s. In 86 we describe the covariance function
in (10) above. In 87 we establish properties of the moment-difference cdf’s in (7). In 88 we

mention complementary-cdf cdf’s. Finally, in 89 we present previously omitted proofs.

1. TheM/G/1 Model

In this section we quickly review the M/G/1 model and introduce our notation. As usual, the
M/G/1 queue has a single server, unlimited waiting space, a Poisson arrival process and i.i.d.
service times that are independent of the arrival process. The standard queue disciplineisfirst-in
first-out, but since we are focusing on the workload process, the specific queue discipline will not

matter.

Let A = {A(t) : t = 0} be the Poisson arrival counting process and let it have intensity p.
Let {S, :n=1} be the i.i.d. sequence of service times and let S be a generic service-time
random variable (having the distribution of S;). We assume that S has cdf G with mean 1. Thus
the traffic intensity is p, the same as the arrival rate. We are interested in the stable case, so we

assumethat p < 1.
Let the total input processbe X = { X(t) : t = 0}, where

X() = S +...+ SA(t),tZO, (13)



with Sy = 0. Note that X(t) represents the total input of work in the interval (0, t]. The process

Xis acompound Poisson process. Let the net input processbeY = {Y(t) : t = 0}, where
Y(t) = X(t) -t,t=0. 14

Let the workload processbe W = { W(t) : t = 0}, defined by

2Y(t) + W(0) it inf Y(s) > - W(0)
O<s<t

Mo = %f(t) - _inf Y(s) if inf Y(s) < - W(0), >
0 O<s<t O0<s<t

where W(0) is an initial workload that is independent of { A(t) : t= 0} and{S,, : n= 1}. Note
that Wis obtained from Y and W(0) by simply applying the one-dimensional one-sided reflection

map; e.g., see p. 19 of Harrison (1985).

It issignificant that Y is a Lévy process without negative jumps. The results here hold when Y
is replaced by another Levy process without negative jumps, but we do not discuss that case; see
Harrison (1977), Middleton (1979), Prabhu (1980) and Kella and Whitt (1991) for related

material.

2. The Moment Differential Equation

Let m,(t) = m(t,x) be the k™ moment function defined in (1) and let po(t) be the

emptiness probability function, i.e.

Po(t) = po(t, x) = P(W(t) = 0ON(0) = X) . (16)

In this section we will obtain simple expressions for the derivatives of the moment functions my
in terms of the emptiness probability po. We focus on the emptiness probability itself in
Section 4. Thus, the emptiness probability is fundamental. This idea does not seem to be as well
known as it should be, but it certainly is not new. Indeed, this idea is a mgor theme in

Benes (1963).



To describe the transient behavior of the workload process, it is customary, following Takéacs
(1955, 1962a,b), to start with an integro-differential equation for the cdf P(W(t) < x) or its
Laplace transform, but we will show that it is relatively easy to treat the moment functions
directly. (This observation has been made with the closure approximations for queues with time-
dependent arrival rates, e.g., see Rothkopf and Oren (1979). The results in this section also hold

for time-dependent arrival rates.)

First we establish (review) necessary and sufficient conditions for the moment functions to be
finite, for fixed t and in the limit ast — o. Let = denote convergence in distribution. All
omitted proofs appear in Section 9.

Proposition 1. (@) my(t) < « if and only if m,(0) < o and E[S¥] < w.
(b) W(t) == W(OO)aSt - 00Whel'ep(W(OO) < oo) = 1.

(©) If M (0) < oo, thenmy(t) — my() = E[W(0)K] ast - o, wheremy () < o if and
only if E[SK*1] < c.
Note from Proposition 1 that one higher moment of S must be finite to have my (o) < o than

isrequired to have m (t) < cofort < co.

We now consider the derivative with respect to time of the k™ moment function, denoted by
mi (t). An expression for the derivative of the first moment function follows from a basic

conservation law, i.e, rate in equals rate out; e.g., see p. 55 of Takacs (1962a). In particular,

sincetheratein of work ist™*E X(t) = pandtherateout attimetisl — po(t),

P—1+po(t),t>0, 17

m (t)
or, equivaently,

ms(t) = my(0) + (p ~ Dt + [ po(u)du, t>0. (18)

Since W(t) = W(») ast - o, pg(t) - pg(w) ast - . By Littles law (L = AW)



applied to the server, we know that pg() = 1 — p. Hence, my(t) —» Oast — oo.

Our main result in this section is a higher-moment extension of (17). Whenwelett — oo, we
immediately obtain the Takécs (1962b) recurrence formula for the steady-state moments; see
(5.112) on p. 201 of Kleinrock (1975), Lemoine (1976) and p. 185 of Asmussen (1987). Of
course, the first steady-state moment is the Pollaczek-Khintchine mean value formula for the

workload. The proof is very simple except for a few technical details; we sketch it here. We

d
provide the extra technical details in 89. Let mg() = 1 and let = denote equality in

distribution.

Theorem 2. (a) If m(t) < oo for somek, k = 2, then the derivative mj (t) exists and

k-1 .
m(®) = PE[S'] - (1= p)kme-(t) +p 3 KIS Tmicy (1) (19)
j=2

(b) 1f My41(0) < wand E[S**!] < = for somek, k = 1, thenmi,;(t) — Oast — = and

_ P ¥ ooESTYT
my (o) = -5 % [ij_'_—lmk_J(oo),kzl. (20)

Sketch of Proof (See 89 for more) (@) We caculate my(t + €) — m,(t) to order € by
conditioning and unconditioning on W(t). We say that f(¢) = o(g) if f(¢)/e -~ Oase - O.

d
Note that X(t + €) — X(t) is independent of W(t). Moreover, X(t + €) — X(t) = X(g). To
order €, there is either one arrival in A(g) or none. Hence, ignoring complications when

0 < x < g, wehave
E[W(t + £)OM(D) = x > 0] = peE[(x + S—)K] + (1 - pe) E[(x - £)] + o(z)
= pe J_:%OE}%U E[SK1] + (1 - pe)x* — ek~ + ofe)
and

E[W(t + &)*00(t) = 0] = peE[S*] + o(¢) .
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Next, upon unconditioning, ignoring the problems involving interchanging the expectation with

thelimitase — 0, weobtain

K .
m(t + ) - mi() = pe 3 AHELTIme )

(21)
+ (1 - pe)mi(t) — ekmy_1 (t) — my(t) + o(e) .

We obtain (19) from (21) by noting that the three terms involving m,(t) cancel, combining the
two terms involving m_4 (t), pulling out the term involving mq(t), dividing by € and letting

e - 0.

(b) We apply mathematical induction. When we are considering mj .1 (t) given the condition
E[W(0)**!] < e and E[S**?] < », we have m;j(t) - m;(») < for each j < k by the
induction assumption, because E[W(0)!*1] < w and E[F*1] < o for al j < k. Assuming now
that mi+1(t) - Oast - o (which we will prove later), we see from (19), with k replaced by

k + 1, that mi(t) - my(w)ast - o, where

() = m sy S Ty D‘*%{Q]mm ()
P pjki:kil KA My (o)
which becomes (20) upon making the change of variables| = | - 1; e.g., then
1 k+10_ kD g
k+10 ] O ao

From (17) and (19), we see that the moment functions my depend on the arrival rate p and the
service-time distribution only via p, the service-time moments and the emptiness probability
Po(t). Moreover, (17) and (19) provide a recursive formula for my(t) in terms of p, E[S],

1<j<k andpg.
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We conclude this section by mentioning that the proof of Theorem 2 also applies to the

M/M/1 queue length moments, so that we can obtain different proofs of our previous results.

3. TheMoment CDFs

We now focus on the special case in which we start empty, i.e. P(W(0) = 0) = 1. Then, as
we show below, W(t) is stochastically increasing in t and we can regard appropriately normalized
moment functions as probability cumulative distribution functions (cdf’s) on the positive half
line. (A rea-valued function F on the positive half line is a cdf if it is nonnegative and

nondecreasing with F(«) = lim F(t) = 1. By convention, we take it to be right-continuous.
t 5

Recall that one random variable Z4 is stochastically less than or equal to another Z,, denoted
by Z, <4 Z,, if E[g(Z1)] £ E[g(Z5)] for al nondecreasing real-valued functions g for which
both expectations exist. A family of random variables{ Z(t) : t = 0} is stochastically increasing
if Z(t1) <4 Z(ty) for0 <ty < t,. Thefollowing result iswell known, but worth emphasis.
Proposition 3. If P(W(0) = 0) = 1, then the workload process {W(t) :t=0} is
stochastically increasing.

Proof. Sincethenet input process{ Y(t) : t = 0} has stationary independent increments
d
W(t) = M(t) Eosup {Y(W},t=0, (22
Sust

when W(0) = 0 by (15). Obviously M(t) is nondecreasing int w.p.1. Hence, E[g(M(t))] is
nondecreasing in t for each nondecreasing real-valued function g. Findly, by (22),

E[g(W(1)] = E(g(M(1))]. =

Henceforth in this section we assume that P(W(0) = 0) = 1. For emphasis, we thus write
Poo for po. As a consequence of Proposition 3, we can form cdf’s associated with the moment
functions my(t) as defined in (2) whenever my (o) < . Moreover, as a consequence, of

Proposition 3, pgo(t) is nonincreasing in t. Since pgo(0) = 1 and pgg(e) = 1 — p, we can
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form a 0™"-moment or server-occupation cdf H o by setting
Ho(t) = [1 - poo(t)]/p,t20. (23)

It is significant that the emptiness probability function pgy is a well-studied object. In
particular, it is a standard p function associated with a regenerative phenomenon in the sense of
Kingman (1972); see p. 38 there. It follows from Theorem 2.3 on p. 32 of Kingman that pyg is

Lipschitz continuous with modulus p, i.e.

[Poo(t2) — Poo(t1)O< Pz — t10 (24)

for al positive t; and t,, because pgo(0) = —p. Consequently, pog is absolutely continuous
with respect to Lebesgue measure, which implies the same for Hy in (23), so that Hg has a

density hg with
Ho(t) = _[Otho(u)du, t>0, (25)

and 0 < hg(t) <1 for al t. However, as illustrated by considering the case of deterministic
service times, see p. 39 of Kingman (1972), H, is not necessarily differentiable at all t. (These
important properties of the emptiness probability function pg; were also obtained directly by

Ott (1977a).)

As in our previous papers, we relate the different moment cdf’s to each other by using the
stationary-excess operator in (3). Our main result in this section follows directly from
Theorem 2. It is a generalization of the M/M/1 result in Theorem 5 of Abate and Whitt (1988b).
Recall that v, isthe k™ moment of V(t) = P(W(w) < t).

Theorem 4. (a) IfE[S¥*1] < o, then H, isa proper cdf.

(b) H,

Hoe-

() Hy = Hye.
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(d) Hz = (1+a3)Hy —azHy,

where

(€ Hy = (1 +ay +Ba)Hze —asHz — BaHy,
where

4vqvs 6v3

andB4=V_.

a4 =
Vy 4

Proof. By Proposition 3, H, is a proper cdf provided that v, = m, () < oo, which holds if and
only if E[SK*1] < « by Proposition1. To obtain the explicit expressions, apply (13) and
Theorem 2, noting that hy(t) = mj(t)/my(w) is the probability density function of the k™

moment cdf H,, while
hie(t) = hie(0)[1 - H( (D] , t20, (26)
is the probability density function of h,. by (3)—<(5). For example, from (17),
hy(t)my(e) = my(t) = p -1+ pe(t) =p[1 - He()],
so that, by (26),

hoe(t)/hoe(0) ,
1/h1(0) = my(e)/p

ha (t)my (e)/p
Hoe =[x dHo(s)

and indeed h; = hge. The various expressions, including the constants in parts (d) and (e), are
obtained by algebraic manipulation. Given the stated results, it is easy to see how to group terms

in order to verify theformulas. m

From Theorem 4, we see that the moment cdf’s H, for k < 4 can be expressed directly in

terms of the 0"-moment cdf H,. Moreover, by (4) and (5), the moments of H, and the
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derivatives of H, at t = O can be expressed directly in terms of the corresponding quantities of

Ho.

4. Basic Laplace Transform Relations

In Section 3 we saw that the moment cdf's H can be expressed in terms of the emptiness
function poy or the associated server-occupation cdf Hg. In this section we review the basic
Laplace transform relations that enable us to determine poy and Hy. Unfortunately, however, the
situation is not quite as simple as in the M/M/1 case, because we characterize pgg only via a
functional equation for its Laplace transform. In very few cases (M/M/1 is one) can we obtain a
direct expression for this transform. Nevertheless, in the next section we apply these transform
relations to determine the moments of Hy and thus the moments of the moment cdf’s H, for
k < 4. The functional equations can also be solved iteratively in order to numerically invert the

transforms; see Sections 1.2 and 2.2 of Neuts (1989) and Abate and Whitt (1992, 1993).
For any cdf F, let f beits Laplace-Stieltjestransform (LST), defined by
S
f(s) = _[O e SdF(t) ,
which coincides with the Laplace transform of its density f when F(t) = _[Otf(u) dufor dl t; i.e,
then
S e g
f(s) = jo e Sf(t)dt .

Thus g and g, are the LSTs of the service-time cdf G and the associated service-time stationary-

excess cdf G, respectively.

As before, let V be the cdf of W(e) whose LST is given by the Pollaczek-Khintchine

transform formula
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Us) = —=—P__; 27

1-pde(s)
see (5.108) on p. 200 of Kleinrock (1975). Let B be the cdf of a busy-period distribution and

recall that its LST b is characterized by the Kendall functional equation

b(s) = (s + p - pb(s)) ; (28)

see (59) in Kendall (1951), the discussion by I. J. Good on p. 182 there, and (5.137) on p. 212 of

Kleinrock (1975).
Let n and ¢ be two functions defined by
N(s) = s-p+pd(s) and ¢(s) = s+ p - ph(s) . (29)
Thefunctionsn and { areinverse functionsin the sense that, for any s,
n(¢(s)) =s, (30)

as easily can be seen from (28) and (29). Note that we can rewrite (28) and (29) as a functional

equation for ¢, namely
s+p - (s) = pg(l(s)) - (31)

The function ¢ in (29) is known to be the exponent of the first passage time LST. In
particular, as before, let T, be the first passage time from x to 0 and let F,q beits cdf. The cdf

F o isrelated to the probahility of emptiness pyo (t) = P(W(t) = OOW(0) = x) by
Pxo(t) = (Fxo Opoo)(t) = Iotpoo(t—u) dFyo(U) , (32)

where Odenotes convolution, as is easily verified by first principles; i.e., to be at 0 at time t you

have to reach O for afirst time somewhere in theinterval (0, t].

The LST of the first-passage time cdf F,gq is
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fo(s) = [ e dFo(t) = 70 (33)

for ¢ in (29), and the Laplace transform of p,q(t) is

e_ XZ(S)

Pxo(s) = IO e pyo(t)dt = N{CH ;

(34)

see (9) on p. 52 of Takécs (1962a), p. 229 of Kleinrock (1975) and p. 70 of Prabhu (1980).
Hence, if W(0) has cdf F, then

fo(2(s))

R{CEE (35)

Po(s) EIO e Spo(t)dt =
see (9) on p. 52 of Takécs (1962a).

As a consequence of (34), we have the Laplace transform of the emptiness function pqg, i.€.,

1 1

= . 36
(s)  s+p-ph(s) (39

Bon(s) = [ e *poo(t)dt =

The final expression confirms that pgy is a standard p function associated with a regenerative

phenomenon; see (4) on p. 38 of Kingman (1972).

By combining (28), (29) and (36), i.e., by replacing 6(5) by g(Z(s)) in (36), we see that P

satisfies the functional equation

1

— : (37)
s+ p = pg(1/poo(s))

Poo(S) =

The functional equations (28), (31) and (37) are obviously equivaent; i.e., a solution to one yields

asolution to all.

To do further analysis, it is convenient to introduce an additional random quantity. Asin our
previous papers, let Ty be the first passage time to 0 starting in equilibrium; let F¢o(t) and
fso(s) be its cdf and LST, respectively. Consistent with previous notation, let (f.)x be the k™

moment of F .
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Theorem 5. (a) The LST of the equilibrium time to emptinessis

feo(s) = 1= p + pbe(s) = LR =gz (s)) = Udeo(9)/(1 - p))

(b) (Feo)e = Bees

(©) (feo)k = pbgforall k= 1.
Proof. (a) By first principles, in equilibrium the probability that the server isidleis 1 — p and,
given that the server is busy, the remaining busy period has the busy-period stationary-excess

distribution, so that we obtain the first formula. Alternatively, from first principles and (33),

feo(s) = [ “Tro()aV(s) = [ e av(x) = U(L(9)) | (39)
but from (27) and (29),
Sy = (L p)s
i = 2 (39)

so that, by (30)

P = LU L (1P

s N
- 1-p)s L PEOD = 1~ p + pbe(s) |
with the last step holding because
be(s) = (1 - p) 22N (a)

We have thus established all formulas except the last one. However, from the second formula, we
seethat {(s) = Sfeo(s)/(1 - p), which establishes the final formula. (b) Apply (3), noting that

1 - Fgeo(t) = p[1l - Be(t)]. () Apply thefirst formulain(a). =

We now obtain expressions for the LSTs ﬁo(s) and F\l(s). See Corollary 5.2.1 and

Theorem 9.1 of Abate and Whitt (1988a) for related M/M/1 results. Note that ho(s) = b(s) in
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that case.

be(s) _ be(s)

Th 6. (a) ho(s) = B |
eorem 6. (@) ho(s) feo(S) 1-p + pbe(s)

bee(s) _ (Feo)e(s)
fo()  feo(s)

() hi(s) = Ve(l(s)) = hoe(s) =
Proof. (a) By (23),

F]O(s) = PSPTWJO(S) , (42)

so that, by (36) and (41),

. 10 0 be(s)
ho(s) = =1 - S = ° ,
PO s+p-pb(s)g 1-p +pbe(s)

which yields the first formula, by Theorem 5(a). (b) By (6),
MG)=kfwﬁﬂwdw=loéﬂ@¢%W)=%@®D-
By Theorem 4(b), ﬁl = ﬁ(,e. By (3) and the result from part (a), for some constant c,

be(s)
1-p + pbe(s)

cf)ee(s)
feo(s)

hoe(s) = <1~ o(s)] =

wlo

O
-
O

OoOod

However, since ﬁOe(s) feo(s) and Bee(s) are proper cdf’s, we must have ¢ = 1 and the desired
result. m

Remark 4.1. The resultsin Theorem 6 suggest that 1/ fso(s) might be the LST of a bonafide cdf,
but this is not true. Indeed, 1/f£0(s) = Pgo(s)/(1 - p) is the Laplace transform of

[00 + poo(t)]/(1 — p) where dq denotes aunit point massat0and— p < pgo(t) 0. =

5. Moments of the Moment CDFs

Even though the M/G/1 transient quantities of interest are only characterized implicitly via
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transform functional equations, we can obtain the moments by differentiating. For the busy-
period functional equation (28), this involves a reversion of series, as nicely described on p. 148

of Cox and Smith (1961).

As before, we shall denote the k™ moment of a cdf F or its LST f by f. Since the steady-
state workload W() has cdf V, this means that its k™ moment is denoted by v, as well as
my (o). We show that it is convenient to express the moments b, hg and hyy in terms of the

moments vy. To interpret the following results, recall that g; = 1 and, from (4) and (20),

e P

M=

Ejk%ejvk—j : (43)

1

Wefirst apply the relation

feo(s) = U(sfeo(s)/(1 - P)) (44)

in Theorem5 (a) to express the moments by in terms of the moments v,. Recal from
Theorem 5(c) that (fe0)x = Pbe. Let (f&d)x be the k™ moment of the j-fold convolution of
Feo, i.e, of the transform fso(s)j. We give a recursive expression for (f.q)x = pbg for all k
and then a convenient explicit expression for the first four moments of the busy-period

stationary-excess cdf Be.

_ _ kO j ]
Theorem 7. (a) (f = pbyg = f _i k=1,
() ( eO)k PDe jzzlE]D(l— )J ( sd)k j

() bey = b
TN
v, + 2V3
(© beg = ———,
® b -p)?

Va + 9V,v, + 6V3

@ be = 2 2V1 1

p(1 - p)*
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vy + 16v3vy + 12V3 + 72v,Vv3 + 24v4

(€) beq =
° p(1 - p)°
Proof. From Theorem 5(a),
n pbgsK
feo(s) = 3 (-)F—2
k=0 k
while
k
N © VS
Us) = 3 (-3
k=0 k

Combining (44)—(46) and rearranging terms yields the results.

From Theorem 7(a), we see that (f¢o)x iS monotone in (vq,..

(45)

(46)

., Vi), which in turn is

monotonein (g, ..., 9k+1) by (20). (Wethen think of the arrival rate fixed instead of the mean

servicetime.)

Since b; = (1 - p)™! and bg = by+1/(k + 1)b;, we have the following corollary to

Theorem 7.

2V1

Corollary. (@) by = ———— |
p(L - p)*
3(vp +2v§)

(b) bz —rp(l—p) ,

A(vy + 9V,Vvy + 6V3)
p(1 - p)*

(©) by

5(vy + 16V3Vvy + 12v3 + 72v,V3 + 24vE)

d) be =
() bs p(1 - p)°

Similarly, we apply the relation fso(s) ﬁo(s) = Be(s) in Theorem 6(a) to obtain expressions

for the moments hq,. Asin Theorem 7, we give arecursive expression for hq, for al k and then

convenient explicit expressions for the first four.

< [k
Theorem 8. (a) hox = by — pz Ejai)ejho(k_j) k=1,
j=1
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Vi
(b) hoy = (1 -p)be; = -

A\
c) hp, = (1-p)bey —2p(L-p)b3y = — =
(©) hg = ( P)ber p( P) bgy oI =p)
V3 + 3V2V1
(d) hgz = —_—
pP(1-p)
(® h _rv“JrSV?’Vl + 12v,V2 + 6V2
04 = V2Vl V2.
p(1-p)

Note that phg; represents the expected total server utilization lost because of starting at O

instead of in steady state; i.e., by (23),

phor = pf[1 = Ho(O1dt = [ “[p = (1 = poo(D)]

i t
= t"mmE[fo (Lww >0~ Lywew) > omo) = op) AU,

where 15 istheindicator function of the set B and W" is the stationary version, asin (10).

By combining (4), Theorem 4(b) and Theorem 8, we obtain expressions for the first three

first-moment cdf moments h .

Corollary. (@) hy; = O a= )

(b) h 1 Uvs N U Ve +Vy
12 = [} Vo= ——,
(1-p)* 3V1 o (1-p)

1 Ovy, 3vs U

(© hiz = —— 0 " +2vg +3v,vy + ——0

(1-p)° vy ST T v

Theorems 7 and 8 and their corollaries can obviously be extended to higher moments, but we
have yet to discover general expressions for the k™ moment. Such general expressions (of a sort)
do follow from (6), however. For this purpose, we describe the moments of the first passage time

fromxto 0, Tq; seep. 79 of Prabhu (1979).
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Theorem 9. Thefirst four moments of the first passagetime T,q are:

X
@ (fo) = 1=
(b) (fxo)z = ﬁ(zvl + %),
© (fuo)s = ﬁ(% +6vy(vy +X) +x2),
d) (fxo)a = ﬁ(4v3 + 36V,oVy + 24v3 + 12v,x + 36ViX + 12vyx? + X3).

Proof. Differentiate the transform in (33) and reexpress in terms of the momentsv;. m

Combining (6) and Theorem 9, we obtain an alternate proof of the Corollary to Theorem 8.
We also obtain the following general result directly from (6).

Theorem 10. For all positive integersk,
hye = [ E[TjoldVe(y) -
General expressions in terms of g; or v; for arbitrary k in Theorems7-10 remain a
mathematically interesting open problem.

We can aso apply (6) and Theorem 4 to describe the derivatives of H, at the origin.

Theorem 11. (a) For all y > 0,
Fyo(t) =0,0<t<y, (47)
so that
Fi = 0and H{P(0) = 0

for all j > 1.

(b) H(0) = 1\/_ P while HY) (0) = Ofor all j = 2
el
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Proof. (a) Note that W(t) decreases at most at rate 1, so that P[T,q <y] = 0. Formula (47)

with (6) impliestherest. (b) Apply (5) and Theorem 4(c). =

We can also use Theorem 4, (4) and (5) to obtain Hi (0) fork # 1andj = 1.

6. The Covariance Function

Let C,(t) be the covariance function of the stationary workload process, as defined in (10),

and let ¢, (t) bethe associated correlation function defined by
Cw(t) = Var(W(w))cy(t) , t=0. (48)

The functions C,, (t) and c,,(t) were studied by Bene@ (1957) and Ott (1977a,b). Indeed, Ott
derived many structural properties for C,,(t), including, the fact that C,,(t) and C,,(t) are
monotone, which implies that 1 - c,,(t) is a bonafide cdf, provided that E[S%] < « so that
Var(W(w)) < . In this section, we complement these results by providing some additional

structure.

For any cdf F with mean 4, let F be the cdf defined by
FO(t) = fl-ljotudF(u) 120, (49)

and let fD beits LST. Note that F"is the stationary total life distribution associated with F; see
p. 195 of Karlin and Taylor (1975). The distribution B", where B is the busy-period cdf, plays a
key role, as noted by Ott (19774); see (2.23) there.

Theorem 12. 1 — ¢, (t) = Ug(t) and

(cZ +1)
1-p———cw(®) = U, (50)

where U is the cdf with LST
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u(s) = 65(3) (51)
(1-p +pb (9))feo(s)
and first two moments
Vy = V§ V3 = VoV,

u; = T=pvr and u, = —(1 R (52)

so that (12) holds, i.e.,
02 = 2J'0°°CW(t) = 2Var W(o) Uy = %
= ﬁwga + (1~ p)PGerec + 2p29§’1§- (53)

Remark 6.1. Note that (53) agrees with (2.16) of Ott (1977a). Inthe M/M/1 case, g = Qi for
dl k g3=6 g,=2 and g; =1, so tha o3 = p(3-p)/(1-p)* Also then
U(s) = b(s)hy(s).

Proof. Let m;(s,x) be the Laplace transform of the moment function my (t,x) starting in x.
Thus, the conservation law in (18) can be expressed as

1- E’x(s)
a-p) , Pol®

: . (54

~ X
ml(svx) = g -

Asin Theorem 8 of Abate and Whitt (1988b), we can express the Laplace transform éw (s) by
Cy(s) = Iooos My (s,X) xdV(x) — V% . (55)
Combining (54) and (55), we obtain

1-p)vy
S

Cu(s) = Var W(e) - + [ " Bro(s)xaV(x) - (56)

Letting

0(9) = ] Bro(9)XAV(X) | (57)

1-p)vy
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we see that

- _ o @Q-pvi 1-0s) =
SCy(s) = Var W( )Eu_ VaW) 3 B’ (58)

o that it suffices to show that U defined in (57) coincides with U defined in (51) with first two

momentsin (52).

Starting from U defined in (57), note that Pyo(s) = Z(s) " *e ¢S by (34), so that

~ S o @~ x{(s)
1) = T=pvido @

0_-q 0
- S 159 2ex
= 00— \/
(1-p)vs EZ(S) nd¢-o e Vi)

L (59)
T=pvi Lo

xdV(s)

However, by Theorem 5 (a), .o (s) = V(Z(s)), so that

1

V (Z) = SO(S) = —(1 - pbe(s))m
~0
- pbe(?) - _pbelbelgs) . (60)
1-pb (s) 1+ pbyb (s)

Hence,

O ~0 0O
i(s) = S EL]- ED Pbe1be(S) 0
(1-p)vi L9 Dgl + pbyb () E

b(s)
(L-p+pb (s)feo(s)

with the second line holding because (1 - p)l(s)/s = fso(s) by Theorem5(a) and
pbei/vy = 1. Finaly, the moments u, are obtained by expanding the terms BE(S), BD(S) and

fso(s) in  (51). For this purpose, note that b = by,q/b; = (k+ 1)bg,
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bak = bek+1)/Der = 2by42/(k + 2) b, and (feo)k = Pbe = pbys1/(k + 1) by.

Consequently,
beo Vo = Vi
= - 3pb =
R O (D17
and
u, = 28 _ 10pbg, + 14p2b2, = 3 121
2 bel e2 el (1 — p)2V1 :

7. Moment-Difference CDFs

As noted at the outset, the first two moment-difference functions d (t,x) in (1) are monotone,
so that we can define associated moment-difference cdf’s as in (7). The results beyond
Theorem 7.3 of Abate and Whitt (1987b) are contained in the following.

Theorem 13. (a) d,(t,X) isdecreasing and convex.

(b) G2 = Gye.

Proof. Let di (t,x) = %dk(t,x) andm’ (t,x) = %mk(t,x). From Theorem 2(a),

da(t,x) = my(t,x) — my(t,0) = 2(1 - p)[my(t10) — my(t,x)]
= -2(1-p)d.(t,x) .

Since d4 (t,x) is positive and decreasing in t, d, (t,x) is decreasing and convex int. Moreover,

from (7),
—dy(t,
Ga(t,x) = %Gz(t,x) = #
2(1 - p)di(t,x)  2(1 -
e

Since G5 (t,x) = c[1-G(t,x)] for some constant ¢, G, = G4, (and the first moment of G4

mustbegl; = x/2(1-p)). =
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Remark 7.1. It is not difficult to see that d5(t,x) is not monotone and d4 (t,x) is not convex,

using Theorem2(@) and (17). =

From (8) and Theorems 9 and 13, it is easy to compute the moments of G; (t,x) fori = 1,2.
Let the k™ moment of G; (t,x) be denoted by gl. We summarize the results in the following
theorem.

Theorem 14. (a) For all x > Oandk > 1,

1, x
ol = —f ElTjoldy .

X
b g = — X,
(b) g1 (1= p)
0 O
© g = oy + 20
1-p)°0O O
(] 2 U
X v
(d) ofs = — =072 +3v3 + 2vix + 2 [0
(1-p) g2 40
O 30
X
(6) gl4 = ———5 [Rv3 + 18vyvy + 12V3 + dvyx + 12vix + 3vyx? + X0
1-p)" O 50

Similarly, we can compute the derivatives at the origin. Let Gi (t,x) be the j" derivative
with respect to t of Gy (t,x) in (7) evaluated at t.

Theorem 15. (a) For all x > 0,

1- p- pr(t)

G (t,x) = -

(61)

so that G{V (0,x) = (1 - p)/x.
(b) For all x > 0,

2(

G (t,x) = 1T‘F’)[1 ~ G ()] (62)
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and

G (t,x) = —2(—1X;ﬂ[1 - p - pro()] (63)

so that G5Y (0,x) = 2(1 - p)/xand G (0,x) = —2(1 - p)?/x>.

Proof. (a) Note that

O d(t,x) U -my (t,x) + my(t,0
G (t,x) = %Dl— 1(x X)D—‘ A )X 1(t0)
-1- t
= P pro() by (17) .

(b) Apply Theorem 13(b) and Theorem 14(b). m
Remark 7.2. Additional properties of the moment-difference cdf’s can be obtained as in 8§10 of

Abate and Whitt (1987b); e.g., the cdf’'s G4 (t,x) are stochastically increasing in X.

8. Complementary-CDF CDF’'s

Asin 81.7 of Abate and Whitt (1987a), we can focus on the full time-dependent distribution
starting empty instead of the time-dependent moments starting empty, by considering

complementary-cdf cdf’s. For this purpose, let

P(W(t) > yoW(0) = 0)

Hy(t) = =) >) 120, (64)

To characterize the complementary-cdf cdf’s, let T, be the first passage time from O to the
open interval (y,) by the net input process Y in (14). Sincep <1, Y(t) - — o ast - o, 0
that Ty, has a defective distribution, i.e., P(Tgy < ) < 1. However, the complementary-caf
cdf’ s can be expressed in terms of the conditional cdf’s of Ty giventhat Toy < .

Theorem 16. For eachy > 0, Hy is a bonafide cdf and
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P(Toy =1t)

WO = g, <y

= P(Toy <tlgy <) ,t>0.

Proof. By Proposition 3, P(W(t) > yrW(0) = 0) isnondecreasing in t and, by (22),
P(W(t) > yoW(0) = 0) = P(M(t) >y) (65)
and
P(W(w) >y) = P(M() >y) . (66)

Moreover, M(t) > yif and only if Toy < t, which impliesthat M(e0) > yif and only if Tqy < .

(We usethefact that T, isthefirst passage time to the open interval (y,).) Consequently,
P(M(t) >y) = P(Toy <t) (67)
and
P(M() >y) = P(Tgy <) . (68)
Combining (65)—68) yieldstheresult. =

Unfortunately, however, the complementary-cdf cdf’s are more complicated than the moment
cdf’s; e.g., we have yet to determine the moments of H. The situation is much nicer for RBM;
see §1.7 of Abate and Whitt (19874).

9. Remaining Proofs

In this section we provide the remaining proofs. We start with some lemmas needed in the
proof of Proposition 1.

Lemmal. For all positive integers n and k,
n
E[(3 S)¥ < nkE[S"] .
j=1

Proof. By convexity and Jensen’sinequality, p. 47 of Chung (1974),
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E[(n-li S) ] < n'li E[S] = E[SY] .
j=1 j=1

Lemmaz2. For all t > 0 and all positive integersk,
E[X(t)¥] < E[A(t)¥]E[SY] .
Proof. Conditioning on A(t) and applying Lemmal, we
k Ok k k
E[X()"] = EE[( X §)"TA(D)] < E[A(t)"] E[S].
j=1

Proof of Proposition 1. (@) Let 15 be the indicator function of the set B. Note that

[W(0) = t]" + Liam -a¢-1=13(S— 1) < W(t) < W(0) + X(t) ,

so that
éo HGw(o) - 0*11(1 - e ?)EL(S - )€ D] < my(n)
séoékanj (0) E[X(1) 71T .
Since

E[ZiiY < E[rZ3]Ys for 1<r <s

obtain

(69)

(70)

for any random variable Z, the right side of (69) isfinite, and thus m (t) < oo, if m,(0) < o and

E[X(t)¥] < o, but E[X(t)¥] < = if E[S¥] by LemmaZ2. On the other hand, by (70), for the left

side of (69) to be finite it is necessary and sufficient that E[(W(0) - t)*¥] < o and

E[(S- 1)*K] < . However, it is easy to see that if E[S¥] = o, then E[(S - 1)*¥] = w.

Similarly, if E[(W(0) — t)*X] = o, then E[W(0)] = oo.

(b) Let W(t,x) be the workload process with W(0) = x. By Proposition 3, W(t,0) is

stochastically increasing, so that W(t,0) = W(o) and my(t,0) - m (o) ast - oo for al k.

Since p < 1, we can apply the strong law of large numbers to deduce that Y(t) - —o w.p.1las

d

t — oc. Hence, W(w) = su%{ Y(t)} is aproper random variable. By the coupling argument in
t=
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Theorem 7.3 of Abate and Whitt (1987b), D(t,x) = W(t,x) — W(t,0) has decreasing sample
paths with D(t,x) - Ow.p.l ast - oo for al x, because Y(t) - — o w.p.1. Consequently,

W(t) = W(w)ast — oo for al W(0).

(c) Since E[D(t,x)¥] < my(0) < o and W(t,x)¥ = (W(t,0) + D(t,x)),

M%) = ﬁ%%[wa,O)i]E[D(t.x)k-J]

j=0

and m(t) - my(w) ast - o for all W(0). It thus remains to show that my () < o if and
only if E[S¥*1] < . For this final result, we apply the classical random walk arguments; see
Kiefer and Wolfowitz (1956), Lemoine (1976) and Chapter VIII of Asmussen (1987). In
particular, we can apply PASTA (Poisson Arrivals See Time Averages) to see that W() is
distributed the same as the stationary distribution of the discrete-time waiting-time process. Then
we apply Theorem 2.1 on p. 184 of Asmussen, noting that the condition E[(X*)**1] < « there

isequivalent to E[SK*1] < 0. m

We now prove alemmato be used in the proof of Theorem 2.

Lemma 3. For all positive integersk,
E[X(€)¥] = AeE[SK] + o(g) as€ - O.

Proof. Conditioning on A(g), we obtain
Ky — B Lk
E[X(e)"] = E[E[( X ) TA(e)]]
j=1

0 [Om
= E[SfIP(A(e) = 1) + T E[ gz S,-B]P(A(s) =m),
=1

m=2
where
E[Sf]P(A(e) = 1) = E[S*](Ae + o(¢)) (71)

and, by Lemmal,
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< L bt ma—AE
> El(X S)IP(A() =m) < ¥ mkE[SK]%
m=1 j=1 m=2 ]
s e[S Emkkn:s_x < e?E[S] e E[A(1)"] = O(¢?) . (72)
m=2

Combining (71) and (72) gives the desired result.

Proof of Theorem 2. (a) The main idea of the proof was sketched in 82. To be rigorous, we now
bound my(t + €) — m,(t) above and below by quantities that we can analyze more easily. The
upper bound has the input of work X(t + €) — X(t) in (t,t + €] come at the end of the interval;
the lower bound has it occur at the beginning of the interval. We write X(¢) for X(t + €) — X(t)

below, with the understanding that it is independent of W(t). In particular, note that
mi(t + &) — m(t) < E[((W(1) - &)* + X(€))*] - E[W(1)] ,

where

E[(W(t) - €)F + X(s))K W(t) - €)E[X ()X
[(W(t) — )" + X(s))"] = JOEj%[( (t) — &)™ TE[X(e)*]

= E[(W(t) - £)*] - E“E[(W(t) - €)"1](peE[S*71] + o(¢) by Lemma 3
j=0 %0

=Emmwl—mawm“ﬂ+pei[$ﬂmeEw“H+ma,
=00

S0 that

E[((W() - &) + X(e))"] - EIW("] | Kk iy -
- ~ﬂ§u%ﬁﬁw“]kwﬂm

ase - 0,asin(17). Next, note that
mi(t +€) = m(t) = E[(W(t) + X(g) - €]**] - E[W(D)*] ,
where

E[(W(t) + X(g) - €)**] = E[(W(t) + X(g) - &)**OW(t) > O] P(W(t) > 0)
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+ E[(X(g) - &)*"P(W(t) = 0) .
For e < x,
E[(W(t) + X(g) = &)™ DN(t) = x] = E[(x + X(g) - €)¥]

k . .
z%‘ TE[(X(g) - &)

j=0

K+ koL (pe —e) + T:i:gg@[peask'i] + 0(2))

by Lemma (3), while
E[(X(g) - €)*K] = peE[S¥] + o(g) by Lemma 3.

Hence,
M(t+ ) = m(0) 2 pe 3. K (OELST] = (1= p)ekmy 1 (1) + peE[S'] + o(e)
j=1

Since the upper bound and lower bound have identical limits, the derivative exists and equals the

common limit.

(b) By part (a), mi+1(t) exists and has the form (19) with k replaced by (k+1). By
Proposition 1, m; (t) — m;(«) < o foral j < k. Hence, by (19), mj.(t) converges to afinite
limit, say mi.1(). If E[S**?] < », then my,;(t) — mMy.1() by Proposition1 and
Mi+1 () must be 0. However, the situation is more complicated if E[SK*1] < w0 = E[SK*?],
because then m, .1 () = c0. We treat this case by truncating the service-time distribution and
taking limits. Let S, = min{S,x}. For each x > 0, E[S] < o for all k. Let WX(t) and m(t)
be W(t) and m,(t) when the service-time distribution is S,. It is easy to see that W*(t)
approaches W(t) from below w.p.1 asx - o. Moreover, mi(«) - my(o)asx - o for each

k. Hence, by (15) witht = 0,0 = Mgy 1 () - Miiq(®)asx - oo,



References

ABATE, J. and W. WHITT. 1987a. Transient Behavior of Regulated Brownian Motion, I:

Starting at the Origin. Adv. Appl. Prob. 19, 560-598.

ABATE, J. and W. WHITT. 1987b. Transient Behavior of Regulated Brownian Mation, II:

Noz-Zero Initial Conditions. Adv. Appl. Prob. 19, 599-631.

ABATE, J. and W. WHITT. 1987c. Transient Behavior of the M/M/1 Queue Starting at the

Origin. Queueing Systems 2, 41-65.

ABATE, J. and W. WHITT. 1988a. Transient Behavior of the M/M/1 Queue Via Laplace

Transforms. Adv. Appl. Prob. 20, 145-178.

ABATE, J. and W. WHITT. 1988b. The Corrdation Functions of RBM and M/M/1. Sochastic

Models 4, 315-359.

ABATE, J. and W. WHITT. 1988c. Approximations for the M/M/1 Busy-Period Distribution.
pp. 149-191 in Queueing Theory and its Applications, Liber Amicorum for J. W. Cohen, eds. O. J.

Boxmaand R. Syski, North Holland, Amsterdam.

ABATE, J. and W. WHITT, 1988d. Simple Spectral Representations for the M/M/1 Queue.

Queueing Systems 3, 321-346.

ABATE, J. and W. WHITT. 1992. The Fourier-Series Method for Inverting Transforms of

Probability Distributions. Queueing Systems 10, 5-88.

ABATE, J. and W. WHITT. 1993. Solving Probability Transform Functional Equations for

Numerical Inversion. Oper. Res. Letters 12, to appear.



-R-2-

ASMUSSEN, S. 1987. Applied Probability and Queues, Wiley, New Y ork.

BACCELLI, F. and A. M. MAKOWSKI. 1989a. Dynamic, Transient and Stationary Behavior

of the M/GI/1 Queue ViaMartingales. Ann. Probab. 17, 1691-1699.

BACCELLI, F. and A. M. MAKOWSKI. 1989b. Exponential Martingales for Queues in a
Random Environment: the M/G/1 Case. Dept. of Electrical Engineering, the University of

Maryland.

0
BENES, V. 1957. On Queues with Poisson Arrivals. Ann. Math. Satist. 28, 670-677.

O
BENES, V. E. 1963. General Sochastic Processes in the Theory of Queues, Addison-Wesley,

Reading, MA.

BLANC, J. P. C. and E. A. VAN DOORN. 1986. Relaxation Times for Queueing Systems.
pp. 139-162 in Mathematics and Computer Science (Proceedings of the CWI Symposium, Nov.

1983), J. W. De Bakker et a. eds., North-Holland, Amsterdam.
CHUNG, K. L. 1974. A Coursein Probability Theory, Ed. 2, Academic Press, New Y ork.
COHEN, J. W. 1982. The Single Server Queue, second ed., North-Holland, Amsterdam.

COX, D. R. and V. ISHAM. 1986. The Virtua Waiting-Time and Related Processes. Adv.

Appl. Prob. 18, 558-573.
COX,D.R.and W. L. SMITH. 1961. Queues, Methuen, London.

GAVER, D. P. and P. A. JACOBS. 1986. On Inference and Transient Response for M/G/1
Models. in Teletraffic Analysis and Computer Performance Evaluation, eds. O. J. Boxma, J. W.

Cohen and H. C. Tijms, North-Holland, Amsterdam.



-R-3-

GAVER, D. P. and P. A. JACOBS. 1990. On Inference Concerning Time-Dependent Queue

Performance: the M/G/1 Example. Queueing Systems, 6, 261-276.

HARRISON, J. M. 1977. The Supremum Distribution of a Lévy Process with No Negative

Jumps. Adv. Appl. Prob. 9, 417-422.

HARRISON, J. M. 1985. Brownian Motion and Sochastic Flow Systems, Wiley, New Y ork.

JOHNSON, M. A. and M. R. TAAFFE. 1989. Matching Moments to Phase Distributions:

Mixtures of Erlang Distributions of Common Order. Sochastic Models 5, 711-743.

JOHNSON, M. A. and M. R. TAAFFE. 1990. Matching Moments to Phase Distributions:

Nonlinear Programming Approaches. Stochastic Models 6, 259-281.

JOHNSON, M. A. and M. R. TAAFFE. 1991. An Investigation of Phase-Distribution Moment-

Matching Algorithms for Use in Queueing Models. Queueing Systems 8, 129-148.

KARLIN, S. and H. M. TAYLOR. 1975. A First Course in Sochastic Processes. Second ed.,

Academic, New Y ork.

KEILSON, J. and A. KOOHARIAN. 1960. On Time Dependent Queueing Processes. Ann.

Math. Satist. 31, 104-112.

KELLA, O. and W. WHITT. 1991. Queues with Server Vacations and Lévy Processes with

Secondary Jump Input. Ann. Appl. Prob. 1, 104-117.

KENDALL, D. G. 1951. Some Problems in the Theory of Queues. J. Roy. Satist. Soc. Ser. B

13, 151-185.

KENDALL, D. G. 1953. Stochastic Processes Occurring in the Theory of Queues and Their



-R-4-

Analysis by the Method of the Imbedded Markov Chain. Ann. Math. Satist. 24, 338-354.

KIEFER, J. and J. WOLFOWITZ. 1956. On the Characteristics of the General Queueing

Process with Applications to Random Walk. Ann. Math. Satist. 27, 147-161.

KINGMAN, J. F. C. 1972. Regenerative Phenomena, Wiley, New Y ork.

KLEINROCK, L. 1975. Queueing Systems, Val. I: Theory, Wiley, New Y ork.

LEMOINE, A. 1976. On Random Walks and Stable GI/G/1 Queues. Math. Oper. Res. 1, 159-

164.

MIDDLETON, M. R. 1979. Transient Effects in M/G/1 Queues, Ph.D. dissertation, Stanford

University.

NEUTS, M. F. 1989. Structured Stochastic Matrices of M/G/1 Type and Their Applications,

Marcel Dekker, New Y ork.

ODONI, A. R. and A. ROTH. 1983. An Empirical Investigation of the Transient Behavior of

Stationary Queueing Systems. Oper. Res. 31, 432-455.

OTT, T. J. 1977a. The Covariance Function of the Virtual Waiting Time Process in an M/G/1

Queue. Adv. Appl. Prob. 9, 158-168.

OTT, T. J. 1977b. The Stable M/G/1 Queue in Heavy Traffic and its Covariance Function. Adv.

Appl. Prob. 9, 169-186.

PRABHU, N. U. 1965. Queues and Inventories, Wiley, New Y ork.

PRABHU, N. U. 1980. Sochastic Sorage Processes, Springer-Verlag, New Y ork.



-R-5-
REYNOLDS, J. F. 1975. The Covariance Structure of Queues and Related Stochastic Processes
— A Survey of Recent Work. Adv. Appl. Prob. 7, 383-415.

ROSENKRANTZ, W. A. 1983. Calculation of the Laplace Transform of the Length of the Busy

Period for the M/GI/1 Queue Via Martingales. Ann. Probab. 11, 817-818.

ROTHKOPF, M. H. and S. S. OREN, 1979. A Closure Approximation for the Nonstationary

M/M/s Queue. Management Sci. 25, 522-534.

TAKACS, L. 1955. Investigation of Waiting Time Problems by Reduction to Markov Processes.

Acta Math. Acad. Sci. Hungar 6, 101-129.
TA KACS, L. 1962a. Introduction to the Theory of Queues, Oxford University Press, New Y ork.
TAKACS, L. 1962b. A Single-Server Queue with Poisson Input. Oper. Res. 10, 388-394.

TAKACS, L. 1967. Combinatorial Methods in the Theory of Stochastic Processes, Wiley, New

Y ork.

WHITT, W. 1983. Untold Horrors of the Waiting Room: What the Equilibrium Distribution Will

Never Tell About the Queue-Length Process. Management Sci. 29, 395-408.

WHITT, W. 1985. The Renewal-Process Stationary-Excess Operator. J. Appl. Prob. 22, 156-

167.
WHITT, W. 1989. Planning Queueing Simulations. Management Sci. 35, 1341-1366.

WHITT, W. 1991. The Efficiency of One Long Run Versus Independent Replications in Steady-

State Simulation. Management Sci. 37, 645-666.



