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ABSTRACT

A Robust Queueing Network Analyzer Based on
Indices of Dispersion

Wei You

In post-industrial economies, modern service systems are dramatically changing the daily
lives of many people. Such systems are often complicated by uncertainty: service providers
usually cannot predict when a customer will arrive and how long the service will be. For-
tunately, useful guidance can often be provided by exploiting stochastic models such as
queueing networks. In iterating the design of service systems, decision makers usually favor
analytical analysis of the models over simulation methods, due to the prohibitive compu-
tation time required to obtain optimal solutions for service operation problems involving
multidimensional stochastic networks. However, queueing networks that can be solved an-
alytically require strong assumptions that are rarely satisfied, whereas realistic models that
exhibit complicated dependence structure are prohibitively hard to analyze exactly.

In this thesis, we continue the effort to develop useful analytical performance approx-
imations for the single-class open queueing network with Markovian routing, unlimited
waiting space and the first-come first-served service discipline. We focus on open queueing
networks where the external arrival processes are not Poisson and the service times are not
exponential.

We develop a new non-parametric robust queueing algorithm for the performance ap-
proximation in single-server queues. With robust optimization techniques, the underlying
stochastic processes are replaced by samples from suitably defined uncertainty sets and the
worst-case scenario is analyzed. We show that this worst-case characterization of the perfor-
mance measure is asymptotically exact for approximating the mean steady-state workload

in G/G/1 models in both the light-traffic and heavy-traffic limits, under mild regularity



conditions. In our non-parametric Robust Queueing formulation, we focus on the customer
flows, defined as the continuous-time processes counting customers in or out of the network,
or flowing from one queue to another. Each flow is partially characterized by a continuous
function that measures the change of stochastic variability over time. This function is called
the index of dispersion for counts. The Robust Queueing algorithm converts the index of
dispersion for counts into approximations of the performance measures. We show the ad-
vantage of using index of dispersion for counts in queueing approximation by a renewal
process characterization theorem and the ordering of the mean steady-state workload in
GI/M/1 models.

To develop generalized algorithm for open queueing networks, we first establish the
heavy-traffic limit theorem for the stationary departure flows from a GI/GI/1 model. We
show that the index of dispersion for counts function of the stationary departure flow can be
approximately characterized as the convex combination of the arrival index of dispersion for
counts and service index of dispersion for counts with a time-dependent weight function,
revealing the non-trivial impact of the traffic intensity on the departure processes. This
heavy-traffic limit theorem is further generalized into a joint heavy-traffic limit for the
stationary customer flows in generalized Jackson networks, where the external arrival are
characterized by independent renewal processes and the service times are independent and
identically distributed random variables, independent of the external arrival processes.

We show how these limiting theorems can be exploited to establish a set of linear equa-
tions, whose solution serves as approximations of the index of dispersion for counts of the
flows in an open queueing network. We prove that this set of equations is asymptotically
exact in approximating the index of dispersion for counts of the stationary flows. With the
index of dispersion for counts available, the network is decomposed into single-server queues
and the Robust Queueing algorithm can be applied to obtain performance approximation.
This algorithm is referred to as the Robust Queueing Network Analyzer.

We perform extensive simulation study to validate the effectiveness of our algorithm.
We show that our algorithm can be applied not only to models with non-exponential dis-

tirbutions but also to models with more complex arrival processes than renewal processes,



including those with Markovian arrival processes.
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CHAPTER 1. INTRODUCTION 1

Chapter 1

Introduction

This thesis contributes to analytical methods for designing and optimizing service systems.
Such systems appear in a broad and diverse range of settings, including customer contact
centers, hospitals, airlines, online marketplaces, ride-sharing platforms and cloud computing
networks. In post-industrial economies, modern service systems are dramatically changing
the daily lives of many people. Their rapid development leads to challenges in their design
and operation, especially because such systems are often complicated by uncertainty: service
providers usually cannot predict when a customer will arrive and how long the service will
be. Hence, decision makers seek operating policies that adapt to the randomness of the
customer flow and service requirements.

Fortunately, useful guidance can often be provided by exploiting mathematical models
using stochastic processes. Prominent among these are stochastic queueing network models,
because service is often provided in a sequence of steps. There is an extensive literature on
the applications of queueing network models to service systems. For example, see [117] for
a review of applications in computer networks, see [19; 64; 111] for examples in ride-sharing
economies and see [33; 1505 45; 94] for healthcare-related applications.

For illustration, Figure shows a queueing network view of a clinic. Patients are
greeted at the reception desk and assigned to nurses for initial triage. Before the seeing
a doctor, patients may have to take multiple tests conducted at different labs. Figure[1.1

also shows feedback flows, because patients might need medical procedures both before and
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after seeing the doctor.

Lab 1

Nurse 1 ‘ j

Doc 1
Reception j Lab 2 CD__>

— P T Doc 2
— I _ PO

Lab 3

_F

Figure 1.1: A clinic modeled as an open network of queues.

Service operation policies often rely on quantitative descriptions of the system perfor-
mance, which are usually referred to as performance measures. For example, the waiting
time characterizes the delay between joining the queue and entering service of a customer;
the queue length counts the number of customers waiting in line; and the workload (virtual
waiting time) measures the total amount of service requirements of the customers in the
system.

A standard way to analyze the performance of complex queueing models is to employ
computer simulation, see [123; 151] for examples. However, as noted in [54], a great dis-
advantage of simulation-based optimization methods is the often prohibitive computation
time required to obtain optimal solutions for service operation problems involving multi-
dimensional stochastic network, which is in large part due to the inherent combinatorial
explosion of the decision space. Analytical analysis of the models can thus be very help-
ful. However, queueing networks that can be solved analytically require strong assumptions
that are rarely satisfied, whereas realistic models are prohibitively hard to analyze exactly.
Hence, analytical performance approximation of queueing networks remains an important
tool, see Section [I.2] for a review.

In this thesis, we continue the effort to develop useful analytical performance approx-
imations for the single-class open queueing network with Markovian routing, unlimited
waiting space and the first-come first-served service discipline. We focus on open queueing

networks where the external arrival processes are not Poisson and the service times are not
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exponential. This thesis is based on [145; 144} |147; [146; 148].

1.1 Challenges in Analyzing the Open Queueing Networks

Exact analytical analysis of the open queueing networks is mostly limited to models with
strong assumptions. The basis for most analysis is the theory of Jackson networks initiated
by Jackson [85], which we discuss in Section m However, service systems are often
complicated by significant deviations from the tractable structure of a Jackson network,
usually resulted from complicated dependence in the network, as we discuss in Section

1.2

1.1.1 Jackson Networks

A Jackson network arises when the external arrival processes are independent Poisson pro-
cesses, the service time are mutually independent exponential random variables, indepen-
dent of the external arrival processes. Customer routing in a Jackson network follows a
Markovian routing policy: upon service completion at station ¢, the customer is directed to
station j with probability p; j, which is independent of the system state and the past.

This model is especially tractable. For a Jackson network with K stations, let Q;(t)
denote the queue length at queue 7 at time ¢. It is well known that Q = {Q; : i =1,2,..., K}
forms a Markov process, so that the conditional probability distribution of the state Q(¢) at
a future time ¢, conditioning on the past values up to the current time s for s < ¢, depends
only on the current state Q(s). Consequently, a Jackson network is also called a Markov
open queueing network.

Jackson [85] showed that the steady-state vector for the number of customers at each
queue in a Jackson network has a product-form distribution with independent geometric
marginal distributions. Hence in steady-state the network can be viewed as if it is decom-
posed into mutually independent M /M /1 stations (in Kendall’s notation), even though the
queueing processes are not in fact independent.

This initial breakthrough was followed by vigorous research leading to an elaborate and

useful theory, as can be seen from [36; [89; [119]. Due to its closed-form and product-form
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solution, Jackson networks have been widely studied, e.g. in [115;/105;|13]. Jackson networks
have also been applied to many service systems. For ride-sharing economy, [19] studied the
optimal platform pricing, while [118] looked at the inventory rebalancing and vehicle routing
problems. [103; [129; 149; 22| analyzed resource allocation and quality-of-service in cloud
computing system. For healthcare related problems, [16] studies hospital stuffing strategy
to achieve optimal workflow efficiency under information security requirements; see also [67]

for an overview.

1.1.2 Generalized Jackson Networks

A generalized Jackson network relaxes Jackson network’s assumption on the distribution of
the interarrival times and service times. Such a network assumes that the external arrival
processes are independent renewal processes and the service times at each station are i.i.d.
with general distributions, independent of the external arrival processes. The service policy
is first-com first-served, while the routing policy is Markovian, as in Jackson networks. For
theoretical analysis in this thesis, we mostly restrict to the setting of a generalized Jackson
network.

Applications in communication, manufacturing and service systems are often compli-
cated by significant deviations from the tractable structure of a Jackson network, in which
cases generalized Jackson networks are more suitable.

In general, an external customer arrival process in a call center often is well modeled
by a Poisson process, because it is generated by many separate people making decisions
independently, at least approximately. But dependence in arrival processes may still be
induced by over-dispersion, e.g., see [93] and references there. In most manufacturing
systems, an external arrival process is often far less variable than a Poisson process by
design. Even if external arrival processes can be regarded as Poisson processes, service-time
distributions are often non-exponential, see [26} 56]. This is often resulted from complicated
processing operations, such as those involving batching.

Non-exponential interarrival-time or service-time distributions produce complicated de-
pendence structure in the departure processes, which will be inherited by the arrival pro-

cesses at the subsequent stations. Then these processes cannot be renewal processes be-
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cause (i) a departure process from any GI/GI/1 queue is necessarily non-renewal if the
interarrival-time or service-time distribution is non-exponential and (ii) the superposi-
tion of independent renewal processes cannot be renewal unless all components are Pois-
son processes (in which case the superposition process is also Poisson); e.g., see [51; 52;
55].

Indeed, such dependence in departure processes is consistent with our heavy-traffic limit
theorem for the stationary departure process in generalized Jackson network, see Theorem
It shows that the dependence structure in departure process depends on the traffic
intensity and the interarrival-time and service-time distributions in a nontrivial manner.

Furthermore, dependence among different arrival and service processes are often ob-
served in manufacturing/communication systems. Upon service completion, jobs are di-
rected to subsequent stations. This corresponds to splitting the departure process, which
introduces dependence among the sub-flows after splitting. In hospital settings, patients
may revisit a doctor after completing several tests. In manufacturing lines, products may
need rework after quality-control testings. This is referred to as customer feedback, which

necessarily introduce dependence between the service and arrival processes.

1.1.3 General Open Queueing Networks

More general open queueing network models can be obtained from generalized Jackson net-
work by further relaxing the assumption that the external arrival processes are independent
renewal processes and the service times are i.i.d. In this general form, the external ar-
rival processes can be non-renewal processes, such as those characterized by Markov arrival
processes, where interarrival times may be dependent. Service times can also be dependent.

With the presence of these dependence structures, queue length process a general open
queueing network is rarely a Markov process. These networks are often referred to as non-
Markov open queueing networks. Such dependence have important performance implication,
as we demonstrate in Section 2.2.91

In this thesis, we develop approximation algorithms that expose the performance im-
pact of dependence in non-Markov open queueing networks, using a novel non-parametric

modeling approach; see Section [2.2.5]
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1.2 Approximation Algorithms

In this section we briefly review approximation approaches for general open queueing net-

works.

1.2.1 Decomposition Approximations

Motivated by the product-form property of Markov OQNs, decomposition approximations
for non-Markov OQNs have been widely investigated. In this approach, the network is de-
composed into individual single-server queues, and the steady-state queue length processes
are assumed to be approximately independent. For example, in [96] and [134] each queue is
approximated by a GI/GI/1 model, where the arrival (service) process is approximated by
a renewal process partially characterized by the mean and squared coefficient of variation
(scv, variance divided by the square of the mean) of an interarrival (service) time.

While the decomposition approximations do often perform well, it was recognized that
dependence in the arrival processes of the internal flows can be a significant problem. The
approximation for superposition processes used in the QNA algorithm [134] attempts to
address the dependence. Nevertheless, significant problems remained, as was dramatically
illustrated by comparisons of QNA to model simulations in [124; |58; [125], as discussed in
[142].

To address the dependence in arrival processes, decomposition methods based on Markov
Arrival Process (MAP) have been developed. MAP was first suggested by Neuts [107].
Horvath et al. [81] approximates each station by a MAP/MAP/1 model. In Kim [91;
92|, the queue is approximated by a MMPP(2)/GI/1 model, where the arrival process is
a Markov-modulated Poisson process with two states. MAP (and MMPP(2) as its special
case) need not be a renewal process, hence are capable of modeling the autocorrelation in

the arrival and service processes.

1.2.2 Heavy-Traffic Limit Approximations

The early decomposition approximation in [134] drew heavily on the central limit theorem

(CLT) and heavy-traffic (HT) limit theorems. Approximations for a single queue follow from
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[83: 184]. With these tools, approximations for general point processes and arrival processes
were developed in [133; [135]. Heavy-traffic approximation of queues with superposition
arrival processes in [138] helped capture the impact of dependence in such queues; see §4.3
of [134].

Another approach is to apply HT limit theorems for the entire network. Such HT limits
were established for feedforward OQN'’s in Iglehart and Whitt [83; 84] and Harrison [70;
71], and then for general OQN’s by Reiman [113]. These works showed that the queue
length process converges to a multidimensional reflected Brownian motion (RBM) as every
service station approaches full saturation simultaneously. A more general case with both
strictly bottleneck and non-bottleneck queues and general initial conditions was studied in
135].

Approximations for the pre-limit OQN’s were developed from these general heavy-traffic
results, depending on the relatively tractable limiting RBM processes. Notably, we have
the QNET algorithm in Harrison and Nguyen [73], where the steady-state mean queue
length is approximated by the mean of the steady-state distribution of the limiting multi-
dimensional RBM. Theoretical and numerical analysis of the stationary distribution of the
multi-dimensional RBM is studied in [74; [75; 46]. It is worth noting that the process-
level convergence of the queue length process to a RBM does not automatically imply the
convergence of the steady-state distribution. Hence, these algorithms rely on the exchange-
of-limit arguements to justify the steady-state approximation; see [66; 31; 27].

As a crucial step of the QNET algorithm, Dai and Harrison [46] proposed a numeri-
cal algorithm to calculate the steady-state density of a RBM, but it require considerable
computation time. The accuracy of that algorithm improves as the number of iteration n
grows, and the author’s there note that n = 5 generally gives satisfactory answers. For a
OQN with d stations, the computational complexity is O(d?"), see Section 6 of [46]. For
practical application in large-scale systems, hybrid methods that combines decomposition
approximation and heavy-traffic theory have been developed to reduce computation time.
In particular, we have the Individual Bottleneck Decomposition (IBD) algorithm in Reiman
[114] and the Sequential Bottleneck Decomposition (SBD) algorithm in Dai, Nguyen and
Reiman [44].
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1.2.3 Robust Queueing Approximations

Recently, a novel Robust Queueing (RQ) approach to analyze queueing performance in
single-server queues has been proposed by Bandi et al. [18]. The key idea of Robust
Queueing is to replace the underlying probability law by a suitable uncertainty set, and
analyze the worst case performance. The authors there relied on the discrete-time Lindley’s
recursion to characterize the customer waiting times as a supremum over partial sums of
the interarrival times and service times. Uncertainty sets for the sequence of partial sums
are proposed based on central limit theorem and two-moment partial traffic descriptions of
the arrival process and service process.

Although the general idea is simple, the challenge lies in identifying proper uncertainty
sets and making connection to the original queueing system. The RQ approach is fur-
ther studied in Section [2, where we develop a new non-parametric formulation of the RQ

algorithm.

1.2.4 Approximations Based on Non-Parametric Traffic Descriptions

As a trade-off for mathematical tractability, most approximation approaches rely on in-
complete traffic descriptions. For example, approximation approaches reviewed in Section
1.2.1 can be characterized as parametric approaches, where the general stochastic sys-
tem is mapped into one of a parametric family of more structured models. Such approaches
rely on a discrete set of parameters as traffic descriptions and a key step is to understand
how these parameters evolve in the network.

Another stream of research model the temporal dependence in the stochastic processes
by non-parametric traffic descriptions. In Jagerman et al. [86], the authors approximates
a general stationary arrival process by a Peakness Matched Renewal Stream (PMRS). The
key ingredient is the peakness function, which is determined by the arrival point process
and the first two moments of the service-time distribution. As discussed there, given the
same service-time distribution, this peakness function is equivalent to our index of dispersion
traffic description, defined in . However, they relied on a two-parameter approximation
for the peakness function of a stationary point process, where the parameters are estimated

by simulation.
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Similar non-parametric traffic descriptions has been studied in [99; [100; 86|, but they

only focus on single-station single-server queues.

1.3 Main Contributions

Despite many efforts in developing more sophisticated network analyzer to address the per-
formance impact of dependence, early approximation approaches or Monte Carlo simulation
remain to be the most popular choices in applications. This is largely due to the ease of
implementation. For example, [9] identified the major bottleneck in a health center appoint-
ment clinic, where they applied the QNA algorithm to approximate the system performance.
[41] studied the effect of service interrupts and hospital resources pooling on patient flow
times, where parametric decomposition based on Kingman’s formula is applied. [87] also
applied decomposition method and two-moment approximations to analyze the impact of
parallelization of care on customer sojourn time. [6] integrated simulation and optimization
to find the optimal staffing allocation in an emergency department unit, where they con-
sidered a network of M;/G/1 queues and the stochastic objective function is estimated by
simulation. [54] also studied the resource allocation problem in general stochastic networks
by simulation optimization.

This research is motivated by the practical need of high fidelity modeling tool for non-
Markov open queueing networks, which is easy to implement and mathematically and com-
putationally tractable. Towards this end, we contributes to the modeling and approximation
of service systems by developing (1) the theories and applications of non-parametric traffic
descriptions in open queueing networks; (2) an effective Robust Queueing Network Analyzer
algorithm for performance approximations in open queueing networks; and (3) extensive

simulation studies to demonstrate the performance of our approximation algorithm.

1.3.1 Non-Parametric Traffic Description for Queueing Networks

In this thesis, we follow a non-parametric approach to describe the arrival and service
processes, see Section for a brief review of literature in this line of research.

Let A be a stationary counting process, e.g. the arrival counting process at a queue.
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We partially characterize A by its Index of Dispersion for Counts (IDC), a function of

non-negative real numbers I, : Rt — R defined as in §4.5 of [40],

Ia(t) = m, t>0. (1.1)

As regularity conditions, we assume that E[A(t)] and Var(A(t)) are finite for all ¢ > 0. For
renewal processes, it suffices to assume that the inter-renewal time distribution have finite
second moment.

Being a function of time ¢, IDC captures the variability in a point process over arbi-
trary timescale. The reference case is a Poisson process, for which the IDC is a constant
function I4(t) = 1. This is consistent with the well known “memoryless” property of the
Poisson process. The IDC is preferred for the same reason as that for the scv, because it
separates variability from the scale. In this sense, IDC can be viewed as a continuous-time
generalization of scv.

In compared with traditional parametric descriptions, the IDC encodes much more in-
formation of the underlying process. For examples, if A is a renewal process, then the
inter-renewal-time distribution can be fully recovered from I4,_, where A, is the equilibrium
renewal process associated with A; see Theorem [3.1]

Fendick and Whitt [60] showed basic connection between arrival IDC and the normalized
workload, see . However, that work did not yield systematic approximations.

In Section [2 we show how this non-parametric traffic description can be applied to
develop a new RQ formulation for the continuous-time workload process. This RQ algorithm
establish a bridge between the IDC traffic description and the performance measures in a
single-server queue. It serves as the building block of our network algorithm.

To the best of our knowledge, we are the first to study the non-parametric traffic de-

scriptions in a network setting.

1.3.2 Heavy-Traffic Limits for Stationary Network Flows

As reviewed in Section the heavy-traffic literature has focused on the system state
processes such as queue length, busy time, waiting time, workload and the sojourn time

processes. Another approach is to focus on the customer flow, which is defined as the
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continuous-time process counting customers in or out of the network, or flowing from one
queue to another.

In working with customer flows, three network operations become essential. First, the
departure operation as customers flow through a service station and an arrival process
transforms into a departure process. Second, the splitting operation as a departure process
split into multiple sub-processes and feed into different subsequent queues. Third, the
superposition operation as departure flows from different queues combine together and feed
into a queue.

The customer flows are of considerable interest in general. For example, the stationary
departure process from a GI/GI/1 queue is remarkably complicated; e.g., it is only a
stationary renewal process in the special case of an M /M /1 model, when it is Poisson, by
Burke’s [32] theorem.

However, the literature on heavy-traffic limits for network flows are rather limited.
The heavy-traffic limit for departure process starting empty in the GI/GI/1 model and
more general multi-channel models is an old result, being contained in Theorem 2 of [84].
The superposition of many i.i.d. copies of general renewal processes can often be well
approximated by a Poisson process, as shown in [7], but the approximation quality depends
strongly on the traffic intensity. The superposition operation has also been studied in [8;
138: [124].

In this thesis, we derive new heavy-traffic limit for the stationary flows and their IDCs in
open queueing networks. In particular, we evidently derive the first heavy-traffic limits for
the stationary departure process and its variance function for any station in any generalized
Jackon network, except for the single-station M /M /1 queue. We exploit the GI/M/1 and
M/G1/1/ results here to directly establish heavy-traffic limits for the departure variance
functions in generalized Jackson networks, see Theorem [3.8] and Theorem Our heavy-
traffic limits reveal the detailed interaction between different flows, granting us powerful
tools for queueing approximation.

In Section - we discuss how these heavy-traffic limits can be applied to develop
IDC equations that describes the effect of each network operation. Together with the

RQ algorithm, the IDC equations provide intuitive explanation of the performance impact
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of dependence. For example, we are able to answer questions such as: When is Poisson
approximation suitable for superposition arrival processes? If it fails, how do we correct for

the error?

1.3.3 The Robust Queueing Network Analyzer and Simulation Studies

We exploit the new non-parametric RQ method to propose a Robust Queueing Network
Analyzer for the approximation of performance measures in a single-class non-Markov open
queueing network.

The algorithm decomposes the network into individual G/G/1 models, where the arrival
process and service process at each queue is partially specified by its rate and IDC, defined
in . In Section we discuss a set of linear equations , which we refer to as the
IDC equations, to describe the effect of each of the three basic network operations. The
IDCs of the total arrival flows at each queue is approximated by the solution to the to the
IDC equations. The RQ algorithm is then applied to generate approximation of the
mean steady-state performance measures from the IDC of the total arrival process of each
G/GI/1 queue in the network.

Our algorithm have analytical formulations as in and , which makes it
extremely easy to implement. The computational complexity is O(K) or O(K?) if we apply
the feedback elimination in Section [5.5, where K is the number of stations in the system.

In Section [6] we also conduct extensive simulation experiments to evaluate the effective-
ness of the new Robust Queueing Network Analyzer and compare it to previous algorithms
in [134; [73; 144; |81]. Our experiments indicate that our new algorithm performs as well or

better than previous algorithms.

1.4 Outline

The rest of this documents is organized as follows. In Chapter [2| we develop the continuous-
time Robust Queueing formulation for G/G/1 queues. We also show how that RQ algorithm
can be used to approximate the mean and quantile of the steady-state performance mea-

sures. As a first step in developing our Robust Queueing Network Analyzer, in Chapter 3| we
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establish heavy-traffic limits for the stationary departure flow from a GI/GI/1 queue and
develop our approxiamation algorithm in the setting of queues in series models. In Chapter
we generalize the heavy-traffic limit theorem in the previous chapter to cover all station-
ary flows in gneralized Jackson networks. In Chapter [5| we present the full Robust Queueing
Network Analyzer algorithm. We do this by developing a framework for approximating the
IDCs of the flows, where we develop IDC equations for three basic network operations: (i)
flow through a queue (departure), (ii) splitting and (iii) superposition. Finally, Chapter [6]

collects extensive simulation studies to demonstrate the performance of our algorithm.
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Chapter 2

Robust Queueing for the G/G/1
Model

Robust optimization is proving to be a useful approach to complex optimization problems
involving significant uncertainty; e.g., see [17; 20| and references therein. In that context,
the primary goal is to create an efficient algorithm to produce useful practical solutions
that appropriately capture the essential features of the uncertainty. [18] have applied this
approach to create a Robust Queueing theory, which can be used to generate performance
predictions in complex queueing systems, including networks of queues as well as single
queues. Indeed, they construct a full robust queueing analyzer (RQNA) to develop relatively
simple performance descriptions like those in the QNA [134]. But their network algorithm
does not provide adequate characterization of the dependence arises in queueing networks.
For example, they developed a Robust Burke’s Theorem, which state that their uncertainty
set for the departure process is asymptotically the same as that for the arrival process, see
Theorem 4 and Section 4.3 there. However, in Theorem we see that the dependence
structure in the departure process depends non-trivially on both the arrival process and the
service process at that station.

We make further progress in the Robust Queuing direction. Even though we only
focus on one queue in this chapter, we ultimately develop methods that apply to complex

networks of queues. Queues in the context of a network exhibit complex dependence, as
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discussed in Section [1.1.3] To serve as an important building block in that direction, we
introduce new RQ formulation for general G/G/1 model, where three types of dependence
are allowed: (1) dependence among interarrival time; (2) dependence among service times;
and (3) dependence between interarrival and service times.

The rest of this chapter is organized as follows. In Section[2.1] after reviewing RQ for the
steady-state waiting time in the single-server queue from Section 2 and Section 3.1 of [18],
we develop an alternative formulation whose solution coincides with the [95] bound and is
asymptotically correct in heavy-traffic. We postpone the discusstion of the non-parametric
RQ for waiting times to Section In Section [2.2| we introduce new parametric and non-
parametric RQ formulations for the continuous-time workload process and characterize their
solutions. We also develop closed-form R(Q solutions and show that the non-parametric
RQ is asymptotically correct in both heavy and light traffic. In Section we discuss
algorithms to calculate or estimate the IDC functions. In Section we present an
illustrative simulation study that demonstrates (i) the strong impact of dependence upon
performance and (ii) the value of the new RQ in capturing the impact of that dependence.
For systematic numerical analysis of the RQ performance, we refer the readers to Section
Finally, Section 2.5 collects supporting functional central limit theorems, while Section
[2.6] collects the proofs.

2.1 Robust Queueing for the Steady-State Waiting Time

We start by reviewing the RQ developed in Section 2 and Section 3.1 of [18], which involves
separate uncertainty sets for the arrival times and service times. We then construct an
alternative formulation with a single uncertainty set and show, for the GI /GI/1 queue, that
a natural version of the RQ solution coincides with the [95] bound and so is asymptotically
correct in the heavy-traffic limit. We show that both formulations provide insight into the
relaxation time for the GI/GI/1 queue, i.e. the approximate time required to reach steady
state.

In formulating RQ, we use the representation of the waiting time (before receiving

service) in a general single-server queue with unlimited waiting space and the first-come
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first-served (FCFS) service discipline, without imposing any stochastic assumptions. The

waiting time of arrival n satisfies the Lindley recursion [101]
Wn - (Wn—l + Vn—l - Un—1)+
= max {Wn—l + Vi1 —Un_y, 0}, (2.1)

where V,,_1 is the service time of arrival n — 1, U,,_1 is the interarrival time between arrivals
n — 1 and n, and = denotes equality by definition. If we initialize the system by having
an arrival 0 finding an empty system, then W, can be represented as the maximum of a

sequence of partial sums, using the Loynes [102] reverse-time construction; i.e.,
Wy = S >1 2.2
n Olél]?‘%{n { k}7 n-1, ( )

using reverse-time indexing with Sp = 0, Sy, = X1+ -+ X and X = V,,_p — Up—i,
1 < k < n. We note that [18] actually look at the system time, which is the sum of an
arrival’s waiting time and service time. These representations are essentially equivalent.

If we extend the reverse-time construction indefinitely into the past from a fixed present
state, then

Wy, T W = sup {Si} with probability 1 as n — oo,
k>0

allowing for the possibility that W might be infinite. For the stable stationary G/G/1
stochastic model with E[Uy] < oo, E[Vi] < 0o and p = E[Vi]/E[Ug] < 1, then

P(W <o) =1,

e.g., see [102] or Section 6.2 of [122].

2.1.1 Parametric RQ for Waiting Time in the GI/GI/1 Model

Bandi et al. [18] propose an RQ approximation for the steady-state waiting time W by
performing a deterministic optimization in subject to deterministic constraints, where
we can ignore the time reversal. Treating the partial sums S} of the interarrival times Uj,
and the partial sums S}, of the service times V}, separately leads to the two uncertainty sets

for W
U= {U cR*®: S¢ > kmg — boVk, k> 0} and

U ={V e R®: 85 < kmg + bsVk, k > 0}, (2.3)
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where U = {Uy : k > 1} and V = {V}, : k > 1} are arbitrary sequences of real numbers in
R, S§=5;=0,8=U1+---+Ugand S; =Vi +---+ Vi, k > 1, and my,, ms, b, and b,
are parameters to be specified. The constraints in are one sided because that is what
is required to bound the waiting times above, as we can see from and . Thus, the
RQ optimization can be expressed as
W* = sup sup sup{S; — Si}. (2.4)
Uele Veys k20
where S} (S;) is a function of U (V) specified above. Versions of this formulation in ([2.4)
and others in this paper also apply to the transient waiting time W,,, but we will focus on
the steady-state waiting time.
Thinking of the general stationary G/G/1 stochastic model, where the distributions
of Uy and Vj, are independent of k (but stochastic independence is not assumed), [18]
assume that 1/\ = m, = E[U] and 1/u = ms = E[Vi] and assume that u > A, so
that the traffic intensity p = A/u < 1. The square-root terms in the constraints in ([2.3)
are motivated by the central limit theorem (CLT). Thinking of the GI/GI/1 model in

which the interarrival times U and service times Vj, come from independent sequences of

2

independent and identically distributed (i.i.d.) random variables with finite variances o

and o2, the CLT suggests that b, = 8,0, and by = B0, for some positive constants 3,
and B, perhaps with 8 = 8, = Bs. With this choice, these new parameters measure the
number of standard deviations away from the mean in a Gaussian approximation. [18] also
provided an extension to cover the heavy-tailed case, where finite variances might not exist;
then vk in is replaced by kM@ for 0 < o < 2, as we would expect from SectionSection
4.5, 8.5 and 9.7 of [143], but we will not discuss that extension here.

From , it is evident that the waiting times depend on the service times and inter-
arrival times only through their difference X,. Thus, instead of the two uncertainty sets in

(2.3)), we propose the single uncertainty set
T ={X eR®: S§ < —mk +b,Vk, k >0}, (2.5)

where X = {X : k> 1} e R®, S§ =0and S{ = X1+ -+ Xy, k> 1, m = mg — mg,

while b, is constant parameter to be specified. The subscript “p” in U indicates that this
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is a uncertainty set for a parametric RQ formulation, because we are using the parameters
(m,bg) to characterize the stochastic system. Combining (2.2)) and (2.5, we obtain the
alternative RQ optimization

W* = sup sup{S}}. (2.6)
XeUs k>0

where S} is the function of X specified above.

The RQ formulations in and are attractive because the optimization problems
have simple solutions in which all constraints are satisfied as equalities. That follows easily
from the fact that W is a nondecreasing (nonincreasing) function of Vj, (of Uy) for all k.
The simple closed-form solution follows from the triangular structure of the equations; see
Section 3.1 of [18]. The following is a direct extension of Theorem 2 of [18] to include the
new RQ formulation in . The final statement involves an interchange of suprema, which

is justified by Lemma [2.1

Theorem 2.1 (RQ solutions for the steady-state waiting time) The RQ optimiza-
tions (2.4)) with mq > ms > 0 and (2.6) with m > 0 have the solution

W* = sup {—mk + bVk}

k>0
b? b?
< ig%{ max + by/z} mx” +bvzx i for x e (2.7)

For (2.4), b = bs + by; for (2.6), b = b,. In , W* is mazimized at one of the integers

immediately above or below x*.

We now establish implications for the GI/GI/1 and general stationary G/G/1 mod-
els. Since the CLT underlies the heavy-traffic limit theory as well as the RQ formulation,
it should not be surprising that we can make strong connections to heavy-traffic approxi-
mations. The new formulation in is attractive because, with a natural choice of the
constant b, there, it matches the [95] bound for the mean steady-state wait E[W] in the
GI/GI/1 stochastic model and so is asymptotically correct in heavy-traffic, whereas that
is not the case for with a natural choice of b. To quantify the variability independent
of the scale, let ¢2 = Var(U;)/(E[U1])? = p*p?0? and ¢ = Var(V4)/(E[V1])? = p?0? be the

squared coefficients of variation (scv’s).
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Corollary 2.1 (RQ yields the Kingman bound for GI/GI/1) In the setting of (2.6)), if we
let b, = B/Var(X1) and B = /2, then by = \/2(c2 + p=2¢2)/u2 for the GI/GI/1 model
with traffic intensity p, so that

V(X)) ple + %)
ABIXL[ ~ 2u(l—p)

W* = W*(p) (2.8)

which is the upper bound for E[W] in Theorem 2 of (95|, so that u(1—p)W*(p) — (c2+c2)/2
for any pn > 0, as p 1 1, which supports the heavy-traffic approzimation W*(p) ~ p(c2 +
) /2u(1 — p), just as for E[W] in the stochastic model.

Remark 2.1 In the setting of as in 18], if we let by = B\/W(Vl) and b, =
By/Var(Uy), then we obtain b = bs + by, = B(cs + p~tey)/u instead of b = /b2 + b2 =

2+ p~2c2/u, as needed. The difference between the RQ solutions for and
can have serious implications for approrimations; e.g., if cg = cg =z, then (cg —1-63)/2 =z,
while (cq + ¢5)%/2 = 2x, a factor of 2 larger. Hence, if we apply with b, = bs to
the simple M/M/1 queues, one is forced to have a 100% error in heavy traffic. These two
coincides only when at least one of b, and b is 0, i.e., in D/GI/1 or GI/D/1 models, and
the percentage error is the largest when service times and arrival times have the same vari-
ability. Fortunately, robust optimization has flexibility that makes it possible to circumuvent
the difficulties in the form of the optimization in . For example, [18] use statistical
regression in their Section 7 to refine their solution to . Of course, such refinements

complicate algorithms. =

These RQ formulations provide insight into the rate of approach to steady state for the
GI1/GI/1 model, as captured by the relaxation time; see Section II1.7.3 of [38] and Section
XIIL2 of [12]. For RQ, steady state is achieved at a fixed time, whereas in the stochastic
model steady state is approached gradually, with the error |E[W,,| — E[W]| typically being

of order O(n=3/2¢="/") as n — oo, where r = r(p) is called the relaxation time.

Corollary 2.2 (relazation time for the GI/GI/1 queue) With both (2.4) and (2.6)), the
place where the RQ supremum is attained is x*(p) = O((1 — p)~2) as p 1 1, which is the

same order as the relaxzation time in the GI/GI/1 model.
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2.1.2 Non-Parametric RQ for Waiting Time in the G/G/1 Model

The RQ problems in and can be considered instances of a parametric R(), be-
cause they depend on the stochastic model only through a finite number of parameters, in
particular, (mg, ms, bg, bs) in and (m,b,) in .

We can expose the impact of dependence among the interarrival times and service times
on the steady-state waiting time in the general stationary G/G/1 model as a function of the
traffic intensity p by introducing a new non-parametric RQ formulation. With the G/G/1
model, we assume stationarity, so that there is a well defined steady state, but we allow
dependence among the interarrival times and service times.

To treat the G/G/1 model, we replace the uncertainty set in (2.5 by

U = {X: ¢ < E[SF] +b,\/Var(S?), k> 0}, (2.9)

and similarly for the two constraints in . The name non-parametric RQ here may be
confusing, because the uncertainty set depends on a sequence of parameters {Var (S}) :
k € N)}. Nevertheless, we use “non-parametric” here to keep the name consistent with the
one we use for our RQ formulation for the workload process, where the uncertainty set
indeed depends on a non-parametric continuous-time function, see .

For the GI/GI/1 model, the new uncertainty set is essentially equivalent to the
previous one in , but they can be very different with dependence.

It is significant that there are CLT’s to motivate the form of the constraints in ,
just as there are in the i.i.d. case underlying . These supporting CLT’s are reviewed in
Section The CLT supports the spatial scaling by m instead of vk, as we show in
Section Of course, the non-parametric RQ produces a more complicated optimization
problem, but it is potentially more useful, in part because it too can be analyzed.

For brevity, we discuss this non-parametric RQ for the waiting time in Section see
and . For the rest of this thesis, we focus on developing such a non-parametric
RQ formulation for the continuous-time workload. As discovered in [60], it is convenient to
focus on the steady-state workload when we want to expose the performance impact of the

dependence among interarrival times and service times.
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2.2 Robust Queueing for the Steady-State Workload

We now develop both a parametric and a non-parametric RQ formulations for the continuous-
time workload in the single-server queue, paralleling .

The workload at time ¢ is the amount of unfinished work in the system at time ¢; it is
also called the virtual waiting time because it represents the waiting time a hypothetical
arrival would experience at time ¢. The workload is more general than the virtual waiting
time because it applies to any work-conserving service discipline. We consider the workload
primarily because it can serve as a convenient more tractable alternative to the waiting
time.

We start by developing a reverse-time representation of the workload process in Section
paralleling . Then we develop the RQ formulations and give their solutions, which
closely parallel Theorem We then show that natural versions of the RQ formulations
for the workload are exact for the M/GI/1 model and are asymptotically correct in both
light traffic and heavy-traffic for the general stationary G/G/1 model.

2.2.1 The Workload Process and Its Reverse-Time Representation

As before, we start with a sequence {(Uy, Vi)} of interarrival times and service times. The

arrival counting process can be defined by
At) =max{k>1:U1+---+ U <t} for t>U, (2.10)

and A(t) = 0 for 0 < t < Uy, while the total input of work over [0,t] and the net-input

process are, respectively,
A(t)
Y(t)=> Vi and N(t)=Y(t)—t, t>0. (2.11)
k=1

The workload at time ¢, starting empty at time 0, is the reflection map ¥ applied to IV,
ie.,

Z(t) = W(N)(H) = N(t) - inf {N(s)}, ¢=0. (2.12)

For illustration, Figure shows an example of the net-input process N(t) and the as-
sociated lower regulator info<s<:{/N(s)}. The workload process is exactly the difference

between the two curves.
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Figure 2.1: The net-input process.

As in Section 6.3 of [122], we again use a reverse-time construction to represent the
workload in a single-server queue as a supremum, so that the RQ optimization problem
becomes a maximization over constraints expressed in an uncertainty set, just as before,
but now it is a continuous optimization problem. Using the same notation, but with a new
meaning, let Z(t) be the workload at time 0 of a system that started empty at time —t¢.

Then Z(t) can be represented as

2= swp {N(s)}, +20, (2.13)

where N is defined in terms of Y as before, but Y is interpreted as the total work in service
time to enter over the interval [—s,0]. That is achieved by letting V} be the k'™ service
time indexed going backwards from time 0 and A(s) counting the number of arrivals in the
interval [—s,0]. Paralleling the waiting time in Section Z(t) increases monotonically as

a function of ¢, there exist a Z (possinbly infinite) such that

Z = lim Z(t) (2.14)

t—o0
For the stable stationary G /G/1 stochastic queue, Z corresponds to the steady-state work-
load and satisfies P(Z < oo) = 1; see Section 6.3 of [122].

2.2.2 Parametric and Non-Parametric RQ for the Workload

Just as in Section [2.1] to create appropriate RQ formulations for the steady-state workload,

it is helpful to have a reference stochastic model, which can be the stable stationary G/G/1
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model, where such a steady-state workload is well defined.

In continuous time, we need to work with continuous-time stationarity instead of discrete-
time stationarity; e.g., see [122]. Hence, we assume that {(A(t), Y (t)) : t > 0} is a stationary
process with E[A(t)] = A\t and E[Y (t)] = pt for all t > 0.

In the ordinary stochastic queueing model, N(t) in is a stochastic process and
hence Z(t) is a random variable. However, in Robust Queueing practice, N(t) is viewed as
a deterministic instance drawn from a pre-determined uncertainty set U of input functions,
while the workload Z* for a Robust Queue is regarded as the worst case workload over the
uncertainty set, i.e.

Z* = sup sup{N(z)}.
Neuy ©=0

In our specific settings, we have the following uncertainty sets motivated from central limit

theorem (CLT)

U, = {N :RT = R: N(s) < E[N(s)] +by\/ps/p, s > 0}, (2.15)
UE{N:R+HR:N@)SEW@H+bMWMN@»520}, (2.16)

U, and U serve as the uncertainty sets for the parametric and non-parametric RQ, respec-
tively. Here we regard N = {N(s) : 0 < s < t} as an arbitrary real-valued function on
R = [0,00), while we regard N = {N(s) : s > 0} as the underlying stochastic process,
and {Var(N(s)) : s > 0} = {Var(Y(s)) : s > 0} as its variance-time function, which can
either be calculated for a stochastic model or estimated from simulation or system data;
see Section In , b and b, are parameters to be specified. Recall that, in working
with continuous-time stationarity, we assume that N(¢) is the net input process associated

with the stationary processes in the stochastic queue, so

E[N(t)] = B[Y(t) —t] = pt — t.

Paralleling Section the uncertainty sets (2.15) and (2.16) are motivated by a CLT, but
here for Y (¢) (and thus for N(¢)), which we review in Section in particular, see (2.88])

and (2:90).

Remark 2.2 (choosing the parameters b, and b) The parameters b, and b in (2.15) and
(2.16) add a degree of freedom in the algorithm. In Section we exploit the choice
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of b to develop quantile approximations for the steady-state workload processes. For the

approximation of the mean, based on C'orollary below, we will let b= /2.
Paralleling Section the associated RQ formulations are

Z, = sup sup {]\7(3)} and Z* = sup sup {N(s)}, (2.17)
Neu, 520 Neu 520

for U,, and U defined in (2.15)) and (2.16]), respectively. The same reasoning as before yields
the following analog of Theorem The proof can be found in Section [2.6

Theorem 2.2 (RQ solutions for the workload) The solutions of the RQ optimization prob-

lems in (2.17) are
2

Zy=—(1=p)s" +by\/ps /= —"— for s 55(0)24

pb
4p(l = p) 2

e @19

and
Z*:mm{—u—pp+bMVmaq@ﬁ. (2.19)
s>0
We immediately obtain the following corollary, which states that the RQ formulation in

(2.17)) yields the exact mean steady-state workload for the M/GI/1 model.

Corollary 2.3 (ezxact for M/GI/1) For the M/GI/1 model, the total input process {Y (t) :
t > 0} in is a compound Poisson process with E[Y (t)] = pt and Var(Y (t)) = pt(1 + c2)/p,
so that Z* = Z% if b2 = b*(1 + c2). If, in addition, b = V2, then

e e P+l
Z_%_ZmiB_Em, (2.20)

where E[Z] is the mean steady-state workload in the M/GI/1.

This corollary suggests a natural choice of b, and b in (2.15)) and (2.16]).

The Variance-Time Function for the Total Input Process. For further progress,
we focus on the variance-time function Var(Y'(t)) in (2.19). As regularity conditions for
Y (t), we assume that Vy-(t) = Var(Y(t)) is differentiable with derivative V- (t) having finite

positive limits as t — oo and t — 0, i.e.,

Vy(t) =02 as t—oo and Vy(t) = V4 (0) >0 as t—0, (2.21)
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for an appropriate constant 052/. These assumptions are known to be reasonable; see Section
4.5 of [40], [60] and Section [2.3]
A common case in models for applications is to have positive dependence in the input

process Y, which holds if
Cov(Y (t2) =Y (t1),Y (t4) = Y(t3)) >0 forall 0<t; <ty <tg<ty. (2.22)

Negative dependence holds if the inequality is reversed. These are strict if the inequality is
a strict inequality. From (17) and (18) of Section 4.5 in [40], which is restated in (48) and
(49) of [60], with positive (negative) dependence, under appropriate regularity conditions,

Vy(t) > 0 and Vy (t) > (<)0.

Remark 2.3 (ezample of negative dependence) Negative dependence in'Y occurs if greater
nput in one interval tends to imply less input in another interval. Such negative depen-
dence occurs when there is a specified number of arrivals in a long time interval, as in the
A;)/GI/1 model, where the arrival times (not interarrival times) are i.i.d. over an interval;
see [80]. This phenomenon can also occur in queues with arrivals by appointment, where

there are i.i.d. deviations about deterministic appointment times; e.g., see (94).

Theorem 2.3 (RQ exposing the impact of the dependence) Consider the non-parametric
RQ optimization for the steady-state workload in the general stationary G/G/1 queue with
p < 1 formulated in (2.17)) and solved in (2.19). Assume that (5.8)) holds for the variance-

time function Vy (t).

(a) For each p, 0 < p < 1, there exists (possibly not unique) x* = x*(p), such that a
finite maximum is attained at x* for all t > s*. In addition, 0 < s* < 0o and s* satisfies
the equation

(1—p) =h(s) where h(s)=b\/Vy(s). (2.23)

The time s* is unique if h(s) is strictly concave or strictly convez, i.e., if h(s) is strictly
increasing or strictly decreasing.

(b) If there is positive (negative) dependence, as in (with sign reversed), the vari-
ance function Vy (s) is convexr (concave), so that the function h(s) is concave. Moreover,

a strict inequality is inherited. Thus, there exists a unique solution to the RQ if there is
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strict positive dependence or strict negative dependence. Moreover, the optimal time s*(p)

is strictly increasing in p, approaching oo as p 1T 1.

2.2.3 The Indices of Dispersion for Counts and Work

The workload process is not only convenient because it leads to the continuous RQ op-
timization problem in with solution in . It is also convenient to relate the
variances of the arrival counting process A(s) and the cumulative work input process Y(s)
to associated continuous-time indices of dispersion, studied in [60] and [59].

Consider a general single-server queue with a general arrival process A, i.e. A(t) counts
the total number of arrival before time t. The IDC defined in is a continuous-time
function associated with A. Being the variance function scaled by the mean function, the
IDC exposes the variability over time, independent of the scale. For this reason, the IDC
can be viewed as a continuous-time generalization of the squared coeflicient of variation of a
nonnegative random variable, i.e. the variance divided by the square of the mean. The IDC
captures how the covariance in a point process changes over time, which extends the natural
practice of including lag-k covariances in modeling the dependence in a point process.

The reference case is a Poisson arrival process, for which I4(t) = 1, ¢t > 0. However, for
general arrival processes, the IDC is more complicated. Even the IDC for a determinsitic D
arrival process is complicated, because the IDC is for the stationary version of the arrival
process, which lets the initial point be uniformly distributed over the constant interarrival
time.

Similar to the IDC, the Index of Dispersion for Work (IDW) describes the variability
associated with the cumulative input process Y in (2.11)). The IDW is defined as in (1) of

160] by
Var(V (1)) > 0. (2.24)

L= gvieryer 2

The IDW captures the variability of service requirement brought to the system as a function
of time ¢. By re-arranging terms, we have the following reperesentation of the variance

function Vy (t) of the net-input process Y

Vi (t) = Var(Y (1)) = Lo(t) EVI|E[Y (£)] = ptL(t)/p, t> 0. (2.25)
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We will see in Section that it is convenient to express our non-parametric RQ (2.17))
in terms of the IDW.

Since we are interested in the steady-state performance of the OQN, we assume that the
processes A and Y have stationary increments. Given that arrival process and service times
have constant determined rates, the mean functions E[A(t)] and E[Y (t)] are linear in time.
Hence, much of the remaining behavior of the A and Y is determined by the variance-time
function or index of dispersion. We are interested in the variance-time function, because it
captures the dependence through the covariances; the processes (A4,Y) have independent
increments for the M/GI/1 model, but otherwise not.

To connect the IDC to the IDW, consider the special case where the service times V; are
i.i.d, independent of the arrival process A. The conditional variance formula gives a useful
decomposition of the IDW

Lo(t) = I,(t) + 2, t>0, (2.26)

S

where I, = I 4 denote the arrival IDC and ¢? = Var(V;)/E[V;]? is the scv of the service-time
distribution.
The IDC and IDW are particularly convenient because of a more elementary time scaling

convention.

Remark 2.4 (time scaling convention) Consider A(t) with rate-1 and Ax(t) = A(At) with
rate-\. Let 14(t) denote the IDC of A(t), then we have

_ Var(A(At))

I, (t) = ELA) = I4(At).

For the IDW I, x(t) associated with Ax(t) and {V;,i € N}, let Y)\(t) = Z?:l(t) Vi =Y (M),

then we have
Var(Yx(t)
E[WV1|E[Y)

) _ Var (Y (At)) = I,(M)
t e

Lya(t) = ()] — E[V]E[Y (At)]

Remark 2.5 An important case for A is the remewal process; to have stationary incre-
ments, we assume that it is the equilibrium renewal process, as in Section 3.5 of [116).
Then Var(A(t)) can be expressed in terms of the renewal function, which in turn can be

related to the interarrival-time distribution and its transform. The explicit formulas for
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renewal processes appear in (14), (16) and (18) in Section 4.5 of [39]. The required Nu-
merical transform inversion for the renewal function is discussed in Section 13 of [4). The
hyperezponential (Hz) and Erlang (E2) special cases are described in Section III.G of [60).

It is also possible to carry out similar analyses for much more complicated arrival pro-
cesses. [108] applies matriz-analytic methods to give explicit representations of the variance
Var(A(t)) for the versatile Markovian point process or Neuts process; see Section 5.4, espe-
cially Theorem 5.4.1. Explicit formulas for the Markov modulated Poisson process (MMPP)
are given on pp. 287-289.

All of these explicit formulas above have the asymptotic form
Var(A(t)) = o4t + ¢+ 0(e™ ) as t — oo,
for 0124 n . In terms of the IDC, let 0?4 = 0124/)\, we have

Ta(t) = A +C/A+0(e/t) as t— oo

2.2.4 The Indices of Dispersion and the Mean Steady-State Workload

The IDC and IDW are important because of their close connection to the mean steady-state
workload E[Z]. Recall that, the workload Z(t) converges to the steady-state workload Z
as t increases to infinity under regularity conditions, see (2.14). In [60] it was shown that

the IDW I, is intimately related to a scaled mean workload czz(p), defined by

Bz
20 = Bz, 31/ D7

where E[Z,; M/D/1] is the mean steady-state workload in a M/D/1 model given by

EWilp
21—=p) 2u(1-p)
As (2.28]) suggests, the mean steady-state workload converges to 0 as p | 0 and diverges to

(2.27)

E|Z,;M/D/1] = (2.28)

infinity as p 1 1. The normalization in (2.27)) exposes the impact of variability separately
from the traffic intensity. Under regularity conditions, the following finite positive limits

exist and are equal:
lim {I,(t)} = I,(c0) = c¢%(1) = lim {c%(p)}, and
t—o00 p—1

lim {7,,(1)} = 1,(0) = ¢%(0) = lim {(p)}: (2.29)

t—0 p—0
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see [60] and Section [2.5.5]

The reference case is the classical M/GI/1 queue, for which we have

cZp)=1+cE=1I,t) forall0<p<1,t>0. (2.30)

5(0)=1+c2=1,0) and (1) =c4 +c = I,(0), (2.31)

where 0124 is the asymptotic variability parameter, i.e., the normalization constant in the
functional central limit theorem (FCLT) for the arrival process. For a renewal process, 6?4
coincides with the scv ¢2 of an interarrival time.

The limits in implies that, when 0124 is not nearly 1, c2Z(p) varies significantly as
a function of p. Hence, the impact of the variability in the arrival process upon the queue
performance clearly depends on the traffic intensity. This important insight from [60] is the
starting point for our analysis. In well-behaved models, ¢%(p) as a function of p and I,,(t)
as a function of ¢ tend to change smoothly and monotonically between those extremes, but
OQN’s can produce more complex behavior when both the traffic intensities at the queues
and the levels of variability in the arrival and service processes at different queues vary. We
illustrate in Section 2.2.91

The challenge is to relate c%(p) to the IDW I, (t) for 0 < p < 1 and ¢t > 0. As
observed by [60], a simple connection would be ¢%(p) & I,,(t,) for some increasing function
t,, reflecting that the impact of the dependence among the interarrival times and service
times has impact on the performance of a queue over some time interval [0,¢,], where ¢,
should increase as p increases. The extreme cases are supported by , but we want
more information about the cases in between.

The following theorem reveals more connections between the IDC and the mean steady-

state workload.

Theorem 2.4 (Ordering of the mean steady-state workload in GI/M/1 models)
Consider two GI/M/1 queues with rate-1 arrival processes Ay and Asg, respectively. Let the
service times be i.i.d. exponential random variables with mean 1/p = p so that the traffic

intensity is p. Let I,, denote the IDC’s associated with the arrival process A;, for i =1,2.
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Suppose we have

I, (t) > I, (t), for t>0,

then we have

E[Z.,) > E|Za,], for pe(0,1), (2.32)

where E[Z; ] is the mean steady-state workload in the i-th model, with traffic intensity p.

Proof. For GI/M/1 queue, the mean steady-state workload can be written as

_r
p(l—o)’

where o is the unique root in (0, 1) of the equation f(u(1— o)) = o, where f is the Laplace

E[Z] =

transform of the interarrival-time distribution, see Section [3.1
With a change of variable s = (1 — o), this is equivalent to finding the unique root in
(0,p7") of
f(s)=1=p/s.
Combining with , we can re-write the equation in terms of the Laplace transform of
the variance function V' (t) = Var(A(t)) as

Vis)=2P2 (2.33)

Note that the right-hand side of (2.33) is positive on (0,2(1 — p)/p) and negative on (2(1 —
p)/p,00). Since the Laplace transform V(s) is positive for all s, the root must fall in

(0,2(1 — p)/p), where the right-hand side of ([2.33]) is decreasing.
Now, fix a p and consider the variance function Vj(t) = I, (¢)t induced by the IDC

function I,,, we have
Vi(s) = / Vi(t)e stdt
0
2/\mm%ﬁ;%@.
0

This implies that we must have s] < s3, where s is the root of |i with V. Otherwise,

assume that s > s3, we have

2<1_p)_ 1 1 s* 9 s ¥ sk :2(1_10)_ 1
p(s]k)g (8?)2 = VI( 1) > V2( 1) > V2( 2) p(s§>3 (83)2’
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which contradicts the fact that right-hand side of (2.33)) is decreasing on (0,2(1 — p)/p).
Since E[Z;] = p/s;, we have E[Z; ] > E[Zy,]. =
2.2.5 Robust Queueing with the IDW

To obtain more information, RQ can help. Using ([2.25)), we express the solution in (2.19))

as

Z* = Z*(b) = sup {_(1 — p)s + by/Var (Y(S))}

s>0
= sup {—(1 —p)s+ b\/pst(s)/u} (2.34)

Our algorithm will exploit the one-dimensional optimization problem in (2.34)), which is
easy to solve given the IDW I,,(z). In terms of the IDC, if we assume that the service times

are i.i.d. and independent of the arrival process A, then by ([2.26]), we have

Zr=77(b) = Sup {—(1 = p)s + b/ ps(La(s) + 03)/#} : (2.35)

where I, = I denote the IDC of the arrival process A. We will discuss methods of
estimating and calculating the IDC and the IDW in Section

To further relate the RQ solution in to the steady-state workload in the G/G/1
queue, we define an RQ analog of the normalized mean workload in , in particular,

2. (p) = M_pp)zz. (2.36)

The RQ approach allows us to establish versions of the variability fixed-point equation

suggested in (9), (15) and (127) of [60].

Theorem 2.5 Any optimal solution of the RQ in (2.34) is attained at s*, which satisfies

the equation

2 i —p? | Lu(s)
The associated RQ optimal workload in (2.34) can be expressed as

b2 ply(s*) <5*fw(s*)>2
zr =2 P g [F L)) (2.38)

. b ply(s) < s*fw(s*)>2
st = s |1+ ] . (2.37)

I,(s%)
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which is a valid nonnegative solution provided that x*I,(x*) < I,(z*). If b= \/2, then the

associated scaled RQ) workload satisfies
G(s) )
. s* Ly, (s
c(p) = Lo(s*) [ 1 — () : (2.39)

Proof. Note that psl,(s)/pu = V(s). Because we have assumed that Vy (s) is differen-
tiable, so is I,,. We obtain by differentiating with respect to s in and setting
the derivative equal to 0. After substituting into , algebra yields . The
limits in imply that s*I,,(s*) — 0 and I,(s*) = Iy(c0) as p— 1. =

Given that sfw(s) —0as s — oo and s* — oo as p T 1, if b = /2, then it is natural to
consider the heavy-traffic approximation

o L) et 7 LD g e = Ly(s%). (2.40)
2u(1 = p)? 2u(1 = p)

The first equation in is a variability fixed-point equation of the form suggested in
(15) of [60]. Hence, our RQ formualtion in can be viewed as a refined version of the
approach in [60].

2.2.6 The RQ(b) Algorithm for Quantile Approximation

In this section, we show how RQ solution Z*(b) in or with parameter b can be
used to approximate the full distribution of the stochastic steady-state workload Z, which
we do via quantiles. Hence, we refer to it as the RQ(b) algorithm.

From the form of RQ(b), it is evident that as b increases, the approximation should apply
more to the tail of the distribution. We find that a useful connection can be made between
the parameter b and the quantiles of the distribution of the steady-state workload Z. For a
nonnegative random variable Z and 0 < p < 1, let the p'" quantile of (the distribution of)
Z be

Zp)=inf{z>0:P(Z<z)=p}, 0<p<l, (2.41)

i.e., the inverse of the cumulative distribution function (cdf). We propose the approximation

Z(I(b)) ~ Z*(b), (2.42)
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where II : (—o00,00) — (0,1) is a one-to-one continuous function chosen to map the RQ
parameter b into the quantile level p of Z.

For GI/GI/1 model, the standard heavy-traffic approximation implies that the steady-
state workload Z should be approximately exponentially distributed; see Section 5.7 and
Section 9.3 in [143]. In particular, for mean-1 service and traffic intensity p,

e
2(1-p)

Thus, for quantile p of Z, denoted by Z(p), we have P(Z < W(p)) ~ 1 — e 2®)/m =y 5o

P(Z>z)~e ™ >0, for m= (2.43)

that
Z(p)~—In(l—p)m (2.44)

for m in ([2.43)).
On the other hand, if we apply Theorem to the M/GI/1 queue or the RBM approx-

imation, then we get
B b’m

77(b0) =~ (2.45)

To match the actual mean in M/GI/1 for all p and to match the mean in heavy-traffic and
light-traffic limits, we should chose b? = v/2 as in Corollary Theorem and Theorem
Further connection can be made by equating (2.44]) and (2.45|) to obtain an approxima-

tion for the desired function II in (2.42)), getting

paTI(b)=1—e /2 (2.46)

By (2.44), for an exponential random variable, the mean coincides with the p =1 —e™! ~
0.632 quantile. By ({2.46)), this quantile corresponds to b = v/2. Hence, the RQ(V/?2) is the
RQ algorithm for the mean steady-state workload.

2.2.7 Heavy-Traffic and Light-Traffic Limits

The following result shows the great advantage of doing RQ with (i) the continuous-time
workload and (ii) the non-parametric version of the RQ in (2.34)). A proof is given in Section
2.0
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Theorem 2.6 (heavy-traffic and light-traffic limits) Under the reqularity conditions as-
sumed for the IDW I,(t), if by = V2, then the non-parametric RQ solution in 1)
is an asymptotically correct characterization of steady-state mean workload both in heavy

traffic (as p T 1) and light traffic (as p | 0). Specifically, we have the following supplement

to ([2.29)):
lim 2. = I,(c0) = lim ¢2 and lim c%. = I,,(0) = lim ¢ . 2.47
o1 7+(p) w(00) o1l 7(p) ol0 7+(p) w(0) 010 () ( )

Remark 2.6 Theorem greatly generalizes results in Theorem (b) with both light and
heavy traffic addressed in the general case beyond positive or negative correlations. We
also note that the parametric RQ solution can be made correct in heavy traffic or in light
traffic, as above, by choosing the parameter b, appropriately, but both cannot be achieved

simultaneously unless I,(00) = I,,(0).

2.2.8 Other Steady-State Performance Measures

We develop approximations for other steady-state performance measures by applying exact
relations for the G/GI/1 queue that follow from Little’s law L = AW and its generalization
H = )\G; e.g., see [141] and Chapter X of [12] for the GI/GI/1 special case. Let W, Q and

X be the steady-state waiting time, queue length and the number in system (including the

one in service, if any). By Little’s law,

E[Q] = AE[W] = pE[W] and

BIX] = EIQ) + p = p(EW] +1). (2.48)

By Brumelle’s formula [30] or H = MG, (6.20) of [141],

E[V?]
2u

(G+1)
2p

E[Z] = pE[W]+p = pE[W]+p , (2.49)

Hence, given an approximation Z* for E[Z], we can use the approximations

E[W] ~ max{0, Z*/p — (¢ +1)/2u} and

E[Q] ~ AE[W]. (2.50)
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Remark 2.7 (network performance measures) So far we only have discussed the perfor-
mance measures for a single station. The total network performance measures, on the other
hand, can also be derived. See Section for the settings of the open queueing network
models. For example, the expected value of the total sojourn time 77°, i.e. the time needed
to flow through the queueing network for a customer that enters the system from station ¢,
is easily estimated from the obtained mean waiting time at each station. Assuming Markov
routing with routing matrix P, a standard argument from discrete time Markov chain the-
ory gives the mean total number of visits §; ; to station j by a customer entering the system

at station ¢ as

Gi=(T-P)), .

OV
where (I — P)™! is the fundamental matrix of a absorbing Markov chain. Hence, the mean

steady-state total sojourn time E[T}°'] is approximated by

K
E[T{) ~ Y & (EW)] + 1/ ;). (2.51)
j=1

In real world applications, customers often experiences non-Markovian routing, where routes
are customer-dependent. For ways to represent those scenarios and convert them (approx-

imately) to the current framework, see §2.3 and §6 of [134]. =

2.2.9 An Illustrative Simulation Example

In this section, we present an example that demonstrates (i) the strong impact of depen-
dence upon performance and (ii) the value of the new RQ in capturing the impact of that
dependence.

Consider an example of 5 single-server queues in series where the variability increases
and then decreases 5 times, with the traffic intensities at successive queues decreasing. That
makes the external arrival process and the earlier queues relevant only as the traffic intensity

increases. Specifically, the example can be donoted by
Elo/HQ/l — '/Elo/l — /Hg/l — -/Elo/l — /M/l (252)

In particular, the external arrival process is a rate-1 renewal process with F1¢ interarrival

times, thus ¢2 = 0.1. The 1% queue has Hs service times with mean 0.99 and ¢ = 10 (and
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also balanced means, as before), thus the traffic intensity at this queue is 0.99. The 2"¢ queue
has F1g service time with mean and thus traffic intensity 0.98. The 3rd queue has Ho service
times with mean 0.70 and ¢2 = 10. The 4" queue has Ejq service times with mean and
thus traffic intensity 0.5. The last (5*") queue has an exponential service-time distribution.
with mean and traffic intensity p. We explore the impact of p on the performance of that
last queue.

This example is designed so that the total arrival process at queue 5 have a very compli-
cated dependence structure. Looking backwards starting from the 4" queue, i.e., the queue
just before the last queue, the Erlang service act to smooth the arrival process at the last
queue. Thus, for sufficiently low traffic intensities p at the last queue, the last queue should
behave essentially the same as a F19/M /1 queue, which has c¢2 = 0.1, but as p increases, the
arrival process at the last queue should inherit the variability of the previous service times
and the external arrival process, and altering between Ha/M /1 and E19/M/1 as the traffic
intensity at the last queue increases. This implies that the normalized workload CZZ(,o) in

(2.27) as a function of p should have four internal modes.

6 Normalized mean workload at Queue 5 . (1) + Cz at Queue 5

4+

2
1t - - -RQ

Simulation
O L n N N 0 1 L
0 1-107" 1-102 1-10°° 10° 10°
Traffic intensity p time

Figure 2.2: Comparing the simulation estimation to the RQ approximation for the workload,
as a function of traffic intensity, at the fifth queue of a five-queues-in-series model. The

workload function have four internal modes.

This behavior is substantiated by Figure (left), which compares simulation estimates



CHAPTER 2. ROBUST QUEUEING FOR THE G/G/1 MODEL 37

of the normalized mean workload cZZ(p) in at the last queue with the RQ approx-
imation CQZ* (p) in (2.36). It shows that the the normalized workload at the last queue
fluctuates and each mode corresponds to a previous service process or the external arrival
process. Figure (left) also shows that RQ successfully captures all modes and provides
a reasonably accurate approximation for all p. Note that a new scale in the horizontal x
axis is used in Figure (left), namely —1In(1 — p). Since 4 out of 6 modes lies in p > 0.8,
the new scale act to stretch out the crowded plot under heavy traffic.

To conclude on this series-queue example, we show the IDW for the last queue in Figure

(right). The x axis of the figure is in log scale for easier display. Clearly, the IDW has

the same qualitative property as the normalized workload as well as the RQ approximation,

as we expect from equation ([2.40)).

2.3 Estimating and Calculating the IDC

For the applications of the RQ algorithm, it is significant that the IDW I,,(¢) and the IDC
I4(t) can readily be estimated from data from system measurements or simulation, and
calculated in a wide class of stochastic models. The time-dependent variance functions can
be estimated from the time-dependent first and second moment functions, as discussed in
Section III.B of [59]. Calculation depends on the specific model structure.

To start, we review the calculation of the indices of dispersion under several specific
model structures in Section In Section we discuss the calculation of the IDC for
the renewal process. In Section we propose an algorithm to estimate the IDC from

data.

2.3.1 The IDC’s for Renewal Processes.

For renewal processes, the variance Var(A(t)) and thus the IDC I4(t) can either be calcu-
lated directly or can be characterized via their Laplace transforms and thus calculated by
inverting those transforms and approximated by performing asymptotic analysis. Because
we are interested in the steady-state behavior of the OQN, we are primarily interested in

the equilibrium renewal process, as in Section 3.5 of [116]. For a stationary point process,
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we have E[A(t)] = At. Hence, we only focus on Var(A(t)) here.

In turns out that the variance of the equilibrium arrival renewal process V' (t) = Var(A(t))
can be expressed in terms of the renewal function m(t) = E[A(t)], where Ay is the corre-
sponding ordinary renewal process, i.e. with an arrival at time 0. For a function f, let f

denote the Laplace transform of f, defined by

V()= 2 B2 A 2 98 24 (2.53)

where g is the density function of the interarrival-time dsitribution. For detailed derivation,
see Section B.1}
The variance function can then be obtained numerically, which is discussed in Section

13 of [4].

2.3.2 The IDC of the Markovian Arrival Process

Markovian arrival process (MAP) is an extremely versatile modeling tool for point processes.
The MAP is initially introduced by Neuts in [107] as a versatile Markovian process. It was
reformulated as the MAP in [104], which we follow as its definition. It contains a wide
range of point processes as special cases, including the Poisson process, the Erlang and
hyperexponential renewal processes, the Phase-type (PH) renewal process and the Markov
Modulated Poission process. Since the Phase-type distribution is dense in the field of all
positive-valued distributions, the MAP can be applied to approximate any renewal process.
But the MAP is also capable of modeling auto-correlation in point process, which do not
appear in renewal processes. We summarize useful formula in this section.

The MAP is among one of the few general models that can be treated analytically, see
for example [1;(97]. In this section, we review the exact formula for the IDC of the Makovian
Arrival Process and its special cases; see also Section 5.4 of [108], especially Theorem 5.4.1.

The MAP is defined in terms of a continuou-time Markov chain (CTMC) with infinitesi-

mal generator D = Dy+ D; € R™" where D1 = 0, 0 and 1 are the column vector of zeros



CHAPTER 2. ROBUST QUEUEING FOR THE G/G/1 MODEL 39

and ones, all the off-diagonal elements of Dy and all the elements of D; are nonnegative.
The transitions associated with D; are called type 1 transitions. A MAP with parameters
(Do, Dy), denoted by MAP(Dy, D), is a point process where an event occurs if and only
if a type 1 transition occurs in the CTMC.

Neuts [108] applies matrix-analytic methods to give explicit representations of the vari-
ance Var(N (t)) for the versatile Markovian point process or Neuts process; see Section 5.4,
especially Theorem 5.4.1. We summarize the results below. Let a be the steady-state

probability (row) vector of the CTMC generated by the rate matrix D, i.e. the solution to
aD=0, al=1. (2.54)

Starting with the distribution of initial state specified by «, the resulting MAP will be a
continuous-time stationary point process. We use N (t) to denote such a stationary MAP.

The mean function (for the stationary version) is
m(t) = E[N(t)] = M, X=aDl. (2.55)
The variance function V' (t) = Var(IN(¢)) of the stationary MAP N(¢) is
V(t) = (A =2\ + 2aD1dy) t — 2aD; (I — ePh)dy, (2.56)

where d; = (la — D)™'Dy1, I is the identity matix of order n and eP? is the matrix

exponential. From (2.55)) and (2.56)), we obtain the IDC Iy of N(t)

In(t) =1 =2\ 4 2aD1dy /) — 2aDy (I — ePYYdy /Mt (2.57)
The limits of the IDC can then be easily derived. In particular, we have

Proposition 2.1 For MAP(Dy, D), we have

In(0) = lim In(t) =1, and (2.58)
IN(OO) = tliglo IN(t) =1-2\+ 204D1d1/)\. (259)

Proof. The second statement follows from the fact that all eigenvalues of D have non-

positive real parts, hence the matrix exponential et converges to 0 as t — co. =
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We remark that, for a non-renewal MAP, the limit Iy(c0) is not necessarily equal to
the scv of the stationary inter-event time. For the interval-stationary version of the MAP,
consider the Markov chain embedded at the arrival epochs, whose transition probability
matrix P is given by

[e.e]
P:/ eP'Dydt = -Dy ' D;.
0

The stationary vector g of P is then obtained by solving agP = o and agl = 1. The

cumulative distribution function (cdf) of a stationary inter-event time is then given by
F(t) =1 — agePol1,

and its scv is given by
209(—Dyp) %1
(ao(—Dy)~'1)?
which is in general different from (2.59)).

Y

However, the limiting variability parameter Iy (0c0) coincide with the variability coeffi-
cient in the Brownian functional central limit theorem of the MAP. Let N, (t) = n~'/2[N (nt)—
Ant] be the diffusion-scaled process, where A is the rate defined in . A proof can be
found in Section 2.6

Theorem 2.7 (Functional central limit theorem) Consider MAP(Dy, Dy) with finite
state and initial distribution c in (2.54)). Assume that the underlying Markov chain gener-
ated by D = Dg + Dy is irreducible, then we have

N:cBer,

where ¢ = \/In(00) defined in 1D B is a standard Brownian motion, A is the rate
defined in (2.55) and e is the identity map.

We now summarize the exact formula for several useful special cases.

Example 2.1 (Erlang renewal process) The Erlang (Ejy) random variable with shape
parameter k£ and rate parameter A is defined as the sum of k i.i.d. exponential random

variables, each with rate A, so that the mean is m = k/X and the scv is ¢ = 1/k. The
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FErlang renewal process can be specified as a MAP with

A A 0 -~ 0] (0 00 --- 0]

0 <A A - 0 000 - 0
D, = , Do =

(0 0 0 - A A 00 - 0

For the case of kK = 2,3 and 4, we have

Iy () = % + 4% (1-e).
Ig,(t) = é + % (1 — e 732 ¢og (\/5)@5/2)) ,
Ig,(t) % + & (1 - 672)‘t> + i (1 —e M cos()\t)) .

See also Section 4.3 and 4.5 of [39] and Section IIL.G of [60].

Example 2.2 (Hyperexponential renewal process) Consider the mixture of two in-
dependent exponential random variable, i.e. the hyperexponential (Hs) random variable,

with probability density function defined as
f@t) = pune ™" + (1 — p)uge ™2, £ > 0.

By swapping 1 with po and p with 1—p, we may assume 1 > ps without loss of generality.

The distribution can also be specified by the the rate A = —H##£2 __ the scv ¢ and
pu2+(1—p)p1

the ratio between the mean of the component with the larger rate and the overall mean
r=p/u/(p/p1 + (1 — p)/pe). Alternatively, the Hy renewal process can be specified by

the MAP with

Dy — I  Dy— pur (1 —p)u

0 —pe puz (1= p)pe
In,(t)=c*— = (1—e), (2.60)

where v = (1 — p)p1 + p2 and 8 = p(1 — p)(u1 — p2)?/~?%, which is consistent with Section
IT1.G of [60].
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Example 2.3 (Markov modulated Poisson process) The Markov modulated Poisson
process (MMPP) is a special case of MAP with D; being restricted to a diagonal matrix
with non-negative entries. Dy can be any matrix with nonnegative off-diagonal elements,

as long as (Do + D1)1 = 0. The MMPP(2), i.e. the MMPP with 2 states, is defined by

-1 — A r A0
Do=1| = R R > Y (2.61)

9 —T9 — )\2 0 )\2

The rate of this MMPP(2) is A = 215282211 and the IDC is

r1+7r2
200 ot
IMMPP(Q) (t) =1 + 2c0 — % (1 — € v ) s (262)

rirg(A1—X2)?

where vy =11 +ro and a = e TraAn)

2.3.3 Calculation of the IDW and IDC in Some Queueing Networks

The G/GI/1 Model. If the service times are i.i.d. with a general distribution having
mean 7 and scv ¢ and are independent of a general stationary arrival process, then as

indicated in (58) and (59) in Section IILE of [60],
Lo(t) = 2+ I4(t), t>0, (2.63)

where c? is the scv of a service time and I4 is the IDC of the general arrival process A.

The Multi-Class ) ,(G;/G;)/1 Model. As indicated in (56) and (57) in Section IIL.E
of [60], if the input comes from independent sources, each with their own arrival process
and service times, then the overall IDC and IDW are revealing functions of the component

ones. Let A\; be the arrival rate, 7; the mean service time of class i, and p; = \;7; be the

traffic intensity for class ¢ with A=, \;, 7= >, (Ai/A)7; = 1 so that p = X\. Then

) = iy = 2t A 5 (AA) L (1) (2.64)

i

and

L) = Y (®) 2 Var(Vi(®) 3 (p T) Ini(t) forall t>0.  (2.65)

TE[Y (2)] pt —\ o7

From (2.64) and (2.65), we see that I4 and I, are convex combinations of the component

I4; and I, ;.
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The Multi-Class ) . G;/GI/1 Model. An important special case of the multi-class
> :(Gi/G;)/1 model arising in open queueing networks is the ), G;/GI/1 model in which
there are multiple general arrival streams coming to a queue where all arrivals experience
common i.i.d. service times. We can combine and to get the expression for
the IDW

Lo(t) = 1a(t) + 2, t>0, (2.66)

where I4(t) is given by (2.64). Of course, if all the component arrival streams are Poisson

processes, then I4(t) = 1 for all t > 0, but otherwise the IDC I4(¢) can be quite complicated.

The Balanced ), G;/GI/1 Model. We call the ) . G;/GI/1 model balanced, if the
arrival process is the superposition of n i.i.d. non-Poisson processes each with rate A\/n, so
that the overall arrival rate is A\, and asymptotic variability parameter c2. From the results

above, we obtain
Ipnn(t) =14(t/n) and ILyn(t) = ILyi(t/n), t>0, (2.67)

so that the superposition IDC and IDW differ from those of a single component process
only by the time scaling.

In particular, under regularity conditions, (i) the superposition arrival process is known
to be non-Poisson and non-renewal unless the component arrival streams are Poisson. (ii)
if we let n — oo but keep the total rate fixed, then the superposition process approaches
a Poisson process, but (iii) for any n, no matter how large, if we let ¢ — oo, then the
superposition process obeys the same CLT as a single component arrival process, and so
has asymptotic variability parameter ¢2. Thus, we have I4,(0) = 1 and I4,(0c0) = ¢ for
any n > 1.

We will show that RQ provides important insight when we conduct simulation experi-

ments for this model in Section [6.2.2]

2.3.4 Numerical Estimation of the IDC from Data.

Now we present an algorithm to numerically estimate the variance V (t) = Var(A(t)) from
a given realized sample path of the stationary point process A(t). The main idea is based

on Section 5.4 (iii) of [40].
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Our goal is to estimate V' (¢) for 0 < ¢ < ¢y using a realization of A(t) for 0 < ¢ < T. The
simplest way is to apply crude Monte Carlo method to estimate V' (¢) for a fixed ¢ and repeat
over a finite grid of ¢’s. This method divide the sample path of A(t) into non-overlapping
intervals of length ¢ and count the number of arrivals in each interval. The variance is then
estimated by the sample variance of the counts. This method is simple to implement but
can be slow to converge.

To accelerate the crude Monte Carlo method, we apply three techniques: (i) we use
overlapping intervals instead of non-overlapping ones, which introduces bias but reduces
sample variance; (ii) we calculate V (¢) only over a finite grid equally spaced in the logarithm
scale instead of the linear scale; and (iii) we re-use the tallied number of events for shorter
intervals to calculate the total number of events for longer interval, which avoids repetitive
counting. We discuss the three techniques in turn:

To use overlapping intervals, consider first £ = 7'/t number of non-overlapping intervals,
each with length ¢. Now, we further divide each intervals of length ¢ in to r intervals of the
same length 7 = t/r. Hence we have rk number of non-overlapping intervals of length 7.

Let n; be the number of events fall in the i-th interval, consider
U= AL) = Alir, (i +71)1) =ni + i1 + -+ + Nypr—1, 1=0,1,...,7k —r+ 1.

We estimate V(t) with the sample variance V; of {U;}._,, where | = rk —r + 1. This
estimator is in general biased but can achieve lower variance compared with the one obtained
with crude Monte Carlo method. In Theorem we show that this estimator of V(¢) is
asymptotically consistent under mild conditions that V'(¢) is differentiable with derivative
V (t) having finite positive limits as t — oc.

For the third technique, we now present a algorithm to simultaneously estimate V (2¢7)
for some 7 > 0 and i = 0,1,...,1. Let {I;} be the collection of non-overlapping intervals of

length 7 that covers [0, 7). Let n; = A(I;) be the number of events on interval I;. Then we

have the following table from [40].
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time horizon ¢

sample | T 27 227
1 ny n1+ng N1 +ng+ng+ng
2 ng N2 +n3 n3+ng+ns+ng
3 ng N3-+ng N5+ ng+ny+ng

We find the estimation of V(27) by calculating the sample variance of the corresponding
column.

Now that we have a efficient algorithm to estimate V' (2i7) for fixed 7, we have obtained
the estimations of a grid equally spaced in logarithm scale. To obtain estimations for finer
grids we shift the crude grid by picking several 7 < 7; < 27 equally spaced in log scale and,

for each j, simultaneously estimate V' (2'7;) for all 4.

Consistency of the estimator. We now show that the estimator of the variance function
V(t) is asymptotically consistent. Towards this end, we assume mild regularity conditions

that V(t) is differentiable with derivative V (t) having finite positive limits as t — oo, i.e.,
V(t) = 0% as t — oo,
for an appropriate constant o2, as in (5.8). The proof is postponed to Section

Theorem 2.8 (Consistency of the estimator) Let A be a time-stationary and ergodic
point process with variance function V(t) that is differentiable with derivative V (t) having
finite positive limit as t — oo, i.e.,
V(t) = 02 ast — .
Then we have
lim bias(V}) = 0
=00

forl=rk—r+1,r=t/r,k =T/t and V}, is the sample variance of {U;}*_,. Furthermore,

lim V; = V(t), w.p.1.
l—00
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Remark 2.8 (Implication for the choice of simulation run length) The bias comes
from two kinds of cumulative correlation in N(¢). The first part of the bias comes from the
correlation of overlapping intervals, which can be bounded by 4Ct/(k — 1). This suggest
that V is a reasonable estimator only when k > t. The second part of the bias comes from
the correlation of the increments when N(¢) is non-Poisson. This part of the bias can be
controlled by the convergence rate of V(t) This suggests that, regardless of our choice of
t, V is a reasonable estimator only when 7T is much larger than the relaxation time it takes
for V (t) to converge.

For example, if we are interested in V/(¢) for t = 10° and we want a bias of less than
g, then we must use T = tk > 4Ct?/e = O(t?/¢) in order to control the first part of the
bias. For the second part of the bias, in the queueing setting, the time it takes for V(t) to
converge is roughly in the magnitude of O(1/(1 — p)?). Hence, we need a simulation time

of T = O(t/(1 — p)?) to eliminate the bias. =

2.4 More on Non-Parametric RQ for Waiting Times

We now discuss how Corollary [2.1] can be extended, with the aid of Section to show that
both the new parametric RQ in and the new non-parametric RQ with uncertainty set
in are asymptotically correct in heavy traffic for the more general stationary G/G/1
model. For the general model, we regard {(Uy, V})} as a stationary sequence. For notation
simplicity, we assume E[V}] = 1 and E[Uy] = p~! > 1 for all k for the rest of this section.
Paralleling the parametric RQ optimization in , we have the non-parametric analog

W;, = sup sup{S;}. (2.68)
Xeuy k>0

where Uy is defined in (2.9). For the G /G /1 model stationary in discrete time, the reasoning
for Theorem leads to the alternative representation as
Wi, = sup {—mk +brg Var(sg)} (2.69)
instead of ([2.7)), where m = (1 — p)/p as before.
We now recast the discrete-time RQ solution in (2.69)) in terms of indices of dispersion
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for intervals (IDI). As in Chapter 4 of [40|, the IDI's are functions of k € N, defined by

_ kVar(S})

o= EVar(S})
"B

(ELS3)?

kCouv(SE, Sy)

= EISHELS)

and I}° = for keN. (2.70)

As the scaled versions of the discrete-time variance-time functions (sequences) Var(S}),

Var(S) and Var(S}), the IDI's measure the cumulative covariance in each partial sum.

With (2.70),

Var(SY) = E[Ui]y/kIE, k>1, and

0% = klim {k"'Var(S§)} = E[U1*1Z, (2.71)
—00
where
It = It + p*I; — 2pI°  for p= E[V]/E[U1] < 1. (2.72)

These three IDI’s I, I} and I}, * were used to develop queueing approximations in [58].

As a consequence, (2.69) can be rewritten a

Wi, —?;13{—(1 _P)k/P‘i‘bf,d\/E}- (2.73)

Similar to the continuous-time workload, we focus on the normalized mean waiting time

and RQ approximation defined by

C%V(p)EME[Wp], and c%/*(p)EMW}:p. (2.74)

P p
By essentially the same reasoning, we can show that both the parametric RQ and
the non-parametric RQ for the steady-state waiting time W are asymptotically exact in
heavy-traffic, with the same HT limit as for the continuous-time workload, if we choose the
constant by 4 in appropriately. The light-traffic behavior is much more complicated
for the steady-state waiting time, as discussed in Section IV.A of [60] and Section 1 of [139].

That is a major reason for using the workload instead of the waiting time.

2.5 Supporting Functional Central Limit Theorems

In this section we establish establish (mostly review) the supporting Functional Central

Limit Theorems (FCLT’s) and the Central Limit Theorems (CLT’s) that follow from them.
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These are for the general stationary G/G/1 model, allowing stochastic dependence among
the interarrival times and service times. Section starts with a basic FCLT for partial
sums of random variables from weakly dependent stationary sequences, as in Theorems
19.1-19.3 of [23] and Theorem 4.4.1 of [143].

To state the basic FCLT underlying the RQ approach to the waiting time and workload
processes, we consider a sequence of models indexed by n with stationary sequence of
interarrival times and service times. In Section [2.5.1] we establish the underlying FCLT for
the partial sums of the interarrival times and service times. Then in [2.5.2| we establish a
FCLT for other basic processes. In Section [2.5.3| we establish different ordinary CLT’s that
support the parametric RQ and non-parametric RQ. Finally, in Section we establish

heavy-traffic FCLT’s for the waiting time and workload processes.

2.5.1 The Basic FCLT for the Partial Sums

Without loss of generality, we assume that the models are generated by a fixed sequence of
mean-1 random variables {(Ug, Vi)}, with the interarrival times in model n being U, ; =
p tUg. For each n, let the sequence of pairs of partial sums be {( Z,k’ flk : k> 1}. Let
An = pn and p, = 1 denote the arrival rate and service rate in model n. Let |z | denote the
greatest integer less than or equal to the real number . Let D? be the two-fold product
space of the function space D and let = denote convergence in distribution. For this initial
FCLT, we let p, — p as n — oo for arbitrary p > 0. Let random elements in the function

apace D? be defined by

(Sg(m S;;(t)) = 12 ([sgm - p;lnt} , [ng - nt]) , >0

Theorem 2.9 (FCLT for partial sums of interarrival times and service times) Let { (U, Vi) :
k > 1} be a weakly dependent stationary sequence with E[Uy] = E[Vi] = 1. Let Upy =

p;lUk and Vo1 = Vi, n > 1, and assume that the variances and covariances satisfy

0<p 0= 731—{20 {n"War(S%)} < oo,

0<os= 1i_>m {n"War(S:)} <oo and

—00 < pflaz\,s = lim {n"'Cov(S%, S5)} < oco. (2.75)

n—oo
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Then (under additional regularity conditions assumed, but not stated here)
(SZ, QZ) = (Sa,§3> in D? as n— oo, (2.76)

where (SG,SS> is distributed as zero-drift two-dimensional Brownian motion (BM) with

covariance matric

-2 2 -1 _2
p0xa P 0a
2= o
-1 _2 2
P 0as 0g

Proof. The one-dimensional FCLT’s for weakly dependent stationary sequences in D can
be used to prove the two-dimensional version in Theorem [2.9, First, the limits for the
individual processes S?L and gi imply tightness of these processes in D, which in turn
implies joint tightness in D?. Second, the Cramer-Wold device in Theorem 4.3.3 of [143]
implies that limits for the finite-dimensional distributions for all linear combinations (which
should be implied by the unstated regularity condition) implies the joint limit for the finite-
dimensional distributions (fidi’s). Finally, tightness plus convergence of the fidi’s implies

the desired weak convergence by Corollary 11.6.2 of [143]. =

2.5.2 The FCLT for Other Basic Processes

As a consequence of Theorem [2.9] we also have an associated FCLT for scaled random
elements associated with S7, = S;, — Sg,, k > 1, Ay(s) and Yy (s) = Z?Z"I(S) Voi =

Zf:(f”s) Vi =Y (pns), s > 0, for A and Y in l) and lb Let the associated scaled
processes be defined by

(S50, An(0), X(t)) = 02 (]85 1y = (L= p )t [An(nt) = punt], [Ya(nt) — punt])

(2.77)
for ¢t > 0. Let B(¢) be standard (zero drift and unit variance) one-dimensional BM and let e
be the identity function in D, i.e., e(t) = t. Let 4 mean equal in distribution, as processes

if used for stochastic processes.

Corollary 2.4 (joint FCLT for basic processes) Under the conditions of Theorem 2.9

A

Sz,gi,gi,f&n,?n = (S%,8°,§%, A, Y in D% as n— oo, (2.78)
( )= ( )
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A~ A A d . . .
where S* = 8% — S* = oxB, with variance function

-2 2 1

0% =0%(p) =p 204 +0%—2p 012475, 0 < o3 < oo, (2.79)

for p‘20124, a% and p_lais m () while

A =—pS%o pe 4 —po B, o pe 4 p*?oyBa,

Y = S%0 pe — pS%o pe 4 5yBo pe 4 VpoyB, (2.80)
where
0% =0 (p) =04 + 0% — 2012475, 0< 0% <oo, foral p. (2.81)
Hence, v 4 §x for p =1, but not otherwise.

Proof. We apply the continuous mapping theorem (CMT) using several theorems from
[143]. The CMT itself is Theorem 3.4.4. We treat the process Sik using addition. We
treat the counting processes A, by apply the inverse map with centering to go from the
FCLT for Sj ;. to the FCLT for the associated scaled counting processes, applying Theorem
7.3.2, which is a consequence of Corollary 13.8.1 to Theorem 13.8.2, which follows from
Theorem 13.7.1. Then the limit for Y,, follows from Corollary 13.3.1. However, it is also
possible to give a more elementary direct argument. First, let A, (t) = n"1A,(t),t > 0, and
note that A, = pe as a consequence of the limit for A,. The initial limits all hold jointly
by Theorems 11.4.4 and 11.4.5. Then observe that we can apply the continuous mapping

theorem with composition and addition to treat Y,,, because we can write

Y, =S%04,+A, (2.82)
ie.,
A(nt)
Y, t)=n 2 Y —pnt |, t>0, (2.83)
k=1
while
A(nt)
(S 0d)(t)=n""2[ > —A,(mt) |, t>0, (2.84)
k=1

We then add to get (2.83)), observing that two terms cancel.
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We now derive alternative expressions for the limit process Y. First, directly from (2.82)

we obtain
Y = S’ope+ A =S°0pe— pSipe 4 oyB o pe 4 VpoyB. (2.85)
which justifies the expression for o in (2.81). =

Remark 2.9 (uniform integrability) Condition implies that k~'Var(Sy) — o% as
k — oo for O%( in . In addition to the conclusions of Theorem and Corollary
we assume that the appropriate uniform integrability holds, so that we also have the
continuous-time analog

s War(Y(s)) = 0% as s— o0 (2.86)

for 0% in )

2.5.3 Alternative Scaling in the CLT

Theorem and Corollary imply ordinary CLT’s for the processes S and Y, (s) by
simply applying the applying the CMT with the projection map 7 : D — R with 7(x) =

z(1).

Corollary 2.5 (associated CLT’s) Under the assumptions of Theorem there are CLT"s

or the partial sums SE and the total input processes Y,, stating
n
(S —nE[X1])/y/no% = N(0,1) as n — oo, (2.87)
and
(Y, — pn)/y/not = N(0,1) as n— oo, (2.88)

where N(0,1) is a standard (mean-0, variance-1) normal random variable, 03( 1s the asymp-

totic variance constant in (2.75)) and (2.79), and 032/ s the asymptotic variance constant in
B3 and @51).

Clearly, Corollary supports the parametric RQ formulations and indicates how to
choose the parameters b, and b, in order to produce versions that should be asymptotically

correct in heavy-traffic (see the next section). We now show that there are alternative
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versions of these CLT’s that support the non-parametric RQ formulations. First, instead

of (2.87), we can also write
[Sy — E[Sy]]/v/Var(St) = N(0,1) as n — oo. (2.89)

Second, instead of (2.88)), we can also write

Y(t) - E[Y(®)]]/v/Var(Y(t)) = N(0,1) as t— oo. (2.90)

The numerators in (2.87) and ([2.89) are identical because F[S¥] = nE[X1] and E[Y ()] =
pt. The full statements in (2.87)) and (2.89) are asymptotically equivalent as n — oo by the
CMT, because

Su —nEIX] _ Sp=nBIX] VIOX N 1) <1 = N(O, 1),

The same is true for the CLT’s in (2.88)) and (2.90)).

2.5.4 The Heavy-Traffic FCLT

Theorem and Corollary also provide a basis for heavy-traffic (HT) FCLT’s for the
waiting-time and workload processes. To state the HT FCLT, we let p, — 1 as n — oo at
the usual rate; see li below. Let W and Z" be the random elements associated with

the waiting time and workload processes, defined by
(W"(t), Z"(t)) - (n—l/Qan,n—l/an(nt)) . >0 (2.91)

Let v : D — D be the one-dimensional reflection map with impenetrable barrier at the
origin, assuming x(0) = 0, i.e., ¥(z)(t) = z(t) — info<s<; 2(s); see Section 13.5 of [143].
Here is the HT FCLT; it is is a variant of Theorem 2 of [84]; see Section 5.7 and 9.6 in
[143]. Given Corollary it suffices to apply the Continuous Mapping Theorem (CMT)

with the reflection map .

Theorem 2.10 (heavy-traffic FCLT) Consider the sequence of G/G/1 models specified

above. If, in addition to the conditions of Theorem[2.9

n2(1—py) =1, 0<n< oo, (2.92)
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then
(Wn, Zn) = (1/}(@3” —ne), (8% — ne)) in D* as n— oo, (2.93)

jointly with the limits in 1) where 1 is the reflection map and S* — ne 4 oyB —ne is
BM with vartance constant 032/ m 1' and drift —m < 0, so that w(gx —ne) is reflected
BM (RBM).

The HT approximation for the mean steady-state wait and workload stemming from

Theorem [2.10] is

N N N 0¥
2n - 2(1-p)
for 032/ in (2.81)), which is independent of p, using the mean of the exponential limiting

EW(p)] = E|Z)] (2.94)

distribution of the RBM ¢ (0,B — ne)(t) as t — oo.

Remark 2.10 (the two forms of stationarity) As discussed in the beginning of Section
there are two forms of stationarity, one for discrete time and the other for continuous
time. When we focus on the waiting time, we use discrete-time stationarity; when we
focus on the workload, we use continuous-time stationarity. So far in this section, we have
built everything in the framework of discrete-time stationarity. However, in doing so, we

automatically can get FCLT’s in both settings. The theoretical basis is provided by [109].

Remark 2.11 (the limit-interchange problem) the standard HT limits for the processes do
not directly imply limits for the steady-state distributions. Strong results have been obtained
with i.i.d. assumptions, e.g., see |31, but the case with dependence is more difficult. Never-
theless, supporting results for the G/G/1 queue when dependence is allowed appear in [126;
127. We assume that this interchange step is also justified.

Remark 2.12 (the asymptotic method) The RQ approach in Theorem corresponds to
approzimating the arrival and service processes in the G/G/1 queue by the asymptotic
method in [133], which develops approximations for the arrival and service processes us-
ing all the correlations. That is in contrast to the stationary-interval method discussed
just before Section which uses none of the correlations. Our RQ approach develops an

intermediate methods in between those two extremes.
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2.5.5 The IDW and the Normalized Workload

We are motivated to develop the non-parametric RQ for the steady-state workload because
of the close connection between the IDW {I,,(¢) : ¢ > 0} and the normalized mean workload
{022(,0) : 0 < p < 1} established by [60]. The key asymptotic components are the heavy-
traffic (HT) and light-traffic (LT) limits stated here in (2.29). Now that we have just
developed the supporting HT FCLT, we review the theoretical support for .

First, the HT limit is supported by the FCLT for Z, in Theorem We use the
continuous-time stationarity, justified by Remark For the FCLT’s, we require weak
dependence, which is specified by relatively complex mixing conditions. Given the weak
dependence and the FCLT, we need extra regularity conditions to get to what is actually
stated in . First we need the limit-interchange property discussed in Remark
to get associated limits for the steady-state distributions. Second, we need appropriate
uniform integrability to get from convergence of random variables to convergence of their
moments; see Remark

The LT limit is established in Section IV.A of [60]. An important observation made there
is that the LT limiting behavior is much more robust for the steady-state workload than for
the steady-state waiting time. In particular, the LT limit for the steady-state waiting time
depends more on the fine structure of the model. The LT limits provide theoretical insight
into why it is easier to describe the mean steady-state workload than the mean steady-state

waiting time, even though they agree in the HT limit.

2.6 Proofs

In this section we provide additional technical support for the main paper. First, a key step
in obtaining tractable solutions of the RQ optimizations is an interchange of suprema. The

following lemma shows that this interchange is justified in all cases.

Lemma 2.1 (interchange of suprema) The interchange of suprema below holds for any
real-valued function f(x,y)
M := sup f(z,y) = supsup f(z,y) = sup sup f(z,y),

€A z€AyeB yeB xzcA
yeB



CHAPTER 2. ROBUST QUEUEING FOR THE G/G/1 MODEL 95

where the joint supremum M is allowed to be infinite.

Proof By symmetry, we need only prove that

sup f(x,y) = supsup f(z,y).
z€A reAyeB
yeB

Suppose the joint supremum M is finite, then there exist a sequence (z,y,) € A x B such

that f(zp,yn) > M — 1/n, where M is the finite joint supremum. Then, we have

1
sup sup f(x,y) > sup f(xn,y) > f(zn,yn) > M — —, for all n > 0.
r€AyeB yeB n

This implies that

supsup f(z,y) = M = sup f(z,y).
€A yeB €A
yeB
The other direction of inequality is trivial by noting that M > f(x,y) and taking iterated
supremum on both sides.
For the case where the joint supremum M is infinite, then there exist a sequence

(Zn,yn) € A x B such that f(z,,y,) > n. Then

sup sup f(x,y) > sup f(zn,y) > f(zn,yn) > n, foralln >0.
r€AyeEB yeB

Hence the iterated supremum is also infinite, which completes the proof. =

Proof of Theorem The solutions of the RQ optimizations in are

Z, = sup sup {N(t)} = sup sup {N(t)}

Neu, $20 520 Neu,
= 51>1]8 {—(1 —p)s+ bp\/ps/,u}
pb2 b
=—(1—-p)z* +bp\/px*/p = ——— for z*"=2"(p)=—F—"— (2.95)

and

Z* = sup sup {N(t)} = sup sup {N(t)}
Ney 20 s>0 Ney

= su )s + by/ Var(N,

S>g{ }

=su p)s + by/Var(Y, 2.96
{1 s o VT 200

where the interchange of suprema is justified by Lemma .
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Proof of Theorem The inequalities can be satisfied as equalities just as before.
There are finite values s such that /Vy(s) < 4/ 20’%/8 for all s > sg by virtue of the limit
in (5.8). (Also see (2.75)) and (2.86)).) That shows that the optimization can be regarded

as being over closed bounded intervals. The assumed differentiability of Vy- implies that
it is continuous, which implies that the supremeum is attained over the compact interval.

Because Vy(z) — Vi (0) > 0, we see that there exists a small s’ such that

—(1=p)s+by/Ty(s) > —(1—p)s+by/sV(0)/2>0 forall s<s.

As a consequence, the maximum in must be strictly positive and must be attained
at a strictly positive time.

The results for m with positive dependence follow from convexity properties of
compositions. First, with positive dependence, —4/Vy () is a convex function of an increas-
ing convex function, and thus convex so that \/m is concave. Second, with negative

dependence, we have V- > 0, Vi-(t) > 0 and Vy-(t) < (<)0. Thus, by direct differentiation
() = b Ww(s)  Wy(s) <0,
A /VY(S) 2 4VY(S)

with strictness implying a strict inequality. =

We now prove Theorem [2.6] which follows from Theorem and Theorem here.

Theorem 2.11 (RQ in heavy traffic) Let b, = /2 and assume that I,,(x) is non-negative,
continuous and that I,(00) = limy_soo Iy(x) exist, then we have the following heavy-traffic

limit for the normalized RQ optimal value

% (1) = lim 2 =p)

Nim = Z*(p) = Ly(c0). (2.97)

To prove Theorem [2.11] we need two lemmas.

Lemma 2.2 (order-preservation of the RQ solution) Let f,g be two positive functions on

non-negative real numbers, satisfying f(x) > g(x) for all x > 0. Then we have
A

where Z} is the solution to the RQ problem with f replacing I, .
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Proof Let :U;Z denote the optimal solution to the RQ problem specified by f. Then
77 =— ; Ty +byJaif(2}) = x + by /@) f(xh)
x + b/

Lemma 2.3 (continuity property of the normalized RQ solution) Let ¢2.(p)(f) be the nor-
malized solution to (2.34) with I, replaced by f. Then c¢%.(p) is a continuous function from

>

space (Co(RT,RT), ||+ ||co) to RT, with the former one being the space of all continuous and

bounded functions from RT to R™ equipped with the supremum norm.

Proof Let f,g € (Co(RT,RY), || - |l00), satisfying || f — g|/oc < €. Then we have
flz)—e<g(x) < f(z)+e forallz>0.

Since f € Cp(RT,R™), there exist M > 0 such that f(x) < M for all z > 0. Then for all
x > M, where M, = (pb,/(1 — p))? M, we have

C1-p 1
Lo+ ¥\/of(x) < ——La +¥,VaM <0
p p

Hence,

CZ*<p><g>SCZ*<p><f+e>=2(1;” sup {—1;”x+b; w<f<x>+e>}

0<z<M,
<220 sy { ISP + b
P o<a<M, p
< 20 =) sup {—1_px+b; a:f(:L‘)}—l—b;\/Mpe (2.98)
P o<a<ii, p
= ez (o)) + i e
= o (p)(f) + 20002 O F e, (2.99)

where M, = (pb,/(1—p))?(M+e¢) and the first inequality follows from Lemma Similarly,

we can prove that
ez (0)(9) = cz-(0)(f — &) = ez-(0) () — 2./ (M + o)e. (2.100)

Combining (2.99)) and (| , we have
lez+(p)(9) — cz+ (p)(f)] < 2()*V/(M + e)e.

Hence the lemma holds. =
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Proof of Theorem The FCLT of the MAP here is a special case of Theorem 3.2 and
the following Remark 3.4 in [62]. We now verify the assumptions there, see (AS1)-(AS3)
there. The stationarity of the MAP (AS1) and the second moment assumption (AS3) are
directly assumed in our settings.

Now, we turn to the spectral gap assumption (AS2). Towards this end, the finite state
space assumed here significantly simplifies the proof. First, as discussed in Section 2.4 of

[62], for Markov jump processes, it suffices to consider the standard exponential ergodicity
|P,j(t) — aj| < Ce P for t >0, and any {4, j},

for some finite and positive constants C' and 3. It is well-known that the exponential
ergodicity is equivalent to that of any skeleton chain, i.e. the Markov chain obtained by
evaluating the Markov process at t, = n7t,n € N for any 7, see for exmaple Theorem 1
in [130]. Note that the skeleton chain of a finite-state CTMC is always aperiodic. The
required exponential ergodicity then follows from the fact that an irreducible and aperiodic

discrete-time Markov Chain is always exponentially ergodic, see Theorem 4.9 of [98]. U

Proof of Theorem [2.11] Recall that Theorem suggest that the optimal solution is
of order O(p?/(2(1 — p)?)), we perform a change of variable t = 2(1 — p)?z/p? in (2.34) and

scale the space by a constant p/(2(1 — p)). Hence, we have

2
& (p) = ogslgpoo {—t + 2\/th (2(1—P)2t> } . (2.101)

Since I,,(00) = limy_,o0 Iy(x) exist, there exist a T" sufficiently large such that |, (t) —

I,(00)| < € for all t > T. Now, we define

I,(t), t<T,
I,(t) =< linear, T —e<t<T,
Iy(o0), t>T.

By virtue of Lemma we need only prove that cz«(1)(Ly) = Ly (00) = Ly(c0).
Note that continuity and finite limit at © = oo implies that I,(x) is bounded, say

I,(z) < M — e for all x > 0. Hence we have

- p2
4 2\/th (2(1_/))275) < —t 4 2ViM. (2.102)
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We assume first that the limit I,,(c0) is strictly positive. The case where I,,(c0) = 0
can be deduced by considering a sequence of functions f,(z) such that f,(co) > 0 and
Iy — faloe < 1/n, and applying Lemma [2.3]

Now, for the case where I,(c0) > 0, we can choose py such that

2(1 — po)®
o5

T, T < min {Iw(oo),QM—Iw(oo) — 2/ M2 —Iw(oo)M},

since the right-hand-side of the inequality wil be strictly positive. Then for all p > pg, we

have

. 2
sup § —t+24/tly <p2t> < sup {—t + 2V tM}
0<t<T, 2(1-p) 0<t<T,
< Iy(o00).

But plugging I,,(c0) into the objective function, we have the objective value I,,(c0) by the
fact that ﬁ]w(oo) > T and that I, (t) is constant after ¢t > T. This implies that

) - 2
cz+(p) (L) = L {—t + 2\/th (2(1 - p)2t> }

= sup {—t—i—%/M}

Tp<t<oco

= I,(c0), for all p > pg.

Hence, we've proved that ¢z« (1)(I,) = Iy(00) = I,(c0). =

Next, we state the corresponding result for RQ in light traffic.

Theorem 2.12 (RQ in light traffic) Let ¥, = /2 and assume that I,(z) is non-negative,
continuous and that I,,(0) = lim,_¢ I,,(z) exist, then we have the following light-traffic limit

for the normalized RQ optimal value

¢%.(0) = lim =p)

lim =22 (p) = La(0). (2.103)

Proof As in the proof for heavy-traffic limit, we perform the same time and space scaling

to get (2.101)). For the same reason, we have (2.102)), which implies that

~ 2
b o Jthy =L t) < —t 4 2VIM <0, for all t > 4M.
2(1 - p)?
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Hence, we need only consider the supremum in (2.101]) over bounded interval [0,4M/]. Note
also that, since [,,(0) = limy_,0 I,,(z) exist, for any € > 0, there exist a 6 > 0 such that
|Ls(t) — I,(0)| < € for all z € [0,65]. We now choose pg such that 2p3M /(1 — pg)? < §, and

take a modification
I,(0), t<3,

I,(t) = { linear, 6 <t <J+e,
I,(t), t>0d+e,

which satisfies |I,, — fw\oo < € and

%+ (p)(Iy) = I,(0), for all p < po.

We then apply Lemma to get the desired light-traffic limit. =

Proof of Theorem Let K = rk —r + 1 be the sample size, and assume that
V(t) = I(t)t < Ct for some constant C'. Then

R e ]

<Z

Mx

E[U}] —713 ZU2+2ZUU

=1 i>7
2
“RED Zcov (U, Uj)
1<J
2

=V(t) — FE-D | Z cov(U;, Uj) + | Z cov(U;, Uj)

J<i<j+r i>7+r+1

K-1

=V(t)— (Z —i)cov(Ur,Ui1) + Z —1 cov(Ul,UiH))

=1 1=r
=V(t)—(A+ B)

The covariance terms can be expressed as
V(it—ir)+V(t+ir) = V(@) —V(ir), i=1,2,...,r—1

V(t+ir) =2V (ir) + V(T —t), i=rr+1,...,K—1
(2.104)

COV(Ul, U1+i) =
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Using the bound on I(t), we have

r—1

2 — .
A= KE=1) Zl(K —i)cov(Uy, Uitq)

1=

| A

—Z (t —it) + V(t+iT))

4Ct(r —~1) _ 4ACt
< <

- K k-1
and
9 K-1
B = m ; (K —i)cov(Uy, Uiy1)

K—
Z V(t+ir)—V(ir)) — (V(ir) = V(iT — 1))

< ﬁ (V(t +ir) =V (i) V(ir)—=V(ir — t))
K t t

1=

— 0, as k — oo,

where we used the regularity condition that V(t) — o2 as t — oo, and the fact that the
average converges to 0 if the summands converge to 0.

Note that

& 2
e

By Continuous Mapping Theorem, we need only prove that both {U;} and {U?} follows
Strong Law of Large Number (SLLN). This in turns is implied by the Strong Ergodic
Theorem for stationary and ergodic sequence. The stationarity of both sequences are implied

by the time-stationarity of the point process N (t). The ergodicity of both sequence follows
from the ergodicity of the underlying process N(t). =
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Chapter 3

Robust Queueing for Queues In

Series

In this Chapter, we generalize the RQ algorithm for single-server queues in to a
Robust Queueing Network Analyzer algorithm in the case of queues in series (tandem
queues).

Towards this end, it is essential that the IDC at any station in the series of queues
can be easily estimated or calculated. However, the departure process, which serves as the
arrival process of the subsequent queue, can exhibit complicate dependence structure. For
example, as discussed in [51; 55] and references there, the stationary departure process from
a GI/GI/1 queue is a renewal process (ordinary or stationary) if and only if the queue is
an M/M/1 queue, in which case it is a Poisson process. The major challenge is then to
develop an effective approximation for the IDC of departure flow at each station.

We contribute to the understanding of the departure process by establishing the first
heavy-traffic limit theorem for the stationary departure process from a GI/GI/1 queue.
This heavy-traffic limit theorem allow us to justify the following approximation for the
departure IDC I4(t) by the weighted average of the IDC’s of the arrival and service processes,
ie.,

L(t) = wp(D) (1) + (1 — wy()) L(pt), ¢ >0, (3.1)

where I,(t) and I(t) are the IDCs associated with the equilibrium arrival and service
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renewal processes, w,, is a weight function, defined in , that depends on the interarrival-
time and service-time distribution only through their first two moments.

The rest of this section is organized as follows. In Section [3.1] we review preliminary
results for general stationary point processes, focusing especially on their variance functions.
In Section [3.2] we establish the heavy-traffic limits for the stationary departure process and
its variance function for a GI/GI/1 model. In Section we develop approximation for
the stationary departure IDC, and develop the RQNA algorithm for the queues-in-series

models. Finally, we present postponed proofs in Section

3.1 Review of Stationary Point Processes

In this section we review basic properties of stationary point processes; see [52] and [122]
for more background. In Section [3.1.1| we review renewal processes and their Laplace trans-
forms. In Section [3.1.3] we review the Palm-Khintchine equation and use it to express the
variance function of a stationary point process in terms of the mean function of the Palm

version.

3.1.1 Renewal Processes and the Laplace Transform

We start with a rate-A renewal process N = {N(t) : t > 0}. Let F be the cumulative
distribution function (cdf) of the interval U between points (the interarrival time in a GI
arrival process), having mean E[U] = A~! and finite second moment. As a regularity
condition for our queueing application, we also assume that F has a probability density
function (pdf) f, where F(t) = fotf(u) du, t > 0. Throughout this paper, we assume
that the interarrival-time distribution of our renewal arrival processes has a pdf. That pdf
assumption ensures that the equilibrium renewal process arises as the time limit of the
ordinary renewal process; e.g., see Section 3.4 and Section 3.5 of [116].

The stationary or equilibrium renewal process differs from the ordinary renewal process
only by the distribution of the first interarrival times. Let F, be the cdf of the equilibrium
distribution, which has pdf f.(t) = A(1 — F(t)). Let E¢[-] denote the expectation under the

stationary distribution (with first interval distributed according to F.) and let E°[-] denote
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the expectation under the Palm distribution (with first interval distributed as F').
Conditioning on the first arrival, distributed as F' under the Palm distribution or as F,
under stationary distribution, the renewal equations for the mean and second moment of

N(t), the number of points in an interval [0, ], are:
m(t) = E°[N(t)] = F(t) + /0 t m(t — s)dF(s),
me(t) = EIN()] = F(0) + | m(t— $)F.(s),
o(t) = BUIN2(8)] = F(t) + 2 /0 "t — )dF(s) + /O "ot — $)dF (),
ou(t) = ECIN2(8)] = Fu(t) + 2 /0 "t — s)dF.(s) + /O "ot — $)dFu(x).

Throughout the paper, we use the Laplace Transform (LT) instead of the Laplace-
Stieltjes Transform (LST). The LT of f(¢) and the LST of F, denoted by L(f)(s) = f(s),

f(s)=L(f)(s) = /0 Ooe_“”tf(t)dt: /O Ooe‘StdF(t), (3.2)

so that f(t) = £7'(f)(t). Throughout the paper, we add a hat to either an LT or an item
that appears in LT. The LT of f. is then

fls) = 2SO g frs) = 2e8)

S S

where A\7! = fooo tf(t) dt is the mean. Applying the LT to the renewal equations, we obtain

m(s) = A 3.3
*) s(1—f(s))’ 33

Ne(s) = fe(s) —i 3.4
) sA=fs) s A o0
5(s) = fs) +2sm(s)f(s) _ f(5)( ff(i)? (3.5)

s(1 = f(s)) s(1 = f(s))
s AL A AL+ f(5))
Ue(s) -2 + s ( ) 82(1 _ f(S)) (36)

EC[N(t)] =M, t>0, (3.7)

as must be true for any stationary point process.
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Let V(t) = Var®(N(t)) be the variance process of N (¢) under time-stationary distribu-

tion. (We omit the e superscript on V(¢) because we will only discuss stationary variance
functions.) Combining (3.6)) and (3.7]), we have
A 2) 222 X 22 f(s) 2\

V(s):32+8m(s)—83=82+88(1_m—53.

The variance function then can be obtained from the numerical inversion of the Laplace

(3.8)

transform, e.g., see Section 13 of [4] and [5]. Term by term inversion shows that we can

express V (t) in terms of the renewal function m(t)
t
V(t) = )\/ (14 2m(u) — 2Au)du. (3.9)
0

3.1.2 Revisiting the IDC

We revisit the IDC by presenting the following renewal process characterization theorem.
This theorem states that, for renewal process, the IDC fucntion encodes the full information

of the inter-renewal time distribution.

Theorem 3.1 (Renewal process characterization theorem) A renewal process with
an inter-renewal distribution having pdf f and cdf F having finite first two moments with

positive mean N~ is fully characterized by any one of the following:
1. the pdf f(t) of the time between renewals;
2. the cdf F(t) of the time between renewals;
3. the LT f(s);
4. the renewal function m(t);
5. the LT 1m(s);
6. the rate A and the variance function of the equilibrium renewal process o(t);
7. the rate X and the LT 6.(s);

8. the rate A and the IDC 1.(t) = o¢(t)/At of the equilibrium renewal process.
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Proof The equivalence of the time functions and their transforms follows from the basic
theory of Laplace transforms. Hence, we obtain the equivalence by explicit expressions in

terms of the Laplace transforms, i.e.,

R _ sm(s) 8256(5) - )\‘

f(s) T3 e and  f(s) = (3.10)

326—6(5) +

Then, from the definition of the IDC, we obtain o.(t) = A(¢)I.(t),t > 0. =

Corollary 3.1 (Full characterization of a GI/GI/1 queue) The GI/GI/1 queue with
interarrival-time cdf F' and service-time cdf G having finite second moments is fully charac-
terized by the four-tuple (X, I4(t), T, Is(t)), where T is the mean service time and I,(t) (I(t))

is the IDC of the equilibrium renewal process associated with the interarrival (service) times.

3.1.3 The Palm-Khintchine Equation

In this section, we show that the Palm-Khintchine equation can be used to derive a gener-
alization of for general stationary and ergodic point processes.

Consider a continuous-time stationary point process, i.e., having stationary increments.
The main idea is the Palm transformation relating continuous-time stationary processes
to the associated discrete-time stationary processes. An important manifestation of that
relation is the Palm-Khintchine equation; see Theorem 3.4.1I1. of [52]. It is important here
because it can be applied to generalize the variance formula discussed in Section |3.1.1} see
Section 2.4 of [49] and Section 3.4 of [52].

We focus on orderly stationary ergodic point processes with finite intensity. (Orderly
means that the points occur one at a time.) Let N(s,t] denote the number of events in

interval (s,t], and N(t) = N(0,1].

Theorem 3.2 (Palm-Khintchine equation) For an orderly stationary point process of

finite intensity A such that P¢(N(—o00,0] = N(0,00) = 00) = 1, then

P(N(t)<k)=1- )\/0 qr(u)du

:)\/ qr(u)du, fork=0,1,2,..., (3.11)
t
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where qi(t) is the probability of exactly k arrivals in (0,t] under the Palm distribution, i.e.,

ar(t) = lim P(N () = KN (=h,0] > 0). (3.12)

Under ergodicity, the Palm distribution is equivalent to the event stationary distribution, so

that qi(t) = PO(N(t) = k).

We now apply Theorem to generalize (3.9) and (3.8]) to the case of orderly stationary

ergodic point process.

Corollary 3.2 (Variance of a stationary ergodic point process) For a general sta-
tionary ergodic point process with rate A and finite second moment, the variance function

18

V) = A /0 (14 2m(w) — 2a)du, £ 0, (3.13)
where .
m(t) = E°IN(t)] = kqi(t), t>0, (3.14)
k=1
and its LT is ,
V(s) = 5+ Zils) - 2 (3.15)

where m(s) is the LT of m(t).

Proof Let
pr(t) = PS(N(t) = k), for k=0,1,2,... (3.16)

so that Zle pi(t) = P¢(N(t) < k). With Theorem we can write
00 00 t
V() =3 k() — X2 = 3 k2 / (g1 (1) — qu(u))du — 22
k=1 k=1 0
t
Y / (14 2m(u) — 22u)du, (3.17)
0

where m(t) = E°[N(t)] as in (3.14). Taking the Laplace Transform, we obtain
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3.2 Heavy-Traffic Limit Theorem for GI/GI/1 Stationary De-

parture

The departure process is of considerable interest in general, because the stationary de-
parture process from a GI/GI/1 queue is remarkably complicated; e.g., it is only a sta-
tionary renewal process in the special case of an M/M/1 model, when it is Poisson, by
Burke’s [32] theorem, also see [110] and references therein. Indeed, explicit transform
expressions for the variance function of the stationary departure process are evidently
only available for the M/GI/1 and GI/M/1 models, due to Takacs [128] and Daley [50;
51]; see [21] and [82] for related results on GI/GI/1. In [79; |152], the departure process
from a BMAP/MAP/1 queue is shown to be a MAP of with an infinite number of states;
and truncation approximation has been proposed for practical use.

In Section we use Laplace transforms (LT’s) of the stationary departure process
in the GI/M/1 queue derived by [50; 51] to derive the HT limit of its variance function. In
Section we use the HT limit for the Palm version of the mean function derived by [128]
to derive the HT limit of the stationary variance function. In Section we establish the
HT limit for the stationary departure process in the GI/GI/1 queue (Theorem and its

variance function (Theorem [3.8).

3.2.1 The Departure Variance in the GI/M/1 Queue

We now start considering the queueing models. In particular, we focus on the GI/GI/1
queue, which has unlimited waiting space, the first-come first-served service discipline and
independent sequences of i.i.d. interarrival times and service times distributed as random
variables U and V, respectively, where U has a pdf f(¢). Let A = 1/E[U] be the arrival
rate; let f(s) = E [e7*U] be the LT of the interarrival-time pdf f(t); let 4 = 1/E[V] be the
service rate; and let p = A/ be the traffic intensity, assuming that p < 1.

Daley [50; 51] derived the LST of the variance Vy(t) of the stationary departure process
in a GI/M/1 queue. The associated LT of V() is

Vi) = 5+ 5 (m g P01 —E)) (1 - f(s)) - sf<s>>>

(3.18)

~

(5 + (1 = &()))(s = (1 = 8))(1 = f(s))
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where & (s) is the root with the smallest absolute value in z of the equation

z=f(s+p(l—2)) (3.19)

and 6 = £(0) is the unique root in (0,1) of the equation

8= f(u(1—9)), (3.20)

which appears in the distribution of the stationary queue length in a GI /M /1 queue. Useful
properties of £(s) and § = £(0) are contained in Lemma

We now establish a HT limit for the departure variance function in the GI/M /1 model.
To do so, we consider a family of GI/M/1 models parameterized by p, where A = 1/E[U]
and p = p, = 1/E[V] = M1 + (1 — p)y,), where v, are positive constants such that
lim,t1 v, = v > 0. Note that if 7, = 1/p, then we come to the usual case of \/u = p. We
allow this general scaling so that we can gain insight into reflected Brownian motion (RBM)

with non-unit drift. Let the HT-scaled variance function be
Vi) =(1—p)*Va, (1=p)7%t), t>0. (3.21)

Throughout this chapter, we use the star (x) superscript with p subscript to denote HT-
scaled items in the queueing model, as in , and the star superscript without the p
subscript to denote the associated HT limit.

As should be expected from established HT limits, e.g., as in Section 5.7 and Chapter
9 in [143], the HT limit of the variance function Vi p(t) in depends on properties of
the normal distribution and RBM. Let ¢(z) be the pdf and ®(x) the cdf of the standard
normal variable N(0,1). Let ®¢(z) = 1 — ®(z) be the complementary cdf (cedf). Let R(t)
be canonical RBM (having drift —1, diffusion coefficient 1) and let R.(¢) be the stationary
version, which has the exponential marginal distribution for each ¢ with mean 1/2. The

correlation function ¢*(t) of R, is defined as

(1) = cov(Re(0), Re(t)) = 2(1 — 2t — t2)®°(Vt) + 2vtd(VE) (1 + t)

E[R(t)*|R(0) = 0]
E[R(c0)?]

=1-2E[R(t)*|R(0)=0], t>0, (3.22)

=1-Hj(t)=1-
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where Hj(t) is the second-moment cdf of canonical RBM in [2], which has mean 1 and
variance 2.5; see Corollaries 1.1.1 and 1.3.4 of [2] and Corollary 1 of [3]. The correlation
function ¢*(¢) has LT

_! 2( ¢T+%_1>; (3.23)

see (1.10) of [2]. Equivalently, the Gaussian terms in (3.22)) can be re-expressed as ¢(v/t) =
e~t/2/\/2r and ®°¢(\/t) = (1 - erf(\/t/Q)) /2, where erf is the error function. This LT can
be explicitly inverted, yielding

() = =2 (¢ +2t — 1) (V) + 26(VEVE (1 + ). (3.24)
By Corollary 1.3.5 of 2], the correlation function has tail asymptotics according to
() =1 — Hi(t) ~ —2—e ) as ¢ 500 (3.25)
Wowes

From the correlation function, we define

1=t

*(t)=1
w(t) 2%

t>0. (3.26)
It then follows from the explicit expression of ¢*(t) that

w*(t) = % (26— 1) (1-20°(vD)) + 26(VVE(L+1) ). (327)

It can be easily varified that w*(t) is a increasing function satisfying 0 < w*(t) < 1. As
we shall see in Theorem this w*(t) serves as the weight function that appears in the
limiting departure variance function.

We now present the main result for the departure variance in the GI/M/1 special case.
The idea of the proof is to exploit the explicit form of the LT f/df p(t) of the scaled stationary
departure variance and derive its HT limit. We then obtain the convergence of the HT-

scaled variance function Vdf p(t) by applying continuity theorem of the LT, see Theorem 2(a)

in Chapter XIII of [57]. The proof of the theorem can be found in Section

Theorem 3.3 (HT limit for the GI/M/1 departure variance) Consider the GI/M/1
model with 1/E[U] = X and 1/E[V] = p, = X1+ (1—p)~,), where v, are positive constants

such that lim,1 v, = v > 0. Assume that E[U3] < oo so that a two-term Taylor series
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expansion of the LT f(s) about the origin is valid with asymptotically negligible remainder.

Then the HT-scaled variance function Vdfp(t) defined in 1) converges as p T 1; i.e.,
Vdfp(t) = Vi), as pt1l foral t>0, (3.28)

where V[ (t) is a continuous nonnegative real-valued function with LT

~ A2 -1 v
Vd*(s):?_‘_sﬁcg_i_lé*(s)

_Aa_ Ma-1 (1 2 ) , (3.29)

52 52 B 2 +18x(s)

with é*(s) being the unique root with non-negative real part of the quadratic equation

2 +1Y\ . - s
£ (5)* =18 (s) =~ = 0. (330)
2 A
In addition,
Vi) = w* (M2t/c2) At + (1 — w* (M2t/c2)) c2At (3.31)

for w*(t) defined in (3.27), 2 = 2 + 2, ¢2 = Var(U)/E[U)? and ¢ = 1.

We shall want to relate our HT limit for the departure variance function to associated
HT limits for the variance functions of the arrival and service processes. For that step,
it is significant that the functional central limit theorem (FCLT) for any stationary point
process has the same form as the FCLT for the associated Palm process, as was shown by
[109]. Extra uniform integrability is required to get the associated limit for the variance
function. To be relatively self-contained, we will directly derive the desired result from the
transform of the equilibrium renewal process in .

For that purpose, let A(t) denote the arrival renewal process and let V,(t) = Var®(A(t))
denote its variance process under the stationary distribution. Similarly, we define S(t) and
Vs(t) for the renewal process associated with the service-time distribution. The following
lemma states that the terms c2\t and c2)\t in can be interpreted as the limiting
variance function of the arrival and service renewal processes, respectively. This implies
that the limiting departure variance function V; is a convex combination of the arrival and
service variance functions with a scaled version of the time-varying weight function w*(t).

This convex combination result is consistent with the more elementary approximation used
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in QNA; see [134; 136]; there the departure variability parameter is approximated by a

convex combination of the arrival and service variability parameters.

Lemma 3.1 (Limiting variance function of stationary renewal processes) Let N(t) be a
renewal process with rate A and let C?V be the scv of the inter-renewal-time distribution.

Consider the HT-scaled stationary variance function

Vi p(t) = Var®((1 = p) N((1 = p)~*1)),

then
Vﬁ,p(t) — Vi) = )\C?Vt, as p11.

Proof Let f denote the inter-renewal distribution. Recall the expression for the LT of a
stationary renewal process in (3.8]), we have
Vir(s) = lim Vi, (s) = lim £ (1 = p)2Viv, (1 — p)21))
ptl 7 ptl

= lim(1 — p)*Vy, (1 — p)?
plgl( P)' Vi (1= p)%)

:hm<A 2 J(0=pP) ¥ )

1
2T f (- 0P

Pl
A 22 1 F((1=p)*t A3
A FA=pPt) ) _ A
s2 52 pt1 (1—p)2s | \1=/(A=p)?) 52
(1-p)?s

The result follows from inverting the LT, i.e., VX(t) = Ac&t. =

To derive a pre-limit approximation, define the weight function

Va(t) — Vs(pt)
Va(t) = Vi(pt) ’

wp(t) (3.32)

where V,(t) and V(t) are the variance functions associated with the equilibrium arrival
process with rate A and service renewal process with rate p. Note that we have an additional
scaling of p in V(pt). By Remark this is equivalent to consider a service renewal process
with rate pu = A. Of course, this does not change the heavy-traffic limit. But we add this
extra scaling constant because it usually generate slightly more desirable approximation in

light traffic. Define the HT-scaled weight function

wp(t) = wy((1 = p) 7). (3.33)
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Combining Theorem [3.3] and Lemma we obtain

Corollary 3.3 (Limiting weight function) Under the assumptions in Theorem we
have

w;(t) = w*(A\y’t/c2)
for w* defined in (3.27)).

This justifies the following approximation for the variance function of the stationary

departure process from a GI/M/1 queue:

Vaap(t) = wp(t)Va(t) + (1 — wp(t))Vs(t)

~w (1= p)" M2t/ c2)Va(t) + (1= w* (1 = p)* Xyt /) V(1) (3.34)

We conclude this section with the tail asymptotic behavior of the variance function. To

start, we re-write V' in terms of ¢* and H3,

Vit) = X+ (1—w* (Mt/c2)) (2 — )Mt

(62 o 62)02
= At _olw 272‘1 L 5 (\y2t/c2)
(E—c)ez  (E—ch)ca

= M+ T 5 Te(M2t/c2), t>0. (3.35)

Combining (3.25)) and (3.35]), we obtain the asymptotic behavior of the departure variance

function.

Corollary 3.4 (Asymptotic behavior of the departure variance function) Under the

assumptions in Theorem[3.3,

(62—02)62 (62—02)62
Vi) = Ext4 =5 272“ S 2,Y2“ Z X (Ay2t/c2)
2 2\,2 2 2\.5 2
~ A+ (s —ca)ez 8l —ca)es ! _A;C%t as t— o0, (3.36)

- e
22 Y V238

where ¢ = 1.

Example 3.1 To evaluate the approximation stemming from Theorem consider the
departure process from a Es/M/1 model, where Es refers to the Erlang random variable

with shape parameter 2, i.e. the sum of two i.i.d. exponential random variable. Figure
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(left) reports V¥ (t) — Ac2t for four sets of parameters such that the limiting constant
(2—c2)c2 /27 = (1—¢c2) /292 in Corollarywill be 1.5,0.375, —1.5 and —1.5, respectively.
Figure (right) confirms Theorem by comparing simulation estimates of the HT-scaled
and centered departure variance function V,; p(t) — Ac2t for p = 0.8 and 0.9 from simulation
with the theoretical limit V¥(¢) — Ac2t for the E/M/1 model with A = 2, v = 0.5 and
c2 = 0.5, showing that the theoretical limit in serves as a good approximation of the

HT-scaled variance function.

* 2 * 2, 2
Asymptotical behavior of the limiting variance Vy(t)-Actand V,, ()-Ac tfor EJ/MA, (X,7,¢)) = (2,0.5,0.5)
2 . ; : d . . T
(Ar.c?) = (2,05,05) 161 Theoretical limit FEN
15 5 = = =Simulation: p = 0.9 /2
= = (rey) = (21,05 1.4 | ===--Simulation: p = 0.8 7
1 A7,¢2) = (0.1,1,2
(e =012 ol
as) [ (Amed) =212)
i - ik
=< 4
L Ofrm—— ol
>
05 0.6
A 1 04t
145 R ool
2 0
10 102 10° 102 102 107 10° 10 102
Time Time

Figure 3.1: Approximation of the departure IDC in the Ey/M/1 model.

3.2.2 The Departure Variance in the M/GI/1 Queue

We now prove that the HT limit for the stationary departure variance in also holds
true for the M/GI/1 model. Of course, here we restrict our attention to ¢2 = 1 instead
of ¢2 = 1 before. Theorem will show that the same formula is valid for GI/GI/1 with
general ¢2 and c?2.

Recall from that the Laplace Transform of the variance function of a general

stationary and ergordic point process is

In the case of the M/GI/1 model, [128] (on p. 78) derived an expression for m(s).
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Theorem 3.4 (Laplace transform of the Palm mean function) The mean process of
the Palm wversion (assuming a departure epoch at time 0) of the departure process from a

M/GI/1 queue have the following Laplace transform

A - _4(s) sTL(D(s))
ma(s) /0 e 'mg(t)dt = SA—6) (1 TSEAS ﬁ(s))) , (3.37)

where §(s) = E [e=*V] is the Laplace Transform of the service time pdf g(t), D(s) is the root

with the smallest absolute value in z of the equation
z=3g(s+ A1 —2)) (3.38)

and

s SR

1s the probability generating function of the distribution of the stationary queue length Q).

Note from that the first part in , ie.
9(s)
s(1—4g(s))’
is exactly the Laplace Transform of the mean process of the service renewal process.
Now, we state the HT limit in terms of the HT-scaled variance function defined in
for the M/G1I/1 special case. The result parallels that for the GI/M/1 case. The proof can
be found in Section [3.4]

Theorem 3.5 (HT limit for the M/GI/1 departure variance) Consider an M/GI/1
model with 1/E[V| = p and 1/E[U] = X\, = p(1—(1—p)~,), where v, are positive constants
such that limy1 v, = v > 0. Assume that E[V3] < oo so that a two-term Taylor series

expansion of the LT §(s) about the origin is valid with asymptotically negligible remainder.

Then the HT-scaled variance function Vd’fp(t) defined in () converges as p T 1, i.e.,
Vdfp(t) — Vi) as pT1 forall t>0, (3.40)

where the limit V}(t) is a continuous nonnegative function with LT

2

2 2
Crx HCy T (1 B Cs) ~ %
Vi(s) = 2 + a7 (s), (3.41)




CHAPTER 3. ROBUST QUEUEING FOR QUEUES IN SERIES 76

with U*(s) being the unique root with positive real part of the equation

1 2
2EG ()2 4y (s) — S =0, (3.42)
2 %
In addition,
Vi) = w*(uy’t/ ) cout + (1 — w*(un’t/c3)) G, (3.43)

where w*(t) in (3.27), 2 =2 +c2, 2 =1 and 2 = Var(V)/E[V]2.

With the same technique as in Corollary one can prove the following corollary, which

yields exactly the same asymptotic behavior.

Corollary 3.5 (Asymptotic behavior of the departure variance curve) Under the
assumptions in Theorem we have the limit in (3.36), except now c2 = 1 and c? is

general.

Proposition 6 of |78] developed a two-term asymptotic expansion for the variance function
Vap(t) = Var(D,(t)) as t — oo for for the M/GI/1 queue and fixed p < 1. We discuss the

connections between our result and this earlier result in Remark

3.2.3 Heavy-Traffic Limit for the Stationary Departure Process

In this section, we establish an HT limit for the stationary departure process and its variance
function in a GI/GI/1 queue. To do so, we apply the recent HT results for the stationary
queue length (number in system) in [66] and [31] together with the HT limits for the general
single-server queue in Section 9.3 of [143] and the general reflection mapping with non-zero
initial conditions in Section 13.5 of [143]. As in [143], a major component of the proof is
the continuous mapping theorem.

The corresponding limit starting out empty is contained in Theorem 2 of [84]. There
has since been a substantial literature on that case; see [68; 88; |143]. As can be seen from
Section 9.3 and Section 13.5 of [143], for the queue length, the key map is the reflection

map W applied to a potential net-input function =,
V() (1) = a(t) = C(@)(8), 20, (3.44)

where

((z)=inf{z(s): 0<s<t} N0, t>0 (3.45)
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with a A b = min {a, b}, so that ((x) < 0 and ¥(x)(t) > x(t) for all ¢ > 0. The key point is

that we now allow x(0) # 0.

3.2.3.1 A General Heavy-Traffic Limit for the G/G/1 Model

For the general G/G/1 single-server queue with unlimited waiting space and service provided
in the order of arrival, we consider a family of processes indexed by the traffic intensity p,
where p 1 1. Let Q,(t) be the number of customers in the system at time ¢; let A,(t) count
the number of arrivals in the interval [0, ¢], which we assume to have rate A; let S,(t) be a
corresponding counting process for the successive service times, applied after time 0, to be
applied to the initial Q,(0) customers and to all new arrivals; let B,(t) be the cumulative
time that the server is busy in the interval [0,¢]. Then the queue-length process can be

expressed as
Qp(t) = Qp(()) + Ap(t) — Sp(Bp(t))a t>0, (3.46)

where the three components are typically dependent. (For simplicity, we assume that
A,(0) = S5,(0) = B,(0) =0 w.p.1.)
We have in mind that the system is starting in steady-state. Thus the triple

(@n(0); Ap(), 55 (-))

is in general quite complicated for each p. Even in the relatively tractable GI/GI/1 cases,
which we shall primarily treat, the residual interarrival time and service time at time 0 will
be complicated, depending on p and Q,(0). We will need to make assumptions ensuring
that these are uniformly asymptotically negligible in the HT limit.

By flow conservation, the departure (counting) process can be represented as
Dy(t) = Ay(t) — Qult) + Q,(0), >0, (3.47)
Directly, or by combining and ,
D,(t) = S,(B,(t)), t=>0. (3.48)

Let
X,(t) = Q,(0) + A,y(t) — Sp(t), t>0, (3.49)
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be a net-input process, acting as if the server is busy all the time, and thus allowing X,(t)

to assume negative values. The cumulative busy time B,(t) is then relate to X,(t) by
By(t) =t+((X,)(t), t>0. (3.50)
As a consequence of the assumptions above, X,(0) = Q,(0). Roughly,
Qp(t) = ¥(X,)(t), t>0, (3.51)

for ¥ in , but the exact relation breaks down because the service process shuts down
when the system becomes idle, so that a new service time does not start until after the next
arrival. While does not hold exactly for each p, it holds in the HT limit, as shown
in Theorem 9.3.4 of [143]. It would hold exactly if we used the modified system in which
we let the continuous-time service process run continuously, so that equation holds
as an equality, as done by [24] and then again in Section 2 of [83]. Because the modified
system has been shown to be asymptotically equivalent to the original system for these HT
limits in [24] and [83], that is an alternative approach.

We now introduce HT-scaled versions of these processes, for that purpose, let

X5(t) = (1—p)X,((1—p)~°1),
Q5(t) = (1= p)Qu((1 = p)~21),
A1) = (1= p)[A,((1 = p)72t) = (1= p) A,
S5(t) = (1= p)[Sp((1 = p)72t) = (1= p)2At/p],
Bi(t) = (1= p)[By(

(t)=(1-p)

1—p) 72\t (3.52)

Let D be the function space of all right-continuous real-valued functions on [0, c0)
with left limits, with the usual J; topology, which reduces to uniform convergence over
all bounded intervals for continuous limit functions. Let DF be the k-fold product space,
using the product topology on all product spaces. Let = denote convergence in distribution.

Let e be the identity function in D, i.e., e(t) = ¢, t > 0.
Theorem 3.6 If

(Q5(0), A%, 82) = (Q*(0), A%, §") in RxD? as ptl, (3.53)
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where A* and S* have continuous sample paths with A*(0) = S*(0) =0 w.p.1., then
(A3, S5, B, X}, Q5, Dy) = (A%, S*, B, X*,Q*, D*), (3.54)
where the convergence is in D% as p 11 and

X* = Q*(0) + A* — S* — )e,

B* = ((X*) <0,

Q" =VU(X*) = X*—((X*) and
D* = Q*(0) + A* — Q*

=Q*(0)+ A" — ¥ (X™) = 5"+ e+ {(X7) (3.55)
for U and ¢ in and .
Proof First, note that
X,(t) = Q5(0) + A5(t) — S5(t) — At/p, t >0, (3.56)

because A; and S have different translation terms in (3.52)), ensuring that the potential
rate out is A/p, which exceeds the rate in of A, consistent with a stable model for each p,
0 < p < 1. Hence, under the assumption, X = X* = Q*(0) + A* — S* — Xe in D. The
limit B} = B* = ((X*) is obtained by exploiting the relationship in (3.50). The limits for
Q7 and Dy then follow from the continuous mapping theorem after carefully accounting for

the busy and idle time of the server; see the proof of Theorem 9.3.4 and preceding material

in [143]. =

3.2.3.2 A Heavy-Traffic Limit for the Stationary Departure Process

Theorem is not easy to apply to establish HT limits for stationary processes because
condition (3.53)) is not easy to check and the limit in (3.54)) and is not easy to evaluate.

In order to establish a tractable HT limit for the stationary departure process, we apply
the recent HT limits for the stationary queue length in [66] and [31]. Their HT limits are
for generalized open Jackson networks of queues, which for the single queue we consider

reduce to the GI/GI/1 model. Following [31], we assume that the interarrival times and
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service times come from independent sequences of i.i.d. random variables with uniformly

bounded third moments (2 + ¢ would do).

Theorem 3.7 For the GI/GI/1 model indexed by p, assume that (i) the interarrival-time
cdf has a pdf as in Sectz’on and (i) the interarrival times and service times have means
X and \/p, scv’s ¢2 and c?, without both being 0, and uniformly bounded third moments.
Then:

(a) For each p, 0 < p < 1, the process Q5 can be regarded as a stationary process, while

the process D} can be regarded as a stationary point process (with stationary increments).

(b) Condition (3.53)) in Theorem [3.6] holds with
A*=cyB,oXe and S* = cyBso Ae, (3.57)

where B, and By are independent standard (mean 0, variance 1) Brownian motions (BM’s)
that are independent of Q*(0), which is distributed as R (0) with R being a stationary RBM
with drift —\ and variance A\c2 = \c2 + Ac2, and so an exponential marginal distribution,
i.e.,

P(Q*(0) > 2) = e 2/% 2>0. (3.58)

(¢) The limits in Theorem hold, where
X*= Q*(O) + CaBa ole— CsBs oXe— Ae (359)

with Q@*(0), B, and By being mutually independent.
(d) We have

D* = CaBao)\€+Q*(0)_Q*

—  uBaoAe + Q*(0) — U(X¥) (3.60)
for W in (3.44), or
D* = S+ Xe+((X) (3.61)

for ¢ in (3.45).
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Proof First, recall that the HT limit as p — 1 starting empty is the RBM which converges
as t — oo to the exponential distribution in . We will be applying [66] and [31] to
show that the two iterated limits involving p — 1 and ¢ — oo are equal. Toward that end,
we observe that, by Section X.3-X.4 of [12], the queue-length process has a proper steady-
state distribution for each p. As on p. 63 of [66], we add the residual interarrival times
and service times to the state description for @Q),(t) to make it a Markov process that has
a unique steady-state distribution for each p. These residual interarrival and service times
are asymptotically negligible in the HT limit. The associated departure process D,(t) then
necessarily is a stationary point process for each p. We then can apply Theorem 8 of [66]
to have a limit for the scaled stationary distributions, so that condition holds with
. Since strong moment-generating-function-condition is imposed in (1) and (2) on p.
62 of [66], we apply the extension in Theorems 3.1 and 3.2 of [31] to cover our moment
condition. Hence, we can apply Theorem with these special initial distributions to get
the associated process limits in the space D. =

We now establish an HT limit for the variance of the stationary departure process. The

form of that limit is already given in Theorem The proof can be found in Section |3.4

Theorem 3.8 (Heavy-traffic limit for the GI/GI/1 departure variance function)
Under the conditions of Theorem plus the usual uniform integrability conditions, for
which it suffices for the interarrival times and service times to have uniformly bounded

fourth moments,

Viio(t) = Var(Dy(1)) = E[Dy(t)’]

— E[D*(t)?] = Var(D*(t)) = Vi (t) as pT1, (3.62)
where
ViE(t) = w*(Mt/2) AN+ (1 — w*(M/c2)) At (3.63)

with ¢2 = c2+c2, ¢*(t) is the correlation function in (3.22) and w*(t) is the weight function
in (3.27); i.e., V(t) is given in (3.31)) with v = 1, but allowing general c2. Moreover, we
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have the covariance formulas

Cov(caBa(At), Q*(t)) = (1 — w*(At/c2)) c2)t,

Cov(csBs(At), Q*(t)) = — (1 — w*(At/c2)) c2At. (3.64)

As a by-product, the covariance formulas in (3.64]) can be generalized to describe the
covariance of between a stationary RBM and a BM, where the underlying BMs are corre-

lated.

Corollary 3.6 Suppose B = (B1,Ba) is a 2-d Brownian motion with zero drift and co-
2

o o
L) Let Q = V(B + Q*(0) — Xe) be the stationary RBM

variance matrix 2 =
2
0-27]_ 02

associated with the drifted BM By — Ae and Q*(0) has the stationary distribution of Q*,

which is independent of B1. Then

2
01,207
272

cov(Ba, Q) = (1 — w*(\*t/o})) o1 0t = (1 —c*(\*t/a?)).

Remark 3.1 (The quasireversible case) The limit process
(A%, 5%, X*,Q*, DY),
where
(A*, 8%, X™) = (cgBg 0 Ae,csBs 0 e, Q*(0) + cq By 0 Xe — ¢sBs 0 Ae — Ae),

as in Theorem can be called the Brownian queue; see |72 |76; 77;110]. The Brownian

queue is known to be quasireversible if and only if ¢2 = ¢2. In that case, the stationary
departure process is a BM and the departures in the past are independent of the steady-
state content. Consistent with that theory, V}(t) = ¢2\t,¢ > 0 in (5.9) if and only if ¢ = ¢2.

Remark 3.2 We considered only the case where 11, = A/p in this section. Now, we list the
results for a slightly more general case as in Section where we have 1, = A(1+(1—p)7,)
and lim,; 7, = 7. One can easily check that Theorem holds with

X*=Q*0)+ A" — 5 — Mye;
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Theorem [B.7 holds with
P(Q*(0) > z) = e 27/%E and X* = Q*(0) 4 caBg 0 Ae — ¢sBs 0 Ae — Ave;
and Theorem holds with

V() = w2t/ e2)EN + (1w (n?t/e2)) N,
Cov(caBa(At), Q*(t)) = (1 — w*(\y*t/c2)) c2At and

Cov(cs Bs(At), Q*(t)) = — (1 — w*(M\y*t/c2)) ciMt. =

We conclude this section with the tail asymptotics of the departure variance function.

Just as in Corollaries [3.4] and we have

Corollary 3.7 (Tail Asymptotic of the departure variance function) Under the as-

sumptions in Theorem and Remark[3.3,

(2 —c2)c2 8(c2—c2)b 1 .Sl

ViE(t) ~ 2Nt + — e 2% as t—»o00. (3.65)

22 7 V238

Remark 3.3 Hautphenne et al.[78] developed explicit expressions for the y-intercept by of

the linear asymptote for the variance of the stationary departure from M/GI/1
V(t) =vt +bg+o(l) as t— oo;

see Proposition 6 there. Their result (i) holds for M/GI/1 case; (ii) depends on the third
moment of the service distribution; (iii) holds for general traffic intensity. Even though
there is no direct heavy-traffic scaling in their result, the scaling parameter emerges in their
expression, see the definition of by there. In specific, the scaling constant p/(1—p)? coincides
(up to a multiple of p) with the one we use in .

On the other hand, our result here (i) coincides with their y-intercept (after scaling) in
the HT limit in the M/GI/1 case, i.e., let p =1, v = 1 and ¢, = 1; (ii) holds for general
GI/GI/1 cases but only under HT limit; (iii) has explicit characterization of the remainder

term, again only under HT limit. =



CHAPTER 3. ROBUST QUEUEING FOR QUEUES IN SERIES 84

3.2.4 Extensions

The approximation for the departure IDC I;(¢) in and should be good for much
more general models than GI/GI/1, with the independence conditions relaxed and more
than 1 server.

In Section [4.4] we establish the same limit for the departure process at the bottleneck
queue (the queue with the highest traffic intensity level in the network) in a generalized
Jackson networks with a single bottleneck.

We also conjecture that the HT limit of the variance function in Theorem extends
to a larger class of models as well. Indeed, we conjecture that the limits established for
GI/GI/1 extend in that way. First, Theorem extends quite directly by exploiting [83}
84]. For the extension of Theorem there is a large class of models for which the HT-

scaled arrival and service processes have the limits
A*=c¢,B, and S* = c,Bs, (3.66)

where B, and B, are independent standard (mean 0, variance 1) Brownian motions (BM’s)
that are independent of the initial queue length. What is needed is the extension of [66] and
[31] to more general models. We conjecture that can be done for GI/GI/s and other models
with regenerative structure in the arrival and service processes. For GI/GI/s the queue-
length process again becomes a Markov process if we append the s elapsed service times as
well as the elapsed interarrival time, but it remains to do the hard technical analysis leading
to an appropriate Lyapunov function. It is also of interest to establish related results for
departure processes in models with non-renewal arrival processes, as in [61] and references
therein.

The relevant approximation for the stationary departure process from a many-server
GI/GI/s queue evidently is quite different, being more like the service process than the
arrival process. We conjecture that the relevant many-server heavy-traffic limit for the
stationary departure process is a Gaussian process with the covariance function of the
stationary renewal processes associated with the service times, as in the CLT for renewal
processes in Theorems 7.2.1 and 7.2.4 of [143]. Partial support comes from [10], Appendix
F of [11] and [65].
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3.3 Robust Queueing Network Analyzer for Queues In Series

We conclude this chapter by explaining the important role that Theorem [3.§] plays in our
Robust Queueing Network Analyzer (RQNA) based on the index of dispersion for counts.
For queues in series models, the only relevant network operations is the departure operation,

which will be the main focus of this section.

3.3.1 Approximation of the Departure IDC

We now propose an approximation for the IDC of the departure process and apply it to the
queues-in-series models.

The main challenge in developing a full RQNA-IDC involving a decomposition approx-
imation is calculating or approximating the required IDC for the arrival process at each
queue. Inspired by , we propose to approximate the IDC of a departure process from
a G/GI/1 queue by the weighted average of the IDC’s of the arrival and service processes
in (3.1). We thus require (X, p, I, I;) as model data, where I, is the arrival IDC and I is
the service IDC, as defined in [I.1}

We now show how Theorem suggests a weight function defined by

wp(t) = w* (1= p)*At/(p°c3)), (3.67)

T

where ¢2 = ¢ + ¢2 and w* is given in (3.27). The ¢2 and ¢? here are the asymptotic
variablity parameters, i.e., the normalization constants in the FCLT for the arrival and
service processes.

Let I, denote the departure IDC and define the weight function

Lap(t) = Is(pt) _ Va,(t) = Vi(pt)
L(t) = L(pt)  Va(t) = Vi(pt) ’

where V,(t) and V4(t) are the variance functions associated with the equilibrium arrival

wp(t) (3.68)

process with rate A and service renewal process with rate y. Note that this is exactly the
same weight function we defined in (3.32)), thus we have the same HT-scaled weight function
wy as in (3.33). Again, note that we have an additional scaling of p in Vi(pt) to obtain
slightly more desirable approximation in light traffic. We then apply Theorem [3.§] to obtain

a generalization of Corollary
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Corollary 3.8 (Limiting weight function) Under the assumptions in Theorem we
have

w;(t) = w*(\t/c2)
for w* defined in (3.27)).

For the pre-limit approximation, we re-arrange terms in (3.68]) and obtain

wy(t) = w*((1— p)2At/c2). (3.69)

One remaining issue is that the approximation does not automatically yield a correct
light traffic limit, in which case we must have Igo(t) = I,(t) since the service time is
negligible. As a remedy, we propose to add a constant p~2 correction in the weight function,
so that we have as the final weight function. This specific choice of correction term
is motivated from Remark @, where we replace v by 7, in the pre-limit weight function

and recall that the usual case of p, = A/p corresponds to v, = 1/p.

Remark 3.4 (Parallel to QNA) The convex combination in the approximation (3.1)) is

reminiscent of the convex combination for variability parameters in (38) of [134], i.e.,
cai =~ (1= pf)eq; + picss, (3.70)

which correspondes to a stationary-interval approximation, as discussed in [133; [134; [135].
Similar behavior can be seen in approximation . In particular, the canonical weight
function w* in is a monotonically increasing function with w*(0) = 0 and w*(c0) = 1.
By the definition of w,(t) in , we see that for each ¢, the approximation places less
weight on I, ;(t) and more weight on I, ;(t) as p; increases. This makes sense intuitively,
because the queue should be busy most of the time as p; increases toward 1. Thus departure
times tend to be minor variations of service times. In contrast, if p; is very small, then the
queue acts only as a minor perturbation of the arrival process.

However, reveal a more subtle interaction between p; and the variability of the

departure process over different time scales. =

We now demonstrate the effectiveness of our approximation with two simulation ex-

amples for GI/GI/1 queues, where neither the interarrival time nor service time has an
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Departure IDC from H,(4)/E,/1 with X = 2 and various p

Simulation: p = 0.95
Simulation: p = 0.8
Simulation: p = 0.5
= = =E,renewal, A =2

=—====H,(4) renewal, A = 2

= = =Approx.: p = 0.95

= = =Approx.: p=0.8
Approx.: p = 0.5

IDC

Time

Simulation: p = 0.95
Simulation: p = 0.8
Simulation: p = 0.5
- .H2(4) renewal, A =2

—— E2 renewal, A =2

= = =Approx.: p = 0.95

= = =Approx.: p = 0.8
Approx.: p=0.5

IDC

Figure 3.2: Approximations of the departure IDC’s in two GI/GI/1 models.

exponential distribution. Let Hs(c?) be the Hs (hyperexponential) distribution with scv
c? and balanced means, as in (3.7) on p. 137 of [133]. Consider the H2(4)/E>/1 model
with A = 2, Figure (top) reports the simulated departure IDCs for three different traffic
intensities p = 0.95,0.8,0.5, as well as the approximation with . The simulation
estimation of the departure IDC is obtained from a single run of length 10° time units, with
the first 10° time units are discarded in order for the system to approach steady-state. The
reference IDCs I, and I, is calculated by numerically inverting the LT in . Figure
(bottom) is the corresponding plot for the Fy/H3(4)/1 model with A = 2.

3.3.2 The RQNA algorithm for Queues in Series

We conclude this section by briefly describe the RQNA algorithm for queues in series models,

where the service times are assumed to be i.i.d. random variables, independent of the
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external arrival process. To obtain the performance approximation at each queue, we start
with the first queue, at which the external arrival process arrives. This first queue is simply
regarded as a G/GI/1 queue as in Section so we require the arrival IDC as model
input. The external arrival process need not be renewal, as long as the IDC can be obtained
from one of the approaches discussed in Section With the external arrival IDC and the
service scv, we simply apply the RQ alogorithm in to obtain the approximation of
the steady-state mean workload. For other steady-state performance measures, see Section
2.2.81 Now, we proceed to the second queue. Note that the arrival process at the second
queue is exactly the departure process from the first queue, whose IDC is approximated by
and . In revoking , we require the service IDC, which is again obtained as
in Section The next step is simply apply the RQ algorithm as for the first queue. The
same procedure can be carried out in the same way for any more subsequent queues. We
remark that the departure process from the first queue is not a renewal process unless the
external arrival process is Poisson and the service times at queue 1 is exponential. Hence, the
second queue (and any subsequent queues) can only be regarded as a G/GI /1 station, where
the arrival process is a general point process. In this setting, the approximation cannot be
justified by Theorem [3.8] However, we will show in Section [5.1] that the same approximation
is supported by a similar HT limit theorem in generalized Jackson network, see Theorem
In fact, we conjecture that the same approximation holds for a wide range of G/G/1
models, for example the MM PP/M M PP/1 model with Markov modulated Poisson arrival
and service processes, see Section [6.3.1] for an illustration.

For simulation studies of the performance of this RQNA algorithm, see Section [6.3

3.4 Proofs

We now review a useful lemma on the properties of £(s) and 8, defined in (3.19) and (3.20));

see p. 113 of [128] or Appendix 6 of [38]. (The notation here is slightly different.)

Lemma 3.2 (Takacs’ root lemma) If Re(s) > 0, then the root £(s) of the equation

2= fls+pu(l—2)
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that has the smallest absolute value is

) -l -l i
= T (fur ) (371)

gl dsi—1

Jj=1

This root £(s) is a continuous function of s for Re(s) > 0. Furthermore, z = £(s) is the
only root in the unit circle |z| < 1 if at least one of two conditions is satisfied (i) Re(s) > 0,

or (i) Re(s) > 0 and N/ < 1. Specifically, § = £(0) is the smallest positive real oot of the

equation
5 = Flu(1 - 8)).
If Nu<1, then 6 <1 and if \/;r > 1 then 6 = 1.
Proof of Theorem We let p T 1 by decreasing the service rate, so that 1/E[U] = M is

fixed. To allow general drift in the Brownian HT limit, we let 1/E[V] = p, = A-(1—p) Ay, in

system p, for positive constants v, — . Under this setting, we have (A—p,)/(1—p) = —\y

as p 1 1. By (3.18)) and (3.21)), we have

Vi (s) =L ((1=p)*Va, (L=p)7%t)) = (1= p)*Va, ((1 = p)%s)

A A -
where
1—f((1—p)2s A
Wis)= — (6-2)+ b ) — 7 (1= p)s)
) = - — = -
(1—p)3s Hp o (1=p)?s+pp(1=E((1=p)?s)) = (1=p)2s—pp(1=8) 1=f((1—p)2s)

1o (1—€((1-9)75)) 11 (1—0) -p)%s
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Then, we write

2 1-f((1=p)%s (1-p)? ;
. o, (6= 7) Hols) ALge) GO i (- 0%)

Wis) =
R () =05
o, OB 1) SRR - ) R L (- o)
(1—p)2s gp(s)w
1 2410 < A7 1—f((1=p)s)
= — _ - (0 ——) (Hp(s)+1
Hy(s) = (1-p)2s Ko ( g ) (1-p)2s
A 1—f((1—p)23) 1 1 5 9
o (R 5 ) s o)
_ 2y (5_ e Hp(s) 11— (1= p)%s)
H,(s) =1 Up)%) {f( = p?s) \ 1—=p (1—=p)s (L—p)%s
i R A (L)
tp(1 = p)?s tp(1 = p)?s
where

1= (L (A=) L1 d=prs
Hols) = (up1—§<(1_p)2s))+1> <up 1=9 1)'

By Lemma [3.2] we know that § is positive and real, and 6 < 1if p < 1 while d =1if p = 1.
Hence, we may restrict the function f to the real axis. Then, expanding f in a Taylor series

about 0, yields

— (1= 8) = 6 = F(0) + F(O)pp(1 — 6) + ( 0)12% + of >)<1—6>2
£(0

1
2

:>0_1—5—A (1—6)+ <; (0)u2 + o(1 ))(1—5)2

0 uﬁ o(1) 1-6
A2 1—p
2 +

:1%:7 ( - +o<1>) (3.72)

This implies that the following limit exist

(3.73)
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Now, let ép,S =¢ (1—p)?s) = f ((1 —p)2s+ pp(1 — fp,s)), then similarly we have

~ ~ 2
1-&,s s c2+1 1—&ps
= ’ - = 1 1-— : . .74

Then (3.74) implies that the following limit exists

(3.75)

and

A 2 A
- (89) =€) -3 =0, (3.76)
Recall that £,  is defined to be the root of z = f((1—p)2s+pu,(1—z)) with smallest absolute
value. By Lemma this root is unique and lies in the unit circle unless s = 0 and p =1,
in which case é (0) = 1. Furthermore, it can be proved by Weierstrass Preparation Theorem

(see Theorem 6.2 of [37]) that épﬁ is continuous in (p, s). Hence, we have

-
Re(lgp’s>>0, for all p <1 and s > 0.
—p

By taking limit p 1 1, we have Re(f*(s)) >0 for all s > 0.

As a consequence, we pick the root of (3.76|) with non-negative real part. In particular,

for real s, we have

o YV H2(E +1)s/A
&) = 2+1 '

For complex s, the square root in (3.77) corresponds to two complex roots, which are also

(3.77)

the roots of (7 — V2 +2(2 + 1)5/)\> /(c2 + 1), since the polynomial in (3.76)) is of order

2. Hence, we may use the same expression (3.77)) as in the real case, as long as we pick the

one with non-negative real part.

Combining (3.73]) and (3.75)), we obtain

and
o) g He®) 1 (11—p 1 1-p ~
=i a—ps =M (upl y up1—é((1—p)2s))+o(1 m)
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where f* is defined in 1' Moreover, we have

and
1—f (1—p)2s N
lim o - § _ o) EUY
ot (I—p2s 2 2 222

Combining everything into the Laplace Transform of (1 — p)*Vy, ((1 — p)~%t), we have

Ork 1 Ork _ A )‘(Cg_l) 2’7/)‘ Frx
Vi(s) = 1;%111 Vi, (s) = 2 2 (cg n 1H (s)—1 (3.79)
20¢2 —1
_A L2 i (3.80)

52 s 24 1éx(s)
Plugging in (3.77]), we obtain

T (s) — A22c2 -1 4
T(s) = 57+?C§+1£*(3)
A AE—1y1+2(2+1)s/(M2) -1

2 s2c2 41 s/(Ay?) ’

where we pick the root such that <\/1 +2(c2+1)s/(A\y?) — 1) /(5/(A\¥?)) has non-negative
real part. We used the fact that Re(z) > 0 if and only if Re(1/z) > 0 for z # 0.

For the explicit inversion, one can exploit the LT of the correclation function in
and note that

L(f(at))(s) = ~ f(s/a)

SHES

for any constant a # 0 and any function f with LT f. For our case here, we use a =

M2/ +1). =

Proof of Theorem To simplify the proof, we consider the HT-scaled difference
between departure variance function and service variance function. Let 1/E[V] = p and
1/EU] = X, = u(1—(1—p)7,), where v, are positive constants such that lim 4 v, = v > 0.
Under this setting, we have (A, — p)/(1 —p) = —py as p T 1. Let Vdfp(s) and V;p(s) be
the LT of V; (s) and V,(s), respectively. Recall that II was defined in Theorem By
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(3.37), we have

~

Vi () = V2 (s) = lim (Vi (5) = V2, (9))

Pl
= Eﬁl(l - p) (Vdp ((1 — p)ZS) V&p ((1 _ 0)28))
= lim Ap — i 20\, — ) 9 ((1—=p)2s) - 2(\2 — p2)
m 52 52 1—g((1—p)%s) (1—p)2s3

<2Ap g((1=p)?%s) (1= p)sI(0((1 - p)%s)) )
q 1

s 28 (1= pPs) 1 (m (5 ((1 - p)%s)) )
)%5)

2 —g((1—p)2s _ o((1—
N 22,19 ((1=p)?s) 1 .
= lim F(V(s) + lim ==2 R 5 _ — - F(s)
ol P ol s2 M% (1_p)3+/\p#—pﬂ)s) P
where
; Ao — 1 (1 —p)s)
FM(s) =22 1—2(\, + 1 -2
p () 52 ( (Ao “)(1—,0)23 /‘1_%(}7;)5225)
and

FISQ)(S) _ % (1 - )::1 — U g(l__pp)ZS) _ F:H (19 ((1 —p)28))> )
p

One can easily show that F,gl)(s) converges to 0 as p 1 1. Note also that §(0) = 1 and

§'(0) = —=E[V] = —1/p, then
6 ((1 - 2
thSmmﬂégzl
s

Furthermore, a Taylor series expansion around s = 0 yields

((1-p)?s)—1 _ g(Q=ps+ 2, (1-2(1-p)?s))) -1

1—p 1—p
s A0
peoom L=p
+g§?t$”«lm%+Apﬂﬂ«1m%»f,
which implies that
limo ((1—p)?s) =1 (3.81)

pT1



CHAPTER 3. ROBUST QUEUEING FOR QUEUES IN SERIES

94
and
Ap - 2 R
s 1= 1-v((-p))  §"(0) +0(1) > ) .
O=-—+ - + 1—p)s+ X, (1=0((1—p)°s
I 1—0p 1—p 2(1 — p)2 (( p) p( (( ) )))
s, 1=0(0=p))  §"(0)+o(1) 1—5((1— p)?s)\ 2
= —— 1 _
M+’Yp 1=, + 5 (I—=p)s+ A, T,
s 1=0(=pPs) AN+l 1-p((1-p?2))
= —— _P~s 1
M—f-'yp 1— + 9 11—, +o(1),
where we used the fact that §”(0) = E[V?] = (¢ + 1)/u?. Hence,
—5((1 — )2
lim 1= =p)%s) _ v (s),
ptl 1—p
where
1+C2 2 S
5 )T+ (s) - =0, (3.82)

With essentially the same argument as in the proof of Theorem one can also show that
v*(s) is the only root of (3.82) with positive real part, furthermore

—v+ VY2200 +3)s/p
vi(s) = v T . (3.83)

It remains to show that F ,@(s) converges (pointwise) to a proper limit. To this end, we
write

(2
2(s)

- (1 MO L)
s - p

oy, (A% 1 (Ap L (L= A/ (1= )5 (O

A 1 1—-v (1
1=p  T-p\s 7 A 0((0—p)%s) — 0 (1 p2s)
)

L-0(1-p)%) 1 [N 1—p)%5 (A (1 =2 ((1—p)?s)
(1= p)%s)

=% T %

(
1=p  T-p\s G- 0((1—p2) -0 (
Note that

g (o1 =7 ((1=p)%s)) = ((1 = p)*s)

=g (M= (1 =p)%s)) =3 (A= p)*s + A(1 =7 ((1 = p)*s))

= (1= p* = 9"O)(1 = p)s, (1= (1= p)%8)) + O((1 = p)"),
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one can easily show that

(2 N H 25
1/)1%1 F(s)=v— 7 (s)" (1+ c20%(s)) . (3.84)

Plugging everything into the Laplace Transform of the heavy-traffic scaled difference of

the variance functions, we have

~ « 2u? 1 - -

Vi) =V2) + iy (=) (14 i(9))
2 2(1 _ 2

_ ke el s)ﬁ*(s)

- 3 (3.85)

where we apply (3.82)) to obtain the simplified expression in (3.85)).

To obtain the explicit inversion, we write

eigy - Mo (=) =y + VP + 201+ s/
s2 s3 1+ ¢2 ’

Then, one exploit the LT of the correclation function in (3.23)) and note that £(f(at))(s) =

f (t/a)/a, for any constant a # 0 and any function f with LT f. For our case here, we use

a=py?/(1+cF). =

Proof of Theorem By combining Theorems 2.1 and 4.2 in Chapter X of [12],
we deduce that the k' moment of the steady-state queue length is finite if the (k + 1)
moments of the interarrival time and service time are finite. We add the extra uniformly
bounded fourth moment to provide the uniform integrability needed to get convergence of
the moments in the HT limit. We use to obtain the corresponding result for the

departure process.

To get (5.9)), combine (5.8) and (3.60). Note that

Var(Q*(t)) = Var(Q*(0)) = cz/4,

so that
Var(D*(t)) = c?lt + 03 —2Cov(Q*(0),Q*(t)) — 2Cov(caBa(t), Q*(t)), (3.86)
where

04
Cov(Q*(0), Q* (1)) = fc*(kt/czi)’ t=>0; (3.87)
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see Section 2 of [3] or Theorem 5.7.11 of [143]. Inserting into yields the first
line in above. To establish the second limit, we do a space-time transformation of the
limit, so that the limit is the same as one of the models analyzed directly.

Let us re-scale space and time so that the general result is in terms on B, instead of
¢ B, (assuming that ¢, > 0), so that we can apply the established result for the M/GI/1
model. (Essentially the same argument works for GI/M/1.) The first step is to observe
that the HT limit for the departure process {D*(¢) : ¢ > 0} can be written as a function
U : R x D3 — D of the vector process {(Q*(0),coBqa 0 Ae,csBs 0 Ae, —Ae)}; i.e., by

= U ((Q*(0),cqBgy 0 Ae,csBs o Ae, —Ne))

= Q*(0) 4+ 4By o Xe — ¥(Q*(0) + caBa © Ae — ¢sBgs 0 Xe — Ae)(t).

If we replace the basic vector process (Q*(0), coBg 0 Ae, ¢sBs 0 Ae, —Ae) by another that has
the same distribution as a process, then the distribution of D* will be unchanged.
By the basic time and space scaling of BM, for ¢, > 0, the stochastic processes have

equivalent distributions as follows

(@) coBa0) e.B 00, -2 e { L B/, B0/ ), |
=c {ngo) , Ba(u), Z—ZBS(U), —u} , (3.88)

where u = A\t/c2. After this transformation, to describe the system at time u, the associated
RBM has drift —1 and variance coefficient 1 + (c2/c2) = ¢2/c2. Note that the mean of the
steady-state distribution associated with the new RBM is the diffusion coefficient divided
by twice the absolute value of the drift, which is ¢2/(2¢2). As a result, Q*(0)/c? is exactly

the steady-state distribution needed for the new RBM. From above, we see that
D*( ( {Q* /cm ( ) (Cs/ca s _U}) for w= )\t/cz
=Ca Al ({Q* /Ca’ ( ) (CS/Ca _U})

= c2D*(u) = ED*(\t/c?),

where D*(u) = = U ({Q*(0)/c2, Ba(u), (¢s/ca) Bs(u), —u}), corresponding to the M/GI/1

model with service scv ¢2/c2. Now, let w*(t) denote the associated weight function in



CHAPTER 3. ROBUST QUEUEING FOR QUEUES IN SERIES 97

(3.43) with (11,7,¢) = (A, 1,¢5/cz), so that
W*(t) = w*(EMt/c2).
We now turn to the variance. By applying (3.43)), we obtain

Vi (t) = caVi (u) = Vi (At /)

. At - c2 At
=ct w*()\t/cg)c—2 +(1—-w ()\t/cz))c262>

= w*(M/E)EM + (1 — w*(M\t/c2)) M,

which agrees with the GI/GI/1 formula in (5.9). Thus, we have proved the variance formula
for GI/GI/1.

Finally, it remains to establish the covariance formulas. First, by comparing the two

lines in and recall , we must have
Cov(caBa(At), Q*(t)) = (1 — w*(At/c2)) c2At.
Let B,(t) = —By(t), then we have
(Q*(0), caBa 0 Ne, s By 0 \e) = (Q*(0), caBq 0 e, csBs 0 Ae),
S0

Cov(cgBa(t), Q*(t)) = Cov(ceBa(t), V(Q*(0) + co By + ¢sBs — €)(t))

= Cov(cqBa(t), ¥(Q*(0) + cqBq + ¢sBs — €)(t)),
and

Cov(csBs(At), Q*(t)) = Cov(—csBs(At), U(Q*(0) + caBa 0 Ae + ¢sBs 0 Ae — e)(t))

= —Cov(esBs(At), ¥(Q*(0) + cqBg 0 Ae + ¢sBs 0 Ae — e)(t)).
By symmetry, we thus have

Cov(csBs(At), Q*(t)) = — (1 —w*(At/c2)) c2At. =
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Chapter 4

Heavy-Traffic Limits for Stationary

Flows

In this chapter, we further study the IDC formulation of the RQ algorithm by establishing
the heavy-traffic limit theorems for the stationary flows and their IDC’s. A customer flow
is defined as a continuous-time process, counting the number of customer in or out of the
network, or flowing from one queue to another. A typical example is the total arrival flow
at a queue, which is the superposition of the external arrival flow and internal arrival flows,
with the later ones being (part of) the departure flows from other queues that are directed
to the current queue. The IDC of the total arrival flow, together with the its rate and the
service rate at the same station, serves as the input for the IDC formulation of the RQ
algorithm, see .

Flows are special stochastic point processes, for which there is a well-developed general
theory, as in [47; 48]. There also is a substantial literature on the general structure of
stationary point processes in queueing systems, as in Chapter 1 of [15] and [122], but
concrete results, such as explicit formulas describing the stochastic variability of the flows
over time, are extremely rare. The familiar exception is the Markov OQN, for which there
is a substantial theory, as in Chapter 4 of [132], but even in Markov networks, the flows can
be quite complicated. First, by reversibility, for Jackson networks, the departure processes

out of the network from the queues are independent Poisson processes, but the internal
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flows need not be Poisson, even though the product-form property holds. In particular, the
flows are Poisson if and only if they are not part of a loop; see [106; 131]. For non-Markov
open networks, the flows are even more complicated.

This chapter contributes to the approximation of OQN’s using the IDC’s by establishing
heavy-traffic limits for all the stationary flows in a OQN, allowing any subset of the sta-
tions to be bottleneck stations (critically loaded in the limit). The heavy-traffic limits are
especially tractable in the case of a single bottleneck station, because they can be expressed
in terms of one-dimensional reflected Brownian motion (RBM), so that the heavy-traffic
approximation of the IDC can be calculated in closed-form just as in .

Our HT limit for the stationary flows rely heavily on the justification for interchanging
the limits ¢ — oo and p 1 1 in a OQN provided by Gamarnik and Zeevi [66] and Budharija
and Lee [31]. By allowing an arbitrary subset of the queues to be bottleneck queues (have
nondegenerate limits), while the rest have null limits, we follow Chen and Mandelbaum [34;
35). Our main contributions here are the heavy-traffic limits for the stationary flows.

As a preliminary step for our heavy-traffic limit, we establish conditions for the existence
of stationary flows in a GJN and for convergence to those stationary flows as time evolves.
For that we rely heavily on the Harris recurrence that was used to establish the stability of a
GJN under appropriate regularity, drawing on Sigman [120; [121] and Dai [42]; see Chapter
VII of Asmussen [12].

This chapter is organized as follows. In Section we formally introduce the open
queueing network model and the continuous-time stochastic processes (flows) associated
with it. This model goes beyond the assumptions that we make to establish Harris re-
currence. Our RQNA algorithm and approximations of the IDC’s are intended to work
with this general model even without theoretical justification developed in this chapter. In
Section [4.2] we establish the existence and convergence of the stationary flows. In Section
we show a general version of the heavy-traffic limit theorem for the stationary flows,
allowing an arbitrary set of bottleneck queues that approaches heavy traffic simultaneously.
Our joint HT functional central limit reveals the key connections among different flows. In
Section .4 we focus on a special case, where we only have one bottleneck queue. This

serves as a basis for our heavy-traffic approximation of the IDC’s of the stationary flows.



CHAPTER 4. HEAVY-TRAFFIC LIMITS FOR STATIONARY FLOWS 100

4.1 The OQN Model

We start by formulating a general OQN model that goes beyond the assumptions we make
to establish Harris recurrence. Let there be K single-server stations with unlimited waiting
space and the first-come first-served (FCFS) discipline. We assume that the system starts
empty at time 0, but that could be relaxed. We associate with each station i an external
arrival point process Ag;, which satisfies Ag;(t) < oo with probability 1 for any ¢t. Let
Ap = (Ao1,...,A0k) denote the vector of all external arrival processes.

Let {V! : 1 > 1} denote the sequence of service times at station i and define the

(uninterrupted) service point (counting) process as
n
Si(t):max{nZO:ZVilgt}, t>0. (4.1)
=1
which we also assume to have finite sample path with probability 1.

In addition to external arrivals, departures from each station may be routed to other
queues or out of the network. To specify the general routing (or splitting) process, let
0! € {0,1}¥ indicate the routing vector of the [-th departure from queue i. Following
standard conventions, at most one component of 95 is 1, and 9% = ¢; indicates that the [-th
departure from the i-th queue is routed to station j for 1 < j < K, where e; is the j-th
standard basis of the Euclidean space R¥. The case 9§ = 0 indicates that the [-th departure
from the i-th queue exits the system. Finally, we define the routing decisions up to the n-th

decision at station ¢ by
Oi(n) = (0;1(n),...,0;k(n)) = Z 6.,
=1

and let ©; g(n) denote the number of customers that exit the system from station ¢ in the
first n departures.

For the internal arrival flows, let A; ; be the customer stream from ¢ to j. Each internal
arrival stream A; ; splits from the departure process D; according to the splitting decision

process ©; ;, so that
A;i(t) =0,;(Di(t)), t>0, 1<i<K, 0<j<K. (4.2)

Let Aine(t) = (A;;(t) : 1 <i,j < K) denote the matrix of all internal arrival flows.
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For total arrival process at station ¢, let

K

Ai(t) = Ao,(t) + Z Aji(t)

j=1
and let A(t) = (A1(t),..., Ak (t)) be the vector of total arrival processes.
As observed in (7.1) and (7.2) in §7.2 of [34], the queue-length and departure processes

at each queue are jointly uniquely characterized by the flow balance equations

where B;(t) is the cumulative busy time of server i up to time ¢, which by work conservation

satisfies
t
B;(t) :/ 1g;(w)>0du, >0, (4.4)
0

where 14 is the indicator function with 14 = 1 on the set A and 0 elsewhere.
For the flow exiting the queueing system, let Dey¢ ; denote the flow that exits the system
from station 7. Hence

D;(t)

Dexti(t) = Y 0i9=0i0(Di(t)), t=>0.
=1

Finally, let Dext(t) = (Dext,1(t), - . ., Dext, i (t)) be the vector of external departure processes.

4.2 Existence, Uniqueness and Convergence Via Harris Re-

currence

In this section we establish the existence of unique stationary flows and convergence to them
as time increases for any initial state. Toward that end, we make three assumptions, the

first one being
Assumption 4.1 We assume that the OQN is a GJN, in particular:

1. The K external arrival processes are mutually independent (possibly null) renewal
processes with finite rates \;, where the interarrival times have finite squared coefficient

of variation (scv, variance divided by the square of the mean) ¢ . for 1 <i < K.



CHAPTER 4. HEAVY-TRAFFIC LIMITS FOR STATIONARY FLOWS 102

2. The service times come from K mutually independent sequences of i.i.d. random

variables with means 1/p;, 0 < p; < 0o, and finite scv cgi for1 <i<K.

3. The routing is Markovian with a substochastic K x K routing matriz P = (p; j)1<i j<K
such thatp; j > 0, p;o = l—zszl pij > 0 and I—P' is invertible; For each1 <1i < K,
the sequence {©;(1),0;(2),...} is i.i.d. with P(0;(n) = e;) = pi; and P(0;(n) =

— K
0)=pio=1-21Pij
4. The arrival, service and routing processes are mutually independent.

For completeness, we also assume that the network starts empty at time 0, so that no
customer is in service or waiting, but this can be relaxed. The condition of finite scv’s is
used in the convergence of the distribution and in the next section; for relaxed assumptions,
see the discussions below Theorem and Theorem Note that I — P’ is invertible if
we assume that all customers eventually leave the system; see [36] or Theorem 3.2.1 of [90].

Let U(t) denote the vector of residual external arrival times at time ¢; let V(¢) be the
vector of residual service times at time ¢, set to 0 when the server is idle; and let the system
state process be

S(t) = (Q(t),U®),V(t), t=>o0. (4.5)

Under our assumption, the initial condition is specified by S(0) = (0,0,0). The system
state process S in is an element of the function space D([0,00), R3%) of real-valued
functions on the half-line [0, c0) taking values in the Euclidean space R3X that are right-
continuous with left limits. As stated in §2.2 of [42], which draws on [53], Assumption

implies some basic regularity conditions.

Theorem 4.1 (strong Markov process) Under Asusmption the system state pro-

cess S is a strong Markov process.

We remark that Assumption [4.1] is stronger than needed to ensure the strong Markov
property. Since S is a piecewise-deterministic Markov process (defined in §3 of [53]), §4 of
[53] showed that if the expected number of jumps on any interval [0,] is finite, then the

process possesses the strong Markov property.
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We now state the stability assumption in the sense of the traffic intensities. Let \g =
(Ao,15- -+, Ao k) be the external arrival rate vector and let A = (Aq,. .., Ax) denote the vector

of total arrival rate. We obtain A by solving the traffic-rate equations

K K
Xi = Xo,i + Z Aji = Aoy + Z AjPjis (4.6)
j=1 i=1
or, in matrix form,
(I — P\ = Ao,

where I denotes the K x K identity matrix and P’ is the transpose of P. Let Aij = Aipij
be the rate of the internal arrival flow from 7 to j. Finally, let p; = \;/u; be the traffic

intensity at station 2.
Assumption 4.2 The traffic intensities satisfy max; p; < 1.

Following convention, we say that the OQN is stable if the system state process in
is stable, i.e., if there exists a distribution 7 on R3% for S(0) such that S(¢) has that
same distribution 7« for all ¢ > 0. We now state the additional assumption to ensure the
uniqueness of the stationary distribution 7 and the convergence of the distribution of S(t)

to .

Assumption 4.3 FEach non-null external arrival process has an interarrival-time distribu-

tion with a density that is positive for almost all t.

Our assumption here implies the key assumption (A3) in both [42] and [43] that the dis-
tribution is unbounded and spread out, see also [42] and Chapter VII of [12]. This clearly
avoids periodic behavior associated with the lattice case, but otherwise it is not restrictive
for practical modeling.

The following theorem follows from Theorem 2 of [66] or Theorem 5.1 of [42] or Theorem

6.2 of [43], which extend earlier work on stability for OQNs in [25], [121] and [63].

Theorem 4.2 (existence, uniqueness and convergence) Under Assumptions|]. 1]
the system state stochastic process S in (4.5)) is a positive Harris recurrent Markov process.
There exists a unique stationary distribution m and for every initial condition and the dis-

tribution of S(t) converges to m as t — 0.
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For a strong Markov process with right-continuous and left limit sample paths, the existence
of a stationary distribution is shown in the early |14], which in turn draws on [69]. The
uniqueness is shown in [42], which assumes that the interarrival times are unbounded,
spreadout and have finite mean, and the service times have finite mean; see (1.2)-(1.5)
there. The convergence follows from [43] under the additional assumption of finite second
moment.

We now state the strong implications of Theorem For that, we consider the system
that starts at time s. For the system state processes, let Qs(t) = Q(s+1),Us(t) = U(s +1t)
and Vi(t) = V(s + t), so that S5 = (Qs,Us, Vs) is the system state process with initial

condition S(s). Let = denote weak convergence. Theorem implies that

Corollary 4.1 Under Assumptions Qs(t) has unit (£1) jumps and
Ss = Se = (Qe, Ue, Ve), as s — oo, (4.7)

where S, is the system state process with initial condition S¢(0) distributed as the stationary

distribution m and = denote weak convergence in each coordinate.

Proof. Assumption implies that with probability 1, there is at most 1 (internal or
external) arrival at any station and that the arrival times do not coincide with departure
times at any station. Hence, Qs only has unit-jumps.

From Theorem we have the convergence of one-dimensional distribution
Ss(t1) = Se(t1), forall ¢ >0.

To extend the convergence to any finite-dimensional distribution, we utilize the Markov
property of S(t) in Theorem (4.1l For any to = ¢ + d; > t1, the conditional probability
distribution of the state S(t1), conditioning on the past values up to the time ¢;, depends

only on the current state Ss(t1). Apply Theorern again with initial state Sg(¢1), we have
(Ss(tl),ss(tg)) = (Se(tl),se(tz)), for all 0 <ty < ts.

By induction, the convergence can be extended to any finite-dimensional distribution. The

weak convergence of the process Sy then follows from Theorem 12.6 in [23]. =
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Now, we turn to the existence of stationary flows. Define the auxiliary cumulative

process C, as in §VL.3 of [12], by

c(t) = (B(1), Y (1), (45)
where B;(t) is the cumulative busy times for server i over interval [0, ¢] and

Yi(t) = pi(t — Bi(t)) (4.9)

is the cumulative idle time of station i, scaled by the service rate p;.

To focus on the flows, we describe the GJN by the aggregate process
M(t) = (S(1),C(¢), F(1)), (4.10)

where

F(t) = (Ao(t), Aint(t), A(t), S(t), D(t), Dext (1)) (4.11)

is a vector of cumulative point processes, with the processes defined in §4.I We refer to F
in as the flows. We say that a flow is stationary if it has stationary increments. We
refer to [122] and Chapter 6 of [28] for background on stationary stochastic processes and
ergodicity.

For the flows, let Ao s(t) = Ao(t +s) — Ao(s) be the external arrival counting process
that starts at time s. Similarly, let Aint s(t) = Aint(t + 5) — Aint(5), As(t) = A(t + s) —
A(5), Da(t) = D(t+5) — D(5), Dext.s(t) = Desa(t+5) — Dexa(s), Ba(t) = B(t+3) — B(s) and
Ys(t) =Y (t + s) — Y(s) be the corresponding processes that starts at time s. The service

processes Sg(t) are more subtly defined by

Sis(t) = Si(Bi(s) +t) — Si(By(s)), for i=1,2,... K, (4.12)

)

which is a vector of delayed renewal processes with first intervals distributed as V(s), the
vector residual service time and at system time s (its i-th component is also the residual
service time of the process S; at time B;(s)). This definition of the service process allow us

to write the departure process as a composition of the two processes S; and B via

Dy(t)=D(s+t)—D(s) = (SOB)(s+t)—(S®B)(s)

= (Ss@By)(), t=0, (4.13)
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where © is understood as component-wise composition, i.e. D;s = S;, 0 B; s for all i.

FinaHYa let Cs = (357}/5) and Fs = (AO,Sa Aint,Sa As’ SSa DSa Dext,s)-

Theorem 4.3 (Existence and convergence of the stationary flows) Under Assump-
tions there exists unique stationary and ergodic cumulative processes (with station-
ary increments satisfying the LLN)

Ce = (Be,Ye), Fe=(Aoe;Ainte, Ae; Se, Dey Dext )
and a unique stationary process
Se = (Qe, Ue, Ve),
such that, as s — oo,
My = (8s,Cs, Fs) = (Se, Ce, Fe) = Me, (4.14)

where = denote weak convergence in each coordinate. Furthermore, Ag. is the vector of
equilibrium external arrival renewal processes, Se is a vector of delayed renewal process with

first interval distributed as V¢(0).

4.3 Heavy-Traffic Limit Theorems for the Stationary Pro-

cesses

To set the stage for our heavy-traffic limits, in Section we present a centered repre-
sentation of the flows. This representation parallels those used in [113;34; 35; 142], but here

we focus on the flows. Then in Section we establish our main heavy-traffic limit.

4.3.1 Representation of the Centered Stationary Flows

Recall that the external arrival rate vector is Ag, so the total arrival rates are given by
A= (I —P)" 1) asin (4.6). For service, we start with rate-1 base service process S? for
station ¢ and scale it by p; so that the service process at station ¢ is denoted by 5; = SZQ o€
with e(t) = ¢ being the identity function. Let the center processes be defined by

Ag; = Aoi — Nose, A = Aj — Ne, Di = D; — N,

Gj,i = @jﬂ' o (S] o Bj) — pjﬂ'Sj o Bj, and SZ == SZ o Bz’ — ,LLZ'BZ‘. (4.15)
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Furthermore, let X (¢) be the net-input process, allowing the service to run continuously,
defined as
X=Q@t) - (I-PYy, (4.16)

where Y is defined in .

The next theorem expresses the queue length processes, the centered total arrival and
the centered departure flows in terms of the centered external arrival, service and routing
processes. Let Up be the K-dimensional reflection map with reflection matrix P; e.g., see

Chapter 14 of [143]. A proof can be found in Section

Theorem 4.4 (Centered representation) The net-input process can be written as
X =Q0)4+ Ag+60'1— (I —P)S+ (\g— (I —P)pe, (4.17)
while the queue length process can be written as
Q=X+{I-P)Y =V, p(X), (4.18)

where Wi_pr is the K-dimensional reflection mapping with reflection matriz I — P'. In

addition, the centered total arrival and departure processes can be written as
A=P(I-P) Q) - Q)+ (I—P)! (210 + é’1) : (4.19)
D=(I-pP)! (Q(O) —Q+ Ay 6’1) , (4.20)
where the centered processes are defined in .

Remark 4.1 (Stationary flows) Note that the representation in Theorem does not
impose any assumption on the initial condition of the open queueing network. As ensured
by Theorem[].3, there exists a stationary distribution m such that the flows are stationary if

S(0) ~ w. With this specific initial condition, Theorem applies to the stationary flows.

4.3.2 Heavy-Traffic Limit with Any Subset of Bottlenecks

In this section, we establish the convergence of the stationary flows under HT limit. Through-
out this section, we assume that the system is stationary in the sense of Theorem [£.3]and we

suppress the subscript e to simplify the notation. We let an arbitrary pre-selected subset
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‘H of the K stations be pushed into the HT limit while other stations stay unsaturated.
Two important special cases are: (i) |H| = K so that all stations approaches HT at the
same time, which corresponds to the original case in [113]; and (ii) |#| = 1 so that only one
station is in HT. This second case is appealing for applications because the RBM is only
one-dimensional. We focus on it in detail later.
To start, consider a family of systems indexed by p. Let the p-dependent service rates
be
Lip = Nif(kip), 1<i<K, (4.21)

and set k; = 1 for all i € H and k; < 1 for all i ¢ H. Equivalently, we have p; = k;p. For
the pre-limit systems we have the same representation of the flows as described in Theorem
with the only exception that u; in is now replaced by the p-dependent version in
(4.21)).

We now define the HT-scaled processes. As in the usual HT scaling, we scale time by

(1 — p)~2 and scale space by (1 — p). Thus we make the definitions

6.ip(t) = (1= p)[A0i((1 = p)7%t) — (1 = p) " Nogit],

AL (1) = (1= p)[Aip (1= p)7%t) = (1= p)72Ait],

Sto(t) = (1= p)[Si,p (1 = p)72t) = (1 = p) i pt],

D () = (1= p)[Dip((1 = p)7%t) = (1= p) 72\t
Do) = (1= p)[Dext,io((1 = p)72) = (1= p) *Aipiot],
AL o) = (1= p)[Aijp((1 = p)728) — (1= p) *Aipit,

L(1—p)~2¢]

O, =0=p) | > b, —pi;-p)7"t,
=1
o) = (1= p)Qip((1—p)7%), for 1 <i,j < K. (4.22)

Furthermore, let ©7 , = (07, ) : 1 < j < K); let O

6,4, extp—( 0, " 1 <i < K); andlet]:;

collects all the flows, defined as
Fo(t) = (A5,p(1), Afue (1), AL(2), S5(2), D (t), Dy (1)) (4.23)

Finally, let W7,(t) = (1 — p)W; | (1-p)2¢) denote the HT scaled waiting time process,

where W; ,, denotes the waiting time of the n-th customer at station ¢ in the p-th system;
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and let Z7 (1) = (1 — p)Z;,p((1 - p)?t) denote the HT scaled workload process at station i
in the p-th system.

Before presenting the HT limit of the systems, we introduce useful notation by dis-
cussing a modified and yet asymptotically equivalent system, where all service times at the

nonbottleneck queues are set to zero.

Remark 4.2 (A reduced H-station network) Consider a H-station network, where all
non-bottleneck queues have zero service times, so that they can be viewed as instantaneous
switches. To obtain the rates and routing matrix in the equivalent network, we let I 4 denote
the |A| x |A| identity matrix for any index set A; let Py be the |H| x |H| submatrix of the
original routing matrix P corresponding to the rows and columns in H; similarly, let Pye
be the |H¢| x |H| submatrix of P corresponding to H¢; and let Pye 4 collect the routing
probablities from stations in H¢ to the ones in H, similarly, define Py 3. Now the new

|H| x |H| routing matrix, denoted by Py, is

00
Py = Py + Z P’}.L”}.LC (P'Hc)l Pq.[c}[

1=0
o0

= P+ Pruae Y (Pe) Pren
1=0

== P’H + P'H,’Hc (I’Hc — P’Hc)_l P’Hc;H. (424)

Note that the inverse (Ipe — PHC)_l appearing in 1' is the fundamental matrix
associated with the transient finite Markov chain with transition matrix Pyc. If we let
PHC’H denote the matrix of the probabilities that the first visit to a bottleneck queue of an

external arrival at a non-bottleneck queue ¢ € H€ is at j € H, then we have

o
Prew =Y (Pre) Pre gy = (Inge — Pre) ™ Pre . (4.25)
1=0

Similarly, for the new external arrival rate 5\03{, we write
2 ~ -1
)\07’H = /\077.[ + P7/_Lc77_[/\077.[c = )\077.[ + P?/-LC,H (IHC — P/;_L(') )\07Hc, (4.26)

where Ao _4 denotes the column vector of the entries in A\g that corresponds to the index

set A. Since the total arrival rate in the modified system remains the same as the original



CHAPTER 4. HEAVY-TRAFFIC LIMITS FOR STATIONARY FLOWS 110

system, we have

A= (I = Pl) Ao = M. (4.27)

To simplify notation, we suppress the subscript used in the identity matrix I in the rest of

the paper whenever there is no confusion on its dimension. =

The following theorem states the joint heavy-traffic limit of the queue length process,
the workload processes, the waiting time processes, the splitting-decision process and all the
flows. As in [34;135], we allow an arbitrary subset of nodes to be bottleneck queues (critically
loaded) while the rest are sub-critically loaded. To treat the stationary processes, we apply
[66] and [31], extended to include non-bottleneck queues. Because our basic model data
involves only single arrival and service processes, with only the parameters being scaled, we

do not need Assumption (A4) in [31]. The proof can be found in Section

Theorem 4.5 (Heavy-traffic FCLT) Under Assumption consider a family of
open queueing networks in stationarity, indexed by p. Let H C {1,2,...,K} denote the
indez of the bottleneck stations: Assume that p; , = Ni/(Kkip) for 1 <i < K and set k; =1
foralli € H and k; < 1 for alli ¢ H. Then, as p 11,

(Q;; W;; Z;7 927 ;xt,p7 ‘T:;)

= (Q*,W*,Z*,0*,0%,,F*) in DI+ (4.28)

ext>

where:

1. For 0 < i < K, AB,z’ = Cag;Bay,; © Moie and St = c5,Bs; o \ie, where By, and
Bs, are standard Brownian motions. (O, : 0 < j < K) is a zero-drift (K + 1)-
dimensional Brownian motion with covariance matriz ¥; = (0']2-k 10 < 4,k < K),
where JJQ.J = pij(1 —pij)Ni and sz,k = —p;jpigNi for 0 < i # j < K. Furthermore,
By, Bs, and (07, : 0 < j < K) are mutually independent, 1 <i < K.

2. The queue length process Q* consists of two parts. Q3. =0 and Q3 is a stationary

|H|-dimensional RBM
Qi = (X7,).
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where Wy is the |H|-dimensional refelction map with reflection matriz Ry = Iy — PH
and X;f[ s the net-input process associated with the bottleneck queues, defined below.
Furthermore, Q3,(0) has unique stationary distribution of the stationary RBM. X;{ 18

a |H|-dimensional Brownian motion
X5 = Q5(0) + <e§{ + P;{C,Hegic) (A5 + (0% 1) — (I, — Py)Sj, — Aoge,  (4.29)

where e collects columns in the K-dimensional identity matriz I that corresponds to
index set A; Py, PHC,H and ;\077.[ are defined in l’ 1} and 1| respectively.

3. The total arrival process A* can be regarded as a stationary process, having stationary

increments, specified by
A" = (1= P! (45 + (0% 1) + P/(T — P)) ™1 (Q*(0) — Q)
= (I = P)7 (A5 +(0%)1) + P'(I - P') " en (Q3(0) — Q7).
4. The stationary departure process D* is specified as
D*=Q*(0)+A*—Q*= (I —P) ' (Q*(0) — Q" + A; + (©%)'1) (4.30)
In particular,
D’;(_[c - Q;.[c + A* c — Q;{C(O) - ;lc.
5. The internal arrival flow A;j can be expressed as
A =pijDi +650Ne, for 1<i,j<K
and the external departure flow can be expressed as
D-k

ext,i

=pioDf +©Fg0oNe, for 1<i<K.

6. Zr = \;'Qr and W = ZF o \e.

)

4.4 Heavy-Traffic Limits with One Bottleneck Queue

In this section we consider the special case in which there is only one bottleneck queue, which
is useful for the IDC approximation and the RQNA applications because it is especially

tractable, involving one-dimensional RBM instead of multi-dimensional RBM.
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We start with the easiest special case: when |H| = K = 1, which corresponds to the
GI/GI/1 queue with i.i.d. customer feedback. But then we observe that the case of a single-
bottleneck is asymptotically equivalent to that except that the arrival process is generalized
to include the immediate feedback associated with flows to all the other non-bottleneck
queues.

As a consequence, we show that it is asymptotically correct in HT for a GJN with a
single bottleneck queue to eliminate all feedback prior to analysis. Moreover, we show how

to quantify feedback elmination.

4.4.1 A Single-Server Queue with Customer Feedback

Consider a single-server queue with customer feedback as depicted in Figure Let Ap
denote the renewal external arrival process with rate Ag and scv cZO. Let the feedback
probability be p, so that the effective arrival rate is A = A\g/(1 — p). Let service times be
ii.d. with rate g, = A/p and scv ¢2, hence a traffic intensity of p. Let A denote the total

arrival process; let A;n be the feedback flow; let S denote the service process; let D be the

total departure process; and let Deyt denote the flow that exits the system.

D(t)

flex‘c(t)_> Queue 1 C}__>

Feedback prob. p

Figure 4.1: A single-server queue with customer feedback.

Corollary 4.2 (One GI/GI/1 queue with feedback) Under Assumptions in Theorem
[4.5, consider a family of single-server queues in stationarity, indexed by p. Assume that

tp = A/p. Then, as p 11,
(Q;v W;7 Z;a @;7 egxt7p7‘F;) = (Q*a W*v Z*a 8*7 gxtaf*) n D117

where F; = (A§

50 S AR % D% Dp ), F* = (Af A%, AL, 5%, D*, D}

nt,p’ ext,p nt? ext

) and:

1. Af = cq9Bay © Aoe and S* = cyBs o Xe, where By, and B, are standard Brownian

motions. (©*,0%,) is a zero-drift two-dimensional Brownian motion with covariance
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matric ¥ = (O‘Zj : 1 < 4,5 <2), where ‘7%,1 =03, = p(1 —p)A and 0%72 = 0371 =

—p(1 —p)A, so that
@* + (_)*

ext —

Furthermore, By,,, Bs and (©*,0%,) are mutually independent.

2. The queue length process Q* is a stationary one-dimensional RBM
Q=T (X7"),

where W is the one-dimensional reflection map and X* is a one-dimensional Brownian

motion
X*=Q*(0) + A5+ (0" — (1 = p)S*) — Aoe,

where \g = (1 — p)A. Furthermore, Q*(0) has unique stationary distribution of the

stationary one-dimensional RBM with drift —\o and variance
Moct = o (ch +p+ (1= p)e)
so an exponential distribution with mean c2 /2.

3. The total arrival process A* can be regarded as a stationary process, having stationary

increments, specified by

* __ 1 * * p * _*
A *H(Ao‘i‘@)‘FH(Q (0) —Q").

4. The stationary total departure process D* is specified as

D* = Q*(0) + A* — Q"

= 1;, (Q1(0) — Q"+ 45+ (67)'1) (431)

5. The internal arrival flow A%, can be expressed as
A;—nt = pD* + @*
and the external departure flow can be expressed as

D;xt = (1 - p)D* + eéxt = AS + Q*(O) - Q*~
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6. Z* =XA"1Q* and W* = Z* o Xe.

As observed in Section III of [134], to develop effective parametric-decomposition ap-
proximations for OQNs it is often helpful to preprocess the model data by eliminating
immediate feedback for queues with feedback. The immediate feedback returns the cus-
tomer to the end of the line. The approximation step is to put the customer instead back at
the head of the line, so as to receive all its (geometrically random number of)) service times
at once. Clearly this does not alter the queue length process and the workload process.

The modified system does not have a feedback flow and the new service time will be
the geometric random sum of the i.i.d. copies of the original service times, let S denote the
new service counting process.

This modification results in a change in the service rate and service scv. The new service
rate is (1 —p)u = (1 — p)A/p = Xo/p and, by conditional variance formula, the new scv is
62 =p+(1— p)cz. Hence, the heavy-traffic limit of the new service process is S* = 623 sOApe.
We now claim that $* % ©* — (1 — p)S*. To this end, note that ©* = \/p(1 — p)Be o e
and S* = ¢4Bs o Ae, where Bg, B are independent standard Brownian motions (zero drift

and unit variance) and A\g = (1 — p)A. Hence, from part (ii) of Corollary 4.2] we have
X* QX (0) + Al + 5% — Ae. (4.32)

Let Q*, Z*, W* denote the HT limit of the queue length process, the workload process
and the waiting time process in the modified single-server queue without feedback, having
arrival process Ay and service process S. Standard heavy-traffic theory implies that
is exactly the HT limit of the net-input process of a single-server queue so that Q* dist. Q*.

Hence, we have

7= 010" dist. 1—p) "N\ tQ*=(1-p) 2% and
W* = 2% 0 \ge 2 (1—p)tZ%0xe=(1—p) 'W*o (1-pe.

—1. This implies

Note that the expected number of visit for the same customer is (1 — p)
that for approximating the waiting time and workload in the original system, we need to

adjust for per-visit version by multiplying the values in the modified system by (1 — p).



CHAPTER 4. HEAVY-TRAFFIC LIMITS FOR STATIONARY FLOWS 115

Theorem 4.6 (Eliminating immediate feedback) For the single-server queue with feed-
back model in Corollary [{.3, consider the modified single-server queue, where immediate
feedback are eliminated by placing the feedback customers at the head of the line. The joint
heavy-traffic limit for the queue length process, the waiting time process, the workload pro-
cess and the external departure process in the original model can be expressed in terms of

those in the modified system as

(Q*, 2%, W*, D) ™2 (Q%, (1 = p) Z*, (1 = p)W* o (1 — p) e, Diyy)-

ext » Hext

4.4.2 Networks with One Bottleneck Queue

We now consider the more general special case in which K > 1 but |H| = 1. Without loss
of generality, let H = {h}, so that station A is the only bottleneck station. Then Theorem
[4.5 can be restated as

Corollary 4.3 (Network with one bottleneck queue) Under Assumption|4. 1] con-
sider a series of GJNs in stationarity, indexed by p. Assume that p;, = Xi/(kip) for

1<i< K and set cp, =1 and k; < 1 for all i # h. Then, we have

( ;7W;7 Z;? G);’@* “F;)k) :> (Q*7 W*? Z*7 6*7@* P)

ext,p’ ext?

D9K+2K2

as pT1in , where:

1. For 0 < i < K, Af; = cqag,Bay, © Aoie and S; = c5,Bs, o A\ie, where By, and
By, are standard Brownian motions. (©7F; : 0 < j < K) is a zero-drift (K + 1)-
dimensional Brownian motion with covariance matrix >; = (aﬁk 10 < 4,k < K),
where 0']2-7]- = pij(1 —pij)Ni and O'JQ-’k = —piPikNi for 0 <i# j < K. Furthermore,
By, Bs, and (5, : 0 < j < K) are mutually independent, 1 <i < K.

2. The queue length process Q* consists of two parts. QF = 0 for i # h and Q5 is a

stationary one-dimensional RBM
Qi =v <X,§> ,
where ¥ is the one-dimensional refelction map and X;: is the net-input process defined

as

X5 = Q1(0) + (6 + Phepche) (454 (0 1) — (L= B)S; — oe,  (4.33)
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where e4 collects columns in the K-dimensional identity matrixz I that corresponds to

index set A; P, ]AJchh and 5\07;1 are defined in (]4.24[), (]425[) and (]4261) with H = {h},

respectively. Furthermore, Q5 (0) has unique stationary distribution of the stationary

RBM.

3. The total arrival process A* can be regarded as a stationary process, having stationary

increments, specified by
A= (1= P (A5 +(0) 1) + PU(T— P) ey (QR(0) ~ Q).
4. The stationary departure process D* is specified as
D*=Q*(0) + A* = Q" = (I - P')™H (Q*(0) - Q" + A5 + (6")'1).

In particular,

D = Qe + Ajpe — Q3c(0) = Aje.
9. The internal arrwal flow A} ; can be expressed as
Al =pijDi +05,0Ne, for 1<i,j<K
and the external departure flow can be expressed as

*
Dext,i

=pioDf +©Fg0oNe, for 1<i<K.

6. ZF =\ 'Qr and Wr = ZF o \e.

)

We conclude this section by observing that in a GJN with one bottleneck queue that
the bottleneck queue is asymptotically equivalent to a G/GI/1 single-server queue with
feedback in the HT limit, where the arrival process is a complex superposition of renewal
arrival processes. We derive the explicit expression for the external arrival process and
feedback probability in the equivalent network. We also show that feedback elimination is
asymptotically correct for networks with one bottleneck.

We start with a convenient representation of the HT limit of the bottleneck queue. Let
Pi,n be the (4, h)-th component of PHC’H in and recall that p = P, is the feedback
probability defined in Remark
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Theorem 4.7 The HT limit X,*L mn l’ can be expressed as the following one-dimensional

Brownian motion

Xi = Qh(0) + A"+ (65 - (1 9)S7) + hone, (4.34)
where
A= A5, + Z (ﬁi,hAai + @Zh) ; (4.35)
i€HC
and
N ;h = ﬁi,h(l — ﬁah)B@M o )\071‘6,
0% = V(1 - p)Bg,, o Nie, (4.36)
while Bé_} and B@S are independent standard Brownian motions.

Proof Since the drift term, the terms associated with Aj and S} remain unchanged, it
suffices to show that the terms related with the splitting decision processes share the same
variance. In fact, by algebraic manipulation, one can check that

Var <Z (:)fh + (:)§> = Z Pin(1 — Pin)Noie+p(l —p)e

1EHC 1EHE
K
= Z <e§l + P%C,hé—ﬁ) DIF (eh + G’HCP’Hch) e
=1
— Var (e;L (0%) 1+ Pl e (67 1)

where ¥; are the variance matrix defined in Theorem n

Now, consider a reduced one-station network consist of the only bottleneck queue, while
all non-bottleneck queues have service times set to 0 so that they serve as instantaneous
switches. In the reduced network, we define an external arrival Ay to the bottleneck queue
to be any external arrival that arrive at the bottleneck queue for the first time. Hence,
an external arrival may have visited one or multiple non-bottleneck queues before its first
visit to the bottleneck queue. In particular, the external arrival process can be expressed
as the superposition of (i) the original external arrival process Ag at station h; and (ii)
the Markov splitting of the external arrival process Ag; at station i with probability p; p,

for i € HE.
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Theorem [£.7] implies that the reduced network is asymptotically equivalent to the orig-
inal bottleneck queue in the sense of the stationary queue length process in the HT limit.
Furthermore, comparing Theorem [4.7] with Corollary we conclude that both the reduced
network and the original bottleneck queue is asymptotically equivalent to a single-server
queue with feedback, where the external arrival process is A, the service times remain
unchanged and the feedback probability is p.

We then eliminate immediate feedback customers just as in Theorem but with the
extended interpretation of immediate feedback. Recalling that the non-bottleneck queues
act as instantaneous switches, we recognize all customers that feed back to the bottleneck
queue as immediate feedback, even after visiting non-bottleneck queues. The probability
of feedback is then exactly p = P, as in Remark After feedback elimination, the
new service process S is the renewal process associated with the new service times, i.e., a
geometric sum of the original service times at the bottleneck queue. Note that the modified
service process after feedback elimination have a HT limit $* = @g —(1—p)Sy, where OF is
defined in , just as discussed in Section This matches exactly with the “service”
part in of Theorem Hence, we have the following theorem, extending Theorem
4.0l

Theorem 4.8 (Feedback elimination with one bottleneck queue) For the bottleneck
queue in the generalized Jackson network, consider the modified single-server queue with
arrival process A and service process S. The joint heavy-traffic limit for the queue length
process, the waiting time process, the workload process and the external departure process

in the original model can be expressed in terms of those in the modified system as

(Q*, 2%, W*, D) ™ (Q*, (1 — p)Z*, (1 — p)W* o (1 — p)Le, D).

ext ext

4.5 Functional Central Limit Theorem for the Stationary
Flows
In this section, we focus on yet another important specail case of Theorem where we

set |H| = 0. In this special case, all stations are strictly non-bottleneck, i.e., y; , = A/(Kip)

where k; < 1 for all . As p 1 1, the family of systems converges to a limiting system where
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the traffic intensity at station i is p; = k;. Hence, the scaling used in (4.22]) corresponds
to the diffusion scaling used in the usual FCLT. The following corollary describes the joint
FCLT of the stationary flows.

Corollary 4.4 (FCLT for the stationary flows) Under Assumption consider
a family of open queueing networks in stationarity, indeved by p. Assume that p;, =

i/ (kip) with k; <1 for 1 <i < K. Then, as p 11,

(@5, Wy 2.0, Ot Fp)

= (Q*,W*,Z%,0*,0%,, F*) in DI+ (4.37)

ext»

where:

1. For 0 < i < K, AS’Z- = Cag,;Bay; © Mojie and S¥ = cs,Bs; o \ie, where B and

ag,i

By, are standard Brownian motions. (©7; : 0 < j < K) is a zero-drift (K + 1)-
dimensional Brownian motion with covariance matriz ¥X; = (0']2-k :0 < 4,k < K),
where 0]2-,]- = piij(1 —pij)Ni and Uik = —pipirNi for 0 < i # j < K. Furthermore,

Bay;» Bs; and (@i*,j :0 < j < K) are mutually independent, 1 < i < K.
2. The queue length process Q* = 0.

3. The total arrival process A* can be regarded as a stationary process, having stationary

increments, specified by
A = (I-P) ' (A5 +(©%)'1).

4. The stationary departure process is the same as the stationary total arrival process,

so that D* = A*.
5. The internal arrival flow A} ; can be expressed as
A =pijD; +65,0Ne, for 1<i,j<K
and the external departure flow can be expressed as
Dii = pioDi +©5g0Ne, for 1<i<K.

6. Finally, Z; = W* = 0.
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4.6 Proofs

Proof of Theorem [4.3]

Proof By Corollary [f.1]and the definition of Sy in (4.12)), the convergence of V,(0) = V(s)
implies the convergence of S to Se, with the later one being a delayed renewal process with
first interval distributed as V,(0) and other intervals distributed as a generic service time.
Similarly, the components of Ay are delayed renewal process with the first interval dis-
tributed as the components of U,(0), which is converging to the vector Ag . of the equilibrium

external arrival processes. By the convergence of Ss, we have as s — oo
(QsaUSaVSaAO,SaSs) = (QeaUea‘/eaAO,ease) . (438)

We now turn our focus to the cumulative busy time process defined in (4.4). Let
h: Ry — R be a continuous function defined by h(t) =t A1 = min{¢,1},¢ > 0. Then the

busy period process can be written as

s+t t t
Bi,s(t)—/ 1Qi(u)>odU—/(; lQi‘S(u)>0du—/0 h(Qis(u))du, for 1<i<K. (4.39)

The busy-period process thus has stationary increments because it is a measurable integrable
function of Q;., which is itself stationary. (Recall that general measurable functions of
stationary process are stationary; see Proposition 6.6 of [28].) Let C(Ry,R) denote the
space of bounded continuous functions from Ry to R, equipped with uniform norm. The
mapping defined in is a continuous mapping from D to C(Ry,R); see Theorem 11.5.1
in [143]. The continuous mapping theorem then asserts that B, = B., where Bi.(t) =
fot h(Qie(u))du for t > 0 and all i. For the cumulative idle-time process Y 4(t) = Y;(t +s) —
Yi(s) = pi(t — B;s(t)), we note that ¢t and B; ¢(t) have continuous sample path, so that the
linear function in is continuous. Hence, we can extend the convergence as s — 0o in

(1.38) to
(Qsa U87 VYSa A0,87 Ss? Bs7 Y:?) = (Q& Ue, VYSa A0,67 Se? Be? Y:?) . (440)

The convergence established so far now implies associated convergence for the flows
because the flow process F; is determined by the state process S;. To make the connection,

we introduce random vectors (T, Js), where T is the time of the first jump in Qs and Js
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is the type of jump (external arrival to queue i, flow from queue i to queue j, or external

departure from queue 7), defined by

T

min {72, 7%}, where

Ty = min{U;;(0):1<:¢< K} and

S

T4 min {V;;(0) : Q;(0) > 0,1 <4 < K}. (4.41)

while J; = (0, 1), (4, ) or (¢,0) if the minimum in the definition of T is attained, respectively,
by T¢ with index i, T¢ with index i and the routing is to j, T¢ with index 4 and the routing
is to outside the network.

We observe that the we can regard (7,J) : (s,8s) — R x N, where N is a finite set,
as a continuous map, so that (Ts,Js) = (T¢, Je) as s — oco. We also observe that T is a
stopping time with respect to the strong Markov process {Ss(t) : t > 0}, so that we can
repeat the construction for all successive jumps after time 7.

In this way, we get convergence of the process of successive jump times and jump types

(indexed by k)
{(Tsps Js ) i k> 1} = {(Te gy Jeg) : k>1}F in (RxN)® as s— oo. (4.42)

That in turn implies convergence for the associated flow counting processes by applying the

inverse map in §13.6 of [143] as stated. For example, we can write

Ny(t)=min{k >0:Ts1+---+ T, <t} and

Ne(8)
Acig) =" 1y =) =
k=1
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Proof of Theorem With the standard flow conservation law, we can write the queue

length process in terms of the centered processes

Qi =Qi(0)+A; — S;0oB;
K
= QQ(O) + Ag; + Z 6]1(53 o B]) — S;0B;

j=1

Mx

= Q’L(O) + (AOz - )\Oz + jz S o B sz‘Sj o BJ)

]:1
K K
Z — pji) (Sj 0 Bj — 1y "‘Z — pji)p; (e — Bj)
7j=1 7j=1
K
+Xoie = > (65 — pji)ue.
j=1

Because Y; = pu; (t — B;) is the cumulative idle time, we can express ) in matrix form as
Q=Q0)+ A +6'1—(I—-P)S+(I—-P)Y + (N~ (I—P)pe.

Furthermore, we have Q = X + (I — P')Y. Because Y is non-decreasing, Y (0) = 0 and Y;
increases only when @; = 0, (4.18)) follows from the usual reflection argument.

Similarly, we can re-write the overall arrival process in terms of the centered processes

K
Ai = Ao+ 0;i(S; 0 By)

j=1
K K
= (Ao — Xoie) + Y _ (0i(Sj 0 B;) — pjiSj 0 Bj) + Y _ pji (Sj 0 Bj — 11, B;)
j=1 j=1
K
- ijll'b_] €— + Aoie + Zp]l#]
J=1

or, in matrix notation, by
A=Ay +0'1+P'S—PY + N+ Ppe.
By (4.18), we have

—-PY=PI-P)YX-Q)

:PU—PY%M@—Q+%+@@+MQ—P@—PW.
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Substituting into the matrix form of the arrival process, we have

A = Ag+6014PS—PY +(N+Ppe
= A0+é/1+P/§+()\0+P,M)€
LP/(I— P! (Q(o) Q4+ A+ 61+ /\oe) ~P'S— Plue

= P(I-P) Q) - Q)+ (I—P)! ([10 + é’l) + e (4.43)

Finally, note that D =Q(0)+ A—Q. =

Proof of Theorem Much of the statement follows from [34; 35| and [31]. First, the
HT limit for the state process with an arbitrary subset H of critically loaded stations follows
from [34; 35]. Second, the HT limit for the steady-state queue length follows from [31]. The
papers [66] and [31] do not consider non-bottleneck stations, but their arguments extend to
that more general setting. (See Remarkbelow for discussion.) We subsequently establish
the heavy-traffic limits for the flows. We do so by exploiting the continuous mapping
theorem with the direct representations of the stationary flows that we have established.
To carry out our proof, we work with the centered representation in Theorem [£.4] using

the HT-scaling in (4.22)). Thus, the HT-scaled net-input process is

X5 =Q50)+ A5, + (é;)' 1—(I—-P)Si+ (M- (I—P)u,)1—p) e, (4.44)

where S;k,p = Szpoéi,p, Eiyp = (1-p)2B; ,0(1—p) e, (:);‘, is a matrix with its ¢j-th entry being

©7; ,05 0 B; p and S o By is a vector of length K with S o B; , = (1—p)2S; 0B, yo(1—p)~2e.

The HT-scaled queue length can be written as
* * / *
Q,=X,+ (- P)Y,.
We now re-write Q7 , and Qe , in block-wise matrix representation as follows

Qu,=Xy,+ U - P;_LH)Y;_‘LP — P;-tC,HY;tC,p (4.45)

Qj;.tc’p — X';(_Lc7p + (I - P’;_[C,HC)Y’;Z‘;"p - P,},-LHCY;LP (4.46)
Solving for Y. , in (4.46) and substituting into (4.45), we have

Q= f(,*w + (I — P@)ng, (4.47)
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where
% / / -1
X?*-l,p = X;L,p - PHC,H(I - PHC,HC) (Q;{C,p - X;:Lc,p)'
Now, we substitute into Xy*{ p the expression for X, from 1' in block matrix notation,

leaving a constant 7, in the final deterministic drift term initially unspecified, to obtain
Xitp = Qigp(0) + A5 2y, + eu(05)'L — (I = Py a) Sy + Prie 359,

— Ppe (I = Pige3e) ™ Qe
+ Pige (I = Phpegge) ™ (Qie p(0) + Af 3y,
e (O3)'L = (I = Phe gge) Siie p + PhoageSiv, ) + (1= p) e

= Q3,p(0) + Aj 30,y + Prre g (I = Pge 3ge) " Ab ge + (I = P3) S50,
+€5(05)'1 + Py 3 (I — Phpegye) "4 (03)'1
+ Pige (I = Phpe 3ge) ™ Qe p(0) — Qe ) + 0p(1 = p) e

Now we derive the drift term 7),. To start, let

Np = Ao — (I_P/)Nfr

Just like how we treat the HT-scaled queue length process, we can re-write 7, into blocks
MHp = NoH — (I - P?/-t,H)M%p + Pg—tﬂ,HNHC,pa (4.48)

NHe,p = )\077{0 — (I — P;{C,HC)#HC,p + Pf;/_t’q_[c/i%’p. (4.49)

Hence

fo = M,p + Prge st (I = Pige ge) " 1ipae

= o+ Phge (I = Pie 3e) Xogee — (I — Py paep. (4.50)
Note that the traffic-rate equation can be written as
X = (I = Py a) At — Phje g e,

>\0,7‘[C = (I — P7,-[C7'Hc))\/HC - P’;_[7HC)\H

Substitute both Ag 7 and Ao e into (4.50]), we have

ip = (I = P1) (Mot = haep). (4.51)
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To summarize, the HT-scaled net-input process associated with the bottleneck queues

can be expressed as

X, = @5,00)+ Af sy, + P (I = Pie 3ge) " Ab e, — (I — P3) S, ,
+€5(05)'1 + Pjpe 3y (I — Phpe gye) ™ €4 (05)'1
+H(I = Py) (Mg — pagp)(1— p) e

+Pjye 3y (I = Pipe 3ge) ™ (Qige p(0) — Qe ) (4.52)

Now we are ready to deduce the claimed conclusions. First for conclusion (i), most
follows directly from Donsker’s theorem, Theorem 4.3.2 of [143], and the GJN assumptions.
The exception is the limit

(5;,(:);) = (5%,0%)
which follows from the continuous mapping theorem by a random-time-change argument,
as shown in [35].

For conclusion (ii), we apply [31] to get

(Q34,(0), @1 ,(0)) = (@3,(0), Qe (0)) as pT1.

Then the conclusion (ii) follows from Theorem 6.1 of [35]. In particular, there we see that
(3, is null, so that we can treat the two components of (Q;‘% o Qch, p) separately. First, to
treat Q;-l, o We apply the continuous mapping theorem with the reflection map using the

representation above. To do so, we observe that, as p 1 1,

(I = Pr) (Mgt — pi30,0) (1 = p) e = —(I — Pyy)Apge

and

Qip = Xip+ (= P)Yii, = vp_pr (X p)- (4.53)

Conclusions (iii) and (iv) follows from the representations derived in Theorem the
continuous mapping theorem and the established convergence of the queue length process,
the external arrival processes and the splitting-decision processes. To this end, we only need

to apply diffusion scaling (accelerate time by (1 — p)~2 and scale space by (1 — p)) to the
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representations in Theorem [4.4] so that
Ay = P/(1 = P)7H(@p0) = ;) + (T = P (45, + (©))1)

Dy = (1= P (Q3(0) = Q5 + 45, + (6))1) . (4.54)

The second expression follows from the fact that Q3,. = 0.
Next, conclusions (v) follows from the limit of the departure process and the FCLT of
the splitting operation in §9.5 of [143]. Finally, the associated limits for the workload can

be related to the limit for the queue length as indicated in [35]. =

Remark 4.3 (Elaboration on the application of [31]) We apply [31], but it must be
extended to the model with non-bottleneck queues. We do not go through all details because
we regard that step as minor, but we now briefly explain.

First, the main stability condition (A6) there holds in our setting here. Notice that
our scaling convention here relies on the traffic intensity parameter p instead of the scaling
parameter n used in [31]. Comparing (4.22)) here with (A5) there, For the bottleneck queues,
the two scaling conventions are connected by setting n = (1—p)~2, o = 0 and A" = —\;/p.
The stability condition here is then connected to that in [31] by setting g = —1 in (13)
there.

For the moment estimation in their Theorem 3.3, we treat Q and Q},. separately. For
QQ#, our representation and can be mapped to the representations (16) on
p.51 of [31], but with slightly more complicated constant terms associated with the matrix
multiplication we have in . Noting the expression of the drift term we have in ,
the rest of the proof is essentially the same. For Q3,., by [34; 35], it is negligible in the
sense of Theorem 3.3 of [31]. Theorem 3.4 of [31] relies only on the moment estimation as
in their Theorem 3.3 and the strong Markov property of S(¢) (which they denoted as X (¢)).

Finally, Theorem 3.5 and Theorem 3.2 of [31] remain unchanged.
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Chapter 5

Robust Queueing Network

Analyzer

In this chapter, we develop the Robust Queueing Network Analyzer (RQNA) algorithm
in the network setting introduced in Section which generalizes the RQ algorithm for
single-server queues in Chapter [2]and for queues in series models in Chapter[3.3] In revoking
the RQ algorithm in , our primary focus is to analyze and approximate the IDC’s of
the customer flows in a OQN. To start, we divided the flows into two groups, the external
flows and the internal flows, and introduce the notations for the IDC’s.

The external flows are the flows associated with the model primitives in Section
i.e., the external arrival flows and the flows associated with the (non-interrrupted) service
process. For the external arrival process Ag;, we let I, 0; = {Iq04(t) : 0 <t < oo} denote
the its IDC. For the service flows, let I, ; = {I;,(t); 0 <t < 0o} be the IDC of the stationary
renewal process associated with . For the case of renewal process, we necessarily have

IS’Z(OO) = ci,i’

as in Lemma As regularity assumption, we assume that the IDC’s I, ¢ ;
and I, ; is continuous with finite limits at ¢ = 0 and +-o00. The IDC’s of the external flows
are regarded as important input parameters of our RQNA algorithm, which is in stark
contrast to the QNA algorithm in [134], where only to the means and scv’s are required. In

particular, we assume that we are given (Ao i, I4,0,i, iti, Is,i) for each queue ¢ and the routing

matrix P. Practical methods to obtain the IDC’s of the external flows are discussed in



CHAPTER 5. ROBUST QUEUEING NETWORK ANALYZER 128

Section 2.3.41

The internal flows are all other customer flows in the network. In particular, we have the
total arrival flows at each station, which is of particular interest for our RQNA algorithm.
Let A; denote the total arrival process at queue ¢ and let I, ; be the associated IDC. Let D;
denote the departure process at queue 7 and let I;; be the associated IDC. Finally, let A; ;
denote the departing customer flow from queue 7 that are routed to queue j and let I, ; ;
be the associated IDC.

The IDC'’s of the internal flows are regarded as unknown parameters to be approximated
from the external IDC’s. In Section [5.1]- we demonstrate how the HT limits in Chapter
can be applied to develop IDC approximations for the three network operations: the
departure operation, the superposition operation and the splitting operation, respectively.
For each operation, our approximation is written as a linear equation, which we refer to
as the IDC equations, see , and . In Section the IDC equations are
combined into a general framework for approximating the IDC’s of the flows.

One of the key assumptions in our IDC formulation of the RQ algorithm is that
the service times are i.i.d., independent of the arrival process at the same station. This
assumption allow us to decompose the IDW as in and work with the relatively simple
arrival IDC. However, in the presence of customer feedback (so that a customer may re-visit
a station), the service times is necessarily correlated with the arrival process at the feedback
queue. As a mitigation, we propose a feedback elimination procedure in Section, which is
supported by the heavy-traffic limit theorem in Theorem [4.6] and Theorem [4.8]

The full RQNA algorithm is presented in Section[5.6] We also present a more elementary

version for tree-structured OQN’s in Section [5.6.1

5.1 The Departure Operation

In Section we investigated the the departure IDC in the case of GI/GI/1 queue and
proposed to approximate the departure IDC by (3.1)) and (3.67). We now provide full

support for this approximation in generalized Jackson network. In terms of the IDC’s in
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the network, we have

g (t) = wi(t)1ai(t) + (1 —wit) Lsi(pit), t=>0 (5.1)

with
wit) = w* (1= pi)*Nit/pics;), >0, (5.2)
where cii = C?L’i + cg’i, cz,i is the limiting variability parameter of A;, defined in (5.4), czﬂ-

is the service scv at station ¢ and w*(t) is the weight function in (3.27]).
We start with a characterization of the limiting variability parameter of the total arrival
process. Recall that ©F = (@f ;10<5< K) is the the collection of the Brownian limits of

the decision processes at station ¢, see Theorem for example. We have

pij(1=pij)Nit, j=k,

cov(07;,07 ) =
—Di,jDi kAt J#k.

i?j’

Define
4,J7

— K KxK
% = (cov (O} sz)/t)j,kzl e R*X
so that ¥; is a constant matrix independent of .
Lemma 5.1 (Limiting variability parameter) Under the assumptions in Theorem

plus the usual uniform integrability conditions, for which it suffices for the interarrival times

and service times to have uniformly bounded fourth moments,

B Fogs() = Jim B o) = il T = 2
P

where

cz,i = Var (e;(I — P/)_1 (A6 + (0% 1))
K

=ei(I - P! <diag(c§0,i)\i) +> zl) (I —P) e, (5.4)

=1

The following theorem generalizes Theorem [3.8]

Theorem 5.1 (Heavy-traffic limit for the departure variance function in GJN)

Under the assumptions in Corollary [£:3] plus the usual uniform integrability conditions, for
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which it suffices for the interarrival times and service times to have uniformly bounded

fourth moments, the HT limit of the departure process of the bottleneck station h can be

written as
n=Qn0) + A5 - Qp, (5.5)
where
A =e,(I =P (A5 +(0)1) (5.6)
and
Nk 1 * % A* *
Qi = —=@h = v (Qh(0) + 4 — S = Mne) - (5.7)

1- B,

As a result, the limiting variance function of the departure process is
Vinp(t) = Var(D}, (1)) = E[Dj; ,(t)?]
— E[Dj(t)’] = Var(Dj(t)) = Vin(t) as pT1, (5-8)
where
Vin(t) = w*()‘ht/ci,h)ci},h)‘ht + (1 - w*()‘ht/ci,h))cg,h/\ht (5.9)

with C:2c,h = C?ﬁ&,h +c§’h, 0124,11 is the limiting variability parameter of Ay, defined in , C?,h
is the service scv at station h and w*(t) is the weight function in (3.27)).

The approximation (5.1]) is then justified by the exact same procedure as described in
Section B.3.11

In Section we provide numerical support for the following conjecture.

Conjecture 5.1 Theorem holds for general G/G/1 queue, where the arrival and service
processes are stationary and ergodic point processes with finite IDC’s and the service process

is independent of the arrival process.

5.2 The Splitting Operation

In this section, we derive our IDC equation for the splitting operation. In particular, we

propose the following approximation

Taij(t) = pijlas(t) + (1 —pij) + cuj(t). (5.10)



CHAPTER 5. ROBUST QUEUEING NETWORK ANALYZER 131

where «; is defined in (5.16)).
We start with a simple example in Section [5.2.1] as an illustration and then address the

general case in Section
5.2.1 Dependent Splitting: One Queue with Immediate Feedback

Consider the single-server queue with immediate customer feedback as in Section [4.4.1
This introduces dependence between the splitting decision process and the arrival process.
For the splitting operation, suppose that the splitting decision is independent of the

departure process, then by the conditional variance formula, we have
Var(Ain (1)) = p*Var(D(t)) + p(1 - p)At,
or equivalently, since E[D(t)] = A\t and E[Ajn(t)] = pAt = pE[D(t)],
Tane(t) = pla(t) + (1 - p).

To address the impact of dependence on the IDC after the splitting operation, we propose

to consider the correction term «(t) defined as

a(t) = ot (t) — pla(t) — (1 —p),
so that
Lo (t) = pla(t) + (1 = p) + a(?). (5.11)
We propose to approximate the correction term «(t) by
at) =~ o ((1 - p)Qt) (5.12)
with
0¥ (t) = 2cov(pD*(£), 0" (M) /pAL = 2pu*(t/c2),

where ¢2 = flpcgo + ﬁ + ¢2 and the explicit expression is derived using Corollary

We demonstrate the performance of the approximation (5.12)) in Example and post-
pone theoretical support to Corollary
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Single-server queue with feedback,
E,/H,(4)/1, feedback prob. = 0.5, A =1, p = 0.8

— 10

— la,im(t) i
= == = = ADPIOX. la,im(t)

102 10° 102 10*
Time t

Figure 5.1: Approximations of the IDC’s in a single-server queue with feedback model.

Example 5.1 (immediate feedback) Figure compares the performance of the IDC
approximation to simulations for the Fo/H2(4)/1 single-server queue with feedback model,
having feedback probability p = 0.5 and service scv ¢ = 4. Model parameters are described
in the title. The simulation estimation of the IDC of the feedback flow is contrasted to the
IDC approximation (5.11) with correction term in dotted-and-dashed lines. The

approximation matches simulation remarkably well.

5.2.2 The General Case

To treat splitting, we write the split process A; j as a random sum. Recall from (4.2)) that

Di(t)
Aij(t)y=> 06, t>0.
=1
We apply the conditional-variance formula to write the variance Vg ; j(t) = Var(4;;(t)) as
Vaij(t) = E[Var(4;;(t)|[Di(t))] + Var(E[Ai;(#)[Dit)])- (5.13)

With the Markovian routing we have assumed, the routing decisions at each queue at
each time are i.i.d. and independent of the history of the network. As a consequence, for
feed-forward queueing networks, we can deduce that the collection of all routing decisions
made at queue i up to time ¢ is independent of D;(t). For the case in which independence

holds, we can apply (5.13) to express V,;;(t) in terms of the variance of the departure
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process, Vg ;(t) = Var(D;(t)); in particular,
Vaij(t) = 7 jVai(t) + pij(1 = pij)Ait, (5.14)
or, equivalently, since E[D;(t)] = \it and E[A; j(t)] = pi j it = pi jE[D;(t)],
Io;i(t) = pijlai(t) + (1 —pij). (5.15)

The formula (5.15)) is an initial approximation, which parallels the approximation used for
splitting in (40) of [134], i.e., cgm = pmcfm + (1 —pij).

However, the independence assumption will not hold in the existence of customer feed-
back, in which case there is a complicated dependence. we develop a more general formula
to improve the approximation in general OQN’s.

For that purpose, we apply the FCLT for split processes in Section 9.5 of [143] and the
heavy-traffic limit theorems in Section [£.4] Based on the heavy-traffic analysis, we propose

the splitting IDC equation in ((5.10)). To account for the dependence, we include a correction

term o j, defined as

i jp; (1) = la,ij(t) = pijlai(t) — (1 = pij), (5.16)
which is leads to . We propose to approximate «; j ,, by

Qi (1) = 28 pi (1 — pij)wi(t), t>0, (5.17)

where w; (t) is the weight function in (5.2)) and &; ; is the (i, j)*® entry of the matrix (I—P")~L.
We now provide theoretical support for the splitting approximation ((5.17)). Consider

the diffusion-scaled processes indexed by p

D;,(t) = (1= p) [Di((1 = p)2t) = Ni(1 = p) 2],

[(1-p)~2t]

Of, M =0-p)| > 0 -pi(l-p) | €D, (5.18)
=1

A7, (1) = (1—p) [Ai((1 = p)7%t) — Aipi(1 — p)2t] € D,
for t > 0, where p; = E[¢!] is the i-th row of the routing matrix and A;, = (A;;,: j =

1,2,...,K) is the vector consists of all the streams after splitting. The following result

rephrases Theorem 9.5.1 in Whitt (2002).
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Theorem 5.2 (Theorem 9.5.1 of [143]) Suppose that

(D;,.07,) = (D}, 0;) as pt1 in D! (5.19)

and that almost surely D* and ©* o Ae have no common discontinuities of opposite sign.
Then
A, = A} in DF,
with
Afj=pijD* + 070 Ne, for 1<j<K, (5.20)

where e(t) =t is the identity mapping.

Example 5.2 (Splitting the departures from a G/GI/1 queue) If we split the depar-
ture process from the GI/GI/1 model with Markovian routing, then D* is independent
of ©F and ©* is a zero-drift K-dimensional Brownian motion with covariance matric
Y = (05;) € REXE where Uﬁi = pi(1 — p;) and U%j = —pip;j for i # j. Hence, from

(5.20) we obtain
A* =pD* + 0% o e, (5.21)

which is consistent with (5.14) and thus (5.15)). =

Theorem assumes only a joint FCLT for the flow to split and the splitting decision
process, so dependence is allowed. Thus it provides support for the general splitting equation
in ((5.10) for the case where D; ; and ©; ; are correlated. Define the HT-scaled correction

term as
o jo(t) = aij(1—p)7%) (5.22)

and define the limiting correction term as

aZj (t) = 2COV(piij?(t), @zj()\it))/pi,j)\it. (5.23)

The following corollary follows from Theorem

Corollary 5.1 Under the assumptions in Theorem plus the uniform integrability con-

ditions, we have o ; ,(t) = a; ;(t) as p T 1.
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Proof. By the definitions of the correction term in (5.16)) and HT-scaled processes, we
write
afj,(t) = ai;((1—p)~°t)

= Lo (1= p)7%t) — pijlai((1 = p)t) — (1 — pi)
_ Var((1—p)Ai (1 —p) %) . Var((1—p)Di((1—p)~°t)

% 1—pij
Var(Af, (6)  Var(DL, (1)
= .’pr —Dij——~, Lot — (1 —piy)
DijAit At
Var(Af .(t)) Var(DZ(t))
] — D (3 _ 1 —pii) = * t .

This corollary supports the following approximation for the correction term «; ; in

2
;i (t) = af;((1 = p)°t) (5.24)
with o ; defined in (5-23).
It then remains to derive a explicit formula for a;‘,j. For any «; ;, the relevant routing
flow is A; ; while the relevant departure flow is D;. Naturally, we choose station ¢ to be the

HT station. So we let p; = p 1 1 and keep p; < 1 for j # i. Define the HT scaled processes
as in (4.22) and apply Theorem to obtain

D}, = Df = A; + Q;(0) — Q;. (5.25)
For the routing flow A; ;, we apply Theorem so that

A?,j,p = AZ] = pi,jD:‘( + @i,j ole as ptTl. (526)

Define the correction term ozz jasin 1) then Corollaryimplies the following corollary,

which leads to the correction term in ([5.16]).

Theorem 5.3 Under the assumptions in Corollary [{.3 and Theorem [5.2] plus the uniform

integrability conditions, we have

;i »(t) = 2cov(pi s D;(t), ©F ;(Nit))/ (pijAit)
=26 pi (1 — piw*(Nit/c3,), as pt L, (5.27)

where & j is the (i, j)™ entry of the matriz (I—P')™!, ¢2 ; = ¢ ;4+c2; and ¢ ; is the limiting

variability parameter as solved from ((5.46|) and Cg,i s the scv of the service distribution at

station t.
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Proof. Apply Corollary to obtain expression for D7 (t), then apply Corollary for
the explicit covariance in (5.27). =

As a direct result of Theorem [5.3] and Corollary we propose to approximate the
correction term as in , which is asymptotically exact as p 1 1.

5.3 The Superposition Operation

In this section, we derive our IDC equation for the superposition operation. In particular,
we propose the following approximation

K

Toi(t) = (Nja/Ai)aja(t) + Bilt), (5.28)

§=0
where (3; is defined in .
We start with a simple example in Section [5.3.1] as an illustration and then address the
general case in Section [5.3.2]

5.3.1 Dependent Superposition: A Splitting and Recombining Example

We consider a simple feed-forward network depicted in Figure [5.2] where an arrival process
is first split into two streams according to Markovian routing, then sent to separate queues,
and finally re-combine and enter a third queue. We aim to approximate the IDC of the
superposition of the two stationary departure processes As(t) = Di(t) + D2(t). To do so,

we establish the HT limit for the superposition arrival process at the third queue.

D (t)
AW p—1> Queue 1 '—»Oia Queue 3 '—»O—»
P2 Dy (1)

L— Queue 2 '—rgi

Figure 5.2: A simple splitting and recombining example.

Without loss of generality, assume that the traffic intensity p; at the first queue is larger
than py at the second queue. We then consider a family of systems indexed by p, where

the traffic intensity at queue 1 is p; = p, which we will bring to heavy traffic, and the
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traffic intensity at queue 2 is fixed at po € [0,1). Let A;,, Si,, D;, and @Q;, denote the
arrival process, the (uninterrupted) service renewal processes, the departure process and
the queue length process at Queue i in the p-th system, respectively. Let the processes with
superscript * be the heavy-traffic scaled processes as in . Theorem implies the

following

Corollary 5.2 (Heavy-traffic limit for splitting and recombining model) Consider
the system depicted in Figure[5.3. Assume that the external arrival process is renewal with
rate A\ and scv c2, the service times at queue 1 are i.i.d. with rate pt\/p and scv cgl ; the

service times at queue 2 are i.i.d. with rate po\/pe for 0 < ps <1 and scv 022. Then

*  A* * * * * * * * * *
(Ap7 1,00 442,p> l,paSQ,ple,mQQ,p) 1,p7D2,pa 1,00 2,p)

* * * * QK * * * * * * . 11
:>(A7 15412y le2aQ1’Q2v 17D2’ 1792) in D as :0%17
where

A* = ¢yBg 0 Me,

AY = picgBaoXe+0OF,  for i=1,2,

ST =g, Bs, op1Xe, S5 = cs,Bs, 0 paie/pa,

Q7 = Y(Q7(0) + prcgBg o Xe + OF — ¢, B, o prhe —pi1e), Q5 =0,

Dy =picgByoXe+ 07+ Q1(0) — QF, D35 = paceyB, o Xe + O3, (5.29)

with 1) being the one-dimensional reflection mapping and (07, 0%) being a zero-drift two-

2

dimensional Brownian motion with covariance matriz ¥ = (0;;) € R*2 where 02 =

pi(1 = pi)X and o = —pipj X for i # j.

To approximate the IDC of the total arrival process at queue 3, we write

Los,(t) = Var(As,(t)) _ Var (Dy,5(¢) + D2,(t))
“3 T B[ As (1)) E[As,(t)]
_ Var(Duplt)) | Var(Dap0)) 4 oo (py (1), Do p(8)) /B[ As p(0)

Bl Az p(t)] ElAs,(1)]

=pida1,p(t) + palaop(t) + Bo(t),
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where
Bp(t) = 2cov (D1,p(t), D2,(t)) /E[As,5(t)]. (5.30)

In general, exact characterization of 3, is not readily available. We propose the following

approximation

Bp(t) = 2cov (DI ((1 - p)?t), D5((1 = p)*t)) /(A(1 = p)*1)
= 2p1(1 = p1)(cz, — Dw*((1 = p)’p1t/c3,)) (5.31)
with D7 and D3 being the diffusion limit in (5.29).
To justify the approximation 1} let B5(t) = B, ((1 - p)_zt) be the HT-scaled cor-

rection term. Corollary [5.2] implies the following limit.

Corollary 5.3 Under the assumption in Theorem[5.3 and the uniform integrability condi-

tions, we have

By — 2p1(1 — pl)(cgo — Dw* (mAt/c2). (5.32)
Proof Note that Corollary [5.2] implies that

cov(D1,p(t), D1,(t)) = cov (1= p1) 7 D5 (L = p1)?t), (1 = p1) "' D5 ,((1 = p1)*t))
= (1= p1)"Peov(Di((1 — p1)*t), D5((1 — p1)*t)),

as pT 1.
On the other hand, by applying Corollary we have

cov (D7(t), D3(t)) = cov(Aj(t), A5(t)) — cov(Q1(t), A5(t))
= p1(1 = p1)(cz, — DAt — cov(Qi(1)), A5(t))
=pi1(1—p1)(cg, — DMtw” (prAt/cz, ) |

where ¢2 =2 42, 2 = pic2 + (1 — p1). The limit then follows. =

We demonstrate the performance of the approximation by making simulation compar-

isons in Example

Example 5.3 Consider the queueing system in Figure with rate-1 hyperexponential

(H2(4)) external arrival process and ¢2 = 4, p; = 0.25, po = 0.75 and i.i.d. Erlang (E3)
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service times with cgi = 0.5. Figure shows the results for two cases involving different
traffic intensities: (i) p1 = p2 = 0.7 (left); and (ii) p1 = 0.8 and p2 = 0.9 (right). In
each plot, we display, in solid lines, the IDC I, 3 of the total arrival process at queue 3, the
modified IDC’s p;1;; of the departure processes from queue 7, the simulated correction term
B, defined in . For approximations, we display, in broken lines, the approximated
correction terms as in and the approximated IDC using . Figure shows

remarkable agreement of the approximation and the simulation estimate.

(pys py) = (0.7, 0.7) (b py) = (08,09)
4F ‘ ‘ 4F ‘ ‘ s
asf [Tl asf [Tl
Pylg4 (M Pylg4 (M
3 pzld,z(t) 1 3r pzld,z(t)
¢}
2571 o . 251 oo
o Approx. ﬁp(t) o Approx. dﬂ(t)
O 2[ |======Approx. la‘s(t) Q  2[ |==m==xApprox. Ia‘sm

0.5 o — 0.5 o —
[ —————— —
0 i ; 0
1072 10° 10° 10* 1072 10° 10° 10*
Time t Time t

Figure 5.3: Approximation of the arrival IDC at queue 3 for the splitting and recombining
model in Figure

5.3.2 The General Case

We now investigate the impact of the superposition operation on the IDC’s for general
network. To start, consider the case where the individual streams are mutually independent,

and hence we have

K K
V,.i(t) = Var(4;(t)) = Var Z At | = ZVar(AM(t))

so that

Mw

(Aji/Ai)ai(t), (5.33)
7=0

where Ia,j,i(t) = Var(Aj’i(t))/E[Ajvi(t)].
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While is exact when the streams are independent, it does not hold in general cases.
Even for feed-forward networks, we may have a stream that splits and then recombines later,
which introduces dependence.

For dependent streams, the variance of the superposition total arrival process at queue

7 can be written as
K K
Vai(t) = Var [ > A1) | =) Var (4;:(2) + Bi(t) E[As(t)] (5.34)
§=0 J=0

where Ap; denotes the external arrival process at station 7,

Bi(t) =) Biiwi(t), and  Bjikilt) =
J#k

(5.35)

Divide both sides of (5.34)) by E[A;(t)] = \it, we arrive at our IDC equation in (5.28).
In general, exact characterization of the correction term (;(¢) in (5.35]) is not available.
We now show that heavy-traffic limit theorem suggests the following approximation (assume

without loss of generality that p; > p;)
Biisk,i(t) = Brisga(t) = (Giski/M)w* (1 = pj)?piaAit/ pics i), (5.36)

where w* is the weight function in 1D cim» = pj,ic?hj + (1 —pjq) + pj,icg’j and cg’j is
solved from the variability equations for the asymptotic variability parameters in (5.49)).

The constant (j;.x; is given by

K

Gk = Vj <diag(cczz,0,i)‘i) +y El) vk + 56 + Vi Ekes, (5.37)
=1

where v, = pej(I — P')~! for | = j,k, e; is the i-th unit vector, diag(cio?i/\i) is the

2

2.0, as the ¢-th diagonal entry, ¥ is the covaraince matrix of the

diagonal matrix with ¢

splitting decision process at station [ defined as ¥; = (Uzl}j) with aii = p,i(1 — pri) N and
Ué,j = —pripi N for i # 5.

Next, we provide theoretical support the correction term [; associated with dependent
superposition. From , it suffices to specify By ;.;; for any station i and any pair of
sub-flows (A4;;, A ;) at that station. We assume without loss of generality that (i) p; > py,

or (ii) pj = pr and X\j; > Mg ;. In the case (ii), we break the tie by picking the index that
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gives the larger rate A;;. In both cases, we consider station j to be the HT station while

keep all other stations unsaturated.

By Theorem [5.1} we have

Ay = A7 = A4 (Q50) - Q)
D;, = D} = A7+ Qj(0) — QF,

[, = Dr=A7, for [#j,

where A* = (I — P')~' (A} + (6*)'1), Q; is defined as in 1} with h = j and v; € RE is

defined as
v = P'(I - P 'e(1 - By)

with ]3J defined as in 1j with # = {j}. Furthermore, Theorem gives

= pid} + ©7; 0 Aje + pj.i(Q5(0) — Q)
AL = PriDj + O ;0 Are
= priAf + 6% 0 Ake + priv;k(Q5(0) — Q).
We utilize the following approximations

* o Ax * — Ax
Api B priAf + O 0 Ake = Ay

and

PjiQf ~ (pj,sz(O) +pjid} + 05 0 Aje = pjiSy — piidj 6) =}

By Corollary
1 1 % C i3kt
2cov (ALa(), A5(0) = Q1(0)) /(Aat) = 250w 1/ )

where fl;l = pj,ifg + @;i o Aje and (ki is the constant defined as

1 - -
Gk = zoov (AL (1), A7,(0))

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)

(5.43)

Note that (j ;.1 ; is a constant independent of ¢ since flzz(t) and fl;z(t) are Brownian motions.
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Finally, we define

Cjisk,i
Bjik,i(t) = Brisji(t) = 22 y w*((1 = p;)*psidit/ (pc2 1)), (5.44)

1
where ci’j’i = pjﬂ-cg’j + (1 —pja) +pj,ic§7j and cgd is solved from 1}
The following lemma gives explicit formula for (.. Let v = pme;(l — P )’1 for

[ = j, k, where e; is the i-th unit vector.

Lemma 5.2

K

Ciki = V;- <diag(cg70ﬂ-)\i) + Z El> vg + v e + V;-Zkez-, (5.45)
=1

where diag(czv()’i)\i) is the diagonal matrix with cgol_)\i as the i-th diagonal entry, > is the
covaraince matrixz of Brownian limit of the splitting decision process (@l*z)zlil at station 1

defined as ¥; = (azl-’j) with af’i =pi(1 —pri) A\ and aéj = —pripij N for i # j.

Proof. By the definition of A* and flj*l, we have
A5, = pjiAs + 05, = piaci(I — P)7HAG + (64)'1) + 65,
K
=1
/12,1- = pri Ay + Ok = Drick(I — PTHAS+ (0%)1) + OF.i»
K
= ( 5+Z®,*> + €071,
=1

where A is the Brownian limit of the external arrival processes, i.e., Ag; < Cag i Bag,; © Nie
and ©* = (07,...,0%) € REXE with ©F = (©71,---,07 ). Recall that O is the the

collection of the Brownian limits of the decision processes at station i, so that

pij(1—pij)Nit, j=k,

cov(07;,07 ) =
—Di,jDi kAt Jj# k.

Z?j’

Define
5 = (cov (O} z*k)/t>fk=1 e RE

z?j’

so that ¥; is a constant matrix independent of ¢.
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Notice that Af;, ©7 for 1 <, j < K are mutually independent, we have
— 1 A* Ax
Q-j,i;k,i = gCOV (Ak,z(t>7 A]’l(t)>

K K

1

= Jcov (VjAS + Z (vj + 01 €;) OF , A + Z (vk + O ke;) 9?)
=1 =1

K
1 1
= Jcov (Vi AG, v AG) + n Z cov ((v; + d,5€;) OF, (vk + 01 k€;) OF)
=1
K

= yj'- (diag(cio’)i) + Z Zl) Vi + V,;Ejei + V;‘Ekez’- .
=1

5.4 The IDC Equation System

We are now ready to assemble the building blocks into a system of linear equations (for

each t) that describes the IDC’s in the OQN. Combining (5.1)), (5.10]) and ([5.28)), we obtain

the IDC' equations. These are equations that should be satisfied by the unknown IDCs. For

1 <14,7 < K, the equations are

K
Loi(t) = D> (Aji/ A agi(t) + (No.i/Xi) La,i(t) + Bi(t),
=
Loij(t) = pijlai(t) + (1 — pij) + i j(t),
Id,i(t) = ’wi(t)fa,i(t) + (1 — wi(t))fsﬂ'(pit). (546)

The parameters p; ;, A; j and \; are determined by the model primitives and the traffic rate
equations in Section The IDC’s of the external flows I, ,(t) and Iy, (t) are assumed
to be calculated via exact or numerical inversion of Laplace Transforms, or estimated from
data, as in Section m The weight functions w;(t) is defined in , which involves a
limiting variability parameter cii as discussed in Lemma

i’

To solve for the limiting variability parameters 2, we let ¢t — oo in 1) and denote

;= Ia,i(oo),cgﬂ-’j = I, (00) and C?l,i = I4,(c0). Furthermore, we define

¢, = aij(00) = 26 pi (1 — pij),

2
¢, = Bi(00) = X Z Cjrish,in

P i<k
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where we used w*(oo) = 1 in (5.16)) and (5.36)). Hence, we have the limiting variability

equations:

K
Cg,i = Z()‘j,i//\i)cz,j,i+(AO,i/)\i)Cg,o,i+C%ia
j=

2 2 2
Caij = Pijca;+ (1 —pij)—+ Cay;
i, = b 1<i<K (5.47)

where we used the fact that w;(t) — 1 as t — oc.

For a concise matrix notation, let

2\2
M(t = an(t)) GR(2K+K) , m,mne {CLl,...,CLK,CLL]_,...,CLK’K,dl,...7dK},

2 2 2 2 2
SEREE ’CQ7K’ Ca,l,l? . 7C(l,K,K? Cd,i’ e 7Cd,K)7

where

Aosi
bai(t) = 5 Ta0i(8) + Bilt),  baij = (1= pig) +0is(h),

bai(t) = (1 — wi()Los(t); My, 0 ) = -2

M, ;.4;(t) = pij, My, a,(t) = wi(t), and My ,(t) = 0 otherwise.
Then the IDC equations can be expressed concisely as
(E — M(¢))I(t) = b(t), (5.48)
while the limiting variability equations can be expressed as
(E — M(c0))c? = b(c0), (5.49)
where E € RK+E*)? ig the identity matrix.
The following theorem states that these equations have unique solutions.

Theorem 5.4 Assume that I — P’ is invertible. Then E — M(t) is invertible for each fized
t € RT U{oo}. Hence, for any given t and b, the IDC equations in (5.48)) have the unique

solution

I(t) = (E — M(#))"'b(t)
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and the limiting variability equations in (5.49) have the unique solution

c = (E —M(c0)) 'b(c0).

Proof. Let 9;; be the Kronecker delta function. Then substituting the equations for
Io;i(t) and I,(t) into the equation for I, ;(t), we obtain an equation set for I, ;(t) with
coefficient matrix (8, ; — (N\ji/N\i)pjaw;(t)) € RX*. Note that (Aji/Ai)w;(t) < 1 for t €
R* U {oo}, the invertibility of I — P’ implies that the equations for I, ;(t) have an unique
solution. Substituting in the solution for I, ;(t), we obtain solutions for I, ; j(t) and Iy ;(t).

5.5 Feedback Elimination

In this section, we discuss the case in which customers can return (feedback) to a queue
after receiving service there. Customer feedback introduces dependence between the ar-
rival process and the service times, even when the service times themselves are mutually
independent. As a result, the decomposition I, (t) = I,(t) + ¢2 in is no longer valid.
Indeed, assuming that it is, as we do so far, can introduce serious errors, as we show in
our simulation examples. We address this problem by introducing a feedback elimination
procedure. We start with the so-called immediate feedback in Section and generalize

it into near-immediate feedback in Section [(£.5.21

5.5.1 Immediate Feedback Elimination

In Section IIT of [134] it is observed that it is often helpful to pre-process the model data
by eliminating immediate feedback for queues with feedback. We now show how that can
be done for the RQNA algorithm.

We consider a single queue with i.i.d. feedback. In this case, all feedback is immediate
feedback, meaning that the customer feeds back to the same queue immediately after com-
pleting service, without first going through another service station. For a GI/GI/1 model
allowing feedback, all feedback is necessarily immediate because there is only one queue.

Normally, the immediate feedback returns the customer back to the end of the queue.
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However, in the immediate feedback elimination procedure, the approximation step is to
put the customer back at the head of the line so that the customer receives a geometrically
random number of service times all at once. Clearly this does not alter the queue length
process or the workload process, because the approximation step is work-conserving.

The modified system is a single-server queue with a new service-time distribution and
without feedback. Let N, denote a geometric random variable with success probability 1 —p
and support NT, the positive natural numbers, then the new service time can be expressed

as
NP
Sy =35, (5.50)
=1

where 5;’s are i.i.d. copies of the original service times. This modification in service times
results in a change in the service scv. By the conditional variance formula, the scv of the
total service time is & = p + (1 — p)c2. The new service IDC in the modified system is the
IDC of the stationary renewal process associated with the new service times. To obtain the
new service IDC, we need only find the Laplace Transform of the new service distribution,
then apply the algorithm in Section [2.3.1]

Let g, denote the density function of the new service time, we have

NP NP
gp(s) = E |exp —325’1 =F |E |exp —SZSi N,
i=1 =1
N,
=B |1 Elexp (=801 | = B[3% ()] = My (3(5)),
i=1

where §(s) is the Laplace transform of the original service distribution and M), is the prob-
ability generating function of the geometric random variable described above.

For the mean waiting time, we need to adjust for per-visit waiting time by multiplying
the waiting time in the modified system by (1 —p). Note that (1 —p)~! is the mean number
of visits by a customer in the original system.

In Theorem it is shown that the modified system after the immediate feedback
elimination procedure shares the same HT limits of the queue length process, the external
departure process, the (per-visit) workload process and the (per-visit) waiting time process.

Hence, the immediate feedback elimination procedure as an approximation is asymptotically
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exact in the heavy-traffic limit.

5.5.2 Near-Immediate Feedback

Now, we consider general OQN’s, where the feedback does not necessarily happen immedi-
ately, meaning that a departing customer may visit other queues before coming back to the
feedback queue. To treat general OQN’s, we extend the immediate feedback concept to the
near-immediate feedback, which depends on the traffic intensities of the queues on the path
the customer took before the feedback happens. The near-immediate feedback is defined as
any feedback that does not go through any queue with higher traffic intensity.

By default, the RQNA algorithm eliminates all near-immediate feedback. To help un-
derstand near-immediate feedback, consider a modified OQN with one bottleneck queue,
denoted by h. A bottleneck queue is a queue with the highest traffic intensity in the net-
work. While all non-bottleneck queues have service times set to 0 so that they serve as
instantaneous switches. In the reduced network, we define an external arrival Ay to the
bottleneck queue to be any external arrival that arrive at the bottleneck queue for the first
time. Hence, an external arrival may have visited one or multiple non-bottleneck queues
before its first visit to the bottleneck queue. In particular, the external arrival process can
be expressed as the superposition of (i) the original external arrival process Ag, at station
h; and (ii) the Markov splitting of the external arrival process Ag; at station ¢ with proba-
bility p; 1, for @ # h, where p; , denote the probability of a customer that enters the original
system at station ¢ ends up visiting the bottleneck station h, see (4.25|).

In Theorem [4.8] we showed that this reduced network is asymptotically equivalent in the
HT limit to the single-server queue with i.i.d. feedback that we considered in Section [5.5.1
In particular, the arrival process of the equivalent single-station system is Ay as described
above, the service times remain unchanged and the feedback probability is p, which is
exactly the probability of a near-immediate feedback in the original system, see (4.24]).
Hence we showed that eliminating all feedback at the bottleneck queue as described above
prior to analysis is asymptotically correct in HT for OQN’s with a single bottleneck queue in
terms of the queue length process, the external departure process, the (per-visit) workload

process and the (per-visit) waiting time process. Moreover, the different variants of the
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algorithm - eliminating all near immediate feedback or only the near-immediate feedback
at the bottleneck queues - are asymptotically exact in the HT limit for an OQN with a
single-bottleneck queue, because only the bottleneck queues have nondegenerate HT limit.
In contrast, if there are multiple bottleneck queues, the HT limit requires multidimensional

RBM, which is not yet incorporated in our RQNA algorithm.

5.6 The RQNA Algorithm

As input parameters, the RQNA algorithm requires the following model primitives
1. The network topology specified by the routing matrix P;

2. External arrival processes specified by (i) the interarrival-time distribution, if renewal;
or (ii) rate X and IDC; or (iii) a realized sample path of the stationary external arrival

process;

3. Service renewal process specified by (i) the service-time distribution; or (ii) the rate

and IDC; or (iii) a realized sample path of the service renewal process.

Combining the traffic-rate equation, the limiting variability equation, the IDC equation
and the feedback elimination procedure, we have obtained a general framework for the
RQNA algorithm, which we summarize in Algorithm [I}

The general framework here allows different choices of (1) the correction terms «; ; in
Section (2) the correction term S; in Section and (3) the feedback elimination
procedure in Section [5.5

The default settings are discussed in each of these sections. In particular, we use the
correction terms in and . For the feedback elimination procedure, we apply

near-immediate feedback elimination to all stations.

5.6.1 RQNA for Tree-Structured Queueing Networks

A tree-structured queueing network is an OQN whose topology forms a directed tree. Recall
that a directed tree is a connected directed graph whose underlying undirected graph is a

tree. The queueing network in this setting contains either re-combining after splitting nor
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Algorithm 1: A general framework of the RQNA algorithm for the approximation

of the system performance measures.
Require: Specification of the correction terms o ;(t) in Section and the

correction term (3; in Section a set of stations to perform feedback
elimination.
Output : Approximation of the system performance measures.

1 Solve the traffic rate equations by A = (I — P')~1 )¢ and let p; = \;i/p;

2 Solve the limiting variability equations by ¢ = (E — M(o0))~!b(00) specified in
Section [5.4}

3 Solve the IDC equations by I(t) = (E — M(t))~!b(t) for the total arrival IDCs,
where we use ¢ from Step [2/in the weight function w;;

4 Select a set of stations to perform feedback elimination, as in Section For each
selected station, identify the flows to eliminate, then identify the corresponding
feedback probability, the modified service IDC as in Section [5.5.1| as well as the
reduced network. Repeat Step [1| to Step [3| on the reduced network to obtain the
modified IDW (as the sum of the modified total arrival IDC and the modified

service scv) at the selected station.

5 Apply the RQ algorithm in (2.35]) to obtain the approximations for the mean

steady-state workload at each station.

6 Apply the formulas in Section |2.2.8| to obtain approximations for the expected

values of the steady-state queue length and waiting time at each queue and the

total sojourn time for the system.
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customer feedback. The tree-structured network is a special case of feed-forward network
in which the superposed flows ate each node have no common origin.

This special structure greatly simplifies the IDC-based RQNA algorithm. First, feedback
elimination is unnecessary because there is no customer feedback. Second, for any internal
flow A; ; that is non-zero, we must have o; ;j = 0 for the correction term in , because
the tree structure implies that the two processes D} and G:,j are mutually independent. In

particular, by definition,

a; ;(t) = 2cov(p; ;D (t), ©F j(\it)) / E[A] ;(t)] = 0.

7/7]

Finally, the tree structure implies that 8; = 0 for the correction term for superposition
because all superposed processes are independent.

With these simplifications of the correction terms, the equations in , yield, for
1<ij<K,

K
() = 37 3 0 0) + i/ i) a0,

s
j=1 7"

Iai,j (t) = pi,dei (t) + (1 _ pz’,j),

1a;(t) = wi(t) o, (1) + (1 — wi(t)) L, ().

The IDC equations in this setting inherit a special structure that allows a recursive
algorithm. Note that the stations in the tree-structured network can be partitioned into
disjoint layers {£1,...,L;} such that for station i € Ly, it takes only the input flows from
j € U;:ll L; for 1 < k < [. To simplify the notation, we sort the node in the order of
their layers and assign arbitrary order to nodes within the same layer. If ¢ € L, then
Uf;ll L; C {1,2,...,i— 1}, so that A\;; = 0 for all j > i. Hence, by substituting in the
equations for Iy, and I,, ; into that of I,,, we have

K

o 1) = 3 5 s (039, 8+ (= (), )+ (1= p3)) + e 0,
j=1 " i
=) /\,\j’.i (pji (wj(t)1a, () + (1 — wi(t) I, (8)) + (1 — pj)) + %Iao,i(t). (5.51)
j<i Tt i

Note that (5.51) exhibits a lower-triangular shape so that we can explicitly write down

the solution in the order of the stations. We summarize the procedure in Algorithm
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With the total arrival IDCs, we simply continue to Step [5] and [6] in Algorithm [I] to obtain

approximations to the system performance measures.

Algorithm 2: The RQNA algorithm for approximating the IDC’s in a tree-

structured queueing networks.

Require: The queueing network has tree structure.
Output : Solution to the IDC equations .

1 fori=1 ton do

2 | A Ao+ D00 Ay

3 | pi < Aif s

2 Aji 2 Xoi 2 .
4 Cai S Djei X Cagi T X Ca0ds
5 Ci,z’ — Cg,z’ + Cg,i;
6 | wit)  w((1— pi)*Nit/(pic3;));

7 I, (t)
i B s (wi () g (1) + (1= wi () T3 (8) + (1= pja)) + 2 o 04(0);
8 Iy, (t) < wi(t)o,i(t) + (1 —w;(t))Ls,i(t);

9 for j <ido

10 Laii () < pijlai(t) + (1 —pij);
11 end
12 end

13 return I(t).

5.7 Proofs

Proof of Theorem We show that the same proof as for Theorem [3.8|can be carried
out. To this end, first note that for PH defined in 1} one may verify that

ey (I — P 'Pey+ Iy =(I-Pj) L.
In particular, with H = {h}, we have

eh(I— Py Pley+1=(1— P,
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where P;’L is interpreted as the feedback probability at station h and (1 —P/L)_l is interpreted
as the expected number of visit to station h.

Then we have
h=Qr(0) + A — Qf = Q1(0) + €, A" — Qj
= e (I — P71 (A5 + (%) 1) + (e, P'(I = P') e + 1) (Q7(0) — Q3)

1 * *
@O -, (5:52)

eh(I = P71 (A5 + (©7)'1) +

Now, let Q* = Q% /(1 — P}), then

~ 1
Q= 1_7P},ZQZ
1 * / D/ / * *\/ ~ “ ~
- jq} (Qh(o) * (eh * PH%@HC) (45 +(0%)'1) = (1= P)S; — >\0,h6>
h

= 1 .
= (QZ(O) T (6;1 + P?Qc,hé{c) (A5 +(©%)'1) - S; — )\h€> ;
- b

where 5\0,;1 /(1 — ]5,’1) = Ap, as in 1) Next, one may verify by block-wise inversion that

T F (e?1 + ]54_167h6;{c> =, (I -P) L
T 4h

Then we have

with
Qi =9 (Qh(0) + A" = 3 = Ane)
The limiting variance function is derived in the exact same way as in Theorem [3.§] by

noting that flg and S} are two independent Brownian motions. =
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Chapter 6

Simulation Experiments

In this chapter, we present simulation experiments to showcase the performance of our RQ
algorithm in and in Section and the RQNA algorithms in Section under
various settings. We introduce the notation of the distributions and stochastic processes
and our simulation methodology in Section[6.1} We study the RQ performance in the single-
server G/GI/1 models and MAP/MAP /1 models in Section [6.2} the tandem queues models
in Section and the generalized Jackson networks in Section

6.1 Notation and Simulation Methodology

Let us first introduce the notation for some common renewal and non-renewal processes
used in this chapter. For renewal processes, we consider the following inter-renewal-time

distributions
1. Exponential (M) distribution with mean 1/\ and scv ¢? = 1;

2. Erlang (E}) distribution with mean 1/\ and scv ¢ = 1/k, i.e. the summation of k

ii.d. exponential random variables, each with mean 1/(\k);

3. Hyperexponential (Hy(c?, 7)) distribution, i.e., a mixture of two exponential distribu-
tions with pdf
f(t) = phie M+ (1 = p)rge™2, >0,
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which can be parameterized by its first three moments or the mean 1/), scv ¢? and
the ratio between the two components of the mean r = py /A1 /(p1/A\1 + p2/A2), where
A1 > Xo. If not specified explicitly, we consider the case r = 0.5 and reduce the
notation to Ha(c?). This correspondes to stipulating balanced means as in (37) on p.
137 on [133]. The behavior as a function of the third parameter has been studied in
[137].

4. Log-normal (LN (c?)) distribution with mean 1 and scv ¢?; and
5. Gamma (G(4)) distribution with mean 1 and scv ¢? = 4.

For non-renewal processes, we consider the Markovian Arrival Process (MAP). The
MAP is defined in terms of a continuou-time Markov chain with infinitesimal generator
D = Dy + Dy, where all the off-diagonal elements of Dy and all the elements of Dy are
nonnegative. The transitions associated with Dy are called type 1 transitions. A MAP
with parameters (Dg,D;), MAP(Dy,D;), is a point process where an event occurs when
a type 1 transition occurs in the Markov chain. For more properties of the MAP and the

calculation of its IDC, see Section [2.3.2]

Simulation estimation of the mean steady-state workload. We estimate the steady-
state mean workload by the time-average of the workload process obtained from a single
simulation run.

The simulation time required to achieve the same relative width of confidence interval
(the width divided by the estimated mean) in the estimation of the steady-state mean
workload is roughly O((1 — p)~2), see [140] for more details. Hence it is significantly harder
to obtain accurate simulation estimation for systems in heavy-traffic. In particular, the
simulation run length we choose is 6.25 x 10/(1 — p)? time units. This roughly amounts to
the same number of arrivals if the arrival process has rate 1. For the system to approach
steady-state, the first 1.25 x 10%/(1 — p)? time units were discarded.

Table shows the statistical precision of our simulation estimation in three GI/GI/1
models and one MAP/MAP/1 model. The arrival MAP process is defined by generating
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matrices specified below

—13.875 1.875 12 0
D, = , D= . (6.1)
0.125  —0.3916 0 0.2666

So that the arrival rate, scv and the lag-1 correlation coefficient (the correlation between
two consecutive interarrival times) are A = 1, ¢> = 4.1 and p = 0.23. The scv here
is defined as the scv of the interarrival time distribution in steady-state, i.e., when the
underlying continuous-time Markov chain starts with its stationary distribution. It should
be noted that in the presence of positive correlation among the interarrival times, the

limiting variability parameter, defined by

A = I4(00) = lim Var(A(t))/M, (6.2)

t—o00
is substantially larger than the scv of the interarrival time ¢2 = 4.1, which is ci = 9.07.
For the service process, we use the same MAP, but we assume that it is independent of the
arrival MAP.

For each model and each p in Table we perform 100 i.i.d. simulation run and
collect the estimation of the mean (i.e., the time average of the workload process). We
show the sample mean, the sample standard deviation (SD) and the sample coefficient of
variation (CV, sample standard deviation divided by sample mean) of the 100 i.i.d. samples.
The reason that we choose to report these instead of the confidence interval is that the
distribution of the steady-state workload is not available, even in approximation. For We
remark that the sample coefficient of variation is a biased estimation of the population
coefficient of variation, see [29]. But we have carefully checked that the bias for the sample
size of 100 is negligible in our cases here.

Table[6.1]implies that our choice of simulation run length grant us satisfactory statistical
precision for demonstration purposes. Our result here is consistent with Table 1 and (10)

in [140].

Simulation estimation of the IDC. For the numerical estimation of the arrival IDC
from data, we use a single simulation run of 1.1 x 10? time units and discard the first 10%

time units for the arrival process to approach stationarity. We then apply the algorithm in

Section 2.3.41
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MAP/MAP/1 H2(4)/H2(4)/1 M/M/1 E4/E4/1
p mean SD CvV mean SD CvV mean SD CcvV mean SD CV
0.01 0.000  0.0000 2.6E-3 0.000  0.0000 3.2E-3 0.000  0.0000 1.1E-3 | 0.000 0.0000 0.5E-3
0.06 0.020 0.0001 3.2E-3 0.009  0.0000 2.9E-3 0.003  0.0000 1.2E-3 | 0.002 0.0000 0.5E-3
0.11 0.087  0.0003 3.6E-3 0.036  0.0001 2.9E-3 0.013  0.0000 1.0E-3 | 0.007 0.0000 0.5E-3
0.16 0.212  0.0008 3.8E-3 0.083 0.0002 2.9E-3 0.030  0.0000 1.0E-3 | 0.016 0.0000 0.5E-3
0.21 0.409 0.0014 3.4E-3 0.157  0.0004 2.8E-3 0.055 0.0001 1.0E-3 | 0.028 0.0000 0.4E-3
0.26 0.692 0.0023 3.3E-3 0.264 0.0008 3.0E-3 0.091 0.0001 1.0E-3 | 0.043 0.0000 0.4E-3
0.31 1.084 0.0038 3.5E-3 0.413 0.0012 2.8E-3 0.139 0.0001 1.0E-3 | 0.063 0.0000 0.4E-3
0.36 1.608 0.0054 3.3E-3 0.617  0.0018 2.9E-3 0.202 0.0002 1.1E-3 | 0.087 0.0000 0.4E-3
0.41 2.302  0.0081 3.5E-3 0.891 0.0022 2.5E-3 0.284 0.0003 1.1E-3 | 0.116 0.0000 0.4E-3
0.46 3.217 0.0124 3.8E-3 1.257 0.0029 2.3E-3 0.391 0.0004 1.0E-3 | 0.153 0.0001 0.4E-3
0.51 4.418 0.0130 2.9E-3 1.745 0.0042 24E-3 0.530  0.0005 1.0E-3 | 0.198 0.0001 0.4E-3
0.56 6.000 0.0171 2.8E-3 2.399 0.0053 2.2E-3 0.712  0.0007 1.0E-3 | 0.254 0.0001 0.4E-3
0.61 8.125 0.0240 3.0E-3 3.286 0.0070 2.1E-3 0.954 0.0010 1.0E-3 | 0.326 0.0001 0.4E-3
0.66 11.028 0.0359 3.3E-3 4.511  0.0090 2.0E-3 1.281 0.0015 1.2E-3 | 0.420 0.0002 0.4E-3
0.71 15.101  0.0419 2.8E-3 6.255 0.0111 1.8E-3 1.738 0.0019 1.1E-3 | 0.546 0.0002 0.4E-3
0.76 21.090 0.0627 3.0E-3 8.838 0.0183 2.1E-3 2.406 0.0024 1.0E-3 | 0.726 0.0003 0.4E-3
0.81 30.472  0.0916 3.0E-3 | 12.931 0.0290 2.2E-3 3.452 0.0032 0.9E-3 | 1.001 0.0005 0.5E-3
0.86 46.981 0.1233  2.6E-3 | 20.150 0.0386 1.9E-3 5.283 0.0046 0.9E-3 | 1.472 0.0006 0.4E-3
0.91 82.425 0.2338 2.8E-3 | 35.722 0.0617 1.7E-3 9.201 0.0085 0.9E-3 | 2.465 0.0010 0.4E-3
0.96 | 207.886 0.5351 2.6E-3 | 91.012 0.1699 1.9E-3 | 23.039 0.0207 0.9E-3 | 5.939 0.0027 O0.5E-3

Table 6.1: The sample mean, sample standard deviation (SD) and sample coefficient of

variation (CV) of the mean estimator for the workload in various single-server queues.

Note that the same arrival IDC is used for all service-time distributions and all choices

of p as long as the arrival process remains the same, we can effectively maintain a list

estimated/calculated renewal IDC for the RQ algorithm and assumes that the IDC is readily

available. For processes with non-unit rates, the IDC’s can be obtained as in Remark

Simulation complexity. For the estimation of both the mean steady-state workload and

the IDC, the simulation is implemented in C+4 on a PC with a 4.8GHz Intel CPU.

For mean steady-state workload, it takes on average 30 minutes to obtain simulation

estimations for 20 instances of p € {0.01,0.06,...,0.91,0.96} for a single-station queue.

About 70% of the simulation time is devoted to the case p = 0.96. The computation time

scales roughly linearly with respect to the number of stations in the network.

For the simulation estimation of the IDC, the time required for each case is on average 8
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minutes. Each case requires 8GB of RAM memory since we trade space for time by storing
the entire sample path to speed up the estimation, see Section [2.3.4]

RQ and RQNA algorithms are implemented in MATLAB R2018b, both on the same
PC with a 4.8GHz CPU. Assuming that the IDC of the external flows (see Chapter [5| for
definitions) are available, both algorithms takes less than 1 second to obtain approxima-
tions for each network considered in this chapter, which is negligible in compare with the
CPU time required for simulation estimations. As discussed above, we can maintain a list

estimated/calculated renewal IDC for the RQ algorithm.

6.2 Robust Queueing for Single-Server Queues

In this section, we apply the RQ algorithm in (2.35) to single-server queues. The station
under consideration may be any station within a larger queueing network. Towards this
end, we assume that the arrival IDC I,(t) = I4(t) is obtained from simulation or numerical

calculations as discussed in Section 2.3]

6.2.1 The GI/GI/1 Models

To start, we consider the GI/GI/1 models, where we have one single-server station with
renewal arrival process and i.i.d. service times that are independent of the arrival process.

For the interarrival-time distribution, we consider the following cases: E4, LN(0.25),
Hy(4), LN(4) and G(4) (see Section |6.1|for the definition of the distirbutions). For service-
time distribution, we also consider exponential (M) distirbution. We fix the arrival rate
A = 1. We do not include the Poisson arrival case here, because exact formula is available
for performance measures in M/GI/1 queue, and in this case RQ produce exact values, see
Corollary [2.3]

For each combination of the 5 interarrival-time distributions and 6 service-time distri-
butions, we consider 20 traffic intensity levels p € {0.01,0.06,0.11,...,0.96}. Since we have
fixed a rate-1 external arrival process, the service rate n = 1/p. For each traffic intensity, we
compare the simulation estimation of the mean steady-state workload and the RQ approx-

imation from ([2.35). Note that the arrival processes are renewal, we calculate the arrival
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IDC by the numerical inversion method for G(4), by estimation from data for LN(0.25)
and LN (4) and by exact formula for Ey, Ho(4) and M, as discussed in Section [2.3.1]

We now compare the simulated mean steady-state workload and the RQ approximation
([2.35)). Let Z(p) denote the steady-state workload and let Z*(p) denote the RQ solution
from , for system at traffic intensity p. Let c%.(p) be the normalized RQ workload in
and let cQZ (p) denote the normalized steady-state mean workload in , again for
system at traffic intensity p. We define the relative error RE(p) by

RE(p) W. (6.3)
Cy P)

In Table[6.2]- the top halves show the simulation estimation of Z(p), the RQ solution
Z*(p) and the relative error RE(p) under various settings, whereas the bottom halves show
the normalized version c%(p) and c%.(p). For each table, we fix the service-time distribution
and consider all 5 arrival processes and all traffic intensity levels.

Table and Table present the maximum (absolute) relative error and absolute

error, defined as
m]?x\RE(pk)] and max % (pr) — & (pr)|, for pr, = —0.04 + 0.05k. (6.4)

Figure display two of the worst case arrival process in terms of the performance of
the RQ approximation, i.e. the LN (4) and G(4) arrival process. Figuredisplays the RQ
approximation in the overall worst case service-time distribution, i.e. the Ej4 service times.

We make the following observations.

1. For a fixed arrival process, the performance of RQ is not very sensitive to the service-
time distribution beyond its scv. For example, compare Table [6.2] with Table [6.3] for
service scv ¢2 = 0.25, or compare Tablewith Tablefor service scv ¢ = 4. Recall
that for GI/GI/1 model, the RQ solution depends on the service-time distribution
only through its scv. This is demonstrate by Figure where we plot the normalized
mean workload c2Z (p) and the corresponding RQ approximations c2Z* (p) as functions of
p, for LN (4)/GI/1 and G(4)/GI/1 models with various service-time distributions. On
the other hand, Figure [6.2] show that the arrival process have much more interesting

impact on the system performance measure.
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2. The RQ performance improves as the service scv increases. In general, the lower the
scv of a service-time distribution, the smaller the normalized steady-state workload.
But from Table the absolute error remain similar for different service distribution,
hence the relative error in cases with Ey and LN (0.25) service distributions tend to
be larger, which can be as large as 30% (in the case of E4/E4/1 at p = 0.41). As an
illustration, in Figure[6.1] we compare the simulated values and the RQ approximation
in the LN (4)/G1/1 and G(4)/GI/1 model with various service-time distributions. We
see that the absolute error remain the similar for different service-time distributions,

but the relative error is higher for cases with lower service scv.

3. In Table - we see that the large relative errors are often accompanied by
very small absolute error. In Table we illustrate this observation by showing two
cases: the full range of p € (0,1) and the restricted range of p > 0.5. This comparison
eliminates the unusually large relative error caused by the small denominator when p
is small. In the reference case of M /M /1 the mean steady-state workload and waiting
time at p = 0.5 is exactly the same as the mean service time. We see that when
considering only the moderate to high traffic intensity levels, RQ produces a much

better approximation. See Figure top) for the cases that benefit the most.

6.2.2 A Queue with a Superposition Arrival Process

We now illustrate the performance of our RQ approach for a common but challenging
network structure in Figure [6.3] This specific example is chosen to capture a known source
of difficulty: the complex dependence in the arrival process to the queue, so that the relevant
variability parameter of the arrival process at the queue can depend strongly on the traffic
intensity of that queue, as discussed in [142].

Consider a balanced ), G;/G1/1 model from Section where can be applied.
Let the rate-1 arrival process A be the superposition of n = 10 i.i.d. renewal processes,
each with rate 1/n, where the times between renewals have a lognormal distribution with
mean n and scv ¢2 = 10. Let the service-times distribution be hyperexponential (Hs), a

mixture of two exponential distributions) with mean 1, ¢ = 2 and balanced means as on
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Ey4 arrival LN(0.25) arrival H>(4) arrival LN(4) arrival G4 arrival
p Sim RQ Sim RQ Sim RQ Sim RQ Sim RQ
0.01 | 0.00 0.00(1%) | 0.00 0.00(1%) | 0.00  0.00(-1%) | 0.00  0.00(1%) | 0.00  0.00(-24%)
0.06 | 0.00 0.00(6%) | 0.00 0.00(6%) | 0.00  0.00(-4%) | 0.00  0.00(00%) | 0.00  0.00(-30%)
011 | 0.01 0.01(11%) | 0.01 0.01(11%) | 0.01  0.01(-7%) | 0.01  0.01(-3%) | 0.02  0.01(-29%)
0.16 | 0.02 0.02(16%) | 0.02 0.02(17%) | 0.02  0.02(-10%) | 0.02  0.02(-8%) | 0.04  0.03(-28%)
. 021|003 00321%) | 0.03 0.03(22%) | 004 0.04(-13%) | 004 0.03(-13%) | 0.08  0.06(-25%)
<§> 0.26 | 0.04 0.05(24%) | 0.04 0.05(26%) 0.07 0.06(-16%) 0.07 0.06(-17%) 0.14 0.11(-22%)
5031|006 0.0827%) | 0.06 0.08(20%) | 011  0.09(-19%) | 011  0.09(-19%) | 022  0.18(-18%)
:» 0.36 | 0.09 0.11(28%) | 0.09 0.11(30%) | 0.18  0.14(-20%) | 0.17  0.13(-20%) | 0.33  0.28(-15%)
é 041 | 012 0.15(27%) | 0.11  0.15(30%) | 0.27  0.21(-21%) | 0.25 0.21(-18%) | 0.48  0.43(-10%)
5 046 | 015 0.19(25%) | 015 0.19(28%) | 040  0.33(-18%) | 0.37  0.31(-14%) | 0.68  0.63(-7%)
g 051|020 024(22%) | 0.19  0.24(24%) | 0.59  0.53(-10%) | 0.53  0.48(-8%) | 0.95  0.91(-3%)
%056 | 025 030(17%) | 0.25 0.29(19%) | 0.86  0.87(1%) | 0.75  0.74(-2%) | 130  1.30(-0%)
T 061 | 033 036(10%) | 0.32 0.35(11%) | 1.25  1.39(11%) | 1.07  113(6%) | 1.78  1.82(2%)
Z066 | 042 043(3%) | 041  042(3%) | 182  214(17%) | 154  172(12%) | 244  2.53(4%)
g 0.71 | 0.55 0.53(-4%) | 0.53  0.51(-4%) | 2.67  3.18(19%) | 223  2.63(18%) | 3.37  3.52(5%)
0.76 | 0.73  0.68(-7%) | 0.71  0.66(-6%) | 3.98  4.69(18%) | 3.31  4.04(22%) | 4.76  4.97(4%)
0.81 | 1.00  0.92(-8%) | 0.98 0.91(-7%) | 6.07  7.00(15%) | 510  6.32(24%) | 6.92  7.23(4%)
0.86 | 1.47 1.36(-7%) | 1.44 1.36(-6%) | 9.85 10.98(11%) | 8.44  10.37(23%) | 10.79  11.14(3%)
091 | 2.46 2.33(-6%) | 2.43 2.32(-4%) | 18.10  19.39(7%) | 15.99 18.94(18%) | 19.07  19.50(2%)
0.96 | 594 5.77(-3%) | 5.90 5.77(-2%) | 47.32  48.89(3%) | 44.27 48.54(10%) | 48.47  48.94(1%)
001 | 1.24 1.25(1%) | 1.24 1.25(1%) | 1.26  1.25(-1%) | 1.24  1.25(1%) | 1.80  1.37(-24%)
006 | 1.18  1.25(6%) | 1.18  1.25(6%) | 1.30  1.25(-4%) | 1.24  1.24(0%) | 227  1.60(-30%)
011 | 111 1.24(11%) | 1.11  1.24(11%) | 1.35  1.26(-7%) | 1.28  1.24(-3%) | 2.53  1.79(-29%)
§ 0.16 | 1.06 1.23(16%) | 1.05 1.23(17%) | 1.40  1.26(-10%) | 1.34  1.23(-8%) | 2.72  1.97(-28%)
g 021 | 1.00 121(21%) | 099 1.21(22%) | 1.47  1.28(-13%) | 1.41  1.23(-13%) | 2.89  2.16(-25%)
§ 026 | 095 1.18(24%) | 0.94 1.18(26%) | 1.55 1.30(-16%) | 1.48  1.24(-17%) | 3.03  2.36(-22%)
’g 0.31 | 0.90 1.14(27%) | 0.89 1.14(29%) | 1.64  1.33(-19%) | 157  1.27(-19%) | 3.15  2.57(-18%)
£ 036 | 0.86 110(28%) | 0.84  110(30%) | 175 1.39(-20%) | 167  1.33(-20%) | 3.27  2.79(-15%)
® 041 | 082 1.04(27%) | 0.80 1.04(30%) | 1.88  149(-21%) | 1.76  1.44(-18%) | 3.36  3.01(-10%)
S 046 | 078 098(25%) | 0.76  0.97(28%) | 2.04  167(-18%) | 1.87 1.60(-14%) | 347  3.23(-7%)
-§> 051 | 0.75  0.91(22%) | 0.72  0.90(24%) | 221  1.99(-10%) | 1.98  1.82(-8%) | 3.57  3.44(-3%)
£ 056 | 072 0.83(17%) | 0.69 0.82(19%) | 2.40  2.44(1%) | 211  2.08(-2%) | 3.65  3.64(-0%)
§ 061 | 069 075(10%) | 0.66 0.74(11%) | 2.63  291(11%) | 225  237(6%) | 3.73  3.81(2%)
5 0.66 | 0.66 0.67(3%) | 0.64 0.65(3%) | 2.85  3.33(17%) | 240  2.69(12%) | 3.81  3.95(4%)
ii 0.71 | 0.63 0.60(-4%) | 0.61 0.59(-4%) | 3.07  3.66(19%) | 2.57  3.03(18%) | 3.88  4.05(5%)
E 076 | 0.60 0.56(-7%) | 0.59 0.55(-6%) | 3.31  3.90(18%) | 2.75  3.35(22%) | 3.96  4.13(4%)
2 os1 | 058 0.53(-8%) | 0.57 0.53(-7%) | 3.51  4.06(15%) | 2.96  3.66(24%) | 4.01  4.19(4%)
0.86 | 0.56 0.52(-7%) | 0.55 0.51(-6%) | 3.73  4.16(11%) | 3.19  3.92(23%) | 4.08  4.22(3%)
0.91 | 0.54 0.51(-6%) | 0.53 0.51(-4%) | 3.94  4.22(7%) | 348  4.12(18%) | 4.15  4.24(2%)
0.96 | 0.52  0.50(-3%) | 0.51 0.50(-2%) | 4.11  4.24(3%) | 3.84  4.21(10%) | 4.21  4.25(1%)
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E4 arrival LN(0.25) arrival Hy(4) arrival LN(4) arrival G4 arrival
o Sim RQ Sim RQ Sim RQ Sim RQ Sim RQ
0.01 | 0.00 0.00(1%) 0.00  0.00(1%) 0.00 0.00(-1%) 0.00 0.00(1%) 0.00  0.00(-24%)
0.06 | 0.00 0.00(6%) | 0.00 0.00(6%) | 0.00  0.00(-4%) | 0.00  0.00(00%) | 0.00  0.00(-30%)
0.1 | 0.01 0.01(11%) | 0.01 0.01(11%) | 0.01  0.01(-7%) | 0.01  0.01(-3%) | 0.02  0.01(-290%)
L 016 | 0,02 0.02(16%) | 0.02 0.02(17%) | 0.02  0.02(-10%) | 002  002(-8%) | 004 0.03(-28%)
S 021|003 003(20%) | 0.03 0.03(21%) | 0.04 004(-13%) | 004 003(-13%) | 0.08  0.06(-25%)
%026 | 004 0.0524%) | 0.04 0.05(25%) | 0.07  0.06(-16%) | 0.07 0.06(-17%) | 0.14  0.11(-22%)
§ 0.31 | 0.06 0.08(26%) | 0.06 0.08(28%) | 0.11  0.09(-19%) | 0.11  0.09(-19%) | 0.22  0.18(-18%)
% 036009 011(27%) | 009 011(30%) | 008  014(-21%) | 017  013(20%) | 033  0.28(-14%)
< 041 [ 012 0.15(26%) | 0.11  0.15(29%) | 0.27  0.21(-21%) | 0.25 0.21(-18%) | 0.48  0.43(-11%)
é 0.46 | 0.15 0.19(24%) | 0.15 0.19(27%) | 0.40  0.33(-18%) | 0.37  0.31(-14%) | 0.68  0.63(-7%)
S 051|020 02421%) | 019 024(23%) | 0.59  0.53(-10%) | 0.53  048(-9%) | 094  0.91(-3%)
£ 056 | 026 0.30(16%) | 0.25 0.29(18%) | 0.86  0.87(1%) | 0.75  0.74(-2%) | 1.30  1.30(-0%)
% 061|033 0.36(10%) | 0.32 035(11%) | 1.25  1.39(11%) | 1.07  1.13(5%) | 178  1.82(2%)
E 0.66 | 0.42  0.43(2%) | 0.41  042(2%) | 1.82  2.14(17%) | 1.54  1.72(12%) | 2.43  2.53(4%)
g 0.71 | 0.55 0.53(-4%) | 0.53 0.51(-4%) | 2.67  3.18(19%) | 2.23  2.63(18%) | 3.38  3.52(4%)
S 076 | 0.73  0.68(-7%) | 0.71  0.66(-6%) | 3.97  4.69(18%) | 3.30  4.04(22%) | 4.75  4.97(5%)
0.81 | 1.01  0.92(-8%) | 0.98 0.91(-7%) | 6.06  7.00(16%) | 510  6.32(24%) | 6.95  7.23(4%)
0.86 | 1.48 1.36(-8%) | 1.45 1.36(-6%) | 9.82  10.98(12%) | 8.44  10.37(23%) | 10.75  11.14(4%)
0.91 | 247  2.33(-6%) | 2.44 2.32(-5%) | 18.03  19.39(8%) | 16.01 18.94(18%) | 19.06  19.50(2%)
0.96 | 5.95 5.77(-3%) | 5.90 5.77(-2%) | 47.28  48.89(3%) | 44.20 48.54(10%) | 48.49  48.94(1%)
001 | 124 1.25(1%) | 1.24 1.251%) | 1.26  1.25(-1%) | 1.24  1.25(1%) | 1.80  1.37(-24%)
006 | 1.18  1.25(6%) | 1.18  1.25(6%) | 1.30  1.25(-4%) | 1.24  1.24(0%) | 227  1.60(-30%)
g 011 | L12 1.24(11%) | 111 1.24(11%) | 1.35  1.26(-7%) | 1.28  1.24(-3%) | 2.53  1.79(-20%)
é 0.16 | 1.06 1.23(16%) | 1.05 1.23(17%) | 1.40  1.26(-10%) | 1.34  1.23(-8%) | 2.73  1.97(-28%)
2021 [ 100 1.21(20%) | 0.99 121(21%) | 147  1.28(-13%) | 141  1.23(-13%) | 2.89  2.16(-25%)
S 026|095 1.18(24%) | 0.94 1.18(25%) | 1.55 1.30(-16%) | 1.49  1.24(-17%) | 3.03  2.36(-22%)
iﬁ 031 | 0.01 1.14(26%) | 0.89 1.14(28%) | 1.64  1.33(-19%) | 1.57  1.27(-19%) | 3.15  2.57(-18%)
T 036|086 1.1027%) | 0.85 1.10(30%) | 1.75  1.39(-21%) | 1.66  1.33(-20%) | 3.26  2.79(-14%)
35 041 | 0.82 1.04(26%) | 0.80 1.04(29%) | 1.88  1.49(-21%) | 1.76  1.44(-18%) | 3.38  3.01(-11%)
; 0.46 | 0.79 0.98(24%) | 0.77  0.97(27%) | 2.03  1.67(-18%) | 1.87  1.60(-14%) | 3.48  3.23(-7%)
2 051|075 091(21%) | 073 090(23%) | 221 1.99(-10%) | 1.99  182(:9%) | 3.56  3.44(-3%)
T 056 | 072 0.83(16%) | 0.70  0.82(18%) | 241  244(1%) | 211  2.08(-2%) | 3.65  3.64(-0%)
%061 | 069 0.7510%) | 0.67 0.74(11%) | 2.62  2.91(11%) | 2.25  2.37(5%) | 372 3.81(2%)
S 066|066 067(2%) | 064 0.652%) | 285  3.3317%) | 240  2.6912%) | 3.80  3.95(4%)
-E 0.71 | 0.63 0.60(-4%) | 0.61 0.59(-4%) | 3.08  3.66(19%) | 2.56  3.03(18%) | 3.89  4.05(4%)
;f 0.76 | 0.61  0.56(-7%) | 0.59 0.55(-6%) | 3.30  3.90(18%) | 2.74  3.35(22%) | 3.95  4.13(5%)
§ 0.81 | 0.58 0.53(-8%) | 0.57 0.53(-7%) | 3.51  4.06(16%) | 2.95  3.66(24%) | 4.03  4.19(4%)
2086 | 0.56 0.52(-8%) | 0.55 0.51(-6%) | 3.72  4.16(12%) | 3.20  3.92(23%) | 4.07  4.22(4%)
091 | 0.54 0.51(-6%) | 0.53 0.51(-5%) | 3.92  4.22(8%) | 3.48  4.12(18%) | 4.14  4.24(2%)
096 | 0.52 050(-3%) | 0.51 050(-2%) | 410  4.24(3%) | 3.84  4.21(10%) | 421  4.25(1%)
Table 6.3: The RQ approximation in various GI/LN(0.25)/1 models.



Table 6.4: The RQ approximation in various GI/M /1 models.
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E4 arrival LN(0.25) arrival H>(4) arrival LN(4) arrival Gy arrival
p Sim RQ Sim RQ Sim RQ Sim RQ Sim RQ
0.01 0.00 0.00(1%) 0.00 0.00(1%) 0.00 0.00(-1%) 0.00 0.00(1%) 0.00 0.00(-18%)
0.06 | 0.00  0.00(6%) | 000  0.006%) | 000 0.00(-4%) | 0.00  0.00(-1%) | 0.01  0.00(-23%)
011 | 0.01  001(11%) | 001  0.01(11%) | 0.0l  0.01(-6%) | 0.01  0.01(-5%) | 0.02  0.02(-23%)
0.16 0.03 0.03(14%) 0.03 0.03(15%) 0.03 0.03(-10%) 0.03 0.03(-9%) 0.05 0.04(-22%)
, 021 005 005(16%) | 005 005(17%) | 007 0.06(-12%) | 0.06 0.06(-13%) | 0.10  0.08(-20%)
S
T 026 | 007 0.09(18%) | 007  0.09(19%) | 0.11  0.09(-15%) | 0.11  0.09(-15%) | 0.18  0.15(-17%)
%031 | 011  0.13(17%) | 0.1  0.13(19%) | 0.18  0.15(-17%) | 0.17  0.14(-16%) | 0.28  0.24(-14%)
i 036 | 015 0.18(16%) | 015  0.18(17%) | 0.27 0.22(-18%) | 0.26  0.22(-15%) | 042  0.37(-11%)
é 041 | 021  024(13%) | 021  0.24(14%) | 041  0.34(-17%) | 0.38  0.33(-13%) | 0.60  0.55(-8%)
S 046 | 028  031(9%) | 028  0.31(9%) | 059 0.51(-14%) | 055 049(-10%) | 0.84  0.80(-5%)
£ 051 | 038  040(4%) | 037  039(4%) | 085  0.79(-7T%) | 0.77  0.72(-6%) | 116  1.14(-3%)
7056 | 050  0.50(0%) | 049  049(-0%) | 121 121(0%) | 1.08  1.06(-1%) | 1.59  1.59(-0%)
T 061 | 066 0.64(-2%) | 065 0.64(2%) | 171  1.83(7%) | 151  156(3%) | 2.16  2.20(2%)
T 066 | 0.87  084(-3%) | 0.86  084(-3%) | 243  270(11%) | 212 2.30(8%) | 296  3.04(3%)
g 071 | 116  1.12(-3%) | 1.15  1.12(-3%) | 3.46  3.91(13%) | 3.01  3.39(13%) | 4.06  4.20(4%)
076 | 159  1.53(-3%) | 1.58  1.53(-3%) | 5.02  5.66(13%) | 4.37  5.06(16%) | 5.68  5.90(4%)
0.81 | 225  218(-3%) | 2.24  2.18(-3%) | 7.54  8.35(11%) | 6.63  T.7TA(17%) | 8.29  8.54(3%)
0.86 | 3.40  3.32(-2%) | 3.39  3.32(-2%) | 12.00 13.00(8%) | 10.70 12.46(16%) | 12.82  13.14(2%)
091 | 586  576(-2%) | 584  5.76(-1%) | 21.67  22.87(6%) | 19.85 22.48(13%) | 22.57  22.96(2%)
0.96 | 14.54 14.40(-1%) | 14.51 14.40(-1%) | 56.25 57.54(2%) | 53.45 57.21(7%) | 57.16  57.58(1%)
001 | 1.98  2.001%) | 1.98  2.001%) | 2.01  2.00(-1%) | 1.99  2.00(1%) | 2.61  2.14(-18%)
0.06 | 1.88  2.00(6%) | 1.88  2.00(6%) | 2.08  2.00(-4%) | 2.02  1.99(-1%) | 3.10  2.39(-23%)
011 | 179  1.98(11%) | 1.79  1.98(11%) | 2.15  2.01(-6%) | 2.09  1.99(-5%) | 3.37  2.60(-23%)
& 016 | 172 1.96(14%) | 171 1.96(15%) | 224  2.02(-10%) | 2.18  1.98(-9%) | 3.57  2.79(-22%)
é 0.21 | 1.66 1.93(16%) | 1.65 1.93(17%) | 2.33  2.04(-12%) | 2.27  1.98(-13%) | 3.74  3.00(-20%)
= 026 | 1.61  1.89(18%) | 1.59  1.89(19%) | 2.44  2.08(-15%) | 2.36  2.01(-15%) | 3.88  3.21(-17%)
?g 031 | 156  1.83(17%) | 1.54  1.83(19%) | 2.56  2.13(-17%) | 2.46  2.07(-16%) | 3.99  3.42(-14%)
%036 | 152 176(16%) | 150  176(17%) | 270  222(-18%) | 256  2.17(-15%) | 410  3.64(-11%)
041 | 149  1.68(13%) | 147  1.67(14%) | 2.85 236(-17%) | 2.67  231(-13%) | 420  3.86(-8%)
T 046 | 145 159(9%) | 143 157(9%) | 3.02  2.60(-14%) | 278  2.50(-10%) | 430  4.08(-5%)
é‘ 051 | 143  1.49(4%) | 1.41  1.46(4%) | 3.20  2.96(-7%) | 2.90  2.72(-6%) | 4.39  4.28(-3%)
£ 056 | 140  1.41(00%) | 1.38  1.38(-0%) | 3.39  3.40(0%) | 3.03  2.99(-1%) | 4.47  4.46(-0%)
§ 061 | 138  135(-2%) | 136  1.34(-2%) | 3.50  3.84(7%) | 3.17  3.28(3%) | 4.53  4.61(2%)
; 066 | 1.36  1.32(-3%) | 1.34  1.31(-3%) | 3.79  4.21(11%) | 3.31  3.58(8%) | 4.62  4.74(3%)
S 071 134 1.29(-3%) | 133  1.28(-3%) | 398  450(13%) | 346  3.90(13%) | 467  4.83(4%)
% 076 | 1.32  1.27(-3%) | 1.31  1.27(-3%) | 4.17  4.70(13%) | 3.63  4.20(16%) | 4.72  4.90(4%)
Z 081 | 1.30  1.26(-3%) | 1.30  1.26(-3%) | 4.37  4.83(11%) | 3.84  4.48(17%) | 4.80  4.94(3%)
0.86 | 1.29  1.26(-2%) | 1.28  1.26(-2%) | 4.54  4.92(8%) | 4.05  4.72(16%) | 4.85  4.97(2%)
091 | 127  1.25(:2%) | 1.27  1.25(-1%) | 471  4.97(6%) | 4.31  4.89(13%) | 4.91  4.99(2%)
096 | 1.26  1.25(-1%) | 1.26  1.25(-1%) | 4.88  4.99(2%) | 4.64  4.97(7%) | 4.96  5.00(1%)



Table 6.5: The RQ approximation in various GI/H2(4)/1 models.
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E4 arrival LN(0.25) arrival H>(4) arrival LN(4) arrival Gy arrival
p Sim RQ Sim RQ Sim RQ Sim RQ Sim RQ
0.01 0.00 0.00(1%) 0.00 0.00(1%) 0.00 0.00(-1%) 0.00 0.00(-0%) 0.00 0.00(-10%)
0.06 | 0.01  0.01(5%) | 001  0.01(5%) | 0.0l  0.01(-3%) | 0.01  0.01(-3%) | 0.01  0.01(-12%)
011 | 0.03  0.03(6%) | 0.03  0.03(6%) | 004 0.03(-6%) | 0.04 0.03(-5%) | 0.04  0.04(-12%)
0.16 0.07 0.07(7%) 0.07 0.07(7%) 0.08 0.08(-8%) 0.08 0.08(-7%) 0.10 0.09(-11%)
8 021 | 013 013(6%) | 0.13  0.13(6%) | 0.16 0.14(-10%) | 0.15  0.14(-8%) | 0.19  0.17(-10%)
% 026 | 021  0.22(4%) | 021  0224%) | 027 0.24(-11%) | 0.26  0.23(-9%) | 0.32  0.30(-8%)
S 031 031 0323%) | 031  03202%) | 041 0.37(-11%) | 040 0.37(-8%) | 0.50  0.47(-6%)
T 036 | 045  0.46(1%) | 045  0.45(0%) | 0.62 0.56(-10%) | 0.59  0.55(-7%) | 0.73  0.70(-4%)
?g 041 | 0.64  0.63(-1%) | 0.63  0.62(-2%) | 0.89  0.82(-8%) | 0.85  0.80(-6%) | 1.05  1.02(-3%)
£ 046 | 086  085(-1%) | 086  085(-1%) | 125  120(4%) | 119  115(-3%) | 144  143(-1%)
051 | 117 115(-2%) | 116 114(2%) | 175 173(-1%) | 1.65 1.62(-1%) | 1.98  1.99(0%)
é 056 | 155  1.53(-2%) | 1.55  153(-1%) | 2.40  246(3%) | 225  2.27(1%) | 2.68  2.72(1%)
%’ 061 | 2.07  204(-2%) | 207  2.04(-1%) | 328  3.46(5%) | 3.07  3.17(3%) | 3.62  3.70(2%)
£ 066 | 279 273(2%) | 278 273(2%) | 452  481(6%) | 423  4.44(5%) | 4.91  5.02(2%)
§ 071 | 376 3.70(2%) | 3.75  3.70(-1%) | 625  6.68(7%) | 585  6.25(7%) | 6.71  6.86(2%)
2076 | 517 512(1%) | 516 512(-1%) | 881  9.40(7%) | 829  8.95(8%) | 935  9.55(2%)
081 | 7.41  7.34(-1%) | 7.40  7.34(-1%) | 12.95 13.63(5%) | 12.19 13.20(8%) | 13.54  13.75(2%)
0.86 | 11.33  11.23(-1%) | 11.33 11.23(-1%) | 20.18  21.00(4%) | 19.19  20.64(8%) | 20.83  21.09(1%)
0.91 | 19.65 19.56(-0%) | 19.64 19.55(-0%) | 35.69  36.72(3%) 34.33  36.47(6%) | 36.58  36.78(1%)
0.96 | 49.16 48.96(-0%) | 49.12  48.96(-0%) | 90.77  92.12(1%) 89.03 91.83(3%) | 92.14  92.15(0%)
001 | 497  50001%) | 497  5.001%) | 505 5.00(-1%) | 501  5.00(-0%) | 5.72  5.17(-10%)
0.06 | 4.77  4.99(5%) | 477  4.99(5%) | 5.18  5.01(-3%) | 513  4.99(-3%) | 6.26  5.50(-12%)
, 011 | 469  496(6%) | 4.68  4.96(6%) | 5.34  5.02(-6%) | 527 4.98(-5%) | 6.55  5.75(-12%)
T 016 | 461 491(7%) | 460  491(7%) | 548  5.05(-8%) | 537 4.99(-7%) | 6.73  5.99(-11%)
%021 | 457  484(6%) | 456  4.83(6%) | 5.65 5.11(-10%) | 551  5.05(-8%) | 6.90  6.23(-10%)
ES 026 | 454  4.73(4%) | 453  4.73(4%) | 581  5.19(-11%) | 562  5.14(-9%) | 7.06  6.46(-8%)
< 031 | 450  461(3%) | 448  459(2%) | 5.95 5.32(-11%) | 573  5.27(-8%) | 7.14  6.69(-6%)
é 0.36 | 4.47  4.4901%) | 446  4.46(0%) | 6.11 5.50(-10%) | 5.86 5.44(-7%) | 7.23  6.91(-4%)
S 041 | 446  440(1%) | 445  4.38(2%) | 627  5.77(8%) | 597  5.64(-6%) | 7.34  7.13(-3%)
£ 046 | 440  435(-1%) | 4.39  433(-1%) | 6.39  6.11(-4%) | 6.07  5.86(-3%) | 7.37  7.32(-1%)
:f_; 051 | 440  4.32(-2%) | 439  431(-2%) | 660 651(-1%) | 620 6.11(-1%) | 7.46  7.49(0%)
§ 056 | 436  4.30(2%) | 435 4.20(1%) | 673  6.91(3%) | 631  6.38(1%) | 7.53  T.63(1%)
; 0.61 | 4.35  4.28(-2%) | 4.34  4.27(-1%) | 6.87  7.24(5%) | 6.45  6.65(3%) | T.58  7.75(2%)
S 066 | 435  427(-2%) | 434  4.27(-2%) | 7.06  T.50(6%) | 6.60  6.92(5%) | T.67  7.83(2%)
T 071 | 433 4.26(-2%) | 432 426(-1%) | 7.19  7.69(7%) | 673  7TA9(T%) | 771 7.90(2%)
g 0.76 | 4.30  4.26(-1%) | 429  4.26(-1%) | 7.32  7.81(7%) | 6.89  7.44(8%) | 7.77  7.94(2%)
S 081 | 420 425(-1%) | 429 4.25(-1%) | 750  7.00(5%) | 7.06  7.65(8%) | 7.84  7.97(2%)
086 | 429  425(1%) | 429  425(-1%) | 7.64  7.95(4%) | 7.27  7.81(8%) | 7.89  7.98(1%)
091 | 427  425(-0%) | 427  425(-0%) | 7.76  7.98(3%) | 7.46  7.93(6%) | 7.95  7.99(1%)
096 | 4.27  4.25(-0%) | 426  4.25(-0%) | 7.88  8.00(1%) | 7.73  T.97(3%) | 8.00  8.00(0%)
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Table 6.6: The RQ approximation in various GI/G(4)/1 models.

Ey4 arrival LN(0.25) arrival H>(4) arrival LN(4) arrival Gy arrival
p Sim RQ Sim RQ Sim RQ Sim RQ Sim RQ
0.01 0.00 0.00(1%) 0.00 0.00(1%) 0.00 0.00(-1%) 0.00 0.00(0%) 0.00 0.00(-10%)
0.06 | 001  001(5%) | 001  001(5%) | 0.0l  0.01(-3%) | 0.01  0.01(-3%) | 0.01  0.01(-13%)
011 | 0.03  0.03(7%) | 003  0.03(7%) | 0.04  0.03(-6%) | 0.04  0.03(-6%) | 0.04 0.04(-13%)
0.16 0.07 0.07(8%) 0.07 0.07(8%) 0.08 0.08(-8%) 0.08 0.08(-8%) 0.10 0.09(-12%)
g 021 | 013  0.13(8%) | 0.12  0.13(8%) | 0.16 0.14(-10%) | 0.16  0.14(-9%) | 0.19  0.17(-11%)
£ 026 | 020 02206%) | 020 022(7%) | 027 024(-11%) | 026 023(-10%) | 0.32  0.30(-9%)
S 031 | 031 0.324%) | 031  0.324%) | 042  037(12%) | 040  0.37(-8%) | 0.50  0.47(-7%)
T 036 | 045  046(2%) | 044  045(1%) | 0.63  0.56(-11%) | 0.60  0.55(-8%) | 0.74  0.70(-5%)
T 041 | 062 0.631%) | 0.62  0.620%) | 090 0.82(-9%) | 0.86  0.80(-7%) | 1.05  1.02(-3%)
% 046 | 0.85  0.85(-0%) | 0.85  0.85(-0%) | 1.28 1.20(-6%) | 1.20  1.15(-5%) | 1.46  1.43(-2%)
z 051 | 1.15  1.15(-1%) | 1.15  1.14(-1%) | 1.78  1.73(-3%) | 1.67  1.62(-3%) | 2.00  1.99(-0%)
% 056 | 1.54  1.53(-1%) | 1.54  153(-1%) | 244  246(1%) | 228  2.27(-0%) | 271  2.72(0%)
T 061 | 206 2.04(-1%) | 205 2.04(1%) | 334  346(4%) | 3.2 3.172%) | 3.65  3.70(1%)
%066 | 275 273¢1%) | 275 273(1%) | 457  ASI(5%) | 427  4.44(4%) | 495  5.02(1%)
g o7 | 373 370(-1%) | 372  3.70(-1%) | 6.34  6.68(5%) | 591  6.25(6%) | 6.77  6.86(1%)
= 076 | 5.15  5.12(-1%) | 515  5.12(-0%) | 895  9.40(5%) | 8.39  8.95(7%) | 9.39  9.55(2%)
081 | 7.39  7.34(-1%) | 7.39  7.34(-1%) | 13.08 13.63(4%) | 12.31 13.20(7%) | 13.56  13.75(1%)
0.86 | 11.28 11.23(-0%) | 11.29 11.23(-1%) | 20.27  21.00(4%) 19.28 20.64(7%) 20.82 21.09(1%)
0.91 | 19.62 19.56(-0%) | 19.61 19.55(-0%) | 35.93  36.72(2%) 34.55  36.47(6%) | 36.52  36.78(1%)
0.96 | 49.02 48.96(-0%) | 48.86  48.96(0%) | 91.14  92.12(1%) 89.06  91.83(3%) | 91.89  92.15(0%)
001 | 4.96  500(1%) | 496  5.00(1%) | 5.03  5.00(-1%) | 4.98  5.0000%) | 576 5.17(-10%)
0.06 | 4.75  4.99(5%) | 475  4.99(5%) | 5.16  5.01(-3%) | 515  4.99(-3%) | 6.34  5.50(-13%)
011 | 4.63  4.96(7%) | 4.63  4.96(7%) | 5.34  5.02(-6%) | 530  4.98(-6%) | 6.61  5.75(-13%)
§ 0.16 | 455  4.91(8%) | 4.53  4.91(8%) | 552  5.05(-8%) | 540  4.99(-8%) | 6.81  5.99(-12%)
E 0.21 | 450  4.84(8%) | 4.47  4.83(8%) | 5.67 5.11(-10%) | 556  5.05(-9%) | 6.97  6.23(-11%)
S 026 | 447  473(6%) | 444  4T3(T%) | 584 519(-11%) | 570  5.14(-10%) | 7.09  6.46(-9%)
§ 031 | 443 461(4%) | 440  459(4%) | 6.05 5.32(-12%) | 575  527(-8%) | 720  6.69(-T%)
=036 | 440  449(2%) | 439  446(1%) | 621 550(-11%) | 589  544(-8%) | 730  6.91(-5%)
2041 | 438  4401%) | 437  4.3800%) | 6.35  5.77(:9%) | 6.04  5.64(-7%) | 7.38  7.13(-3%)
j% 0.46 | 4.35  4.35(-0%) | 4.35  4.33(-0%) | 653  6.11(-6%) | 6.14  5.86(-5%) | 7.47  7.32(-2%)
% 051 | 434  4.32(-1%) | 4.34  4.31(1%) | 6.69  6.51(-3%) | 6.28  6.11(-3%) | 7.52  7.49(-0%)
€ 056 | 433  4.30(-1%) | 431  420(1%) | 6.85  6.91(1%) | 6.40  6.38(-0%) | 7.61  7.63(0%)
% 061 | 432  428(-1%) | 430  427(-1%) | 6.99  7.24(4%) | 655  6.65(2%) | 7.66  7.75(1%)
E 066 | 430  427(1%) | 420  427(1%) | 714 T50(5%) | 6.67  6.92(4%) | 773 7.8301%)
E 071 | 429  4.26(-1%) | 428  4.26(-1%) | 7.30  7.69(5%) | 6.80  7.19(6%) | 7.79  7.90(1%)
T 076 | 428  426(1%) | 428  4.26(:0%) | 744 T8IG%) | 697  TAATR) | T8 T.04(2%)
S 081 | 428 4.25(-1%) | 4.28  4.25(-1%) | 7.58  7.90(4%) | 7.13  7.65(7%) | 7.86  7.97(1%)
0.86 | 4.27  4.25(-0%) | 4.27  4.25(-1%) | 7.68  7.95(4%) | 7.30  7.81(7%) | 7.88  7.98(1%)
091 | 426  4.25(-0%) | 426  4.25(-0%) | 7.81  7.98(2%) | 7.51  7.93(6%) | 7.94  7.99(1%)
0.96 4.26 4.25(-0%) 4.24 4.25(0%) 7.91 8.00(1%) 7.73 7.97(3%) 7.98 8.00(0%)



CHAPTER 6. SIMULATION EXPERIMENTS 165

Service
Ey LN(0.25) M Hy(4) LN(4) G(4)
E, 27.56%  27.02%  17.55% 6.53%  6.26%  7.86%
E Ts LN(0.25) | 30.45%  29.70%  18.94% 6.84%  6.50%  8.43%
§ i Hy(4) 20.82%  20.79%  17.68% 10.71% 10.16% 12.05%
LN (4) 23.91%  24.09%  16.76% 8.57%  9.24%  9.81%
G(4) 29.51%  29.55%  22.89% 12.25% 13.40% 13.25%
2 Ey 21.54%  20.78% 4.42%  1.86% 241%  1.00%
Q ES LN(0.25) | 24.33%  23.35% 3.68% 1.82%  2.25%  0.75%
Qm; i Hy(4) 19.20%  19.03% 13.17% 6.97% 7.87%  5.33%
% LN(4) 23.91%  24.09%  16.76% 8.29%  9.24% 7.27%
= G(4) 4.52% 4.56% 3.67%  231% 2.34%  1.64%

Table 6.7: The performance of the RQ approximation in various GI/GI/1 models for
p > 0.5.

Service
E, LN (0.25) M Hy(4) LN(4) G(4)

g E, 0.2404  0.2375  0.2823 0.3012 0.2896 0.3582
o

2 — LN(025) 02565 02526 03009 0.3145 0.2999 0.3821
:; g Hy(4) 0.5909  0.6014  0.5260 0.6379 0.5874 0.7290
g LN (4) 0.7315  0.7293  0.6658 0.5856 0.6474 0.5591
= G(4) 0.7537  0.7557  0.7732 0.8033 0.8512 0.8642

Table 6.8: The maximum absolute error of the RQ approximation in various GI/GI/1

models.
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-

Normalized mean workload

Simu:E4
- - RQ:E4

Simu:LN(0.25)
= = RQ:LN(0.25)
Simu:M
RQ:M
Simu:H2(
— = RQH,4)
(

Simu:LN(4)
= = RQ:LN(4)
Simu:G(4)
= = RQ:G(4)

4)

0 0.2 0.4 0.6 0.8
Traffic intensity p
G(4)/Gl/1 model with various service distributions

Normalized mean workload

Simu:E4
R RQ:E4
Simu:LN(0.25)
= = RQ:LN(0.25)
Simu:M
RQ:M
Simu:H2(4)
_ - RQ:H2(4

0 0.2 0.4 0.6 0.8
Traffic intensity p

166

Figure 6.1: The normalized mean workload and the RQ approximation for LN (4)/GI/1

and G(4)/GI/1 models.
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GI/E 41 model with various arrival processes
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Figure 6.2: The normalized mean workload and the RQ approximation for GI/E,/1 models.

Server

Figure 6.3: A queue with superposition arrival process.

p. 137 of [133]. Then and imply that the IDW has limits 1,,(0) = 1+ ¢2 = 3
and I,,(00) = ¢2 + ¢2 = 12, so that the IDW is not nearly constant.

Figure (left) shows a comparison between the simulation estimate of the normalized
workload ¢ (p) in and the approximation c¢%.(p) in for this example. Two im-
portant observations are: (i) the normalized mean workload c¢%(p) in as a function of
p is not nearly constant, and (ii) there is a close agreement between the R(Q approximation
% (p) in and the direct simulation estimate; the close agreement for all traffic inten-
sities is striking. It is important to note that the parametric RQ approximations produce
constant approximations, and so cannot be simultaneously good for all traffic intensities.

For this example, we see that CQZ(p) ~ 3 for p < 0.5, which is consistent with the Poisson
approximation for the arrival process and the associated M/G/1 queue, where c%(p) = 3
for all p, but the normalized workload increases steadily to 12 after p = 0.5, as explained
in Section 9.8 of .

The estimates for Figure [6.4] were obtained for p over a grid of 99 values, evenly spaced

between 0.01 and 0.99. Similarly, the RQ optimization was performed using (2.34) with a
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Figure 6.4: The RQ solution and approximation for the workload in the ) ! LN;/Hy/1

model.

discrete-time estimate of the IDW. By doing multiple independent runs, we ensured that
the statistical variation was not an issue. For the main simulation of the arrival process we
used 5 x 10° time units, discarding a large initial portion of the workload process to ensure
that the system is approximately in steady state. (The component renewal arrival processes
thus can be regarded as equilibrium renewal processes, as in Section 3.5 of Section [116].)
For the simulation of the mean workload, we let the run length and amount discarded be

proportional to (1 — p)~2, as dictated by [140] and observed in Corollary

6.2.3 A Ten-Queues-in-Series Example

— Queue 1 %»O—» Queue 2 % -+ — Queue n W

Figure 6.5: A ten-queues-in-series model.

This example is a variant of examples in [125], exposing the complex impact of variability
on performance in a series of queues if the external arrival process and service times at a
previous queue have very different levels of variability. This example has 10 single-server
queues in series. The external arrival process is a rate-1 renewal process with Hs interarrival

times having ¢2 = 5. The first 9 queues all have Erlang service times with ¢2 = 0.5 denoted
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by Fo, i.e., the sum of 2 i.i.d. exponential random variables. The first 8 queues have mean
service time and thus traffic intensity 0.6, while the 9™ queue has mean service time and
thus traffic intensity 0.95. The last (10*") queue has an exponential service-time distribution
with mean and traffic intensity p; we explore the impact of p on the performance of that
last queue.

The Erlang services act to smooth the arrival process at the last queue. Thus, for
sufficiently low traffic intensities p at the last queue, the last queue should behave essentially
the same as a Fo/M/1 queue, which has ¢2 = 0.5, but as p increases, the arrival process at
the last queue should inherit the variability of the external arrival process, and behave like

an Hy/M/1 queue with scv ¢2 = 5.

= queues in series - =RQ
- =E /M1 = Simulation

o

IN
T

|

normalized workload
w

normalized workload
w

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
traffic intensity traffic intensity

Figure 6.6: Comparing the RQ approximation, the Fy/M/1 approximation and the simu-

lation estimation of the workload in the ten-queues-in-series model.

This behavior is substantiated by Figure which compares simulation estimates of
the normalized mean workload CQZ(p) in at the last queue of ten queues in series as a
function of the mean service time and traffic intensity p there with the corresponding values
in the E2/M/1 queue (left) and with the RQ approximation c%.(p) in (right).

Figure (left) shows that the last queue behaves like a Eo/M/1 queue for all traffic
intensities < 0.8, but then starts behaving more like an Hy/M /1 queue as the traffic intensity
approaches the value 0.95 at the 9" queue. Figure (right) shows that RQ successfully
captures this phenomenon and provides an accurate approximation for all p.

To elaborate on this series-queue example, we show the IDW for the last queue in
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Figure 6.7: The IDW at the last queue of the ten-queues-in-series model: the continuous-

time stationary version and the discrete-time Palm version.

Figure The plot shows the IDW assuming continuous-time stationarity (which we use)
together with the plot using the discrete-time Palm stationarity (see [122]) over the long
interval [1072,10%] in log scale. The good performance in Figure for small values of p
depends on using the proper (continuous-time) version.

We conclude this example by illustrating the discrete-time approach for approximating
the expected steady-state waiting time E[W] using the RQ optimization in with un-
certainty set in . Figure is the discrete analog of Figure . Figure compares
simulation estimates of the normalized mean waiting time C%,V(p), defined just as in ,
at the last queue of ten queues in series as a function of the mean service time and traffic
intensity p there with the corresponding values in the Fy/M/1 queue (left) and with the
RQ approximation C%V* (p), defined just as in . Figure and look similar, except
that there is a significant difference for small velues of p. In general, we do not expect
RQ to be effective for extremely low p, because (i) the CLT is not appropriate for only a
few summands and (ii) the mean waiting time is known to depend on other factors when
p is small. The mean waiting time and mean workload actually are quite different in light
traffic; see Section IV.A of [60]. As explained there, the mean workload tends to be more

robust to model detail.
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Figure 6.8: Contrasting the discrete-time and continuous-time views: the analog of Figure

for the waiting time.

6.2.4 A MAP/MAP/1 Example

We now include the dependence among service times by considering a MAP/MAP /1 model.
With the dependence in service times, we can no longer enjoy the convenient decomposition
in . Hence, we apply the RQ-IDW formulation in . For simplicity, we use
simulation estimation here to obtain the IDW function.

We specify the generating matrix of the arrival MAP in . To consider the full range

of p € (0,1), we define the service MAP in the p-th model by the following matrices
Dy’ =Do/p, D" =D1/p (6.5)

for (Dg,Dy) defined in , where the division is entry-wise.

Figure [6.9(top) show the simulation estimation of the IDW for this model, whereas the
bottom plot show the simulation estimation and RQ approximation of the mean steady-
state workload as functions of the traffic intensity p. Note that the light traffic limit is
¢ (0) = 1+ ¢ = 5.1 and the heavy-traffic limit is ¢} (0) = ¢4 + ¢ = 18.14, where ¢2 = 4.1
is the scv of the interarrival time, 0124 = c% = 9.07 are the limiting variability parameters for
the arrival and service MAP, see .

The somewhat poor performance in the range p € (0,0.3) is expected. Note that, for
small p, the optimal solution of is obtained at small s*, as shown in Theorem
However, CLT does not provide a good approximation for small s in uncertainty set .
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Figure 6.9: The IDW and RQ approximation for a MAP/MAP /1 model.
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p 0.01 0.06 0.11 0.16 0.21 0.26 0.31 0.36 0.41
Abs. err. | 0.0001 0.0102 0.0472 0.0990 0.1365 0.1498 0.1457 0.1306 0.1068

Table 6.9: Absolute error of the RQ-IDW approximation in the MAP/MAP /1 model.

Nevertheless, the absolute error before normalization in this case will be small as shown in
Table For example, if the mean interarrival time is 1 minute, then for p = 0.26 the

absolute error will be 0.1498 minutes ~ 9 seconds.

6.2.5 The Queues in Series Models

We now present a comprehensive simulation study of the performance of our RQ approxi-
mation in the two queues in series model. We denote such a system by GI/GI/1 — -/GI/1.

As in Section [6.2.1], we consider the same 5 cases for the renewal external arrival pro-
cesses, i.e. FEy, LN(0.25), Hy(4), LN (4),G(4); and the same 6 cases for the service time
distributions at both stations, i.e. Ey, LN(0.25), M, Ho(4), LN(4),G(4). The external ar-
rival processes have rate-1. For the service rate at station 1, we consider two cases pu; = 1/p1,
where the traffic intensity p; = 0.7 or 0.9. So we have a total of 5x 6 x 6 x 2 = 360 cases. To
show the performance impact of dependence under the full range of traffic intensity levels,
we assume the service-rate at station 2 to be ps = 1/ps with py € {0.01,0.06,0.11,...,0.96}.
We assess the performance of RQ based on the ability to predict the mean workload at the
second station, for different traffic intensities.

Details of the simulation are discussed in Section [6.1l Since the simulation time scales
roughly linearly in system size, for two queues in series, it takes on average 60 minutes to
obtain simulation estimations of all 20 p’s for each case. Again, about 70% of the simulation
time is devoted to the case p = 0.96. On the other hand, the RQ algorithm now requires
the IDC of the total input process, which is not readily available. In this section, we resort
to simulation estimation of the IDC’s, as discussed in Section In Section we will
look at the RQNA alternative, where we rely on our RQNA algorithm instead of simulation
estimation. For the simulation methodology for the estimation of the IDC is described in
Section Again, we use a single simulation run of 1.1 - 10? time units and discard the

first 108 time units for the arrival process to approach stationarity. The simulation time
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required for each case is on average 8 minutes on a 4.8GHz CPU (implemented in C++),
each case uses 8GB of RAM memory since we need to store the entire sample path in order
to speed up the estimation, see Section [2.3.4

Table contains some of the hardest cases among the 360 models, the GI/E;/1 —
-/E4/1 models with p; = 0.9 and GI = Hy(4), LN (4) or G(4). We discuss it in the following
observations.

Table summarizes the absolute relative error of the RQ approximation with
simulated IDC at station 2, in the case of p;1 = 0.9. For each table, we fix the service-
time distribution at station 2 (specified in the upper left entry), and display 30 cases,
corresponding the combination of 5 types of external arrival processes (row), and 6 choices
of service-time distributions at station 1 (column). In the top half of each table, we show

the average relative error, defined as
L
20 Z |RE(pr)|, for pr = —0.04 4 0.05k;
k=1

in the bottom half of each table, we show the maximum relative error, defined in (6.4). We

make the following observations.

1. The RQ performance increases as the service scv at station 2 increases. In Table
we see that in the case of Fj4 service distribution at station 2, the absolute relative

error can be as large as 86%, whereas the absolute relative error stays below 13% in

Table This happens for the same reason as Observation [2|in Section [6.2.1

2. The hardest cases for RQ appear to be the ones with high variability external arrival
process (LN (4) and Hy), and low variability service-time distributions (Ey4, LN (0.25)
and M) at both stations, e.g. in the right three columns of Table and in the
lower left corner of Table In intuitively, these are the hardest cases for
queueing approximations, because the highly variable arrival processes are smoothed
out by the low-variable service times at station 1. As a result, when the traffic
intensity at station 2 is low to moderate, the queue sees a arrival process (the departure
from station 1) with low variability; whereas for higher traffic intensity, the arrival
process sees the highly variable external arrival prcess. This resonates with the heavy-

traffic bottleneck phenomenon studied in [125]. The sharp transition between the
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aforementioned two cases is the major cause of the unsatisfactory performance of RQ.
This effect becomes more pronounced p; increases, e.g. compare Table and Table
where the later one is an analog of the former one with p; = 0.7 instead of 0.9.
Figure displays some of the worst cases in terms of RQ approximations, i.e. the
LN(4)/E4/1 — -/GI/1 models with GI = E4, M and H(4).

3. In Table (top), we show the maximum absolute relative error in the case of
p1 = 0.9, M service at station 2 and across the full range of pa € (0,1); where as in
Table (bottom), we restrict to pg € (0.5,1). As in Observation [3|in Section [6.2.1]
we observe significant improvement of the RQ performance in most cases, except for
the ones with high variability external arrival process and low variability service-time

distributions, which are demonstrated in Figure |6.10

4. The RQ performance under p; = 0.7 is roughly the same as that of p; = 0.9. In Table
we show the comparison under LN (4) service at station 2. We omit most of the

p = 0.7 cases.

6.2.6 The Limitation of IDC

Recall from that the IDC is a continuous-time function defined only through the
mean and variance functions. We have shown above that the IDC-based RQ algorithm can
capture the essential impact of dependence on queueing performance in models with non-
renewal input flows. We have also shown in Theorem that the IDC can recover the full
distirbution of a renewal process; however, such statement does not extend to non-renewal
processes. In this section, we demonstrate that there can still be serious limitation in the
approximation of non-renewal processes using the IDC.

Consider a hyperexponential renewal process with rate-1, whose IDC I, of this process
can be found in Example Now, we show that there are infinitely many MMPP(2) that
have rate-1 and the same IDC’s as Ip,. Towards this end, we equate to and
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p1 = 0.9 E4 arrival LN(0.25) arrival H>(4) arrival LN(4) arrival G4 arrival
P2 Sim RQ Sim RQ Sim RQ Sim RQ Sim RQ
0.01 | 0.00 0.00(1%) | 0.00 0.00(1%) | 0.00  0.00(1%) | 0.00  0.00(1%) | 0.00  0.00(1%)
0.06 | 0.00 0.00(6%) | 0.00 0.00(6%) | 0.00  0.00(6%) | 0.00  0.00(6%) | 0.00  0.00(6%)
0.11 | 0.01 0.01(11%) | 0.01 0.01(11%) | 0.01  0.01(10%) | 0.01  0.01(10%) | 0.01  0.01(10%)
0.16 | 0.02 0.02(16%) | 0.02 0.02(16%) | 0.02  0.02(13%) | 0.02  0.02(13%) | 0.02  0.02(13%)
0.21 | 0.03 0.03(19%) | 0.03 0.03(19%) | 0.03  0.03(13%) | 0.03  0.03(13%) | 0.03  0.03(12%)
0.26 | 0.04 0.05(22%) | 0.04 0.05(22%) | 0.05  0.05(11%) | 0.05  0.05(12%) | 0.05  0.05(9%)
E 031 | 0.06 0.08(26%) | 0.06 0.08(26%) | 0.06  0.08(25%) | 0.06  0.08(25%) | 0.06  0.08(25%)
] 036 | 0.09 0.11(27%) | 0.09 0.11(27%) | 0.09  0.11(25%) | 0.09  0.11(25%) | 0.09  0.11(25%)
% 0.41 0.12  0.15(26%) | 0.12 0.15(26%) | 0.12  0.15(23%) | 0.12  0.15(23%) | 0.12  0.15(23%)
g 0.46 0.15 0.19(24%) | 0.16 0.19(24%) | 0.16  0.19(20%) 0.16  0.19(20%) 0.16  0.19(20%)
Z 051 | 020 0.24(20%) | 020 0.24(20%) | 0.21  0.24(15%) | 021  0.24(15%) | 0.21  0.24(15%)
~§ 0.56 | 0.26 0.30(15%) | 0.26 0.30(15%) | 0.28  0.30(9%) | 0.28  0.30(9%) | 0.28  0.30(9%)
3 061 | 033 0.36(9%) | 033 0.36(9%) | 0.36  037(1%) | 036  0.37(1%) | 036  0.37(1%)
= 0.66 | 0.43  0.44(3%) | 0.43  0.44(3%) | 048  0.47(-4%) | 048  0.46(-4%) | 0.48  0.46(-4%)
071 | 056  0.54(-3%) | 0.56 0.54(-2%) | 0.66  0.68(2%) | 0.66  0.67(1%) | 0.66  0.65(-0%)
0.76 | 0.74 0.70(-5%) | 0.74 0.70(-5%) | 0.94  1.13(20%) | 0.93  1.12(20%) | 0.93  1.05(12%)
0.81 1.02  0.95(-7%) | 1.02  0.95(-6%) | 1.46  2.09(44%) | 1.44  2.21(53%) | 1.44  1.91(33%)
0.86 1.49  1.39(-7%) | 1.49 1.40(-6%) | 2.65  4.43(67%) | 2.61  4.88(87%) | 2.62  4.11(57%)
0.91 249  2.35(-5%) | 2.49 2.37(-5%) | 7.21  11.49(59%) | 6.96  12.44(79%) | 7.15  11.03(54%)
0.96 | 597 5.79(-3%) | 5.97 5.80(-3%) | 33.74 43.19(28%) | 32.66 44.03(35%) | 33.70  42.58(26%)
001 | 124 125(1%) | 1.24 1.251%) | 1.24  1.251%) | 1.24  1.25(1%) | 1.24  1.25(1%)
0.06 118 1.25(6%) | 1.18  1.25(6%) | 1.18  1.25(6%) | 1.18  1.25(6%) | 1.18  1.25(6%)
0.11 112 1.24(11%) | 112 1.24(11%) | 1.13  1.24(10%) | 113 1.24(10%) | 1.13  1.24(10%)
0.16 1.06  1.23(16%) | 1.06 1.23(16%) | 1.09  1.23(13%) | 1.00  1.23(13%) | 1.00  1.23(13%)
- 0.21 101 1.21(19%) | 1.01  1.21(19%) | 1.07  1.21(13%) | 1.06  1.21(13%) | 1.08  1.21(12%)
é 0.26 | 0.97 1.18(22%) | 0.96 1.18(22%) | 1.06  1.18(11%) | 1.06  1.18(12%) | 1.08  1.18(9%)
S 031 | 091 1.14(26%) | 091 1.14(26%) | 092  1.14(25%) | 092  1.14(25%) | 0.92  1.14(25%)
2 036 | 0.87 1.10(27%) | 0.87 1.10(27%) | 0.88  1.10(25%) | 0.88  1.10(25%) | 0.88  1.10(25%)
i 0.41 0.83  1.04(26%) | 0.83 1.04(26%) | 0.85  1.04(23%) | 0.85  1.04(23%) | 0.85  1.04(23%)
E 0.46 | 0.79  0.98(24%) | 0.79 0.98(24%) | 0.82  0.98(20%) | 0.82  0.98(20%) | 0.82  0.98(20%)
z 051 | 0.76  0.91(20%) | 0.76  0.91(20%) | 0.79  0.91(15%) | 0.79  0.91(15%) | 0.79  0.91(15%)
é 056 | 0.72  0.84(15%) | 0.73  0.84(15%) | 0.77  0.84(9%) | 0.77  0.84(9%) | 0.77  0.84(9%)
g5 061 | 070  0.76(9%) | 0.70 0.76(9%) | 0.76  0.77(1%) | 076  0.77(1%) | 0.76  0.77(1%)
'75 066 | 0.67 0.68(3%) | 0.67 0.68(3%) | 0.75  0.73(-4%) | 075  0.72(-4%) | 0.75  0.72(-4%)
ZS 0.71 0.64 0.62(-3%) | 0.64 0.62(-2%) | 076  0.782%) | 0.76  0.77(1%) | 0.75  0.75(-0%)
0.76 | 0.61 0.58(-5%) | 0.61 0.58(-5%) | 0.78  0.94(20%) | 0.78  0.93(20%) | 0.78  0.87(12%)
0.81 | 059 0.55(-7%) | 0.59 0.55(-6%) | 0.84  1.21(44%) | 0.84  1.28(53%) | 0.84  1.11(33%)
0.86 | 0.56 0.53(-7%) | 0.56 0.53(-6%) | 1.01  1.68(67%) | 0.99  1.85(87%) | 0.99  1.56(57%)
091 | 054 051(-5%) | 054 052(-5%) | 1.57  2.50(59%) | 1.51  2.70(79%) | 1.55  2.40(54%)
0.96 | 052 050(-3%) | 0.52 0.50(-3%) | 2.93  3.75(28%) | 2.83  3.82(35%) | 293  3.70(26%)

Table 6.10: The RQ approximation in various GI/E;/1 — -/E4/1 models.
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Station 2 in the LN(4)E, 1 — -/GI/1 model with p,=0.9
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Figure 6.10: The performance of RQ at station 2 of the LN (4)/E,/1 — -/GI/1 models.

Service 2 Service 1, p1 = 0.9
Ey E, LN(0.25) M Hy(4) LN(4) G(4)
E, 13.95% 14.67%  2.26% 11.44% 10.31%  9.84%
Omﬁ — LN(0.25) | 13.78% 14.47%  2.22% 11.43% 10.32%  9.82%
%) <% Hy(4) 22.84% 24.32%  711% 12.84% 13.45% 10.66%
;ﬂg LN (4) 25.83% 27.27%  8.76% 13.59% 14.38% 11.30%
G(4) 20.79% 22.15%  5.79% 12.27% 12.81% 10.09%
- Ey 26.81% 29.26% 10.78% 21.33% 18.58% 26.71%
Q; — LN(0.25) | 26.75% 29.29% 10.65% 21.23% 18.61% 26.36%
é é Hy(4) 66.77% 68.02% 28.13% 23.50% 22.22% 28.86%
éé LN (4) 86.79% 87.34% 39.50% 23.23% 22.07% 28.59%
G(4) 56.67% 57.85% 24.23% 23.40% 22.04% 29.18%

Table 6.11: The absolute relative error of the RQ approximation at station 2 of two queues

in series models with F,4 service times at station 2.
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Service 2 Service 1, p;1 = 0.9
LN (0.25) E; LN(0.25) M He(4) LN(4) G(4)
E, 13.78% 14.41%  2.25% 11.44% 10.31%  9.81%
Omi — LN(0.25) | 13.61% 14.20%  2.22% 11.42% 10.34%  9.83%
% é Hy(4) 22.60% 24.00%  7.18% 12.82% 13.46% 10.54%
<% LN (4) 25.59% 27.01%  8.76% 13.59% 14.37% 11.27%
G(4) 20.58% 21.87%  5.84% 12.27% 12.77% 10.10%
- E, 26.20% 28.82% 10.88% 21.24% 18.60% 26.66%
Q; — LN(0.25) | 26.16% 28.76% 10.67% 21.20% 18.68% 26.32%
é g Hy(4) 66.40% 68.26% 28.30% 23.44% 22.18% 28.85%
éé B LN (4) 86.47% 87.76% 39.15% 23.29% 22.32% 28.51%
G(4) 56.43% 57.99% 24.29% 23.17% 21.91% 29.14%

Table 6.12: The absolute relative error of the RQ approximation at station 2 of two queues

in series models with LN (0.25) service times at station 2.

Service 2 Service 1, p;1 = 0.9
M E; LN(0.25) M Hs(4) LN(4) G(4)
E, 7.34% 7.53% 1.71%  93™% 817%  7.58%
omﬁ — LN(0.25) | 7.26% 7.44%  1.70%  9.36%  8.14%  7.5™%
;b:fp <% Hy(4) 11.31% 11.80%  4.75% 10.37% 10.51%  8.12%
;ﬂg LN (4) 13.01% 13.50%  6.02% 11.00% 11.17%  8.72%
G(4) 10.35% 10.86%  3.97%  9.95%  9.99%  7.70%
- E, 17.11% 18.14%  7.05% 16.90% 14.18% 20.18%
Cg — LN(0.25) | 17.12% 18.14%  6.91% 17.17% 14.14% 20.17%
é é Hy(4) 26.13% 26.21% 16.41% 19.73% 17.36% 22.88%
§ B LN (4) 35.20% 35.11% 24.01% 19.95% 17.32% 22.35%
G(4) 23.82% 23.31% 14.71% 19.57% 17.40% 22.67%

Table 6.13: The absolute relative error of the RQ approximation at station 2 of two queues

in series models with M service times at station 2.
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Service 2 Service 1, p;1 = 0.9
Hy(4) E4; LN(0.25) M Hy4) LN(4)  G4)
Ey4 2.12% 2.02% 0.96%  5.62% 4.47%  3.88%
= —~ LN(0.25) | 2.10% 1.98% 0.93%  5.60% 4.43%  3.88%
§° ; Hy(4) 3.68% 3.72% 2.21%  6.06% 5.60%  3.93%
;:g B LN(4) 4.38% 4.31% 2.77%  6.44% 5.93%  4.37%
G(4) 3.40% 3.46% 1.87% 5.77% 5.29%  3.73%
“ Ey4 6.29% 6.10% 2.08% 9.63% 7.88%  9.81%
D; —~ LN(0.25) | 6.33% 6.19% 2.14%  9.50% 7.94%  9.78%
é é Hy(4) 8.67% 8.52% 6.70% 11.81% 9.95% 11.67%
§ B LN (4) 11.47%  11.20% 8.95% 11.65% 9.60% 11.38%
G(4) 8.01% 7.80% 6.50% 11.92%  9.82% 11.59%

Table 6.14: The absolute relative error of the RQ approximation at station 2 of two queues

in series models with Hy(4) service times at station 2.

Service 2 Service 1, p1 = 0.9
LN(4) E. LN(0.25) M  Hx(4) LN@) G@)
B 205%  197% 0.92% 5.33% 4.32%  3.89%
= LN(025) | 202%  195% 091% 539% 431%  3.92%
2 ;« Ho(4) 3.84%  3.81% 2.28% 5.82%  5.55%  3.92%
z LN(4) 458%  A51% 2.88% 6.20%  5.80%  4.37%
G(4) 351%  3.54% 1.99% 5.52% 5.23%  3.75%
. B, 729%  6.65% 241% 9.50% 8.01%  9.52%
E — LN(0.25) | 721%  6.68% 2.35% 9.57% 8.18%  9.65%
g £ m) 0.67%  9.49% 7.29% 11.63% 10.11% 11.20%
§ B LN{4) | 1257%  12.26% 9.50% 11.43% 9.81% 11.18%
G(4) 8.65%  8.72% 7T.09% 11.63% 10.08% 11.11%

Table 6.15: The absolute relative error of the RQ approximation at station 2 of two queues

in series models with LN (4) service times at station 2.
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Service 2 Service 1, p;1 = 0.9

G(4) E, LN(0.25) M  He(4) LN(4) G(4)

E, 2.21% 2.28% 0.92% 5.71%  4.65%  4.11%

E — LN(0.25) | 2.18% 2.24% 0.93%  5.69% 4.70%  4.09%
%0 é Hy(4) 3.68% 3.80% 2.19% 6.14% 5.75%  4.28%
jﬂ; B LN (4) 4.44% 4.54% 2.82%  6.50%  6.14%  4.65%
G(4) 3.47% 3.59% 1.90%  5.74%  5.54%  4.11%

- E, 7.86% 8.06% 1.94% 10.51% 8.17% 10.92%
Qé — LN(0.25) | 7.82% 8.06% 1.88% 10.42%  8.32% 10.89%
é g Hy(4) 8.07% 817% 6.72% 12.96% 10.70% 12.63%
éé B LN(4) 10.98% 10.81% 8.53% 12.77% 10.49% 12.36%
G(4) 7.38% 7.50% 6.11% 12.44% 10.80% 12.72%

Table 6.16: The absolute relative error of the RQ approximation at station 2 of two queues

in series models with G(4) service times at station 2.

Service 2 Service 1, p1 = 0.7
Ey E; LN(0.25) M  Hs(4) LN(4) G(4)
- 7§ E, 13.34% 13.63%  5.80% 10.84% 10.40%  8.89%
o '% LN(0.25) | 13.21% 13.52%  5.81% 10.79% 10.34%  8.88%
% TQ Hy(4) 18.57% 19.57% 10.77% 13.56% 13.35% 11.42%
:% *E LN (4) 20.46% 21.33% 12.20% 14.45% 14.10% 12.16%
= G(4) 14.66% 15.71%  8.68% 12.63% 12.36% 10.14%
- 7;3 Ey 25.13% 26.83% 13.21% 27.51% 27.26% 27.12%
Q; 'g LN(0.25) | 25.31% 26.95% 12.97% 27.42% 2711% 27.10%
é Tg Hy(4) 41.71% 41.56% 24.82% 28.95% 26.08% 27.50%
éé ;E LN (4) 48.28% 48.09% 34.30% 27.88% 25.03% 26.93%
G(4) 27.09% 27.00% 17.12% 29.13% 27.02% 27.40%

Table 6.17: The absolute relative error of the RQ approximation at station 2 of two queues

in series models with p; = 0.7 and F, service times at station 2.
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Service 2 Service 1, p;1 = 0.9
M E, LN(0.25) M  Hy(4) LN(4) G(4)
E, 17.11% 18.14%  7.05% 16.90% 14.18% 20.18%
; — LN(0.25) | 17.12% 18.14%  6.91% 17.17% 14.14% 20.17%
§ <% Hy(4) 26.13% 26.21% 16.41% 19.73% 17.36% 22.88%
< LN (4) 35.20% 35.11% 24.01% 19.95% 17.32% 22.35%
G(4) 23.82% 23.31% 14.71% 19.57% 17.40% 22.67%
Ey 4.43% 3.13%  7.05% 11.20%  9.13% 11.85%
T/ — LN(0.25) | 4.32% 3.04% 6.91% 11.30% 9.16% 12.01%
§ EE Hy(4) 26.13% 26.21% 16.41% 10.63% 13.71%  3.86%
= LN (4) 35.20% 35.11% 24.01% 11.37% 16.01%  5.92%
G(4) 23.82% 23.31% 14.711%  9.28% 12.11%  2.83%

Table 6.18: The maximum absolute relative error of the R(Q) approximation at station 2 of

two queues in series models with p; = 0.7 and M service times at station 2.

Service 2 Service 1
LN(4) E, LN(0.25) M Hy(4) LN(4) G(4)
Ey 6.19% 557%  3.35% 8.11%  7.76%  8.21%
g — LN(0.25) | 6.26% 560% 3.26% 8.08% 747%  8.24%
|L <% Hy(4) 9.85% 10.03%  7.97% 13.24% 11.33% 11.07%
SN
LN (4) 12.80% 12.76% 10.55% 12.33% 10.47% 10.63%
G(4) 8.43% 8.23%  6.54% 13.35% 10.76% 11.33%
Ey 7.29% 6.65% 2.41%  9.50% 8.01%  9.52%
2 T§ LN(0.25) | 7.21% 6.68%  2.35%  9.57% 8.18%  9.65%
g ;E Hy(4) 9.67% 9.49%  7.29% 11.63% 10.11% 11.20%
LN (4) 12.57% 12.26%  9.50% 11.43%  9.81% 11.18%
G(4) 8.65% 8.72%  7.09% 11.63% 10.08% 11.11%

Table 6.19: Comparing the RQ performance for p; = 0.7 and 0.9.
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)\ = Mreddor

v 1, which yields the following solution

stipulate that the rate

B 2 —y+ciy—2)

Ao —
2 2(1— A1)
. 2y(1 - \1)?
T2y 2y —4n + 202
2 1 2
ry (co = 1)y (6.6)

B 2 — v+ 2y — 4N + 227
where v = (1 —p)A\1 +pA2 and A; is a free variable such that Aj, Az, 71,72 > 0. Consider the
special case of ¢2 = 4, and r = 0.5. The range of feasible )\; is [0,1) U [1.6,00), which can
be easily solved from a set of quadratic inequalities Ay, Ao, 71,72 > 0. Figure displays
the mean steady-state workload of the MMPP(2) defined by and with A = 1,
c2 = 4 and r = 0.5. We show multiple choices of \; € {1.6,3.2,6.4,12.8,25.6} within the
feasible set. We do not show examples with \; € [0, 1) because we can always swap the two
states and assume that A\; > 1.6 without loss of generality. In Corollary we show that
GI/GI/1 is completely determined by the IDC. Note that the mean steady-state workload
in the case of A = 1.6 coincides with that of the model with Hs arrival because it corresponds
to the interrupted Poisson process, which is equivalent to the two-phase hyperexponential
distribution [112].

The examples here show that even if the IDC’s remain the same across all cases, the
possible range of the performance measure can be substantial. Since the current version of
RQ depends only on the IDC in this example, we cannot expect it to work consistently well
across these examples. However, we would like to point out that these models are quite
abnormal in the sense that the generating matrix of the MAP have extremely small entries.
For example, when A\; = 25.6, we have ro9 = 0.0004. This implies that the underlying
state is rarely switched to state 2, but when it does, the arrival rate changes dramatically

(A1 = 25.6 versus Az = 0.976).

6.3 Robust Queueing Network Analyzer for Tandem Queues

In this section, we compare the RQNA approximation to the simulation estimation of the
mean steady-state workload in various queues in series models. As discussed in Chapter

the only relevent network operation is the departure operation.
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Figure 6.11: Comparing the mean steady-state workload in single-server queues with iden-

tical arrival IDC and service-time distribution.

In Section [6.3.1] we look at the performance of the RQNA approximation for the sta-
tionary departure processes. In Section [6.3.4] we investigate the performance of our RQNA

algorithm in tandem queues.

6.3.1 Departure IDC Approximation in G/G/1 Models

We start with the RQNA approximation of the departure IDC, discussed in Section [5.1

Figure [6.12] contrasts the simulation estimation of the departure IDC’s with the RQNA
approximations in for G(4)/GI/1 and E4/GI/1 models with various service time-
distributions: Ey, LN(0.25), M, Hy(4), LN(4) and G(4). For each model, two cases are
displayed: p; = 0.9 and p; = 0.7 These plots validate Theorem by stunning approxima-
tion performance. RQNA performance for p; = 0.7 is satisfactory but not as good as the
cases with higher traffic intensity.

Recall that the theoretical support for our departure approximation is established in
Theorem [5.1] only for generalized Jackson network. But we conjecture that this heavy-traffic
limit theorem for the departure variance function holds in much more general settings in

Conjecture We now provide numerical support for it.
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Figure 6.12: The RQNA approximation of the departure IDC of the G(4)/GI/1 and

E4/GI/1 models.
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Consider the MAP defined by for the arrival process, or by for the service
process. Figure [6.13] displays the RQNA approximation for the departure IDC in various
G/G/1 models with MAP as arrival or service processes. Each plot focuses on the same
G /G /1 model, but displays cases with p; = 0.5,0.7 and 0.9.

We observe that the RQNA approximation is asymptotically exact in HT limit for all
cases, strongly supporting Conjecture We also see that the approximation works well
in MAP/GI/1 models but not as well in GI/M AP/1 models, leaving us some headroom

for future refinements in light traffic.

6.3.2 An Illustrative Example

In this section, we consider a similar example as in Section [2.2.9] where the normalized
workload as a function of p also has several modes, but the external arrival here has high
variability.

In this example we use groups of queues in series with the same distribution and traffic
intensity in order to better bring about an adjustment in the level of variability. Specifically,
this example has 13 single-server queues in series. The external arrival process is a rate-1
renewal process with Hy interarrival times with c¢2 = 10. A group of three queues having F1o
service times with mean 0.99 is then added to smooth the highly variable external arrivals.
The next group of three queues has Hs service times with mean 0.92 and squared coefficient
of variation 5. These queues will bring up the variability of the departure process. Then,
another group of three queues with mean 0.9 has F1g service times to smooth the departure
process again. The variability is then raised by yet another group of three queues having
Hj service times with mean 0.3 and ¢ = 10. Finally, the last (13'h) queue has exponential
service times with mean and traffic intensity p. As before, we explore the impact of p on
the performance of that last queue.

As explained in last example, for sufficiently low traffic intensities p at the last queue, the
last queue should behave approximately the same as an Hy/M /1 queue, which has ¢2 = 10,
but as p increases, the arrival process at the last queue should inherit the variability of the
previous service times and the external arrival process, and altering between F19/M /1 and

Hy/M/1 as the traffic intensity at the last queue increases. This implies that the normalized
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10 The IDC's of the departure from MAP/G(4)/1 model with various p
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Figure 6.13: The RQNA approximation of the departure IDC of the models with MAP.
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workload C2Z(,0) in (2.27) as a function of p should have several modes, corresponding to the
variability of the external arrival process and the service processes at the first 4 groups of

queues.

/
g i ]
7 !

IDW

normalized workload

0 o.‘5 1 1.‘5 2 102 150 152 1(‘1“
-In(1-p) time
Figure 6.14: Comparing the simulation estimation to the RQ approximation for the work-
load, as a function of traffic intensity, at the last queue of a thirteen-queues-in-series model.

The workload function have four internal modes.

We then have the similar plots in Figure which compares simulation estimates of
the normalized mean workload c%(p) in at the last queue with the RQ approximation
c%.(p) in (left) and shows the IDW for this example (right). Again, we are using
the same scale as in Figure (left), i.e., —In(1 — p), to stretch out the plot under heavy
traffic.

Figure (left) shows that the the normalized workload at the last queue again has
four internal modes and that RQ successfully captures all modes and provides a reasonably
accurate approximation for all p. Figure (right) shows that the IDW has the same
qualitative property as the RQ approximation, which is explained in . However, the
fluctuations in the simulation values for 0 < p < 1 in Figure [6.14] are much less than in
Figure

We conclude that (i) the IDW and RQ do capture the qualititative behavior and (ii) the

RQ approximation based on the IDW is reasonably accurate in these difficult examples.
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Queue | Sim QNA QNET SBD RQ RQNA

1 0.290 (2.41%) 0.45 (55%) 0.45 (55%) 0.45 (55%) 0.30 (2.3%)  0.30(2.3%)
2 0.491 (1.43%) 0.61 (24%) 0.66 (35%) 0.66 (35%) 0.55 (13%)  0.53 (8.1%)
3 0.607 (1.32%) 0.72 (19%) 0.74 (22%) 0.74 (22%) 0.70 (15%)  0.66 (9.4%)
4 0.666 (1.20%) 0.78 (17%) 0.79 (18%) 0.79 (19%) 0.77 (16%)  0.74 (11%)
5 0.706 (1.42%) 0.83 (18%) 0.82 (16%) 0.82 (16%) 0.80 (14%)  0.79 (12%)
6 0.731 (1.78%) 0.85 (16%) 0.84 (14%) 0.84 (15%) 0.83 (13%)  0.82 (13%)
7 0.748 (1.34%) 0.87 (16%) 0.85 (14%) 0.85 (14%) 0.84 (12%)  0.85 (13%)
8 0.775 (1.68%) 0.88 (14%) 0.86 (11%) 0.86 (11%) 0.85 (9.2%) 0.86 (11%)
9 5.031 (4.31%) 7.99 (59%) 6.97 (39%) 4.05 (-20%)  4.95 (-2.0%) 4.50 (-11%)
Total | 10.05 14.0 (39%) 13.0 (29%) 10.1 (0.09%) 10.6 (5.3%)  10.1 (0.13%)

Table 6.20: A comparison of four approximation methods to simulation for 9 exponential

(M) queues in series fed by a deterministic arrival process with 2 = 0.

6.3.3 Comparisons with Previous Algorithms for Queues in Series

In this section, we compare the performance of our RQNA algorithm to the performance
of QNA from [134], QNET from [73], SBD from [44] and RQ from [145], for the example
with 9 queues in series considered by [125]. This example was introduced by [125] to
illustrate the heavy-traffic bottleneck phenomenon and to show the limitation of traditional
decomposition methods, e.g. the QNA algorithm.

In particular, we consider an OQN with 9 stations in tandem, each with i.i.d. exponential
service times. Station 1 has the only external arrival process, which is a rate-1 general
renewal process. The traffic intensities at the first 8 queues are set to p; = 0.6 for 1 < <8,
while the last queue has the significantly higher traffic intensity pg = 0.9. As in [125],
two specific external renewal arrival processes are considered: (i) deterministic interarrival
times with ¢2, = 0; and (ii) highly variable H>(8) interarrival times with ¢2 = 8 (and again
balanced means).

Table (for low variability) and Table (for high variability) compare the various
approximations of the mean steady-state waiting time at each station, as well as the total
waiting time in the system, to simulation estimates.

In the parentheses, we include (i) the relative half-width of the 95% confidence interval
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Queue | Sim QNA QNET SBD RQ RQNA

1 3.284 (3.50%) 4.05 (23%)  4.05 (23%)  4.05 (23%)  3.95 (20%)  3.95 (20%)

2 2.321 (4.18%) 2.92 (26%)  1.81 (22%) 1.82 (-22%) 2.61 (12%)  1.95 (-15%)
3 1.914 (3.40%) 2.19 (14%) 1.47 (-23%) 1.49 (-22%) 2.04 (6.7%)  1.07 (-44%)
4 1.719 (4.07%) 1.73 (0.64%) 1.16 (-33%) 1.19 (-31%) 1.72 (0.31%) 0.94 (-41%)
5 1.598 (3.69%) 1.43 (-11%)  1.07 (-33%) 1.10 (-31%) 1.53 (-4.1%) 0.91 (-43%)
6 1.478 (4.13%) 1.24 (-16%)  1.03 (-31%) 1.06 (-28%) 1.41 (-4.6%)  0.90 (-39%)
7 1.423 (3.23%) 1.12 (-21%)  1.00 (-30%) 1.03 (-28%) 1.33 (-6.8%)  0.90 (-37%)
8 1.413 (4.67%) 1.04 (-26%)  0.98 (-30%) 1.01 (-29%) 1.27 (-10%)  0.90 (-36%)
9 30.12 (16.8%) 8.90 (-71%)  6.04 (-80%) 36.5 (21%)  36.9 (23%)  32.8 (9.0%)
Total | 45.27 24.6 (-46%)  18.6 (-59%) 49.8 (10%) 52.8 (17%)  44.4 (-2.0%)

Table 6.21: A comparison of four approximation methods to simulation for 9 exponential

(M) queues in series fed by a highly-variable Hy renewal arrival process with 2 = 8.

for simulation estimates (column Sim); and (ii) the relative error of the approximations
compared to the simulation estimates. The first 5 columns in Table and Table are
taken directly from Tables VIII and IX of [44], but the simulation and QNA approximations
come from [125]. The last column is obtained from the RQNA algorithm. The RQNA
approximations of the workload are transformed into the approximations of the waiting
time by .

To put these performance measures in perspective, note that in an M/M/1 queue with
arrival rate 1 we would have EW = p?/(1 — p), which would be 0.90 at the first 8 queues,
but 8.1 at the last queue. For the D arrival process in Table [6.20, we expect that EW will
be smaller; for the the Hy arrival process in Table we expect EW to be higher, but
we see a big impact at the last queue, more than might be expected.

We make the following observations from this experiment:

1. The new RQNA algorithm does better than the QNA and QNET methods on total
time spent waiting in queue, and is comparable with the SBD method, even though

RQNA does not require solving an RBM.

2. The RQNA algorithm does exceptionally well at the final bottleneck queue and is

competitive with all other methods for approximating the mean waiting time. The
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new RQNA method is based on heavy-traffic limits just as the previous methods

methods, but focuses on the flows, and exploits RQ instead of analyzing an RBM.

3. The RQNA algorithm can benefit from further improvement for light-to-medium traf-
fic intensities. As demonstrated in Table the mean waiting times at queues 3-8
are pushed too much towards the M/M/1 values in the departure IDC approxima-
tion for light to medium traffic intensity. That remains to be a direction for future

research.

6.3.4 RQNA Performance in Tandem Queueus

In this section, we systematically investigate the RQNA approximation in the queues in se-
ries models, described in Section [3.3.2] In particular, we compare the simulation estimation,
the RQ approximation and the RQNA approximation for examples in Section

In Table - we look at various GI1/GIy/1 — -/GI3/1 models with p; = 0.9,
GI,GI3 € {E4,LN(4)} and GIy € {E4, LN(0.25), M, Hy(4), LN (4),G(4)}. In Table
- we look at analog tables but with p; = 0.7. We observe that RQNA approximation
matches closely with the RQ approximation, even though the IDC is calculated from our
IDC equations instead of simulation estimations. Both approximation provide effective

approximation of the simulated values.

6.4 Robust Queueing Network Analyzer for Open Queueing
Networks

We discuss examples of networks with significant near-immediate feedback from [44]. We
show that the near-immediate feedback in these examples have a significant impact on the
performance measures. As discussed in Section the RQNA algorithm can benefit from
the feedback elimination procedure when customer feedback is present. Hence our predic-
tions with and without feedback elimination are very different. We find that our RQNA with
near-immediate feedback elimination performs as well or better than the other algorithms.

We remark that the SBD algorithm performed remarkably well in these examples.
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External arrival LN (4), Service 2 = E4, p1 = 0.9

Service 1 = E4 Service 1 = LN (0.25) Service 1 = M

P2 Sim RQNA RQ Sim RQNA RQ Sim RQNA RQ

011 | 112 1.24(11%)  1.23(10%) | 1.11  1.24(12%) 1.24(11%) | 1.26  1.25(-1%)  1.26(0%)
0.16 | 1.06 1.23(16%) 1.22(15%) | 1.05 1.23(17%)  1.23(16%) | 1.26  1.25(-1%)  1.26(0%)
0.21 | 1.01  1.21(20%)  1.21(20%) | 1.00 1.21(21%)  1.21(22%) | 1.27  1.25(-2%)  1.25(-1%)
0.26 | 0.96 1.18(23%)  1.18(23%) | 0.94 1.18(25%)  1.18(25%) | 1.28  1.25(-2%)  1.26(-2%)
0.31 | 0.92 1.15(25%)  1.14(25%) | 0.90 1.15(27%)  1.15(27%) | 1.28  1.25(-3%)  1.26(-2%)
0.36 | 0.88 1.10(25%) 1.10(25%) | 0.86 1.10(28%)  1.10(28%) | 1.20  1.25(-3%)  1.26(-2%)
041 | 0.85 1.05(24%)  1.04(23%) | 0.82  1.05(27%)  1.04(26%) | 1.30  1.25(-4%)  1.27(-3%)
0.46 | 0.82  0.99(21%)  0.98(20%) | 0.79  0.98(24%)  0.97(23%) | 1.32  1.26(-4%)  1.28(-3%)
051 | 079  0.92(16%) 091(15%) | 0.77  0.91(18%)  0.90(17%) | 1.33  1.26(-5%)  1.29(-3%)
056 | 077 0.85(9%)  0.84(9%) | 0.75 0.83(11%)  0.82(10%) | 1.35  1.28(-5%)  1.31(-2%)
061 | 0.76  0.77(2%)  0.77(1%) | 074 0.75(2%)  0.74(1%) | 1.37  1.30(-5%)  1.35(-2%)
0.66 | 0.75  0.70(-6%) 0.72(-4%) 0.73 0.68(-7%) 0.71(-3%) 1.40 1.33(-5%) 1.40(1%)
071 | 076  0.70(-8%)  0.77(1%) | 0.74  0.68(-7%)  0.76(3%) | 1.44  1.38(-4%)  1.50(4%)
0.76 | 0.78  0.77(-1%) 0.93(20% 0.76 0.77(0%) 0.93(22% 1.49 1.48(-0%) 1.66(11%

) (22%) )

0.81 | 0.84 1.00(19%) 1.28(53%) 0.83 1.00(21%) 1.28(55%) 1.58 1.67(6%) 1.92(22%)

0.86 | 0.99 1.50(51%) 1.85(87%) | 0.99 1.50(52%) 1.85(87%) 1.75  2.03(16%) 2.34(34%)

0.91 | 1.51  2.40(59%) 2.70(79%) 1.51  2.40(59%) 2.70(78%) 2.12  2.69(27%) 2.96(39%)

0.96 | 2.83  3.71(31%) 3.82(35%) 2.83  3.71(31%) 3.82(35%) 3.03  3.75(24%) 3.87(28%)
Service 1 = Hz(4) Service 1 = LN (4) Service 1 = G(4)

p | sim  RQNA RQ Sim  RQNA RQ Sim  RQNA RQ
0.11 | 1.36  1.26(-8%)  1.25(-8%) | 1.30  1.24(-4%)  1.23(-5%) | 2.47 1.78(-28%)  1.76(-29%)
0.16 | 1.43 1.26(-11%) 1.26(-11%) | 1.37 1.23(-10%) 1.23(-10%) | 2.66 1.96(-26%)  1.93(-27%)
0.21 | 1.50 1.28(-15%) 1.28(-15%) | 1.45 1.23(-15%) 1.23(-15%) | 2.81 2.15(-24%) 2.11(-25%)
026 | 1.60 1.30(-19%) 1.31(-18%) | 1.54 1.24(-20%) 1.24(-19%) | 2.95 2.34(-21%)  2.30(-22%)
031 | 171  1.33(-22%) 1.35(-21%) | 1.64 1.27(-23%) 1.28(-22%) | 3.08 2.54(-18%)  2.50(-19%)
0.36 | 1.84 1.39(-24%) 1.41(-23%) | 1.74 1.33(-24%) 1.36(-22%) | 3.19 2.74(-14%) 2.71(-15%)
0.41 | 2.00 1.49(-25%) 1.53(-23%) | 1.86 1.44(-22%) 1.49(-20%) | 3.29  2.95(-10%)  2.92(-11%)
0.46 | 2.18 1.67(-23%) 1.75(-20%) | 1.99 1.60(-19%) 1.67(-16%) | 3.39  3.15(-7%)  3.13(-8%)
051 | 2.38  1.98(-17%) 2.12(-11%) | 2.12  1.82(-14%) 1.91(-10%) | 3.48  3.35(-4%)  3.33(-4%)
0.56 | 2.60  2.40(-8%)  2.59(-0%) | 2.27  2.08(-9%)  2.21(-3%) | 3.58  3.53(-1%)  3.53(-1%)

0.61 | 2.83  2.85(1%)  3.07(8%) | 2.44  2.37(-3%)  2.54(4%) | 3.66  3.68(1
0.66 | 3.07 3.26(6%)  3.48(13%) | 2.63  2.69(2%)  2.91(11%) | 3.73  3.81(2%)  3.86(3%
0.71 | 3.30  3.57(8%)  3.81(16%) | 2.84  3.03(7%)  3.31(17%) | 3.81  3.92(3%)  3.99(5%
0.76 | 3.52  3.80(8% 4.07(16%) | 3.06  3.35(9%)  3.70(21 3.89  4.00(3%)  4.11(6%

(1%)  3.70(1%
( ( (
( ( ( (
( ( ( (
0.81 | 3.74  3.96(6% ( ( (
( ( ( (
( ( (
( (

X X

) )
) )
) )
) )
) )
0.91 | 407  4.17(2%)  4.47(10%) | 3.98  4.12(3%)  4.61(16%) | 4.07  4.18(33%)  4.37(7%

%
%
%
%
4.26(14%) | 3.34  3.66(10%)  4.07(22 3.95  4.07(3%)  4.22(7%
%
%
0.96 | 417  4.22(1% 4.38(5%) | 4.28 4.21(-1%)  4.55(6%) | 4.11  4.22(3%)  4.33(5%

0)
0)
0.86 | 3.91  4.08(4%)  4.40(13%) | 3.64  3.92(8%)  4.40(21%) | 4.02  4.13(3%)  4.31(T%
)
0)

)
)
)
)
)
)
)
)

Table 6.22: The RQNA approximation in various LN (4)/GI/1 — -/E4/1 models with
p1 = 0.9.
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External arrival E4, Service 2 = LN(4), p1 = 0.9

Service 1 = Ey Service 1 = LN (0.25) Service 1 = M

P2 Sim RQNA RQ Sim RQNA RQ Sim RQNA RQ
011 | 470  4.96(6%)  4.96(6%) | 4.65  4.96(7%)  4.96(7%) | 4.96  5.00(1%)  5.00(1%)
0.16 | 458  4.91(7%)  4.91(7%) | 4.62  4.91(6%)  4.91(6%) | 5.01  5.00(-0%)  4.99(-0%)
0.21 | 453  4.84(T%)  4.84(T%) | 4.69  4.83(3%)  4.83(3%) | 4.95  4.99(1%)  4.99(1%)
0.26 | 4.63  4.73(2%)  4.74(2%) | 4.55  A73(4%)  A73(4%) | 4.91  4.98(2%)  4.98(2%)
0.31 | 453  4.61(2%)  4.62(2%) | 4.52  4.59(2%)  4.60(2%) | 4.90  4.97(2%)  4.97(2%)
0.36 | 4.50  4.49(-0%)  4.51(0%) | 4.45  4.46(0%)  4.47(0%) | 4.88  4.95(1%)  4.96(1%)
041 | 444  440(1%)  4.42(-0%) | 4.45 4.38(-2%) 4.40(-1%) | 4.89  4.93(1%)  4.94(1%)
046 | 4.43  4.35(:2%)  4.37(-1%) | 4.41  4.34(-2%) 4.36(-1%) | 4.86  4.91(1%)  4.92(1%)
051 | 442  4.32(-2%)  4.34(-2%) | 4.41  4.31(-2%)  4.33(-2%) | 4.85  4.89(1%)  4.90(1%)
0.56 | 4.37  4.30(-2%)  4.31(-1%) | 4.36  4.29(-2%)  4.31(-1%) | 4.85  4.87(0%)  4.87(0%)
0.61 | 4.35  4.28(-2%)  4.20(-1%) | 4.35  4.28(-2%)  4.30(-1%) | 4.87  4.84(-1%)  4.84(-0%)
0.66 | 4.33  4.27(-1%)  4.28(-1%) | 4.36  4.27(-2%)  4.29(-2%) | 4.81  4.80(-0%)  4.81(-0%)
0.71 | 434 4.26(-2%)  4.27(-2%) | 4.35  4.26(-2%)  4.28(-2%) | 4.76  4.76(-0%)  4.77(0%)
076 | 430  4.26(-1%)  4.26(-1%) | 4.34  4.26(-2%)  4.27(-2%) | 472  4.70(-0%)  4.71(-0%)
0.81 | 4.31  4.25(-1%)  4.26(-1%) | 4.29  4.25(-1%)  4.26(-1%) | 4.65 4.63(-1%)  4.64(-0%)
0.86 | 4.31  4.25(-1%)  4.25(-1%) | 4.28  4.25(-1%) 4.26(-0%) | 4.58  4.53(-1%)  4.54(-1%)
0.91 | 4.27  4.25(-0%)  4.25(-0%) | 4.27  4.25(-1%)  4.25(-0%) | 4.52  4.40(-3%)  4.41(-2%)
0.96 | 4.25 4.25(-0%)  4.25(-0%) | 4.26  4.25(-0%)  4.25(-0%) | 4.38  4.28(-2%)  4.28(-2%)

Service 1 = H(4) Service 1 = LN (4) Service 1 = G(4)

p | Sim  RQNA RQ Sim  RQNA RQ Sim  RQNA RQ
011 | 526  5.02(-4%)  5.02(-5%) | 519 4.98(-4%) 4.98(-4%) | 6.21  5.74(-8%)  5.66(-9%)
0.16 | 5.32  5.05(-5%)  5.05(-5%) | 5.23  4.99(-5%)  4.99(-4%) | 6.47  5.97(-8%)  5.86(-10%)
0.21 | 5.46  5.10(-7%)  5.09(-7%) | 5.33 5.04(-5%) 5.04(-5%) | 6.51  6.18(-5%)  6.05(-7%)
0.26 | 5.70 5.17(-9%) 5.16(-10%) | 5.55 5.12(-8%) 5.12(-8%) | 6.60 6.38(-3%) 6.23(-6%)
031 | 5.78  5.28(-9%)  5.27(-9%) | 559 5.24(-6%) 5.23(-6%) | 6.78  6.57(-3%)  6.40(-6%)
0.36 | 5.89  5.43(-8%)  5.42(-8%) | 567 5.38(-5%) 5.36(-5%) | 6.74  6.75(00%)  6.57(-3%)
041 | 5.97  5.65(-5%)  5.64(-6%) | 572 554(-3%)  552(-4%) | 6.83  6.90(1%)  6.71(-2%)
046 | 6.11  5.92(-3%)  5.92(-3%) | 581  5.72(-2%)  5.69(-2%) | 6.80  7.03(3%)  6.84(1%
0.51 | 6.22 6.22(-0%) 6.23(0%) 5.91 5.90(-0%) 5.87(-1%) | 6.88 7.12(3%) 6.95(1%

)
)
056 | 6.31  6.50(3%)  6.52(3%) | 5.98  6.07(2%)  6.06(1%) | 6.80  7.17(6%)  7.01(3%)
061 | 6.39 6.71(5%)  6.75(6%) | 6.05  6.24(3% 6.24(3%) | 6.88  7.18(4%)  7.04(2%)
0.66 | 6.45  6.83(6%)  6.88(T%) | 6.13  6.37(4% 6.41(5%) | 6.85  7.14(4%)  7.02(2%)
0.71 | 652  6.85(5%)  6.92(6%) | 6.22  6.46(4% 6.54(5%) | 6.74  7.04(4%)  6.95(3%)
0.76 | 6.47  6.77(5%)  6.87(6%) | 6.23  6.48(4% ) )
0.81 | 6.44  6.58(2%)  6.70(4%) | 6.25  6.39(2%)  6.59(5%) | 6.52  6.64(2%)  6.60(1%)
0.86 | 6.30 6.25(-1%)  6.38(1%) | 6.19  6.15(-1%)  6.42(4%) | 6.28  6.28(-0%)  6.27(-0%)
091 | 595 569(-4%)  5.82(-2%) | 5.97 5.65(-5%)  5.98(0%) | 5.92  5.70(-4%)  5.71(-4%)
0.96 | 529 4.75(-10%) 4.82(-9%) | 542 4.74(-12%) 4.98(-8%) | 5.25 4.75(-10%)  4.77(-9%)

)
)
)
)

6.61(6%

)
)
)
) 6.66  6.88(3%)  6.82(2%
)
)

Table 6.23: The RQNA approximation in various E4/GI/1 — -/LN(4)/1 models with
p1 = 0.9.
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External arrival Fy, Service 2 = E4, p1 = 0.9

Service 1 = E4 Service 1 = LN(0.25), p1 = 0.9 Service 1 = M

p2 | Sim  RQNA RQ Sim  RQNA RQ Sim  RQNA RQ
0.11 | 1.12 1.24(11%) 1.24(11%) 1.11 1.24(12%) 1.24(11%) 1.24 1.25(1%) 1.25(1%)
0.16 | 1.06 1.23(16%) 1.23(16%) 1.05 1.23(17%) 1.23(17%) 1.24 1.25(1%) 1.25(1%)
0.21 | 1.00 1.21(20%) 1.21(20%) 0.99 1.21(22%) 1.21(22%) 1.23 1.25(2%) 1.25(1%)
0.26 | 0.95 1.18(24%) 1.18(24%) | 0.94  1.18(25%) 1.18(25%) 1.22 1.25(2%) 1.25(2%)
0.31 | 0.91 1.14(26%) 1.14(26%) 0.89 1.14(28%) 1.14(28%) 1.22 1.25(2%) 1.24(2%)
0.36 | 0.87 1.10(27%) 1.10(27%) 0.85 1.10(29%) 1.10(29%) 1.21 1.24(3%) 1.24(2%)
0.41 | 0.83 1.04(26%) 1.04(26%) 0.81 1.04(29%) 1.04(29%) 1.20 1.23(3%) 1.23(2%)
0.46 | 0.79  0.98(24%) 0.98(24%) | 0.77  0.98(26%) 0.97(26%) 1.20 1.22(2%) 1.22(2%)
0.51 | 0.76  0.91(20%) 0.91(20%) | 0.74  0.90(22%) 0.90(22%) 1.18 1.21(2%) 1.21(2%)
0.56 | 0.72  0.83(15%) 0.84(15%) | 0.71  0.82(16%) 0.82(16%) 1.17 1.19(2%) 1.20(2%)
0.61 | 0.70 0.75(9%) 0.76(9%) 0.68 0.74(9%) 0.74(9%) 1.16 1.18(1%) 1.18(2%)
0.66 | 0.67 0.67(1%) 0.68(3%) 0.65 0.65(0%) 0.66(1%) 1.15 1.15(1%) 1.16(1%)
0.71 | 0.64 0.60(-5%) 0.62(-3%) 0.63 0.59(-6%) 0.61(-3%) 1.13 1.13(0%) 1.14(1%)
0.76 | 0.61 0.56(-8%) 0.58(-5%) 0.61 0.55(-9%) 0.58(-5%) 1.10 1.10(-0%) 1.10(0%)
0.81 | 0.59 0.53(-9%) 0.55(-7%) 0.59 0.53(-9%) 0.55(-6%) 1.07 1.05(-1%) 1.06(-1%)
0.86 | 0.56 0.52(-8%) 0.53(-7%) 0.56 0.51(-9%) 0.53(-6%) 1.01 0.99(-3%) 1.00(-2%)
0.91 | 0.54 0.51(-6%) 0.51(-5%) 0.54 0.51(-7%) 0.52(-5%) 0.93 0.88(-5%) 0.89(-4%)
0.96 | 0.52 0.50(-3%) 0.50(-3%) 0.52 0.50(-4%) 0.50(-3%) 0.78 0.69(-12%) 0.69(-11%)

Service 1 = H(4) Service 1 = LN (4) Service 1 = G(4)

P Sim RQNA RQ Sim RQNA RQ Sim RQNA RQ
011 | 1.34  1.26(-6%)  1.26(-6%) | 1.28  1.24(-3%)  1.24(-3%) | 2.35 1.78(-24%) 1.72(-27%)
016 | 1.39  1.26(-9%)  1.26(-9%) | 1.34  1.23(-8%)  1.23(-8%) | 2.50 1.96(-22%) 1.87(-25%)
0.21 | 1.45 1.28(-12%) 1.27(-12%) | 1.40 1.23(-12%) 1.23(-12%) | 2.63 2.14(-19%)  2.03(-23%)
0.26 | 1.52 1.30(-15%) 1.29(-15%) | 1.47 1.24(-16%) 1.24(-16%) | 2.73 2.32(-15%)  2.19(-20%)
0.31 | 1.61 1.33(-17%) 1.32(-18%) | 1.54 1.26(-18%) 1.27(-18%) | 2.83 2.51(-11%) 2.35(-17%)
0.36 | 1.71  1.38(-19%) 1.37(-20%) | 1.62 1.32(-19%) 1.32(-19%) | 2.91  2.69(-8%)  2.51(-14%)
041 | 1.84  1.46(-21%) 1.44(-21%) | 1.71  1.41(-17%) 1.40(-18%) | 2.98  2.87(-4%)  2.68(-10%)
046 | 1.97 1.60(-19%) 1.58(-20%) | 1.79  1.54(-14%) 1.52(-15%) | 3.04  3.03(-0%)  2.84(-7%)
051 | 212 1.83(-14%) 1.82(-14%) | 1.89  1.71(-10%) 1.68(-11%) | 3.09  3.18(3%)  2.98(-3%)
0.56 | 2.28  2.16(-5%)  2.16(-5%) | 1.99  1.90(-5%)  1.87(-6%) | 3.13  3.30(5%)  3.11(-1%)
061 | 244  251(3%)  2.53(3%) | 2.10  2.11(0%)  2.08(-1%) | 3.17  3.38(7%)  3.21(1%)
0.66 | 259  2.81(8%)  2.84(10%) | 2.21  2.32(5%)  2.31(4%) | 3.17  3.43(8%)  3.27(3%)
071 | 272 3.01(11%)  3.06(12%) | 2.33  2.51(8%)  2.52(9%) | 3.16  3.42(8%)  3.20(4%)
076 | 2.82  3.10(10%)  3.17(12%) | 2.43  2.66(9%)  2.71(12%) | 3.13  3.35(7%)  3.25(4%)
081 | 2.87  3.07(7%)  3.15(10%) | 253  2.73(8%)  2.84(12%) | 3.05  3.21(5%)  3.13(3%)
0.86 | 2.84  2.90(2%)  3.00(6%) | 2.60  2.68(3%)  2.85(10%) | 2.90  2.97(2%)  2.92(1%)
091 | 2.64  2.52(-4%)  2.63(-0%) | 2.54  2.42(-5%)  2.65(5%) | 2.62  2.55(-3%)  2.53(-3%)
0.96 | 2.07 1.74(-16%) 1.83(-11%) | 2.16 1.72(-21%)  1.97(-9%) | 2.00 1.75(-13%) 1.76(-12%)
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Table 6.24: The RQNA approximation in various E4/GI/1 — -/E4/1 models with p; = 0.9.
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External arrival LN (4), Service 2 = LN (4), p1 = 0.9
Service 1 = E4 Service 1 = LN (0.25), p1 = 0.9 Service 1 = M

P2 Sim RQNA RQ Sim RQNA RQ Sim RQNA RQ
011 | 473 4.96(5%)  4.96(5%) | 4.68  4.96(6%)  4.96(6%) | 5.02  5.00(-0%)  5.00(-0%)
0.16 | 4.63  4.91(6%)  4.91(6%) | 4.66 4.91(5%)  4.91(5%) | 509 5.00(-2%)  5.00(-2%)
021 | 4.60 4.84(5%)  4.84(5%) | 4.75  4.84(2%)  4.83(2%) | 5.08  5.00(-1%)  5.01(-1%)
026 | 472  4.741%)  4.74(00%) | 4.63  4.74(2%)  4.73(2%) | 5.06  5.00(-1%)  5.02(-1%)
0.31 | 4.65 4.63(-0%)  4.63(-1%) | 4.62  4.61(-0%)  4.60(-1%) | 5.09 5.01(-2%)  5.03(-1%)
0.36 | 4.65 4.53(-3%)  4.53(-3%) | 4.59  4.49(-2%)  4.50(-2%) | 5.10  5.02(-2%)  5.05(-1%)
041 | 4.62  4.46(-3%)  4.48(-3%) | 4.63  4.44(-4%)  4.46(-4%) | 5.16 5.03(-2%)  5.07(-2%)
0.46 | 4.65  4.44(-5%)  4.48(-4%) | 4.62  4.43(-4%)  4.46(-3%) | 516  5.05(-2%)  5.10(-1%)
051 | 4.60  4.45(-5%)  4.50(-4%) | 4.67  4.44(-5%)  4.50(-4%) | 5.22  5.08(-3%)  5.15(-1%)
0.56 | 4.69  4.49(-4%)  4.57(-3%) | 4.67  4.48(-4%)  4.56(-2%) | 5.28  5.12(-3%)  5.22(-1%)
0.61 | 4.74  4.55(-4%)  4.67(-2%) | 4.74  4.55(-4%)  4.66(-2%) | 5.36  5.19(-3%)  5.31(-1%)
0.66 | 4.81  4.66(-3%)  4.81(0%) | 4.83  4.65(-4%)  4.81(-0%) | 542 5.27(-3%)  5.43(0%)
071 | 494  4.82(-2%)  5.03(2%) | 4.94 4.81(-2%)  5.02(2%) | 550 5.40(-2%)  5.60(2%)
076 | 5.05 5.06(0%)  5.31(5%) | 5.08 5.06(-0%)  531(5%) | 5.61 5.59(-0%)  5.83(4%)
0.81 | 529  542(2%)  5.71(8%) | 5.27  5.42(3%)  5.71(8%) | 5.77  5.87(2%)  6.14(6%)
086 | 5.67 5.96(5%)  6.25(10%) | 5.60 5.96(6%)  6.25(12%) | 6.01  6.29(5%)  6.55(9%)
091 | 620  6.77(9%)  6.98(13%) | 6.21  6.77(9%)  6.97(12%) | 650  6.92(6%)  7.12(10%)
096 | 7.07  7.69(9%)  T.76(10%) | 7.08  T.69(9%)  T.76(10%) | 718  T.TL(T%)  T.79(8%)

Service 1 = Hz(4) Service 1 = LN (4) Service 1 = G(4)

p | Sim  RQNA RQ Sim  RQNA RQ Sim  RQNA RQ
011 | 534 5.02(-6%)  5.03(-6%) | 5.26 4.98(-5%)  4.98(-5%) | 6.39 5.74(-10%) 5.72(-11%)
0.16 | 5.44  5.05(-7T%)  5.06(-7%) | 5.34  4.99(-6%)  5.00(-6%) | 6.69 5.97(-11%) 5.94(-11%)
021 | 559  5.11(-9%)  5.12(-8%) | 5.48  5.05(-8%)  5.07(-7%) | 6.78  6.20(-9%)  6.16(-9%)
026 | 5.80 5.19(-12%) 5.22(-11%) | 5.74 5.14(-10%) 5.17(-10%) | 6.88  6.42(-7%)  6.39(-7%)
031 | 6.00 5.31(-11%) 5.36(-11%) | 5.82 5.27(-9%)  5.32(-9%) | 7.13  6.64(-7%)  6.61(-7%)
0.36 | 6.17 5.50(-11%) 5.57(-10%) | 5.94  5.44(-8%)  5.50(-7%) | 7.14  6.85(-4%)  6.82(-4%)
041 | 6.30  5.76(-9%)  5.86(-7%) | 6.03  5.64(-7%)  5.72(-5%) | 7.28  7.04(-3%)  7.02(-4%)
0.46 | 6.50 6.10(-6%)  6.24(-4%) | 6.20  5.86(-5%)  5.97(-4%) | 7.26  7.22(-1%)  7.21(-1%)
051 | 6.69 6.48(-3%)  6.65(-1%) | 6.35  6.11(-4%)  6.25(-2%) | 7.43  7.38(-1%)  7.39(-1%)
056 | 6.84  6.85(0%)  7.04(3%) | 6.49 6.38(-2%)  6.55(1%) | 7.39  T.51(2%)  7.54(2%)
061 | 7.00 7.17(2%)  7.38(5%) | 6.64  6.65(0%)  6.87(3%) | 7.58  T.62(0%)  T.67(1%)
066 | 7.15  7.41(4%)  T.65(7%) | 6.81  6.92(2%)  T.19(6%) | 7T.64 7T.70(1%)  T.78(2%)
071 | 7.35  7.59(3%)  7.85(7%) | 7.02  7.19(2%)  T.52(T%) | .64  TAT(2%)  7.88(3%)
076 | 748  7.723%)  8.01(7%) | 7.21  7.44(3%)  7.83(9%) | 7.7l 7.82(1%)  7.97(3%)
0.81 | 7.64  7.82(2%)  8.13(6%) | 7.45 7.65(3%)  8.10(9%) | 7.77  T.87(1%)  8.05(4%)
0.86 | 7.80 7.89(1%) 8.21(5%) 7.70 7.81(1%) 8.30(8%) 7.79 7.91(2%) 8.11(4%)
091 | 7.86  7.95(1%)  8.20(4%) | 7.87 T.93(1%)  8.38(6%) | 7.88  T.95(1%)  8.12(3%)
096 | 7.04  7.97(0%)  8.09(2%) | 8.04 7.97(-1%)  8.21(2%) | 7.91  7.98(1%)  8.06(2%)
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Table 6.25: The RQNA approximation in various LN (4)/GI/1 — -/LN(4)/1 models with
p1 = 0.9.
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External arrival LN (4), Service 2 = Ey4, p1 = 0.7

Service 1 = E4 Service 1 = LN (0.25) Service 1 = M

P2 Sim RQNA RQ Sim RQNA RQ Sim RQNA RQ
0.11 | 1.12  1.24(11%) 1.24(11%) 1.11 1.24(11%) 1.25(12%) 1.28 1.25(-2%) 1.25(-2%)
0.16 | 1.07 1.23(15%) 1.23(15%) 1.06 1.23(16%) 1.23(17%) 1.30 1.25(-4%) 1.25(-3%)
0.21 | 1.02 1.21(18%) 1.21(18%) 1.01 1.21(20%) 1.21(20%) 1.31 1.25(-5%) 1.26(-4%)
0.26 | 0.99 1.18(20%) 1.18(19%) | 0.97  1.18(22%) 1.18(22%) 1.33 1.25(-6%) 1.26(-5%)
0.31 | 0.96 1.15(19%) 1.14(19%) 0.94 1.15(22%) 1.14(22%) 1.36 1.25(-8%) 1.27(-6%)
0.36 | 0.94 1.11(17%) 1.10(16%) | 0.92 1.11(20%) 1.10(19%) 1.39 1.25(-9%) 1.29(-7%)
0.41 | 0.94 1.06(13%) 1.05(12%) | 0.91 1.06(16%) 1.04(14%) 1.42  1.26(-11%) 1.31(-8%)
0.46 | 0.94 1.01( 7%) 0.99( 5%) 0.92 1.00( 9%) 0.98( 6%) 1.46  1.28(-12%) 1.34(-8%)
0.51 | 0.96 0.95(-1%) 0.93(-3%) 0.94 0.94(-0%) 0.91(-3%) 1.51  1.31(-13%) 1.40(-7%)
0.56 | 1.00 0.89(-11%) 0.91(-9%) 0.98  0.87(-11%) 0.89(-9%) 1.57  1.36(-13%) 1.49(-5%)
0.61 | 1.07 0.89(-17%) 1.07(-0%) 1.06  0.88(-17%) 1.07( 1%) 1.66  1.46(-12%) 1.64(-1%)
0.66 | 1.19 1.11(-7%) 1.42(19%) 1.19 1.10(-7%) 1.42(20%) 1.77 1.64(-7%) 1.88( 7%)
0.71 | 1.39 1.54(10%) 1.92(38%) 1.40 1.53(10%) 1.92(38%) 1.91 1.94( 2%) 2.24(18%)
0.76 | 1.69  2.13(26%) 2.50(48%) 1.70  2.13(25%) 2.51(47%) 2.10  2.38(13%) 2.69(28%)
0.81 | 2.09 2.80(34%) 3.10(48%) 2.09 2.80(34%) 3.10(48%) 2.37 2.93(23%) 3.19(34%)
0.86 | 2.55  3.44(35%) 3.62(42%) 2.56  3.44(34%) 3.63(42%) 2.72  3.48(28%) 3.65(34%)
0.91 | 3.07 3.92(28%) 4.00(30%) 3.07  3.92(28%) 4.01(31%) 3.15  3.94(25%) 4.01(27%)
0.96 | 3.66  4.18(14%) 4.20(15%) 3.67  4.18(14%) 4.21(15%) 3.68  4.18(14%) 4.20(14%)

Service 1 = Hz(4) Service 1 = LN (4) Service 1 = G(4)

p | sim  RQNA RQ Sim  RQNA RQ Sim  RQNA RQ
0.11 | 1.39  1.26(-10%) 1.26(-10%) | 1.34  1.24(-7%)  1.23(-8%) | 2.32 1.77(-23%)  1.69(-27%)
0.16 | 1.48 1.26(-14%) 1.27(-14%) | 1.43 1.23(-14%) 1.23(-14%) | 2.47 1.94(-21%) 1.84(-25%)
0.21 | 1.58 1.28(-19%) 1.29(-19%) | 1.53 1.23(-20%) 1.24(-19%) | 2.60 2.11(-19%)  1.99(-23%)
026 | 1.70  1.30(-24%) 1.32(-23%) | 1.64 1.24(-25%) 1.27(-23%) | 2.73  2.28(-17%)  2.15(-21%)
031 | 1.86 1.33(-28%) 1.37(-26%) | 1.77 1.27(-28%) 1.32(-25%) | 2.83 2.45(-14%) 2.31(-18%)
0.36 | 2.03 1.39(-32%) 1.46(-28%) | 1.90  1.33(-30%) 1.43(-25%) | 2.93  2.62(-11%) 2.49(-15%)
041 | 221  1.49(-33%) 1.62(-27%) | 2.04 1.44(-29%) 1.58(-22%) | 3.02  2.79(-8%)  2.67(-12%)
0.46 | 242  1.66(-31%) 1.91(-21%) | 2.20 1.60(-27%) 1.80(-18%) | 3.12  2.95(-5%)  2.85(-9%)
051 | 2.63 1.95(-26%) 2.31(-12%) | 2.36 1.82(-23%) 2.07(-12%) | 3.19  3.11(-2%)  3.03(-5%)
056 | 2.83  2.33(-18%)  2.75(-3%) | 2.55 2.08(-19%)  2.39(-6%) | 3.26  3.25(-0%)  3.20(-2%)
0.61 | 3.03 273(-10%) 3.15(4%) | 2.73  2.37(-13%)  2.76( 1%) | 3.34  3.39( 1%)  3.37( 1%)
066 | 3.21  3.08(-4%)  3.49(9%) | 2.94 2.69(-8%)  3.14(7%) | 3.41  3.50(3%)  3.53( 4%)
071 | 3.38  3.38(-0%)  3.76(11%) | 3.16  3.03(-4%)  3.53(12%) | 3.48  3.61(4%)  3.69( 6%)
0.76 | 3.52  3.61(3%)  3.97(13%) | 3.38  3.35(-1%)  3.90(15%) | 3.55 3.72(5%)  3.85( 8%)
0.81 | 3.66 3.80(4%)  4.13(13%) | 3.59  3.66( 2%)  4.20(17%) | 3.60  3.85( 7%)  4.00(11%)
0.86 | 3.75  3.98(6%)  4.23(13%) | 3.81  3.92(3%)  4.39(15%) | 3.67  3.99( 9%)  4.13(12%)
091 | 3.87  4.13(7%)  4.26(10%) | 3.99  4.12(3%)  4.41(10%) | 3.78  4.13(9%)  4.21(11%)
096 | 4.02  421(5%)  4.24(6%) | 4.14  421(2%)  4.28(3%) | 3.97 4.21(6%)  4.26( T%)

Table 6.26: The RQNA approximation in various LN (4)/GI/1 — -/E4/1 models with
p1 = 0.7.
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External arrival E4, Service 2 = LN(4), p1 = 0.7
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Service 1 = E4 Service 1 = LN (0.25) Service 1 = M

P2 Sim RQNA RQ Sim RQNA RQ Sim RQNA RQ
0.11 | 4.67  4.96( 6%) 4.96( 6%) | 470  4.96( 6%) 4.96( 6%) | 4.95 5.00( 1%) 4.99( 1%)
0.16 | 4.64  4.91(6%) 4.91(6%) | 4.69  4.91(5%) 4.91(5%) | 4.88 4.99( 2%)  4.98( 2%)
021 | 471  4.84(3%) 4.84(3%) | 4.60 4.84(5%)  4.83( 5%) | 4.85 4.97( 3%) 4.96( 2%)
0.26 | 4.57  473(4%)  A74(4%) | 452  4.73(4%)  4.73(5%) | 4.78  4.94( 3%)  4.94( 3%)
0.31 | 4.54  4.61(2%) 4.63(2%) | 4.49  4.60( 2%) 4.61( 3%) | 4.80 4.90( 2%)  4.90( 2%)
0.36 | 4.48  4.49( 0%) 4.53(1%) | 4.46  4.47(0%) 4.51(1%) | 4.75  4.84(2%)  4.86( 2%)
041 | 4.48  4.40(-2%)  4.46(-0%) | 4.46  4.39(-2%)  4.45(-0%) | 471  4.78(2%) A4.81( 2%)
046 | 442  4.35(2%)  4.40(-1%) | 442  4.34(2%)  4.40(-1%) | 470 4.73(1%) 4.76( 1%)
0.51 | 443  4.32(-3%)  4.36(-2%) | 4.40  4.31(-2%)  4.36(-1%) | 4.63 4.67( 1%) 4.71( 2%)
0.56 | 4.38  4.30(-2%)  4.33(-1%) | 4.40  4.29(-2%)  4.33(-2%) | 4.64 4.61(-1%) 4.65( 0%)
0.61 | 4.36  4.28(-2%)  4.30(-1%) | 4.42  4.28(-3%)  4.31(-2%) | 4.60 4.55(-1%)  4.59(-0%)
0.66 | 4.37  4.27(-2%)  4.29(-2%) | 4.37  4.27(-2%)  4.29(-2%) | 4.58 4.49(-2%)  4.52(-1%)
0.71 | 436  4.26(-2%)  4.27(-2%) | 4.34  4.26(-2%)  4.28(-2%) | 4.55 4.43(-3%)  4.46(-2%)
0.76 | 434  4.26(2%)  4.26(-2%) | 4.32  4.26(-1%) 4.27(-1%) | 449 4.37(-3%) 4.39(-2%)
0.81 | 429  4.25(-1%)  4.26(-1%) | 4.29  4.25(-1%)  4.26(-1%) | 4.45 4.32(-3%)  4.33(-3%)
0.86 | 428  4.25(-1%) 4.25(-1%) | 4.27  4.25(-0%)  4.25(-0%) | 4.40 4.28(-3%)  4.20(-2%)
0.91 | 4.27  4.25(-1%) 4.25(-1%) | 4.28  4.25(-1%)  4.25(-1%) | 4.34  4.26(-2%)  4.26(-2%)
0.96 | 426  4.25(-0%) 4.25(-0%) | 4.26  4.25(-0%)  4.25(-0%) | 4.20  4.25(-1%) 4.25(-1%)

Service 1 = Ha(4) Service 1 = LN(4) Service 1 = G(4)

p | Sim  RQNA RQ Sim  RQNA RQ Sim  RQNA RQ
0.11 | 517  5.02(-3%)  5.01(-3%) | 5.07  4.98(-2%)  4.98(-2%) | 5.85 5.71(-2%)  5.47(-6%)
0.16 | 5.18  5.05(-3%)  5.03(-3%) | 5.22  4.99(-4%)  4.99(-4%) | 5.84 5.90( 1%)  5.60(-4%)
021 | 527  5.08(-4%) 5.06(-4%) | 519  5.02(-3%)  5.02(-3%) | 5.80 6.07( 3%)  5.70(-3%)
0.26 | 5.47 5.13(-6%) 5.10(-7%) | 5.25 5.08(-3%) 5.07(-3%) | 6.00 6.20( 3%) 5.79(-3%)
0.31 | 548  5.19(-5%) 5.16(-6%) | 540 5.15(-5%) 5.13(-5%) | 591 6.29( 6%) 5.86(-1%)
0.36 | 5.53  5.27(-5%) 5.25(-5%) | 5.36  5.23(-2%)  5.19(-3%) | 5.93 6.35( 7%)  5.92(-0%)
041 | 555 5.38(-3%)  5.37(-3%) | 5.44  5.31(-2%)  5.26(-3%) | 5.95 6.39( 7%)  5.97( 0%)
0.46 | 5.60 5.52(-2%)  5.53(-1%) | 540  5.39(-0%)  5.34(-1%) | 5.87 6.39( 9%)  6.00( 2%)
0.51 | 5.63 5.64( 0%) 5.69( 1%) | 5.49 5.45(-1%) 5.42(-1%) | 5.85 6.35(8%) 6.00( 3%)
0.56 | 5.62  5.73(2%) 5.81(3%) | 541 5.49(2%) 5.49(1%) | 583 6.26( 7%) 5.97( 2%)
0.61 | 5.61 5.77( 3%) 5.86( 4%) | 5.51 5.50(-0%) 5.54(1%) | 5.77 6.13(6%) 5.89( 2%)
0.66 | 5.58 5.72(3%) 5.83(5%) | 550 5.46(-1%) 5.57(1%) | 5.67 5.95(5%) 5.77( 2%)
071 | 555 5.58(1%) 5.72(3%) | 544  5.37(-1%)  5.55(2%) | 5.57 5.72(3%)  5.60( 1%)
0.76 | 5.43  5.37(-1%)  5.52(2%) | 542  5.22(-4%) 547(1%) | 545 5.44(-0%) 5.38(-1%)
0.81 | 533  5.08(-5%) 5.25(-2%) | 5.34  4.99(-7%)  5.31(-1%) | 5.28 5.11(-3%) 5.11(-3%)
0.86 | 5.18  4.75(-8%) 4.89(-6%) | 5.21 4.71(-10%) 5.04(-3%) | 5.11 4.75(-7%)  4.78(-6%)
091 | 4.92 4.45(-10%) 4.52(-8%) | 5.03 4.44(-12%) 4.67(-T%) | 4.87 4.45(-9%) A.47(-8%)
0.96 | 459  4.20(-7%)  4.30(-6%) | 470  4.20(-9%)  4.33(-8%) | 4.55 4.29(-6%) 4.29(-6%)

Table 6.27: The RQNA approximation in various E4/GI/1 — -/LN(4)/1 models with

p1 = 0.7.
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External arrival Fy, Service 2 = E4, p1 = 0.7

Service 1 = E4 Service 1 = LN(0.25), p1 = 0.9 Service 1 = M

p2 | Sim  RQNA RQ Sim  RQNA RQ Sim  RQNA RQ
011 | 112 1.24(11%)  1.24(11%) | 1.11  1.24(11%)  1.24(11%) | 1.22  1.25(3%)  1.25( 2%)
0.16 | 1.06  1.23(16%) 1.23(16%) | 1.05 1.23(16%)  1.23(16%) | 1.20  1.25(4%)  1.25( 3%)
0.21 | 1.01  1.21(20%) 1.21(20%) | 1.00 1.21(21%)  1.21(21%) | 1.19  1.25(5%)  1.24( 5%)
026 | 0.96 1.18(23%)  1.18(23%) | 0.95 1.18(24%)  1.18(24%) | 1.17  1.24( 6%)  1.23( 6%)
0.31 | 092  1.14(25%)  1.14(25%) | 0.91  1.14(26%)  1.14(26%) | 1.15  1.23( 7%)  1.22( 6%)
0.36 | 0.88 1.10(25%)  1.10(25%) | 0.87 1.10(27%)  1.10(27%) | 1.13  1.22(8%)  1.21( %)
0.41 | 0.84 1.04(24%)  1.04(24%) | 0.83  1.04(26%)  1.04(26%) | 1.11  1.20( 8%)  1.19( 8%)
046 | 0.81  0.98(22%)  0.98(22%) | 0.80  0.98(23%)  0.98(23%) | 1.09  1.17(8%)  1.17( 8%)
051 | 0.77  0.91(18%)  0.92(19%) | 0.76  0.90(18%)  0.90(18%) | 1.06  1.13( 6%)  1.14( 7%)
056 | 0.74  0.83(12%)  0.84(14%) | 0.73  0.82(12%)  0.83(13%) | 1.04 1.08(5%)  1.10( 6%)
0.61 | 0.71  0.75(6%)  0.77(9%) | 0.71  0.74(5%)  0.76( 7%) | 1.01  1.03( 3%)  1.06( 5%)
0.66 | 0.68 0.67(-1%)  0.70( 3%) | 0.68  0.66(-3%)  0.69( 2%) | 0.97 0.98( 1%)  1.01( 4%)
071 | 0.65 0.60(-8%)  0.65(-1%) | 0.65 0.60(-9%)  0.64(-2%) | 0.94 0.93(-1%)  0.96( 2%)
0.76 | 0.63 0.56(-10%) 0.60(-5%) | 0.63 0.56(-11%)  0.60(-5%) | 0.89  0.86(-4%)  0.89(-0%)
0.81 | 0.60 0.53(-11%) 0.56(-7%) 0.60 0.53(-12%) 0.56(-6%) 0.84 0.79(-7%) 0.82(-3%)
0.86 | 0.57 0.52(-10%) 0.53(-7%) | 0.58 0.52(-11%) 0.54(-7%) | 0.78 0.70(-10%)  0.73(-7%)
091 | 055 051(-7%)  0.51(-6%) | 0.55 0.51(-8%)  0.51(-7%) | 0.70 0.60(-15%) 0.62(-12%)
0.96 | 0.52  0.50(-4%)  0.50(-4%) | 0.52  0.50(-4%)  0.50(-4%) | 0.60 0.52(-14%)  0.52(-13%)

Service 1 = H(4) Service 1 = LN (4) Service 1 = G(4)

P Sim RQNA RQ Sim RQNA RQ Sim RQNA RQ
011 | 1.31  1.26(-4%)  1.25(-5%) | 1.27  1.24(-2%)  1.24(-2%) | 2.00 1.77(-11%)  1.59(-20%)
016 | 1.35  1.26(-7%)  1.26(-7%) | 1.31  1.23(-6%)  1.24(-6%) | 2.08  1.93(-7%)  1.69(-19%)
0.21 | 1.40  1.27(-9%)  1.26(-10%) | 1.36  1.23(-9%)  1.23(-9%) | 2.14  2.08(-2%)  1.79(-16%)
0.26 | 1.46 1.29(-12%) 1.28(-13%) | 1.41 1.23(-12%) 1.24(-12%) | 2.19  2.23( 2%)  1.88(-14%)
0.31 | 1.53 1.31(-14%) 1.29(-16%) | 1.46 1.25(-14%) 1.26(-14%) | 2.22  2.35( 6%)  1.96(-12%)
0.36 | 1.61 1.35(-16%) 1.32(-18%) | 1.51 1.29(-14%) 1.29(-15%) | 2.25  2.46( 9%)  2.03(-10%)
041 | 1.69  1.39(-18%) 1.36(-20%) | 1.56 1.35(-14%) 1.33(-15%) | 2.27  2.54(12%)  2.10(-7%)
046 | 1.78  1.45(-18%) 1.42(-20%) | 1.62 1.41(-13%) 1.38(-15%) | 2.27  2.60(14%)  2.16(-5%)
051 | 1.86  1.55(-17%) 1.53(-18%) | 1.67 1.49(-11%) 1.44(-14%) | 2.27  2.64(16%)  2.21(-3%)
0.56 | 1.93  1.69(-13%) 1.70(-12%) | 1.73  1.58(-9%) 1.52(-12%) | 2.26  2.64(17%)  2.24(-1%)
0.61 | 1.98  1.83(-8%)  1.88(-5%) | 1.77  1.66(-6%)  1.61(-9%) | 2.23  2.61(17%)  2.25( 1%)
0.66 | 2.02  1.95(-3%)  2.03(0%) | 1.83  1.72(-6%)  1.70(-7%) | 2.20  2.54(16%)  2.24( 2%)
071 | 203  2.01(-1%)  2.10(4%) | 1.86  1.75(-6%)  1.77(-5%) | 2.14  2.42(13%)  2.18( 2%)
076 | 2.02  1.99(-1%)  2.10( 4%) | 1.88  1.73(-8%)  1.81(-4%) | 2.05 2.26(10%)  2.07( 1%)
081 | 1.96 1.87(-4%)  1.99(2%) | 1.87 1.66(-12%) 1.80(-4%) | 1.93  2.03(5%)  1.90(-2%)
0.86 | 1.83 1.65(-10%) 1.77(-3%) | 1.82 1.50(-18%) 1.70(-7%) | 1.76  1.72(-2%)  1.66(-6%)
091 | 1.60 1.29(-19%) 1.41(-12%) | 1.67 1.22(-27%) 1.46(-13%) | 1.51 1.32(-12%) 1.31(-13%)
0.96 | 1.19 0.78(-34%) 0.86(-28%) | 1.34  0.77(-43%)  0.98(-27%) | 1.10  0.78(-29%)  0.80(-27%)

Table 6.28: The RQNA approximation in various E4/GI/1 — -/E4/1 models with p;

197

=0.7.
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External arrival LN (4), Service 2 = LN (4)

Service 1 = Ey Service 1 = LN(0.25), p1 = 0.7 Service 1 = M

p2 Sim RQNA RQ Sim RQNA RQ Sim RQNA RQ
011 | 477  4.96(4%)  4.96(4%) | 4.79  4.96( 4%)  4.96(4%) | 5.14 5.00(-3%)  5.01(-3%)
0.16 | 4.81  4.92(2%)  4.91(2%) | 4.84 4.92(2%)  4.91(1%) | 5.15 5.00(-3%)  5.01(-3%)
0.21 | 494  4.85(-2%)  4.84(-2%) | 4.83  4.85( 0%)  4.83(0%) | 5.21 5.00(-4%)  5.03(-3%)
0.26 | 4.87  4.77(-2%) 4.75(-2%) 4.83  4.76(-1%) 4.73(-2%) 5.22  5.01(-4%) 5.05(-3%)
0.31 | 493  4.69(-5%)  4.67(-5%) | 4.88  4.66(-4%)  4.64(-5%) | 5.33 5.03(-6%)  5.09(-4%)
0.36 | 4.95 4.63(-7%)  4.65(-6%) | 4.94  4.60(-T%)  4.63(-6%) | 5.39 5.07(-6%)  5.15(-4%)
041 | 5.07  4.63(-9%)  471(-T%) | 5.04 461(-8%)  470(-T%) | 544 5.12(-6%)  5.22(-4%)
046 | 5.13  4.70(-8%)  4.83(-6%) | 511  4.69(-8%)  4.82(-6%) | 5.56 5.20(-6%)  5.33(-4%)
051 | 526  4.83(-8%)  5.01(-5%) | 5.24  4.82(-8%)  5.01(-4%) | 5.61 5.31(-5%)  5.48(-2%)
0.56 | 5.35 5.03(-6%)  5.27(-2%) | 540 5.03(-7%)  5.27(-2%) | 5.77 5.46(-5%)  5.68(-2%)
0.61 | 555 5.31(-4%)  5.60( 1%) | 5.58 5.31(-5%)  5.61(0%) | 5.80 5.68(-3%)  5.93( 1%)
0.66 | 5.76 5.68(-1%) 6.01( 4%) 5.75 5.68(-1%) 6.01( 4%) 6.05 5.97(-1%) 6.25( 3%)
071 | 5.99  6.14( 2%)  6.45(8%) | 5.96 6.14( 3%)  6.45(8%) | 6.23 6.33(2%)  6.61( 6%)
076 | 6.23  6.64(7%)  6.91(11%) | 6.22 6.64(7%)  6.91(11%) | 6.43 6.75(5%)  6.99( 9%)
0.81 | 6.49 7.13(10%) 7.32(13%) | 6.49 7.13(10%)  7.32(13%) | 6.67 7.18(8%)  7.36(10%)
086 | 6.79  7.54(11%)  7.65(13%) | 6.79  7.54(11%)  T.65(13%) | 6.93 7.56( 9%)  7.66(11%)
091 | 7.20  7.82(9%)  T7.86(9%) | 7.20 7.82(9%)  7.87(9%) | 7.23 7.83(8%)  7.87( 9%)
0.96 | 7.61  7.95(5%)  7.97(5%) | 7.60 7.95(5%)  7.99(5%) | 7.63 7.95(4%) 7.98( 5%)

Service 1 = Ha(4) Service 1 = LN(4) Service 1 = G(4)

p | Sim  RQNA RQ Sim  RQNA RQ Sim  RQNA RQ
011 | 5.40  5.02(-7%)  5.03(-7%) | 5.30 4.98(-6%)  4.99(-6%) | 6.29 5.72(-9%) 5.62(-11%)
0.16 | 553  5.05(-9%)  5.08(-8%) | 5.54 4.99(-10%)  5.03(-9%) | 6.39 5.93(-7%)  5.82(-9%)
0.21 | 5.60 5.10(-10%) 5.15(-10%) | 5.63 5.05(-10%) 5.11(-9%) | 6.53 6.13(-6%)  6.01(-8%)
026 | 6.01 5.19(-14%) 5.27(-12%) | 5.77 5.14(-11%)  5.24(-9%) | 6.75 6.32(-6%)  6.20(-8%)
031 | 614 5.31(-14%) 5.44(-11%) | 6.04 5.27(-13%) 5.40(-10%) | 6.74 6.50(-4%)  6.39(-5%)
0.36 | 6.30 5.49(-13%) 5.69(-10%) | 6.09 5.44(-11%) 5.61(-8%) | 6.85 6.67(-3%)  6.57(-4%)
041 | 6.44  5.74(-11%)  6.02(-7%) | 6.29 5.64(-10%)  5.85(-7%) | 6.96 6.83(-2%)  6.75(-3%)
046 | 6.62 6.05(-9%)  6.39(-3%) | 6.35 5.86(-8%)  6.12(-4%) | 7.00 6.98(-0%)  6.92(-1%)
051 | 6.79  6.39(-6%)  6.77(-0%) | 6.60 6.11(-7%)  6.43(-3%) | 7.08 7.10( 0%)  7.08(-0%)
056 | 6.91  6.72(-3%)  7.10(3%) | 6.64 6.38(-4%)  6.75(2%) | 7.20 7.22( 0%)  7.22( 0%)
061 | 7.04 7.00(-1%)  7.37(5%) | 6.93 6.65(-4%)  7.08(2%) | 7.25 7.32(1%)  7.37( 2%)
066 | 717 7.23(1%)  7.59(6%) | 7.05  6.92(-2%)  7.40( 5%) | 7.20 7.41(2%)  7.50( 3%)
071 | 7.32  741(1%)  7.76(6%) | 7.20  7.19(-0%)  7.70( 7%) | 7.35 7T.51(2%)  7.64( 4%)
076 | 7.39  7.57(2%)  7.89(7%) | 7.36  7.44(1%)  7.95(8%) | 7.43 7.61(2%)  7.76( 4%)
081 | 7.51  7.71(3%)  7.97(6%) | 7.52 7.65(2%)  S8.11(8%) | 7.47 7.72(3%)  7.87( 5%)
0.86 | 7.63  7.83(3%)  8.01(5%) | 7.66 7.81(2%)  S8.17(7%) | 7.55 T.84(4%)  7.94( 5%)
091 | 7.60  7.93(3%) 8.01(4%) | 7.82 7.93(1%)  8.11(4%) | 7.66 7.93( 3%)  7.98( 4%)
096 | 7.83  7.97(2%)  7.99(2%) | 7.93 7.97(1%)  8.02(1%) | 7.80 7.97(2%)  8.01( 3%)

Table 6.29: The RQNA approximation in various LN (4)/GI/1 — -/LN(4)/1 models with
p1 = 0.7.
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6.4.1 Feedback Elimination: A Three-Station Example.

We look at the suite of three-station examples depicted in Figure [6.15] as in Section 3.1
of [44]. This example is designed to have three stations that are tightly coupled with each

other, so that the dependence among the queues and the flows is fairly complicated.

Ao,1 :%_, Queue 1 |—>Q——> Queue 2 ‘—»O—ﬁ Queue 3 '—»Q—ﬁ

P21

Figure 6.15: A three-station example.

In this example, we have three stations in tandem but also allow customer feedback
from station 2 to station 1 and from station 3 to station 2, with probability ps1 = p23 =
p32 = 0.5. The only external arrival process is a Poisson process which arrives at station 1
with rate Ao = 0.225, hence by the effective arrival rate is Ay = 0.675, Ao = 0.9 and
Ag = 0.45.

For the service distributions, we consider the same sets of parameters as in [44], sum-
marized in Table and Note that Case 2 is relatively more challenging because

there are two bottlneck stations; in contrast, all the other cases have only one.

2 2 2
s,1 CS,Z cs,3

Case | p1 02 p3 A 10.00 0.00 0.00
2.25 0.00 0.25
0.25 0.25 2.25
0.00 2.25 2.25
8.00 8.00 0.25

Case | ¢

1 0.675 0.900 0.450
2 0.900 0.675 0.900
3 0.900 0.675 0.450
4 0.900 0.675 0.675

H U Q W

Table 6.30: Traffic intensity of the four Table 6.31: Variability of the service dis-
cases in the three-station example. tributions of the four cases in the three-

station example.

We now compare the RQNA approximations and four previous algorithms as in Section

with the simulated mean sojourn times at each station, as well as the total sojourn
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time of the network. The sojourn time for each station is defined as the waiting time plus
the service time at that station, whereas the total sojourn time is the time that a customer
stay in the system defined in . We consider two cases of the RQNA algorithm: (1) the
plain RQNA algorithm without feedback elimination, as in Algorithm [I{and (2) the RQNA
algorithm with feedback elimination, as discussed in Section [5.5

For RQNA with feedback elimination, we apply feedback elimination to each station
that has at least one feedback flow that only passes through stations with equal or lower
traffic intensities. We eliminate all such flows in the feedback elimination procedure. Take
Case 1 for example, we do not apply feedback elimination for Station 1 because all feedback
customers go through Station 2, which has higher traffic intensity; we will, however, elim-
inate the flow from 2 to 1 as well as the flow from 3 to 2 for Station 2, since both Station
1 and 3 have lower traffic intensities. As another example, for both Station 2 and 3 in case
4, we eliminate the flow from 3 to 2, but we do not eliminate the flow from 2 to 1, since
Station 2 and 3 share the same traffic intensity while Station 1 has higher traffic intensity.

Tables and expand Tables IT and I1I in [44] by adding values for (1) the mean
total sojourn time and (2) the RQ and RQNA approximations, with and without feedback
elimination. For each table, we indicate by an asterisk in the last column the stations where
elimination is applied.

We observed that the plain RQNA algorithm works well for stations with moderate to
low traffic intensities, but not so satisfactory for congested stations. On the other hand,
the accuracy of the RQNA algorithm with feedback elimination is on par with, if not better

than the best previous algorithm.

6.4.2 A Ten-Station Example with Feedback.

We conclude with the 10-station OQN example with feedback in Figure [6.16] which was
considered in Section 3.5 of [44].

The only exogenous arrival process is Poission with rate 1. For each station, if there are
two routing destinations, the departing customer follows Markovian routing with equal prob-
ability, each being 0.5. The vector of mean service times is (0.45,0.30,0.90,0.30,0.38571,
0.20,0.1333,0.20,0.15,0.20), so that the traffic intensity vector is (0.6,0.4,0.6,0.9,0.9,0.6,
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Case Simulation QNA QNET SBD RQ RQNA RQNA (elim)
A 1] 40.39 (3.75%) 20.5 (-49%)  diverging 43.0 (6.4%) 73.9 (83%) 83.5 (107%) 44.8 (11.0%)
2 | 59.58 (3.29%) 36.0 (-40%)  56.7 (-4.9%) 58.2 (-2.4%) 78.0 (31%) 94.3 (58%) 69.3 (16.4%)
3| 40.72 (4.78%) 24.0 (-41%)  38.7 (-5.0%) 40.2 (-1.3%) 57.2 (41%) 74.7 (83%) 43.3 (6.3%)
4| 4212 (3.36%) 26.2 (-38%)  41.8 (-0.7%) 42.7 (1.3%) | 59.3 (41%) 75.1 (78%) = 41.2 (-2.2%)
B 1| 52.40 (2.64%) 42.0 (-20%)  52.6 (0.4%) 50.2 (-4.2%) 72.4 (38%) 93.7 (79%) 53.1 (1.4%)
2 | 91.52 (3.77%) 94.1 (2.8%)  83.7 (-8.5%) 95.3 (4.1%) | 109 (20%) 169 (85%)  94.5 (3.2%)
3 | 61.68 (3.44%) 72.2 (17%) 61.9 (0.4%) 60.9 (-1.3%) 79.4 (29%) 133 (115%)  60.5 (-1.9%)
4 | 63.34 (2.83%) 75.8 (20%) 64.1 (1.3%) 64.7 (2.1%) 83.0 (31%) 135 (113%)  62.4 (-1.4%)
C 1| 44.24 (1.96%) 31.3 (-20%) 37.0 (-16%)  47.1 (6.4%) | 75.7 (7T1%) 91.4 (106%) 42.1 (-4.8%)
2 | 9242 (4.23%) 87.4 (-5.4%) 91.2 (-1.4%) 91.6 (-0.83%) | 106 (15%) 156 (68%) 96.0 (3.8%)
3| 44.26 (4.69%) 33.2 (-25%)  44.0 (-0.7%) 45.0 (1.7%) 61.3 (38%) 84.2 (90%) 44.0 (-0.6%)
4 | 50.20 (1.04%) 41.4 (-18%)  51.1 (1.7%) 52.2 (4.0%) 67.4 (34%) 91.2 (82%) 45.9 (-8.6%)
E 1| 1344 (4.77%) 265 (97%) 155 (15%) 116 (-14%) 158 (17%) 305 (127%) 120 (-11%)
2 | 213.1 (3.47%) 308 (45%) 228 (7.1%) 206 (-3.3%) 234 (10%) 367 (72%) 173 (-19%)
3 | 138.7 (3.97%) 244 (76%) 161 (16%) 135 (-2.5%) 163 (17%) 300 (116%) 136 (-2.0%)
4 | 155.1 (4.37%) 252 (63%) 168 (8.2%) 147 (-5.0%) 178 (15%) 312 (101%) 148 (-4.8%)

Table 6.32: A comparison of six approximation methods for the total sojourn time in the

three-station example in Figure with parameters specified in Table [6.30] and

Case Station Simulation QNA QNET SBD RQ RQNA RQNA (elim)
D1 1 2.476 (0.61%)  2.24 (-9.4%)  2.48 (0.3%)  2.47 (-0.1%) | 2.47 (-0.28%)  2.68 (7.8%)  2.68 (7.8%)
2 10.85 (3.21%)  14.9 (37%) 11.6 (6.5%)  11.4 (5.2%) | 19.8 (83%) 28.4 (162%)  11.1% (2.7%)
3 2.544 (0.63%)  2.53 (-0.8%)  2.54 (-0.0%)  2.59 (1.6%) | 2.57 (1.2%) 2.53 (-0.7%)  2.53 (-0.7%)
Total 55.81 (2.58%)  71.4 (28%) 58.8 (5.3%)  58.2 (4.3%) | 91.8 (64%) 127 (127%)  57.6 (3.3%)
D2 1 11.35 (3.29%)  8.01 (-29%)  10.8 (-4.5%)  11.1 (-1.9%) | 13.7 (20%) 16.6 (46%) 11.3* (0.1%)
2 2.643 (1.25%)  2.96 (12%) 2.75 (4.0%)  2.82 (6.7%) | 2.85 (7.8%) 3.06 (16%) 3.06 (16%)
3 26.87 (2.04%)  32.9 (22%) 26.8 (-0.4%)  24.9 (-7.5%) | 27.5 (2.2%) 36.4 (35%) 31.1% (16%)
Total 98.36 (1.82%) 102 (3.4%) 97.2 (-1.2%)  94.4 (-4.0%) | 104 (6.0%) 132 (34%) 105 (7.1%)
D3 1 11.39 (3.04%) 7.95 (-30%) 11.0 (-3.5%) 11.3 (-0.5%) 15.8 (39%) 16.5 (45%) 11.3* (-0.5%)
2 2.290 (1.27%)  2.90 (27%) 2.53 (10%) 2.26 (-1.4%) | 2.57 (12%) 3.04 (33%) 2.10% (-8.2%)
3 2.220 (0.59%)  2.40 (7.9%)  2.38 (7.0%)  2.59 (16%) 2.39 (7.6%) 2.43 (9.6%)  2.43 (9.6%)
Total 47.72 (2.51%)  40.2 (-16%)  47.8 (0.2%)  48.2 (1.0%) | 62.6 (31%) 66.6 (39%) 47.5 (0.51%)
D4 1 11.30 (6.39%)  7.97 (-29%)  10.9 (-3.2%)  11.3 (0.3%) | 14.2 (26%) 16.43 (45%)  11.3* (0.3%)
2 2.414 (1.12%)  2.93 (21%) 2.64 (9.5%)  2.60 (7.7%) | 2.65 (10%) 3.05 (26%) 2.10% (-13%)
3 5.886 (1.05%)  6.83 (16%) 6.31 (7.3%)  6.17 (4.8%) | 6.47 (10%) 6.85 (16%) 5.95% (1.1%)
Total 55.24 (4.37%)  49.3 (-11%)  56.0 (1.4%)  56.7 (2.7%) | 69.3 (25%) 75.5 (37%) 54.3 (-1.7%)
Average relative error 20.24% 4.72% 4.52% 21.61% 42.60% 5.51%

Table 6.33: A comparison of six approximation methods for the sojourn time at each station

of the three-station example for Case D with parameters specified in Table [6.31]
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0.4,0.6,0.6,0.4). The scv’s at these stations are (0.5,2,2,0.25,0.25,2,1,2,0.5,0.5), where

2

2 < 1, an exponential distribution if ¢2 = 1 and a

we assume a Erlang distribution if ¢
hyperexponential distribution if ¢z > 1.

Note that stations 4 and 5 are bottleneck queues, having equal traffic intensity, far
greater than the traffic intensities at the other queues. Moreover, these two stations are
quite closely coupled. Thus, at first glance, we expect that SBD with two-dimensional RBM
should perform very well, which proves to be correct. Moreover, this example should be

challenging for RQNA because it is based on heavy-traffic limits for OQN’s with only a

single bottleneck, thus involving only one-dimensional RBM.

- O
(b
oo

(10)
\

Figure 6.16: A ten-station with customer feedback example.

@
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In Table we report the simulation estimates and approximattions for the steady-
state mean sojourn time (waiting time plus service time) at each station, as well as the total
sojourn time of the system, calculated as in . For the approximations, we compare
QNA from [134], QNET from [73], SBD from [44], RQ from [145] (with estimated IDC), as
well as the RQNA algorithms here. The simulation, QNA, QNET and SBD columns are
taken from Table XIV of [44].

Again, we consider two versions of RQNA algorithm, the first one does not eliminate
feedback, while the second one (marked by ‘elim’) applies the feedback elimination pro-
cedure. As before, in eliminating customer feedback, for each station, we identify the
near-immediate feedback flows as the flows that come back to the station after complet-
ing service, without passing through any station with a higher traffic intensity. We then
eliminate all near-immediate feedback flows, apply plain RQNA algorithm on the reduced

network and use the new RQNA approximation as the approximation for that station.
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Station | Simulation QNA QNET SBD RQ RQNA RQNA (elim)
1 0.99 (0.86%) 0.97 (-2.8%) 1.00 (0.2%) 1.00 (0.4%) 0.97 (-2.0%) 1.09 (9.2%) 1.00* (0.4%)
2 0.55 (0.69%) 0.58 (6.0%)  0.56 (2.6%)  0.55 (0.2%) | 0.55 (-0.1%) 0.56 (1.3%)  0.56 (1.4%)
3 2.82 (1.93%)  2.93 (4.2%)  2.90 (3.2%)  2.76 (-2.0%) | 2.96 (5.0%)  3.40 (21%)  2.75* (-2.5%)
4 1.79 (3.71%)  1.34 (-25%) 141 (-21%)  1.76 (-1.6%) | 2.34 (31%)  3.51 (97%)  2.11* (18%)
5 2.92 (4.77%)  2.49 (-15%)  2.44 (-17%)  2.81 (-3.6%) | 3.77 (29%)  9.07 (211%)  3.35* (15%)
6 0.58 (0.78%)  0.64 (10%)  0.62 (7.4%)  0.59 (2.2%) | 0.60 (3.8%)  0.70 (20%)  0.49* (-16%)
7 0.24 (0.28%) 0.24 (-1.7%) 0.26 (T.1%)  0.27 (11%) | 0.23 (-3.0%) 0.24 (-1.3%)  0.24 (-1.3%)
8 0.58 (0.67%) 0.64 (9.6%) 0.61 (4.6%) 0.60 (1.7%) 0.61 (3.9%) 0.70 (20%) 0.59* (0.6%)
9 0.34 (0.63%) 0.32 (-6.1%) 0.35 (2.0%)  0.43 (26%) | 0.33 (-4.2%) 0.73 (111%)  0.42* (21%)
10 0.29 (0.19%)  0.30 (2.4%)  0.29 (1.4%)  0.28 (-1.7%) | 0.28 (-1.5%) 0.26 (-8.7%)  0.26 (-8.7%)
Total | 22.0 (245%) 20.3 (-7.9%) 20.4 (-7.3%) 22.4 (1.7%) | 26.1 (18%)  44.5 (102%)  24.2* (9.9%)

Table 6.34: A comparison of six approximation methods to simulation for the mean steady-

state sojourn times at each station of the open queueing network in Figure [6.16

We make the following observations from this numerical example:

4 and 5. Note
that QNA and QNET produce 15 — 25% error, which is satisfactory, but SBD does

1. Particular attention should be given to the two bottleneck stations:

far better with only 1 — 4% error.

2. The RQNA algorithm without feedback elimination can perform very poorly with high
traffic intensity and high feedback probability, presumably due to the break down of
(12.26]).

3. With feedback elimination, the RQNA algorithm performs significantly better and is
competitive with previous algorithms in this complex setting, producing 15 — 18%
error at stations 4 and 5. The performance of RQNA at the tightly coupled bot-
tleneck queues evidently suffers because the current RQNA depends heavily on one-

dimensional RBM.
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