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Abstract

We propose a tractable model of dynamic investment, spinoffs, financing, and risk

management for a multi-division firm facing costly external finance. Our analysis for-

malizes the following insights: (1) within-firm resource allocation is based not only on

the divisions’ productivity—as in “winner picking” models—but also their risk; (2) firms

may voluntarily spin off productive divisions to increase liquidity; (3) diversification can

reduce firm value in low-liquidity states, as it increases the cost of a spinoff and hampers

liquidity management; (4) corporate socialism makes liquidity less valuable; (5) division

investment is determined by the ratio between marginal q and marginal value of cash.
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1 Introduction

Multi-division firms—i.e., firms that operate two or more divisions and allocate resources to

their divisions through an internal capital market—play an important role in the economy.

For example, Maksimovic and Phillips (2002) estimate that multi-division firms account for

about three-fourths of total output in the U.S. manufacturing sector.

The empirical literature shows that multi-division firms behave very differently compared

to stand-alone firms. These differences are found across firm policies, including those at

the very core of corporate finance—that is, cash management, financing, and investment

decisions. For example, multi-division firms tend to hold less cash (Duchin, 2010), are more

resilient when external capital markets are disrupted (Matvos and Seru, 2014), and actively

reallocate resources across divisions (Giroud and Mueller, 2015). The objective of this paper is

to propose a tractable dynamic framework that sheds light on the mechanics of multi-division

firms, taking into account the complex and intertwined nature of their risk management,

financing, and investment decisions.

Broadly speaking, the theory literature on multi-division firms can be classified into two

camps: the “bright side” and “dark side” theories of internal capital markets. The bright side

theories highlight the winner picking role of headquarters (Alchian, 1969; Williamson, 1975;

Stein, 1997). In these models, headquarters can create value by reallocating resources from

the less productive divisions toward the more productive ones (the “winners”). In contrast,

dark side theories argue that internal capital markets are plagued with agency conflicts, as

they give rise to internal politics in the allocation of resources. This notion was first proposed

by Coase (1937), who argued that power within a hierarchy impacts internal policies, and later

formalized in the models of influence activities (Milgrom, 1988; Milgrom and Roberts, 1988;

Meyer, Milgrom, and Roberts, 1992). In these models, managers of weaker divisions have

an incentive to lobby headquarters for more resources, in an attempt to distort the resource

allocation in their favor. To mitigate such inefficient lobbying, headquarters may find it opti-

mal to tilt the resource allocation towards “corporate socialism” such that stronger divisions

end up cross-subsidizing the weaker ones (Rajan, Servaes, and Zingales, 2000; Scharfstein and

Stein, 2000).

While these models have been influential, they are subject to two main limitations. First,

they typically take other policies (e.g., cash management) as given, and hence do not account

for the interdependence across these policies. As we show, allowing for a joint determination of
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these policies often reverses the predictions from simpler models featuring fewer policies. Sec-

ond, these models are static, and hence do not account for the changing conditions companies

face in a dynamic environment. These limitations are non-trivial. In a dynamic world, firms

can run low on cash, which generates a need for state-contingent and time-varying risk man-

agement policy. In turn, this can affect the way internal capital markets operate. For example,

the notion of winner picking mentioned above—albeit well-established in the literature—may

need to be qualified. When companies run low on cash, the shareholder-value maximizing

policy may no longer be to allocate resources to high-productivity divisions, but instead to

low-risk divisions. Or companies may decide to spin off entire divisions, preferring higher cor-

porate cash holdings over diversification benefits (by retaining more divisions). More broadly,

as these examples illustrate, it is important to consider the dynamic and intertwined nature

of multi-division firms’ policies when formulating a theory of internal capital markets.

This paper aims to fill this gap, by providing a tractable dynamic framework in which

cash management, external financing, dividend payout, division sale (spinoff), and investment

(including cross-divisional transfers) are characterized simultaneously for a multi-division firm

that faces costly external finance. Our framework builds on the model of Bolton, Chen, and

Wang (2011), henceforth BCW (2011), for stand-alone firms. Compared to BCW (2011),

our framework has two main innovations. First, we consider a firm with two divisions. As

such, our model has two key state variables: (1) the ratio of capital stock between the two

divisions, denoted by z, which is new in our model, and (2) the ratio between the liquid asset

(cash) and the illiquid productive capital stock (the sum of capital stock in the two divisions),

denoted by w. Second, we allow for lobbying frictions at the division level, in the spirit of the

dark side models of internal capital markets. As we will show, our parsimonious framework

captures many situations that multi-division firms face in practice, and yields a rich set of

prescriptions.

Our analysis formalizes the following insights. First, starting with the case without cor-

porate socialism, we find that multi-division firms hold less cash, require lower amounts of

external financing, and can more easily pay dividends compared to stand-alone firms. These

predictions are intuitive—diversification decreases the volatility of the firm’s cash flows, and

hence reduces the need for liquidity. This lower need for liquidity is consistent with Duchin’s

(2010) finding that multi-division firms tend to hold less cash than stand-alone firms.

Second, when firms run out of cash, they may optimally choose to spin off one of their

divisions. Given the lumpy nature of division sales, the spinoff can generate more cash than
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what the firm needs to efficiently operate the remaining division, in which case the excess

amount is paid out to shareholders as a special dividend. This is consistent with Dittmar’s

(2004) finding that firms often pay a special dividend subsequent to a spinoff.1 Another

implication of the model is that diversification can make future division sales (when the firm

runs low on cash and has to increase cash holdings via division sale) more costly. Taking both

dimensions into account, our model implies a dark and bright side of diversification from the

perspective of liquidity management, even for a shareholder-value maximizing conglomerate.

When liquidity is abundant, diversification reduces the need for liquidity. When liquidity is

scarce, diversification can hamper the firm’s liquidity management by making division sales

less attractive as a way to replenish the firm’s liquidity.

Third, we find that, when companies are flush with cash, they allocate more of their re-

sources to the high-productivity division, as predicted by static models of winner picking.

However, when cash is scarce, the risk management motive dominates and companies allocate

more of their resources to the low-risk division. Taking both aspects into account motivates

a broader formulation of the “winner picking” role of internal capital markets: when head-

quarters allocates resources to divisions, it does so not only based on productivity, but also

based on risk. In this regard, the within-firm allocation of resources is analogous to a dynamic

portfolio choice problem, in which funding is allocated based on the risk-return profile of the

individual securities. Unlike the standard portfolio choice problem (e.g., Merton, 1971), the

risk-neutral firm in our setting is endogenously risk averse. As we will show, this endogenous

risk aversion depends not only on the firm’s scaled cash balance, w, but also the ratio of

capital stock between the two divisions, z, as well as the cost of external financing and the

cost of liquidating a division.

This insight has important implications for capital budgeting. Indeed, contrary to the

textbook view, ignoring idiosyncratic risk and the balance sheet of the conglomerate when

doing capital budgeting is incorrect; depending on the firm’s liquidity, it may be optimal to

invest in a lower-NPV project if the project’s idiosyncratic risk is sufficiently low. Introducing

a project (division) changes the firm’s entire balance sheet composition and risk profile. As

such, the firm should value the new project by computing the net value difference caused by

introducing the new project into the firm, as opposed to evaluating the project as if it were a

1This result also speaks to the literature on leveraged buyouts (LBOs) that finds that, following LBO deals,
LBO investors often sell entire divisions and subsequently pay out large dividends (Eckbo and Thorburn, 2008).
While this is often seen as a form of asset stripping in the interest of the LBO investors, our framework offers
a potential shareholder-value maximizing interpretation.
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stand-alone project.

Fourth, we find that corporate socialism reduces the value of the firm, exacerbates un-

derinvestment, and hampers the winner picking. While these results are intuitive, one subtle

implication of socialism is that division sales become less costly with socialism than without,

as spinning off a division (and becoming a stand-alone firm) eliminates socialism frictions and

hence is more valuable for a conglomerate with socialism. This has implications for liquidity

management. Indeed, with socialism, liquidity is less valuable since it is less costly to replenish

the firm’s liquidity through a spinoff.

Fifth, our model offers insights on the q theory of investment for a conglomerate. In neo-

classical settings where the Modigliani-Miller (MM) theorem holds, the value of a conglom-

erate is simply the sum of its divisions’ values. In contrast, in our model, the conglomerate’s

division-level investment decisions depend on not only liquidity (as in BCW, 2011), but also

the relative (capital stock) size of the two divisions. With convex adjustment costs, a finan-

cially constrained conglomerate equates the ratio between the marginal q and the marginal

cost of investing in each division to the marginal value of cash.2 This is a generalized version

of the q theory of investment for a financially constrained single-division firm analyzed in

BCW (2011).

In addition, we provide several extensions of our baseline model. In one extension, we

allow for capital redeployability across divisions, that is, we assume that conglomerates can

redeploy physical capital at little cost from one division to another. We show that capital

redeployability contributes to the bright side of internal capital markets, increasing the value

of the conglomerate by enhancing the conglomerate’s ability to channel resources toward

the more productive division. In another extension, we generalize our model to account for

the initial transition of a single-division firm into a conglomerate, and characterize how the

endogenous formation of the conglomerate can give rise to either a conglomerate discount or

premium.

Related Literature. Our paper is related to several strands of the literature. First, it

is related to the few but notable studies that use dynamic modeling to study the behavior

of multi-division firms. In particular, Gomes and Livdan (2004) use a dynamic model to

examine the valuation implications of diversification.3 Matvos and Seru (2014) estimate a

2The assumption of convex adjustment costs allows us to simplify the analysis by leaving out the possibility
that inaction is optimal.

3In their model, stand-alone firms diversify only when they become relatively unproductive in their cur-
rent activities. This relates to the earlier models by Matsusaka (2001) and Maksimovic and Phillips (2002),
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structural dynamic model that quantifies the extent to which internal capital markets helped

offset the financial market disruptions that occurred during the financial crisis of 2007-2010.

Bakke and Gu (2017) examine the rationales as to why multi-division firms hold less cash

than stand-alone firms, estimating a structural dynamic model that quantifies the respective

importance of selection (when a stand-alone firm endogenously becomes a multi-division firm)

and diversification. Compared to these articles, our paper focuses on the interconnections

between the various policies of multi-division firms. This allows us to provide a rich set

of prescriptions that speak to various aspects of internal capital markets, ranging from the

validity of winner picking predictions to the economics of spinoffs.

Second, our paper is related to the large literature that uses dynamic models of financially

constrained firms to characterize their investment, financing, and risk management decisions

(e.g., Cooley and Quadrini, 2001; Gomes, 2001; Hennessy and Whited, 2007; Riddick and

Whited, 2009; Bolton, Chen, and Wang, 2013; Décamps, Mariotti, Rochet, and Villeneuve,

2011; Hugonnier, Malamud and Morellec, 2015; Nikolov, Schmid, and Steri, 2019; Abel and

Panageas, 2020).4 Also related is the work of Malenko (2019), who uses a dynamic model to

study the optimal capital budgeting mechanism in a single-division firm.

While our framework shares various features with the models proposed in this literature,

the key difference is our focus on a two-division firm as opposed to a representative single-

division firm modeled in these papers. As a result, our model, while parsimonious, is inevitably

a two-dimensional problem involving partial differential equations (PDEs). This is a key dif-

ference from almost all existing models in the literature, whose formulations can be simplified

to one-dimensional problems whose solutions are characterized by ordinary differential equa-

tions (ODEs).5 Despite the richness of our model, we offer a theoretical framework that

who predict that firms diversify into industries that match their organizational capabilities and managerial
resources, respectively.

4In our model, dynamic state-contingent liquidity management is optimal because external equity issuance
is costly. The idea that dynamic liquidity and risk management is often optimal in response to financial
frictions is quite robust and holds in more general settings. For example, in dynamic contracting models
where financial frictions endogenously arise due to moral hazard, limited commitment, and inalienability of
human capital, the agent’s promised utility is closely linked to and implementable with liquid asset holdings
(e.g., cash or undrawn credit) and state-contingent contracts. A partial list of contracting-based liquidity and
risk management models include DeMarzo and Sannikov (2006), Biais, Mariotti, Plantin, and Rochet (2007),
DeMarzo and Fishman (2007), Biais, Mariotti, Rochet, and Villeneuve (2010), Jiang, Sargent, Wang, and
Yang (2022), and Rebelo, Wang, and Yang (2022).

5Mathematically, we characterize the solution of a diversified firm’s two-dimensional optimization problem
by using a variational-inequality method and provide a verification theorem along with additional technical
results. Our paper is among the first to provide a verification theorem proof for a control problem that
combines a convex control, singular control, impulse control, and optimal stopping. Bolton, Wang, and Yang
(2019a) feature singular control, impulse control, and optimal stopping but not convex control.
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remains analytically tractable and economically intuitive, provide proofs of the key results,

and numerically solve the model with high accuracy.

Third, our paper is related to the large empirical literature that studies the mechanics

of internal capital markets. This literature finds support for both the bright and dark side

views. In particular, the findings of Maksimovic and Phillips (2002), Guedj and Scharfstein

(2004), and Giroud and Mueller (2015) indicate that companies allocate resources in a value-

enhancing manner. Naturally, this need not imply that internal capital markets achieve the

first-best allocations. And indeed, the shareholder-value maximizing formulation of our model

does not deliver first-best allocations. In this regard, Shin and Stulz (1998), Rajan, Servaes,

and Zingales (2000), and Ozbas and Scharfstein (2010) find evidence for distortions that are

consistent with the models of corporate socialism.6 Overall, the empirical evidence suggests

that our model, which combines both the bright and dark sides—i.e., firms striving to allocate

resources in a value-maximizing fashion, while facing rent-seeking behavior of their division

managers—might provide a realistic characterization of internal capital markets.7

Lastly, our paper is related to the literature on corporate spinoffs (e.g., Maksimovic and

Phillips, 2001; Dittmar, 2004; Eckbo and Thorburn, 2008). In particular, and as mentioned

above, our predictions that firms tend to pay out a special dividend following a spinoff is

consistent with the empirical findings of Dittmar (2004).

2 Model

In the following, we introduce the diversified firm’s production and investment technology,

describe the firm’s financing opportunities, and state the firm’s optimization problem.

2.1 Firm and Division Technologies

A diversified firm has two divisions, a and b. Each division employs capital as its factor of

production.8 The price of capital is normalized to unity. We denote by Ks
t and Ist the level

of capital stock and gross investment in division s at time t, respectively, where s “ a, b. The

capital stock Ks
t of division s evolves according to

dKs
t “ pI

s
t ´ δsK

s
t qdt , (1)

6Direct evidence of influence activities at the division level is provided by Duchin and Sosyura (2013) and
Glaser, Lopez-de-Silanes, and Sautner (2013). Relatedly, Graham, Harvey, and Puri (2015) provide survey
evidence suggesting that the capital allocation is often based on the division managers’ reputation.

7For a review of the empirical literature on internal capital markets, see Maksimovic and Phillips (2013).
8Eberly and Wang (2010) develop a general equilibrium q-theory of investment with the same two-sector

setting.
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where δs is the constant depreciation rate of the capital stock of division s.

The operating revenue generated by division s is proportional to its capital stock Ks
t and

is given by Ks
t dA

s
t , where dAst is the productivity shock for division s over time interval

pt, t` dtq. We assume that, under the risk-neutral measure Q (i.e., on a risk-adjusted basis),

the cumulative (undiscounted) productivity of division s, Ast , follows an arithmetic Brownian

motion process:

dAst “ µsdt` σsdZst , s “ a, b, (2)

where Zst is a standard Brownian motion under Q, and µs and σs denote the mean and

volatility of the division’s productivity for a unit of time under the risk-adjusted measure.9

We denote by ρ the constant correlation coefficient between the productivity shocks of the

two divisions. That is, the quadratic co-variation between Zat and Zbt , drZa,Zbst, is equal to

ρdt. Note that the firm’s productivity process in our model is a two-division generalization of

the one used in BCW (2011).10

Let dY s
t denote the operating profit generated by division s “ a, b over increment dt:

dY s
t “ Ks

t dA
s
t ´ I

s
t dt´G

s
tdt . (3)

There are three terms contributing to the change in the division’s operating profit dY s
t . The

first term in (3) is the division’s operating revenue, the second term is the investment (capital

acquisition) cost, and the last term describes the capital adjustment cost.11

As in the q theory of investment (Lucas and Prescott, 1971; Hayashi, 1982; Abel and

Eberly, 1994), we assume that the capital adjustment cost depends on investment and capital

stock. That is, the capital adjustment cost in division s takes the form Gs
t “ GspIst , K

s
t q.

For analytical tractability, we assume that the adjustment costs for both divisions are

9By directly specifying the joint productivity process for the firm’s divisions under the risk-neutral measure,
we incorporate the effect of the risk premium on the firm’s decisions and valuation.

10The same i.i.d. productivity assumption is also made in dynamic contracting models, e.g., DeMarzo
and Sannikov (2006), Biais, Mariotti, Plantin, and Rochet (2007), DeMarzo and Fishman (2007), DeMarzo,
Fishman, He, and Wang (2012), and Hugonnier, Malamud and Morellec (2015) absent investment.

11We can interpret this linear production function Ks
t dA

s
t as an optimized outcome in a setting with

constant returns to scale involving not only capital but also other flexibly adjustable factors of production.
For instance, suppose the firm has a Cobb-Douglas production function with capital and labor, where both
productivity tϑt`1u and labor wage tεt`1u shocks are i.i.d. In a Modigliani-Miller world with perfect capital
markets, for a given amount of capital Kt at any time t, it is optimal for the firm to solve the following
static problem as labor Nt is fully and instantaneously adjustable: maxNt Et

`

ϑt`1K
α
t N

1´α
t ´ εt`1Nt

˘

. This

yields the following labor demand function: N˚t “ Ktpp1 ´ αqEtpϑt`1q{Etpεt`1qq
1{α, which is proportional

to capital Kt. We then obtain the realized revenue net of labor cost opϑt`1, εt`1qKt, where opϑt`1, εt`1q “
´

Etpεt`1q

p1´αqEtpϑt`1q
ϑt`1 ´ εt`1

¯´

p1´αqEtpϑt`1q

Etpεt`1q

¯1{α

. The productivity shock dAt in our continuous-time model then

corresponds to opϑt`1, εt`1q in the discrete time formulation.
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homogeneous of degree one in their divisional I and K, so that

Gs
t “ Gs

pIst , K
s
t q “ gspi

s
tq ¨K

s
t , (4)

where ist “ Ist {K
s
t denotes the investment-capital ratio of division s at time t. (The firm

engages in asset sales at the division level when investment it is negative.) We apply this

homogeneity property, which was first proposed by Lucas and Prescott (1971) and Hayashi

(1982) for corporate investment, to investment at the division level.12 We make the standard

intuitive assumptions that gspiq is increasing, smooth, and convex in i, as in the literature on

the q theory of investment. Additionally, gsp0q “ 0.

The firm may choose to liquidate one or more divisions over time.13 As we will show, it is

suboptimal to liquidate both divisions at the same time. After liquidating division s, the firm

receives liquidation value Lst and continues to operate as a going concern with the remaining

division. Note that which division to liquidate at what time is endogenous. To preserve our

model’s homogeneity property, we assume that

Lst “ `sK
s
t , (5)

where `s ą 0. The lower the value of `s, the more inefficient the liquidation technology for

division s. Of course, the firm may eventually die as it may be optimal to also liquidate the

remaining division in the future.

To focus on the economically interesting case, we impose the following conditions:

µa ą `a ¨ pr ` δaq and µb ą `b ¨ pr ` δbq . (6)

Otherwise, the firm prefers immediate liquidation without using its production technology.

The firm’s operating cash flow, dYt, over time increment dt is given by

dYt “ dY a
t ` dY

b
t “

`

Ka
t dA

a
t `K

b
t dA

b
t

˘

´
`

Iat ` I
b
t `G

a
t `G

b
t

˘

dt . (7)

Let τL denote the firm’s (stochastic) liquidation/death time. If τL “ 8, the firm never

12Eberly, Rebelo, and Vincent (2009) provide empirical evidence in support of the Hayashi homogeneity
assumption for the upper-size quartile of Compustat firms. For limited-commitment-based (or inalienable-
human-capital based) financial contracting models, it is sometimes more convenient to work with permanent
shocks to capital (Ai and Li, 2015; Bolton, Wang, and Yang, 2019b).

13To simplify the analysis, we assume that the (marginal) strategic buyer of the sold division is financially
unconstrained (i.e., deep pocketed). Accordingly, the buyer only pays for the liquidated division’s capital stock
Ks at the ongoing market price. (An analogous setting is the fire sale model of Shleifer and Vishny, 1992.)
Because the financially unconstrained buyer values cash at its face value (that is, the buyer’s marginal value
of cash is one), the financially constrained conglomerate optimally retains all of its cash holdings inside the
firm after selling the division. In Section 9.1, we consider an alternative specification of the conglomerate’s
liquidation technology, in which the conglomerate optimally allocates a fraction of its cash holdings to the
sold division.
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dies but may operate with only one division. For a single-division firm, τL “ τs, as there is

only one division s. However, for a two-division firm, division sale and firm liquidation are

very different events. We thus differentiate between three stopping times: τa, τb, and τL.

2.2 External Financing Costs and Cash Management

Neoclassical investment models (Hayashi, 1982) assume that the firm faces frictionless capital

markets and that the Modigliani and Miller (1958) theorem holds. In reality, however, firms

often face external financing costs due to various financial frictions, e.g., transaction costs,

asymmetric information, and managerial incentive problems.14

External financing costs. We do not explicitly model the micro foundations of financing

costs. Instead, we directly specify equity issuance costs as in the literature. Specifically, as in

BCW (2011), we assume that a firm incurs both a fixed cost Φ and a proportional (marginal)

cost γ whenever it chooses to issue external equity. Together, these costs imply that the firm

will optimally tap equity markets only intermittently, and when doing so it raises funds in

lumps, consistent with observed firm behavior.

To preserve our model’s homogeneity property, we assume that the firm’s fixed cost of

issuing equity at t is proportional to its total capital stock Kt. That is, the fixed cost of

equity issuance, Φt, is given by

Φt “ φKt “ φ ¨ pKa
t `K

b
t q , (8)

where φ ą 0 is a constant measuring the fixed equity issuance cost.

In practice, external costs of financing scaled by firm size may decrease with firm size. With

this caveat in mind, we point out that there are conceptual, mathematical, and economic

reasons for modeling these costs as proportional to firm size. First, by modeling the fixed

financing costs proportional to firm size, we ensure that the firm does not grow out of the

fixed costs.15 Second, the information and incentive costs of external financing may to some

extent be proportional to firm size. Indeed, the negative announcement effect of a new equity

issue affects the firm’s entire capitalization. Similarly, the negative incentive effect of a more

diluted ownership may have costs that are proportional to firm size. Finally, this assumption

keeps the model tractable and generates stationary dynamics for the firm’s cash-capital ratio.16

14The classic writings include Jensen and Meckling (1976), Leland and Pyle (1977), and Myers and Majluf
(1984).

15Indeed, this is a common assumption in the investment literature. See Cooper and Haltiwanger (2006)
and Riddick and Whited (2009), among others. If the fixed cost is independent of firm size, it will not matter
when firms become sufficiently large in the long run.

16A potential limitation of our model is that it will be misspecified as a structural model of firms’ outside
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We denote by Ht the firm’s cumulative external financing up to time t with H0 “ 0 and

by dHt the firm’s incremental external financing over time interval pt, t ` dtq. Similarly, let

Xt denote the cumulative costs of external financing up to time t with X0 “ 0, and dXt the

incremental costs of raising incremental external funds dHt. The cumulative external equity

issuance H and the associated cumulative costs X are stochastic controls chosen by the firm.

Technically, due to the fixed equity issuance costs, the firm’s external financing policy

can be described as a tuple ν “ tτ p1q, τ p2q, ¨ ¨ ¨ ;M p1q,M p2q, ¨ ¨ ¨ u, where τ piq represents the i-th

external financing (stopping) time, and M piq ą 0 represents the corresponding net financing

amount at the i-th financing time. When the firm issues no equity, i.e., t ‰ τ piq, we have

dHt “ dXt “ 0. When the firm issues equity, i.e., t “ τ piq, we have

Hτ piq “ Hτ piq´ `M
piq, (9)

Xτ piq “ Xτ piq´ ` Φτ piq ` γM
piq . (10)

Equations (9)-(10) imply that the net equity raised is dHt “M piq and the cost of financing is

dXt “ Φτ piq ` γM
piq at t “ τ piq. Here, τ piq´ refers to the time immediately before τ piq.

Cash carry costs and cash management. Let Wt denote the firm’s cash balance at t. If

the firm’s cash is positive, it survives with probability one. However, if the firm runs out of

cash (Wt “ 0), it has to either raise external funds to continue operating, or liquidate one of

its divisions to replenish cash.

If the firm chooses to raise external funds, it incurs both the fixed and marginal financing

costs specified above. In some situations the firm may prefer selling one of its divisions even

before exhausting its cash balance. As we discuss in detail later, this result is a novel insight

from our multi-division firm model. In contrast, it is not optimal for a single-division firm to

liquidate itself as long as it still has a positive cash balance (BCW, 2011).

As in most cash management models, the rate of return that the firm earns on its cash

balance is the risk-free rate r minus a carry cost λ ą 0 that captures in a simple way the

agency costs that may be associated with free cash inside the firm.17 However, paying out cash

also reduces the firm’s cash balance, which potentially exposes the firm to current and future

underinvestment, and future external financing costs. This tradeoff, which has been widely

analyzed in the literature, determines the optimal payout policy. We denote by Ut the firm’s

equity issue decisions. As such, the model is likely to work best when applied to mature firms as opposed
to start-ups and small entrepreneurial firms. Nevertheless, this limitation is mitigated in our setting, since
conglomerates (or, more generally, multi-division firms) tend to fit the former category.

17Alternatively, the cost of carrying cash may arise from tax distortions (e.g., Graham, 2000).
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cumulative (nondecreasing) payout to shareholders up to time t, and by dUt the incremental

payout over time interval dt. Distributing cash to shareholders may take the form of a special

dividend or a share repurchase.

Combining cash flows from operations dYt given in (7) with the firm’s financing policy

given by the cumulative payout process U and the cumulative external financing process H,

in the region where the firm neither sells a division nor liquidates, its cash balance W evolves

as follows:

dWt “ dYt ` pr ´ λq Wtdt` dHt ´ dUt , (11)

where the second term is the interest income (net of the carry cost λ), the third term dHt is

the cash inflow from external financing, and the last term dUt is the cash outflow to investors,

so that (dHt ´ dUt) is the net cash flow from financing. As equity issuance is costly, it is not

optimal to simultaneously issue equity and pay out a dividend. That is, at all t, either dHt “ 0

or dUt “ 0. As raising external financing is costly, the firm is often financially constrained; it

neither issues equity nor pays out a dividend (dHt “ dUt “ 0), even though saving inside the

firm is also costly (λ ą 0).

2.3 Firm Optimization

2.3.1 Single-Division Firm Optimization

Next, we state the optimization problem for a single-division firm, proposed by BCW (2011),

which serves as an important benchmark for at least two reasons. First, it allows us to

characterize how having more than one division changes a firm’s decisions and valuation.

Second, as a multi-division firm may sell one or more of its divisions, the solution for a single-

division firm naturally enters into our analysis of the optimization problem for a multi-division

firm.

Let P spKs,W q denote the value of a single-division firm with division s, and let tKs
t ; t ě 0u

be the firm’s capital stock process and tWt; t ě 0u its cash balance process. The firm chooses

its investment Is, payout policy U s, external financing policy Hs, and liquidation time τL “ τs

to maximize shareholder value by solving

sup E
„
ż τs

0

e´rt pdU s
t ´ dH

s
t ´ dX

s
t q ` e

´rτs
`

Lsτs `Wτs

˘



. (12)

The expectation takes risk into account (i.e., under the risk-neutral measure Q). The first

term is the discounted value of the net payouts to shareholders, and the second term is the

discounted value from liquidation. The firm may never liquidate (i.e., τs “ 8).
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2.3.2 Multi-Division Firm Optimization

Unlike a single-division firm, which ceases to exist upon liquidating its only division, a multi-

division firm can sell one or more divisions to replenish its cash balance, and continue operating

as a going concern with the remaining divisions.

After selling a division, the conglomerate becomes a single-division firm that behaves as in

BCW (2011). Consider the case where the conglomerate sells division b at time τb. The firm’s

cash balance then increases from Wτb´ by a discrete amount Lbτb´ to the post-division-sale

cash balance of

W a
τb
“ Wτb´ ` L

b
τb´
“ Wτb´ ` `bK

b
τb´

. (13)

Similarly, after selling division a, the firm becomes a single-division firm with cash balance

W b
τa “ Wτa´ ` L

a
τa´ “ Wτa´ ` `aK

a
τa´.

Let F pKa, Kb,W q denote the conglomerate’s shareholder value. In Section 5.3 we show

that it is never optimal for the firm to simultaneously sell both divisions (see Proposition 5.1).

This is because the option value of keeping at least one division alive is strictly positive. We

can therefore divide the conglomerate’s optimization problem into two subproblems: one after

it sells one of its divisions at stochastic time τs, and the other before the sale of the division.

We solve the problem via backward induction.

Shareholders choose investment levels (Ia, Ib), division sale timing pτa, τbq, payout policy

U , and external financing H to maximize the conglomerate’s value by solving

sup E

«

ż τ

0

e´rtpdUt ´ dHt ´ dXtq ` e
´rτ

 

P a
pKa

τ ,W
a
τ q1tτ“τbu ` P

b
pKb

τ ,W
b
τ q1tτ“τau

(

ff

, (14)

where 1 t¨ u is the indicator function and P spKs
τ ,W

s
τ q is the value of the single-division firm

(with division s being the surviving one) defined in equation (12). The conglomerate spins off

a division at stopping time τ given by τ “ mintτa, τbu and liquidates itself at τL “ maxtτa, τbu.

In sum, the firm’s optimization problem is a combined convex control (investment), singu-

lar control (payout), impulse control (equity issuance), and optimal stopping (division sale)

problem (see Internet Appendix A).

Finally, the conglomerate’s average q, which is the ratio of its enterprise value F pKa
t , K

b
t ,Wtq´

Wt and its total capital stock Ka
t `K

b
t , is given by

qt “
F pKa

t , K
b
t ,Wtq ´Wt

Ka
t `K

b
t

. (15)

Since our model is homogenous of degree one in pKa, Kb,W q, as we will show later, we can
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write the average q as:

qt “ qpzt, wtq , (16)

where zt is the relative size of division a, given by the ratio of Ka
t and the total capital stock:

zt “
Ka
t

Ka
t `K

b
t

(17)

and wt is the conglomerate’s scaled cash holding:

wt “
Wt

Ka
t `K

b
t

. (18)

3 An MM First-Best Benchmark

Before solving our model for a financially constrained conglomerate, it is helpful to consider

the special case where equity issuance is costless. In this case, both the Modigliani-Miller

(MM) and Coase Theorems hold. Whether the two divisions are organized as units within a

conglomerate or as two separate firms makes no economic difference. In either organizational

structure, the first-best outcome is achievable as it is optimal for each division to choose its

own first-best investment policy and financing is irrelevant.18

Each division operates the same technology as in Hayashi (1982). Therefore, the average

q for division s is equal to its marginal q and satisfies the following present-value relation:

qsFB “ sup
is

µs ´ i
s ´ gspi

sq

r ` δs ´ is
. (19)

The first-order condition (FOC) for investment also implies that isFB satisfies:

1` g1spi
s
FBq “ qsFB , (20)

which states that the division’s marginal cost of investing is equal to the marginal benefit of

investing, qsFB. Since adjustment costs are convex, (20) implies that the first-best investment

is increasing in q. Note that qsFB is greater than unity, as the adjustment costs create a wedge

between the value of installed capital and newly purchased capital.

The value of a conglomerate with cash Wt and divisional capital stocks Ka
t and Kb

t is given

by:

F FB
pKa

t , K
b
t ,Wtq “ qaFBK

a
t ` q

b
FBK

b
t `Wt . (21)

The enterprise value of the conglomerate is equal to the value of the conglomerate minus cash,

F FBpKa
t , K

b
t ,Wtq ´Wt, which is independent of Wt since MM holds.

18Our MM benchmark model is related to Crouzet and Eberly (2021), who develop a q-theory of invest-
ment with multiple capital stocks, but importantly with no financial frictions, to study the role of rents and
intangibles for valuation.
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Using the definition of average q given in equation (15), we obtain the following expression

for the conglomerate’s average q under the first-best, qFB,t:

qFB,t “ ztq
a
FB ` p1´ ztqq

b
FB . (22)

That is, the average q of the conglomerate is simply a weighted average of the average q of its

divisions, where the weights are the divisions’ relative sizes, zt and p1´ ztq.

4 Corporate Socialism

While putting two divisions together as a firm provides diversification benefits, doing so may

also give rise to agency costs. In particular, in the spirit of the models of influence activi-

ties (e.g., Milgrom, 1988; Milgrom and Roberts, 1988; Meyer, Milgrom, and Roberts, 1992),

division managers may lobby headquarters to channel more of the firm’s resources toward

their division. In these models, division managers prefer larger resource allocations due to

rent-seeking motives (e.g., if financial compensation, perquisite consumption, or outside job

opportunities are linked to the size of the division they manage) or “empire building” prefer-

ences (e.g., if managers enjoy the power and status of managing a larger division), and lobby

headquarters accordingly. This lobbying incentive is especially pronounced for managers of

weak divisions that face a higher risk of being downsized; their managers have incentives to

overstate the division’s true prospects in an attempt to gain access to corporate resources that

can be used to prevent or delay the downsizing.

Such lobbying activities are costly to the firm, as division managers devote time and

effort lobbying headquarters at the expense of more productive activities. In the models of

corporate socialism (e.g., Rajan, Servaes, and Zingales, 2000; Scharfstein and Stein, 2000;

Matvos and Seru, 2014), headquarters can mitigate this lobbying behavior by tilting the

resource allocation toward weaker divisions at the expense of the stronger ones—analogous to

a “socialist” outcome in which stronger divisions cross-subsidize the weaker ones.19

In what follows, we consider two forms of socialism. In Section 4.1, we consider the case

in which socialism applies to the firms’ ongoing operations (that is, division managers lobby

headquarters for more resources to be channeled toward their division). In Section 4.2, we

then consider the case in which socialism also applies to the spinoff decision (that is, division

managers also lobby against a potential spinoff of their division).

19Several empirical studies find that multi-division firms tend to overinvest in divisions with low investment
opportunities and underinvest in those with high investment opportunities (e.g., Shin and Stulz, 1998; Rajan,
Servaes, and Zingales, 2000; Ozbas and Scharfstein, 2010), consistent with the models of corporate socialism.
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4.1 Socialism: Ongoing Operations only

We model inefficient resource allocation within a firm by assuming that there is an additional

cost that the firm pays by having two divisions inside the firm. Let Gc
t denote this cost, where

c refers to the conglomerate. This cost can be interpreted as influence cost, which lowers the

divisions’ productivity and causes output losses.

To be precise, the firm’s operating profit, dYt, over time increment dt is then given by

dYt “ dY a
t ` dY

b
t ´G

c
tdt “ pK

a
t dA

a
t `K

b
t dA

b
tq ´ pI

a
t ` I

b
t `G

a
t `G

b
tqdt´G

c
tdt . (23)

We focus on socialism for the case where the productivities of the two divisions are different.

Without loss of generality, we refer to division a as the stronger division throughout the paper

(i.e., µa ě µb), whenever we study corporate socialism.

We model the cost of corporate socialism by using the following adjustment cost function

at the conglomerate level:

Gc
t “ εatµaK

a
t ´ ε

b
tµbK

b
t , (24)

where εat ě 0 and εbt ě 0 are stochastic processes to be specified.20

The rationale behind equation (24) is as follows. First, to capture the notion that socialism

is inefficient, thereby reducing the value of the conglomerate, we require Gc
t ě 0 at all t, so

that the firm’s free cash flow is lower with socialism than without. Second, to model the

inefficient resource transfer from the more productive division to the less productive one, we

express Gc
t as the difference between two terms: the first term εatµaK

a
t ě 0 captures the loss

(in cash flow terms) at the more productive division a, while the second term εbtµbK
b
t ě 0

captures the gain at the less productive division b due to influence activities. As a whole, the

conglomerate incurs a net cost that is given by the difference between the two terms.

In addition, conditional on the inefficient resource allocation away from the more produc-

20In (24), the socialism costs depend on the size of the divisions (Ka and Kb), but not on the conglomerate’s
cash balance (W ). In principle, influence activities can also depend on W—the more cash is available, the
more division managers may engage in internal politics to divert some of this cash to their own divisions. To
capture this intuition, we can generalize the socialism cost function (24) as follows:

Gct “ εat µaK
a
t ´ ε

b
tµbK

b
t ` ε

cpµa ´ µbqWt , (25)

where εc ą 0 is a constant and the last term captures the cost of socialism associated with the conglomerate’s
cash balance. Note that the coefficient of the last term is proportional to the productivity wedge µa ´ µb,
consistent with the notion that influence activities are more severe when the productivity wedge between the
two divisions is larger. Importantly, the last term in this more general formulation of socialism costs provides
one economic interpretation for the cash-carry cost (λ) that we took as exogenously given in our baseline
model. To be precise, λ in our baseline model corresponds to εcpµa ´ µbq in (25).
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tive division a to the less productive division b, we assume that Gc
t is symmetric as a function

of the relative size of the two divisions. Specifically, we choose εat “ εp1 ´ ztq and εbt “ εpztq,

where εp ¨ q is a linear function:

εpxq “ θc x , x P r0, 1s (26)

and θc ě 0 is a constant describing the severity of socialism. The case with θc “ 0 corresponds

to our baseline model of Section 2 with no corporate socialism. The higher the value of θc,

the stronger corporate socialism. With the specific functional form in (26), we obtain

Gc
t “ θc

pµa ´ µbqK
a
tK

b
t

Ka
t `K

b
t

“ gcpztq
`

Ka
t `K

b
t

˘

, (27)

where gcpzq is the scaled socialism cost function:

gcpzq “ θcpµa ´ µbqzp1´ zq . (28)

Note that, by construction, Gc ě 0 and gcpzq are symmetric in z, the relative size of the two

divisions, and are higher the more balanced the two divisions are. This conveys the intuition

that internal politics is most pronounced when both divisions are equally powerful in terms

of size (that is, when they both account for 50% of the firm), while internal politics is less

of a concern when one division is larger than the other (say, if one division accounts for 99%

of the firm, and the other only 1%). Moreover, the larger the productivity wedge between

the two divisions pµa ´ µbq, the larger the socialism cost. This echoes the models of influence

activities (Milgrom, 1988; Milgrom and Roberts, 1988; Meyer, Milgrom, and Roberts, 1992),

in which the less productive division has stronger incentives to engage in internal politics.

Finally, we note that, in the above formulation, the socialism cost Gc
t can be interpreted as a

tax on capital, where gcpztq represents the “effective” tax rate.

To see how socialism in our model makes the more productive division a less productive

and inefficiently subsidize the less productive division b, we rewrite the firm’s operating profits

in (23) as:

dYt “ Ka
t ppµ

a
t dt` σ

adZa
t q `K

b
t ppµ

b
tdt` σ

bdZb
t qq ´ pI

a
t ` I

b
t `G

a
t `G

b
tqdt , (29)

where pµat “ pµapztq and pµbt “ pµbpztq defined below can be interpreted as “compromised”

productivities due to socialism for the two divisions:

pµapztq “ µap1´ θcp1´ ztqq ď µa (30)

pµbpztq “ µbp1` θcztq ě µb . (31)

Equations (30) and (31) convey the idea that corporate socialism effectively lowers the
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productivity of the more productive division a to pµat , but enhances the productivity of the

less productive division b to pµbt from the headquarters’ perspective. Naturally, the outcome

is socially inefficient as the productivity loss at division a outweighs the productivity gain at

division b, thereby reducing shareholder value.

In sum, headquarters chooses investment levels (pIa, pIb), division sale timing ppτa, pτbq, payout

pU , and external financing pH to solve

pF pKa, Kb,W q “ sup
pIa,pIb,pτa,pτb,pU, pH

E

«

ż

pτ

0

e´rtpdpUt ´ d pHt ´ d pXtq

`e´rpτ
 

P a
pKa

pτ ,W
a
pτ q1tpτ“pτbu ` P

b
pKb

pτ ,W
b
pτ q1tpτ“pτau

(

ff

, (32)

where P spKs
pτ ,W

s
pτ q is the value of a single-division firm defined in equation (12).

Importantly, corporate socialism disappears if headquarters sells a division, as doing so

eliminates the Gc
tdt cost. As such, division sale is one way for the firm to mitigate corpo-

rate socialism. The parameters for the single-division firms’ value functions P apKa
pτ ,W

a
pτ q and

P bpKb
pτ ,W

b
pτ q are the original (true) parameter values µa and µb. The conglomerate spins off a

division at time pτ given by pτ “ mintpτa, pτbu. The firm’s liquidation time pτL is then given by

pτL “ maxtpτa, pτbu. Naturally, firm value is lower with socialism than without:

pF pKa, Kb,W q ď F pKa, Kb,W ;µa, µbq . (33)

4.2 Socialism: Both Ongoing Operations and Division Sale

Division managers’ rent-seeking activities may not only distort the resource allocation on an

ongoing basis, but also influence the headquarters’ decision to spin off a division. Intuitively,

when facing the risk of being spun off, division managers may engage in additional lobbying to

fend off the spinoff. In what follows, we show that an inefficient conglomerate can persist longer

due to the division manager’s rent-seeking activities that inefficiently delay the headquarters’

decision to divest the division.

We generalize our socialism model by assuming that the conglomerate incurs an additional

cost of spinning off a division given by

Gd
t “ θd

“

µap1´ ztq`aK
a
t ´ µ

bzt`bK
b
t

‰

“ gdpztq
`

Ka
t `K

b
t

˘

ą 0 , (34)

where θd ą 0 measures how severely the division manager’s rent-seeking activities influence

the headquarters’ spinoff decision, and gdpzq is a scaled cost function for spinoffs:

gdpzq “ θdpµa`a ´ µb`bqzp1´ zq ą 0 . (35)
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Note that Gd
t ą 0 follows from µa`a ą µb`b, as division a is more productive (µa ą µb) and

the recovery value is higher (`a ě `b).

The rationale for equations (34)-(35) is similar to that for equation (24). First, to capture

the notion that socialism leads to inefficient value-destroying spinoff decisions, we require

Gd
t ě 0 at all t. Second, to model the inefficient resource transfer from the more productive

division to the less productive one, we express Gd
t as the difference between two terms: the

first term inside the square brackets µap1 ´ zq`aKa ě 0 captures the loss (in value) at the

more productive division a, while the second term µbz`bKb ě 0 captures the gain at the less

productive division b due to influence activities. As a whole, the conglomerate incurs a net

cost that is proportional to the difference between the two terms.

In analogy to the socialism cost function gcpzq for ongoing operations, gdpzq is also sym-

metric in z and is higher the more balanced the two divisions are. This conveys the intuition

that internal politics is most pronounced when both divisions are equally powerful in terms

of size. Moreover, the larger the wedge between the two divisions pµa`a ´ µb`bq, the larger

the socialism spinoff cost. Finally, we note that Gd
t can be interpreted as a one-time tax on

capital for spinning off a division, where gdpztq represents the “effective” tax rate.

5 Solution: Bright Side of Internal Capital Markets

In this section, we solve the model proposed in Section 2. Firm value is a function of three

state variables: the capital stock of each division (Ka and Kb) and the firm’s cash balance

(W ). We solve the model by dividing the problem into three steps. First, we characterize the

firm’s decisions in the region where the marginal source of financing is its internal financing;

second, we characterize the firm’s optimal payout policies; finally, we analyze how a finan-

cially constrained conglomerate dynamically replenishes its cash by choosing between external

financing, division sale, and firm liquidation.

5.1 Interior Region

In this region, firm value F pKa, Kb,W q satisfies the following Hamilton-Jacobi-Bellman (HJB)

equation:

rF pKa, Kb,W q “ sup
Ia,Ib

pIa ´ δaK
a
qFKa ` pIb ´ δbK

b
qFKb

`
“

pr ´ λqW ` µaK
a
` µbK

b
´ pIa ` Ib `Ga

`Gb
q
‰

FW

`
1

2

`

σ2
apK

a
q
2
` σ2

b pK
b
q
2
` 2ρσaσbK

aKb
˘

FWW . (36)
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The first two terms (FKa and FKb) on the right side of (36) capture the direct effects of

investment on firm value; the third term (FW ) represents the effect of the firm’s expected

savings; and the last term (FWW ) captures the effect of the volatility of cash holdings W .

The firm finances its investment in both divisions out of the cash balance in this region.

The divisional investment levels Ia and Ib satisfy the following interconnected FOCs:21

1`Ga
Ia pI

a, Ka
q “

FKapKa, Kb,W q

FW pKa, Kb,W q
, (37)

1`Gb
Ib

`

Ib, Kb
˘

“
FKbpKa, Kb,W q

FW pKa, Kb,W q
. (38)

First, consider the special case with frictionless external and internal capital markets con-

sidered in Section 3 (i.e., the MM world). In this case, the marginal value of cash is FW “ 1,

and the FOCs simplify to the neoclassical investment formula in (20)—that is, the firm’s

marginal q with respect to capital stock Ks in division s, FKspKs, Ks,W q, is equal to the

firm’s marginal cost of investing in division s, 1`Gs
Is , and the two FOCs are independent of

each other. In other words, one division’s policy is independent of the other’s (MM and Coase

Theorems).

These properties no longer hold in our setup with financing frictions. The left side of (37) is

the firm’s marginal cost of increasing a unit of capital in division a, 1`Ga
Ia . The right side is the

marginal benefit, which is equal to the marginal q for division a, FKapKa, Kb,W q, divided by

the marginal cost of financing (or equivalently, the marginal value of cash), FW pK
a, Kb,W q.

Optimality requires that the two sides of (37) be equal. The same reasoning applies to

equation (38) with respect to division b. With costly external financing, the firm deploys cash

optimally to both divisions so that the FOCs (37) and (38) for the two divisions hold and

become interconnected.

Re-writing (37) and (38), we have the following FOCs:

FKapKa, Kb,W q

1`Ga
Ia pI

a, Kaq
“
FKbpKa, Kb,W q

1`Gb
Ib
pIb, Kbq

“ FW pK
a, Kb,W q . (39)

The first equality states that the ratio between marginal q and the marginal cost of investing

is equal for the two divisions—the implication of the intratemporal optimal allocation. The

second equality describes the intertemporal optimal savings: the ratio between marginal q and

the marginal cost of investing in all divisions is equal to the marginal value of savings (cash),

FW pK
a, Kb,W q. Note that, while marginal q is well defined for each division, it is unclear

21The convexity of the physical adjustment cost implies that the second-order condition is satisfied and the
divisional investment decisions in our model admit interior solutions.
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how to define a meaningful marginal q at the conglomerate level, as Ka `Kb is not a state

variable; instead, both Ka and Kb are state variables.

By using the homogeneity property of our model and applying Euler’s theorem, we obtain

the following expression:

F pKa, Kb,W q “ FKapKa, Kb,W qKa
` FKbpKa, Kb,W qKb

` FW pK
a, Kb,W qW , (40)

which links the book values of key balance sheet items (W , Ka, and Kb) to the firm’s market

value. Multiplying cash (W ) and divisional capital stocks (Ka and Kb) by their respective

marginal (shadow) values (i.e., the marginal value of cash FW , the marginal q of division a’s

capital stock FKa , and the marginal q of division b’s capital stock FKb) and then summing up

the three terms, we obtain the conglomerate’s market value F pKa, Kb,W q.

The homogeneity property also allows us to equivalently express the firm’s three-state-

variable value function as a two-state-variable value function:

F pKa
t , K

b
t ,Wtq “ pK

a
t `K

b
t q ¨ fpzt, wtq , (41)

where zt is given in (17) and wt is the firm’s cash-capital ratio defined in (18).

The ratio w between cash balance Wt and the firm’s total physical capital stock pKa
t `K

b
t q

is the key state variable measuring the firm’s degree of financing constraints. Using Ito’s

Lemma, we obtain the following dynamics for wt:

dwt “ pr ´ λqwtdt`
“

zt pµadt` σadZat q ` p1´ ztq
`

µbdt` σbdZbt
˘‰

´
“

piat ` gapi
a
t qq zt `

`

ibt ` gbpi
b
tq
˘

p1´ ztq
‰

dt

´ wt
“

ztpi
a
t ´ δaq ` p1´ ztqpi

b
t ´ δbq

‰

dt . (42)

The first term reflects the firm’s net interest income; the second term captures the operating

revenues from the two divisions; the third term captures the total (flow) costs of investing;

and the last term captures the impact of changes in the divisions’ capital stock.

In addition to wt, the capital stock of division a as a fraction of the firm’s total capital

stock, zt “ Ka
t {pK

a
t ` Kb

t q, measures the distribution of illiquid productive capital stocks

between the two divisions, which is the other key state variable. Using the dynamics of Ka

and Kb, we obtain the following process for zt P r0, 1s:

dzt “ ztp1´ ztq
“

piat ´ δaq ´ pi
b
t ´ δbq

‰

dt . (43)

If and only if the growth rate of division a exceeds that of division b, i.e., piat ´ δaq ą pi
b
t ´ δbq,

the relative size of division a grows, that is, zt increases.

By using our model’s homogeneity property—e.g., equation (41)—we can simplify the HJB
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equation (36) and obtain the following partial differential equation (PDE) for f pz, wq:

Lfpz, wq “ 0 , (44)

where

Lfpz, wq “ sup
ia,ib

pia ´ δaqz rfpz, wq ` p1´ zqfzpz, wq ´ wfwpz, wqs

` pib ´ δbqp1´ zq rfpz, wq ´ zfzpz, wq ´ wfwpz, wqs

`
“

pr ´ λqw ` pµa ´ i
a
´ gapi

a
qqz ` pµb ´ i

b
´ gbpi

b
qqp1´ zq

‰

fwpz, wq

`
1

2

“

σ2
az

2
` σ2

b p1´ zq
2
` 2zp1´ zqρσaσb

‰

fwwpz, wq ´ rfpz, wq . (45)

The first and second terms on the right side of equation (44) capture the effects of investment

in divisions a and b on firm value; the third term captures the effect of cash management; and

the fourth term captures the volatility effects (from both divisions and their correlation). The

sum of these four terms represents the expected change in firm value. Subtracting rfpz, wq,

the annuity value of fpz, wq, provides the net change in fpz, wq.

Note that it is optimal for the firm to solely rely on internal funds to finance both divisions’

investments in this region. The conglomerate optimally chooses its divisional investments ia

and ib so that the net change in its (scaled) value fpz, wq, Lfpz, wq, is zero.

The FOCs for divisional investment decisions can be simplified as follows:

1` g1api
a
q “

fpz, wq ` p1´ zqfzpz, wq

fwpz, wq
´ w , (46)

1` g1bpi
b
q “

fpz, wq ´ zfzpz, wq

fwpz, wq
´ w . (47)

The left side of equation (46) is the marginal cost of investing in division a. The right side

is the marginal q of Ka divided by the marginal value of cash fwpz, wq. The firm optimally

chooses ia by equating the two sides of (46). The same applies to division b in equation (47).

As discussed above, the divisional investment decisions are interconnected because of financial

constraints.

In order to fully characterize the value function fpz, wq, we must also analyze the firm’s

payout, external financing, and division sale decisions. We show that there are two other

regions in the state space of pz, wq: (1) a payout region where the firm also actively pays out a

dividend to shareholders; and (2) an external financing/division sale region in which the firm

replenishes its cash by choosing external financing, division sale, or liquidation of the whole

firm.
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5.2 Payout Region

To determine the firm’s payout region, we first consider the case in which the firm’s cash

holdings are very large relative to its size. In this case, the firm is better off paying out its

excess cash to shareholders to avoid the cash-carrying costs. Let wt denote the (stochastic)

level of the cash-capital ratio wt above which the firm pays out cash. As cum-dividend firm

value fpzt, wtq must be continuous at all t, the following value-matching condition holds:

fpzt, wtq “ fpzt, wtq ` pwt ´ wtq , for wt ą wt. (48)

By taking the limit wt Ñ wt and calculating the derivative with respect to wt, we obtain the

following equation in the region where wt ě wt:

fw pzt, wtq “ 1 . (49)

5.3 Division Sale, External Financing, and Liquidation Regions

When the firm is short on cash, it may raise costly external equity or liquidate a division to

replenish its cash stock. An important difference from BCW (2011) is that a conglomerate may

issue equity or liquidate a productive division to replenish its cash holdings before exhausting

its cash. That is, the firm may move preemptively, as doing so alleviates even larger distortions

in the future. Another key difference from BCW (2011) is that a conglomerate may choose

equity issuance and division sale under different circumstances, while in BCW (2011) the firm

either issues equity or liquidates itself when running out of cash. We show that the liquidation

of the whole firm is the firm’s last resort, as doing so wipes out its going-concern value (see

Section B of the Internet Appendix).

Proposition 5.1. Under the conditions given in (6), a.) in the first-best world, it is never

optimal to liquidate either division; b.) in a world with costly external financing, it is optimal

for the firm to sequentially sell its divisions rather than liquidate the firm in its entirety.

When the firm replenishes its cash via either equity issuance or division sale, it chooses

the less costly option that yields a higher firm value. The choice depends not only on the

liquidity ratio wt, but also the relative size of the two divisions, captured by zt, in addition to

the structural parameters of the model.

Costly external equity issuance. First, we calculate firm value conditional on issuing

external equity at t. Let JpKa
t , K

b
t ,Wtq denote this conditional firm value given by

JpKa
t , K

b
t ,Wtq “ sup

Mtą0
F pKa

t , K
b
t ,Wt `Mtq ´

“

φ ¨ pKa
t `K

b
t q ` p1` γqMt

‰

. (50)
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The first term on the right side of equation (50) is the post-equity-issuance firm value, and

the second term is the sum of net equity issuance Mt and the total cost of equity issuance,

which includes the fixed equity issuance cost, φ ¨ pKa
t `K

b
t q, and the proportional issuance cost

γMt. Again, note that the value JpKa
t , K

b
t ,Wtq is conditional on equity issuance, but equity

issuance may not be optimal.

Let rF pKa
t , K

b
t ,Wtq denote firm value conditional on external financing or division sale

being optimal. That is, we have the following condition:

rF pKa
t , K

b
t ,Wtq “ max

 

P a
pKa

t , L
b
t `Wtq, P

b
pKb

t , L
a
t `Wtq, JpK

a
t , K

b
t ,Wtq

(

. (51)

Equation (51) states that the firm selects one of the three mutually exclusive discrete choices

to maximize its value. If sale of division a or b is optimal, firm value is given by the first and

second term, respectively, on the right side of equation (51). If equity issuance is optimal,

firm value is equal to JpKa
t , K

b
t ,Wtq given in equation (50). The value function for the single-

division firm is the same as in BCW (2011) and reported in Section 2.

Let wat denote the cash-capital ratio immediately after the conglomerate sells division b

and becomes a stand-alone firm with only division a: wat “ W a
t {K

a
t , where W a

t “ Lbt `Wt.

We define wbt analogously. Using the homogeneity property, we obtain:

wat “
`bp1´ ztq ` wt

zt
and wbt “

`azt ` wt
1´ zt

. (52)

Let mt denote the scaled net equity issuance, mt “ Mt{pK
a
t ` Kb

t q, and jpzt, wtq denote

firm value scaled by pKa
t `K

b
t q, that is, jpzt, wtq “ JpKa

t , K
b
t ,Wtq{pK

a
t `K

b
t q. Equation (50)

can be simplified as:

jpzt, wtq “ sup
mtą0

fpzt, wt `mtq ´ φ´ p1` γqmt . (53)

Intuitively, the marginal value of cash fw must equal the marginal cost of financing 1 ` γ

immediately after refinancing. This can be seen from the first-order condition fw “ 1 ` γ,

implied by (53), provided that f is differentiable with respect to w.

Let rfpzt, wtq “ rF pKa
t , K

b
t ,Wtq{pK

a
t ` Kb

t q. Using the homogeneity property to simplify

equation (51), we obtain

rfpzt, wtq “ max
!

zt p
a
pwat q , p1´ ztq p

b
pwbt q , jpzt, wtq

)

, (54)

where wat and wbt are given in equation (52).

The equation that defines the external financing/division sale regions is then given by

fpzt, wtq “ rfpzt, wtq . (55)

In Section B.2 of the Internet Appendix, we prove two technical results on refinancing and
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early liquidation.

5.4 Summary

In Section A of the Internet Appendix, we prove that the firm’s (scaled) value fpz, wq associ-

ated with the firm’s optimal policies satisfies the following variational inequality:

max
!

Lfpz, wq, 1´ fwpz, wq, rfpz, wq ´ fpz, wq
)

“ 0 (56)

in the two-dimensional region defined by z P p0, 1q and w ě 0.

Intuitively, the firm finds itself in one of the three regions. When the first term in equation

(56) is equal to zero (and the other two terms are strictly negative), the firm is in the interior

region and optimally chooses its investment-capital ratios for divisions a and b as prescribed

by (46) and (47). When the second term is equal to zero, the conglomerate optimally makes a

payout to shareholders as described by (48) and (49). Finally, when the last term is equal to

zero, the firm optimally chooses either division sale or costly external financing, as captured

by (53) and (54). We numerically solve the variational inequality in (56) by using a penalty-

function-based iterative procedure described in Section C of the Internet Appendix.

6 Quantitative Analysis

We now turn to the quantitative analysis of the model. In Sections 6.1, 6.2, and 6.3, we

consider the case without socialism (θc “ 0) for a firm with two symmetric divisions, that

is, two divisions whose productivity shocks have the same mean and volatility (µa “ µb and

σa “ σb), but are not perfectly correlated.22 In Sections 6.4, 6.5, and 6.6, we consider the case

with asymmetric divisions. Finally, in Section 6.7, we generalize our model to allow for debt

financing.

Parameter choices.

The parameters used in the benchmark case are provided in Table 1. We set the annual mean

and volatility of the productivity shocks to µa “ µb “ 20% and σa “ σb “ 9%, respectively,

which are in line with the estimates of Eberly, Rebelo, and Vincent (2009) for large U.S. firms.

While our analyses do not depend on the specific functional form of gspi
sq for division

s “ a, b, for simplicity, we adopt the following widely used quadratic form:

gs pi
s
q “

θspi
sq2

2
, (57)

where the parameter θs measures the degree of the adjustment cost for division s. For our

22In Section 7, we consider the case with socialism (θc ą 0) for a firm with asymmetric divisions.
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Table 1: Summary of Parameters. This table summarizes the symbols for the key
parameters and the values used in our quantitative analysis. The values in the “symmetric”
column are for the case where the two divisions have the same parameter values. The values
in the “asymmetric” column are for the case where the two divisions have different parameter
values. Whenever applicable, parameter values are annualized.

Parameters Symbol Symmetric Asymmetric
Risk-free rate r 6% 6%
Proportional cash-carrying cost λ 1% 1%
Proportional financing cost γ 6% 6%
Fixed financing cost φ 1% 1%
Correlation of two divisions ρ 10% 10%

Risk-neutral mean productivity shock for division a µa 20% 24%
Risk-neutral mean productivity shock for division b µb 20% 16%
Volatility of productivity shock for division a σa 9% 9%
Volatility of productivity shock for division b σb 9% 9%

Rate of depreciation for division a δa 9% 9%
Rate of depreciation for division b δb 9% 9%
Adjustment cost parameter for division a θa 8 8
Adjustment cost parameter for division b θb 8 8
Socialism parameter θc 0 1
Capital liquidation value for division a `a{q

a
FB 0.6 0.6

Capital liquidation value for division b `b{q
b
FB 0.6 0.6

baseline calculations, we assume that both divisions have the same adjustment cost parameter,

which we set to θa “ θb “ 8 as in Shapiro (1986) and Hall (2001). We further assume

that both divisions have the same annual depreciation rate, which we set to δa “ δb “ 9%.

Moreover, we assume that the liquidation value for a division is proportional to the market

value (on a first-best basis) of the division’s capital stock. This assumption captures the idea

that, when acquiring a division, the buyer uses as benchmark the value that the division

can potentially create.23 As the two divisions have the same production parameters, we set

`a{q
a
FB “ `b{q

b
FB “ 0.6.24

As in BCW (2011), we set the annual risk-free rate to r “ 6%, the proportional cash-

carrying cost to λ “ 1%, the proportional financing cost to γ “ 6%, and the fixed financing

cost to φ “ 1% of the firm’s total capital stock. With these parameter values, the first-best

average q in the neoclassical model is qFB “ 1.4 and the corresponding first-best investment-

23In this regard, we differ from BCW (2011) who assume that the liquidation value is proportional to the
book value of the division’s capital stock.

24In Sections 6.3 and 6.4, we consider alternative values of the liquidation parameters.
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capital ratio is iFB “ 0.05 in both divisions.25

6.1 Diversified vs. Stand-Alone Firm

In Figure 1, we compare the diversified firm (that is, the firm with the two symmetric divisions

described above) with a stand-alone firm. Both firms have the same total capital stock and the

same parameter values. The only difference is that the diversified firm has an internal capital

market (allowing headquarters to reallocate resources across the two symmetric divisions with

imperfectly correlated productivity shocks) and the option to spin off a division at any time

it chooses. We assume that the diversified firm has two divisions of equal size (z “ 0.5).
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Figure 1: Comparison of a diversified firm (with z “ 0.5) and a single-division firm. The top panels
(A1-A3) pertain to the liquidation case, the bottom panels (B1-B3) to the refinancing case. In panel
A1, the vertical lines mark the payout boundary w. In panel B1, the vertical lines mark the payout
boundary w and the equity issuance amount m, respectively.

In Figure 1, the upper panels (A1-A3) pertain to the liquidation case, where we assume

that, if the firm runs out of cash, the only option is to liquidate a division or the entire

firm (that is, the firm cannot issue external financing). Alternatively, this can be seen as an

extreme case of costly external financing—the cost is so high that firms do not resort to it. We

relax this assumption in the lower panels (B1-B3), pertaining to the refinancing case, where

25The first-best investment-capital ratio is given by iFB “ r ` δs ´
a

pr ` δsq2 ´ 2pµs ´ pr ` δsqq{θs, and
the first-best q by qFB “ 1` θsiFB under standard convergence conditions for Hayashi-type models.
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firms have the option to issue equity to replenish their liquidity. In what follows, we discuss

both cases, starting with the liquidation case.

Liquidation case.

In panel A1, we plot the average q for the diversified firm (solid line) and stand-alone firm

(dashed line), along with the first-best benchmark implied by the neoclassical model, which is

qFB “ 1.4 for our parameter values (dotted line). The horizontal axis plots the cash-to-capital

ratio w. The vertical lines mark the endogenous payout boundary at which the firm pays out

cash to shareholders (w “ 0.13 for the diversified firm, and w “ 0.21 for the stand-alone firm,

respectively).

When the firm runs out of cash (reaching w “ 0), the diversified firm spins off one of the

divisions.26 Since the divisions are symmetric and the firm starts with z0 “ 0.5, the investment

levels of both divisions are identical at all times, and hence zt “ 0.5 for all t before the firm

liquidates a division. (For this reason, the choice of which division to liquidate is immaterial.)

Assuming that division a is spun off, the firm receives the liquidation value `aK
a and becomes

a single-division firm with a cash-to-capital ratio of `aKa

Kb “ `b “ 0.84. Since this ratio exceeds

the dividend payout boundary of the single-division firm (w “ 0.21), it will optimally pay

out the difference of 0.63 to shareholders, and then operate as a stand-alone firm with the

remaining liquidity.

Note that this sequence is consistent with Dittmar’s (2004) finding that firms often pay a

special dividend subsequent to a spinoff. Given this optimal response, the diversified firm’s

value at w “ 0 is 1.11.27 In contrast, when w “ 0, the stand-alone firm has no choice

but to liquidate the entire firm. Given our assumption that the liquidation value is 0.6

times the (first-best) market value, this implies that the stand-alone firm’s value at w “ 0 is

0.6ˆqFB “ 0.84. As these calculations illustrate, liquidation is more costly for the stand-alone

firm (as it permanently forgoes all future growth opportunities) compared to the diversified

firm (as it liquidates a division in lieu of the entire firm).

As can be seen, we find that the diversified firm achieves a higher valuation compared to

the stand-alone firm, especially in bad times when the firm is low on cash.28 The rationale

26For our parameter values, it is never optimal to liquidate a division when w ą 0. In Section 6.4, we
consider alternative parameterizations, under which early liquidation can be optimal. Note that, as shown in
Section 5.3, it is never optimal for the diversified firm to liquidate both divisions at once.

27Formally, the diversified firm’s value at w “ 0 satisfies F pKa,Kb,W q “ P bpKb, `aK
aq, and hence

fpz, wq “ p1´ zqpbp`aq. For z “ 0.5 and our parameter values, fp0.5, 0q “ 1.1.
28This pattern is consistent with the empirical evidence of Matvos and Seru (2014) and Kuppuswamy and

Villalonga (2016), who find that the value of diversification was higher during the recent financial crisis. It
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is twofold. First, the diversified firm has the option to spin off a division to replenish its

liquidity. This option is more valuable for lower values of w.29 Second, diversification reduces

the volatility of the firm’s productivity shocks and hence the likelihood of costly liquidation.

This benefit from diversification is especially valuable in bad times when w is low.30 We

further observe that the payout boundary w is lower for the diversified firm. The same two

rationales explain this finding. That is, the conglomerate’s option to spin off a division, and

the lower volatility of the productivity shocks reduce the value of holding cash. As such, the

diversified firm can more easily afford to pay a dividend. This finding is consistent with the

evidence of Duchin (2010) who documents that diversified firms hold less cash compared to

stand-alone firms.

Panel A2 plots the (net) marginal value of cash qw. As is shown, the marginal value of cash

increases as the firm becomes more constrained and liquidation more likely. Since liquidation

is more costly for the stand-alone firm, the marginal value of cash is higher for the stand-alone

firm compared to the diversified firm. Note that costly liquidation induces both firms to be

de facto “risk averse,” as the average q of both firms is concave in w. Thus, holding cash

today (below the payout boundary w) maximizes firm value and reduces the likelihood of

liquidation in the future. Intuitively, cash is valuable as it helps keep the firm away from

costly liquidation.

Panel A3 plots the investment-capital ratio for both firms, along with the first-best level

(iFB “ 0.05 for our parameter values). Due to financing constraints, investment is below

the first-best for both firms. Importantly, underinvestment is more severe for the stand-alone

firm. This mirrors the pattern in panel A2. As liquidity is more valuable for the stand-alone

firm (compared to the diversified firm), it has a greater demand for cash, and hence reduces

investment more aggressively.31

Refinancing case.

In the lower panels of Figure 1, we consider the refinancing case. Specifically, when the firms

run out of cash (w “ 0), they now replenish their liquidity by raising external equity. Doing

also echoes Matvos, Seru, and Silva’s (2018) finding that firms aim to diversify their operations in times of
capital market disruptions.

29Indeed, this spinoff option makes qpz, wq at w “ 0 exceed the liquidation value for the stand-alone firm,
` “ 0.6ˆ 1.4 “ 0.84.

30Note that our setup is conservative in that it likely underestimates the value gains from diversification.
This is because of our assumption of i.i.d. productivity shocks. In reality, shocks are likely to exhibit some
degree of persistence, which increases the benefits from diversification.

31Note that, close to w “ 0, investment is negative for both firms (and even more so for the stand-alone
firm). Intuitively, the firms disinvest in order to raise cash and stay away from the liquidation boundary.
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so is costly, as the firms incur fixed (φ “ 1%) and variable (γ “ 6%) financing costs. In

panel B1, we plot the average q for both the diversified and single-division firms. Because the

firms can now issue equity (at a cost), they avoid inefficient liquidation even under financial

distress. As a result, for both firms, the average q is higher in the refinancing case compared

to the liquidation case in panel A1. Moreover, the respective payout boundaries (w) are lower

than in the liquidation case. This is because firms are more willing to pay out cash when they

can raise new funds in the future.

We continue to find that the diversified firm is more valuable than the stand-alone firm.

As diversification reduces the volatility of the firm’s cash flows, it reduces the likelihood of

running out of cash and resorting to (costly) equity issuance. As a result, the diversified firm

has higher value, can more easily afford to pay out cash (w “ 0.10 for the diversified firm, and

w “ 0.15 for the stand-alone firm), and issues less equity in the event of refinancing (m “ 0.04

for the diversified firm, and m “ 0.05 for the stand-alone firm).

In panels B2 and B3, we find that, when liquidity is abundant, the diversified firm is less

prone to underinvestment, and has a lower marginal value of cash, compared to the stand-alone

firm. This is consistent with our previous analysis for the liquidation case. As diversification

reduces the volatility of the firm’s cash flows, the diversified firm has less of a need for liquidity

(i.e., liquidity is less valuable), and is more inclined to invest instead of hoarding cash.

Interestingly, the opposite results hold when w is low (the two curves cross in both panels

B2 and B3). The intuition is as follows. As the volatility of the firm’s cash flows is reduced

through diversification, an extra dollar of cash becomes more effective in helping the diversified

firm avoid costly equity issuance. When w is sufficiently low, the (marginal) value of cash

is larger for the diversified firm than the stand-alone firm, as the value-add of preserving

both divisions is very high. Therefore, the diversified firm reduces investment more than the

single-division firm. As a result, diversification can lead to a paradoxically higher demand for

precautionary savings, and hence more underinvestment, when the cash situation is sufficiently

dire.

6.2 Relative Size of Divisions: z

In Figure 1, we considered a diversified firm with equal-sized divisions (z “ 0.5). Recall that

in this case, z “ 0.5 is an absorbing state. Therefore, the solution for the diversified firm boils

down to a single state variable (w) problem as in BCW (2011) but with a lower volatility (due

to the imperfect correlation between the two divisions’ productivity shocks).
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Figure 2: Liquidation case—comparison of diversified firms with z “ 0.1 and z “ 0.5. In
panel A, the vertical lines mark the payout boundary w.

Albeit insightful, the symmetric-division case with z “ 0.5 is a rather special case. In

what follows, we examine the case in which z ‰ 0.5. As we will see, a key insight from this

analysis is that diversification can reduce firm value in low-liquidity states, as it increases the

cost of a spinoff (which peaks at z “ 0.5, ceteris paribus) and hampers liquidity management.

Liquidation case.

In Figure 2, we analyze the liquidation case with z “ 0.1, which means that division a accounts

for 10% of the firm’s capital stock, while division b accounts for the remaining 90%.

Panel A plots the value of the firm for the z “ 0.1 case, and compares it with the z “ 0.5

case analyzed earlier. When cash is abundant (high w), the balanced firm (z “ 0.5) is more

valuable. This finding is intuitive—the diversification gains are highest at z “ 0.5, which

translates in higher firm value. In contrast, in bad times (low w), the balanced firm is less

valuable. This is because, closer to w “ 0, liquidation is more likely, and liquidation is more

costly when z “ 0.5, as the firm would forgo half of its productive assets. In contrast, in the

event of liquidation, the z “ 0.1 firm would optimally spin off the smaller division (division

a), and only forgo 10% of its productive assets.

Panel B plots the marginal value of cash, and panels C and D the investment-capital

ratio for divisions a and b, respectively. The observed patterns are consistent with the above
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Figure 3: Refinancing case—comparison of diversified firms with z “ 0.1 and z “ 0.5. In
panel A, the vertical lines mark the optimal payout boundary w and the equity issuance
amount m.

interpretation. In high-w states, liquidity is less valuable for the more balanced firm, as it

faces lower volatility due to diversification. Given the lower need for cash, it is able to invest

more compared to the less balanced firm (z “ 0.1). In contrast, in low-w states, firms worry

about liquidation. Since liquidation is more costly to the more diversified firm (z “ 0.5), it

is more eager to prevent this scenario from happening. As a result, compared to the z “ 0.1

firm, the more diversified firm reduces investment more aggressively to preserve cash, and

cash has a higher marginal value.

Overall, the patterns from Figure 2 imply a dark and bright side of diversification from

the perspective of liquidity management, even for a value-maximizing conglomerate. In good

times, diversification reduces the need for liquidity and creates value. In low-liquidity states,

diversification can hamper the conglomerate’s liquidity management by making spinoffs more

costly and destroys value.

Refinancing case.

In Figure 3, we analyze the refinancing case. When equity financing is less costly than liq-

uidation, both firms choose to issue equity when they run out of cash (w “ 0). Thus, the

more balanced firm (z “ 0.5) no longer bears the higher liquidation costs arising from the
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Figure 4: Solution regions for a firm with two symmetric divisions in the liquidation (panel A) and
refinancing (panels B and C) cases. Panel D plots the equity issuance amount m.

liquidation of a relatively large division. As a result, the benefits from diversification—i.e.,

the lower volatility of the balanced firm’s cash flows—dominate, and the more balanced firm

is always more valuable than the z “ 0.1 firm, as shown in panel A.

Interestingly, panel B shows that the marginal value of cash is lower for the more balanced

firm in good times (high w), but higher in bad times (low w). Moreover, as shown in panels

C and D, the more balanced firm cuts investment in low-w states.

While this pattern mirrors the one in Figure 2, the rationale is different for low w. In bad

times—due to the higher degree of diversification—an extra dollar of cash is more effective

in helping the more balanced firm avoid issuing costly equity. As a result, the more balanced

firm has a stronger preference for liquidity closer to w “ 0.

6.3 Characterization of Solution Regions

In Figure 4, we characterize our model’s solution by regions for the liquidation case (panel

A) and two variants of the refinancing case (panels B and C, along with the respective equity

issuance amount m reported in panel D). As we have two state variables, the cash-to-capital

ratio w and the relative size z of division a, all regions are defined by pw, zq. The horizontal

and vertical axes correspond to w and z, respectively. (When z “ 0 or z “ 1, the firm is a

stand-alone firm.) The solid line corresponds to the payout boundary w as a function of z,
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wpzq. The function wpzq is part of the “payout region” and separates this region from the

“interior region.” If wt ě wpztq, the firm is in the payout region and pays out its excess cash

wt ´ wpztq to the shareholders.

Liquidation case.

In panel A, we consider the liquidation case. As can be seen, the payout boundary is the lowest

when the firm’s z reaches the absorbing state z “ 0.5, and increases as the firm becomes less

balanced. Intuitively, since the volatility of the firm’s cash flows is lowest at z “ 0.5, the

balanced firm has the lowest demand for precautionary savings; the more unbalanced the firm

is, the higher the volatility, and the higher the demand for precautionary savings.

When the firm runs out of cash (w “ 0), it hits the liquidation boundary. Since liquidation

is more costly for larger divisions (as the firm forgoes more of its productive assets), the firm

optimally liquidates the smaller of the two divisions—that is, the firm liquidates division a

when z ă 0.5 (represented by the line with the ` markers), and division b when z ą 0.5

(dotted line).32 This prediction is consistent with the empirical evidence of Maksimovic and

Phillips (2001), who find that multi-division firms are more likely to spin off their smaller

divisions.

Refinancing case.

In panel B, we turn to the refinancing case. For our baseline parameters, refinancing is less

costly than liquidation. Accordingly, when the firm runs out of cash (w “ 0), it now hits

the refinancing boundary (represented by the dashed line), and responds by issuing equity to

replenish its cash. The firm has no incentive to issue equity sooner, as doing so would forgo

the option of avoiding costly equity issuance.

We plot the corresponding equity issuance amount m in panel D (solid line). As is shown,

both the payout boundary w and the equity issuance amount m are the lowest at z “ 0.5,

and are higher the higher the imbalance between the two divisions. The intuition is the same

as in the liquidation case—since the balanced firm is better diversified (and hence faces lower

volatility), it can more easily afford to pay a dividend, and needs less financing conditional on

issuing equity.

In panel C, we depart from our baseline parameters by assuming that equity financing has

a higher fixed cost (φ “ 2%). In this case, we find that refinancing is not always preferred

to liquidation. When one of the divisions is sufficiently small (specifically, when z ă 0.03 or

32When z “ 0.5, the firm is indifferent between spinning off either division a or b.
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Figure 5: Early liquidation. This figure plots the solution regions for a diversified firm with
asymmetric divisions with µa “ 24%, µb “ 16%, and ρ “ 0.9. In panel A, the more productive
division (division a) has a lower liquidation value (`a{q

a
FB “ 0.1 and `b{q

b
FB “ 0.7). In panel B, it

has a higher liquidation value (`a{q
a
FB “ 0.7 and `b{q

b
FB “ 0.1).

z ą 0.97), liquidation is less costly (as the firm only forgoes a relatively small fraction of its

productive assets), and the firm prefers to spin off the smaller division as opposed to issuing

costly equity. When z P r0.03, 0.97s, the firm issues equity when it exhausts its cash holdings.

Finally, we observe in panel D that the equity issuance amount is always higher when

φ “ 2% (compared to the baseline case with φ “ 1%). Due to the higher fixed costs of issuing

equity, firms resort to higher amounts in order to reduce the odds of bearing the fixed costs

again in the future.

Note that our finding that the firm may find both external financing and division sale

(liquidation) to be optimal on the equilibrium path is not possible in BCW (2011). This

is because our model features two divisions, and whether equity financing or liquidation is

optimal for a financially distressed firm depends on z (in addition to w). This result illustrates

how, at the conceptual level, the analysis of a financially constrained multi-division firm can

be fundamentally different compared to that of a single-division firm.

6.4 Early Liquidation

With two symmetric divisions (i.e., the structural parameters µ, σ, δ, θ, and ` are the same

for both divisions), liquidating a division when w ą 0 (“early” liquidation) is never optimal.

However, with asymmetric divisions, early liquidation can be optimal.

We consider such a parameterization in Figure 5. Specifically, we assume that the two

divisions have different productivity (µa “ 24% and µb “ 16%) and different liquidation

values. Moreover, we set the correlation coefficient between the divisional productivity shocks

to ρ “ 0.9 so that the diversification benefits are lower than in our baseline analysis. The

other parameters are the same as in Table 1 pertaining to the firm with symmetric divisions.
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In panel A, we consider the case where the more productive division (division a) has a

lower liquidation value than the other division (`a{q
a
FB “ 0.1 and `b{q

b
FB “ 0.7). In this case,

it is optimal for the firm to voluntarily liquidate division b before running out of cash. This

is because the diversification benefit of keeping division b is limited (due to the high ρ and

small size 1´z of division b), and the cost of liquidating division b is relatively low (due to the

relatively high liquidation value `b{q
b
FB and small size 1´z of division b). Both forces make the

firm willing to liquidate early in order to enhance its liquidity and mitigate underinvestment

going forward, especially in low-w states.

In panel B, we turn to the more realistic scenario in which the more productive division

(division a) also has a higher liquidation value (`a{q
a
FB “ 0.7 and `b{q

b
FB “ 0.1). The firm now

liquidates division a before running out of cash when division a is sufficiently small (z close to

0). Note that, in this case, the firm liquidates the division with the higher productivity in low-

w states.33 This is because liquidating the division with a higher liquidation value generates

more cash, which is highly valuable in low-w states, even though doing so eliminates the

division with the higher productivity.

Importantly, this finding illustrates that, when taking risk management considerations into

account, it can be misleading to rank divisions solely based on their productivity (µ). We

discuss this point in more detail in the next section.

6.5 Resource Allocation with Different Volatilities

In Figure 6, we examine the resource (re-)allocation across two asymmetric divisions. A real-

world relevant case is when one division has high µ and high σ, while the other has low µ and

low σ, which provides an economically meaningful tradeoff. We set µa “ 20.5% and σa “ 40%

for division a, and µb “ 19.5% and σb “ 9% for division b. All other parameters are the same

as in our baseline, and we consider policies at z “ 0.5.

Panel A plots the investment-capital ratio for both divisions in the liquidation case. Per-

haps surprisingly, headquarters channels more of the firm’s resources toward the low-µ and

low-σ division, as opposed to the high-µ and high-σ division. This pattern is especially pro-

nounced when the firm is low on cash (low w). Intuitively, the firm prefers to reduce its risk

33This prediction is consistent with the empirical evidence of Schlingemann, Stulz, and Walkling (2002),
who find that firms in need of cash tend to liquidate their more liquid divisions (that is, their divisions with
higher liquidation values), even if those are their more productive units. Relatedly, this is consistent with the
empirical evidence of Ma, Tong, and Wang (2021), who find that, in financial distress, innovative firms are
more likely to liquidate their most productive assets (specifically, their core patents) if doing so allows them
to raise more cash.
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Figure 6: Resource allocation with different volatilities. This figure plots division-specific
investment-capital ratios as a function of w (fixing z “ 0.5) for a firm with asymmetric divisions with
µa “ 20.5% and σa “ 40% for division a, and µb “ 19.5% and σb “ 9% for division b, respectively.
The dotted line marks the payout boundary w.

exposure and preserves its going concern value by investing in the low-µ and low-σ division,

especially in low-w states where the likelihood of liquidation is higher.

Panel B considers the refinancing case. As can be seen, the optimal capital allocation

differs depending on w. In bad times (low w), more resources are allocated toward the low-

σ division. The intuition is analogous to the liquidation case. In low-w states, the firm’s

primary concern is to manage risk and reduce the probability of tapping costly external equity

financing, rather than generate higher expected cash flows. In contrast, in good times (high

w), headquarters allocates more of the firm’s resources toward the high-µ division—as in static

models of “winner picking” (e.g., Stein, 1997). The reason we obtain the static model intuition

in high-w states is because, when cash is abundant, profit-generating considerations dominate

risk management considerations. Conversely, the reason the two lines do not cross in panel A

is because liquidation is too costly and hence risk management considerations dominate for

all levels of w.

These findings highlight the importance of considering a dynamic setting in order to char-

acterize the mechanics of internal capital markets. In static models of winner picking, head-

quarters allocates resources to the more productive (high-µ) units. In a dynamic setting, firms

can run out of cash, and hence need to engage in risk management. As our model shows, when

cash is scarce, headquarters may optimally channel resources toward the low-risk division (i.e.,

based on σ). These considerations motivate a broader formulation of the winner picking role

of internal capital markets: when headquarters allocates resources to divisions, it does so not

only based on productivity, but also based on risk.34

34Note that the risk-return trade-off at the divisional level cannot be fully characterized by the division’s
µ{σ ratio due to the nonlinear nature of the model. Section D.1 of the Internet Appendix illustrates this point
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From this perspective, the within-firm allocation of resources can be viewed as a dynamic

portfolio choice problem where different divisions offer very different risk-return tradeoffs.

Unlike the standard portfolio choice problem (e.g., Merton, 1971), the risk-neutral firm in our

model is endogenously risk averse, and the instruments used by the firm (e.g., equity issuance)

are different from those used by households. As described above, this endogenous risk aversion

depends on both the firm’s liquidity (w) and the size distribution of its divisions (z).

Our findings have important implications for capital budgeting. Standard corporate fi-

nance textbooks prescribe that capital budgeting should be done based on the WACC of the

stand-alone project, and the project’s idiosyncratic risk should not matter. Our framework

shows that this prescription is misguided. Indeed, ignoring idiosyncratic risk and the balance

sheet of the firm when doing capital budgeting is incorrect; depending on the firm’s liquidity,

costs of external financing, and liquidation costs, it may be optimal to invest in a lower-NPV

project (based on the project’s WACC) if the project’s idiosyncratic risk is sufficiently low.

Adding a new project (or a new division) changes the firm’s entire balance sheet composition

and risk profile. As such, the firm should evaluate the new project by computing the net value

difference caused by introducing the new project into the firm, as opposed to evaluating the

project as if it were a stand-alone project.35

6.6 Retention of Loss-Making Divisions

Our previous analysis shows that risk management considerations can induce conglomerates to

optimally channel more resources toward the low-productivity division. In fact, conglomerates

may even choose to retain a loss-making division (that is, a division with negative productivity,

µ ă 0) if the diversification benefits are so large that they outweigh the firm’s productivity

losses. We consider such a case in Section D.2 of the Internet Appendix. Specifically, we show

that a large negative correlation ρ between the two divisions can induce the conglomerate to

optimally retain a loss-making division.

by reproducing Figure 6, but setting µa, µb, σa, and σb to half of their respective values (such that µa/σa
and µb/σb are unchanged), and shows that the division-specific investment-to-capital ratios are not identical
to those in Figure 6.

35Consider a setting where the unconditional CAPM holds under MM (i.e., for a financially unconstrained
firm.) For a financially constrained firm, the unconditional CAPM does not hold but instead the conditional
CAPM holds as the firm is endogenously risk averse (BCW, 2011). With financing constraints and multiple
divisions, both w and z affect the firm’s risk-return tradeoff, and hence influence corporate investment and
capital budgeting decisions. As a result, the firm’s cost of capital depends on both w and z for a multi-division
firm. We can show that a conditional CAPM—where beta depends on both w and z—holds for the financially
constrained multi-division firm.
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6.7 Debt Financing

In Section E of the Internet Appendix, we show that our predictions continue to hold if we

allow for debt financing, which we model via a credit line as in BCW (2011). This analysis

further shows that extending a line of credit to the conglomerate creates value, lowers the

marginal value of cash, mitigates under-investment, and accelerates payouts by lowering the

payout boundary. Moreover, we show that the quantitative effects are substantial.

7 Quantitative Analysis: Socialism

In this section, we provide a quantitative analysis for our model with socialism.36 Corporate

socialism is economically interesting when the divisions have different productivity. Specifi-

cally, we assume that division a is more productive than division b. As described in Section

4, corporate socialism makes division a less productive and division b more productive, with

the net effect being negative, in that the conglomerate as a whole is less productive.

We first consider the case where socialism only surfaces for the ongoing operations (Section

7.1) and then analyze the case in which socialism also matters for the spinoff decision (Section

7.2). To ease exposition, we analyze the liquidation case.37

Parameter choices. We set the annual productivity of the two divisions to µa “ 0.24 and

µb “ 0.16. As corporate socialism generates a (scaled) cost of gcpzq “ θcpµa ´ µbqzp1´ zq per

unit of time, we set the socialism parameter to θc “ 1, so that the maximum socialism cost

is p0.24´ 0.16q ˆ 0.5ˆ p1´ 0.5q “ 2% of firm size per annum. The other parameters are the

same as in our baseline analysis. The full set of parameters used in this section is provided in

the last column of Table 1.

7.1 Socialism: Ongoing Operations Only

In Figure 7, we consider the liquidation case with (solid line) and without (dashed line)

socialism, for a firm with balanced divisions (z “ 0.5). In panel A, we find that the value

of the firm is always lower with socialism, consistent with the “dark side” models of internal

capital markets. This finding is intuitive. Influence activities reduce the firm’s productivity,

which in turn reduces the value of the firm. Moreover, we find that the payout boundary

is lower with socialism. As socialism reduces the firm’s productivity, it makes payout more

desirable from the shareholders’ perspective.

36Section F.1 of the Internet Appendix provides the model solution.
37In Section F.2 of the Internet Appendix, we analyze the refinancing case.
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Figure 7: Comparison of diversified firms with and without socialism in the liquidation case. The
firms have asymmetric divisions with µa “ 24% and µb “ 16%. The divisions are of equal size
(z “ 0.5). In panel A, the vertical lines mark the payout boundary w.

Interestingly, we find that the difference in valuation shrinks as we move closer to the

liquidation boundary (w “ 0). This reflects the lower cost of liquidating a division when

the firm is subject to socialism—by spinning off a division, the firm becomes a stand-alone

firm that is free of socialism frictions. Accordingly, the option to spin off a division is more

valuable with socialism than without. Indeed, when w “ 0, spinning off one division fully

addresses the socialism problem, and hence the average q with socialism at w “ 0 is the same

as without socialism (q “ 1.31).

This insight has implications for liquidity management. With socialism, it is less costly

to replenish the firm’s liquidity through a spinoff. As a result, liquidity is less valuable with

socialism than without, especially when the firm is low on cash. This is consistent with the

pattern in panel B, showing that the marginal value of cash is lower with socialism, especially

in low-w states. Note that the quantitative effect is quite large—for example, near w “ 0, the

(net) marginal value of cash qwpz, wq drops from 22.5 to 4.6 due to socialism. Relatedly, the

patterns in panels C and D show that, with socialism, the firm is less prone to underinvestment

in low-w states (as it has less of a need to preserve cash by reducing investment). In contrast,

in high-w states, the lower productivity (due to socialism frictions) dominates, such that

investment is lower for the firm with socialism.
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Figure 8: Comparison of policy regions for diversified firms with and without socialism in the
liquidation case. The firms have asymmetric divisions with µa “ 24% and µb “ 16%.

In Figure 8, we plot the solution regions. Without socialism (panel A), the solution regions

are similar to those in panel A of Figure 4, except that they are no longer symmetric around

z “ 0.5 due to the higher productivity of division a (compared to division b). In particular,

when the firm runs out of cash (w “ 0), it is now less likely to liquidate division a relative to

division b. That is, the firm liquidates division a only when it exhausts its cash (w “ 0) and

when it is sufficiently small compared to division b (z ď 0.38). In our numerical example, the

payout boundary for a stand-alone firm with only division b (when z “ 0) is wp0q “ wb “ 0.21,

where wb is the optimal payout boundary for a stand-alone firm with only division b, as in

BCW (2011).38

Panel B of Figure 8 reports the solution regions with socialism. There are six regions in

total. To the left of the red dashed line are the two regions where the firm sells its more

productive division a. Whether the firm pays a dividend upon selling division a depends on

the level of w for a given level of z. The dividing line between these two regions (involving

the sale of division a) is given by the following downward-sloping linear function:

wpzq “ max t p1´ zqwb ´ `az, 0u (58)

where wb is the optimal payout boundary for a stand-alone firm with only division b. As

socialism disappears when z “ 0, we have wp0q “ wb “ 0.21, which is the same as in panel A

without socialism (when θc “ 0).

If pz, wq is in the division-a sale region and w is sufficiently large, in that w ą wpzq, the

firm makes a one-time dividend payment w´wpzq per unit of the conglomerate’s capital stock,

liquidates division a, and then operates as a stand-alone firm with the remaining division b.39

38Similarly, with only division a (when z “ 1), wp1q “ wa “ 0.29, where wa is the optimal payout boundary
for a stand-alone firm with only division a.

39For example, a diversified firm with z “ 0.05 and w “ 0.2 lies in the region marked by “division-a sale
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Otherwise (i.e., if w ă wpzq), the firm pays no dividend when liquidating division a. These

two regions are marked in panel B as “division-a sale with payout” and “division-a sale with

no payout,” respectively.

To the right of the blue dotted line are the two regions where the firm sells its less productive

division b. Whether the firm pays dividends upon selling its division b depends again on the

level of w for a given level of z. The dividing line between these two regions (involving the

sale of division b) is given by the upward-sloping linear function:

wpzq “ max t zwa ´ `bp1´ zq, 0u , (59)

where wa is the optimal payout boundary for a stand-alone firm with only division a.40

In the middle of panel B are the two remaining regions, the payout region and the interior

region, which are divided by the black solid nonlinear curve. When in the payout region, the

conglomerate makes a dividend payment to bring its w vertically down to that curve. In the

interior region, the conglomerate chooses its divisional investment levels as a going concern;

if the conglomerate runs out of cash (w “ 0), it liquidates division a when 0.20 ă z ă 0.38,

and division b when 0.38 ď z ă 0.92. Moreover, we see that the firm is less willing to pay

out as z increases, as the firm moves closer to being a single-division firm with only the more

productive division a. Being more productive and less diversified, the conglomerate has a

stronger motive to retain cash inside the firm.

Finally, a comparison of the two panels in Figure 8 provides additional insights. First,

the two end points (at z “ 0 and z “ 1) have the same values on the vertical axes with and

without socialism, as they map into the same single-division firms that are free of socialism.

Second, for z P p0, 1q, socialism effectively acts as a tax on the conglomerate’s capital stock (in

a nonlinear way), reducing its size-weighted productivity. Recall that a less productive firm

has a lower demand for cash. Therefore, a conglomerate with socialism has less of a need to

hold cash. This explains why the payout boundary in panel B (with socialism) is lower than

in panel A (without socialism). Third, socialism makes division sale more attractive as the

conglomerate becomes less productive. As a result, panel B features a “division-a sale with

with payout.” The payout threshold at z “ 0.05 corresponds to wp0.05q “ p1´ 0.05q ˆwb ´ `a ˆ 0.05 “ 0.13.
(Recall that wb “ 0.21 and `a “ p`a{q

a
FBq ˆ qaFB “ 0.6ˆ 2.2.) The firm makes a one-time dividend payment

w ´ wp0.05q “ 0.2 ´ 0.13 “ 0.07 per unit of the conglomerate’s capital stock, liquidates division a, and then
operates as a stand-alone firm with a scaled cash balance of wb “ 0.21.

40If pz, wq is in the division-b sale region and w is sufficiently large, in that w ą wpzq, the firm makes a
one-time dividend payment w´wpzq when liquidating division b. Otherwise (i.e., if w ă wpzq), the firm pays
no dividend when liquidating division b. These two regions are marked in panel B as “division-b sale with
payout” and “division-b sale with no payout,” respectively.
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payout” region (top left) and a “division-b sale with payout” region (top right).

7.2 Socialism: Both Ongoing Operations and Division Sale

In Figure 9, we compare the solution for the case in which socialism influences both ongoing

operations and spinoffs (θd “ 3) with the case (analyzed in Section 7.1) in which socialism

influences only ongoing operations (θd “ 0). As can be seen, when division managers can

also influence the headquarters’ spinoff decision, the firm delays its payout (as reflected in

the higher w in panel A) and lowers the investment-capital ratio for both divisions so as

to preserve financial slack (panels C and D). As a result, the firm’s average q (panel A)

is lower and the firm’s (net) marginal value of cash qwpz, wq (panel B) is higher, especially

when the firm is financially constrained (near w “ 0). Moreover, panel B shows that the

marginal value of cash for the conglomerate near w “ 0 approaches 20.5—this reflects the

firm’s strong aversion to spinning off a division as the cost of doing so is now very high due

to the division manager’s lobbying efforts to prevent the spinoff. In sum, this analysis shows

that inefficient conglomerates can persist due to division managers’ rent-seeking activities that

prevent headquarters from breaking up the conglomerate.
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Figure 9: Comparison of diversified firms with (θd “ 3) and without (θd “ 0) socialism costs with
respect to the spinoff decision in the liquidation case. Both firms are subject to socialism costs with
respect to their ongoing operations (θc “ 1). The firms have asymmetric divisions with µa “ 24%
and µb “ 16%. The divisions are of equal size (z “ 0.5). In panel A, the vertical lines mark the
payout boundary w.
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8 Redeployable Capital

Unlike a single-division firm, a conglomerate can internally reallocate at relatively low cost

idle or underutilized capital in one division to another division where productivity may be

higher. In this section, we analyze the effect of capital redeployment on divisional investment,

payout, liquidation, refinancing decisions, and the conglomerate’s value.

8.1 Model and Solution

We model capital redeployability by generalizing the capital adjustment cost function. In our

baseline model, capital adjustment costs are additively separable at the division level and

hence by assumption there is no capital redeployment between the two divisions. In practice,

however, redeploying capital within the firm can be cheaper than acquiring or selling capital

goods in the marketplace. To capture both components of the adjustment costs, we assume

that the conglomerate’s total capital adjustment cost at t, Gt, is given by

Gt “ p1´ χqpG
a
t `G

b
tq ` χG

re
t , (60)

where χ P r0, 1s is a constant, Ga and Gb are the capital adjustment costs for divisions a

and b, respectively, given in (4), and Gre captures the adjustment costs of redeploying capital

from one division to the other within the firm. We again choose a homogeneous adjustment

cost function by specifying Gre
t “ GrepIt, Ktq “ grepitqKt, where It “ Iat ` Ibt is the firm’s

investment, Kt “ Ka
t ` Kb

t is the firm’s total capital stock, it “ It{Kt “ zti
a
t ` p1 ´ ztqi

b
t

is the firm’s investment-capital ratio, and grepitq is the scaled adjustment cost for capital

redeployment.

The parameter χ measures the contribution of the firm-level capital redeployment cost to

the total adjustment cost Gt. When χ “ 0, we uncover our baseline formulation where there is

no capital redeployment between the two divisions. When χ “ 1, the firm only incurs capital

redeployment costs at the firm level and there are no division-specific adjustment costs. The

q-theoretic models in the literature typically specify adjustment costs at the firm level, which

corresponds to the χ “ 1 case. Empirically, adjustments tend to be smoother at the firm

level than at the plant level (e.g., Doms and Dunne, 1998). Our more general adjustment cost

specification (60) captures this empirical feature.

Next, to exposit the economic mechanism of capital redeployment, consider the special

(symmetric) case, where the (scaled) adjustment costs are the same at the divisional level (for
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both divisions a and b) and at the conglomerate level:

gap ¨ q “ gbp ¨ q “ grep ¨ q ” gp ¨ q . (61)

We show that being able to redeploy capital across divisions makes the firm more cost effective

by lowering its total adjustment costs, in that

Gre
t ď Ga

t `G
b
t , (62)

which follows from Jensen’s inequality.41 The intuition for this result is as follows. Because

adjustment costs are convex, paying the cost once at the firm level via the capital redeployment

channel is cheaper than paying the adjustment cost twice at the divisional level (once for each

division). Moreover, the higher the value of χ, the more the capital redeployment between the

two divisions contributes to the firm’s total adjustment costs, the lower the conglomerate’s

total adjustment costs.

Next, we turn to the firm’s investment policies. The FOCs with respect to investment at

each of the firm’s divisions now depend on the adjustment cost functions at both the divisional

and firm level. Consider investment of division s, where s “ a, b. With capital redeployment

(χ P p0, 1s), the marginal cost of investing in Ks is

1` p1´ χqGs
IspI

a, Ka
q ` χGre

IspI
a
` Ib, Ka

`Kb
q “ 1` g1pisq ´ χpg1pisq ´ g1piqq . (63)

Compared to our baseline model (χ “ 0), where the firm’s marginal cost of investing in Ks is

1`Gs
IspI

s, Ksq “ 1`g1pisq, the last term in (63) is new and captures the effect of redeployment

on the FOC for Is. When the investment-capital ratio of division s is higher than that of the

other division, we have is ą i, which implies g1pisq´ g1piq ą 0 (convexity), effectively reducing

the marginal cost of investing in Ka, as can be seen from the right side of (63). The FOC for

tIs, s “ a, bu can then be written as:

1` g1pisq ´ χpg1pisq ´ g1piqq “
FKspKa, Kb,W q

FW pKa, Kb,W q
, (64)

where the right side corresponds to the endogenous marginal benefit of investing, given by the

ratio of the marginal q of division s, FKspKa, Kb,W q, divided by the firm’s marginal value

of cash FW pK
a, Kb,W q, as in our baseline model. Compared to our baseline model, the new

term is ´χpg1pisq ´ g1piqq on the left side of (64) that captures capital redeployability. A

41Using the homogeneity property, it “ zti
a
t `p1´ztqi

b
t , the simplifying assumption (61), and the convexity

of gp ¨ q, we obtain (62) from

Gat `G
b
t

Ka
t `K

b
t

“
gapi

a
t qK

a
t ` gbpi

b
tqK

b
t

Ka
t `K

b
t

“ gpiat qzt ` gpi
b
tqp1´ ztq ě gpitq “

Gret
Ka
t `K

b
t

.
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key takeaway from the FOC (64) is as follows. For a given (endogenous) marginal benefit

of investing (on the right side), the division whose investment-capital ratio is larger than

the other invests more with capital redeployment than without, which can be seen from the

convexity of gp ¨ q. Because the more productive division (division a) invests more on average

than the other division (and hence g1piaq ą g1piq), we conclude that capital redeployment

effectively boosts the more productive division a’s productivity. Section G.1 of the Internet

Appendix provides the model solution.

8.2 Quantitative Analysis

Next, we use numerical solutions to illustrate the effect of capital redeployment for the liqui-

dation case.42 We consider the case with asymmetric productivities (µa “ 24% and µb “ 16%)

and equal-sized divisions (z “ 0.5). We compare the case in which the firm has an option to

redeploy capital across divisions (χ “ 0.5) to our baseline case without this option (χ “ 0).

We set χ “ 0.5 so that the cost associated with capital redeployment at the firm level, gpiq,

is in between our baseline case (χ “ 0) and the other extreme case (χ “ 1) where capital

adjustment costs are only paid at the firm level. We set θa “ θb “ θre “ 8 in the (scaled)

quadratic adjustment cost functions at both the divisional and firm level.

Figure 10 plots the solution. Panel A shows that the option to redeploy capital (χ “

0.5) within the conglomerate increases the conglomerate’s average q. Moreover, the capital

redeployment option is more valuable when cash is abundant (high w). This result is intuitive,

as conglomerates that are less financially constrained are better able to achieve the efficiency

gains from redeployability. Panel B further shows that the marginal value of cash is higher

with capital redeployability. This result is intuitive as well. Effectively, capital redeployability

makes the conglomerate more efficient, thereby increasing the marginal value of cash.

Panels C and D show that the option to redeploy capital makes the more productive

division a invest more (for sufficiently large values of w), and the less productive division b

invest less. That is, with capital redeployability, the conglomerate allocates physical capital

more efficiently between the two divisions. The net effect, shown in panel E, is that the firm’s

investment i is higher with capital redeployability than without (for sufficiently large values

of w). Our results further show that asset sale (i.e., negative investment) is an efficient way

to manage risk when w is sufficiently low, as avoiding inefficient liquidation is more valuable

with capital redeployability than without. This explains why the two lines in panels C and E

42Section G.2 of the Internet Appendix analyzes the refinancing case.
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Figure 10: Comparison of diversified firms with (χ “ 0.5) and without (χ “ 0) redeployable capital
in the liquidation case. The firms have asymmetric divisions with µa “ 24% and µb “ 16%. The
divisions are of equal size (z “ 0.5). We set θa “ θb “ θre “ 8 in the (scaled) quadratic adjustment
cost functions at both the divisional and firm level. In panel A, the vertical lines mark the payout
boundary w.

cross (although they do not substantially depart from one another for low values of w).

8.3 Redeployable Capital with Socialism

In Section G.3 of the Internet Appendix, we consider an extension of our baseline model that

features both redeployable capital and corporate socialism. An interesting insight from this

analysis is that capital redeployability mitigates the resource misallocation under socialism.

Intuitively, capital redeployability provides a “hedge” against corporate socialism, as it reduces

the cost of allocating resources in a way that decreases the socialism costs.

9 Extensions

In the Internet Appendix, we present three additional extensions of our baseline model, which

we briefly summarize in this section.

9.1 Alternative Specification of Spinoff Payoffs

In Section H of the Internet Appendix, we extend our baseline model by allowing the con-

glomerate to optimally allocate a fraction of its cash holdings to the division that it plans to
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spin off. Doing so alleviates the financial constraints of the sold division, which increases the

price that potential buyers are willing to pay for the division. This alternative specification

of the spinoff payoff is natural in settings where the sold division becomes a stand-alone firm

held by well diversified financial investors who value the firm as a going-concern entity.

In the quantitative analysis, we show that, in contrast to our baseline model, early liqui-

dation can be optimal even with symmetric divisions. This is because, by optimally allocating

a fraction of its cash to the to-be-sold division, the firm (with the remaining division) fetches

the highest value for its shareholders. Liquidating the division upon exhausting its cash is

suboptimal as the selling price of the liquidated division would be too low.

9.2 Endogenous Formation of the Conglomerate

In Section I of the Internet Appendix, we generalize our baseline framework by also modeling

the initial transition from a stand-alone firm to a conglomerate. That is, the firm starts as a

stand-alone firm and considers other stand-alone firms as potential targets for an acquisition.

Upon completing the acquisition, the firm becomes the conglomerate of Section 2.

This generalized framework allows us to characterize the endogenous formation of con-

glomerates. In particular, our analysis shows that, when the single-division firm is flush with

cash, the decision to become a conglomerate is similar to an investment decision that helps

achieve diversification benefits. In contrast, when the single-division firm runs out of cash,

the decision is closer to a financing decision that helps replenish the firm’s liquidity when the

firm faces high external financing costs.

9.3 Conglomerate Premium and Discount

In Section J of the Internet Appendix, we extend our generalized model from Section I to

study how the endogenous formation of the conglomerate can lead to either a conglomerate

discount or premium.43

43A large empirical literature studies the conglomerate discount. This literature started with the work by
Lang and Stulz (1994) and Berger and Ofek (1995) who found that conglomerates were valued at a discount
compared to synthetic portfolios of single-segment firms that match the conglomerates’ composition. This find-
ing was challenged by the subsequent literature. In particular, Campa and Kedia (2002), Graham, Lemmon,
and Wolf (2002), and Villalonga (2004) show that the discount can be explained by the self-selection of firms
that choose to become conglomerates. After accounting for the endogenous formation of the conglomerate,
they find only mixed support for the conglomerate discount, which sometimes turns into a conglomerate pre-
mium. Our generalized framework is helpful in this context, as it explicitly models the endogenous formation
of conglomerates, shedding light on the forces that can generate a conglomerate discount and premium, re-
spectively. For a review of the empirical literature on the conglomerate discount, see Maksimovic and Phillips
(2013).

47



In that extension, we allow managers to derive private benefits from building a conglom-

erate (e.g., in the form of empire building preferences). Because of these private benefits, the

manager is willing to overpay for the target, which can outweigh the diversification benefits

and lead to a conglomerate discount. Taking these forces into account, our analysis shows that

agency frictions have a nonlinear and non-monotonic impact on the diversification premium

and discount. In this regard, our results echo the mixed findings from the empirical literature

and highlight the importance of considering the endogenous formation of the conglomerate in

empirical studies of the conglomerate discount/premium.

10 Conclusion

In this paper, we provide a tractable model in which investment, cross-divisional transfers,

division sale (spinoff), cash management, external financing, and dividend payout are jointly

characterized for a multi-division firm that faces costly external finance. Our model provides

a rich set of novel predictions, ranging from a refined formulation of the “winner picking” role

of internal capital markets to a characterization of the optimal spinoff decision. Moreover,

we develop a q theory of investment for financially constrained multi-division firms, in which

division-level investment is determined by the ratio between the marginal q for that division’s

capital stock and the marginal value of cash of the multi-division firm. Finally, we consider

several extensions of our baseline model. In particular, we allow for capital redeployability

and account for the endogenous formation of the conglomerate.

While our model allows for rent-seeking behavior of the division managers, it does not

speak to the optimal contract design. In this regard, enriching our model with a dynamic

contracting framework—e.g., of the type studied by Malenko (2019) for capital budgeting—

could be a fruitful extension. Doing so would provide a characterization of the optimal contract

that arises taking into account the complexity and intertwined nature of the multi-division

firm’s policies.
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Internet Appendix to
“A q Theory of Internal Capital Markets”∗

Min Dai, Xavier Giroud, Wei Jiang, and Neng Wang

Our paper offers two methodological contributions that are described in Sections A, B, and

C of this Internet Appendix. First, we characterize the solution of a diversified firm’s two-

dimensional optimization problem by using a variational-inequality method and provide a

verification theorem (Section A) along with additional technical results (Section B). Our

paper is among the first to provide a verification theorem proof for a control problem that

combines a convex control, singular control, impulse control, and optimal stopping.1 Second,

we develop a penalty-function-based iterative procedure that solves the variational inequality

(Section C).

The other sections of this Internet Appendix provide additional derivations and results

pertaining to our baseline model without socialism (Section D) as well as the analysis of

debt financing (Section E), corporate socialism (Section F), redeployable capital (Section G),

alternative spinoff payoffs (Section H), the endogenous formation of the conglomerate (Section

I), and the diversification premium and discount (Section J).

A HJB Equation and Verification Theorem

In this appendix, we formulate our stochastic control problem and then provide a verification

theorem for the model solution.

Given an external financing policy ν “ tτ p1q, τ p2q, ¨ ¨ ¨ ;M p1q,M p2q, ¨ ¨ ¨ u, the firm’s cash

balance process W satisfies

#

dWt “ dYt ` pr ´ λqWtdt´ dUt t P pτ piq, τ pi`1q
q;

Wτ piq “ Wτ piq´ `M
piq t “ τ piq.

(I.1)

∗Citation format: Dai, Min, Xavier Giroud, Wei Jiang, and Neng Wang, Internet Appendix to “A q Theory
of Internal Capital Markets,” Journal of Finance [DOI STRING]. Please note: Wiley is not responsible for
the content or functionality of any supporting information supplied by the authors. Any queries (other than
missing material) should be directed to the authors of the article.

1Dai, Liu, Yang, and Zhong (2015) develop an optimal tax timing model that takes into account asymmetric
long- and short-term tax rates. Bolton, Wang, and Yang (2019) develop a two-dimensional real option model
for a financially constrained firm that faces costly external equity financing. Although technically these two
papers use variational-inequality methods that are similar to ours, the former does not involve optimal stopping
nor impulse control, while the latter does not feature convex control.
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We may then express the optimization problem (14) as

sup
Ia,Ib,U,τ,ν

E

«

ż τ

0

e´rtdUt ´
ÿ

τ piqăτ

e´rτ
piq `

φpKa
τ piq `K

b
τ piqq ` p1` γqM

piq
˘

` e´rτ
 

P a
pKa

τ ,W
a
τ q1tτ“τbu ` P

b
pKb

τ ,W
b
τ q1tτ“τau

(

ff

,

(I.2)

where the second term accounts for the net financing amount raised M piq and the associated

financing cost φ ¨ pKa
t `K

b
t q ` γM

piq at t “ τ piq.

The associated HJB variational inequality for this optimization problem is

max
!

L0F, 1´ FW , rF ´ F
)

“ 0 , Ka
ě 0, Kb

ě 0, W ě 0, (I.3)

where

L0F “ sup
Ia,Ib

!

pIa ´ δaK
a
qFKa ` pIb ´ δbK

b
qFKb

`rpr ´ λqW ` pµaK
a
` µbK

b
´ pIa ` Ib `Ga

`Gb
qsFW

`
1

2

“

σ2
apK

a
q
2
` σ2

b pK
b
q
2
` 2ρσaσbK

aKb
‰

FWW

)

´ rF .

Here, rF pKa, Kb,W q is the firm’s value conditional on external financing or division sale given

in equation (51). The HJB variational inequality (I.3) states that L0F ď 0, FW ě 1, and

F ě rF always hold, and that one of the three inequalities holds with equality. In terms of

policies, this variational inequality implies that, at any time, the firm chooses one from the

following options: taking no action, paying out dividends, raising external equity, or selling a

division.

By using zt “
Ka
t

Ka
t `K

b
t

and wt “
Wt

Ka
t `K

b
t
, we obtain the following dynamics for pwt, ztq

between two consecutive rounds of refinancing:

dwt “ pr ´ λqwtdt`
“

zt pµadt` σadZat q ` p1´ ztq
`

µbdt` σbdZbt
˘‰

´
“

piat ` gapi
a
t qq zt `

`

ibt ` gbpi
b
tq
˘

p1´ ztq
‰

dt

´ wt
“

ztpi
a
t ´ δaq ` p1´ ztqpi

b
t ´ δbq

‰

dt´ dut , (I.4)

dzt “ ztp1´ ztq
“

piat ´ δaq ´ pi
b
t ´ δbq

‰

dt , (I.5)

where ist “ Ist {K
s
t for s “ a, b and dut “

dUt
Ka
t `K

b
t

is the incremental dividend payout dUt scaled
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by the firm’s total capital stock. At any refinancing time t “ τ piq, wt satisfies:

wτ piq “ wτ piq´ `m
piq , (I.6)

where mpiq “ Mpiq

Ka

τpiq
`Kb

τpiq

denotes the scaled net financing at stopping time τ piq. By using

the model’s homogeneity property, we can simplify the three-dimensional HJB variational

inequality (I.3) to a two-dimensional one given in (56) for fpz, wq.

We numerically solve the two-dimensional HJB variational inequality (56) by using a

penalty method that is efficient for singular/impulse control problems (see, e.g., Dai and

Zhong, 2010).

The following verification theorem characterizes the firm’s value function and optimal

policies for the optimization problem (I.2).

Proposition A.1 (Verification theorem). Let fpz, wq be a solution to the HJB variational

inequality (56) satisfying certain regularity conditions.2

We define the interior region (IR), payout region (PR), and the external financing/division

sale region (ED) as follows:

IR “ tpz, wq : fwpz, wq ą 1, fpz, wq ą rfpz, wqu,

PR “ tpz, wq : fwpz, wq “ 1, fpz, wq ą rfpz, wqu,

ED “ tpz, wq : fpz, wq “ rfpz, wq, fwpz, wq ě 1u,

where rfpz, wq is given in (54). The external financing/division sale region consists of two

sub-regions: the division sale region (SR) and external financing region (ER):

SR “ tpz, wq : fpz, wq “ rfpz, wq, fpz, wq ą jpz, wqu ,

ER “ tpz, wq : fpz, wq “ rfpz, wq, fpz, wq “ jpz, wqu ,

where jpz, wq is as given in equation (53).

The payout boundary is the intersection of IR, the complement of IR, and payout region

(PR), i.e., BP “ IR
Ş

PR. Similarly, the division sale boundary is the intersection of IR

and SR: BS “ IR
Ş

SR, and the external financing boundary is the intersection of IR and

ER: BE “ IR
Ş

ER. The firm’s value is given by F pKa, Kb,W q “ pKa`Kbq ¨ fpz, wq, where

z “ Ka

Ka`Kb and w “ W
Ka`Kb .

2Specifically, we assume the following regularity conditions: (i) fpz, wq belongs to some Sobolev space
(e.g., W 1,2

p for any p ě 1) such that the generalized Ito’s formula applies to fpz, wq; and (ii) the associated
payout boundary BP defined later is sufficiently smooth (e.g., C8) such that the payout strategy Ut as given
in (I.9) is well defined. It is worth pointing out that, for a one-dimensional problem, the payout strategy Ut
is well defined as the payout boundary is a point (e.g., Hugonnier, Malamud, and Morellec, 2015).
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Additionally, the optimal strategy piat , i
b
t , Ut, ν, τq is given as follows:

(a) Optimal investment piat , i
b
tq in the interior region IR:

1` g1api
a
t q “

fpzt, wtq ` p1´ ztqfzpzt, wtq

fwpzt, wtq
´ wt , (I.7)

1` g1bpi
b
tq “

fpzt, wtq ´ ztfzpzt, wtq

fwpzt, wtq
´ wt , (I.8)

where pzt, wtq is the solution of (I.4), (I.5), and (I.6) associated with the optimal strategy;

(b) Payout strategy Ut:
3

Ut “

ż t

0

1tpzξ,wξqPBP udUξ ; (I.9)

(c) External financing strategy ν “ tτ p1q, τ p2q, ¨ ¨ ¨ ;M p1q,M p2q, ¨ ¨ ¨ u:

τ pn`1q
“ inf

!

t P pτ pnq, τ s : pzt, wtq P ER
)

, (I.10)

M pn`1q
“ pKa

`Kb
q arg max

mą0
fpzτ pn`1q , wτ pn`1q `mq ´ φ´ p1` γqm, (I.11)

where τ p0q “ 0;

(d) Division sale strategy τ “ mintτa, τbu:

τa “ inftt ě 0 : pzt, wtq P SR, fpzt, wtq ą zt p
a
pwat {ztqu (I.12)

τb “ inftt ě 0 : pzt, wtq P SR, fpzt, wtq ą p1´ ztq p
b
pwbt{p1´ ztqqu . (I.13)

Proof. Define

Nt “

ż t

0

e´rhdUh ` e
´rtF pKa

t , K
b
t ,Wtq . (I.14)

Let U c
t be the continuous part of Ut and ∆Uh “ Uh ´ Uh´ be the discrete jump at time h.

Using Ito’s Lemma, we obtain:

Nt “ N0 `

ż t

0

e´rhL0Fdh`

ż t

0

e´rhp1´ FW qdU
c
h

`
ÿ

0ďhďt

e´rh
´

∆Uh ` F pK
a
h´, K

b
h´,Wh´ ´∆Uhq ´ F pK

a
h´, K

b
h´,Wh´q

¯

. (I.15)

3As our model is two-dimensional, the payout decision is described by a local time associated with a curve
BP . In contrast, most models in the literature are one-dimensional, in which case the payout decision, while
also described by a local time, is associated with a single point (the payout threshold) rather than a curve.
For example, Hugonnier, Malamud, and Morellec (2015) formulate a one-dimensional model (with lumpy
investment and uncertain equity issuance timing) for a financially constrained firm and provide a proof.
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First, we show that the last term in equation (I.15) is non-positive for any feasible strategy.

By the mean-value theorem, there exists u P r0,∆Uhs such that

ÿ

0ďhďt

e´rh
´

∆Uh ` F pK
a
h´, K

b
h´,Wh´ ´∆Uhq ´ F pK

a
h´, K

b
h´,Wh´q

¯

“
ÿ

0ďhďt

e´rh
´

∆Uh ´ FW pK
a
h´, K

b
h´,Wh´ ´ uq∆Uh

¯

ď 0 ,

where the inequality follows from the HJB equation.

As f is a solution to the HJB equation (56), we can verify that F satisfies the HJB

variational inequality (I.3), which means that L0F ď 0, F ě rF , and FW ě 1 in the entire

state space. Note that dU c
t ě 0. Then, the second and third terms in (I.15) are non-positive

for any feasible strategy and equal to zero for the proposed strategy defined in equations (I.7)-

(I.13). Therefore, we have shown that Nt is a martingale for the proposed strategy defined by

equations (I.7)-(I.13), and is a supermartingale for any alternative (feasible) strategy.

Because Nt is a supermartingale, for a feasible strategy pǏat , Ǐ
b
t , Ǔt, τ̌

piq, M̌ piq, τ̌q, we have

F pKa
0 , K

b
0,W0q ě ErNτ̌ piq^τ̌ s (I.16)

“ E

«

ż τ̌ piq^τ̌

0

e´rhdǓh ` e
´rτ̌ piq^τ̌F pKa

τ̌ piq^τ̌ , K
b
τ̌ piq^τ̌ ,Wτ̌ piq^τ̌ q

ff

(I.17)

ě E

«

ż τ̌ piq^τ̌

0

e´rhdǓh ` e
´rτ̌ piq^τ̌

rF pKa
τ̌ piq^τ̌ , K

b
τ̌ piq^τ̌ ,Wτ̌ piq^τ̌ q

ff

, (I.18)

where rF pKa
t , K

b
t ,Wtq “ max

 

P apKa
t , L

b
t `Wtq, P

bpKb
t , L

a
t `Wtq, JpK

a
t , K

b
t ,Wtq

(

and the

last inequality (I.18) follows from F pKa
t , K

b
t ,Wtq ě rF pKa

t , K
b
t ,Wtq implied by (I.3). For

the proposed policy pIat , I
b
t , Ut, τ

piq,M piq, τq defined by (I.7)-(I.13), (I.16) and (I.18) hold with

equality, which implies the optimality of the proposed policy.

B Technical Results

B.1 Proof of Proposition 5.1

We first state a lemma that will be used in our proof of Proposition 5.1.

Lemma B.1. Consider a financially constrained single-division firm with division s. Under

the condition given in equation (6), i.e., µs ą `spr ` δsq, if the firm ever chooses to liquidate

itself, it will only do so when exhausting its cash holding, i.e., when Wτ “ 0.

Proof. Consider two feasible (suboptimal) strategies, D and pD, for the single-division firm

with pK0,W0q at time 0. Under strategy D, the firm liquidates its capital stock at time 0 and
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immediately obtains its liquidation value `sK0 `W0. Under strategy pD, the firm does not

liquidate itself at time 0; instead it immediately makes a payout with amount p1 ´ εqW0 at

time 0 for some ε P p0, 1q satisfying4

pµs ´ `spr ` δsqqK0 ą λεW0 . (I.19)

Additionally, under strategy pD, the firm pays no dividends to shareholders, does not invest

over the time period p0,pt q, and liquidates at pt, where pt will be defined later.

We may then write down the dynamics of Ks
t and Wt under strategy pD for t P p0,ptq as:

dKs
t “ ´δsK

s
t dt , (I.20)

dWt “ pr ´ λqWtdt`K
s
t dA

s
t

“ pr ´ λqWtdt`K
s
t pµsdt` σsdZ

s
t q . (I.21)

Next, we define two stopping times τ0 “ inftt ą 0 : Wt “ 0u and pt “ τ0 ^∆, where ∆ is a

sufficiently small positive constant satisfying

∆ ă
pµs ´ `spr ` δsqqK0 ´ λεW0

µspr ` δsqK0

. (I.22)

Condition (I.19) ensures that the right side of equation (I.22) is positive.

Next, we show that firm value at time 0 under strategy pD is higher than its value under

strategy D. By integrating equations (I.20)-(I.21), we obtain the following at time pt:

Ks
pt
“ e´δs

ptK0 , (I.23)

W
pt “ epr´λq

ptεW0 `
µs

r ` δs ´ λ

´

epr´λq
pt
´ e´δs

pt
¯

K0

`epr´λq
ptK0

ż

pt

0

e´pr`δs´λq
ptσsdZ

s
t . (I.24)

The firm’s value under strategy pD at time 0 is

p1´ εqW0 ` Ee´rpt
`

`sK
s
pt
`W

pt

˘

“ W0 ` `sK0 ` pe
´pr`δsqpt ´ 1q`sK0 ` pe

´λpt
´ 1qεW0 `

µs
r ` δs ´ λ

´

e´λ
pt
´ e´pr`δsq

pt
¯

K0

ě W0 ` `sK0 ` p´pr ` δsqptq`sK0 ` p´λptqεW0

`
µs

r ` δs ´ λ
p1´ pr ` δsqptqppr ` δs ´ λqptqK0

4Importantly, under condition (6), i.e., µs ą `spr ` δsq, we know that there exists a value of ε such that
equation (I.19) holds.
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“ W0 ` `sK0 `
 

rpµs ´ `spr ` δsqqK0 ´ λεW0s ´ µspr ` δsqK0
pt
(

pt

ą W0 ` `sK0 , (I.25)

where the first equality uses equations (I.23)-(I.24), the first inequality follows from the in-

equality ex ą 1` x for x P R, and the last inequality follows from condition (I.22).

As the firm’s value at time 0 under strategy D is W0``sK0, strategy pD dominates strategy

D. Even though strategy pD is not optimal, we have shown that postponing firm liquidation

is necessarily part of the optimal strategy. In summary, a single-division firm should never

liquidate itself before running out of cash.

Next, we prove Proposition 5.1.

Proof of Proposition 5.1. The firm can always set iat “ ibt “ 0, although it is generally sub-

optimal. Therefore, in the first-best world, the average q for division s is at least larger than

µs{pr ` δsq as we can see from equation (19). We thus conclude that liquidating a division in

the first-best world is never optimal as long as the economically meaningful condition given

in equation (6), i.e., µs{pr ` δsq ą `s, holds.

Consider three different liquidation strategies for a diversified firm. Recall fpz, wq is the

scaled firm value for the conglomerate and pspwq is the scaled firm value for a single-division

firm with division s.

First, liquidating both divisions simultaneously yields fpz, wq “ `az``bp1´zq`w. Second,

liquidating division a yields fpz, wq “ p1 ´ zqpbpwbq, where wb “ p`az ` wq{p1 ´ zq. Third,

liquidating division b yields fpz, wq “ zpapwaq, where wa “ p`bp1´ zq ` wq{z.

Lemma B.1 implies that fpz, wq “ zpapwaq ą z ¨p`a`w
aq “ z`a``bp1´zq`w as liquidating

division b only rather than liquidating both divisions simultaneously yields a higher payoff.

Similarly, fpz, wq “ p1´zqpbpwbq ą p1´zq ¨ p`b`w
bq “ p1´zq`b``az`w. As liquidating only

one division yields a higher value of fpz, wq than liquidating both divisions simultaneously, a

multi-division firm always prefers selling one of its divisions rather than liquidating the whole

firm.

B.2 Other Technical Results

In this subsection, we provide two technical results for the firm’s refinancing and liquidation

decisions. First, we show that the firm only refinances when it runs out of cash for the case

with proportional equity issuance costs. Second, we derive necessary conditions for early

liquidation.
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B.2.1 Refinancing

Lemma B.2. Assume no fixed financing cost, i.e., φ “ 0. A financially constrained conglom-

erate will never refinance when W ą 0.

Proof. Consider the following feasible (suboptimal) strategy, which we refer to as strategy D,

for a diversified firm with pKa
0 , K

b
0,W0q at time 0, where W0 ą 0: the firm chooses division

investment levels (Iat and Ibt ), issues external equity dHt over pt, t` dtq with non-zero amount

dHt from t “ 0, and pays no dividends before time τ1. Since simultaneously raising external

equity and paying dividends is not optimal, without loss of generality, we let τ1 ą 0.

Next, we construct a strategy pD that delays refinancing, which we show yields a higher

firm value than strategy D. Define ∆ ą 0 almost surely as follows:

∆ “ inf
t
tt ą 0 : W0`

ż t^τ1

0

pr´λqWudu`

ż t^τ1

0

`

Ka
udA

a
u `K

b
udA

b
u ´ pI

a
u ` I

b
u `G

a
u `G

b
uqdu

˘

ă 0u,

(I.26)

where

Ka
t “ Ka

0 `

ż t

0

pIau ´ δaqdu, Kb
t “ Kb

0 `

ż t

0

pIbu ´ δbqdu.

Under strategy pD, the firm chooses the same division investment levels (Iat and Ibt ) as under

strategy D for the period r0, τ1 ^∆q, but raises external equity at time τ1 ^∆ with amount
şτ1^∆

0
epr´λqpτ1^∆´uqdHu (where H is the external financing policy under strategy D), and

subsequently (i.e., for t ą τ1 ^ ∆) follows policies prescribed by strategy D. Here, ∆ is

defined in (I.26). First, we note that strategy pD is admissible for the period r0, τ1 ^ ∆q,

as Wt ě 0. Second, strategy pD delivers the same levels of capital stock, investment, cash

holdings, payouts, and external equity issuance as strategy D does for t ě τ1 ^∆.

While the two strategies deliver the same payouts almost surely, we show that strategy pD

is less costly than strategy D because

E
„

e´rpτ1^∆q
p1` γq

ż τ1^∆

0

epr´λqpτ1^∆´uqdHu



“ E
„
ż τ1^∆

0

e´ru´λpτ1^∆´uq
p1` γqdHu



ă E
„
ż τ1^∆

0

e´rup1` γqdHu



. (I.27)

Intuitively, it is always better for the firm to delay its equity issuance whenever feasible (i.e.,

until it exhausts its cash), as cash raised and saved inside the firm incurs a carry cost (λ ą 0).

In sum, strategy pD, which requires the firm to raise external equity until it is forced to,

dominates strategy D, which allows the firm to issue equity before exhausting its cash.
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B.2.2 Necessary Conditions for Early Liquidation

We derive a set of necessary conditions for a diversified firm’s early liquidation decisions. For

expositional simplicity, we focus on the liquidation case. In this case, rfpz, wq is given by

rfpz, wq “ max
!

z papwaq , p1´ zq pbpwbq
)

,

where wa “ `bp1´zq`w
z

and wb “ `az`w
1´z

. Without loss of generality, we consider the case of

liquidating division b early. First, applying the operator L to z papwaq, we obtain:

L pz papwaqq “ sup
ia,ib

pia ´ δaqz rp
a
pwaq ´ wapawpw

a
qs ` pib ´ δbqp1´ zq r`bp

a
wpw

a
qs

`
“

pr ´ λqw ` pµa ´ i
a
´ gapi

a
qqz ` pµb ´ i

b
´ gbpi

b
qqp1´ zq

‰

pawpw
a
q

`
1

2

“

σ2
az

2
` σ2

b p1´ zq
2
` 2zp1´ zqρσaσb

‰ 1

z
pawwpw

a
q ´ rzpapwaq .(I.28)

We divide the entire pz, wq space into two regions: (i)RI “ tpz, wq : 0 ď w ă wz´`bp1´zqu

and (ii) RII “ tpz, wq : w ą maxtwz ´ `bp1 ´ zq, 0uu, where w is the payout boundary for

the single-division firm with division a. After the conglomerate decides to spin off its division

b and become a single-division firm (with division a), it either immediately makes a payout,

corresponding to region RI , or retains all spinoff proceeds, corresponding to region RII .

First, consider the case where the firm is in region RI . In this case, the conglomerate’s

post-spinoff scaled cash balance in the single-division firm satisfies wa ă w. Since wa ă w

is in the interior region of the single-division firm, papwaq satisfies the following ODE for the

single-division firm:

pia˚´δaq pp
a
pwaq ´ wapawpw

a
qq`ppr´λqwa`µa´i

a
˚´gapi

a
˚qqp

a
wpw

a
q`

1

2
σ2
ap
a
wwpw

a
q´rpapwaq “ 0 ,

where the optimal investment ia˚ satisfies 1` θai
a
˚ “

papwaq
pawpw

aq
´ wa. (To ease exposition, we use

the quadratic adjustment cost specification (57) for gapiq.) We can then rewrite (I.28) as

L pz papwaqq

“ z
”

pia˚ ´ δaq pp
a
´ wapawq ` ppr ´ λqw

a
` µa ´ i

a
˚ ´ gapi

a
˚qqp

a
w `

1

2
σ2
ap
a
ww ´ rp

a
ı

`
1

2

“

σ2
b p1´ zq

2
` 2zp1´ zqρσaσb

‰ 1

z
paww `

”

µb `
p`b ´ 1q2

2θb
´ pr ` δb ´ λq`b

ı

p1´ zqpaw

“
1

2

“

σ2
b p1´ zq

2
` 2zp1´ zqρσaσb

‰ 1

z
paww `

”

µb `
p`b ´ 1q2

2θb
´ pr ` δb ´ λq`b

ı

p1´ zqpaw.

I-9



Applying L rf ď 0 in region RI gives

1
2
rσ2
b p1´ zq

2 ` 2zp1´ zqρσaσbs
1
z
paww `

”

µb `
p`b´1q2

2θb
´ pr ` δb ´ λq`b

ı

p1´ zqpaw ď 0,

which can be written as:

´
pawwpw

aq

pawpw
aq
ě

2z
”

µb `
p`b´1q2

2θb
´ pr ` δb ´ λq`b

ı

rσ2
b p1´ zq ` 2zρσaσbs

, (I.29)

where wa “ `bp1´zq`w
z

. This is a necessary condition on w for region RI . That is, when the

firm chooses early liquidation (of division b) and retains all spinoff proceeds, condition (I.29)

must be satisfied. Similarly, we can derive the following necessary condition for region RII :

w ě
1

λ
prµa ´ pr ` δaqpp

a
pwq ´ wqs z ` rµb ´ pr ` δbq`bs p1´ zqq . (I.30)

C Numerical Procedure

We numerically solve the two-dimensional HJB equation (56) by using a penalty method that

is efficient for singular/impulse control problems (e.g., Dai and Zhong, 2010).5 Specifically,

we use the following penalty method to solve the variational inequality (56):

L1pi
a, ibqf `Kp1´ fwq` `Kp rf ´ fq` “ 0, (I.31)

where the penalty parameter K is a sufficiently large positive constant. The operator L1pi
a, ibq,

which corresponds to the operator L in equation (56), satisfies

L1pi
a, ibqfpz, wq “ pia ´ δaqz rfpz, wq ` p1´ zqfzpz, wq ´ wfwpz, wqs

` pib ´ δbqp1´ zq rfpz, wq ´ zfzpz, wq ´ wfwpz, wqs

`
“

pr ´ λqw ` pµa ´ i
a
´ gapi

a
qqz ` pµb ´ i

b
´ gbpi

b
qqp1´ zq

‰

fwpz, wq

`
1

2

“

σ2
az

2
` σ2

b p1´ zq
2
` 2zp1´ zqρσaσb

‰

fwwpz, wq ´ rfpz, wq ,

where ia and ib satisfy the FOCs (46)-(47). As K tends to infinity, we have

p1´ fwq
`
“ p rf ´ fq` “ 0,

5Penalty methods are widely used to establish the existence of the variational inequality solution by letting
the penalty parameter K approach infinity (e.g., Evans, 1979; Friedman, 1982).
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which implies that numerically we can ensure

fw ě 1 and f ě rf.

To obtain a numerical solution, we restrict our attention to a bounded domain tpz, wq P

r0, 1s ˆ r0, wmaxsu, where wmax is a large finite number. We prescribe the following boundary

conditions based on our economic analysis:

fw “ 1 at w “ wmax, f “ rf at w “ 0, f “ pa at z “ 1, and f “ pb at z “ 0 .

These conditions indicate that the firm pays dividends at w “ wmax, issues equity or spins

off a division at w “ 0, and becomes a single-division firm at z “ 0 and z “ 1, respectively.

Then, we use a finite difference method similar to the one in Dai and Zhong (2010).

We use the following iteration algorithm in the given domain:

1. Choose an initial value of f , f 0.

2. Given fn from the n´th iteration, compute the division investment in the interior region,

piaqn and pibqn, by solving

1` g1appi
a
q
n
q “

fnpz, wq ` p1´ zqfnz pz, wq

fnwpz, wq
´ w ,

1` g1bppi
b
q
n
q “

fnpz, wq ´ zfnz pz, wq

fnwpz, wq
´ w .

Then calculate

rfnpz, wq “ max
!

z papwaq , p1´ zq pbpwbq , jnpz, wq
)

,

jnpz, wq “ max
mą0

fnpz, w `mq ´ φ´ p1` γqm.

3. Solve fn`1 by using piaqn, pibqn, fnw,
rfn, and

L1ppi
a
q
n, pibqnqfn`1

`Kp1´ fn`1
w q1t1´fnwą0u `Kp rfn ´ fn`1

q1
t rfn´fną0u “ 0,

with the following boundary conditions: fn`1
w “ 1 at w “ wmax, fn`1 “ rfn at w “ 0,

fn`1“ pa at z “ 1, and fn`1 “ pb at z “ 0.

4. If |fn`1´ fn| ă ε where ε is a very small number (tolerance), then we have obtained the

numerical solution. Otherwise, set fn “ fn`1 and go back to step 2.
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Figure I-1: Resource allocation with different volatilities. This figure plots division-specific
investment-capital ratios as a function of w (fixing z “ 0.5) for a firm with asymmetric
divisions with µa “ 10.25% and σa “ 20% for division a, and µb “ 9.75% and σb “ 4.5% for
division b, respectively. The dotted lines mark the payout boundaries w.

D Quantitative Analysis: No Socialism

D.1 Risk-Return Tradeoff

In Figure I-1, we replicate the analysis from Figure 6, but setting µa, µb, σa, and σb to half

of their respective values (such that µa/σa and µb/σb are the same in panels A and B of both

Figure I-1 and Figure 6). As can be seen, the qualitative pattern is similar to the one in Figure

6, but is not quantitatively identical. This illustrates the nonlinear nature of the risk-return

tradeoff in our model.

D.2 Retention of Loss-Making Divisions

In Figure I-2, we consider an extension of our baseline analysis in which division b is a loss-

making division with µb “ ´5%. We consider two cases. In the first case, the correlation

between the two divisions is the same as in our baseline analysis, namely ρ “ 10% (red dashed

lines). In the second case, we set the correlation to ρ “ ´80% (blue solid lines), that is, we

allow for large diversification gains between the two divisions.

As can be seen, when ρ “ ´80%, the conglomerate is more valuable (panel A), has a lower

marginal value of cash (panel B), is less prone to underinvestment (panels C and D), and pays

out dividends sooner (panel E). These findings are intuitive. As diversification reduces the

volatility of the firm’s cash flows, the likelihood of inefficient liquidation decreases. This in

turn increases the value of the conglomerate, and increases the conglomerate’s propensity to

invest instead of hoarding cash.

Importantly, Panel F shows that, when ρ “ ´80%, the conglomerate does not liquidate

the loss-making division before running out of cash (w “ 0). In contrast, when ρ “ 10%,

the conglomerate finds it optimal to liquidate the loss-making division early (for sufficiently
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Figure I-2: Comparison of firm policies with different values of the correlation ρ in the
liquidation case. The firms have asymmetric divisions with µa “ 20% and µb “ ´5%. In
panels A-D, z “ 0.5.

large values of z). In other words, when the correlation is sufficiently low, the diversification

benefits outweigh the productivity losses, in which case the conglomerate optimally retains

the loss-making division.

In Figure I-3, we further characterize the trade-off between µb and ρ. Specifically, we

consider a conglomerate with equal-sized divisions (z “ 0.5) and low liquidity (w “ 0.01). The

red dashed line plots the value of the conglomerate in the benchmark case with ρ “ 10% and

µb “ 15%. The blue solid line plots the value of the conglomerate in the case with ρ “ ´80%

as a function of µb (horizontal axis).6 The intersection between the two lines provides the

specific productivity parameter µ˚b at which the two conglomerates are equally valuable. As is

shown, µ˚b “ 11%. That is, all else equal, a conglomerate with ρ “ ´80% and µb “ 11% is as

6All other parameters are the same as in the case with symmetric divisions in Table 1.
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valuable as a conglomerate with ρ “ 10% and µb “ 15%. This illustrates the trade-off between

diversification benefits and the conglomerate’s tolerance for lower-productivity divisions.7
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Figure I-3: Trade-off between productivity µb and ρ in the liquidation case. This figure plots
the (scaled) value of the conglomerate fpz, wq, where pz, wq “ p0.5, 0.01q, as a function of µb.
µ˚b denotes the division-b productivity at which the ρ “ ´80% conglomerate is as valuable as
a benchmark conglomerate with µb “ 15% and ρ “ 10%.

E Baseline Model with Debt Financing

In this section, we generalize our baseline model of Section 2 to allow for debt financing. We

first describe the model extension and solution (Section E.1), and then provide a quantitative

analysis (Section E.2).

E.1 Model and Solution

For expositional simplicity, we model debt financing in the form of a credit line, as in BCW

(2011). We assume that the conglomerate can draw from the credit line at any time it

chooses up to a limit. We set the limit as a maximum fraction of the firm’s total capital,

i.e., cpKa ` Kbq, where c ą 0 is a constant that captures the conglomerate’s debt capacity.

Intuitively, this assumes that the conglomerate’s debt capacity depends on its ability to post

collateral, which in turn depends on the conglomerate’s total capital stock. We further assume

that the conglomerate pays a constant spread α over the risk-free rate on the amount of credit

it uses.

The HJB variational inequality for the firm’s scale value fpz, wq is then given by

max
!

L2f, 1´ fw, rf ´ f
)

“ 0 , z P p0, 1q, w ě ´c, (I.32)

7Note that at pz, wq “ p0.5, 0.01q both conglomerates engage in asset sales. Specifically, ibpµb “ 11%, ρ “
´80%q “ ´11.4% and ibpµb “ 15%, ρ “ 10%q “ ´11.8%. Intuitively, asset sales are more aggressive in the
ρ “ 10% case due to the lower diversification benefits.
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where

L2fpz, wq “ sup
ia,ib

pia ´ δaqz rfpz, wq ` p1´ zqfzpz, wq ´ wfwpz, wqs

` pib ´ δbqp1´ zq rfpz, wq ´ zfzpz, wq ´ wfwpz, wqs

`
“

pr ` α1twă0u ´ λ1twą0uqw ` pµa ´ i
a
´ gapi

a
qqz ` pµb ´ i

b
´ gbpi

b
qqp1´ zq

‰

fwpz, wq

`
1

2

“

σ2
az

2
` σ2

b p1´ zq
2
` 2zp1´ zqρσaσb

‰

fwwpz, wq ´ rfpz, wq , (I.33)

and rfpz, wq is the firm’s value conditional on external financing or division sale given in

equation (54).8

E.2 Quantitative Analysis

Figures I-4 and I-5 provide a quantitative analysis for the liquidation and refinancing cases,

respectively. Following BCW (2011), we set α “ 1.5% and c “ 20%. All other parameters are

the same as in Table 1 pertaining to the firm with symmetric divisions.

In Figure I-4, we show that extending a line of credit to the conglomerate creates value

(panel A), lowers the marginal value of cash (panel B), mitigates under-investment (panels C

and D), and accelerates payouts by lowering the payout boundary (panel A). Panel E plots

the payout boundary wpzq for z P p0, 1q and shows that the need for liquidity is lowest when

the two divisions are of equal size pz “ 0.5q. All these findings are intuitive. Indeed, the

credit line relaxes financing constraints, which increases the value of the firm and reduces the

need to hoard cash. This, in turn, translates into a lower payout boundary and mitigates

underinvestment. These results for a multi-division firm generalize those for a single-division

firm in BCW (2011).

Figure I-5 shows that the results for the refinancing case are similar to those for the

liquidation case. Note that, in panel F, the equity issuance amount is higher when the firm

has access to a credit line. Moreover, the more unbalanced the two divisions, the more equity

the firm issues.

F Socialism for Ongoing Operations and Division Sale

In this section, we analyze our generalized model with corporate socialism introduced in

Section 4. We first describe the model solution (Section F.1), and then provide a quantitative

analysis for the refinancing case (Section F.2).

8As in BCW (2011), we focus on the case where the fixed equity issuance cost is large enough so that the
firm exhausts its debt capacity first before issuing equity.
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Figure I-4: Generalized baseline model with credit line (liquidation case). Comparisons
between the cases with credit line (c “ 0.2) and without (c “ 0). The divisions are of equal
size (z “ 0.5) in panels A, B, and C. In panel A, the vertical lines mark the payout boundary
w.

F.1 Solution

The key change from our baseline firm value maximizing model is that corporate socialism

effectively lowers the productivity of the productive division a from µa to pµapzq but enhances

the productivity of the less productive division b from µb to pµbpzq. Once one of the divisions

is sold, the conglomerate becomes a single-division firm and no longer incurs the cost of being

a socialistic conglomerate. Therefore, eliminating the dark side of internal capital markets

provides an incentive for the conglomerate to engage in division sale.

Specifically, the cash-capital ratio under socialism, wt “ Wt{pK
a
t `K

b
t q, is given by

dwt “ pr ´ λqwtdt`
“

zt ppµ
a
pztqdt` σadZat q ` p1´ ztq

`

pµbpztqdt` σbdZbt
˘‰

(I.34)
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Figure I-5: Generalized baseline model with credit line (refinancing case). Comparisons
between the cases with credit line (c “ 0.2) and without (c “ 0). The divisions are of equal
size (z “ 0.5) in panels A, B, and C. In panel A, the vertical lines mark the payout boundary
w and the equity issuance amount m, respectively.

´
“

piat ` gapi
a
t qq zt `

`

ibt ` gbpi
b
tq
˘

p1´ ztq
‰

dt´ wt
“

ztpi
a
t ´ δaq ` p1´ ztqpi

b
t ´ δbq

‰

dt ,

where pµapztq “ µap1´ θcp1´ ztqq and pµbpztq “ µbp1` θcztq. As corporate socialism lowers the

size-weighted average of the divisions’ productivities, i.e., the conglomerate is less productive

with socialism:

ztpµ
a
pztq ` p1´ ztqpµ

b
pztq ď ztµa ` p1´ ztqµb , (I.35)

the conglomerate’s demand for cash holdings is lower, and the conglomerate’s cash balance

wt has a lower drift with socialism than without, as we illustrate in Section 7.1.
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The scaled conglomerate’s value pfpz, wq satisfies the following variational inequalities:

max
!

pL pfpz, wq, 1´ pfwpz, wq , rfpz, wq ´ pfpz, wq
)

“ 0 , z P p0, 1q, w ě 0 , (I.36)

where

pL pfpz, wq “ sup
ia,ib

pia ´ δaqz
”

pfpz, wq ` p1´ zq pfzpz, wq ´ w pfwpz, wq
ı

`pib ´ δbqp1´ zq
”

pfpz, wq ´ z pfzpz, wq ´ w pfwpz, wq
ı

`
“

pr ´ λqw ` ppµapzq ´ ia ´ gapi
a
qqz ` ppµbpzq ´ ib ´ gbpi

b
qqp1´ zq

‰

pfwpz, wq

`
1

2

“

σ2
az

2
` σ2

b p1´ zq
2
` 2zp1´ zqρσaσb

‰

pfwwpz, wq ´ r pfpz, wq (I.37)

and rfpz, wq is the scaled value when the conglomerate chooses to either sell a division or issue

equity:

rfpz, wq “ max
!

z papwaq ´ gdpzq , p1´ zq p
b
pwbq ´ gdpzq ,pjpz, wq

)

. (I.38)

In (I.38), gdpzq is the socialism spinoff cost defined in equation (35) and pjpz, wq is the con-

glomerate value conditional on external financing, which is given by

pjpz, wq “ sup
pmą0

pfpz, w ` pmq ´ rφ` p1` γqpms . (I.39)

As in our baseline model without socialism, papwaq and pbpwbq denote the value of the firm with

the single division a and b, respectively. Note that, since division sale eliminates socialism,

we use the productivity parameters µa and µb for the post-division-sale firm values pap ¨ q and

pbp ¨ q, respectively.

In sum, to analyze the headquarters’ problem under socialism, the firm needs to use both

the true division’s risk-adjusted productivity (µa and µb) and the compromised productivity

(pµapzq and pµbpzq).9

As we show later, the solution features three regions: (1) the interior region: t pfw ą 1, pf ą
rfu; (2) the payout region: t pfw “ 1, pf ą rfu; and (3) the external financing/liquidation region:

t pf “ rf, pfw ě 1u.

9While in Matvos and Seru (2014) it is sufficient for the conglomerate to use compromised productivities,
as their model features no division sale, this is no longer the case here since selling a division eliminates
socialism in our model.
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Figure I-6: Comparison of diversified firms with and without socialism in the refinancing
case. The firms have asymmetric divisions with µa “ 24% and µb “ 16%. The divisions are
of equal size (z “ 0.5). In panel A, the vertical lines mark the payout boundary w and the
equity issuance amount m, respectively.

F.2 Quantitative Analysis: Refinancing Case

In this subsection, we provide a quantitative analysis for the refinance case. In panel A of

Figure I-6, we observe that the value of the firm is higher without socialism for all levels

of w. In contrast to the liquidation case, we find that the wedge between the two curves

barely changes, even in low-w states. This is because, for our parameter values, the firm often

issues equity to replenish liquidity.10 This is further reflected in panel B, where we observe no

noticeable difference in the marginal value of cash with and without socialism.

In panels C and D of Figure I-6, we find that investment in both divisions is higher for

the firm without socialism. This finding is intuitive—without the socialism cost, the firm is

more productive and hence generates higher cash flows that are used to sustain higher levels

of current and future investment. Moreover, we observe that investment is relatively higher

in division a, that is, the firm channels relatively more resources toward the more productive

division.11

Figure I-7 plots the solution regions for the refinancing case. Panel A refers to the setting

without socialism. Compared to the liquidation case (panel A of Figure 8), the firm finds it

10To be precise, the firm may still spin off one of its divisions under certain circumstances but this is much
less likely in the refinancing case than in the liquidation case.

11Note the different scale of the vertical axis in both panels.

I-19



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

Figure I-7: Comparison of solution regions for diversified firms with and without socialism
in the refinancing case. The firms have asymmetric divisions with µa “ 24% and µb “ 16%.

optimal to spin off division a only when it is sufficiently small (z ď 0.004), and chooses to

issue equity for all other values of z. Because the firm can issue equity at a cost, the model

generates a hump-shaped prediction for the equity issuance amount, m, as a function of z

(represented by the dashed red line in panel C). The intuition is that a more diversified firm

can afford to hold less cash, and hence has less of a need to issue large amounts. Because

of the divisions’ asymmetry, the firm with z “ 0.41 has the lowest demand for cash. As the

more productive division’s relative size, z, increases beyond z “ 0.41, the firm’s increasing

productivity calls for greater funding needs, which explains why the equity issuance amount

m increases with z.

Panel B of Figure I-7 characterizes the various regions with socialism. As in the liquidation

case (panel B of Figure 8), there are again six regions in total. To the left of the red dashed

line are the two regions where the firm sells its more productive division a. To the right of

the blue dotted line are the two regions where the firm sells its less productive division b. In

the middle are the payout region and the interior region, divided by the black solid nonlinear

curve.

In the interior region, when the firm runs out of cash (w “ 0), it liquidates division a when

z ď 0.24, liquidates division b when z ě 0.70, and issues equity when z P p0.24, 0.70q. Note

that the range of z values for which divisions are liquidated is larger than in panel A. This

again reflects the lower cost of spinning off a division when the firm is plagued with socialism
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frictions. Finally, the solid line in panel C represents the equity issuance amount m when

z P p0.24, 0.70q. The pattern is again hump-shaped.12

G Redeployable Capital

In this section, we generalize the model of Section 2 to a setting where capital is redeployable

within the conglomerate. In what follows, we describe the model solution (Section G.1),

provide a quantitative analysis for the refinancing case (Section G.2), and consider an extension

that features socialism costs (Section G.3).

G.1 Solution

In the model of Section 8.1, the firm’s scaled liquidity satisfies

dwt “ pr ´ λqwtdt`
“

zt pµadt` σadZat q ` p1´ ztq
`

µbdt` σbdZbt
˘‰

´
“

piat ` p1´ χqgapi
a
t qq zt `

`

ibt ` p1´ χqgbpi
b
tq
˘

p1´ ztq ` χgrepzti
a
t ` p1´ ztqi

b
tq
‰

dt

´ wt
“

ztpi
a
t ´ δaq ` p1´ ztqpi

b
t ´ δbq

‰

dt , (I.40)

where χ is the level of capital redeployability and grep¨q “ GrepIt, Ktq{Kt is the scaled ad-

justment cost function of redeploying capital that depends on the definition of total capital

adjustment cost given in (60).

The associated HJB variational inequality for the firm’s scale value fpz, wq is given as

max
!

L3f, 1´ fw, rf ´ f
)

“ 0 , z P p0, 1q, w ě 0, (I.41)

where

L3fpz, wq “ sup
ia,ib

pia ´ δaqz rfpz, wq ` p1´ zqfzpz, wq ´ wfwpz, wqs

` pib ´ δbqp1´ zq rfpz, wq ´ zfzpz, wq ´ wfwpz, wqs

`
“

pr ´ λqw ` pµa ´ i
a
´ p1´ χqgapi

a
qqz ` pµb ´ i

b
´ p1´ χqgbpi

b
qqp1´ zq

´ χgrepzti
a
t ` p1´ ztqi

b
tq
‰

fwpz, wq

`
1

2

“

σ2
az

2
` σ2

b p1´ zq
2
` 2zp1´ zqρσaσb

‰

fwwpz, wq ´ rfpz, wq , (I.42)

and rfpz, wq is the firm’s value conditional on external financing or division sale given in

12A comparison of panels A and B provides similar insights as in the liquidation case. First, the two end
points (at z “ 0 and z “ 1) have the same values on the vertical axes with and without socialism. Second, the
payout boundary is lower for all z P p0, 1q for the conglomerate with socialism. Third, as socialism reduces
the conglomerate’s productivity, it increases the appeal of spinning off a division, which is reflected in the
“division-a sale with payout” and the “division-b sale with payout” regions that appear in panel B.

I-21



equation (54).

G.2 Quantitative Analysis: Refinancing Case

Figure I-8 provides a quantitative analysis for the refinancing case. As in the liquidation

case analyzed in Figure 10, the value of the option to redeploy capital, measured by the

wedge between the two lines for average q in panel A, is large. However, in contrast to the

liquidation case, the value of the option to redeploy capital barely changes with w. This

result is corroborated in panel B, which shows that the quantitative effect of the capital

redeployability option on the marginal value of cash is small at all levels of w. This result

holds as long as external equity is not too expensive. This is intuitive as the firm’s external

equity issuance costs effectively bound the firm’s marginal value of cash. As a result, the

option of redeploying capital within the firm has little impact on qw.

In the other panels, we find that the option to redeploy capital makes the more productive

division a invest more (panel C) and the less productive division b invest less (panel D). The

net effect is that the firm’s investment i is higher with the redeployment option than without

(panel E). That is, the capital redeployment makes the firm overall more efficient by allocating

capital more efficiently between the two divisions. These patterns are again more pronounced

than in the liquidation case featured in Figure 10.

G.3 Redeployable Capital with Socialism

Model.

In the presence of both capital redeployability and corporate socialism (with respect to the

conglomerate’s ongoing operations), the firm’s scaled liquidity satisfies

dwt “ pr ´ λqwtdt`
“

zt pµadt` σadZat q ` p1´ ztq
`

µbdt` σbdZbt
˘‰

´
“

piat ` p1´ χqgapi
a
t qq zt `

`

ibt ` p1´ χqgbpi
b
tq
˘

p1´ ztq ` χgrepzti
a
t ` p1´ ztqi

b
tq
‰

dt

´ gcpztqdt´ wt
“

ztpi
a
t ´ δaq ` p1´ ztqpi

b
t ´ δbq

‰

dt , (I.43)

where χ is the level of capital redeployability, grep¨q “ GrepIt, Ktq{Kt is the scaled adjustment

cost function of redeploying capital that depends on the total capital adjustment cost given

in (60), and gcpzq “ θcpµa ´ µbqzp1´ zq is the scaled socialism cost given in (28).

The associated HJB variational inequality for the firm’s scale value fpz, wq is given as

max
!

L4f, 1´ fw, rf ´ f
)

“ 0 , z P p0, 1q, w ě 0, (I.44)
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Figure I-8: Comparison of diversified firms with (χ “ 0.5) and without (χ “ 0) redeployable
capital in the refinancing case. The firms have asymmetric divisions with µa “ 24% and
µb “ 16%. The divisions are of equal size (z “ 0.5). We set θa “ θb “ θre “ 8 in the (scaled)
quadratic adjustment cost functions at both the divisional and firm level. In panel A, the
vertical lines mark the payout boundary w and the equity issuance amount m, respectively.

where

L4fpz, wq “ sup
ia,ib

pia ´ δaqz rfpz, wq ` p1´ zqfzpz, wq ´ wfwpz, wqs

` pib ´ δbqp1´ zq rfpz, wq ´ zfzpz, wq ´ wfwpz, wqs

`
“

pr ´ λqw ` pµa ´ i
a
´ p1´ χqgapi

a
qqz ` pµb ´ i

b
´ p1´ χqgbpi

b
qqp1´ zq

´ χgrepzti
a
t ` p1´ ztqi

b
tq ´ gcpzq

‰

fwpz, wq

`
1

2

“

σ2
az

2
` σ2

b p1´ zq
2
` 2zp1´ zqρσaσb

‰

fwwpz, wq ´ rfpz, wq , (I.45)

and rfpz, wq is the firm’s value conditional on external financing or division sale given in
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Figure I-9: Comparison of diversified firms with (θc “ 1) and without (θc “ 0) socialism in the
liquidation case with redeployable capital (χ “ 0.5). The firms have asymmetric divisions with
µa “ 24% and µb “ 16%. The divisions are of equal size (z “ 0.5). We set θa “ θb “ θre “ 8
in the (scaled) quadratic adjustment cost functions at both the divisional and firm level. In
panel A, the vertical lines mark the payout boundary w.

equation (54).

Quantitative analysis.

Figures I-9 and I-10 illustrate the solution for the liquidation and refinancing cases, respec-

tively, for conglomerates with equal-sized divisions (z “ 0.5), asymmetric productivities

(µa “ 24% and µb “ 16%), and the ability to redeploy capital across divisions (χ “ 0.5).

In both figures, we compare conglomerates with (blue solid line, θc “ 1) and without (red

dashed line, θc “ 0) socialism.

We first describe Figure I-10 pertaining to the refinancing case. As can be seen, socialism

reduces the value of the conglomerate (panel A) and lowers total investment at the firm level

(panel B). These results echo those we observed in the case without redeployable capital

(panels A and B of Figure I-6).

Importantly, panels C and D show that capital redeployability mitigates the resource

misallocation under socialism. That is, starting from the case with equal-sized division (z “

0.5), the conglomerate increases investment in the more productive division (panel C) and

decreases investment in the less productive division (panel D) more aggressively with socialism

than without. This is in sharp contrast to what we documented in panels C and D of Figure

I-24



0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18

1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18

-0.05

0

0.05

0.1

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18

-0.1

-0.09

-0.08

-0.07

-0.06

-0.05

-0.04

-0.03

-0.02

-0.01

0

Figure I-10: Comparison of diversified firms with (θc “ 1) and without (θc “ 0) socialism
in the refinancing case with redeployable capital (χ “ 0.5). The firms have asymmetric
divisions with µa “ 24% and µb “ 16%. The divisions are of equal size (z “ 0.5). We set
θa “ θb “ θre “ 8 in the (scaled) quadratic adjustment cost functions at both the divisional
and firm level. In panel A, the vertical lines mark the payout boundary w and the equity
issuance amount m, respectively.

I-6 in the case without redeployable capital, where the opposite pattern emerged. Intuitively,

capital redeployability provides a “hedge” against corporate socialism, as it reduces the cost

of allocating resources in a way that decreases the socialism costs.

In Figure I-9, we obtain similar results for the liquidation case. Compared to the refi-

nancing case, a noteworthy difference is that firm-level investment in panel B is higher with

socialism than without for sufficiently low values of w. This pattern is consistent with our

results in Figure 7 for the liquidation case without redeployable capital. As discussed in Sec-

tion 7.1, it is less costly to replenish the firm’s liquidity through division sales with socialism

than without, as doing so eliminates socialism frictions. As a result, when the conglomerate

is sufficiently low on cash (low w), it is less eager to curtail investment to preserve cash under

socialism.

H Alternative Specification of Spinoff Payoffs

In this section, we allow the conglomerate to optimally allocate a fraction of its cash holdings

to the division that it plans to spin off. Doing so alleviates the financial constraints of the sold
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division, which increases the price that potential buyers are willing to pay for the division.13

This alternative specification of the spinoff payoff is natural in settings where the sold division

becomes a stand-alone firm held by well diversified financial investors who value the firm as a

going-concern entity.

H.1 Model

Let Xs
t P r0,Wts denote the stock of cash allocated to division s “ a, b, which the conglomerate

decides to liquidate at time t. Upon liquidation, the conglomerate receives a one-time payment

equal to %sP
spKs

t , X
s
t q, where %s P p0, 1s is a constant and P spKs

t , X
s
t q is the value of a single-

division firm given in Section 2.3.1. Since P spKs
t , X

s
t q is the sold division’s market value, the

p1´ %sq fraction of P spKs
t , X

s
t q can be interpreted as the cost of division sale.

Suppose that division b is sold. The cash holding of the firm with the remaining division

a is then given by14

W a
t pX

b
q “ %bP

b
pKb, Xb

q `Wt ´X
b . (I.46)

As in Section 2, shareholders choose the investment levels, division sale timing, payout

policy, and external financing to maximize the conglomerate’s value by solving the problem

defined in (14). We denote the conglomerate’s value by F̆ pKa
t , K

b
t ,Wtq.

Let rF pKa
t , K

b
t ,Wtq denote the conglomerate’s value conditional on either external financing

or division sale being optimal. That is, rF pKa
t , K

b
t ,Wtq satisfies the following equation:

rF pKa
t , K

b
t ,Wtq “ max

"

sup
Xb

P a
pKa

t ,W
a
t pX

b
qq, sup

Xa

P b
pKb

t ,W
b
t pX

a
qq, J̆pKa

t , K
b
t ,Wtq

*

(I.47)

where J̆pKa
t , K

b
t ,Wtq is the firm’s value conditional on refinancing being optimal:

J̆pKa
t , K

b
t ,Wtq “ sup

Mtą0
F̆ pKa

t , K
b
t ,Wt `Mtq ´

“

φ ¨ pKa
t `K

b
t q ` p1` γqMt

‰

. (I.48)

H.2 Solution

Let wat denote the cash-capital ratio immediately after the conglomerate sells division b and

becomes a stand-alone firm with only division a: wat “ W a
t {K

a
t . Moreover, let xb denote the

13In contrast, in our baseline model of Section 2, we assumed that, when liquidating a division, the firm only
sells the capital stock of the division at a liquidation price of `s per unit of capital. As we discussed earlier, a
natural interpretation of our baseline model is that the (marginal) buyer of the sold division is strategic and
financially unconstrained (i.e., deep pocketed). Since this buyer’s marginal value of cash is one, buying the
capital stock of the sold division is optimal in that setting.

14Similarly, if division a is sold, the cash holding of the firm with the remaining division b is given by
W b
t pX

aq “ %aP
apKa, Xaq `Wt ´X

a .
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scaled cash holdings that are allocated to the sold division b: xb “ Xb{pKa
t `K

b
t q. We define

wbt , x
a analogously. Using the homogeneity property, we obtain:

wat px
b
q “

%bp
bp xb

1´zt
qp1´ ztq ` wt ´ x

b

zt
and wbt px

a
q “

%ap
apx

a

zt
qzt ` wt ´ x

a

1´ zt
. (I.49)

Let rfpzt, wtq “ rF pKa
t , K

b
t ,Wtq{pK

a
t `K

b
t q be the scaled firm value conditional on division

sale or external financing. Using the homogeneity property to simplify equation (I.47), we

obtain

rfpzt, wtq “ max
!

sup
xb
zt p

a
pwat px

b
qq , sup

xa
p1´ ztq p

b
pwbt px

a
qq , j̆pzt, wtq

)

, (I.50)

“ max
!

zt p
a
pwat px

b
˚qq , p1´ ztq p

b
pwbt px

a
˚qq , j̆pzt, wtq

)

, (I.51)

where wat and wbt are given in equation (I.49), j̆pzt, wtq “ J̆pKa
t , K

b
t ,Wtq{pK

a
t ` Kb

t q is the

scaled value conditioning on equity issuance, and xb˚, x
a
˚ solve

xb˚ “ arg max
xbPr0,wts

ztp
a
pwat px

b
qq , xa˚ “ arg max

xaPr0,wts
p1´ ztqp

b
pwbt px

a
qq.

Let f̆pzt, wtq “ F̆ pKa
t , K

b
t ,Wtq{pK

a
t `K

b
t q be the firm’s scaled value. The associated HJB

variational inequality is given by

max
!

Lf̆pz, wq, 1´ f̆wpz, wq, rfpz, wq ´ f̆pz, wq
)

“ 0 , (I.52)

where the operator L is defined in equation (45).

H.3 Quantitative Analysis

Liquidation case.

Figure I-11 provides a quantitative analysis that compares firm policies with liquidation costs

(1 ´ %a “ 1 ´ %b “ 0.4, blue solid line) and without such costs (1 ´ %a “ 1 ´ %b “ 0, red

dashed line). The parameters are the same as in Table 1 for a conglomerate with symmetric

divisions. The analysis pertains to the liquidation case and equal-sized divisions (z “ 0.5).

As can be seen, the possibility of costly liquidation reduces firm value (panel A) and

increases the need for liquidity. The latter is reflected in the higher marginal value of cash

(panel B), lower investment (panel C), and higher cash holdings (corresponding to a higher

payout boundary w in panel A). Importantly, in the case without liquidation costs—and,

more generally, when the liquidation costs are sufficiently low—the firm chooses to liquidate
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one of its divisions when w ą 0 (early liquidation).15 In contrast to our baseline model,

early liquidation is now optimal even with symmetric divisions. This is because, by optimally

allocating a fraction of its cash to the to-be-sold division, the firm (with the remaining division)

fetches the highest value for its shareholders. Liquidating the division upon exhausting its

cash is suboptimal as the selling price of the liquidated division would be too low.
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Figure I-11: Comparison of firm policies with different values of %a, %b in the liquidation case. The
firms have symmetric divisions of equal size (z “ 0.5). In panel A, the vertical lines mark the payout
boundary w and the spinoff boundary w, respectively.

In Figure I-12, we replicate the analysis of Figure I-11 for the case with z “ 0.1. As can

be seen, the results mirror those from Figure I-11—that is, liquidation costs reduce the firm’s

average q (panel A), increase the marginal value of cash qw (panel B), and lower investment

ia and ib (panels C and D).

Compared to Figure I-11, a noteworthy difference is that early liquidation is now also

optimal when liquidation is costly (1 ´ %a “ 1 ´ %b “ 0.4). In this case, the conglomerate

liquidates the smaller division (division a) when cash reaches w “ 0.003 (panel A). The

intuition is as follows. When z “ 0.1, the diversification gains are relatively modest (compared

to the z “ 0.5 case). Accordingly, when the conglomerate is sufficiently low on liquidity, the

benefits of liquidating the smaller division—which allows the conglomerate to replenish its

liquidity—outweigh the liquidation costs and the forgone diversification gains. As a result,

the conglomerate optimally liquidates the smaller division before reaching w “ 0.

Figure I-13 provides a more comprehensive characterization of the optimal firm policies

for any z P r0, 1s (horizontal axis). As can be seen, the liquidation costs increase the firm’s

payout boundary wpzq (panel A) and delay division sale (panel B) for any value of z. These

findings are intuitive. When the liquidation costs are high, conglomerates are less willing to

liquidate a division and hold more cash to prevent liquidation.

15Specifically, the conglomerate spins off a division when w reaches w “ 0.014. It then continues as a

single-division firm with w “ 1.38. The cash-capital ratio of the spun off division is w “
%ap

a
pw{p1´ztqq
zt

“
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Figure I-12: Comparison of firm policies with different values of %a, %b in the liquidation case.
The firms have divisions of unequal size (z “ 0.1). In panel A, the vertical lines mark the
payout boundary w and the spinoff boundary w, respectively.
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Figure I-13: Comparison of the payout and division sale policies for firms with different values
of %a, %b in the liquidation case.

The patterns in panel B warrant more discussion. In the case with liquidation costs

(1 ´ %a “ 1 ´ %b “ 0.4), early liquidation only occurs if the diversification benefits are

sufficiently small (i.e., z P p0, 0.24s and z P r0.76, 1q). In the case without liquidation costs

(1 ´ %a “ 1 ´ %b “ 0), the pattern is non-monotonic. For moderate values of z within the

r0, 0.5s interval (i.e., z P r0.025, 0.37s), the liquidation boundary w increases in z. This is

because the conglomerate is able to fetch a higher price for a larger division, which outweighs

the foregone diversification benefits. In contrast, when z approaches 0.5 (i.e., z P p0.37, 0.5s),

1ˆpap0.014{0.5q
0.5 “ 1.28 (assuming, without loss of generality, that division b is spun off).
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the foregone diversification benefits dominate such that w decreases in z.16 The pattern is

symmetric for values of z within the r0.5, 1s interval.

Refinancing case.

In Figures I-14 and I-15, we repeat the analysis of Figures I-12 and I-13 for the refinancing

case. The results are qualitatively similar to those obtained in the liquidation case. The

main difference—which can be seen from panel A of Figure I-14 and panel B of Figure I-

15—is that the conglomerate never liquidates a division when the liquidation costs are high

(1 ´ %a “ 1 ´ %b “ 0.4). Instead, the conglomerate prefers to issue equity to replenish its

liquidity (as shown by the refinancing boundary in panel B of Figure I-15), as opposed to

liquidating a division and bearing the liquidation costs.

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2

1.32

1.33

1.34

1.35

1.36

1.37

1.38

1.39

1.4

1.41

1.42

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2

-0.1

-0.08

-0.06

-0.04

-0.02

0

0.02

0.04

0.06

0.08

0.1

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2

-0.1

-0.08

-0.06

-0.04

-0.02

0

0.02

0.04

0.06

0.08

0.1

Figure I-14: Comparison of firm policies with different values of %a, %b in the refinancing case.
The firms have divisions of unequal size (z “ 0.1). In panel A, the vertical lines mark the
payout boundary w and the spinoff boundary w, respectively.

I Endogenous Formation of the Conglomerate

In this section, we extend our framework by also modeling the initial transition from a stand-

alone firm to a conglomerate. This extension is essentially the prequel to our baseline model.

That is, the firm starts as a stand-alone and considers other stand-alone firms as potential tar-

16Similarly, w decreases in z when z is close to 0. For small values of z, both the diversification benefits
and the spinoff payoff are small. At the margin, the former outweighs the latter when z increases in a narrow
interval close to z “ 0 (i.e., z P p0, 0.025q.)
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Figure I-15: Comparison of the payout and division sale policies for firms with different values
of %a, %b in the refinancing case.

gets for an acquisition. Upon completing the acquisition, the firm becomes the conglomerate

of Section 2.

In what follows, we set up the M&A model (Section I.1), describe the model solution

(Section I.2), and provide a quantitative analysis of the M&A decision (Section I.3).

I.1 A Search Model of M&A

An acquiring firm with capital stock KA
t and cash holding WA

t meets a potential M&A target

at a constant rate ξ ą 0 per unit of time. Let KT
t and W T

t denote the capital stock and cash

holding, respectively, of the target firm that the acquirer meets at t. We further denote by

ΩpKT
t ,W

T
t ;KA

t ,W
A
t q the cumulative distribution function (c.d.f.) for this target firm’s capital

stock and cash holding.17

Upon meeting a potential target firm at t, the acquirer decides whether to acquire the

target or not. If so, the acquirer pays an M&A cost, which is proportional to the total size of

the acquirer and target, φCpK
A
t `K

T
t q where φC ą 0 is a constant, and forms a conglomerate

with the target.18 Afterwards, the firm continues as described in our baseline model of Section

2. If not, the acquirer continues to meet potential targets at the rate of ξ.

Let V pKA
t ,W

A
t q denote the acquirer’s market value at t. The total surplus, St, from the

M&A transaction is equal to the difference between the conglomerate value and the sum of

17This c.d.f. depends on the acquirer’s capital stock KA
t and cash holding WA

t . This accounts for the fact
that acquirers tend to be larger and less financially constrained than their targets, as documented in Erel,
Jang, and Weisbach (2015).

18Note that the M&A cost depends on both KA
t and KT

t . The latter (φCK
T
t part) reflects the acquisition’s

variable cost, which depends on the size of the target that is acquired. The former (φCK
A
t part) reflects the

acquirer’s search cost, which is similar to an acquisition fixed cost that only depends on the acquirer’s size,
as in Jovanovic and Rousseau (2002). For simplicity, we assume the same loading φC on both KA

t and KT
t .

Assuming two different loadings would yield similar predictions.
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the acquirer’s and the target’s value, V pKA
t ,W

A
t q ` P pK

T
t ,W

T
t q, minus the M&A cost:19

St “ F pKA
t , K

T
t ,W

A
t `W

T
t q ´

“

V pKA
t ,W

A
t q ` P pK

T
t ,W

T
t q

‰

´ φCpK
A
t `K

T
t q , (I.53)

where F pKA
t , K

T
t ,W

A
t `W

T
t q is the post-merger multi-division firm’s value defined in (14).

Let ΠpKA
t ,W

A
t , K

T
t ,W

T
t q denote the acquirer’s market value immediately after it completes

the M&A, forming a conglomerate with a target firm (with capital stock KT
t and cash holding

W T
t ). As in Hackbarth and Morellec (2008), we use Nash bargaining to determine how the

acquirer and the target split the total M&A surplus conditional on proceeding with the M&A

transaction. Let η P r0, 1s measure the bargaining power of the target firm. The two parties

solve the following Nash bargaining problem:

max
$ě0

$η
pSt ´$q

1´η , (I.54)

where St is the M&A surplus defined in equation (I.53). Therefore, the target firm’s value

upon the successful M&A transaction is P pKT
t ,W

T
t q`ηS and the acquirer’s value immediately

after the M&A is given by

ΠpKA
t ,W

A
t , K

T
t ,W

T
t q “ V pKA

t ,W
A
t q ` p1´ ηqSt. (I.55)

Finally, we assume that all firms are subject to an exogenous death shock that arrives at a

constant rate of κD ą 0. Let τD denote the firm’s exogenous death time. This modeling device

allows us to conveniently compute the fraction of time that the firm spends as a stand-alone

firm as opposed to a conglomerate, as it ensures that all firms are finitely lived with stochastic

duration. The acquirer can also be liquidated when it runs out of cash and issues no equity.

Let τA be this endogenous stochastic liquidation time. The acquirer’s stochastic liquidation

time is then τL “ τD ^ τA.

The acquirer chooses M&A time τC , voluntary liquidation time τA, investment I, payout

policy dU , and external refinancing dH to maximize shareholder value given by

V pKA
0 ,W

A
0 q “ sup E

„
ż τC^τL

0

e´rspdUs ´ dHs ´ dXsq ` 1tτCąτLue
´rτL

`

LAτL `W
A
τL

˘

` 1tτCăτLue
´rτM ΠpKA

τC
,WA

τC
, KT

τC
,W T

τC
q
‰

. (I.56)

The expectation operator in (I.56) is defined on the risk-neutral measure that incorporates the

risk premium.20 The first term inside the expectation operator is the discounted value of the

19For simplicity, we assume that the target firm is valued as a single-division firm, whose value P pKT
t ,W

T
t q

is given in Section 2.3.1.
20Specifically, we set productivity under the physical measure for firm s “ A, T using µPs “ µs ` ρsζσs.

I-32



free cash flows paid to the acquirer’s shareholders before completing the M&A. The second

term is the acquirer’s discounted liquidation value. The third term captures the acquirer’s

option value of merging with a target.

I.2 Solution

We use the variational inequality method to characterize the acquirer’s decisions and its market

value V pKA,WAq as follows:

max tL5V, rV ´ V, 1´ VW u “ 0 , (I.57)

where rV “ supMą0 V pK
A,WA `Mq ´ φKA ´ p1 ` γqM is the acquirer’s value if it chooses

to issue equity before completing the M&A and

L5V “ ´pr ` κDqV ` sup
I
pI ´ δAK

A
qVK ` ppr ´ λqW

A
` µAK

A
´ I ´GAqVW (I.58)

`
1

2
σ2
ApK

A
q
2VWW ` ξ

ż

maxt0,ΠpKA,WA, KT ,W T
q ´ V pKA,WA

qudΩpKT ,W T
q .

The last term in equation (I.58) captures the M&A option value. Since the option value

is always positive, i.e., ΠpKA,WA, KT ,W T q ą V pKA,WAq under optimality, the acquirer’s

stock price can only increase after it completes the M&A deal. The other four terms are

essentially the same as in our baseline formulation for the stand-alone firm without the M&A

option.

We further assume that the distribution ΩpKT ,W T ;KA,WAq is described by a joint dis-

tribution pΩpψK , ψwq, where ψK “ KT {KA and ψw “ wT {wA. (Recall that wT “ W T {KT is

the target firm’s and wA “ WA{KA is the acquirer’s cash-capital ratio.) This simplification

preserves our model’s homogeneity property in that V pKA,WAq is homogenous of degree one

in KA and WA.

Let vpwAq “ V pKA,WAq{KA. The HJB variational inequality for vpwAq is given by

max tL6v, rv ´ v, 1´ vwu “ 0 , (I.59)

where rv “ supmą0 vpw
A ` mq ´ φ ´ p1 ` γqm is the acquirer’s value conditional on issuing

equity before completing the M&A deal, and

L6v “ ´pr ` κDqv ` sup
i
pi´ δAqpv ´ w

Avwq ` ppr ´ λqw
A
` µA ´ i´ g

A
piqqvw

Here, ζ is the market price of risk and ρs is the correlation between the productivity shock for firm s and the
SDF Mt “ e´rt exp

`

´ζ2t{2´ ζBt
˘

, where Bt is the standard Brownian motion for the aggregate shock.
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`
1

2
σ2
Avww ` ξ

ż

maxt0, πpψK , ψw, w
A
q ´ vpwAqudpΩpψK , ψwq , (I.60)

where i “ I{KA is the acquirer’s scaled investment, πpψK , ψw, w
Aq is the acquirer’s value

immediately after the M&A:

πpψK , ψw, w
A
q “ ΠpKA,WA, KT ,W T

q{KA

“ p1´ ηq
”

p1` ψKqf

ˆ

1

1` ψK
,
p1` ψKψwqw

A

1` ψK

˙

´ ψKppψww
A
q

´ φCp1` ψKq
ı

` ηvpwAq , (I.61)

and fp ¨, ¨ q and pp ¨ q are the multi-division firm’s scaled value and the single-division firm’s

scaled value, respectively.

The solution for the acquirer’s problem features three regions: (1) the interior region tvw ą

1, v ą rvu; (2) the payout region tvw “ 1, v ą rvu; and (3) the external financing/liquidation

region tv “ rv, vw ě 1u.

I.3 Quantitative Analysis

In what follows, we provide a quantitative analysis of the M&A decision. We start with the

liquidation case and then turn to the refinancing case.

Liquidation case.

For ease of exposition and computations, we simplify the distribution ΩpKT
t ,W

T
t ;KA

t ,W
A
t q by

assuming that KT “ ψKK
A and wT “ ψww

A (where wT “ W T {KT and wA “ WA{KA). This

simplification preserves our model’s homogeneity property, in that it ensures that V pKA,WAq

is homogenous of degree one in KA and WA.

For our quantitative analysis, we assume that ψK is uniformly distributed in the r0, 1s

interval. That is, targets differ in their relative size and hence in the extent to which they

provide diversification benefits to the acquirer. We further set ψw “ 0.1 to capture the case

in which the target has lower liquidity than the acquirer.21

The other parameters are as follows. We set the risk-free rate to r “ 2% and the exogenous

death rate to κD “ 4% per annum, so that the mortality-adjusted discount rate, r`κD “ 6%,

is the same as the discount rate in our baseline model where the firm faces no exogenous

mortality risk.22 We set the M&A cost to φC “ 0.1%.23 Moreover, we assume that the

21The assumptions that ψK „ U r0, 1s and ψw “ 0.1 are consistent with the empirical literature showing
that targets tend to be smaller and more financially constrained than acquirers (e.g., Erel, Jang, and Weisbach,
2015).

22In the firm dynamics literature, the exogenous mortality rate is often set around 4-5% per annum. See,
e.g., Ai et al. (2021).

23To guide the choice of φC , we use data from SDC Platinum that provides information on M&A deals,
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acquirer and target firms have equal bargaining power (η “ 0.5), and that the arrival rate

of potential targets is ξ “ 1 (that is, on average, the acquirer meets one potential target per

year). All other parameters are set as in our baseline model with symmetric divisions (see

Table 1).24

In what follows, we consider two cases that differ based on the volatility of the firms’

cash flows. In addition to the baseline case (σA “ σT “ 9%), we consider a case with higher

volatility (σA “ σT “ 20%). The role of volatility is especially interesting in our context, as

volatility affects both the appeal of diversification and the probability of liquidation.
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Figure I-16: Comparison of acquirers (and their target size threshold) in the liquidation case with

high and low volatility (σA “ σT “ 20% and σA “ σT “ 9%, respectively). In panel A, the vertical

lines mark the respective payout boundary.

Figure I-16 illustrates the model solution. In all panels, the red dashed line refers to the

case with low volatility, while the blue solid line refers to the one with high volatility. Panel

A plots the average q of the acquirer as a function of wA. The general pattern mirrors the one

we observed in Panel A1 of Figure 1, in that the firm’s average q increases in w.25 As is shown,

along with the transaction fees paid by the acquirer and the target. On average across all deals from 1978 to
2019 that involved firms with Compustat coverage (for which we can retrieve information on KA and KT ),
the total fees account for about 0.1% of KA `KT .

24Note that we refer to the acquirer A and target T , as opposed to the divisions a and b. That is,
σa “ σb “ 9% in Table 1 translates into σA “ σT “ 9% in this section.

25The value of the firm is always higher with the M&A option than without. In the latter case, the firm
behaves as in BCW (2011) and hence the value of the M&A option can be obtained by subtracting the value
of the corresponding BCW firm for a given wA.
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we find that the value of the firm and the willingness to pay out dividends (indicated by the

vertical lines) are higher when volatility is lower. These findings are intuitive. Higher volatility

increases the likelihood of liquidation, which reduces the value of the firm and increases the

need for precautionary savings.

In Panel B, we plot the target size threshold, denoted by ψ
K
pwAq, which describes the

lowest relative size of the target ψK at which the acquirer is willing to do the M&A for a

given wA. Since the diversification gains are highest when ψK “ 1 (corresponding to equal-

sized divisions post M&A), acquirers prefer targets with a higher ψK . When ψK is above

the threshold ψ
K
pwAq, the acquisition takes place. When ψK is below, the acquirer passes

on the target and waits for the next target to arrive. Intuitively, the target size threshold

ψ
K

can be interpreted as the acquirer’s “standards” for M&A. A higher threshold means

that the acquirer has higher standards, as it is only willing to acquire targets that provide

diversification benefits that are sufficiently large.

As can be seen, the target size threshold ψ
K
pwAq is higher for higher values of wA. The

rationale is twofold. First, when the acquirer is flush with cash (high wA), the M&A decision

is primarily an investment decision that depends on the extent to which the target provides

diversification benefits. Acquirers with more cash at hand can more easily afford to wait for a

larger target to arrive (that is, a target that provides greater diversification benefits), which

translates into higher values of ψ
K

. That is, a less financially constrained firm values the M&A

as an investment option more, all else equal. Second, when the acquirer is low on cash (low

wA), the M&A decision is primarily a financing decision. That is, the M&A is used to raise

external capital and avoid liquidation. When wA approaches zero, the acquirer is so eager to

avoid liquidation that it acquires essentially any target that comes its way (ψ
K

approaches

zero).

Panel B further shows that the target size threshold ψ
K
pwAq is lower in the high-volatility

case, all else equal. When volatility is high, the acquirer’s option value of waiting for a more

appealing M&A target is smaller and hence the acquirer is more eager to diversify, which

translates into a lower value of ψ
K
pwAq for a given wA.

In panel C, we plot the (net) marginal value of cash. As can be seen, for sufficiently

high values of wA, an extra dollar of cash is more valuable in the high-volatility case. Higher

volatility increases the need for precautionary savings, which makes cash more valuable. In-

terestingly, the opposite pattern is found when the acquirer runs out of cash (that is, when

wA approaches zero). In this case, an extra dollar of cash is more valuable when volatility is

low for two reasons. First, a low-volatility firm has a higher likelihood of survival. Second,

the option value of M&A is higher for a low-volatility firm. For these two reasons, when wA

is low, the marginal value of cash is higher for the low-volatility acquirer.
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Finally, panel D plots the acquirer’s investment-capital ratio. The pattern mirrors the one

in panel C, in that a higher marginal value of cash is associated with lower investment, as the

need to preserve cash is higher. Note that, when wA is sufficiently low, the acquirer engages

in asset sales, as reflected by the negative values of ipwAq. This is analogous to the financing

role of M&A discussed above. Moreover, asset sales are more aggressive (more negative values

of ipwAq) in the low-volatility case. This is because the value of reducing the likelihood of

inefficient liquidation is higher when volatility is low. Finally, we note that when running out

of cash, acquirers use both asset sales and M&A in order to replenish their liquidity.

Refinancing case.

Figure I-17 plots the model solution in the refinancing case. The results in panels A, C, and D

are similar to those in Figure I-16 pertaining to the liquidation case. A noteworthy difference is

found in panel B. In the refinancing case, the target size threshold ψ
K
pwAq follows an inverse

hump shape in wA. The rationale is twofold. First, as in the liquidation case, when the

acquirer is flush with cash (high wA), the M&A decision is primarily an investment decision

that depends on the extent to which the target provides diversification benefits. Acquirers

with more cash at hand can more easily afford to wait for a larger target to arrive (that is,

a target that provides greater diversification benefits), which translates into higher values of

ψ
K

. Second, when the acquirer runs low on cash (low wA), the acquirer rationally holds the

M&A option longer, which translates into higher values of ψ
K

near wA “ 0. This is in sharp

contrast to what we found in Figure I-16. In the liquidation case, acquirers that run out of

cash use the M&A as a way to raise external capital and avoid liquidation, which translates

into lower values of ψ
K

near wA “ 0.

J Diversification Premium and Discount

In our generalized model from Section I, the acquirer’s value always increases upon the com-

pletion of the acquisition. This is because the firm is value maximizing and hence the model

only generates a diversification premium. However, in reality, managers’ preferences may be

misaligned with value maximization (e.g., managers may have empire-building preferences).

If such agency conflicts are severe enough, the value-destroying effect may dominate and lead

to a diversification discount upon completing the acquisition.

In this section, we incorporate managerial agency into our generalized model of Section

I, and show that both a diversification premium and discount may arise depending on the

severity of the agency conflicts.
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Figure I-17: Comparison of acquirers (and their target size threshold) in the refinancing case
with high and low volatility (σA “ σT “ 20% and σA “ σT “ 9%, respectively). In panel A,
the vertical lines mark the respective optimal refinancing amounts m and payout boundaries
w.

J.1 Model: Managerial Agency, Preferences, and Optimality

We assume that the acquiring firm’s manager derives a non-pecuniary private benefit from

completing an M&A deal, which we assume is proportional to the combined size of the target

and the acquirer, ϕpKA
t `K

T
t q, where ϕ ą 0. This managerial private benefit can be interpreted

as a preference for empire building—the larger KA`KT , the larger the “empire”—in the spirit

of Jensen (1986). For simplicity, we assume that this private benefit is the only agency conflict

and retain all the other assumptions from Section I.1.

Let V m
t “ V mpKA

t ,W
A
t q denote the value function of the acquiring firm’s manager at

time t, which equals the sum of the present value of the non-pecuniary private benefits and

the acquirer’s shareholder value. Let Πm
t “ ΠmpKA

t ,W
A
t , K

T
t ,W

T
t q denote the value function

of the acquirer’s manager upon merging with a target firm with capital stock KT
t and cash

holding W T
t . Conditional on merging at time t, the acquiring firm’s manager and the target

firm’s shareholders solve the following Nash bargaining problem:

max
$mě0

$η
mpS

m
t ´$mq

1´η , (I.62)

where η P r0, 1s denotes the bargaining power of the target firm and Smt is the total surplus,
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which includes the manager’s non-pecuniary private benefits and the surpluses accruing to

the acquirer’s and the target firm’s shareholders from the M&A:

Smt “ F pKA
t , K

T
t ,W

A
t `W

T
t q ´

“

V m
pKA

t ,W
A
t q `P pK

T
t ,W

T
t q

‰

´ pφC ´ϕqpK
A
t `K

T
t q , (I.63)

where the post-merger conglomerate value F pKA, KT ,WA `W T q is defined in (14).26 The

value of the acquirer’s manager immediately after the M&A is then given by

Πm
pKA

t ,W
A
t , K

T
t ,W

T
t q “ V m

pKA
t ,W

A
t q ` p1´ ηqS

m
t . (I.64)

Anticipating the Nash bargaining rule at τmC , the acquiring firm’s manager chooses the

M&A time τmC , voluntary liquidation time τmA , investment Im, payout policy dUm, and external

refinancing dHm to solve the following optimization problem:27

V m
pKA

0 ,W
A
0 q “ sup E

„
ż τmC ^τ

m
L

0

e´rspdUm
s ´ dH

m
s ´ dX

m
s q ` 1tτmC ąτmL ue

´rτmL

´

LAτmL `W
A
τmL

¯

` 1tτmC ăτmL ue
´rτmC Πm

pKA
τmC
,WA

τmC
, KT

τmC
,W T

τmC
q

ı

. (I.65)

Accordingly, to obtain V m
t and the optimal policies in our M&A model with agency, it is

equivalent to solve our shareholder value-maximizing model of Section I by setting the M&A

cost parameter to pφC ´ ϕq.

J.2 Solution: Diversification Premium and Discount

Let wA “ WA{KA be the acquirer’s cash-capital ratio and vmpwAq “ V mpKA,WAq{KA be

the scaled manager’s value. The HJB variational inequality for the manager’s optimization

problem is given by

max tL7v
m, rv m ´ vm, 1´ vmw u “ 0 , (I.66)

where rv m “ supmą0 v
mpwA`mq´φ´p1` γqm is the manager’s value conditional on issuing

equity before completing an M&A deal and

L7v
m
“ ´pr ` κDqv

m
` sup

im
pim ´ δAqpv

m
´ wAvmw q ` ppr ´ λqw

A
` µA ´ i

m
´ gApimqqvmw

26There are two differences between the surplus function in (I.63) and St as defined in (I.53). First, the value
function that appears in (I.63) is that of the acquirer’s manager (V mt ) rather than the acquirer’s shareholders
(Vt). Second, the manager’s preference for M&A effectively reduces the manager’s perceived M&A cost to
pφC ´ ϕqpK

A
t `K

T
t q, which can be negative.

27The first term inside the expectation operator is the discounted value of the free cash flows paid to the
acquirer’s shareholders before completing the M&A. The second term is the discounted acquirer’s liquidation
value. An acquirer can be liquidated before merging with a target at stochastic liquidation time τmL , where
τmL “ τD ^ τ

m
A . As in Section I.1, this liquidation can occur either exogenously at stochastic time τD or when

the acquirer runs out of cash, issues no equity, and hence dies at time τmA .
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`
1

2
σ2
Av

m
ww ` ξ

ż

maxt0, πmpψK , ψw, w
A
q ´ vmpwAqudpΩpψK , ψwq . (I.67)

Here im “ Im{KA is the scaled acquirer’s investment chosen by the manager and πmpψK , ψw, w
Aq

is the scaled manager’s value immediately after the M&A:

πmpψK , ψw, w
A
q “ Πm

pKA,WA, KT ,W T
q{KA

“ p1´ ηq
”

p1` ψKqf

ˆ

1

1` ψK
,
p1` ψKψwqw

A

1` ψK

˙

´ ψKppψww
A
q

ı

´p1´ ηqpφC ´ ϕqp1` ψKq ` ηv
m
pwAq .

Comparing with (I.61), we see that the entrenched manager’s optimization problem is math-

ematically equivalent to the shareholders’ firm value maximization problem defined by (I.59)-

(I.61) if we set φC ´ ϕ as the M&A cost parameter. Note that φC ´ ϕ can be negative. In

this case, the entrenched manager’s private benefit is so high that it outweighs the cost that

would be incurred without agency.

We calculate the acquirer’s shareholder value as follows. Taking the optimal polices (the

M&A time τmC , voluntary liquidation time τmA , investment Im, payout policy dUm, and external

refinancing dHm) as given, the acquirer’s shareholder value function V pKA
0 ,W

A
0 q is given by

V pKA
0 ,W

A
0 q “ E

„
ż τmC ^τ

m
L

0

e´rspdUm
s ´ dH

m
s ´ dX

m
s q ` 1tτmC ąτmL ue

´rτmL

´

LAτmL `W
A
τmL

¯

` 1tτmC ăτmL ue
´rτmC ΠpKA

τmC
,WA

τmC
, KT

τmC
,W T

τmC
q

ı

. (I.68)

Note that the post-merger acquirer’s value ΠpKA
τmC
,WA

τmC
, KT

τmC
,W T

τmC
q appears in (I.68).

For wA in the interior region tvmw ą 1, vm ą rvmu, the scaled acquirer’s value vpwAq for the

manager’s problem satisfies

0 “ ´pr ` κDqv ` pim ´ δAqpv ´ w
Avwq ` ppr ´ λqw

A
` µA ´ i

m
´ gApimqqvw

`
1

2
σ2
Avww ` ξ

ż

“

πpψK , ψw, w
A
q ´ vpwAq

‰

1tπmąvmudpΩpψK , ψwq , (I.69)

where im is the investment optimally chosen by the manager, given in (I.67). For wA in the

external financing/liquidation region tvm “ rv m, vmw ě 1u, the acquirer’s shareholder value

satisfies vpwAq “ vpwA `mq ´ φ ´ p1 ` γqm where m is the net financing amount optimally

chosen by the manager, given in (I.67). For wA in the payout region tvmw “ 1, vm ą rvmu, the

acquirer’s shareholder value satisfies vw “ 1.

Let Bt denote the present value of non-pecuniary benefits that solely accrue to the manager.
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Taking the corporate policies chosen by the manager, we have

Bt “ V m
t ´ Vt “ E

”

1tτmC ăτmL ue
´rτmC ϕpKA

τmC
`KT

τmC
q

ı

. (I.70)

Finally, we report the wedge between Smt , the three-way total surplus from the M&A deal

(for the acquirer’s and target firm’s shareholders and the acquirer’s manager), and St, the

pecuniary surplus (for the acquirer’s and target firm’s shareholders). We obtain

Smt ´ St “ ϕpKA
t `K

T
t q ´Bt (I.71)

“ E
”

`

1´ 1tτmC ăτmL ue
´rτmC

˘

ϕpKA
τmC
`KT

τmC
q

ı

ą 0 . (I.72)

The first term in (I.71) is the value of private benefits solely accruing to the manager at the

moment of the M&A. The second term Bt “ V m
t ´ Vt is the present value of the manager’s

non-pecuniary benefits given in (I.70).

J.3 Stock Market Reaction upon an M&A Announcement

What happens to the stock prices of the acquirer and the target? Consistent with the empirical

literature, the target firm’s stock price increases, as it collects a surplus from the M&A deal

(η ą 0). In contrast, the effect on the acquirer’s stock price is more subtle, as the M&A can

give rise to either a diversification premium or discount.

Let Vt “ V pKA
t ,W

A
t q denote the pre-merger acquirer’s market value at time t. Recall that

the post-merger acquirer’s value is given by Πt “ Πm
t ´ ϕpKA

t ` KT
t q. The acquirer’s stock

return upon announcing an M&A deal is thus Πt´Vt
Vt

, where

Πt ´ Vt “ St ´ ηS
m
t . (I.73)

The first term St in (I.73) is the total pecuniary surplus (for the acquirer and the target), while

the second term ηSmt is the pecuniary surplus received by the target. The difference between

these two terms represents the stock price change due to the M&A deal. Whenever St ă ηSmt ,

the deal generates a diversification discount, i.e., Πt ´ Vt ă 0. This occurs when agency costs

are large (high ϕ). Without agency (ϕ “ 0), we uncover the value-maximizing solution in

Section I.1 where all M&A deals generate a diversification premium, Πt ´ Vt “ p1´ ηqSt ą 0,

as discussed in Section I.

In Figure I-18, we characterize the acquirer’s M&A decision. Specifically, we plot the

threshold function for the minimal target’s size as a fraction of the acquirer’s size, ψ
K
pwAq “

KT
{KA, and mark the regions where the M&A generates a premium and discount, respec-

tively. We set ψw “ 0.1 and the M&A cost at φC “ 1%. Panels A and B provide solutions
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Figure I-18: Diversification discount and premium in the refinancing case. The two panels compare
acquirers with high (ϕ “ 0.05) and low (ϕ “ 0.005) agency costs.

for the case with high (ϕ “ 0.05) and low (ϕ “ 0.005) agency costs, respectively. All other

parameter values are the same as in Section I.28

The manager acquires the target whenever the target’s relative size ψK exceeds the thresh-

old ψ
K
pwAq (the solid blue line). However, due to agency costs, some deals generate a diver-

sification premium while others generate a diversification discount. In panel A, pertaining to

the case with high agency costs (ϕ “ 0.05), all sufficiently large M&A deals, i.e., those with

ψK above the red dashed line, induce a diversification discount. This is because managers

with very large empire-building preferences overpay for the targets. These costs are born by

the acquirer’s shareholders, while the surplus Smt is captured by the target and the manager.

In contrast, panel B shows that, when the agency costs are low (ϕ “ 0.005), large M&A

deals, i.e., those with ψK above the red dashed line, bring large diversification benefits that

outweigh the low agency costs. As a result, these deals generate a diversification premium.

The small area between the red dashed line and the solid blue line represents the diversification

discount region.

In sum, by comparing the two cases in panels A and B, we see that agency costs have a

highly nonlinear and non-monotonic impact on the diversification premium and discount. In

this regard, our results highlight the importance of considering the endogenous formation of

the conglomerate in empirical studies of the conglomerate discount/premium.
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