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I ntroduction

In these notes | present three smple models of investment. | start with the neoclassical modd of Jorgenson
(1963). | show that this modd has some undesirable features such as extremey large investment rates when
there are small changes in economic conditions. | then introduce interna adjustment costs and show the
dynamic responses of the economy to unanticipated and anticipated changes in economic conditions. The
prediction of thismodd isthat the shadow price (margind q) is a sufficient gatistic for investment. | then show
the conditions under which this important shadow price is equivaent to some observable variable. Following
Hayashi (1982), | show that if the adjustment cost technology displays congtant returnsto scale, the capita
goods are homogeneous and the stock market is efficient, then the unobservable margind q is equd to the
observable average or Tobin's g.

| next present amodd of investment with externd adjustment codts. | argue that this dternative
approach is more relevant for certain types of investment such as resdentia investment. | aso show the
dynamic responses to unanticipated and anticipated changes in the economic environment.

Findly, | argue that the modds of internal and externd adjustment costs are very smilar and the
apparent differences are due to assumptions other than the fact that the costs are internd rather than externa

to the firm.

(1) The Neoclassical Model of Investment.

In the neoclassical mode described by Jorgenson (1963 and 1967) and others, firms are assumed to

produce output using two inputs, labor (L) and capita (K,), and sall at price p,. Labor servicesare hired in a



spot market at awage w; and the capital stock is the sum of previous gross investments minus depreciations.

It is assumed that firms can buy and sdll (invest and disinvest) * unlimited amounts of capitd a a congtant

price py, 2 In order to Smplify theinitid andyss, it will be convenient to start by assuming that the dope of

the transformation technology is one. Thisis equivadent to saying that capital and output are the same good
(sotheir reletive price is one).

Wewill dso assume that the degree of capitd utilization is not a choice variable for firms (so dl capita
avalableisused at dl pointsin time). Technology is such that capitd wears out a a congtant rate, O (capital
goods that “break” with the passage of time). Before machines bregk, however, they are dl equaly

productive. In other words,“modern” machines are not more productive than older ones.

Theterm A, can be thought of as some productivity parameter that can be interpreted as the level of

technology. It can aso be interpreted as the share of income that firms keep after taxes (that is,

define 4,=1 -1, , where Oisthetax rate on output). The functiona form F() will be assumed to be

1 We assume that investment is not irreversible so, a any point in time, firms can decrease their
capital stock or disinvest.

2 |n other words, firms can transform their output into capital inputs by using alinear
transformation technology with dope p/p .

3 In amore genera modd we could have firms choosing how intensively they want to use the
available units of capita (which would imply faster depreciation rates for capita used more intensively).
We could dso have the productivity of capitd goods differ depending on the time when they were
purchased (or “vintage’ to which they belong). Thiskind of modd would be called “vintage capita
models’.



neoclassicd. That is, F() is assumed to exhibit constant returns to scae (where scaleisdefined asK and L),

to be concave, twice differentiable, and to satisfy the Inada conditions:

(10) ¥, = A, F(K,,L,)
(A) F(BK,BLY = B F(K,L) (condant returnsto scale)

(B) FE>0,F, >0, Fpp <0, F;; <0 »(FzzFu - QFU)2)> 0 (positive but

diminishing margina products of capital and |abor and overdl concavity)
(C) Bm Fp(K,L)=w ad Bm Fp(XK,L)=0 (InadaConditions)
E0 Ea

It isinteresting to note that if these three properties gpply, then capitd and labor are essentid in the

sense that no output can be produced without some positive amount of each of the two inputs.* That

is F(0,L) =0 ad F(K,0) =0 .

Firms choose, labor, L;, invesment, |;, and capital, K, , S0 asto maximize the present vaue of dl future

cash flows taking the congtant interest rate as given.

(11) V= } e ™ [.Pt A F(K,L)-wlL, -p,l ] dt
0

subject to the accumulation congraint

4 See Barro and Sdai-Martin (1995) for aderivation of this result.
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(1.2) K‘t = It

where we smplify the andysis by assuming that the depreciation rate is zero (we can think, aternatively, that
F() isoutput net of depreciation. We assume that the firm inherits some positive amount of capitd at time
zero:

(1.3) K>0 given.

We dso impose atermina condition known as anon-ponzi condition that requires that, in the limit of the
planning horizon, the present value of assets cannot be negetive Bim ¢ ™™ K, > 0 .
f 2L
In order to solve the problem above we can form the following Hamiltonian

(1.4) HY = e'"(ptA,F(K,,Lt) -wl, - p,, J,) + AT

where Q isthe shadow price of investment a timet. It represents the contribution of a unit of capita a timet
to the value of the firm as measured at time zero (the contribution of the congtraint to the objective function).
Because it represents the (shadow) vaue of atime-t machine as measured at time zero, thisis called the
present value shadow price. This cumbersome shadow price can be eadily transformed into a* current vaue

shadow pricg’ (the vaue of atime-t machine as measured at that same moment in time) by smply multiplying

by the current value factor, e™ . That is, we define the current velue shadow priceas g, = ™ A, . For

practical purposes, it isimportant to remember that the first order conditions have to be derived first using



)\,t . That is, the first order conditions to this problem are H, =0 , H;=0 ,

-k = Hp ad Bm A, K, = 0 . Where H, represents the partia derivative of H with respect to x and a
o

dot on top of avariable represents the partial derivative of that variable with respect to time. Once the FOC

have been derivedusing A, they canberewrittenusing g, . If we want the FOC to be expressed in

terms of the current vaue shadow price, we will have to take into account the relation betwen the two. In our

particular case the FOC are

(16)FOC withrespecttoL: A F; = w
P

@A7wrtl: -e"™p, +A, =0 =~ -p, +tgq,=0
(18w.rt.K: -A =g (pAFRy) = -ge"trge"=c¢ " (pAFg)
(19) Bm A, K, =0 =~ kme ™g K =0
t~m P~
where time subscripts have been omitted when no ambiguities arise. Condition (1.6) just says that the firm will

hire labor up to the point where its marginal product equas the real wage. It corresponds to alabor demand

equation relating labor as a negative function of the wage rate. Condition (1.7) saysthat the current (shadow)

vaue of aunit of investment is worth exectly itscogt, p,, . Notice thet this seems asensible investment rule:



if the margind revenue from an extra unit of capita that costs oneis larger than one, firmswill buy it (so they

will invest a positive amount). They will keep investing until the market cost of an extra unit of capitd, py, |

exactly equasthe margind revenue, g, . By appropriate choice of numerarewecanset pp, =1 fordl

periods. Notice that this, together with (1.7) impliesthat ¢ iszero dl thetime,

Condition (1.8) can be rewritten as
(18) AFgp=r
which is the condition we dways get in gatic models of the firm. In words it saysthat firmsinvest (purchese
capita) up to the point where the margind product of capital equas the return on aternative assets, the redl
interest rate. Thus, at the optimum, they are indifferent between purchasing one more unit of capita that yields
the margina product and purchasing a bond that yieldsr.

Thefind optimality condition, called Transversdity Condition (TVC), can be interpreted in terms of the
complementary dackness condition in the Kuhn Tucker theorem (see the mathematica appendix of Barro
and Sdai-Martin (1995) for aderivation of this result). To get an economic intuition, it will be useful to

consder afinite horizon verson of the problem. Suppose for a second that the firm has a planning horizon of

T periods (after period, T'<eo |, thefirm drops dead). The TV C in this case would

be e TT g K, = 0 . Thatis, the present vaue of the amount of capital left in the "last period” timesiits



shadow price must be zero. This meansthat if, for any reason, the quantity that firms choose to leave after
they “die’ & time T is pogtive, it must be the case that its vaue (the present vaue of its margina contribution
to profits) is zero. And vice versa, if the vaue is postive, then it must be the case that firms choose not to
leave any amount of capitd. The TVC in (1.9) can be thought as the infinite horizon versgon of the condition |
just described, with “find period" being now infinity.>

Notice that the neoclassicd modd just described says that firms will keep hiring capita and labor until
their margina products are dways equd to the relaive prices . Of course thisimpliesthat discrete changesin
w or r will trigger discrete changesin L and K. The condraint (1.2), however, says that investment isthe
derivative of K with respect to time. If the capitd stock “jumps’ instantaneoudy, this means that the derivative
at that ingant isinfinity. It follows that any discrete changein r will trigger INFINITELY postive or negative
investment rates (investment is the dope of the path of capitd which isverticd whenever there isajump).
Whenever interest rates do not change, the investment rate will be zero. In other words, we will only observe
ether zero or plus or minusinfinity investment rates. Hence, this particular model does not predict that
investment is a negative function of the interest rate, which iswhat economigts like to use (in fact, the

investment function is not awell defined function).®

®> Thisintuition is correct for the particular case we ded with in this lecture notes. In generd, the
intuition behind the TVC may be a bit more complicated. See the mathematica gppendix of Barro and
Sdai-Martin (1995).

® One might be tempted to blame this cumbersome resuilt to the fact that we are dedling with a
continuous-time model. Thisis only partly true. If time were discrete, investment would not be infinity.
But it would il be the case that firms want to do dl their investment in the first period after the change
ininterest rates or leve of technology. That is, if the period of anayssisaweek or amonth or a
quarter, dl investment would take place in the first week, month or quarter and nothing would happen
in the following period. Hence, the voldility of investment would still be predicted to be extremdy large.
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A second type of problem with the neoclassical modd arises when we consider heterogeneous firms
with different production functions. If dl firms face the same interest rate but different margina product of
cgpitd (MPK), dl investment in the economy will take place in the firm with the highest MPK. A amilar type
of dtuation arises when we consder the world economy where dl countries face the same "world red interest
rate" but different countries have different levels of capita (so the poorest country has the highest MPK). If
capitd isfree to move across borders, the neoclassica modd of investment predicts that ALL the investment
in the world will take place in the poorest country. Thisis dearly a counterfactua implication of the modd.

A third potentid source of unredlistic behavior isthat current invesment is independent of future
margina products of capitd. Recdl that the equdization of margina product to interest rate yiddsthe desir ed
leve of capitd and that investment is then equd to the difference between the existing and the desired capitd
stocks. Hence, investment is a function of both the existing capita stock and the red interest rate, but is
independent of future margind products of capitd. If firms know that the margina product will increase a
some point t; in the future, their best strategy is not to do anything until that moment arrives a which point
they will discretely increase the amount of capital to the new desired leve. In other words, because firms can
discretely get the desired capitd leve at every moment in time, it does not pay them to plan for the future
since future changes in business conditions will be absorbed by future discrete changesin capital stocks.
Economigts tend to think that future changes in business conditions have effects on today investment
decisons. To get rid of thisresult we need atheory that makes firms willing to smooth investment over time.
Oneway of introducing such awillingness to smooth investment isto make it costly to invest or disnvest large
amounts of capita at once. Thisis the idea behind the concept of adjustment costs.

Onefind note, in this section we assumed that the interest rate was exogenoudy given to the firm. This

10



seems a reasonable assumption if we want to think about the behavior of individud firms. Yet, as
macroeconomists, we are more concerned about aggregate investment. Aggregate investment both depends
upon and affects the interest rate of the economy. That is, in the aggregate the interest rate is endogenous. We
can endogenize the red interest rate by embodying the individua neoclassicd firms just described in agenerd
equilibrium mode where there are dso consumers and the interest rate is determined by the equalization
between the desired investment by firms and desired savings by households. Thiswill giveraiseto the
Neoclassical modd of economic growth of Ramsey (1928), Cass (1965) and Koopmans (1965). A thorough

description of such amodd can be found in Barro and Sdai-Martin (1995).

(2) Internal Adjustment Costs: The g-Theory of Investment.

(i) Setup of the problem and First Order Conditions

Following Eisner and Strotz (1963), Gould (1968), Lucas (1967), Treadway (1969), Uzawa (1969),
Abel and Blanchard (1983) and Hayashi (1982), we will now imagine that firms behave exactly as just
described, except that there are some ingtdlation or adjustment codts. By that we mean that , likein the
neoclassca modd, one unit output can be transformed into one unit of capitd. This capita (which we will cal
"uninddled capitd") is not useful until it isingdled. Unlike the neoclassicd modd, firms have to pay some
ingalation or adjustment cogts in order to ingtdl or uningtdl capitd. These adjustment costs are foregone
resources within the firm: for example computers can be purchased at price p but they cannot be used until
they have been properly ingtaled. The ingtdlation process requires that some of the workers stop working in
the production line for some of the time. Hence, by ingdling the new computer the firm foregoes some

resources, which we cal interna adjustment costs.
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Let us denote the cogt of ingtdling ONE unit of capital by O(¥). Thisis an increasing function of desired
investment (the more firms wants to invest a once, the more people they need to put to ingdl machines and
the more output they forego) and a negative function of the existing capitd stock (firms that have alot of
physical capitd are firmsthat have invested alot in the past and, therefore, are firms that have alot of
experiencein ingdling; this experience dlowsthem to ingtdl capitd a alower unit cost). Notice that without
this latter assumption, it would be optimd for firms to divide themsdvesinto little units of infinitesmd 9ze and

invest alittle bit in each unit. Following Abel and Blanchard (1983) we will further assume that the unit

adjusment cost isafunction of I/K with @/ (I/EY >0 and 2t’ + (I/E) ¢ > 0 . Wewill dso

imagine thet zero investment bears no indtalation cost, ¢ (0) = 0 .

It isinteresting to note that our formulation impliesthat it is costly to both invest and disnvest (invest
negative amounts). The unit cost of investing some negative amount is negative so the actud cost (negative
cost times negative amount of units) is podtive. Findly, we areimplicitly assuming that replacing depreciated
capital does not involve adjustment costs (recal that we defined AF() and | as output and investment net of
depreciation). One could argue that Gross Investment is the relevant unit here since getting rid of old,
depreciated machinesis dso costly. See Eisner and Strotz (1963) and Lucas (1967) for a discussion on this
point. One example of unit and total adjustment cost functionsis depicted in Figures 1 and 2 respectively.

Asin Section 1, firms are assumed to maximize the present vaue of al future cash flows
(21) V= f e ™ [p, A, F(K,.L)-wL,-1L(1+o(/K)] |4
0
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subject to the congtraints

(2.2 K‘t = It
(2.3) K>0 given and subject to the non-ponzi condition #m ¢™™ K, > 0 .
f 2L

where, again, A; is some productivity parameter that can be interpreted asthe level of technology or asan

after-tax factor. The total cost of investment is sum of the purchasing cog, |, plusthe ingdlation

cost, Itp (I/K) .Agan, wenormalizethe price of output (and therefore investment, because they arethe

same good) to one. Aswe did in the last section we can form the present value Hamiltonian by defining a

current value shadow price ¢, = e rt )\.t where L, isthe present vdue of the margina contribution of

capita to profits (present value shadow price).

(24) H() = ¢~ " |AF(K,.L) - wL, - I,[ 1 -I-lp[ %) ) ] * AT

Thefirgt order conditions are the following:

(26)FOC withrespecttoL: AF; = w

e'"( -1+ (I/R,) +(_r,/_r<,)tp'(1,/1<,>) =A, =
(27)w.rtl:
(1+@/K) +T/K)'I/K)) = g,

13



-, =e " (AFp + (I/KY @/ (/K -
(2.8) w.rt. K:
-(d,e ™ -rge™ =e " (AF + (I/E,Y ©/(I/R,))
29TVC: tm A K, =0 = lme ™™g K, =0
t~m tm

Condition (2.6) is equivaent to (1.6) and says that optimizing firmswill hire workers up to the point

where the margina product of labor equals to marginal cog,, the real wage. Condition (2.7) isabit more

interesting than (1.7). It saysthat g,  (the current shadow value of investment) isafunction of the

investment ratio I/K. Hence, g, can be written as

27) g, =g (I/K,)

Snce 2’ + (I/EY ¢’ > 0 holds, we havethat g'>0. Notice that g(0)=1 which means that when

there is no investment, there are no adjustment costs and therefore the (shadow) vaue of one more unit of
investment is exactly its market price, 1 (we are back to the neoclassica mode of the previous section).

Since g(v) isamonatonic function, it can be inverted so asto get I/K asfunction of q.

I

(27)" X, = h(g,)

withh(1)=0and k') > 0 . Thisisavery important result. Fird, it means that the only thing that firms need

14



to observe in order to make investment decisionsis q;, the shadow price of investment. In other words, g, isa
“aufficient getistic” for investment in the sense that it embodies al useful information about the environment.
Further, when q islarger than one, firmswill invest postive (but finite) amounts. When q islessthan onethe
investment rate will negative (but finite). Theintuition is Smple: the market cost of purchasing amachineis 1.

If firms know that they can buy capita at price 1 and get an increase in (the present vaue of) revenue larger
than 1 (g>1), they will buy. The ingdlation costs will prevent any firm from investing "too much at once' snce
these extra costs increase with investment. In some sense, when firms want to have more capitd, the value of
ingaled capita goodsislarger than the vaue of uningtaled capitd snce uningaled capitd hasto pay some
ingtdlation or adjustment cost before it can become productive. Essentidly, ingaled and uningtaled cepita
are two different goods whose “relative (shadow) price’ isq..

In asense, equation (2.7)" can be interpreted as a demand for investment that relates investment to its
(shadow) price. The negative relation is due to the desire to substitute across goods. This demand function is
depicted in Figure 3. In thismodd the supply of investment goodsisinfinitely eagtic a q;. Thus, given q,
actua investment is determined by (2.7)".

The question, then, iswhat determines ? The answer is given by the third FOC. (2.8), which can be
rewritten as
g +[AF,_ + (I/IRY @/(1/K)]

g
Thisfirg order condition says that, at the optimum, the firm will be indifferent between investing and

(28) ¢ =

purchasing bonds o that the rates of return to the two should be the same. The left hand side of equation

(2.8)" isthe return to bonds (the redl interest rate). The right hand side represents the return to investment. It
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isthe sum of the margind product of capita (AF), the change in the (shadow) vaue of capita or capital

gans, ( ¢ ) and the gains of reduced adjustment costs dueto alarger scde ([I/E Pw/[I/R]) . The

differentid equation (2.8)' can be solved forward between zero and infinity and use the TVC (2.9) to get rid

of the limiting term. The resulting expresson for the shadow price & time zero, qg, is

(210) gy = [ e ™(AFp + (IIRY @/(I/EY)dt
0

That is, the current vaue or price of ingtaled capitd isthe present vaue of adl future margind
contributions of capitd to profits, and again, margina contributions of capita to profits are the sum of the
direct margina product of capital plus the reduction in adjustment costs associated with alarger firm sze.
Contrary to what we found in the neoclassicd modd, anticipated future movementsin the margind product of
capitd (due to taxation, exogenous discoveries of new technologies, etc) affect the current vauation of newly
ingtaled capitd - q - and therefore, current investment. The reason is that, because of the existence of
adjustment cods, it does not pay for firmsto invest large amounts prior to the increase of the margina
product of capitd. It paysto sart investing long before that, so they start today. Notice aso that the interest

rate also affects investment negetively...but it does so through its effect on g.

(i1) Capital, Investment and shadow price dynamics.

The next step isto study the dynamic behavior of the firm. Substitute (2.7)" into (2.8)" and get

(211) @ =rg - [AFp + h(g¥ @' (h(a))]

Equation (2.2) can be rewritten using (2.7)” to get
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(22) R =Kh(g)
Equations (2.11) and (2.2)' form a system of two differentia equations with two unknowns, q and K.

We dso have aninitid condition given by (2.3) and atermind condition given by (2.9). The steady Sate

involves a constant value of K and q implied by theequations € = 0 ad ¢ = 0 :

(212)I'K'=0
14 g =1
(2.15) AR (K) = r

That is, in the steady dtate, the shadow vaue of an extraunit of ingtaled capitd equasits market cogt,
1. Therefore, the desired investment rate is zero. Notice that thisis what we got in the neoclasscal case with
no adjustment codts. Thisis reasonable given that when investment is close to zero, the adjustment costs
become unimportant which is what we assumed for neoclassca firms. In order to anayze the dynamics we
can ether congtruct a phase diagram or get an algebraic solution of the problem by linearizing around the

seady state. We will first do the graphica anaysis.

(iii) Graphical Analysss.
The phase diagram can be constructed by picturing the two steedy state loci. Notice that there are two

“jumping” or control variables, g and I, but equation (2.7)" says that there is a one to one relaionship

between the two so we can exclude one of them from the andlysis. Wewill useq. From (2.2) the B = 0

schedule implies that 1/K=0 which, by virtue of (2.7)' can be graphed as a horizontd line a g=1. We do that
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in Figure 4. For valuesof g largerthan1, Z > 0 so the arrows point eadt. This reflects the fact that if the

margind revenue from an extra unit of capitd islarger than the margind cost (equd to one) firmswill proceed

with the investment which, of course increases the capitd stock. The oppositeistrue for vaues of g smdler

than 1. Equation (2.11) saysthatthe ¢ = 0 scheduleis

(215) 0 =rg - [AFp + h(a) @' (h(g))]

Thisimplicitly defines q asafunction of K. No explicit functiond forms can be found in generd, but the dope

of thisimplicit function can be found with the implicit function theorem

- AF
2.16) 24 - - L4

dx r - 2h{g)d'(h(g)) - h(g)’ "R (2HIR'(g)
The numerator is positive because the production function is concave. Since h>0, h'>0 and

2t/ + Ip”’ > 0, the denominator has an ambiguous sign. Around steady State, however, we know that

h(g")=0 so the denominator is equa to r>0. Thusthedopeof the § = 0 scheduleis negative around

steady State as depicted in Figure 4 (for higher values of g, this schedule is actualy upward doping). To the

left of the schedule (larger ), ¢ is negative so arrows point south and the opposite is true to its right of the

schedule. The steady State exhibits saddle path stability with only one stable arm converging to the steady

date point.
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Aswe can seein Figure 4 there are (infinitely) many paths that satisfy the first order conditions (2.11)
and (2.2)'. We know, however that the only perfect foresight path that satisfies dl the first order must dso
satisfy the transversdity condition. This requires that the sequence of capital and shadow prices (and
asociated investment rates Snce, remember, investment is a monotonic function of the shadow price g) be
such that the economy ends up in the steady state. Hence, the unique optima behavior of the firm is described
by a movement aong the stable arm (which isthe only path that can take the economy to the steedy date).

Consider the case where the initid capita stock inherited by the firm K isless than the steady sate K.
If the shadow priceislarger than the g, that lies in the stable arm (such as point (b) in figure 4), the economy
will find itsdlf in a place where both g and K grow at increasing rates. This path will lead to the violation of the
TVC. If, on the contrary the shadow price a time zero isless than g, (such as point (a) in figure 4) it will dart

faling and, eventualy, so will capital. The path will eventudly hit either the verticd or horizontd axesin finite

time. If K becomes zero in finite time, g will jump discretely (because  im Fp (0 ) = o ) which will violate
1~ -

condition (2.8). If we hit the horizontal axesin finite time, q becomes negative in finite time. Rationd
individuals cannot possibly expect such a sequence of capita losses (reductions in the value of ingtalled
cgpita) followed by a negative vaue of ingdled capitd given that the margind product of capitd is podtive
for al postive capitd stocks.

Notice that the path converging to the steedy State satisfies al the first order conditions, including

transversdlity: a the steady state, the capitd stock is congtant at K* >0 whereas g=1. Hence, the limit of the
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shedow price times the capital stock times the discounting factor must be zero, Bme~™g¢, K, =0 ,sothe

2~

transversdity condition is satisfied. Thus, the only possible perfect foresight path is the stable arm.

(iv) Permanent Productivity Shocksor tax Cuts.

We are now reedy to andyze the behavior of the firm when it faces exogenous changesin the
parameters of the model. Suppose, fird, that thereis an exogenous, unexpected, and permanent increase in
the productivity parameter A, due to atechnologica innovation or to areduction in the product tax rates
which increase the after tax cash flow for the firm.”

Since the shock is a surprise to agents, the first order conditions (2.6) and (2.9) may not be satisfied at
the initid moment. Notice, however, that since individuas know that there will be no more surprisesin the
future, the FOC will be satidfied a dl future pointsin time. In particular, after time zero the shadow price will

move according to (2.8)" which implies smooth movementsin g. Hence, individuas will not expect the

" The existence of "unexpected" shocksin amodel of perfect foresight seems a bit strange.
After dl, if individuas have perfect foresght, why didn't they foresee this shock aso?. The dternativeis,
however, to mode the whole economy in a stochastic setting where individuals assgn a given known
probability to any productivity shock. The andysisin this stochastic setup would beto dlow for an
innovation or shock to occur a time zero and to shut down dl future innovations to see how the firm
reacts a dl pointsin time. This exercise, which is sometimes cdled “impulse responsg’ is andogous to
the “oncein alifetime shock” analyzed in these notes, and the results, therefore, would be very much
the same. Hence, instead of doing this more complete and complicated dternative we will assume that
firms assgned a zero probability of a shock at every point in time in the past. For some reason one of
such shocks occurs today, but individuals think that the chance of that happening again is zero.
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shadow price to jump in the future athough g may jump a moment zero,® when they learn about the

existence of this surprise shock.

A permanent increasein A impliesadhift of the ¢ = 0 schedule to the right and does not change

the Z = 0 one Thenew dynamics (which in Figure 5 are denoted with solid arrows) apply immediately

after the shift. Figure 5 tdls ustherefore that g will immediatdy jump upwards, thiswill trigger postive
investment and a higher long-run capital stock.

What isthe intuition behind this result?. Anincreasein A implies ahigher (after tax) margind product of
capitd. Hence, immediately after firmsfind out about the increase in A, they want to hire more capita and
increase production. The new desired capitd leve is, in fact, K™ the new steady state capitad stock. But
(contrary to what happened in the neoclassicd modd with no ingalation costs) they do not jump immediatdly
to that desired level because that would entall infinite investment rates and, consequently, infinite cogts of
adjustment. Hence, they smooth investment over time. This, of course, means that the vaue of ingtaled
meachinesis higher than uningalled ones since they can dready be used with the new superior technology.
Hence, the shadow price of ingdled machines jumpsimmediatdy. As firms keep investing positive amounts,

diminishing returnsto capital take over so each additiond unit of capital isless desirable because of a

8 In order for q to jump in the future, the right hand Side of the ¢  equation (2.11) would have
to beinfinity and, for pogtive vaues of K and q, it is never infinity.

° The FOC start gpplying at time zero so any jump in g between a second before zero and zero
(thet is any initid jumpin g) would not violate the first order condition (2.11).

21



diminishing margind product. Thisimplies that the shadow vaue of indaled rdative to uningaled capitd fdls
as K grows. The process stops when firms achieve the new desired capital stock, K”. Thetime pathsof |, K
and g are depicted in Figure 6. Note that both g and | jump immediady, dthough they do not go to infitity,
and they remain high but decreasing dl the way to their steady State values. This, of course, impliesan

increasing but concave path for the capita stock, which asymptotically reachesits new steady sate level K™

(v) Anticipated Productivity Shock or Tax Cut
Let us consder what happens when we ANNOUNCE at t=0 that A will increase permanently at some

point in the future, t;> 0. In other words, the firm gets the information at time zero thet the leve of technology

will improve in the future. The firm knows thet betweentimesOand t, > 0 , the available technology will siill

bethe old one.

AsshowninFigure2, atime t, >0 ,the § = 0 locuswill shift to theright. Up to then, however,

the economy will till be governed by the “old arrows’. Thefirst order conditions say that the optimal
behavior of the firm must involve (1) no future jumpsin g and (2) finish in the new steady State capital stock,
K**, which is the only point that does not violate the transversailty condition. In order prevent future jumpsin

g - which would violate condition (2.11) - it must be the case that we land exactly on the new stable arm at

exactly ¢, . Thisisthecasebecauseat t; thenew dynamics (denoted with solid arrows in Figure 7) will

apply. If at that point we are not on the stable arm, the economy will blow up for the same reasons we
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mentioned in section (i),

Beforetime 4, , the system will till be governed by the old dynamics. The question is, then, starting

from the old steady state, what is the path for g and K?. Let usfind the answer by diminating al the paths thet

are not optima. Supposefirg that the initid g does not jump at adl. The old dynamics (denoted by dotted

arowsin Fgure 7) tell usthat both g and K stay in the old steady state until +; . But then, in order to be

exactly on the new stablearm at t;, g will have to jump a some point in the future. Thisis not optimum since it
would violate condition (2.11). Hence, g must jump today.
Suppose now that it jumps dl the way to the new stable arm. The old, dotted, dynamics say that both g

and K will gart to increase after the initial jump, so we will Sart getting away from the new steedy Sate. It will

therefore be impossible for usto land on the stable arm at exactly ¢, so this possibility is not optima either.

It follows that g will jump, but not al the way to the new stable arm. The exact size of the jump will be such

that after aperiod of increasing g and K, we land on the new stable arm at exactly t, . After that moment,

the new dynamics (solid arrows) take over so we follow the new stable arm al the way to the new steady

date. The time paths for K, | and g are depicted in Figure 8. Both g and | jump immediately and keep

increesing until time ¢, . At that point they start falling until they reach their old steedy state values. The
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capital stock gartsincreasing from time zero (due to postive investment rates). It does so in a convex manner

between times 0 and t, (because investment isincreasing over time) and in aconcave wey after 4,

(because of fdling, athough positive investment rates). Thereisa“kink” inthe pathsof qand | atime ¢, .

We can seein equation (2.11) that ¢ isafunctionof A, K and g. Since a timet;,, neither K nor g jump and

A increases discretely, it must be the case that there isa discrete decreasein ¢ . Thistrandates into a 'kink'’

ing. Thesameistruefor | Snceit isamonotonic function of .

The important point of this exercise isthat the anticipation of future changes in the margina product
have an effect on today's investment. Recdll that this was not true in the neoclassical modd where firms were
able to discretely adjust to any desired capitd level without any trangtion or adjustment cost. The intuition is

the following. Firms learn at time O that the margind product of capitd will be higher in the future. The stock

of capital they want to have a exactly ¢, increases. Dueto the existence of adjustment codts, it will be very

costly to increase the capitd leve right before the increase in A takes place. Hence, they will Start
accumulating capita today even though the margina product is dill low. In away, internd adjustment costs

lead firms to smooth invesment over time.

(vi) Temporary Productivity Shocksor Tax Cuts.
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We consider now atemporary productivity shock. That is, today (t=0) we learn that, taking place

immediately, the level of technology increases to a higher level, and we aso learn today that it will go back to

the origindl level a exactly +, . Real world examples of temporary productivity shocks would include a

drought, an increase in the price of oil or atemporary reduction in tax rates. In terms of our modd, this means

that the firm knowsthet the B = 0 schedule does not move wheressthe ¢ = 0 onetemporarily shifts

totheright. At moment ¢, ,the ¢ = 0 schedulewill go back totheinitid position and the dynamics

governing the system will be the old ones again.
In order to solve the model, we need, again, to take into account that (1) g cannot jump after theinitid
moment (ajump would violate condition (2.11)) and (2) that, whatever we do in the short term, we need to

move g and K in such away that we end up in the Steady state (otherwise, the TV C will be violated). These

two conditionsimply that, a exactly ¢, we must be ON the OLD stable arm (because we must end up in

the OLD steady state since, in the long run, the leve of technology will be again the one we had till today). In
the meantime, however, the dynamics are governed by the new technology so the question is. what are the
movementsin g, | and K (if any)?. Asusud, we will proceed by diminating non-optima paths.

The new improved technology makes ingtaled capital more productive. The question is whether its
shadow vaue (and the leve of investment) increases or not. Suppose firgt that g does not jump &t al at time

zero. Since the new dynamics (denoted by solid arrows in Figure 9) start gpplying immediatdy, both g and K
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will start falling. Note that thereis no way we will beontheold stablearmat ¢, sothisisnot afessible

possibility.

If we jump exactly to the new stable arm, we follow the new dynamics until period ¢, . Wewill then

move aong the new stable arm, so we will not be able to land on the old stable arm at exactly time ¢, . The

sameistrue if we jump to a g higher than the one corresponding to the new stable arm since the new
dynamics takes us towards the northeast.

Hence, it must be the case that we jump less than before. After the initid moment we follow the new

dynamics until period t; . Thus, Sinceq islarger than 1, weinvest positive amounts but both g and | are

faling over time. Thiswill keep happening until we resch point, £ < t, ,Whereqtekesvauel Atthis

point investment goes from positive to negative 0 K artsto fdl in a continuous fashion. Both g and K will

keep falling until, a exactly the moment t, we smoothly land on the stable arm and the old dynamics

(represented by the dotted arrows in figure 9) take over. From that point on, both g and K increasetill they
reach their old steady state vaues. The pathsfor g, | and K just described are depicted in Figure 10.

Intuitively, why did al this hgppen?. Firms want to take advantage of atemporarily high margina
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product of capita by temporarily having alot of capitd. In the absence of adjustment costs they would want

to discretely increase the amount of capitdl at time zero and discretely reducethe stock at ¢, . Butthe

existence of adjustment costs prevents them from doing so, yet they il can take partia advantage of the new

Stuation. To that effect, at the moment they learn about the shock they start investing alot. They come as

close to the maximum amount of capita as possible taking into account that, after t, they will want to go

back to the initid level. Hence, a some point, the present value of al future margina products (q) fals below
one which indicates firms that it is time to decumulate. They keep disnvesting until they reach the old steedy

State capital stock.

(3) Marginal q versus Averageq.

(i) Hayashi’s Theorem.

We have thus far developed quite a nice theory that says that the only variable that matters for
investment decisonsis g. As we mentioned earlier, however, g isnot redly a price that can be observed ina
market, but a shadow price or Lagrange multiplier. Although shadow prices have clear economic
interpretations, they cannot be directly observed by econometricians. Thus, unless we can relate g to some
observable variable, the theory developed in the previous section has little empirica content.

Fortunately, Hayashi showed that if (1) the production function and the total adjustment cost functions
are homogeneous of degree one (that is constant returns to scale), (2) the capital goods are al homogenous
and identical, and (3) the stock market is efficient, then the shadow price g is equivdent to the ratio of the

27



market value of afirm divided by the replacement cost of capitd. Thisratio is often caled Tobin'saverage g
as opposed to the marginal g. Theterm margina g refersto the shadow price. Notice that our two functions

satisfy the homogeneity-of-degree-one requirements of the Hayashi theorem since

(31) F(BK.BLY =B F(¥.L)

(32) BIp (BI/BE)Y=B Iy (I/K))
Thus, we know that in our particular case the shadow price will be equd to the sock market value of a

unit of capita. Let us show that, in fact, in our modd Margind and aver age q areidenticd. Let again q be

the shadow price of capitd and K be the capita stock. Let us take the derivative of the product of K and g.

Plug (2.8)' and (2.2) in (3.3) to get

d(g,K,) _
(34)

I

Kl|rg - AR, - [ E)Q;p’(mc)] +I[1 +tp(I/K)+%;p’(I/K) =

= ~KAF, +rKq + I{1+@(I/ X))

where use of (2.7) has been made. By Euler's theorem we know that, if F() is homogeneous of degree one

(thet is, if it exhibits constant returnsto scale), then K (AFp) + L(AF;) = AF(K,L) (thisiswhere

the homogeneity of degree one assumption plays an important role). We can use this equdity together with

condition (2.6) to get
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(35)

% =rKg - [AF(K.LY-wL-I{1+gp(I/K)]

Which isafirg order ordinary differentid equation in the varigble Kg. Solve this equation forward to get

(36) go Ky = } e M [AR(K.LYy-wL -I(1+t (IIEY)] &
0

Notice that the right hand sde of (3.6) is the present value of dl future dividends. We know that if the
stock market is efficient, this present vaue will be exactly equa to the stock market price of afirm. Let us

denote such stock market vaue by V, so (3.6) becomes

C7) g = 2
In other words, the shadow price of capitd (margind q) isequd to the ratio of the (stock) market vaue
of afirm to the replacement cost of its capita (Tobin's average ). Hence, if we want to test the theory we

just need to collect data on market vaues of firms, replacement costs and construct a measure of average g.

The theory predicts that this measure is a sufficient gatistic for afirm'sinvestmen.

(i) Should Manager s Always React to Stock Market Signals?
Does this mean that managers should just observe the stock market value of an additional machine and
meake their investment decisions by comparing that price to one?. There are a number of reasons why this

may not be entirely true. Here we present two of them.

(il,a) Heterogeneous Capital Goods.
We have proceeded under the assumption that capital goods were homogeneous. As mentioned earlier,
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however, capitd goodsin the red world are not. Most innovations and technologica improvements are
embodied in the machinery so capita goods of different vintages have different technologicd attributes. If this
is the case, technological disturbances like the ones studied above may shift the average and the margind
vauesof g in opposite directions. Consder technologica process in the world of computer microprocessors.
When Pentium 111 was introduced in the market it made the machines with Pentium |1 partly obsolete. The
stock market vaue of old (ingtaled) Pentium |1 machines dropped dramaticdly and, therefore so did the
AVERAGE g of firmsthat used them. The shadow price of new machines (that is, MARGINAL @), on the
other hand, increased since firms wanted to have Pentium 111 computersingaled instead of the old Pentium
I. Thus MARGINAL q was larger than one and firms proceeded to invest, as predicted by the theory. This
isan examplein which AVERAGE and MARGINAL g moved in opposite directions and econometricians
that assumed that average and margind q are the same found a negative correlation between q (based on
stock market) and investment.

Some people argue that this effect was particularly important during the seventies when sharp ail
increases made the oil-intensive capital goods obsolete. The market value of most firms -average g- fell
sharply. The margind profit derived from ingtaling new oil-saving capitd goods -margind -, in the other
hand, probably increased. Thus, the average and margind vaues of g moved in oppogte directions. Again
empirica sudiesthat rely on the observable average q failed to capture such episodes snce measured g and
investment move in opposite directions. Thisis one of the problems that makes the empirica implementation

of the theory quite difficult.

(il,b) Thestock market may not be efficient.

30



A second reason why managers may not want to react to the stock market is that markets may not be
efficient. Recdl that in the proof of the Hayashi theorem we said that the sock market vaue of afirm -V,-
was equd to the present vaue of dl its future dividends. Thisistrueif the sock market functions efficiently.
Some economists, however, argue that stock market prices may depart from fundamentas for avariety of
reasons. One of them isthe existence of so cdled bubbles, sdf fulfilling increasesin stock pricestotaly
unrelated to changes in fundamentas. The question is: if managers know that the present value of dl future
margina revenue derived from an additional machine is less than the stock market price, should they il
purchase the machine, sell sock and cash the difference?. This seems like a reasonable strategy since it
generates unbelievable amounts of free revenue for the firm. Hence firms should react to high prices of stock
by investing even if they know that these high prices do not correspond to fundamentas.

In the presence of bubbles, however, one could argue that instead of buying a machine and sdlling stock
it would be better to sdll stock and buy treasury bills. treasury bills yield a safe return which is probably
higher than the machine which we know is not going to give so much revenue (no matter what the stock
market says). Under these conditions, investors should not react to the stock market whenever they know
that it is over vaued.

Y et one could counter argue that if stock brokers are overvauing the firm because they are less
informed than managers, when they observe the managers buying treasury hills and selling stock they will
understand that the managers know that the firm is overvaued, which in turn may burst the bubble. Thus, in
order to keep stock brokers fooled, managers should invest whenever stock prices are high, even if it isdue
to non-fundamental reasons.

And we could go on and on. The point isthat it is not theoreticaly clear whether firms should dways
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react to the stock market vauation of their firm regardiess of whether markets are vauing fundamentas
correctly or not. Whether they actudly do or not remains an unanswered empirical question (see Barro

(1989) and Blanchard-Rhee-Summers (1990)).

(4) Linearization around Steady State.
Let us now solve the modd andyticaly by linearizing around the steedy state. Let usrecdl that the

optima behavior of the firm can be described by the system of equations

(4.1) K: = h(g,) K,

(42 ¢ =rg - [AFp + h(aY v'(h(g))]

and the two initid and termina conditions are

(4.3) Ky >0 given

(44) im e " " g, K =0

t 't
~m

The steady state values of g and K can befound by setting # and ¢ equd to zero

(45) ¢* =1

el L
o £ = 57 1)

We can apply afirst-order Taylor expansion series around the steady state
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DK, - K*] +E*h'(1)[q,-1]

47 B
~AFg[K,-K*] + (r - 2 (D' R)-RAYS MDA /(1)) [g,- 1]

(4.8) 4
Noticethat h(1) = 0 0 the two equations smplify and can be expressed in matrix notation as:

K-K*
g -1

0 K*h/(D
- A& r
The determinant of the associated matrix is AR, K *h (1) whichis negative. Hence, there are

H

two red roots of opposite Sgns and, therefore, the system exhibits saddle path sability. The eigenvalues can

be found by solving the following equation'®

(49) det

- kW]
“Age F-A |

which isaquadrétic equationin A . The solution to this quadratic equetion is

+ 2 _ » / »
@10 A, = r \/r AzFu-h (1)E

Which corresponds to two valuesof - A, one positive and one negative. Let - A, bethe negative

dgenvalueand A, bethe postive one (notice that we define =L, to benegativesothat A, >0 is

195ee the mathematical appendix of Barro and Sala-i-Martin (1995).
33



positive). The solution for K, and g is given by the two time equations

411) K, - = =y, ¢ M' 1y, oM

: At

(412) g, - 1 =Wy e i, e

where Wy, Wy Wy . Way aeconstantsto be determined. These constants are related to each other

through the two eigenvectors associated with -0, and O, respectively. The eigenvector associated with -0,

requires
(414) Ay, +EB*R/(1)0, =0

whichimpliesthat the relation between W, and ., IS Yy = ———— . Therelation between

W, ad Y., candsobefound butitwill not be necessary for the following reason. Notice that A

is poditive and larger thanr. This meansthet, unless W,, Or 1., aeequa to zero (and notice that they

will be proportiona to each other because they are the two components of the same eigenvector so if oneis

zero so will bethe other and if oneis nonzero so will be the other), both g and K will grow at rates larger

than r. Of course thiswould violate the TVC in (4.4). Thuswe must set both ¥, ad Y, tozero. We

can findly make use of the fact that we know K, to evauate equation (4.11) at time zero

34



411y K, - K==y e 1°

which, of course, means that the constant O, is equa to K-K”. Equation (4.14) says that

_ (KD _Kﬁkl ey -
¥y, = - ————— whichidentifiestheinitia vaue of g (at the steble arm)
E*n'(1)
A -K
(4.15) a0 = 1- M
E*n'(1)

Equation (4.15) describes the stable arm in Figure 4 around the steedy State. It says that whenever K,
issmaller than the steady state, capital stock, K, g, will be larger than 1 and vice versa. In other words, the
gable arm is above the steady state for smal capitd and below the steady State for larger capitd stocks so it

is downward-doping. Recdl that thisis the same result we got in the graphicd andysis.

(5) External Adjustment Costs.

In section (1) we saw that the neoclasscal firms with no ingtalation costs wanted to have the "desired
capitd gock™ a dl pointsin time, even if that entailed infinite investment rates. In section 2 we saw that if
every time firms have to invest they must forego some resources (internal adjustment costs) the problem of
infinite investment rates was solved. We will now see another way to solve the problem. Following Clower
(19%4), Witte (1963), and Foley and Sidrauski (1970), we will think about an economy where there are two
firms. The firg oneisthe neoclassicd firm of section (1), which produces some manufactured output Y usng

capital and labor according to technology (1.0). This firm faces no internd adjustment codts. It purchases
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capita from some producers of capital goods at price P,. The key assumption here isthat the technology that
produces these capitd goods exhibits Deceasing Returns to Scale (DRS) so the margind cost function is
increasing in the amount of investment goods demanded. Thus, the price of investment is an increasing
function of the quantity invested. Notice that this assumption will prevent producers of manufactured goods
from demanding infinite amounts, Snce infinite investment entailsinfinite margind cogt, and infinite prices. Itis
in this sense that we cdl thisthe exter nal adjustment cost gpproach to investment: it is not the firms that
demand investment who forego resources whenever they ingtdl new machines. Rather, they face an increasing
price in the amount of investment they demand (so she till faces adjustment costs but they are externd to the
firm). We andlyze the two firms separately

(i) Producersof Capital Goods.

Producers of investment goods face a decreasing returns to scae (DRS) technology. Minimization of

costs subject to this DRS production function yields a cost function of the form
(51 C, =)

where C(0)=0, C'(1)>0 for I>0 and C'(0)=0, C"(1)>0forIvOand B C’{(I) = = . Inother words,

I~ o=

margind codt isincreasing and the margina cogt of producing an infinite flow of capita goodsisinfinity. One
key assumption is that this cost function depends on investment, |, but not on the capital stock, K. We could
follow the andlysis of the previous section and assume that firms aso learn from past experiences (learning by
doing) and that the cost is a negative function of the existing capital stock. We could further assume that costs

areafunction of 1/K, rather than 1. We will proceed, however, under the assumption that the cost function,
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C() isafunction of 1, and we will get back to this point later on.
Frmswill be assumed to behave competitively in that they maximize profits taking the price of

investment goods, P,, asgiven. Thar program is, therefore

(52) max VO = fe™™ [Py L - C(I)]| &
0

Notice that there are no dynamic congtraints to this firm, so the first order conditions require the equalization

of price to margind cod, that is,

(53) P, =C'(I)

a dl pointsin time. Notice that this optimizing condition is the setic one. The reason behind this smilarity is

the absence of dynamic congraints which means that the dynamic problem is nothing but a sequence of datic

problems so maximizing profits over the whole harizon is identica to maximizing them period by period.
Because C' isamonotonic function of 1 and C">0, then equation (5.3) can beinverted to yield an

optima investment supply as a function of the price of invesment

(5.4) I =h(Fy)

where h'()>0. This can be thought as a supply function of investment goods. We will combine this supply

function with the infinite dastic demand function we derived in section 1 to yidd the equilibrium rate of

investment for the economy.

(i) Producersof Manufactured Goods.
The behavior of producers of manufactured goods is Smilar to the one dready described in section (1).

They buy labor a w and capitd goods at P,, which they take as given. With these inputs they produce some
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output which they sdl a Py. Since capita and output are different goods we will not make the assumption
that AF(K,L) isoutput net of depreciation (F()=G()-OK where G() is gross output). Firms are assumed to

maximize the present vaue of dl future net cash flows

(5.5) max P(0) = F e "t [ Py AF (K,.L,) - wL, - P.hIt] dt
0

subject to the condraints

(56) K, = I, - 3K,

(5.7) Ko>0 given.

where P, isthe price of output and P, is the price of investment goods. Notice thet net investment - B -is

egua to grossinvestment -1 - minusdepreciation - 8 K . Thisimpliesthat the part investment used to

replace depreciated capital pays the same price - P, - asinvestment designed to increase the stock of capitdl.

To solve the optimization program we can form the Hamiltonian

(58) H() =" (PpAF(R,.LY-wL,~PylL)+ L (I - 8K

where A isthe present value shadow price of investment (margina contribution of investment a timet to

profits at time zero). We can define a current value shadow price W, = )\.t e’ . Thefirgt order conditions
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to this problem are

(59) AR, = %
¥

(510) -e™™P,+AL =0 =~ P, =1
(511) - A, = "PpAFr + L, (-8 ~» -(pe ™ -rpe )= " (PpAFp-pd)
(512) #m L K, =0 =~ Bme "™puk =0
= = t= =

Equation (5.9) correspondsto (1.6) and saysthat firmswill hire workers until the margina product of
labor equals the red wage. Condition (5.10) issimilar to (1.7) and it says that the shadow price of investment
isequd to the price of investment. Firms will be a the optimum whenever they are indifferent between
investing and not investing an additiona unit of capitd. Thiswill happen when the contribution of an additiona
machine to revenue, O, isequal to its market codt, P,. Equation (5.11) expresses the dynamic behavior of the
shadow price of investment. Equation (5.12) is the usud transversdity condition. Using (5.10), equation
(5.11) can be rewritten as
(5.14) Py = (r+3)P, - PyAF,
which isthe first dynamic equation we need to characterize the solution to the mode. We can make use of the
supply equation (5.4) and the constraint (5.6) to get the second dynamic equation
(515 K = h(P)) - 3K

Equations (5.14) and (5.15) form a system of two first order differential equations thet, together with

theinitid condition (5.7) and the termind condition (5.12) characterize the solution of the modd.
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(i) A Housing Market Interpretation.

The housing market seems one where this externad adjustment cogts are particularly important. It seems
plausible that the margind cost of congtructing additiond buildingsisincreasing in the number of buildings
being congtructed smultaneoudy. Hence, the model above is potentialy a good description of the behavior of
resdentid investment. Let usreinterpret K asthe stock of housing so |, isresdentid investment or housing
condruction a an ingant in time and P, isthe price of anew home at that particular time. Let usimagine that
the congtruction companies sell the new residentid units to some redl estate agents (which corresponds to
what we cdled "producers of manufactured goods) at price P,,. These red estate agents combine labor
(maybe for maintenance) and the total stock of housing to generate housing services, which they rent & rate
Py. Hence we can think of P,AF(K,L) asthetotd amount of "rents' or income received by the red edtate
agents. A particular functiona form for AF() is AF(K,L)=K which meansthat rental income is proportiond to
the vaue of the exigting stock of houses. In our modd P, is exogenous, but a smple extension would include
consumers whose utility function depends on housing services. Maximization of utility subject to budget
congraints will yidd demand for housing services which, together with the supply that comes from the present
model, determines the equilibrium rents of the economy. Equation (5.14) can be reinterpreted if we rewrite it
asfollows

5.14) r =
(5.14) r 7,

The rate of return to purchasing ahouse is equa to the margina contribution of the new house to rents
plusthe capitd gains (increasein price) minus depreciation. Notice that what mattersis PyAF, the

contribution of the EXTRA house to rents -or the rents associated with this extra unit of housing- rather than
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PAF(K,L), thetota amount of rents recelved by the red estate developers. In our example where
AF(K,L)=K, we have that P,AF is equd to therentd rate Py. Equation (5.14)" saysthat thisreturn to
investing in a house must equd the red interest rate (which isthe red return of purchasing a safe bond). In
other words, red estate agents will purchase houses from construction firms up to the point where they are
indifferent between one more house and abond with red return i. Equation (5.14) can be integrated forward

to get

(514)" Py = e (r*8% p. AR (1) dt
0

that is, the price of ahouse must equa the present vaue of dl future rents associated with it (PvAF). Fndly,
condition (5.15) just says that the net supply of housing is equd to the grass supply (which isan increasing
function of the price, given theincreasing marginal cost assumption) minus depreciation. Equations (5.14) and
(5.15) closdly correspond to the arbitrage condition and residential investment supply in, for instance, the

Poterba (1984) mode of housing.

(iv) Graphical Analysis.

We can now andyze the dynamics of the system. Asusud, we will display the B = 0

and PI = 0 schedulesin adiagram, and andyze the dynamics around steady state. Condition (5.14) says
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thet the P,

0 scheduleisanegative relation between P, and K, given that F, isnegative. That is

Py, AR,

(617) Py =

Thisrelation is depicted in Figure 11. Notice that for P,'s higher than those on the schedule, P: IS

positive so the arrows point north. The opposite istrue for points below the schedule. Equation (5.15) implies

athatthe B = 0 scheduleisapositive rlation between P, and K.
dP -

519 Z1-__ =8 .
dX h'P)

where h'()>0 because the margina cost in the supply of investment goodsisincreasing. The B = 0

schedule is dso depicted in Figure 12. Notice that points aboveitimply B > 0 (so arrows point east) and

pointsbelow itimply B < 0 (so arrows point west). It follows that the system displays saddle path

dability. The TVC ensures that we will lie on the sable arm. The initid condition, K, tells uswherein the
stable arm we start. Suppose as an example that theinitid K, is smaler than the seady state K*. The phase
diagram saysthat the initid price will be larger than the Steady State one. The reason isthat since the initid

stock of capita (or houses) is smaller than the steedy state, producers of manufactured goods (or real estate
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agents) demand alarge amount of investment. The margind cost of producing such alarge amount islarge
and that pushes the price P, above steady state. Asthe capita stock is getting closer to the steady State leve,

the desired investment gets close to zero and the market price reaches its steedy State level.

(vi) Effects of Abolishing a Law of Rent Control (or decreasein tax ratesor postive
productivity shocks).

We can now use this model to analyze the dynamic behavior of the economy when we confront it with
different type of shocks. Let us sart by thinking about the effects of aolishing alaw that has been reducing
rents below the market rate. In our moddl, this corresponds to an exogenous and permanent increasein Py.
Shocks that produce the same effect would be permanent productivity shocks in the manufacturing sector or

permanent decreasesin taxes paid by manufacturers (increasein A). Natice that thisimplies an upward shift

inthe P, = 0 scheduleand noshiftinthe B = 0 schedule. Thisis depicted in Figure 12. Notice that

there is an immediate jump in housing prices. This leads to postive resdentia investment and, consequently,
to asteady increase in the stock of houses until a steady state with larger stock isreached. An interesting
feature of thismodd (to which we will come back later) is that the Seady state housing price is higher than the
initid one. The reason is that, in order to maintain a constant stock of houses or capitd, firms have to
purchase the replacement for depreciates at price P,. Aswe saw, one of the implications of abolishing the

rent control law isthat the steady state capital stock is higher and, consequently, total steady-state

depreciation aso increases. Hence, the steady state gross investment (equal to total depreciation since net
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investment is zero) is higher and so isthe margina cost of producing it. Thisiswhy the Steady-dtate price of
capital goodsislarger. Thetime pathsfor K, P, and | are depicted in Figure 14.

Thismodd can be used to andyze a number of shocks and policies: temporary and anticipated shocks
to the productivity of the manufacturing sector, changesin resdentid property taxes or tax rates on renta
income. We are not going to do these here because the analysis is andogous to that of the previous section.

The modd can aso be extended to andyze the effects of exogenous increases in population growth on

the price of houses over time (see Mankiw and Well (1989) for such an exercise).

(6) The Relation between External and Internal Adjustment Costs.

We have now seen that the introduction of ether interna or externa adjustment costs generates
theories of investment that appear to be more sengble than the neoclassicd theory without adjustment codts.
A natura question to ask iswhether the two theories are redly different. After dl, adjustment costs are
adjustment codis. Internd and externd adjustment costs are conceptudly two different animas: by definition,
internd cogts are technologica cogts that have to be paid before we can use the newly purchased machinery.
Externa costs are pecuniary cost that the users pay to the producers of capita goods.

Y et codts that are externd to the firm are not externd to the economy. Thus, from a macroeconomic
perspective there should be no distinction between interna and externd adjustment costs. We can seethis
point by reformulating the whole modd of externd cogts as follows. Suppose that the producer of capita
goods is not a separate firm but, instead, a divison within the manufacturer. Whenever the manufacturer
wants more capita goods, he goes to the "investment divison" and asks for them. This divison produces

them with its Decreasing Returns to Scale Technology and gives them to the manufacturing divison. Recal
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that in section (1) we said that in the neoclassica model, manufacturers could decide to give up some output
and transform it into capita with atransformation technology that exhibited CRS (in fact we assumed capita
and manufactured goods were the same goods so the transformation technology had a unit dope). We are
now changing the transformation technology and assuming that it is DRS (see Figure 15). In other words, if
we want an additional unit of cgpita we need to give up alot or alittle of manufactured output depending on
whether we are dready transforming alot or alittle. Thisis the essence of the externd adjustment costs. But
notice that thisis not very different from saying that there is an "investment divison" that transforms output into
"uningaled capitd” with a CRS technology and thereis dso an "inddlation divison" that transforms
uningtaled capital into ingtaled capita with a DRS technology (see Figure 15). This, of course, corresponds
to the internd adjustment cost modd.

When we congder dl divisons together, there should be no difference between having an investment
divison with a DRS technology or an investment divison with a CRS technology plus an inddlation divison
with DRS technology. Thus a the macroeconomic leve, the two models should be the same. If we compare

Figures 5 and 12, however, we could be tempted to argue that thisis not true. After dl, recdll that the

K ? O schedulein theinterna cost model was a horizontal line at 0=1 while the same schedule for the
externa cost modd was an upward doping line. This had the implication that permanent increasesin
productivity increased the steady state capita stock in both models BUT IT INCREASED THE STEADY
STATE PRICE IN THE EXTERNAL COST MODEL ONLY. Thisistrue. The question iswhether thisis

the result of modeling interna as opposed to externd adjustment costs or the result of some other assumption.

Our clamisthat it is due to the particular assumptions on the functiona forms of the adjustment codt.
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Fird, for the case of externd adjustment costs, we assumed functiond formsthat yield margina costs as
functions of the absolute LEVEL of GROSS investment. Under these circumstances, steedy states with high

capita stocks, and therefore high levels of replacement investment, are steady states with high margind cods.

Thisiswhythe B = 0 schedule was upward doping. Of course we could have afla B = 6 schedule

by assuming that replacement investment does not have to pay adjustment cogts. This can be seen by

substituting (5.3) by 8/ (I - 8K = P, . With such amargina cost function, the capita accumuletion

condition (5.4) becomes

(54) BE=I-38K =h{P)

which, of course, impliesafla £ = 0 schedulea P, = h-1(0Y whichisa constant.

Thereis another, perhaps more important difference between the internad and external adjustment cost
models we have shown in these notes and thét is the functional forms assumed. In the case of internal
adjustment costs we assumed that unit costs were afunction of 1/K. We argued that the reason why
adjustment costs depended negatively on the stock of capitd was that firms "learned” to reduce adjustment
costs from past investment experiences, which add up to the existing stock of cgpita. On the other hand, we
assumed that the investment technology in the externa adjustment cost case was such that the margind cost
wasafunction of | (not of 1/K) so we could write P,=c'(l). One could dso think that these firms are subject

to "learning by doing" and that their margina costs are reduced if they have invested alot in the past. In other
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words, the marginal cost would depend positively on | and negatively on K:

(B3) Py = c/(IIEY
the accumulation equation (5.4) would become
(54)" E=I-3K = KE[h(P;)-8]

where h() istheinverse of the marginal cost function, ¢'(). Equation (5.4)' dsoyiddsafla B = 0

schedule, at Py = h~1(8) = ¢/(8) ,justasintheinterna adjustment cost model.

Summaxrizing, from a macroeconomic perspective the two models of investment are the same because
codsthat are externd to the firm are not externd to the economy. The seemingly different behavior of steady
date pricesin our two modesis entirely due to the (seemingly arbitrary) different assumptions about
depreciation and the functiona form of the adjustment technology. In particular, the key assumptions are
whether replacing depreciated capital involves the adjustment costs or not and whether adjustment costs are
afunction of theleve of invesment or the rate of investment per unit of capital. The two modds will be
essentidly different only if there are compelling reasons why the marginal internd adjustment cost should be

fundamentaly different from the margind externd adjustment cos.

(8) Conclusions
Wefirg presented averson of the Neoclasscad modd of investment and argued that it had some

undesirable fegtures such as infinite investment rates at points where the desired capital stock changed.
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We then expanded the neoclassicd modd to include internd adjustment costs and saw that the infinite
investment rates feature disappeared. We showed that, under constant returns to scale, the model was
directly testable snce marginal q was equa to aver age g. Some problems arise, however, when capita
goods are heterogeneous or when financid markets are not fully efficient.

We then dlowed for externd adjustment costs. This gpplication was particularly interesting for
explaining resdentia investment. We saw that the model presented could be seen as amicro story behind
some housing market models such as Poterba (1984).

Findly, we argued that from a macroeconomic perspective, the two models (internal and externd cost
models) were equivdent if the assumptions on depreciation and the functiond form of the adjustment
technology are the same. In particular, the key questions are whether replacing depreciated capita bears
adjustment cogts or not and whether the margind adjustment cost function involves absolute levels of

investment or rates of investment per unit of capitd.
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