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We study a novel resource-allocation problem faced by Alibaba Group. In this problem, mobile “push mes-
sages” must be sent over the course of a day to hundreds of millions of users. Each message can be sent to
any number of users, and yields a reward when it generates a clickthrough, subject to a budget constraint
on the total reward over all users for the message. This budget represents the maximum amount that an
advertiser is willing to pay for clickthroughs for the message on a given day. Given users’ diverse preferences,
the problem aims to deliver the “right messages” to the “right users” to maximize ad revenues without
overwhelming each user with too many messages.

Due to the large size of the real application, we analyze algorithms for the above problem in an asymptotic
regime. We consider a novel scaling of the problem “size,” called big-data scaling. In this scaling, as the
problem size grows, the number of users, as well as their diversity, grow. The scaling captures the fact that
individual user information remains highly granular and distinctive even as the size of the user base increases.
We prove that solving the problem as a static assignment problem results in a regret of O(v/t), where ¢
is the parameter scaling the problem. Furthermore, adding a single recourse opportunity, by sending push
messages in two cycles over the course of a day and making use of information observed in the first cycle
to adapt decisions in the second cycle, can reduce the regret to O(tl/ *logt). Finally, the difference in regret
between the static and dynamic strategy can be €(v/%). Numerical experiments on three real data sets, each
containing several hundred million users, show that the latter strategy improves the regret of the former by

at least 10%-50%.
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1. Introduction

Recent years have seen tremendous growth in the volume of sales taking place in mobile
commerce (m-commerce) markets. In these markets, customers visit online stores and
purchase products via mobile platforms, such as apps for iOS and Android systems. In
2015, more than US$200 billion in sales took place via a single mobile app developed
by Alibaba Group. Alibaba is an e-commerce company that provides a third-party plat-
form for business-to-customer and customer-to-customer markets, among many other ser-
vices. In China, the m-commerce market share of its mobile app, which has been installed
on several hundred million devices, is rapidly displacing traditional e-commerce markets
(Emarketer.com 2016).

Given the size of its user base, the mobile app of Alibaba Group, henceforth referred
to simply as the app, serves as a new channel for advertising and delivering personalized
recommendations. Owners of the app can choose to receive recommendations about prod-
ucts that are tailored to their interests. These recommendations are sent via mobile push
notifications. When a mobile push notification is sent to a user, a short message describing
the recommended product appears in the notification zone of the user’s mobile phone. The
user can either swipe the message away or click on the message to link to a new page
containing full details about the recommendation. We call the latter action a clickthrough.

Push messages are used to achieve two objectives. First, the messages are used to make
personalized recommendations about premium products selected from millions of online
stores at Alibaba Group. These recommendations prompt mobile users to visit and browse

products in the online markets, eventually generating more sales. Second, the messages
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are designed to promote products for online stores that have applied to join advertising
campaigns organized by Alibaba Group. Such campaigns often aim at achieving a certain
impact on the user base, such as a desired number of clickthroughs that the campaign
messages need to attract. Retailers who want to advertise their products may offer to pay
for clickthroughs to their products.

Push messages are sent to hundreds of millions of mobile users every day (BusinessWire
2016). Given such a large user base, it is challenging to manage the delivery of the “right
messages” to the “right users” without overwhelming each user with too many messages.

In this paper, we model the problem faced by Alibaba Group of how to manage push
messages over a planning period. Without loss of generality, we take a period to be a day.
The problem is a novel resource-allocation problem. In this problem, there is a set of known
users, each owning a mobile device on which the app is installed. There is also a set of
distinct messages. Each message can be sent to any number of users, and yields a reward
when it generates a clickthrough, subject to a budget constraint on the total reward that
all the users can generate for the message. The budget represents the maximum amount
that an advertiser is willing to pay for clickthroughs to his product or website on a given
day. Since sending too many messages to the same user would have an adverse impact
on the user’s experience, each user must receive no more than one push message per day.
Over the course of a day, push messages can be sent sequentially to different users. Once
a message has been sent to a user, we can observe after some time whether the user clicks
on the message. The observed user actions can be used to update decisions about what
messages we want to send to subsequent users, so that we can make the most use of the
remaining budgets. We aim to maximize the total reward earned from all messages sent, by
adaptively determining the sequence of users to contact, together with their corresponding

messages. We do not consider any multi-day effect.
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To achieve our goal, it is necessary to learn and calibrate the clickthrough probability
that we might expect from any given message-user pair. A typical method is to construct a
mapping p(x,y) between every vector of user features = and every vector of product features
y, and then fitting this mapping to historical information, as well as to data gathered in
experiments. At Alibaba, the construction and fitting of the mapping p(:,-) is performed
as a separate data-mining and calibration problem. Accordingly, in this paper, we take the
view that the clickthrough probabilities will be provided as inputs to our model. Thus, we
will focus on the remaining optimization problem.

The following simple example illustrates our problem.

ExXAMPLE 1. There are two messages, A and B, to be sent out to two users X and Y
(see Figure 1). Each message can be sent to any of the two users, but each user should
receive exactly one message. For simplicity, we assume that each message has budget of
$1 and yields a reward of $1 when clicked. In other words, each message will exhaust all
of its budget on the first clickthrough. We assume that the clickthrough probabilities are
given by Figure 1.

Suppose that we send message B to both users X and Y. Then with probability 0.6 x (1 —
0.2), only X will click on message B, in which case we earn $1. With probability 0.6 x 0.2,
both users will click on message B, but since message B has a budget of only $1, we only
earn $1 even though message B receives two clickthroughs.

The optimal strategy to maximize the expected total reward is to first send message
B to user Y. Then we observe whether Y clicks on B. If Y clicks on B (with probability
0.2), thereby exhausting the budget of message B, we next send message A to X. If Y does
not click on B, we next send message B to user X. The resulting total expected reward is
0.2x0.4x $1+0.8x0.6 x$1 =%0.56. Note that the decision for user X is a dynamic one.

Which message X will receive depends on whether Y clicks on message B.
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An interesting related question is how to adaptively find the optimal sequence of users
to contact, together with their corresponding messages. However, in practice, we cannot
implement a solution that makes an adaptive decision for every single user, simply because
it would take too long to observe the actions of all users one at a time. Users might not
immediately notice new push messages on their mobile devices. In practice, more than half
of all user actions (either clickthrough or dismissal) can be observed within 1 hour. Most
user actions can be observed within 3 hours. Furthermore, the clickthrough rate of users
who respond after 3 hours is negligible. Given such long response time, it is only practically
possible to send out messages in a small number of batches on each day. After sending out
each batch, we must wait for several hours to observe the feedback of users who were most
recently contacted. In this way, we must take advantage of a very small number of recourse

opportunities.

1.1. Overview of Algorithms and Contributions
We design an algorithm to determine how to send push messages in a small number of
cycles over the course of a day. The decisions for each cycle can be based on the observed
actions of all users contacted in previous cycles in the day. In the real application, it is
possible to send hundreds of millions of messages in a single cycle.

Due to the large size of the real application, we analyze algorithms in an asymptotic

regime. We consider a novel scaling of the problem “size,” called big-data scaling. In this
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scaling, as the problem size grows, the number of users, as well as their diversity, as
characterized by the number of distinct profiles of user characteristics, both grow. We study
the regret of our algorithms, which captures the revenue loss of our algorithms relative to
an optimal algorithm, when the scale is large.

We analyze the performance of two algorithms for sending push messages. The first
algorithm, which we call the Static Algorithm, does not make dynamic decisions based on
user feedback, and essentially sends out all messages in one cycle. It represents a simple
attempt to tackle this problem without utilizing user feedback. We will show that the
Static Algorithm has asymptotic regret O(y/t). Although this regret is diminishing in the
size t of the system, we show that it is possible to further reduce the regret.

To this end, we analyze a second algorithm, which we call the Reservation Algorithm.
The Reservation Algorithm sends out messages in two cycles. We prove that by making
use of only one additional cycle, the Reservation Algorithm is able to reduce the regret
to O(t"/*logt). In other words, the regret of the Reservation Algorithm grows much more
slowly than that of the Static Algorithm as we scale up the system size t. Further, we prove
that the difference in regret between the Static Algorithm and the Reservation Algorithm
is Q(V/1).

Both of algorithms that we analyze make use of a solution to a linear program that
matches the expected number of clickthroughs with the budgets of the messages. Linear
programming has been used to design algorithms for various resource-allocation problems
because optimal solutions to linear programs are often useful guides for making allocation
decisions (Wang, Truong and Bank 2015). In our model, an assignment of users to messages
given by a static linear program performs the following basic tradeoff. If we send a message

to too many users, we might obtain more clickthroughs than are paid for by the budget
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of that message. Thus, we waste the opportunity to have these users view other messages
and bring in rewards from other sources. In other words, we lose viewing opportunities.
On the other hand, if we send the message to too few viewers, we lose the opportunity of
generating more clickthroughs. Thus we lose potential rewards.

The Reservation Algorithm performs this tradeoff by using a re-solving heuristic. To
be more specific, the algorithm sends out messages in the first cycle based on an optimal
solution to a linear program. Then after observing the clickthroughs that each message
receives from the first batch of users contacted, the algorithm re-solves a linear program
that matches the remaining budgets of the messages to the remaining users.

We test the numerical performance of the above two algorithms by simulating them on
production data provided by Alibaba. The data contains three large batches of messages
that were sent to several hundred million users in three separate days in March 2016, along
with the clickthrough probabilities for all user-message pairs, which were estimated by
Alibaba. Our computational results show that by exploiting user feedback, the Reservation
Algorithm can reduce the regret of the Static Algorithm by at least 10%-50%. This result
suggests that the idea of dynamically optimizing the allocation of push messages is highly
promising.

2. Literature Review

Our problem is related to revenue-management problems, as it aims to maximize a total
expected reward that can be obtained by dynamically allocating demands (users) to
resources (messages). Traditional revenue-management problems focus on situations in
which demands arrive randomly and exogenously over time (Talluri and van Ryzin 2004).
In contrast, in our model we can control the demands, or the users to be contacted. How-
ever, our model limits the number of opportunities at which dynamic decisions can be

made.
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Reiman and Wang (2008) first prove that for a network revenue-management problem,
re-solving a linear program can help to reduce the total regret to o(v/t). Their algorithm,
which only re-solves the linear program once, cannot be applied to our model as they
require observing the system state at every point in time. Recall that in our model, we can
observe the action of users, or the consequences a decision, only a small number of times
due to the long response time needed to acquire user feedback.

Jasin and Kumar (2012) also study a network revenue-management problem for which
they propose an algorithm having constant regret that is independent of the system size
t. However, their algorithm requires resolving LP, and thus observing the system state,
infinitely many times as they scale up the system size t. As a result, their algorithm cannot
be easily adapted to our setting.

Agrawal, Wang and Ye (2009) and Jasin (2015) study online resource-allocation problems
in the asymptotic regime. However, in their model, the distribution of demand arrivals is
unknown and exogenous. Their algorithms either have regret that is at least O(v/%), or
require resolving linear programs too many times and therefore, are impractical for our
setting.

Another stream of research that is related to our model is the stream of research on
ad allocation. Here, similar to our setting, the goal is to find a high-reward allocation
between customers and ads with given budgets. Examples include Jaillet and Lu (2014),
Manshadi, Vahideh, Gharan and Saberi (2012), Feldman, Mehta, Mirrokni and Muthukr-
ishnan (2009), and Haeupler, Mirrokni, and Zadimoghaddam (2011). These works focus
on finding allocation algorithms with constant bounded performance guarantees relative
to an offline algorithm, which knows all future information upfront. In those models, the

sequence of customer arrivals is exogenous, and in certain cases the algorithms do not have
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full distributional information regarding future arrivals. As a result of the differences in
the modeling assumptions, they cannot be applied to our model to obtain a regret that is
smaller than O(v/1).

We remark that our problem is different from models of online customer selection
(Elmachtoub and Levi 2016, 2015). In these models, although the decision maker has the
ability to select which customers to offer resources to, the sequence of customer arrivals is
still exogenous.

3. Model Formulation
We now formally state our model. There are m different messages and n users. Each
message can be sent to any number of users. We make the following main assumptions:

Clickthrough probabilities. If message j € {1,2,...,m} is sent to user i € {1,2,...,n},
the user will click the message with known probability p;;. All the p;;’s are given as inputs.
For each user i, we call the vector p; = (p;1, pi2, .., Pim) consisting of clickthrough probabil-
ities for user ¢ for all messages a user profile. We also call the set of all user profiles {p;}I,
a user pool.

User fatigue. To limit user fatigue, each of the n users must not receive more than one
message. As mentioned earlier, we only consider a single-day problem, so this assumption
is equivalent to requiring that no more than one message must be sent to each user per
day.

Reward and budget. Each message j € {1,2,...,m} has budget of ¢; - r;. We call ¢,
the capacity of message j. If message j receives k clickthroughs in total, then we earn a
reward of r; min(k, ¢;) from message j. In this way, we view messages as resources, and the
capacity of a resource is the number of clickthroughs that will just exhaust the budget.

Special message 1. Among the m messages, message 1 is a personalized recommen-

dation that recommends products selected from all online stores at Alibaba Group. We
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assume that message 1 has infinite capacity because there is no limit as to how many
additional visits the online market can receive. The reward r; can be interpreted as the
long-term expected marginal reward of a visit.

Other messages 2,3, ...,m correspond to campaigns and commercial ads, and have finite
capacity values.

In practice, most users prefer products recommended by message 1 over products in
other campaign and advertising messages. The reason is that we personalize this message
1 to every user by selecting his/her favorite products from millions of online stores at
Alibaba. It is unlikely that we cannot find a product from such a huge number of stores
that a user prefers over products in other messages (except on the infrequent occasions
that advertizers offer huge discounts for their products). We formally state these conditions

in the following assumption.

ASSUMPTION 1.

C1 =00, Pi1 szj Vi:1,2,...,n, j:1,2,...,m.

According to this assumption, no user will ever receive message j if r; < r;, because instead
of sending message 7, it is more beneficial to send message 1 that has a larger clickthrough
probability and a larger reward value. Therefore, we assume that r; > r; for all message
j€{2,3,...,m}. In other words, we assume that the marginal reward earned from campaign
and advertising messages is at least 7.

Number of cycles. The system can sequentially send messages to the n users in several
cycles throughout the day. At the beginning of each cycle, the system can observe the
clickthroughs in the previous cycle. Then the system sends messages to a subset of users

who have not received messages yet. The decision of which messages to be sent to which
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users in each cycle can be adapted to the clickthroughs observed previously. An algorithm
can choose how many cycles to use. However, for the algorithm to be practically useful,
the number of cycles used should be small.

Objective. The objective is to maximize the expected total reward, where the expec-
tation is taken over random user responses (i.e., clicking or not). Mathematically, under a
policy II, let I}; I'indicate whether user 4 clicks message j. The expected total reward V! of

II is
E rjmmg Z],

4. Performance Measure
We want to compare the performance of our algorithms against that of an optimal algo-
rithm OPT'. As discussed earlier, an algorithm is limited to using a few cycles if it is to be
practically useful. However, we relax this requirement for OPT, and allow OPT to take an
unlimited number of cycles. Then, OPT will never risk wasting opportunities by sending
out too many messages in a single cycle. Therefore, we must have
zn:I{]?PTgcj, Vi=1,2,...,m, w.p.1, (1)
i=1

And the objective value of OPT is

m n

VOort — Zr] ZEmm]OPT i) = er-ZE[ISPT]. (2)

We define the regret of an algorithm II as the difference between VO and V.

VOPT—VH:iTj'iE[Ii(J)'PT E[ZW min Z i€
j=1 =1
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5. Linear-Programming Formulation and Upper Bound on OPT
It is difficult to directly analyze the optimal policy OPT due to its complex dynamic
properties. We are thus motivated to investigate an upper bound on VO that is compu-

VOPT can be bounded by the optimal

tationally tractable. In this section, we show that
objective value of a linear program, which allocates users to messages once in an expected
sense. The algorithms we present in subsequent sections will also be based on an optimal
solution to the same linear program.

To this end, consider the following pairs of LP’s that are dual to each other:

Primal:

n m
VLP = maic E E rjsijp,-j
seRn+m

i=1 j=1

s.t. Zsijpij S Cj, VJ = 1,2, e, M
3)

Y sy=1,Vi=1,2,..,n
j=1

Sij > 07 VZa]

Dual:

i ; ¢+ ; i
st i > (rj —)pij, Vi=1,2,...,n,j ,2,...,m
v >0, ¥j=1,2,..,m.
Both the primal and dual forms of the linear program have physical interpretations.
In the primal problem (3), the decision variable s;; represents the fraction of user i to
be allocated to message j. For each message j, the linear program matches the expected

number of clickthroughs to the capacity ¢;. In the dual problem (4), the dual variable ~;

corresponds to the primal constraint Y ' | s;;pi; < ¢;, and n; corresponds to E;nzl sy = 1.
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Let s*,v*,n* be a set of optimal dual variables. According to complementary slackness, if
si; >0, i.e., the optimal solution allocates user ¢ to message j with positive probability, we

must have

j € arg max{(ry — 7 )pir}- (5)

If we view 7} as a cost incurred by every clickthrough of message k, then (ry —~;)p; is the

expected profit of sending message k to user ¢. In other words, the dual problem implies

that every user is allocated a message that maximizes the expected profit in this sense.
The following theorem shows that the expected total reward of OPT can be bounded

by the above linear program.

THEOREM 1.

VOPT < VLP )

The Static Algorithm is a naive implementation of the LP solution. The algorithm sends
out all messages in a single cycle based on an optimal solution to the LP (3). The name
static comes from the fact that it does not adapt to user feedback.

Static Algorithm:

1. Solve the linear program (3). Let s* be an optimal solution.

2. In a single cycle, send message j to user i with probability sj;, for all i=1,2,...,n,
ji=1,2,...,m.

We will use analyze the performance of the Static Algorithm in Section 14 and use that

as a basis for comparison when analyzing the performance of our Reservation Algorithm,
which we will describe in the next section.

6. The Reservation Algorithm

In this section we present the Reservation Algorithm, which refines the Static Algorithm

by adapting to user feedback. Specifically, the algorithm sends out messages in two cycles.
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In the first cycle, it partially sends out messages based on s*. This step is similar to the
Static Algorithm except that some users are reserved for the second cycle. Then based on
user feedback, the algorithm re-solves a linear program for the remainder of capacity and
users. In the second cycle, the algorithm sends messages according to an optimal solution
to this re-optimized linear program.

Core to the algorithm is the decision of which users should be reserved (i.e., should not
receive messages in the first cycle). Intuitively, if s* allocates user i to message j (i.e.,
si; = 1) but we do not send user 7 any message in the first cycle, we are hoping that in
case message j has its budget exhausted in the first cycle, user i can be directed to some
other message having positive remaining budget. Thus, for each message j, we want to
reserve a certain number of users who are allocated to message j according to s*, who also
have relatively high clickthrough probabilities for other messages. These users are good
candidates for redirection, in case the budget of message j becomes exhausted after the
first cycle.

The actual set of users reserved by the Reservation Algorithm is determined by a param-
eter A, which we call the reservation level. Given a problem instance, we can run the
algorithm using any value of A. The remaining capacity of each message that is unassigned
in the first cycle due to reservation will be roughly proportional to A. In theory, we will
show a way of choosing the parameter A to ensure an upper bound on the regret of the
algorithm. In practice, we can tune A to achieve the best empirical performance.

The Reservation Algorithm works as follows:

1. Solve the linear program (3) to find an optimal solution s* such that Y\ |s}]lo <
n +m?, where || -||o stands for the number of non-zero elements in the vector. In other

words, the number of users who are simultaneously (fractionally) allocated to multiple
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messages should be no more than m?. This condition is not required to implement this
algorithm in practice, but only to simplify the analysis. Our Proposition 1 guarantees that
one such s* always exists and can be easily found by adding some infinitesimally small
noise to the coefficients p;;’s of the linear program.

2. For every pair of messages j,k € {1,2,...,m}, j # k, solve the following problem to
find a set R/* that contains users who are intended for message j according to s*, but who

will be now reserved for message k in the second cycle.

: *
Rk CIBI? n} Z Sljpl]
—s 149y ZGRJ’C

s.b. papi; > pupi; Vi € RI*1 £ R (6)

n

Z S5iDij = min(A, Z sjjpij).

i€ RIk i=1

The first constraint of this optimization problem states that the users i € R7* selected
should be those having the largest ratios of p;;/p;; among all users. These users are deemed
the most promising to be reserved for message k. The second constraint states that either
R'* is the set of all users, or the expected number of clickthroughs that message j is to
receive from the users in R’*, according to the allocation s*, is at least A. The objective
function keeps the expected number of clickthroughs that are reduced due to the reservation
as small as possible.

Note that for some user i and message j, it is possible to have i € R’* for many different
k’s, meaning that user ¢ is suitable to be redirected to multiple different messages in the
second cycle. Furthermore, since the objective function keeps minimal the size of R/*, we

must have

> sy <A+1 (7)

i€ RIk
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3. Send message j to user ¢ in the first cycle with probability

(i ¢ U R, (8)

k=1,k#j

Note that the condition i € R/* only indicates that the algorithm reserves the fraction S5
of user ¢ that is allocated to message j; if there is another fraction of user ¢ allocated to
some other message, say j', then user i may receive message j’ in the first cycle even if
i € Rk,

Compared to the Static Algorithm, this step reduces the expected number of click-
throughs that each message j will receive in the first cycle by

lee U R%)stpi; < Z > sipy < (m—1)(A+1), 9)

k=1,k#j k=1,k#j ic Rik

where the last inequality follows from (7).
4. Let D; be the actual number of clickthroughs that message j receives in the first

cycle. Solve the following linear program that allocates the residual demands to capacities.
n m
=1 j=

S.t. Z'Tijpij < (Cj —Dj)+, \V/j = 1,2, ey

m

wa—l wa , Vi=1,2,...,n
Ty > 07 \V/’L,j
5. Let (® be an optimal solution to (10). In the second cycle, for any user i € {1,2,...,n}
who was not sent message in the first cycle, send message j to the user with probability
(2)

T,

m ()
> ket Tk

The following proposition establishes the condition that > 1" | ||si]lo < n+m? as required

in the Reservation Algorithm.
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PROPOSITION 1. Consider the non-trivial case where 1 >0 and ||p;|[1 > 0 for every
i€ {1,2,....,n}. If for any two users i,l € {1,2,....n}, i # 1, and any two messages j, k €
{1,2,...,m}, j#k, we have pixpij # pipij, then any optimal solution s* to the linear pro-

gram (3) must satisfy > . ||sf]lo <n+m?

The regret of the Reservation Algorithm clearly depends on the value of A. In the special
case of A =0, the algorithm does not reserve any users and thus reduces to the Static

Algorithm. The Reservation Algorithm chooses A as

A=C-> Je-log) ¢, (11)
j=2 i=2

where C' > 0 is any small constant that we can further tune to improve the performance of
the algorithm. Note that messages 2 to m have finite capacity values (see Section 3), so A
is finite.
7. Overview of Analysis of the Reservation Algorithm
In this section, we outline a way to bound the regret of the Reservation Algorithm. We
prove this result by analyzing the gap between the expected total reward of this algorithm
and the upper bound on the optimal total reward given by Theorem 1.

Recall that D; is the random number of clickthroughs that message j receives in the
first cycle, which is a Poisson binomial random variable with mean E[D;] =>"" , :zsg)pij.

Define 9, to be the noise in D,
i=1

Our analysis is based on the idea of viewing d; as a small perturbation to the capacity
c;. After the first cycle, the remaining capacity of message j is (¢; — D;)", which can be
written as

(¢j=Dy)" =1(c;—8;)" —E[D;]]".
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Intuitively, we view (¢; — d;)" as the perturbed capacity of message j. Then the noise J;

arises from this random capacity (c¢; —d;)*.

The following is the perturbed linear program in which the capacity of message j is

perturbed by 4.

n m
LP
VE(0)= max g E T;Si;Dij
Sl’j,7,:1,2,...,71,]:1,2,...,771 . .
i=1 j=1
n

s.t. Zsijpij < (Cj - 5j)+7 Vj = 1,2, ey M

=1 (13)
» sy=1Vi=12..n

j=1

Sij Z 0, Vl,j

Note that VEP(§) is a random variable as it is a function of the random noise §. The
following lemma, which will later be used in the analysis, relates our Reservation Algorithm

to the perturbed linear program.

LEMMA 1. If there exists an optimal solution s(6) to the perturbed linear program (13)

such that s(8) > xY component wise, then (V) + 23 must be an optimal solution to (13).

Let V4 be the expected total reward of the Reservation Algorithm. We bound the gap
between V74 and the upper bound V¥ on the optimal reward by using V() as an
intermediate value between the two, and by writing the gap as the sum of two smaller
gaps:

VEP VI = (VEP _BIVER(5)]) 4+ (BVE (5)] - V).

The first gap, namely VEP — E[VEP(4)], depends on the way in which V¥ (§) behaves
as a function of 4. It is easy to check that VX7 (§) is concave for all § < ¢, and the first

derivatives of V¥ (§) with respect to § are equal to the negative of dual variables associated
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with capacity constraints of (13) (Bertsimas and Tsitsiklis 1997). Therefore, if the size of

0 is much smaller than ¢, we have from Jensen’s inequality that
E[V(8)] < VI (E[6]) = VP (0)= VP,

The gap VI — E[VEP(§)] is small if the first derivatives of V¥ (§), or the dual variables
of the perturbed linear program, change smoothly in 6. We will prove in Theorem 2 of
Section 8 that if v(c) is a vector of optimal dual variables to the linear program (3) when
the capacity vector is ¢ and if e, is the unit basis vector with the k-th element being 1,

then provided that there exists a constant number 4 > 0 such that
[vi(e) = vile+aer)| <7 (14)
for all j,k€{1,2,...,m}, all a €[0,1] and for all c € R} with ¢; = 0o, we have
VEE—E[V ()] <m*(n+Vn)y.

The second gap, namely E[VEF(§)] — VEA is largely determined by the difference
between the assignments made by the Reservation Algorithm and the perturbed linear
program. We will show that when [|6]|; is not too large compared to A, z" + z? will
be an optimal solution to the perturbed linear program. That is, the assignment made
by the Reservation Algorithm will be very close to the assignment for V¥ (§), and hence
the total expected reward of the Reservation Algorithm will be close to VE(4§). We prove
a condition by which 2™ + 2® is optimal for the perturbed linear program, by viewing
our model as a generalized network flow problem and by utilizing flow properties in the

generalized network. We will prove in Theorem 6 of Section 9 that

E[VIP(5)] - Vit < i r; {\/M +3m? +nP(O) +/ nP(@)} ,
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where O denote the event that » 7", [0 <A.
Combining the bounds on the two gaps, we will obtain a bound on the regret of the

Reservation algorithm as
VEE _VEA<m2(n+/n)y Z [VmA+3m2—|—nP((’))+ nP(O)} : (15)

Finally, in Section 10, we will show that this bound grows relatively slowly under an
appropriate asymptotic scaling of the problem. Part of this analysis involves showing that,
under reasonable assumptions, condition (14) holds when we reduce 7 while scaling up the

size of the problem.

8. Bound on the First Gap
In this section, we give a bound on the first of the two gaps described in Section 7, namely,

VLP _E[VEP(5)).

THEOREM 2. Let v(c) be a vector of optimal dual variables to the linear program (3)
when the capacity vector is c. Let e be a unit basis vector with the k-th element being 1.

If there exists a constant number ¥ >0 such that
[vi(c) =vi(c+aer)| <7 (16)
for all j,k€{1,2,...,m}, all a€[0,1] and for all c € R} with ¢, = oo, then we have
VEE _E[VE(8)] <m*(n+v/n)7.

The intuition for the above result is that if the dual vector v changes smoothly as a function

of the capacity ¢, then the difference in value between the two LP’s can be bounded.
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9. Bound on the Second Gap via Generalized Network Flows
In this section, we cast our static linear-programming formulation as a generalized network
flow problem (Wayne 1999). The generalized networks corresponding to the original and
the perturbed linear programs are the same, except that some of the edges have different
capacity values. Based on network-flow properties, we analyze how an optimal flow, or
equivalently, an optimal assignment given by the linear program (3), changes when the
capacity values are perturbed by d. This analysis enables us to bound the second of the
two gaps described in Section 7, namely the difference E[VLY(§)] — V1A

As a main result of this section, we show that the resulting changes made to an optimal
assignment can be bounded by the size of §. This result will lead to a condition by which
M + 2 which is the solution used by RA (with objective value V4), is optimal for the

perturbed linear program (with objective value E[VLF(§)]).

=<

<

|

Figure 2 In a generalized flow network, every user i corresponds to a user node u;, and every message j

corresponds to a message node v;. T is the sink.

The network-flow problem we describe next specializes the generalized network-flow
problem (Wayne 1999) to a specific graph. There will be a few minor changes that we will

point out presently.

9.1. Construction of a generalized flow network
We now construct our generalized network-flow problem. In our flow network, there is a

set U of user nodes and a set V' of message nodes. Each user i € {1,2,...,n} corresponds
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to a user node u; € U, and each message j € {1,2,...,m} corresponds to a message node
vj € V. There is also a sink T". Every user node u; has an initial excess e(u;) = 1. The initial
excesses at all other nodes are 0. The unit initial excess at a user node u; means that there
is a single user ¢ to be assigned to a message.

Figure 2 illustrates the set F of directed edges in the generalized network. From every
user node u; € U to every message node v; € V, there is an edge (u;,v;) € E having capacity
c(u;,v;) = 0o. From every message node v; to the sink, there is an edge (v;,T) € E having
capacity c(v;,T) = ¢;.

A generalized pseudo-flow is a function f: F — R, that satisfies the capacity constraints
0< f(u,v) <c(u,v), V(u,v) € E. Note that according to Assumption 1, starting from any
user node u; € U, there is always a path u; — v; — T having infinite capacity. Thus, it is
always possible to push all initial excesses at all user nodes to the sink.

In a generalized network-flow problem, flows might not be conserved along edges. Every
edge (u,v) € E is associated with a gain factor u(u,v). When a flow is sent along an edge
(u,v) € E by a generalized pseudo-flow f, the size of the flow leaving from w is f(u,v), while
the size of the flow arriving at v is pu(u,v)f(u,v). In our problem, every edge (u;,v;) from
a user node u; to a message node v; has gain factor p(u;,v;) = p;;. In this way, the size of
a flow f(u;,v;) leaving u; represents the allocation s;; in the linear program (3), while the
size of flow p(w;,v;) f(us,v;) = pi; f(wi,v;) arriving at v; represents the expected number of
clickthroughs that message j receives from user i. Every edge (v;,T") from a message node
v; to the sink has gain factor p(v;,T") =r;. In this way, the size of a flow f(v;,T) leaving
v; represents the total expected number of clickthroughs assigned to message j, while the
size of the flow p(v;,T)f(v;,T) =7;f(v;,T) arriving at T represents the expected reward

earned from message j.
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The excess of a node u (as opposed to the initial excess) is the difference between the

initial excess at u and the net outflow at wu:

e(u) = Y fluv)+ p(v, u) f (0, u).

(u,w)ERE (vyu)eE
In this paper, we call a generalized pseudo-flow f a feasible flow if f has zero excess at
all nodes other than T'. Consequently, every feasible flow corresponds to a feasible solution

to the linear program (3) in the following way
flui,v;))=si, Vi=1,2,...,n,5=1,2,....;m,

fv;, T) = Zsijpij, Vi=1,2,....,m.

i=1

The objective of our generalized network-flow problem is to find a feasible flow that

maximizes the excess at the sink, which is by definition

e(T) — Z(T,U)EE f(T,v)+ Z(U,T)GE p(v, 1) f(v,T)
= 0_0+Z(U,T)GEM("‘77T)f(UaT)
= Z(U,T)QE,U(%T)J[(U?T)
= > i rif (v, T)
= D i1 T D i SijPij- (17)
Thus, every optimal solution s* to (3) must correspond to an optimal flow f*.
For any generalized pseudo-flow f, the residual network with respect to f is the network

Gy = (UV,T,Ey,cs,pu,€e), where E; is the set of directed edges in the residual network

defined as

Ei={(u,v) € E: f(u,v) < c(u,v)} U{(v,u) : (u,v) € E, f(u,v) >0},
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and c; is the residual capacity defined for every edge in Ey in the following way. If (u,v) € E,
then c¢s(u,v) =c(u,v) — f(u,v); otherwise, cs(u,v) = p(v,u)f(v,u).

For every edge (u,v) € E; in the residual network, we further define its length as w(u,v) =
—log p(u,v) if (u,v) € E, and w(u,v) =log u(v,u) if (u,v) ¢ E. By this definition, if a flow
is pushed in the residual network along a path d; — dy — --- — dj such that the excesses

at all nodes are unchanged except at d; and dg, then the size of the flow arriving at d is

6—[w(d1,d2)+w(d2,d3)+~~-+w(dk—17dk)] (18)

times the size of the flow leaving node d; (for a more detailed discussion, see Wayne
(1999)). Therefore, the flow arriving at the last node of the path is larger (smaller) than
the flow leaving from the first node if the total length of the path w(d;,ds) + w(ds,ds) +

-+ w(dk_1,dg) is negative (positive). In particular, if the path is a cycle, i.e., d; is the
same node as dj, then the flow returning to d; is greater than the flow leaving d; if and
only if the cycle is a negative cycle, i.e., the total length of the cycle is negative. In other
words, if we push a flow along a negative cycle, we can increase the excess at one node in
the cycle without changing the excesses at all other nodes.

Previous works have studied various types of augmentations for the generalized network
flow problem. Given a generalized pseudo-flow, an augmentation modifies flow values on
a certain subset of edges in the residual network, such that the resulting flow remains a
generalized pseudo-flow. Most often, an augmentation keeps the excesses of most nodes
unchanged. In this paper we focus on two types of augmentations: augmentation along
paths and along cycles. Here a cycle can be as well seen as a path that starts and ends
at the same node. Both types of augmentations aim at increasing the excess at the sink,

thereby increasing the objective value of the solution corresponding to the resulting flow
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as we showed in (17). When an augmentation is performed along a path in the residual
network from node v to the sink 7', a flow is pushed along the path such that the excess at
v is reduced, the excess at T' is increased, and the excess at every other node is unchanged.
If v is itself the sink, and the augmentation is performed along a cycle that covers v="1T,

then the excess at v =T increases if and only if the cycle is a negative cycle (see (18)).

9.2. Properties of optimal flows in our generalized flow network

Based on special properties of our model, the following theorem strengthens a known result
(for example, see Wayne (1999)) that when a generalized pseudo-flow has no negative cycle
in the residual network and has zero excess at all nodes other than 7', then the maximum

flow is attained.

THEOREM 3. In our model, a feasible flow f is optimal if and only if there is no negative

cycle in the residual network Gy.

Proof. 1t has been proved that when a generalized pseudo-flow has zero excess at all
nodes other than 7" and has no negative cycle in the residual network, the flow is optimal
(for example, see Wayne (1999)). Thus, a feasible flow f with no negative cycles in Gy
must be optimal.

To prove the other direction, suppose f is an optimal flow with a negative cycle in the
residual network. Then we can push a flow along the cycle to create a positive excess at
some user node u while keeping the excess at all other nodes unchanged. We then direct
this excess created at node w through the path v — v; — T that has infinite capacity. In
this way, we obtain a feasible flow with a larger size of excess at the sink, which proves
that the original flow f is not optimal. [J

Now we consider the problem of how to modify an optimal flow when the capacity of

some message k € {2,...,m} is perturbed. Note that perturbing the capacity of message
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1 has no impact as it has infinite capacity. We give algorithms that find an optimal flow
for the perturbed network by modifying a given optimal solution to the original network.
These algorithms are designed mainly for the purpose of providing structural results for
our model. The algorithms are not meant to be implemented. Rather, we use them to
argue certain facts about the way in which an optimal solution changes when the capacity
of some message k € {2,...,m} changes.

Let G = (U,V,T,E,c,u,e) and G = (U,V,T, E,¢,u,e) be two generalized networks of our
model that differ by the capacity on a single edge (vg,T") for some given k € {2,...,m}.
Given an optimal flow f for the network G, the following algorithms find an optimal flow
for G by successively performing augmentations along shortest paths or negative cycles
in the residual network. We give a different algorithm depending on whether ¢(vg,T) is
greater than or less than c(vy, T).

Case 1. Algorithm for the case 0 < é(vg, T') < c(vg, T):

1. Construct a generalized pseudo-flow f for G as follows. Let

f (o, T) = min(c(vg, T), f (vk, T)) (19)

for the edge (vj,T), and let f(u,v) = f(u,v) for all other edges (u,v) € E. Since f is
optimal for G, there is no negative cycle in the residual network Gy according to Theorem
3. It is easy to see that there is also no negative cycle in the residual network G 7 because
according to (19), the edge set of Gy must contain the edge set of G 7 Thus, if f is feasible,
then f is already an optimal flow for G.

Now suppose that f is not feasible. It must be that the excess at node vy, is positive.

2. Find a shortest path from v;, to 7" in the residual network G IE

3. Perform an augmentation along the shortest path such that either the excess at node
vy, reaches 0 or the residual capacity of one of the edges in the path is reduced to 0. Update

the residual network G 7-
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4. Stop if f becomes feasible. Otherwise, go to step 2.

It is easy to check that there will be no negative cycle generated in the residual network
throughout the algorithm, because otherwise, the previous shortest path would have passed
though the negative cycle to further reduce the total length of the path. Furthermore,
the algorithm must terminate in a finite number of iterations because the shortest length
from vy, to T in the residual network must be (weakly) increasing after each iteration, and
thus at most one augmentation can be performed along every possible path from v, to T
Therefore, the algorithm outputs an optimal flow f for G.

Case 2. Algorithm for the case ¢(vg, T') > c(vg, T).

1. Start with an initial flow f = f. Suppose f is not optimal for G. Then since f is
feasible for G, there must exist some negative cycle in the residual network G 7- Moreover,
all negative cycles in G 7 must include the edge (vi,T).

2. Find a simple cycle, i.e., a cycle that contains only distinct nodes, having the smallest
(negative) total length. This can be solved by finding a shortest path from 7" to vy.

3. Perform an augmentation along this shortest negative cycle to increase the excess at
T such that the residual capacity of one of the edges in the cycle is reduced to 0. Update
the residual network G 7. After the augmentation, all negative cycles in G 7, if there is any,
must still pass through (vg,T') because the augmentation is performed along the shortest
cycle.

4. Stop if there is no more negative cycles in G 7- Otherwise, go to step 2.

The algorithm must terminate in a finite number of iterations because the length of the
shortest negative cycle must be (weakly) increasing after each iteration, and thus at most
one augmentation can be performed along each possible cycle in the residual network.

Therefore, this algorithm outputs an optimal flow f for the network G, as f is always
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feasible throughout the algorithm and, by the end of the algorithm, there is no negative
cycle in the residual network.
The main structural property of our model that we want to prove is given by the following

theorem.

THEOREM 4. For any two message nodes v;,vy € V' and vy, # v1, when c(vy,T) changes
to c(v, T) (with the capacity values of all other edges unchanged), the total size of aug-

menting flows leaving v; in the above algorithm is at most |¢(vg, T) — c(vy, T)|ry/71.

This result is driven by the fact that an optimal flow can be strictly improved by adding
an augmenting flow through v, if the condition above does not hold, thus leading to a

contradiction.

9.3. Bounding the second gap
Now we consider how the optimal flow for the perturbed system relates to the assignment
made by the Reservation Algorithm.

When the capacity of each message k is perturbed by d,, we apply Theorem 4 to each
message k =2,3,...,m by setting ¢(vy,T) = (¢, — 0x)" (message 1 has infinite capacity and
thus perturbing it has no impact). Then the total size of augmenting flows leaving every

message node v; due to the perturbation ¢, summed over all m messages, is at most

> " [8klri /- (20)

The following theorem shows that if (20) is smaller than A, then the assignment x(") +
x® of the Reservation Algorithm is optimal for the perturbed system. The proof relates
the Reservation Algorithm to the network-flow algorithms above, by showing that the
shortest augmenting paths or cycles will pass only through user nodes u; that have the

smallest ratios of p;;/p;, for some messages j, k. Such users are just the ones reserved by
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the Reservation Algorithm. To be more specific, the length of the augmenting path or cycle

that goes through nodes v; — u; — vy, is

pzy

w(vj, u;) +w(u, vy) = log —
pzk

Since the augmenting paths and cycles seek the shortest length, they will only pass through
user nodes ¢ that have the smallest values of p;;/pi. We will show that such users i
are reserved in the set R/*. Thus augmenting flows will not affect the assignment z(M,
which leads to the conclusion that z(!) is compatible with the optimal assignment for the

perturbed system.

THEOREM 5. If Y37, [6;]7 <A, then V) + 2 is an optimal solution to the perturbed

linear program (13).

Next, the gap between the total expected reward V%4 of the Reservation Algorithm
and the optimal objective value of the perturbed linear program is given by the following

theorem.

THEOREM 6. Let O denote the event that 377", |0;| 2 < A. We have

B[VEP(5)] - VFA < Zm: [\/M+3m2 +nP(0) + \/NT(@)} ,

where the expectation is taken with respect to §, and O is the complement of O.

10. Performance Analysis in an Asymptotic Regime
Due to the huge number of users and large capacity values involved in the real problem,
we are interested in studying the regret in the asymptotic regime. That is, we will quantify

the rate at which the regret grows as we scale up the size of the system.
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11. Big-Data scaling

Define a series of problems with increasing sizes as follows. In the problem of size t, for
t=1,2,...,00, the number of users is n = ¢-n, and the capacity of message jisc; =t-¢;,Vj =
1,2,...,m, for some fixed ¢ and 7. The number m of distinct messages and the reward r;
of each message j are fixed for all t. We require that Assumption 1 always holds.

A naive way of scaling n users is to replicate the same set of users t times. However, as
we increase the size of the user pool, we also increase its diversity. In reality, it is extremely
rare that two active users have identical profiles because the profiles are learned based
on users’ personal history. A user’s history includes, for example, the types of products
viewed, purchased and put in the shopping cart over the past 3, 7, 30 days, the operating
system of his or her mobile phone, and the type of products sent to the user via push
notification over the past several days. Given such high granularity of user histories, it is
unlikely that any two active users would have identical profiles. Thus, we can think of the
profiles of all n = tn users as samples drawn from some continuous distribution. As we
scale up t, we are drawing more sample points from this continuous distribution. We called
this type of scaling big-data scaling.

Hitherto, we have viewed the user pools as fixed. From this point onwards, we will begin
to view user pools as random. Formally, let pt = (p;, ply, ..., pl,,) denote the (random) profile

of user 7 in the problem of size t. According to Assumption 1, p! takes values in the region

P={yec0,p]":yn >y;,Vj=2,3,....,m} (21)

for some constant p. By default, we take p=1. All of our proofs extend to the case that

0<p<l1.
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Figure 3 A random sample of 10,000 user profiles, projected onto two coordinates.
p

=11

AssumpTION 2 (Big-Data Scaling). Every p! is independently drawn from a contin-
uwous distribution with density f(-) having domain P. Furthermore, the density f(-) has

upper and lower bounds

0<f<fly)<f, VyeP.

This assumption can be justified by empirical evidence. We verified that in the real dataset,
less than 2% of active users have profiles that collide with those of other users. In Figure
3, we illustrate the density f(-) by plotting the estimated click-through probabilities for
more than 10,000 users randomly drawn from the real dataset.

Based on big-data scaling, we will analyze the rate at which the regret V,°77 — VI grows
as a function of the scaling parameter t. Here, ;T and V,°FT denote the expected total
reward of the ¢-th problem under algorithms II and OPT, respectively, conditional upon
the random user pools for problem t.

Note that as functions of the random user pools for the respective problems, {V/}
and {VOPT} are sequences of random variables. Thus, our bound on the regret will be a
probabilistic bound. More precisely, in Theorem 8 of Section 13, we will show that with

probability 1, the regret V.77 — V,B4 of the Reservation Algorithm is O(t'/*logt).
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12. TImplication on Smoothness of Big-Data Scaling

In this section, we show how big-data scaling leads to a smoothness property for the optimal

dual variables to (4). We will use this property to establish condition (14). This condition

will help us to prove our asymptotic bound on the regret of the Reservation Algorithm.
Let v be a vector of dual variables for problem (4). This vector v must satisfy several

conditions for it to be dual-optimal, as stated in the following lemma.

LEMMA 2. If v* is an optimal dual solution to (4), we must have
’y*EgE{"yERmZOS’y]’ST’j—Tl, ijl,?,,m}

Proof. First, the assumption ¢; = oo implies that v, = 0.
Second, the assumption p;; <p;1,Vj =2,...,m, implies that we always have v, <r; —r;.
This is because, according to (5), as long as 7; is greater than r; — 71, no user will ever be

assigned to message j because it is always better to assign users to message 1:
’}/jZT‘j—T‘1:>T] ’}/j<7”1:>p”( ’yj)<p217”1, VZ—l 2,.

In sum, the set of valid vectors of optimal dual variables ~ is included in the region G.

OJ

Now for each problem of size t, let ¢!(7) be a vector of capacity values for which v is a
vector of optimal dual variables to the problem (4) (with ¢ being replaced by ¢(y)). It is
easy to check that for any v € G, one such vector ¢'(y) can always be found by allocating
users to messages j = 2,3,...,m according to the rule (5), i.e.,

ci(7) = Y_pij1lj = argmax(r — ye)ply]
i=1

= me — )0 — (e — )Py =0V k=1,...,m], Vj=2,3,...,m.
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Note that we have ignored the events that (r; —;)p}; — (re — )Pl =0, i.e., a user can be
assigned to different messages without affecting dual feasibility, as these events occur with
probability 0 for a given 7.

Furthermore, we should set ¢} (y) = oo according to Assumption 1. Constructed in this
way, c'() is a random vector, as it is a function of p},..., p’.

As a main result in this section, we will prove that with probability 1, for all sufficiently
large t’s, the total expected number of clickthroughs, conditional on the random pool of
users, moved from one message to another is at least 1 when v changes to 3 or vice versa,

whenever v, 8 € G with ||y — B]|ec > t73/4.

THEOREM 7. There exists a finite positive random integer to such that, with probability

1, for all t >ty and for any vectors of dual variables v, € G with ||y — Bllec > t7/4,

m

> ldi(y) —i(B) > 1.

=2

The proof of Theorem 7 relies on a geometric analysis of the space P of user profiles.

Let us define in P the sub-polytope

A ={peP | (rj—v)p; — (re =)ok 20 Vk=1,...,m}.

Then for j =2,3,...,m, c(7) can be expressed equivalently as

() = D_pilpi € 4;(7)]

In other words, the capacity c§- () of message j is the sum of clickthrough probabilities
contributed by users whose profiles fall inside the polytope A;(7).

Consider two different vectors of dual variables v, 5 € G. If we change the dual variables
from ~ to (8, the users ¢ who were assigned to message j under v, but who are now moved

to other messages under 3, must satisfy

pi € A;(7) \ 4;(B).
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For problem t, the total expected number of clickthroughs, conditional on the random pool

of users, moved away from message j is

> pidlpl € AN\ A (B)): (22)
i=1
It is easy to check that the expectation (over all randomly drawn user profiles) of (22) is
E}:%HﬁG&WﬂAﬂ@]ZHEWHMGANﬂM%WMZHA(WMm%ﬁ-
i=1 ANOASEY]

The following lemma bounds the expected number of clickthroughs moved from one

message to another when ~ changes to .

LEMMA 3. Given any two different vectors of dual variables v,3 € G such that B < 7

for some index |, we must have

. 1 i
/ zidxr > ( no_.n > H " .
AL(\A1L(B) m+1\r—y n—7p —;

/r' .
j=2.4# 7

For each message j =2,3,...,m, Define a number of increments ”2 as

ni= =L,
Define a discretization of the real line in n} increments as follows. Let g%, = 0, and let
i1» - i, be such that gf, =g, +0.5t7%4 for k=1,2,...,n}.

Let e; denote the unit vector with the k-th element being one. Define regions S]t.k C

P,j=2,3,...,m,k=1,2,...,n;, in the user profile space as the difference between successive

polytopes A, (9}5’1@—169' ) and A, (Q}f-kej )-

Sgt'k = Al(gﬁkej) \ Al(g;kflej)'

The sets S}, which we call cells, j=1,...,m, k=1,...,n%, t=1,2,... are a way to divide
up the space of user profiles into countably many fixed regions.
The following lemma establishes that there is at least one cell S}, in the difference of

polytopes A;(v)\ A1(B), for any pair of vectors v and 3 in G such that v, > 8; +¢=3/4,
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LEMMA 4. Fiz t. For any two dual vectors v,B € G such that
N> Bt
for some 1 €{2,3,...,m}, there must exist some k € {1,2,...,n}} such that
Sk € A1(7) \ Av(B).

LEMMA 5. Let &, denote the event that

T1

max;—12...m

1Ly

S AT AES!
L A——
There exist constants C7 and t* such that

_ max;—19 ..m"j C tn
PE)<e  n J'(l )

for alll=2,...,m, t>t*, and k=1,...,nl.

13. Asymptotic Regret of the Reservation Algorithm

In this section we will bound the regret V,/¥ — V;#4 in a probabilistic sense, in the big-data

scaling regime.

Recall that we choose the reservation level for a system of size ¢ as (see (11))

A(t) EC-i\/c_j-logicj :C’-i \/E_j-logitéj.
=2 =2 =2 =2

(23)

Here, C' > 0 is fixed for all . Recall that m is constant for all system size ¢, but n =¢-n, and

cj=t-c;, Vj=1,2,..,m. For the instance of size ¢, let V;* denote the optimal objective

value of the linear program (3), and let ~*(¢) be a vector of its optimal dual variables

when the capacity vector is ¢; let V,%4 denote the expected total reward of the Reservation

Algorithm for size ¢ (conditional on the random pool of users); let §* be the noise defined

as in (12), and let O; denote the event that » 7", |07 < A(t).

THEOREM 8. Suppose that for each problem t, the reservation level used in RA is A(t).

Then the regret of RA is O(t'/*logt) with probability 1.
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14. Regret of the Static Algorithm
In this section, we analyze the regret of the Static Algorithm and compare it to that of
the Reservation Algorithm.

Under the Static Algorithm, the random number of clickthroughs that message j €

{1,2,...,m} receives has mean

n

bj = Z S:jpij S Cj (24)

=1

and standard deviation

oj = Z stpi (1= s5pi;) < /by < /G (25)
=1

Since o, is the size of noise in the random number of clickthroughs that message j
receives under this algorithm, we can expect that the regret of this algorithm grows as
O(o;) = O(,/5;) = O(V't). The following theorem shows that O(+v/f) is an upper bound on

the regret of the Static Algorithm. Later, we will further show that O(v/#) is a tight bound.
THEOREM 9. The regret of the Static Algorithm is O(v/t) almost surely.

Finally, we prove a lower bound on the performance of the Static Algorithm with respect

to V,IP. This result provides a worst-case lower bound on V74 — V/Static,

THEOREM 10. There exist problem instances in which almost surely,

VRA _ystatic — (\/7)
15. Numerical Studies
We test the performance of the Reservation Algorithm and the Static Algorithm by simu-
lating their total reward values using real data of clickthrough probabilities.
We use three different data-sets. Each data set contains a set of messages that were
sent to several hundred million users on a certain day in March 2016, and the estimated

clickthrough probabilities between all the users and messages for that day.
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We implement the algorithms on a distributed computing system using the MapReduce
framework. The linear program used in the algorithms is solved by smoothing the dual
problem (4) and then using a descent method. We refer the reader to Zhong et al. (2015)
for a similar distributed algorithm for solving an LP. Problem (6) in the second step of
the Reservation Algorithm is solved by using a binary search to find an appropriate ratio
w such that p;/p;; > w for every i € RI*.

The expected total reward for both algorithms are simulated based on clickthrough
probabilities provided by Alibaba. We vary the reservation level A used in the Reserva-
tion Algorithm over a range. For each test case, we report the relative regret of the two

algorithms as

VLP _ VRA

= VLP _ VStatic :

Note that since
VLP o VRA VOPT o VRA

VLP _V/Static = JJOPT _ |/ Static’
the ratios we report overestimate the actual regret of the Reservation Algorithm compared
to that of the Static Algorithm. That is, if compared against VOF7 instead of VP, the
actual performance of the Reservation Algorithm will be better than the results reported.
Figure 4 summarizes our test results. The actual performance of the Reservation Algorithm
highly depends on the types of products sent out on each day. Among the 3 test cases, our
Reservation Algorithm improves the total regret of the Static Algorithm by at least 10%
and as much as 50%. Thus, implementing the Reservation Algorithm is very promising in

improving the overall benefit earned from this mobile-based recommendation system.
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16. Appendix
Proof of Theorem 1.

Proof. Define

1, if II sends message j to user i,

1
Jij
0, otherwise.

Then, the objective value (2) becomes

Zw ZE 5 b, (26)

which is the same as the objective of the linear program (3) when E[J2""] is the decision
variable.

Taking expectation on both sides of (1), we get
Z E[IJ"T] <¢

= > B piy<c, Vi=1,2,..,m,
ieN

which is the first constraint of the linear program.

JQPT

Moreover, the model requires Z;”:l =1, which gives the second constraint of the

LP.

In sum, E[J7"]

satisfies all the constraints of the LP, and thus the optimal objective
value of the LP is an upper bound on (26). O
Proof of Proposition 1
Proof. Suppose there is a solution s* that violates the proposition, i.e., > ||si]lo >
n+m?2. Then there are more than m? users who are simultaneously routed to more than
. . o m o . .
one message according to s*. Since there are 9 < m* unique ways to choose unique

pairs of messages, there must exist two users i,/ € {1,2,...,n}, i # [, and two messages

Jk€{1,2,...,m}, j#k, such that sj; >0, s, >0, sj; >0, sj;, > 0.
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Let ~* be the vector of optimal dual variables to (4) that correspond to the capacity

constraints. According to (5), we must have

(r - iy = (T — Ye)pie = (11— 77)Pa = 1Pt

where the last step follows from the fact that ¢; = co and thus 77 =0 (see Lemma 2).

Similarly, we have

(7 - Do = (e —v0)pu = (11— 1)pi = r1pi-

Combining the above two equations, we have
(rj =7)pis - (rk = )Pk = (T — Vi )pir - (15 — V5 )pij

= (r; =) (rk — %) - Pispik = (16 — Vi) (15 = ;) - Pk
Then if pipij # pikpij, we must have (r; —~;)(ry — ;) = 0. Thus, either r; —~5 =0 or rj, —
v; =0, which implies mp;1 = r1pin =0. According to Assumption 1, this implies that p;; =
0= ||pi|[1 = 0. Therefore, we must have either 7, =0 or ||p;||; =0, which is a contradiction.
U
Proof of Lemma 1
Proof. Suppose there exists an s(8) such that s(6) = 2™ +y and y > 0. We can equiv-

alently write the constraints of (13) as
n
Z 8i5(0)pij < (¢ —6;)"
(1)
<:> Z yljpl] Z a:zj p’L]

=1

1
— Z YiiDij < (¢j —0; — Z argj)p” * (because y > 0)

i=1

<:>Zyijpij <(¢;—Dj)*.

=1



Author: Article Short Title
42 Article submitted to Management Science; manuscript no.

And

m

=1 j=1 j=1

Therefore, knowing that s(6) = z(!) +-y and y > 0, we can transform the problem of finding
y into the linear program (10). Thus, 2® must be at least as good as y, from which it
follows that () 4+ () is optimal for (13). O
Proof of Theorem 2

Proof. Fix §. We want to find the difference between VI¥ = VIP(0) and VLT (§) in
terms of the derivative of the function VL (-). It is known that the Lagrangian multiplier
7v;(c) is the marginal benefit of increasing the capacity c; of message j (Bertsimas and
Tsitsiklis 1997, p.155-156). Thus, for any u € R™ such that u < ¢, the derivative of V¥ (u)
with respect to u; is —v,(c —u).

Let ¢ be the capacity vector given in the model. Define a vector §¢) € R™ as

50) min(c¢;, 6;), for i <j,

i =

0, for i > j.
For each component j =1,2,...,m, we want to integrate the derivative of VL¥(.) from
¢; to (¢j — d;)" while keeping other components unchanged. This can be achieved by

integrating from vector ¢ — U~ to ¢ — 6U) for each component j, which can be written as

| min(c;,0;

J;
VEP(S VLP+Z/ —'yj (c—oU™b :z:ej)l(”
According to (14), we must have Vu € R™ such that u <,
vi(e—w) =@ < (lulli +m)y, ¥i=1,2,...m

This gives us that if §; <0 then
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—5; ‘

> [ 10~ (1897 4 ey 1+ )] d
O_Jj

ZA 5(0) = (6] +m)3] da

= 1051 [ (e) = (8]l +m)A].

And if 6; > 0 then

|min(e;,d;)]
/ —,(c— 86UV — ze;)
0

min(c;,0;

—7] (c—38U=Y — xe;)da

v

min(c;,0;

v

5(€) = ([I6]l +m)7] dz

= |
/mm €)= (1691 + gyl + m)7] do
/

in(c;,0;) [=;(¢) = (6]l +m)7]

> 85 [=;(c) = ([l +m)A1,

where the last inequality follows from the fact that v;(c) and ¥ are both non-negative.

In sum, we can write

[min(c; 65| | 5
L e 8 ) e > by )= 81161+ )
0

— V(s vw+§j_m — 165116 +m)7] = VAP = Ewn] = (13113 +melldl1)7-

Since E[§] =0, we then have
Vi —B[VE( Z (E[I6]17] +mE([8]l.])7
= (B[l[]15] +mE[||o]|:])7-

Using Jensen’s inequality, we can obtain E[|§;|] < /Var(d;). Thus,

E[[[6]]:] ZE[\5 I
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3

IA
<

ar((5 )

<.
Il
-

I
||[Vjs

1
Z ( )p’L] 1_’r7,])p’bj)

< \/_
Furthermore,
E512 = 3. S Ells6)

j=1 k=1
m m 1

<33 dmig
7=1 k=1
m m 1

= ZZgwar(éj) + Var(d))
j=1 k=1
7j=1 k=1

< m’n.

Combining the above inequalities, we get
VP —E[VET(8)] <m®(n+Vn)y.

U
Proof of Theorem 4.

Since the bound stated in the theorem is additive and linear in |c(vg,T') — é(vg, T)|, it
suffices to prove the case that the gap |c(vk,T) — ¢(vg, T)| is very small. Tt is easy to see
that when |c(vy,T) — é(vg, T)| is small enough, the network flow algorithms will perform
no more than one augmentation. Thus, we only focus on the case where the algorithms
perform only one augmentation.

For Case 1, recall that 0 < &(vy,T) < c¢(vg, T'). Suppose initially f is not optimal for G,
ie., f(ur,T) < f(vg, T). In other words, some users are originally assigned to message k,

but now have to move to other messages due to the decrease in the capacity.
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Suppose that the algorithm performs exactly one augmentation along a shortest path
from vy, to T'. Let 0; be the size of the augmenting flow that leaves node v;, Vv; € V. We
need to show that Vv; € V,

@g@%.
This is clearly true when j = k, as our model requires 7, > 1 (see Section 3. Note that the
theorem holds even if we allow 7, < ry, in which case changing the capacity of message k
will have no affect at all).

Suppose there is some [ # k such that 6, > Hk::—’;. Let u; be the user node preceding v; in
the augmenting path. Then the size of the augmenting flow passing through u; is 6;/p;.
Let P be the part of the augmenting path from vy, to u;. According to (18), we can obtain
the total length of P from the relative size of the augmenting flow at nodes v, and u;. The
total length of P is

Ok

log ———.
gez/pu

Consider the cycle P — v; — T — v, that returns to v,. This cycle must exist in the residual
network because the edges (u;,v;) and (vy,T) always have infinite capacity, and the edge

(T, vy) exists in G since f(vg,T") > 0. The total length of the cycle is

0
log 7—— + w(u;,v1) +w(vy, T) + w(T, vy)
01/ pi
0
=log —— —log p;s — log 1 + log ry
01/ pir
0 r pa
Op 14 .
<log 5 (by Assumption 1)
<0.

In other words, the cycle is a negative cycle. According to Theorem 3, this contradicts the

fact that f is optimal for G. Thus, we must have 0; < 0t for every v; € V.
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For Case 2, recall that &(vg,T) > c(vy,T). Suppose initially f = f is not optimal for
G. Recall that any negative cycle in the residual network G 7 must pass through (v, T).
Again suppose there is exactly one augmentation performed by the algorithm and let ¢,
be the size of the augmenting flow that leaves node v; € V. Similarly, we need to prove
that 6; < Qk:—’;, Vi =1,2,...,m. The case of j =k is again trivially true as we only consider
the case r, > ry.

Suppose there is some [ # k such that 6, > Qk’;—’;. Let u; be the user node following v; in
the augmenting cycle. Then the size of the augmenting flow that passes through wu; is 6;/p;.
Furthermore, the size of the augmenting flow that leaves T is 6;ry. Let P be the part of

the augmenting cycle from 7" to u,;. According to (18), we can obtain the total length of P

from the relative size of the augmenting flow at T" and wu;. The total length of P is

07y

log ——.
8 el/pil

Consider the new cycle P — v; — T which returns to 7'. This new cycle must exist in the
residual network because the edges (u;,v1) and (vy,7T") have infinity capacity. The total

length of the new cycle is

Orry
lo 4+ w(u;,v1) +w(vy, T
8 /om (ui,v1) +w(vy, T)
07
=log —logp;1 — logr;
ez/pu

] <9k Tk pil>
=log| — —-—].
0 r1 pa

Similar to the previous argument, this total length is negative, because 6, > Hk:—’l“ and
according to Assumption 1, p; < p;1. In other words, this new cycle is also a negative cycle.
However, this new cycle does not pass through edge (vy,T'), which forms a contradiction.

Thus, for Case 2 we also have 6, < 9’“%’ Vi=1,2,...m. [
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Proof of Theorem 5.

Starting with an optimal flow f for the unperturbed network, as defined by the optimal
solution s* to the LP (3), we apply the network-flow algorithms above to obtain an optimal
flow f for the perturbed network, as defined by the solution of (13). According to Lemma
1, it suffices to show that if >77", |d;]72 < A, we must have fug,v) > xgjl) for all u; € U
and v; € V.

By the definition (8) of 1), we must have s* > x(!) and thus initially f(u;,v;) > xl(Jl) for
all u; € U and v; € V. Note that for any edge (u;,v;), the only way to reduce its flow value
is to send an augmenting flow that passes (v;,u;) in the residual graph. We claim that

if 3375105172 <A, no augmenting flow will ever pass through any edge (vj,u;) such that

(1)

xS )'> 0. This claim implies that for any x;;” > 0, the flow value on (ui,v;) can only increase

during the network flow algorithm, which proves that eventually f(u;,v;) > f(u;,v;) > a:fjl)
1
for any z;;” > 0.
To see the claim, suppose that at some step during augmentation, the augmenting flow

passes through (v;,u;) for some v; € V and u; € U. The node following u; in the augmenting

flow must be another message node v, € V. The total length of v; — u; = vy, is

w(vj7 U’L) + w(uz‘, ’Uk) = logpz] _ logpzk; — log %
ik

Since the augmenting path or cycle has the shortest length, user ¢ must have the smallest
value of p;;/pi;x among all users [ such that (vj,u;) exists in the residual network right
before the augmentation is performed. Recall that in the Reservation algorithm, we defined
a set R7* of users [ who have the smallest values of the ratio p;;/pi. Therefore, if any user
in R7* has a flow going to v; right before the augmentation is performed, we must have

i € R’* and thus ZL‘S) = (0. When there is a tie in determining a user having the smallest
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ratio, we assume without loss of generality that the network-flow algorithms first chooses
for augmentation a user from the set R7*.

Initially, according to Step 2 of the Reservation algorithm, the total size of flow that
v; receives from the users in R/* according to the solution s* is at least A (or else all
users are in R/*). Then if 377, [9;]F <A, we know by Theorem 4 that the total amount
of augmenting flows leaving v; is no more than A. Thus, the flows that v; receives from
users in R7* can be reduced by at most A throughout the network flow algorithms, which
implies that at any augmentation step of the network flow algorithms, at least one user in
R* has a flow going to v;. Combined with the argument above, this proves the claim. [
Proof of Theorem 6.

Let D](-Q) be the number of clickthroughs that message j receives in the second cycle. The

total expected reward of the Reservation Algorithm is

r;E[min(c;, D; + Dj(?))]

NE

VRA —
1

.
I

r;E[0; + min(c; — ;, D; — 0, —I-Dj(-z))]

tnﬁs

1

.
Il

r;Elmin(c; —d;,D; — 0, + Dj(?))]

tnﬂs

1

<.
Il

r;Emin(c; — 6;, E[D,] + D{*))]

M-

1

<.
I

r; Elmin(c; — 95, ng)pw D )] (27)

'Fnﬁs

1

J
Here we interpret ¢; —d; as the perturbed capacity of message j, and > | xgjl)p” + D](?) as
the ‘actual’ number of clickthroughs that message j receives in both two cycles. In other

words, we view J as an exogenous noise that arises in the capacity values.
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According to Theorem 5, z(!) 4+ 2% is an optimal solution to the perturbed linear program
conditional on O. Then the expected objective value of the perturbed linear program can

be written as
E[V'7(0)] = E[V'"(8)|0]P(O) + E[V'F(8)|0]P(O)

§jrg§j D+ 2 )py|O1P(0) + E[VE (5)| 0] P(O)

m

Zn2<” ) )pylOIP(O) +n- max r;-P(O).  (28)

Here the last inequality follows from the fact that n-max;_; -

.....

the total reward value of any allocation.

Conditional on O, the constraint of the perturbed linear program gives

n

Y (@ + )y < (e = 8)T Vi =1,2,...,m.

i=1
This implies that, if >0 S)pw > 0, we must have c¢; > §;. On the other hand, if

Yoy S)pw =0, we must have D; =0 == 4, =0. In sum, conditional on the event O, we

always have ¢; > 9,, and thus

n

S @V +2®)py < -5, = 1,2, ..m. (29)

=1

Define
2 2
52 = p? Z% P

Combining (27) and (28), we get
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gE[er (ngl-)—kxg?))pij\O]P(O)—l—n- max ;- P(0O)

j=1  i=1 §=12,eim
- ZTJE min(c me Dij + D§2))|O]P((/))
j=1
S B () + o)y — min(e; — 85, 30+ DIOIP(O )+n_max r;P(0)
j=1 i=1 i=1 e
:erE[Z(xS) +$§]2-))pw min(c Z p” + (5 @) )|(’)]P((9) —l—njzllngaxmrjp(@),
j=1 i=1 e

where 55»2) = DJ(-2) -y EJ pij. We apply the identity a — min(b,a + ¢) < max(0,—c) for

any a < b to the above equation and continue to deduce that

. , - (1) (2) () Dy
ZITJE[E;( + ;) )pi; — min(c Z o+ 07 OIP(O) +n_max r;P(O)
j= i=
§erE[max(0, —53(-2))|O]P((”)) +n  max r;P(O) because of (29)
ji=12,...m
j=1
g;rjE[maX(O, (5](2))] —l—nj _max 7 P(0O)
<D rBla7 40 max rP(O). (30)

1

<.
Il

For any user i who satisfies ||s}|lo = 1, where s* is an optimal solution to the LP (3), we
must have either ||9c§1)||1 =1or ||IL'§2)||1 = 1. That is, we know for sure in which cycle this
user will receive a message. Then according to the condition Y ||si]lo < n+m? required
in Step 1 of the Reservation Algorithm, there are at most m? users i that satisfy ||s}|/o > 1.
This implies that at most m? users i have 0 < Hx?)Hl <1 (i.e., each of these users has
positive probabilities to both receive and not receive a message in the first cycle).

Let U® be the set of users who are sent messages in the second cycle. Then there are

at most m? users who have positive probabilities to be either in or not in U®. Thus,

E”(S Z:EU pl]
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22
§E[|D](-2) — Z ——pil] + E]| Z ” —p;; — Zm” pi;|] by the triangle inequality
icU®) “ ||1 zeU(Q) ||1
2
§E[|D](-2) - Z —2—pij|]+m?®  since at most m* users i have 0 < ||x§2)||1 <1
ZGU(Q) || ||1
[ 22 ?
< |E D? _ Z ——Dij +m? by Jensen’s inequality

J
\ L zGU(2) H Hl

) o 2 R
:\ E Z H H ——Di; | 1— Wpij +m?* by the variance of binary variables
licU® 1 z 1

S\ . wa Pij (1 _'TEJQ)p”>

+2m?  since at most m? users i have 0 < sz@)Hl <1

+ 2m?. (31)

§\ E wa Dij

By Theorem 5, conditional on O, > 7" ( —I—a:( ))pij and )" | s};pi; stand for the amount
of the capacity of message j allocated to users in the perturbed and original linear pro-
grams, respectively. In the generalized residual network, an increment in the expected
number of clickthroughs that message j receives corresponds to an augmenting flow that
passes through the edge (v;,T"). According to Theorem 4, the total increase in the expected
number of clickthroughs that message j receives due to the perturbation § must be no

more than 3", || . In other words, conditional on O,

n

B (@) + )i = sipis|0] < Z cm— <A Vi=1,2,..

i=1 i=1 k

SO IICERSE) SERIR SRS
i=1

:A+E§:%Mﬂue[J R'%)|0]

i=1 k=1,k#j
<A+ (m—1)(A+1)

=mA+m—1,
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where the last inequality follows from (9). From this, we can deduce that

B zpy] < B[ 2pi|01P(0) +nP(0)
=1 =1

<mA+m—1+nP(0).

Combining this result with (30) and (31), we can deduce that

E[VEP(5)] - Vi < irj [ E

< z; T [\/mA +m—14+nP(O)+ 2m2} + n _max r;P(O)
]:

< r; [VmA+3m2+nP(@) —l—\/nP(@)} :
j=1

O
Proof of Lemma 3.
Proof. We must have [ # 1 because 1 =~ =0.

Define a vector § € G to be 0; =;, Vj # 1, and 6, = ;. Next, we will prove the lemma

by showing
- . 1 e
/ aclde/ T1dr > ( no__n ) H n .
AL(7)\A1(8) A1(7)\A1(6) mAl\r—n mn=Bf) T
Any z € A;(6) must satisfy
1T > ZI?j(T’j — Hj), VJ = 2, 3, ., m
— 17 > .fl?j(?“j — ’}/j), VJ = 2, 3, e, m,
which implies that
A1(0) C Ai(7)- (32)

Furthermore, since v and 6 only differ by the I-th component, for any = € A;(7y) \ 41(0)
we must have

rr <x(r—0) =  xr<x(r—0),
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which implies that
A (7)\A1(0) € Ai(y) \ AL (B). (33)

Then (32) and (33) give us

/ .’131(1_133' 2/ xld_:;s

A1(M\AL(B) A1(M\A1(9)

/ .flfld-).fE —/ .fEld_).fE
A1(v) A1 (0)NA1(y)

/ .’Eld_.'}? — / .',Eld_ii
A1(v) A1(0)

Recall that

Aj(y)={peP | (rj—v)p;i — (e —Ww)pr =0 Vk=1,... ,m}

and v; = 0. Therefore, the above integrals can be expressed in closed form as

1 11_7‘1 1'1_7‘1 11_7‘1
/ r1dx :/ T / o dzo / o dzs | -« / e dz,, | dxq
A1() 0 0 0 0

1 m
:/ le i dﬁtl
0 =TT
1 m
m 1
= [ zV'dz;-
e I12
1 b T1
m+1j1;[2rj—”yj'
Thus,
g ]_ i 7“1 ]- e Tl
r1dx > —
/141(7)\141(/3) m+1j1_[27"j—7j m+1j1_[27“j—9j
_ 1 ( 1 ™ ) ﬁ T1
m+l\rn—m n=F5) 5T~
]

Proof of Lemma 4.
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Proof. Since ;> B;+t73/* and n} <

< 5511571, there must exist a k such that §; < Gira <

9in < -
For any = € A(gj.e1), by definition we have xyr; > x;(r; — g},) and xyr > x;r; for all

j#l,j=2,3,...,m, which gives

ziry > 2y (r— gg,) = 2i(ri— 1)

and

xyry > > xi(ry—) Vi#lLj=2,3,...,m.

This implies that x € A;(). It follows that A;(gj.er) C A1 (7).

Next, for any x € A;(gfper) N Ai(B), we must have x> ai(r — 1) > @i(r — g75_1)
and x17y > xyr; for all j #1, j =2,3,...,m. This implies x € A;(g;,_,e1). It follows that
Ai(giper) N A(B) € Ai(gp—e1)-

In sum, we conclude that A;(gjzer) \ A1(g/,_1e1) € Ai(y) \ A1(B).

U
Proof of Lemma 5.

Proof. Recall that

Sltk = Al(gltkel) \ Ay (g;k—lel)‘

Let v = g},e; and B = g}, _,e;. Note that

- 1 e
/ wode > ( .. n ) H (8
A1(7)\A1(B) m-+1\r— Vi r— /Bl i—0 Al T =5

(et 1
—2,j
N m—|—1( ’Vl+05t 3/4)]13ﬂ7"y i

O 57’1t 3/4 ﬁ ™
— v+ 0.5t~ 3/4) C—

,
j=2.4# 7

_m+1
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.1 ( 0.5¢3/4 ) ﬁ r

T m-+ 1 T+ O.5t_3/4 2 Ty —
1 0.5¢3/4

m-+1 \r; +0.5¢3/4

_ 1 1
Com+ 1\ 2634 +1
> Ct_3/4

v

for all t > t*, for some constant C' and t*. Above, the first inequality follows from Lemma
3; the second inequality from 8, =+, —0.5t=/4; the third inequality from 5, > 7, — rq; and
the fourth inequality from v; >r; —r; for all j > 1.

Next, using Chernoff’s bound, we have for all t > t*,

pP(— N ph1ph € Ai(y)\ Ai(B)] < 1)

max;— T
j=1,2,..m1j i=1

<ot (E[e*pﬁlltpfeAmw\Al(m]])"

Further, it is easy to check that for any z € [0, 1], we have e <1 — (1 — e !)z. Thus,

E[e PalliehONAON <E[1 — (1 — e pl1[pl € A1 (7) \ 41(8)]]
=1—(1—-e HE[p;1[p; € A1 (7) \ A1 (B)]]

=1-(1 —e—l)/ o f (Z)dx
A1(y)\A1(8)

<1—(1—eY) zydz
T N\ALB)

<1—(1—eh)fot 3

It follows that

r

Y Pl e A\ A(B)] < 1)

i=1

P(

max;—=12..mT7j

max;—192 . ..m"

<e AT (1= (1—e oy
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e T (1= (1—e ) for )

MAXj=1.2,....m 7] i\
—e (1 =%
$3/4

for C; =(1—e")fC and for t > t*.
O
Proof of Theorem 7.
Proof. We have shown in Theorem 4 that when v changes to (3, the expected number
of clickthroughs (22) (conditional on the random pool of users) leaving message j can be

bounded using the change in the capacity values as follows:

S phLpt e AN\ 4B <Y lek(y) - h(B)lre /.
i=1 k=2

Note that in the above bound we do not consider the change made to the capacity of
message 1, because message 1 has infinite capacity and thus any finite change made to this

capacity value has no impact on the assignment of users. The above bound leads to

1

ST ph LIl € A7)\ Ai(B)). (34)

i=1

m
() —ci(8)] >
> I —a@1= e —

Therefore, it suffices to show that with probability one,

T1

- Y phllph e Ai(y)\ Au(B)] > 1

max;— r;
j=1,2,..m 1y i—1

for all sufficiently large t and all v, 8 € G with v, > 3, +t~%/* for some index 1.
Based on Lemma 4, to prove the theorem, we just need to prove that there exists a finite
random number %, such that E;k holds for all t > ty, 7 =2,3,....,m, k=1,2, ,n§ By the

Borel-Cantelli Lemma, it suffices to show that

»p (mgﬂzz ML, %) < 00.
t=1



Author: Article Short Title

Article submitted to Management Science; manuscript no. 57
Indeed,
nt ‘
m J —_ m
POyl & ) = P(ﬂ 2ﬁk 1 & >

J
<1- H H P (Sjtk) (because the events £};’s are positively correlated)

j—2k71
_1—HH 1-P(E4))
=2 k=1
m " B .
<1—HH[1—6 B (1=t ] (by Lemma 5)
j=2k=1
<1— [1 e TRt (1-c t—3/4)t"} e

for an appropriately defined constant Cy. That the events 8tk s are positively correlated
can be explained by the fact that 5t,€ s are independent if the corresponding sets S;k do
not overlap. On the other hand, they contain a common set of profiles if they do overlap.

We can check that when ¢ — oo,

(1-Cit™ 3/4) o~ Crat'/ A +o(1)
) 3/4
max;—192 .., r B ] Cat
:>[1—e 1 (1—C’t3/4) ]
max;—12..mT7j Cot3/4
1<
T 0t iro(1)
max;—1,2,..., m"j _.,1/4 —,1/4
= exp <—02t3/4 ‘e 1 ettt o(e=C1m / ))
max;—1.2...., m7"j _.1/4 —,1/4
=1-Cyt**.e 1 e Gttt o(e~ 1t / )
) 3/4
max;j—19 r ¢ 2t
—1-|l—c¢ m (1—Cyt™3/%) ”]
j=1,2,..., m "
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This proves that

OJ
Proof of Theorem 8.
First, we claim that with probability 1, there exists a finite random integer ¢, such that
for all + > t,, condition (14) holds when 7 is set to be 4; =¢~3/* in the problem of size t.
Let ¢y be the random variable in Theorem 7. Suppose (14) does not hold for some ¢ > t,

i.e., with positive probability, for some t > t;y, we can find ¢, «, j, and k, such that

b(e) — e+ aeg)] > 1704

Then Theorem 7 implies that ||c — (c+ aeg)||1 > 1 = ||aeg||; > 1, which is a contradiction.
Therefore, (14) holds for ¢ > t, when ¥, = t~%/4. Tt follows that Theorem 2 holds with
probability 1 for ¢ > to. Let Uy = o(p, ph, ..., p!,) denote the random user pool for problem

t. Then the regret (15) of the algorithm becomes, for t > t,,

V-V <N Ty {\/mA(t) +3m® +nP (0| U;) + nP(@t|Ut)} +m?(n 4 /n)t =34,
j=1

Since
At)y=C"- f: \/fj-logitéj = O(Vtlogt),
— —

we have ] ]

i i/ mA(t) = O(tY*logt).

=1
Furthermore, J

m2(n+v/n)t=3/* = 0(t4).

Define

Var(6t|U;) = E[(65)*|U,] — (E[6t|UL))*
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as the variance of 0% given U, as input. According to the central limit theorem, when the
standard deviation of &% becomes large, ¢%/,/Var(0t|U;) approaches a standard normal

distribution. Furthermore, since

Var(8;U;) sz] z (1= pyx ” <Zp” ()<cj:Ejt,

we must have, according to the central limit theorem,

(\l/;>010gt’ ) O(P(|Z;| > Clogt))

for any constant C' > 0 and for a sequence Z;, Zs, Zs, ... of i.i.d. standard normal random

variables. It is easy to check that

P(|Z;| > Clogt) = / e " Pdg
Clogt

< —/ ——e_xQ/Qdm
V2T Clogt Clogt

_ 2 1 Cuenep
V2m Clogt

=o(1/t),
from which we can deduce that

1631
P > C'logt
<\/c]t ©8

105 vy ’ )
— P > 2Clogt|U, | =0(1/t
(22> Bcondui) =ot1/
|5t| i

T A S 51 7 i
—Clogt|U; | < P c—=>—=C'logt

e —\ S _
:>P<Z|5 |-+ (jg’?i(m\/g);rlC\/glogt’UJ =o(1/t).

=2

U):ouﬁ)

w):ouﬁ)

Then by choosing an appropriate value of C, we can easily obtain

(jmax @)Z “LCVtlogt = A(t),

=2,...,m
7j=2
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and hence,
P(OJU) =P(Y \5;% > A@)|U,) = o(1/t).
j=2

Thus, nP(O:|U;) = tnP(O|U;) = 0(1).J

In sum, V;*¥ — V;#4 = O(t'/*logt) with probability 1. This proves the theorem because
V.EP is an upper bound on VOFT. [0
Proof of Theorem 9.

We first focus on the analysis of a single problem of size ¢ and suppress ¢ in notation.
Fix the set of user profiles. Let V5% be the expected total reward of the static algorithm.

We have

VOPT o VSmtic < vLP . vStatic
n

r;[b; — E[min(c;, Z I{;tatic)]]

[
NE

=1 i=1
= ry[b; — E[min(c;, Y I5)]]
=2 i=1

n

r;E[max(b; — ¢j,b; — Z Igtatic)”

=1

[
NE

.
||
N

n

riE[max(0,b; — Y I5)]]

i=1

NE

<.
||
[\

n

riBllo; =Y L]

=1

I
,MS

I
[\

A
MS
=

3

.
||
N

<

TiVGj-

M-

[|
I\

J

In the asymptotic regime, since c¢; =1 - ¢;, we have almost surely,
m
‘GOPT_‘/tStatZCSZTj\/C—jzo(\/E).
j=2

O

Proof of Theorem 10.
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Proof. Again let U; denote the random user pool for problem t. Fix some message
j€42,3,...,m}. Conditional on Uy, let K; be the number of clickthroughs that message j
receives under the Static Algorithm.

Assume that p=0.5 in (21), i.e., all clickthrough probabilities are less than 0.5. Also
assume that the capacity of each message j > 2 is fully allocated to users by the linear
program (3) almost surely for all ¢. This condition can be ensured by having small capacities
for all messages j > 2. Then we have for all large ¢, E[K;|U;] = ¢;t. It is easy to see that we

must have, conditional upon the random user pools,
VAP — yStatic > p Blmax(0, ¢t — K,)|U] = r;E[max(0, E[K,] — K;)|Uj]

with probability 1 for each ¢. Furthermore, let Var(K;|U,) = E[K?|U,] — (E[K,;|U;])? denote

the variance of K; given input U;. We must have

VVar(K|U) = | Y sipi(1=sppis) = (| Y 551,05 = VE[K|UJ0.5 = /¢;10.5 = Q(V1).
=1 i=1

When ¢ is large, K;/+/Var(K;|U;) approaches a normal random variable with standard

deviation 1 almost surely. Thus, we must have almost surely

E[max (0, E[K;] — K,)|U] = Q(/Var(K|Uy)) = Q1)
— V;LP . ‘/I;Static — Q(\/?_f)

In the proof of Theorem 8, we have proved V;*¥ — V4 = o( /t). This leads to V4 —
V;Static — Q(\/i)

g



