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Abstract

We analyze the portfolio choice problem of investors who maximize rank-
dependent utility in a single-period complete market. We propose a new notion
of less risk taking: choosing optimal terminal wealth that pays off more in bad
states and less in good states of the economy. We prove that investors with
a less risk averse preference relation in general choose more risky terminal

wealth, receiving a risk premium in return for accepting conditional-zero-mean

*We thank Shigeo Kusuoka, Christoph Kuzmics, Peter Wakker, seminar participants at Oxford,
as well as conference participants at the 2014 Econometric Society European Meeting in Toulouse,
the 2014 INFORMS Annual Meeting in San Francisco, the 2014 SIAM Conference on Financial
Mathematics and Engineering in Chicago, the Fourth IMS Finance, Probability and Statistics
Workshop in Sydney, the Seventh International Symposium on Backward Stochastic Differential
Equations in Weihai, the 2014 International Conference on Portfolio Selection and Asset Pricing
in Kyoto, the 2014 CUHK Symposium in Financial Risk Management in Hong Kong, the 2014
Big Data and Quantitative Behavioral Finance Conference in Nanjing. He acknowledges financial
support from a start-up fund at Columbia University. Zhou acknowledges financial support from
a start-up fund at the University of Oxford, a research fund from the Oxford-Man Institute of

Quantitative Finance, and a research fund from East China Normal University.
fCorresponding Author. Department of Industrial Engineering and Operations Research,

Columbia University, Room 315, Mudd Building, 500 W. 120th Street, New York, NY 10027, US.

Email: xh2140Qcolumbia.edu. Telephone: +1-212-854-2936.
fMahidol University, College of Management, Bangkok, Thailand; Erasmus University Rotter-

dam, Erasmus School of Economics, Rotterdam, The Netherlands; Email: roy.kou@mahidol.ac.th.
$Mathematical Institute, The University of Oxford, Woodstock Road, OX2 6GG Oxford,

UK, and Oxford-Man Institute of Quantitative Finance, The University of Oxford; Email:

zhouxy@maths.ox.ac.uk.



noise (more risk). However, such general comparative static results do not
hold for portfolio weights, which we demonstrate with a counter-example in a

continuous-time model.
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1 Introduction

A fundamental economic question concerns the impact of risk attitude on risk taking
in portfolio selection. A well-known result by Arrow (1965) and Pratt (1964) shows
that in a simple, single-period market with one risk-free asset and one risky asset (a
stock), in which investors maximize expected utility (EU), more risk averse agents
will invest less in stocks.! In markets with multiple risky assets, or with dynamic
trading in continuous-time, however, this basic comparative statics result for the
amount of risky assets does not always hold (Dybvig and Wang, 2012, Liu, 2001,
2007). Nonetheless, Dybvig and Wang (2012) show that in complete markets less risk
averse EU agents do choose optimal portfolio payoffs that render more noisy payoft
distributions (higher risk) in return for higher expected returns (risk premia).

Given the large body of experimental evidence that is at odds with the stan-
dard EU framework, it is natural, and indeed important, to try to derive similar
results for non-expected utility models, such as rank-dependent utility and prospect
theory. In these models investors transform objective probabilities by means of a
weighting function, a mechanism that can explain individuals’ strong preference for
improbable large gains and distaste for improbable large losses. In this paper we
focus on rank-dependent utility (RDU), a model that can resolve the Allais paradox
frequently observed in laboratory experiments. Further, RDU can explain puzzling
investor behavior, such as poor diversification and low stock market participation
(Polkovnichenko, 2005).

Chew et al. (1987) show that a preference relation modeled by RDU is more risk
averse if and only if the utility function is more concave and the probability weight-

ing function is more convex. Further, these authors show that a more risk averse

'Here, the term “more risk averse” is in the classical sense; see the precise definition in Section
2.1.



RDU agent always invests less in the risky asset in a simple, one-period market with
one risk-free asset and one risky asset. Similar results are not, however, currently
available for a single-period complete market in which the RDU investor can trade a
continuum of Arrow-Debreu securities, a gap in the literature that we address in this
paper. Further, focusing on the most common implementation of the complete mar-
kets concept, we derive for the first time the optimal trading strategy of RDU agents
in a continuous-time Black-Scholes economy in which the investor can dynamically
trade one riskless asset and one risky stock.

We argue that in complete markets it is not useful nor suitable to define the
notion of “less risk taking” as simply investing less in the risky asset at any time
and at any wealth level. One reason is that in a general complete market with a
continuum of Arrow-Debreu securities, there are infinitely many “risky” contingent
claims investors can trade. Secondly, as we will show for the Black-Scholes market,
a more risk averse agent does not necessarily invest less in the stock at any time. In
this paper, we propose to use instead the notion of less risky terminal wealth: namely,
terminal wealth X is less risky than terminal wealth Y when X provides more payoft
in bad market states and less payoff in good market states, compared to Y.

Our primary result is that a more risk averse RDU agent will always choose a less
risky terminal wealth as defined above. This result is general, holding for any con-
tinuous distribution of the pricing kernel, any increasing and strictly concave utility
function, and any strictly increasing probability weighting function.

In literature, a related notion is proposed by Dybvig and Wang (2012): X;
decreasing-concave stochastically dominates X, if X, is distributed as X; + Z + ¢
where ¢ satisfying E[e|X + Z] = 0 represents additional risk and Z > 0 stands for

2 The authors then show that more risk averse investors with EU

a risk premium.
preferences choose decreasing-concave stochastic dominating payoffs. The notion of
decreasing-concave stochastic dominance and our notion of less risky payoffs are not
inclusive to each other: the former is distribution-based with risk premia involved
and the latter is scenario-based without concerning risk premia; see the detailed dis-
cussions in Section 3.2.3. That said, our second result is that a less risk averse RDU
agent indeed chooses a decreasing-concave stochastically dominated payoff. There-

fore, we generalize the results for EU provided in Dybvig and Wang (2012) to the

2Decreasing-concave stochastic dominance is atually a variant of the so-called monotone-concave
stochastic dominance proposed by Dybvig and Wang (2012); see detailed discussions in Section 3.2.2.



case of RDU. One should note that such an extension is nontrivial and of practi-
cal relevance, as Dybvig and Wang assume that all agents are risk averse, while the
probability weighting functions in our RDU framework allow for (locally) risk seeking
attitudes. Indeed, experimental studies have justified inverse-S-shaped probability
weighting functions, indicating risk seeking behavior; see for instance Tversky and
Kahneman (1992), Camerer and Ho (1994), Abdellaoui (2000), and Bleichrodt and
Pinto (2000). Thus, our results show that even when decision makers distort proba-
bilities and thus are locally risk seeking as found in practice, the wealth generated by
their investment strategies still displays a sensible trade-off between risk and return.

We then turn our attention to a special case of a single-period complete market
that is widely used in the finance literature: a continuous-time Black-Scholes market
in which investors can dynamically trade a risk-free asset and one risky stock following
a geometric Brownian motion. In this market we can consider the investor’s stock
holding at any time and any wealth level. For agents with EU preferences, Borell
(2007), Xia (2011) and Zariphopoulou and Kallblad (2014) all show that a more risk
averse agent always holds less stocks than a less risk averse agent at any given time and
any wealth level. For RDU agents, because of the inherent time-inconsistency due to
the presence of the probability weighting, we analyze pre-committed trading strategies
and provide closed-form solutions for an RDU agent’s optimal terminal wealth and
demand for stocks.® We then prove that the standard comparative statics result still
holds when comparing an EU agent with an RDU agent. However, we illustrate that
this result does not hold when both agents are genuine RDU agents. More precisely,
we provide a counter-example in which investor A’s preference relation (modeled by
RDU) is more risk averse than investor B’s preference relation, yet investor A holds
more stocks than B at some point in time.

In related work, Liu (2001, 2007) shows that if the risky asset’s dynamics are
changed to a stochastic volatility model, a more risk averse EU agent may temporarily
hold more stocks because of hedging demand. A similar counter-example for EU
agents who trade a risky bond and a locally risk-less asset is provided in Dybvig and
Wang (2012). We are the first to show that changing the objective function in the

Black-Scholes market from EU to RDU will also give rise to cases in which more risk

3The optimal strategy derived today at time 0 might not be optimal in the future if the agent
reconsiders his planning problem at time ¢t. We assume that the agent pre-commits by solving
his dynamic portfolio choice problem once, at time 0, and then implements the resulting optimal
dynamic trading strategy in the future (¢ > 0).



averse investors hold more stocks.

Hence, we learn that in complete markets with RDU agents general comparative
statics results hold for the portfolio payoffs at the end of the planning horizon, rather
than for the portfolio weights. The essential reason behind these results is that the
stock is merely a device that the investor uses to achieve his desired end wealth
profile while satisfying various constraints. Thus, as long as the preference measure is
a functional only of the terminal wealth, it is that wealth profile, rather than the stock
allocation, that is relevant to the investor’s risk appetite. Therefore, our new notion
of less risk taking and the existing notion of decreasing-concave monotone dominance,
which are based on payoffs, are more appropriate for comparing the portfolio choice
of RDU agents with different risk tastes.

The remainder of this paper is organized as follows: In Section 2 we review the
definition of more risk averse preferences and the RDU representation of a preference
relation. In Section 3 we introduce the portfolio choice problem of an RDU agent
in the single-period complete market and propose the notion of less risky terminal
wealth. We prove that a more risk averse agent chooses a less risky terminal wealth
profile, and we characterize the payoff distribution. In Section 4 we then derive closed-
form expressions for the terminal wealth and for the optimal amount of investment in
stocks for a pre-committing RDU agent in the Black-Scholes market. Thereafter, we
use examples to illustrate that a more risk averse RDU investor can hold more stocks
at some point in time, even though his wealth profile is less risky. Finally, Section 5

concludes the paper. Proofs are placed in the Appendix.

2 Risk Aversion and Rank-Dependent Utility

2.1 Law-Invariant Preference Relation and Risk Aversion

A preference relation = is a partial order on a set of random payoffs living on a
measurable space. Define ~ the equivalence relation associated with =, i.e., X ~
Y if and only if X > Y and Y > X. Suppose the measurable space is endowed
with a probability measure, then = is called law-invariant if any two random payoffs
sharing the same distribution are equivalent. A law-invariant preference relation can
be viewed as a relation on a set of distribution functions, and we will take this view

in the following analysis.



Recall the following definition from Machina (1982): Given a law-invariant pref-
erence relation =, a distribution F' differs from another distribution F™* by a simple
compensated spread with respect to = if F' ~ F* and there exists xg € R such that
F(z) > F*(x) for all z < zp and F'(z) < F*(z) for all # > . In particular, when = is
represented by expectation,? F is said to differ from F* by a simple mean-preserving
spread (Rothschild and Stiglitz, 1970) if F' differs from F* by a simple compensated
spread.

A law-invariant preference relation »=* is more risk averse than another one 3= if
F* »=* F for any distributions F' and F™ such that F' differs from F* by a simple
compensated spread with respect to »=. In particular, a law-invariant preference
relation »=* is risk averse if it dislikes simple mean-preserving spreads, i.e., F™* >=* F for
any distributions F' and F™* such that F' differs from F™* by a simple mean-preserving
spread; see Rothschild and Stiglitz (1970) and Machina (1982).

2.2 Rank-Dependent Utility

A mapping V from the set of random payoffs to real numbers is said to be a represen-
tation of »= if X =Y if and only if V(X) > V(Y), in which case V(X) is called the
preference value of X. Quiggin (1982) proposed the rank-dependent utility (RDU)
representation, which is a generalization of the expected utility (EU) representation
(Von Neumann and Morgenstern, 1947). In RDU, the preference value of any random

payoff X is defined as follows:

V(X):= /RU(:)s)d[l —w(l — Fx(x))]. (1)

Here, and hereafter, when a probability measure is given and understood, for any
random variable X we denote Fx as its cumulative distribution function (CDF).
Clearly, V' induces a law-invariant preference. The function U(-), which is increasing
and continuous in its domain,” is called a wtility function, and the function w, which
is an increasing mapping from the unit interval onto itself, is called a probability

weighting function.

“In that case, Fy(-) is preferred to Fy(-) if and only if [, #dF(z) > [, 2dF,(x) or, equivalently,
any random payoff X is preferred to another random payoff YV if and only if E(X) > E(Y).

SThroughout this paper, by an “increasing” function we mean a “non-decreasing” function,
namely f is increasing if f(x) > f(y) whenever x > y. We say f is “strictly increasing” if f(z) > f(y)
whenever x > y. Similar conventions are used for “decreasing” and “strictly decreasing” functions.



The following theorem in Chew et al. (1987) shows that a given RDU preference
relation denoted by Vj is more risk averse than another RDU preference relation V5
if and only if the utility function of the first agent is more concave (i.e., the utility
function U;(-) is a concave transformation of Us(-)) and the probability weighting
function of this same agent is more convex (i.e., the weighting function w;(-) is a

convex transformation of ws(+)):°

Theorem 1 Let V;(X) be the RDU preference relation with utility function U;(-) and
probability weighting function w;, i = 1,2, and assume that U;(+), i = 1,2 are strictly
increasing and continuous and that w;(-), i = 1,2 are strictly increasing, continuous
and differentiable on [0,1]. Then, the preference relation represented by Vi(-) is more
risk averse than the preference relation represented by Va(-) if and only if Ui(+) is a

concave transformation of Us(+) and wi(+) is a convex transformation of ws(+).

For a proof of this theorem, see Theorem 1 and Corollary 1 in Chew et al. (1987).”

3 Risk Aversion and Risk Taking in a Single-Period
Complete Market Portfolio Choice Model

3.1 Portfolio Selection Model

We consider a one-period market with 0 representing today and 7" > 0 representing
a future time, which will be referred to as the investor’s planning horizon. The set
of possible states of nature and the set of events at date 7" are (2, F), a measurable
space. A probability measure P is given in this measurable space. Any lower-bounded
F-measurable random variable X, which is regarded as a contingent claim and will be
realized at T', can be traded in the market today. Thus, this market is complete. There

is a strictly positive random variable £ serving as the pricing kernel that determines

6A function ¢(-) : R — RU {—o0} is a concave transformation of another function ¥(-) : R —
RU{—o0} if there exists a concave function h(-) : RU{—oc0} — RU{—00} such that h(—o0) = h(—00)
and ¢(-) = h(¥(+)). A function ¢(-) : R — RU{+o0} is a convez transformation of another function
P(-) : R = RU{+4o00} if — ¢() is more concave than —1)(-). For an equivalent characterization of
concave and convex transformation, see Appendix A in He et al. (2013).

"Note that Chew et al. (1987) use the representation [, U(z)dw(Fx (z)), where w(z) = 1 —
w(l — z) is the dual of w. Therefore, the statement in Chew et al. (1987, Theorem 1) that @, (-) is
a concave transformation of wsy(-) translates to the statement that wi(-) is a convex transformation
of wa(-).



the price of any contingent claim. More precisely, for any contingent claim X its
price today is given as E [£X].

A continuous-time complete market model can be regarded as a special case of the
one-period complete market; see Karatzas and Shreve (1998) for details. In particular,
the set of terminal payoffs that can be achieved in the Black-Scholes market can be
regarded as the tradeable contingent claims in the one-period complete market as
defined above. In that special case, the pricing kernel £ is a lognormally distributed
random variable.

We make the following assumption:

Assumption 1 Both F¢(-) and Fgl(-) are continuous and E[§] < +oo.

Consider an agent with initial capital xo > 0 at time 0 and a preference relation
represented by RDU with utility function U(-) and probability weighting function
w(+): i.e., the agent evaluates any random payoff X according to (1). Assuming

bankruptcy is not allowed, the agent faces the following portfolio choice problem:

Max — fp Uz)d[l —w(l = Fx(z))] @
Subject to E[(¢X] <z, X >0.

In other words, given the initial capital, the agent chooses the best contingent claim,
i.e., the best terminal wealth at 7', so as to maximize his RDU.

We make the following assumption regarding U(-) and w(-):

Assumption 2 U(-) is strictly increasing, strictly concave, continuously differen-
tiable on (0,400) and satisfies the Inada condition: U'(0+) = +oo,U'(+00) = 0.

w(-) is strictly increasing and continuous in [0, 1] with w(0) =0 and w(1) = 1.

Problem (2) has recently been studied extensively; see Carlier and Dana (2011),
He and Zhou (2014), and Xia and Zhou (2013). Here, we cite a general result provided
in Xia and Zhou (2013). To this end, we recall the definition of the concave and the

convex envelopes of a function:

Definition 1 Let C' be a convex set in R and let f(-) be a real-valued function on
C. The convex envelope of f(-) is defined as the greatest convex function g(-) on C'
such that g(x) < f(x),z € C. Similarly, the concave envelope of f(-) is defined as
the smallest concave function g(-) on C such that g(z) > f(x),z € C.

8



Theorem 2 Suppose Assumptions 1 and 2 hold. Then, the optimal solution to (2)

X = (U) 7 (M1 - w(Fe(€)) (3)

where N (-) is the concave envelope of

wH(1-2)
N(z) = — /0 Fo\(dt, =€ [0,1] (4)

and X\* > 0 is the number such that E[{X*] = xy.

Theorem 2 shows that the optimal terminal wealth X* is a decreasing function of
¢ because N(-) is concave and (U’)~'() is decreasing. In other words, the optimal

terminal payoff must be anti-comonotonic with respect to the pricing kernel.

3.2 Notions of Less Risk Taking
3.2.1 A new notion of less risk taking

Our goal is to study whether a more risk averse agent takes less risk with his optimal
portfolio. To this end, we need to define the meaning of “less risk-taking” in the
portfolio selection context. In a single-period market in which investors can only
trade one risk-free asset and one risky stock at time 0, one can naturally regard the
allocation to the risky stock as the measure of risk taken by the agent. Then, one can
study whether a more risk averse agent invests less in the stock in this single-period,
single-stock market. For instance, Chew et al. (1987) show that this is the case in the
RDU framework; see also Arrow (1965) and Pratt (1964) for this basic comparative
statics result for investors who maximize EU.

In the complete market considered here, the notion of “less risk-taking” is not
easy to define because agents can trade any contingent claim rather than only one

risky stock. We propose the following definition:

Definition 2 Let X and Y be two terminal payoffs, i.e., contingent claims. X is less
risky than Y if there exists an event A € F such that

sup X (w) < inf X(w), supY(w)< inf Y(w) (5)

wEA weN\A wEA weN\A



and almost surely,
X(w)>Y(w), we A, X(w)<Y(w), we A°:=Q\A. (6)

We observe from (5) that A represents the set of bad market scenarios and Q\ A
the set of good scenarios: X and Y have lower outcomes in bad market scenarios A
than in good market scenarios A°. As a result, (6) states that X has higher outcomes
than Y in bad market scenarios and lower outcomes than Y in good market scenarios.
In real life, people perceive a less risky asset as performing better when the market
goes down but performing worse when the market turns up. Thus, Definition 2 agrees
with the common perspective regarding a portfolio payoff being less or more risky:.

The notion of less risky payoffs defines a relation, which depends on the choice of
the event that represents bad market scenarios. In order for this relation to be well
defined, we must rule out the possibility that X is less risky than Y with respect to
an event A and yet Y is less risky than X with respect to another event B; namely
we need to show that the relation is antisymmetric. The following proposition serves

this purpose.

Proposition 1 Let X and Y be two terminal payoffs which do not dominate each
other, i.e., neither X >'Y almost surely and X > Y with positive probability, nor
X <Y almost surely and X <Y with positive probability. If X is less risky than Y
and Y s less risky than X, then X =Y almost surely.

To exclude arbitrage opportunities, any two terminal payoffs resulting from the
same initial wealth cannot dominate each other. Consequently, Proposition 1 shows
that the notion of less risky payoffs in Definition 2 is a well-defined relation among all
terminal payoffs resulting from the same initial wealth; that is, for any two terminal
payoffs, they are less risky to each other if and only if they are the same. Note that
this relation is not complete, that is, for some pair of payoffs one cannot tell which

one is less risky.® However, it is reasonable for this relation to be incomplete because

8This is not surprising because the notion of less risky payoffs in Definition 2 is strong in the
following sense: market scenarios are divided into only two sets—the set of good scenarios and the
set of bad—and payoff X is less risky than payoff Y if the former is larger in the bad scenarios and is
smaller in the good scenarios than the latter. One can weaken this notion by allowing intermediate
scenarios that are not considered when determining which of the two payoffs is less risky. Such
an extension can make the notion of less risky payoffs less incomplete as a relation, at the cost of
making it less intuitive.

10



it is likely in many occasions investors are unable to tell which of two given payoffs
is less risky.

Finally, note that the notion of less risky payoffs in Definition 2 is consistent with
the risky stock holding in the single-period single-stock market. Indeed, suppose the
total return rates of the risk-free asset and the risky stock are Ry and R, respectively,
and X = z0R; + 0*(R — Ry) and Y = zoR; + 6*(R — Ry) are the terminal wealths
corresponding to the dollar allocation 8* > 0 and o > 0, respectively. Then, it is not
difficult to show that X is less risky than Y if and only if #* < 6*, and the set of bad
market scenarios is A = {w | R(w) — Ry < 0}. Therefore, combined with the results
in Chew et al. (1987), we conclude that in the single-period single-stock market, a
more risk averse agent indeed chooses a less risky terminal payoff per Definition 2.

In general, we have the following result:

Proposition 2 Let X and Y be two terminal payoffs. Suppose there exist a random
variable Z and decreasing functions f(-) and g(-) such that X = f(Z) andY = g(Z).
If there exists zy such that f(z) < g(z),z < zo and f(z) > g(2),2z > 2o, then X is less
risky than Y .

Proposition 2 shows that when the payoffs X and Y are monotone functions of a
random variable (which represents the market condition), determining whether X is
less risky than Y boils down to investigating whether the two payoff functions have

the single-crossing property.

3.2.2 Decreasing-concave stochastic dominance

A related notion is proposed by Dybvig and Wang (2012): For any two random
variables Y] and Y5 with finite means, Y7 monotone-concave stochastically dominates
Y, if E[V(Y7)] > E[V(Y2)] for any concave increasing function V(). A sufficient and
necessary condition for this dominance is that Y3 is distributed as Y; — Z + € where
Z >0 and E[e|Y; — Z] = 0; see Dybvig and Wang (2012, Theorem 1).

In the same market setting as in Section 3.1, Dybvig and Wang (2012) show that
for two investors with EU preferences, the less risk averse investor’s optimal payoff
X is distributed as X7 + Z + ¢, where X7 is the optimal payoff of the more risk-
averse investor, Z > 0 and E[¢|X{ + Z] = 0. In other words, —X} monotone-concave
stochastically dominates —X3. This result suggests us the following notion of less

risk taking: X, decreasing-concave stochastically dominates X5 if X5 is distributed as

11



X1+ Z +e¢ for some Z > 0 and E[e|X; + Z] = 0, that is, if E[V(X;)] > E[V(X3)] for
any concave decreasing function V/(-).?

If one regards random noise ¢ as additional risk and Z as a risk premium, then X;
decreasing-concave stochastically dominates X5 if X5 bears more risk (¢) in return

for a risk premium (7). In this sense, X is less risky.

3.2.3 Comparison of the two notions

The notion of less risky payoffs in Definition 2 and the notion of decreasing-concave
stochastic dominance differ in the following aspects: First, a less risky payoff per
Definition 2 does not necessarily decreasing-concave stochastically dominate a more
risky payoff. For instance, consider a random variable R representing the excess
return of certain risky asset and assume that R can take both positive and negative
values to exclude arbitrage opportunities. Consider the following two wealth profiles:
X1 =Wy and Xy, = R+ W, where 6 > 0 stands for the dollar amount invested in the
risky asset and W, stands for initial wealth. Using our notion of less risk taking based
on payoffs, X is less risky whether E[R] is positive or negative. This result is intuitive
because a portfolio containing some risky asset is always more risky than a portfolio
that is fully invested in the risk-free asset. However, X; does not decreasing-concave
stochastically dominate Xy when E[R] < 0 (because —E[X;] < —E[X3]).

Second, the notion of less risky payoffs in Definition 2 is scenario-based while
the notion of decreasing-concave stochastic dominance is distribution-based. Indeed,
the inequality E[V(X;)] > E[V(X;)] that characterizes the latter notion depends
only on the distributions of X; and Xs5. Thus, even when X; decreasing-concave
stochastically dominates X5, it is not necessarily that X; is less risky than X5 in the
sense of Definition 2.

In conclusion, the notion of less risky payoffs and the notion of decreasing-concave
stochastic dominance do not encompass each other. We will therefore study whether

a more risk averse RDU agent “takes less risk” under both of these notions.

9Indeed, X, decreasing-concave stochastically dominates X5 if and only if —X; monotone-concave

stochastically dominates —Xs, i.e., E[V(=X;)] > E[V (—X3)] for any concave increasing function

V(). Define V(x) := V(—z), we immediately conclude that E[V(X;)] > E[V(X3)] for any concave
decreasing function V().

12



3.3 More Risk Aversion Leading to Less Risk Taking

Consider two agents whose preference relations are represented by RDU. The utility
and probability weighting functions of agent i are U;(+) and w;(-), respectively; i = 1, 2.
Denote by X the optimal payoff at time 7', i.e., the solution to portfolio choice
problem (2) for agent i. Next, we present the main result of the paper. To this end,

we introduce a notion of extended differentiability.

Definition 3 A function f(-), which maps an open set C' C R to R, is extendedly
differentiable in C' if

 flatd) - flx) . flz—0) - f(x)
l(gloq 5 = 161%1 5 € RU{+o0, —0c0}
for any z € C.

Theorem 3 Suppose Assumption 1 holds and that, for each i = 1,2, U;(-) and w;(-)
satisfy Assumption 2. In addition, assume that w;(-), i = 1,2, are extendedly dif-
ferentiable in (0,1). Let payoff X} be the optimal solution to portfolio choice prob-
lem (2) corresponding to (U;(+),w;(+)), i = 1,2. If there exists a concave function
H(:), which is continuously differentiable in the interior of its domain, such that
Uy(x) = H(Us(z)),z > 0 and a convex function T(-), which is continuously differen-
tiable in the interior of its domain, such that wy(z) = T(we(2)), z € [0, 1], then X7 is
less risky than X;.

According to Theorem 1, one agent with an RDU preference relation is more risk
averse than another agent with an RDU preference relation if and only if the utility
and probability weighting functions of the first agent are more concave and more
convex, respectively, than those of the second agent. Thus, Theorem 3 shows that in
the RDU framework a more risk averse agent will choose a less risky terminal wealth
in the single-period complete market. This result agrees with those obtained by Chew
et al. (1987) in the setting of a single-period incomplete market with one stock.

We have shown in Theorem 2 that RDU agents’ optimal payoffs must be decreasing
functions of the pricing kernel £. Further, we showed in the proof of Theorem 3 the
following single-crossing property: the payoff function of a more risk averse RDU
agent is flatter and only once crosses the payoff function of a less risk averse agent.

This property has been established by Dybvig and Wang (2012) when the agents

13



have EU preferences. Our RDU investors are markedly different from the strictly risk
averse EU agents in Dybvig and Wang (2012), as RDU agents may be locally risk
seeking because of the effect of probability weighting.

3.4 The Payoff Distribution of Less Risk Averse Investors

Dybvig and Wang (2012) show that the optimal payoff of a more risk averse EU
agent decreasing-concave stochastically dominates the optimal payoff of a less risk
averse EU agent: the latter payoff is distributed as the former payoff plus a zero-
conditional-mean noise representing risk and a nonnegative random variable providing
a risk premium. We now extend this result to the RDU case, where investors apply
probability weights and are not necessarily globally risk averse. Indeed, we have the

following theorem:

Theorem 4 Let the same assumptions as in Theorem 3 hold. Then, X5 is distributed
as X{ + Z + ¢, where Z > 0 and E[e|X{ + Z] = 0. Furthermore, if X{ # X}, then

neither Z or € can be zero.

Theorem 4 shows that a less risk averse RDU agent chooses a more risky payoff
distribution in the sense that a conditional-mean-zero noise ¢ is added to the payoff
of the less risk averse RDU agent. In return, the less risk averse agent receives the
risk premium Z. This result generalizes those obtained by Dybvig and Wang (2012)
in the EU setting. However, this generalization is nontrivial.

In the EU setting, it is assumed that the agents have concave utility functions and
thus are risk averse. Consequently, it is expected that if a less risk averse agent takes
more risk, he will be rewarded with a risk premium. In our RDU setting, although
the utility functions are still concave, the probability weighting functions are not
necessarily convex. It is known that an RDU agent is risk averse if and only if the
utility function is concave and the weighting function is convex (Chew et al., 1987,
Corollary 2). Thus, the RDU agents in our model are not necessarily risk averse.
Theorem 4 shows that even when the agents are not strictly risk averse, a less risk

averse agent still demands a risk premium when bearing more risk.
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4 Stock Holdings in the Black-Scholes Market

In this section we study the impact of risk aversion on stock holdings in the Black-
Scholes market, a dynamically complete market in which investors can trade one
risk-free asset and one risky stock continuously between time 0 and 1" and the price
of the stock follows a geometric Brownian motion. Previously, we showed that a more
risk averse RDU agent chooses less risky terminal wealth in any single-period complete
market. In the special case of a Black-Scholes market, we can consider in addition
whether a more risk averse agent also invests less in the risky stock at any time and
at any wealth level. In the EU case, an affirmative answer has been provided by
Borell (2007), Xia (2011) and Zariphopoulou and Kallblad (2014). However, counter-
examples in which this result does not hold exist for stock market processes with
stochastic volatility (Liu, 2001, 2007) and for a complete market in which a risky
bond is traded (Dybvig and Wang, 2012). It remains to be seen whether similar
comparative statics results hold for RDU agents in the Black-Scholes market.

This section first derives closed-form expressions for the optimal terminal wealth
and the corresponding (dynamic) amounts invested in stocks by RDU agents, who
pre-commit to implementing their optimal investment strategy derived at time O.
We then show that when comparing an RDU agent and an EU agent, the more risk
averse agent always holds less stock at any time and at any wealth level. Finally, we
show that such comparative statics result does not hold when comparing two genuine
RDU agents, as illustrated by an explicit example in which the pre-committing RDU
agent is more risk averse and thus has more risky terminal wealth, but nonetheless, at
some point in time, holds more stocks than a less risk averse RDU agent. In line with
similar counter-examples cited earlier, this example illustrates that stock holding does
not necessarily fully reflect risk preference. Indeed, our notion of risk taking and the
notion of decreasing-concave stochastic dominance, both based on payoffs, are more
natural because the agent’s utility is derived from his terminal wealth, rather than

from his dynamic portfolio.

4.1 Market

Consider the Black-Scholes market in which a risk-free asset and a risky asset are

traded. The risk-free asset has the constant interest rate r, and the price of the risky

15



asset follows the geometric Brownian motion
dS(t) = uS(t)dt + o S(t)dW (t),

where W (-) is a standard Brownian motion and we denote by {F;}+>0 the augmented
filtration generated by W (-).

We consider a portfolio choice problem faced at time 0 in this market by an
agent who is endowed with initial capital xy and trades the risk-free and risky assets
continuously with the objective of maximizing the RDU of his wealth at a given
terminal time 7. Denote by m(¢) the dollar amount invested in the risky asset at time
t. Then, the adapted process 7(t),t € [0,T], which we call portfolio, represents the
agent’s dynamic trading strategy, that is, 7(¢) stands for the dollar amount invested
in the risky asset at time t. The agent’s dynamic portfolio choice problem is then

formulated as

M;lX I u(@)d [—w(l = Fyx(r)(x))]
subject to dX (¢) = rX(t)dt +w(t) [(u — r)dt + cdW (t)], t € [0,T],  (7)
X(0) =z, X(¢) >0, Vt €[0,T7,

where Fy () is the CDF of X (T') viewed at time 0 and X (t) > 0,¢ € [0,77] is the
bankruptcy constraint.

Because of the nonlinear probability weighting function w(-), if the agent uses the
same RDU preference relation at future times to construct his optimal portfolio, the
issue of time inconsistency may arise: the optimal strategy planned today might not
be optimal in the future. Here, we assume that the agent only considers the portfolio
choice problem once, at time 0, i.e., problem (7), and the resulting optimal solution
is called a pre-commitment strategy and will be implemented in the future.!”

Because the standard Black-Scholes market is dynamically complete, meaning

that any contingent claim at time T' can be replicated by certain trading strategy, the

10Tn the literature, some researchers resolve the issue of time-inconsistency by considering the
so-called equilibrium, instead of optimal, strategies; see e.g., Ekeland and Lazrak (2006), Bjork et al.
(2014) and the references therein. However, pre-committed strategies are still important, since they
are frequently applied in practice, sometimes with the help of certain commitment devices. For
instance, Barberis (2012) finds that the pre-committed strategy of a casino gambler is a stop-loss
one (when the model parameters are within reasonable ranges). Many gamblers indeed follow this
strategy by applying some commitment measures, such as leaving ATM cards at home or bringing
little money to the casino; see Barberis (2012) for a full discussion.

16



dynamic portfolio choice problem faced by the agent can be translated into (2) with

2

§T)=e 2D, Z(t) = (r + %)t FRW(t), telo,T), (8)

3

where k := (u—r) /o is the market price of risk. Without loss of generality, we assume
k> 0.

4.2 Optimal Portfolio
To present the optimal portfolio, let us first recall the heat kernel:

! e_(x;y)Z s>0,z,yeR
\/% ) ) 7y *

H(s,z,y) =
In addition, define
h(z) = N'(1—w(l — Fzp(x), z€R

Because N (-) is strictly increasing and concave, h(-) is strictly positive and decreasing.
Denote h = infyer h(z) = lim,_, 1o h(x) and h = sup, g h(x) = lim,,_o h(z). To

avoid a trivial case, we assume that h < h.

Theorem 5 Let Assumption 2 hold. Assume that for each A > 0, there exist o €
[1,2) and C > 0 such that (U')"Y(Ah(x)) < C(1 +€l®™), 2 € R. Then,

(i) the optimal wealth process for (7) is X*(t) = u(t, Z(t), \*), where

2

u(t,z,\) = /Re_(y_z)(U')_l(Ah(y))H <H2(T —t),z+ (r+ %)(T — 1), y) dy

and X* > 0 is such that u(0,0, \*) = zg.

(ii) For each fixzed A\, u(-,-,\) € C*([0,T) x R); for each fized (t,z) € [0,T) x R,
u(t, z,-) is strictly decreasing; and for each fixred t € [0,T), A > 0, u(t,-, A) is

strictly increasing and

lim w(t,z,\) = e "WYY AR),  lim u(t,z,\) = e "TD(U)"H(\R).

Z——00 zZ—+00
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(i11) The optimal portfolio 7 (t) = w(t, X*(t)),0 <t < T, where

m(t,x) = (07 w)us (t, u™ (¢, 2, \¥), A%,

z € (eI THNR), e T TT(WU) T (N R)), t € [0,T). ®)

Here, u=1(t, z, \*) denotes the spatial inverse of u(t, z, \*), i.e., the inverse func-
tion of u(t, z, \*) with respect to z, and u,(t,z, \*) is the first-order derivative

of u(t, z, \*) with respect to z.

4.3 Comparing EU and RDU Stock Holdings in the Black-
Scholes Market

We show in the following theorem that, keeping the utility function fixed, a pre-
committing RDU investor with a concave probability weighting function always holds
more stocks than an EU investor. Similarly, a pre-committing RDU investor with a

convex probability weighting always holds less stocks than in the EU case.

Theorem 6 Suppose U(-) and w(-) satisfy Assumption 2 and there exists a > 0 such
that =U'(z)/U" (z) < a(14+z),x > 0. Assume inf,cg h(z) = 0 and sup,cp h(x) = +00
where h(z) = N'(1 — w(1 — Fyry(2))),x € R. Further, assume that h(-) is contin-
uously differentiable and strictly decreasing, and h'(x)/h(x) is bounded. Denote by
m(t,x), (t,z) € [0,T) x (0,00) the optimal portfolio of the agent with utility func-
tion U(+) and probability weighting function w(-). Denote by 7(t,z), (t,z) € [0,T) X
(0, +00) the optimal portfolio of the agent with the same utility U(-) and the identity
probability weighting function w(z) = z,z € [0,1]. Then, n(t,z) < 7(t,z),(t,z) €
[0,T) x (0,400) when w(-) is convez, and w(t,x) > 7(t,x), (t,z) € [0,T) x (0,400)

when w(-) is concave.

Let us comment on the technical conditions in Theorem 6. Note that h(-) is
always decreasing. The assumptions that inf,eg h(x) = 0, sup,cg h(z) = 400, h(-) is
strictly decreasing and that A/(+) is continuous are not essential. The assumption that
—U'(x)/U"(x) satisfies the linear growth condition, i.e., is bounded by a(1 + z), is
technically essential however, because it is needed to apply the comparison principle
of parabolic PDEs, as in Xia (2011). Note that the power utility function satisfies
this assumption. For the same reason, we need to assume that h'(z)/h(x) is bounded.

This assumption is satisfied by the following probability weighting function used by
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Jin and Zhou (2008) and by He and Zhou (2014):

ket OS5 G (01 (2) 4 a), 2 < Z,
w(z) = ( (2) ) - (10)

At ke%® (0 (2) — b)), 2> 7

where ®(-) is the CDF of a standard normal random variable and k and A are given

as

L —

1
b2

2
a2 >0andA:1—ke%7
6?(1) (_(b—l(g) + b) + €(a+b)(1)7 (z)+7(b (q)_l(z) + a)

respectively. Because

w'(z2) ) —weey 0<2<%

w'(z) B b
'(P~1(2))’

(11)

z<z<l1,

this weighting function is concave if a > 0,b < 0, is convex if a < 0,b > 0 and is
inverse-S shaped if a > 0,b > 0. A lengthy calculation shows that when b < VT
and a > —kVT,

Ce_<1+n:}f>x7 x S Zo,
h(z) =

Ce(_ :\j%)woe_(l_ﬁ)x

) x2$07

for some oy > 0 and C' > 0. Then, it follows that A'(z)/h(z) is bounded.
A consequence of Theorem 6 is that when comparing an RDU agent and an EU

agent, the more risk averse one always hold less stocks.

Corollary 1 Consider two agents with utility functions U;(+) and probability weight-
ing functions w;(+), i = 1,2 and assume one of the agents has EU preferences, i.e.,
one of w;(+)’s is the identity function. Fori = 1,2, suppose U;(-) and w;(-) satisfy As-
sumption 2 and there exist a; > 0 such that —=U/(x)/U/'(z) < a;(14x),2z > 0. Assume
infuep hi(x) = 0 and sup,cp hi(z) = +oo where hi(z) = NI(1 —w;(1 — Fyry(2))), x €
R. Further, assume that h;(-) is continuously differentiable and strictly decreasing,
and hi(x)/h;(z) is bounded. Denote by m;(t,x),(t,z) € [0,T) x (0,00) the optimal

portfolio of agent i, i = 1,2. If agent 1 is more risk averse than agent 2, then

19



m(t,z) < m(t,x), (t,x) € [0,T) x (0,00).

4.4 Counter-Example of a More Risk Averse Investor Hold-
ing More Stocks in the Black-Scholes Market

We have shown that when comparing an RDU agent with an EU one, the more risk
averse one always holds less stocks. Intriguingly, as we will demonstrate numerically
now, this comparative statics result does not extend to the case of two genuine RDU
agents.

Using the same market data as in Mehra and Prescott (1985) and He and Zhou
(2014), we set the mean return of the stock equal to = 7% per year, with volatility
o = 15.34% and risk-free rate r = 1%. Hence, the market price of risk is k = 0.391.
We assume the evaluation period T" of the investor (i.e., the planning horizon) to be
exactly one year. The log pricing kernel, In&, then, follows a normal distribution,
with mean —8.65% and standard deviation 39.11%.

We consider the power utility function U(z) = (z'7* —1)/(1 — ),z > 0, with
a > 0 as the relative risk aversion parameter. In the special case a = 1, the utility
function is defined as U(z) = In(x),z > 0. We choose the probability weighting
function to be a power function as well: w(z) = 27,z € [0,1] for v > 0. The special
case in which v = 1 corresponds to the case of no probability weighting, i.e., to one
in which RDU degenerates into the standard expected utility model. For 0 < v < 1,
the probability weighting function is concave, while it is convex for v > 1. It is easy
to see that w(-) becomes more convex when the parameter 7 becomes larger. A more
convex probability weighting function implies stronger underweighting of extremely
good outcomes and more overweighting of the worst outcomes, which amplifies risk
aversion.

In our numerical experiments we focus on the optimal portfolios at terminal time
T. If the optimal terminal wealth, as a function of Z(T), is strictly increasing and
differentiable, then, in a neighborhood of that wealth level, the optimal portfolio
is continuous in time ¢ when ¢ approaches T. As a result, the optimal portfolios
near the terminal time with different parameters will maintain the same order of
stock allocations at the terminal time. Further, if we find that one RDU agent has
strictly higher stock holdings at time 7" than another agent at some particular level

of wealth, then we can conclude that the first agent has higher stock holding than the
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second in a neighborhood of that wealth level and time. On the other hand, under
some technical conditions, if one RDU agent, at any wealth level, has lower stock
holding than another at time 7', then, using the comparison theorem from the theory
of parabolic partial differential equations, one can conclude that the first agent has
lower stock holding at any time; see for instance the example in Theorem 6. Thus,
in order to compare the stock holdings of two agents at any time, we only need to
compare the holdings at the terminal time 7.

We fix a = 2 and choose 7 to be 0.25, 0.5, 1, 1.5, or 2. Figure 1 shows that
optimal terminal wealth is a strictly decreasing function of the pricing kernel £(7)
when the probability weighting function is concave (y = 0.25, 0.5) and in the expected
utility case (7 = 1). However, when the probability weighting function is convex (y =
1.5, 2), the optimal wealth of the investor has a ceiling due to the underweighting of
very good states, which occur with low probability. Figure 2 shows the stock holding
at terminal time 7. Note in passing that in the expected utility case (y = 1) the
stock holding is a linear function of wealth going through the origin, a classical result
demonstrating that the fraction of wealth allocated to stocks is constant.

Comparing the case in which v = 1.5 and the case v = 2 in Figure 2, we find
that the stock holding is strictly lower in the first case than in the second case at a
range of wealth levels. Recall that the higher 7 is, the more risk averse the agent
is. This example therefore demonstrates that, in the RDU framework, a more risk
averse and pre-committed agent does not necessarily hold less stocks at any time and
at any wealth level, in contrast to the result obtained in the standard EU framework.
Moreover, because we have shown in Theorem 3 that a more risk averse agent chooses
less risky terminal wealth, this example also illustrates that the portfolio replicating
a less risky terminal wealth profile does not always necessarily consist of less stocks.

The observations we made in the previous numerical example are not specific
to the choice of power probability weighting functions. Indeed, we also considered
the probability weighting function (10). From (11), we can see that this weighting
function becomes more convex when a becomes smaller or when b becomes larger.
Using this probability weighting function, we also find that a more risk averse pre-
committed agent does not necessarily hold less stocks at any time or at any wealth
level.

A possible economic reason for the above seemingly counter-intuitive examples is

the time-inconsistency of the dynamic RDU portfolio choice problem, which arises due
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the Black-Scholes market. The relative risk aversion index is fixed at @« = 2. The
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to the presence of probability weighting. The replicating strategy of the “optimal”
terminal wealth, which is derived from a single-period portfolio choice problem, is
optimal only for ¢ = 0, and not optimal (in the traditional sense of “optimality”) for
any t > 0. Indeed, since the underlying problem is time inconsistent, there is simply
no trading strategy that is optimal for all ¢ > 0. One either has to resort to some
different notion of “optimality” (such as “equilibrium strategies”) or simply to pre-
committed strategies (which are widely adopted in practice). If we take the latter,
then the stock allocations after ¢ = 0 are obtained from pre-commitment rather than
from optimality, and a more risk averse agent may need to take riskier positions in
order to pre-commit.

Similar counter-examples, however, are also available for portfolio choice problems
in which time-inconsistency plays no role at all, see Liu (2001, 2007) and Dybvig and
Wang (2012). The standard comparative statics results, therefore, do not hold for
risky asset holdings, regardless of whether the problem concerned is time-consistent
or inconsistent. The key message is that, in complete markets, risky assets are simply
a means that investors use to achieve desired payoffs. Thus, in our view, the new
notion of less risk taking and the notion of decreasing-concave monotone dominance,
which are based on payoffs, are more appropriate for comparing the portfolio choice

of agents with different risk tastes.

5 Conclusion

In this paper we studied the optimal portfolio choice problem of an investor who
maximizes RDU in a single-period complete market. In particular, we studied whether
an investor with a more risk averse RDU preference ordering will always choose a less
risky investment strategy. For this purpose, we first introduced a new notion of
less risk taking for portfolio choice in single-period complete markets based on the
investor’s terminal wealth at planning horizon T". A less risky terminal wealth profile
returns more in bad market states and less in good states. We showed that our notion
of less risk taking is consistent with less stock holdings in a simple discrete-time one-
period market with one stock and one risk-free asset as in Chew et al. (1987).

Then, we proved that in a general single-period complete market with a continuum
of Arrow-Debreu securities, a more risk averse RDU agent will always choose a less

risky terminal wealth. Further, the payoff distribution of a less risk averse RDU agent
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differs from the distribution of a more risk averse agent by a risk premium and some
conditional-mean-zero noise. Hence, RDU agents trade off expected return and risk,
defined in terms of their terminal payoff distribution. Our result is general, holding for
any strictly concave utility function and any strictly increasing probability weighting
function, under mild technical conditions. We extended earlier results for globally risk
averse EU agents by Dybvig and Wang (2012) to a non-expected utility framework
that accommodates probability weighting and locally risk seeking behavior.

Our general result for optimal payoffs, however, does not necessarily imply that a
more risk averse RDU investor will hold less risky assets at all times and all wealth
levels. We investigated this issue in the continuous-time Black-Scholes market in
which the investor can dynamically trade one stock and a riskless asset. In this setting
we first derived a closed-form expression for the time 0 optimal investment strategy of
an RDU investor who pre-commits to implementing this strategy after time 0. Then,
we showed that between an EU investor and RDU investor, the more risk averse
one always holds less risky assets at any time and any wealth level. For two genuine
RDU agents, however, we illustrated by a numerical counter-example that a more risk
averse RDU investor may need to hold more stocks for a period of time to replicate
his less risky terminal wealth, compared to an investor who is less risk averse. We
argued that this phenomenon may arise from the inherent time-inconsistency of the
RDU portfolio selection problem in a dynamic setting. Other counter-examples are
available for standard portfolio choice problems with EU agents (Dybvig and Wang,
2012, Liu, 2001, 2007). The underlying issue is that, in complete markets, risky asset
holdings are merely a device to achieve desired payoffs, and general comparative

statics results hold only for these terminal payoffs.

Appendix A Some Results on Convex Envelopes

Recall the notion of extended differentiability defined in Section 3.3. For any function
f(-) on a convex set C, recall the definition of its convex envelope f(-) in Section 3.1.

It is well known that the convex envelope f(-) satisfies

f(l’) = mf{iazf(xz) | x; € C,Oéi Z O,Z = 1,...,m,ia,~ = l,iaixi = ZIZ'}
i=1 i=1 =1
(A.1)
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In the following, we need to use Lemma B.6 in Xia and Zhou (2013). For readers’

convenience, we reproduce this lemma here (with change of notations):

Lemma 1 Assume function f : [0,1] — R is continuous. Then, its convex envelop
f satisfies the following:

(i) f is continuous on [0,1];
(ii) f is affine on {x € [0,1] : f(z) < f(z)}; and
(iii) f(0) = £(0) and f(1) = f(1).

The following two lemmas introduce further properties of convex envelopes.

Lemma 2 Let f(-) be a continuous function on [0,1]. Denote f(-) as its convex

envelop. Then, the following are true:
(i) If () is strictly increasing, so is f(-).

(ii) If f(-) is extendedly differentiable on (0,1), then f() is continuously differen-
tiable in (0,1). In addition, for any z € (0,1) such that f(z) = f(2), f(-) is
differentiable at z and f'(z) = f'(z).

Proof We first prove statement (i). Recall that f is the convex envelope of f, so

A~

f(z) < f(2),z €10,1]. Fix any 0 < 21 < 25 < 1. Define

zi=suplz < zlf(2) = F(2)}, wii=inf{z 2 xlf(z) = f(2)}, i=12

From Lemma 1-(iii), we have f(0) = f(0) and f(1) = f(1); so 2; € [0, 2] and
y; € [z, 1] are well defined. Because both f and f are continuous due to Lemma
1-(i), we must have f(z;) = f(2;) and f(y;) = f(y;). Finally, by the definition of ;
and y;, we conclude that f(z) < f(z) for any z € (z;,1;). Furthermore, x; < y; if and
only if f(zl) < f(z;), in which case z; < z; < y;.

If x; = y;, i = 1,2, we have f(zl) = f(z1) < f(z) = f(ZQ), where the inequality
is the case because f is strictly increasing. If x; = y; and 25 < ys, we have z; =
y1 = 21 and f(zl) = f(z1). By the definition of z3, we must have z; < z,. Because
f(2) < f(2),z € (x2,12), Lemma 1-(ii) shows that f is affine on [z4,1,]. Because
f is strictly increasing, we have f(:zg) = f(z2) < f(y2) = f(yg), showing that f

25



is strictly increasing in [zg,ys]. Because z; < x5 < 2z < yo, we conclude that
f(z1) = f(z1) < flxa) = f(x3) < f(2). Using a similar argument, we can show
that f(zl) < f(zz) when 27 < y; and x9 = y,. Finally, we consider the case in
which z; < y;,7 = 1,2. Again, because f is strictly increasing and f is affine on
(21,9, we conelude that f(z1) < f(3) = f(yn) and f(z2) = f(z) < f(z). It
Y1 < o, we immediately conclude that f (z1) < f (z2). Otherwise, by the definition of
i, Yi,t = 1,2, we must have y; = ys, in which case ;1 < 21 < 29 < Yo and f is affine
on [1,ys]. Consequently, f is strictly increasing on [21, 1] and f(z1) < f(z2).

Next, we prove statement (ii). First, thanks to Lemma 1, the set {z € [0,1]|f(z) <
f(2)} does not contain {0,1} and is open. In addition, f(-) is affine on this set.
Consequently, f(-) is differentiable on this set. For any z € (0,1) with f(z) = f(2),

we have

A G L (6 N (Gt b (O N7

540 —0 540 -

Similarly, f'(24) < f/(z). Because +o0 > f'(24) > f'(z—) > —oo from the convexity
of f(-), we conclude that f'(2+) = f'(z2—) = f'(z) € R. Thus, both f(-) and f(-)
are differentiable at z. Consequently, f(-) is differentiable on (0,1). Because f(-) is

convex, it must be continuously differentiable on (0,1). O

Lemma 3 Let f(-) and g(-) be two strictly increasing and continuous functions on
[0,1] with extended differentiability on (0,1). Denote f(-) and §(-) as the convex
envelopes of f(-) and g(-), respectively. Suppose that there exist a strictly increas-
ing, continuous and convex function H(-) on [0, 1] with differentiability on (0,1) and

H(0) = 0 and H(1) = 1 such that f(2) = g(H(2)),z € [0,1]. Then, 9,&2)) is

increasing on (0, 1).

Proof From Lemmas 1 and 2, f(-) and §(-) are strictly increasing and continuous on
[0,1] and continuously differentiable on (0,1). Because of convexity, we must have
f(z) > 0,4/(z) >0,z € (0,1). Thus, the function % is well-defined on (0, 1).
Define Ay := {z € [0,1]|f(2) < f(2)} and Bf := [0,1]\\A;. Define A, and B,
similarly. Then, both By and B, are closed sets containing {0, 1} because of Lemma
1. Next, we show that Ay C H'A,. For any 2z € Ay, define zy := sup{z <

20|f(2) = f(2)} and yo = inf{z > z|f(z) = f(2)}. Again, by Lemma 1, we have
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zo < 20 < Yo, f(xo) = flxo) and f(yo) = f(yo). Thanks to Lemma 1-(ii), we have

A~

f(+) is affine on [zg, yo]; so

~ ~

Fleo) > fla) = LW IO 0y ) = L) = S(20)

Yo — To Yo — o

(20 — x0) + f(20).

Recalling that f(z) = g(H(2)), z € [0, 1], we have

o (20) = f(z0) > L =T 0]

_ Q(H(?JO)) - Q(H(SL’O)) (Zo _ !130) + g(H(Io))

(20 — @0) + f(0)

Yo — Zo
_ 9(H(y)) — g(H (o)) Hlw)-H()
~ H(yo) — H{(xo) (H(20) — H(xo))w + g(H (xp))
9(H(yo)) — g(H(x)) CHa i
= H(yo) — H(xo) (H(z0) — H(x0)) + g(H (x0)),

where the last inequality is due to the convexity of H(-). By the characterization of
convex envelop (A.1), H(z) € A,.
Finally, we show that for any 0 < z; < 29 < 1,

f’(z1) < f’(zz)
§(H(z1)) ~ 9'(H(z2))

Define y; := inf{z > 2 | g(H(2)) = g(H(2))} and 25 := sup{z < 2z | g(H(z)) =
g(H(z))}. By Lemma 1 and the continuity and strict monotonicity of H, we conclude
that y; € [z1, 1] and x5 € [0, 25| are well defined, §(H(z)) < g(H(z)) for z € [z1,41) U
(g, 22], y1 > 21 if and only if g(H(z1)) < g(H(21)), xa < 29 if and only if §(H (22)) <
9(H(22)), and §(H(y1)) = g(H(y1)), §(H (22)) = g(H(22)), i.e., y1, 70 € H™'By.

We first consider the case in which y; > z5. In this case, H(z1) < H(z) < H(y1)
and g(2) < g(2) for 2 € [H(z), H(y1)). By Lemma 1-(ii), g is affine on [H(z1), H (y1)],
yielding §'(H (z1)) = ' (H(2)). Because f(-) is convex, f'(-) is increasing. As a result,

f(

f/(zl) _ f( '
g'(H

§(H(=))  §(H

Zl) S
2

(22))

The case in which x5 < z; can be treated similarly.

ZQ)
zZ

(22))

Finally, we consider the case in which y; < 2z and z5 > 2;. Because §(H(z)) <
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g(H(2)) for z € [z1,y1) and g(H(x2)) = g(H(x2)), we must have y; < m, ie.,
0<2z <y <9 <29 <1. On the one hand, §'(H(z)) = ¢'(H(y1)) because g(-) is
affine on [H(z1), H(y1)]. As a result,

(=) _ F'(z) < F'(y1)
g(H(z)) 9(H(y)) — 9(H(y1))

where the inequality is due to the convexity of f (). For a similar reason, we have

o) o le)
F(H () = §(H ()

On the other hand, because Ay C H ' A, and y; € H~'B,, we conclude that y; € By.
As aresult, by Lemma 2-(ii), g(+) is differentiable at H (y;) with ¢'(H (y1)) = ¢'(H (1))
and f(-) is differentiable at y; with f/(y1) = f'(y1). Because f(y1) = g(H(y)), H(-
is differentiable on (0,1) and g¢(-) is differentiable at H(y;), we have f'(y1) = f'(y1) =
g (H(y1))H'(y1). For a similar reason, g(-) is differentiable at H(xs), §'(H (z2)) =
g'(H(xs)) and f'(x5) = f'(x2) = ¢'(H (x2))H'(23). Then, we have

g (Hy))H () _ f'y)
9'(H(y1)) 9'(H())’

f(ws) _ g/(H(wo))H'(w2)
9'(H(x2)) g'(H(x2))

= H'(zy) > H'(y1) =

and this completes the proof. [

Appendix B Proofs

Proof of Theorem 2 This is a direct consequence of Theorem 3.3 in Xia and Zhou
(2013). Note that we do not have consumption at time 0. In addition, the function
N(-), defined as in Eq. (3.10) in Xia and Zhou (2013), is the same as in (4). O

Proof of Proposition 1 Suppose X is less risky than Y when the event A represents
the bad market scenarios, but Y is less risky than X when the bad event is B. Because
X > Y on A almost surely (abbreviated as ‘a.s.”) and Y > X a.s. on B, we conclude
that X =Y a.s. on AN B. Using a similar argument, we can conclude that X =Y
a.s. on A°N B¢ Next, we first consider the case in which AN B¢ has zero probability.
In this case, because X < Y a.s. on A° we have X <Y a.s. on A°N B. Because
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ANB =Q/((ANB)U(A°N B°) U (A°N B)) has zero probability, we conclude that
X <Y as. Since X and Y do not dominate each other, it follows that X =Y a.s.
Similarly, when B N A° has zero probability, we also have X =Y a.s.

Finally, we consider the case in which both AN B¢ and BN A¢ have nonzero proba-
bility. Because sup,,c 4 X (w) < inf,c4c X (w), we have sup,,c gsnpe X (w) < infieaenp X (w).
On the other hand, since sup g X (w) < inf,epe X (w), we conclude that sup,,c gose X (w) <
inf,cpena X (w). As a result, we have

inf X(w)< sup X(w)< inf X(w)< sup X(w) < inf X(w),

wEANB® wEANDBC¢ wEASNB wEBNAc¢ weEBSNA

from which it follows that X is constant on (A N B¢) U (B N A°). Similarly, YV is
constant on (AN B°)U (BN A°). However, X > Y on A and X <Y on A° a.s., we
deduce X =Y on (AN B°)U (BN A®). Since we already showed that X =Y a.s. on
(AN B)U (A°N B°), we finally arrive at X =Y as. O

Proof of Proposition 2 Choose A = {w | Z(w) < 2y} and the conclusion follows

immediately. [

Proof of Theorem 3 By Theorem 2, we have, for each i = 1, 2,
X = (U) 7 (AN = wi(Fe(9))))

where N;(-) is the concave envelope of

w{l(l—z)
Ni(z) = — /0 Fo'(tdt, =€ [0,1]

and Af > 0 is the number such that E[§X[] = zo. It is clear that X/ is a function of
¢ and this function is decreasing because of the concavity of U;(-) and N(-).

To proceed, we first show that

A

N1 = wi (Fe(@))
Ny(1 = wa(Fe()))
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is a decreasing function, which is equivalent to showing that

N1 —wi(wy'(2) _ Nj(1-T(2))
Nj(1 - z) Nj(1 - z)

, O<z<xl1

is decreasing. Denote M;(z) := —N;(1 — z),z € [0,1] and M;(-) the convex envelop
of M;(+), i = 1,2. Then we have N;(z) = —M;(1 — z),z € [0,1]. As a result, we only

need to show that

is decreasing.

Denote p(z) := [,

continuous on [0, 1] and continuously differentiable in (0, 1) with ¢'(z) = Fg_l(z) >

Fs_l(t)dt, z € [0, 1]. By Assumption 1, ¢(-) is strictly increasing,

0,z € (0,1). On the other hand, because we assume that w;(-) is extendedly differ-
entiable in (0,1), so is w; !(+), i = 1,2. Noting M;(z) = —N;(1 — 2) = p(w; (2)),z €

7

[0,1], we conclude that M;(-) is strictly increasing and continuous on [0, 1] and is
extendedly differentiable in (0,1),7 =1, 2.

On the other hand, since wy(z) = T'(ws(2)), z € [0, 1], we have wi*(y) = wy (T~ (y)),
y € [0,1]. As a result,

Mi(T(2)) = p(wi (T(2))) = ¢(wy (TH(T(2)))) = Ma(2), =z €[0,1].

T(z

Now, applying Lemma 3 in Appendix A, we conclude that % is decreasing
2 z

N{(l—wl(Fé(x)

' . )
im0<z<l1;so N (1—w2(Fe(x)))

Next, from U;(z) = H(Us(x)),x > 0, it follows that U] (z) = H'(Us(x))Us(x), z >
0. Consequently,

is decreasing in x > 0.

\—1 o \—1 Yy
@70 =" () 1O

Denote

. NN = (Fe()) ) L — ()
o) = e e e Eayy O A (@)
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Then, X} = f;(£), where f;(z) := (U})~'(¢;()), i = 1,2. Note that f;(-) is decreasing
and continuous because N!(-) is continuous as a result of Lemma 2-(ii) in Appendix.
Because (U;)7!(-) is decreasing, to finish the proof, it suffices to show, in view of
Proposition 2, that there exists o such that i, (z) > o(z) Vo < o and ¢ (z) <
Yo(x) YV > 0.

Note that N/(z) > 0, z € (0,1) following Lemma 2; so ¢;(z) > 0. We have

(@) _ A M1 - wn(Fe(w)) ! .
Pa(@) A5 N1 — ws(Fe(w))) H(Ua((U7) T ATNT (1 — wi (Fe()))))

N1 (1w (Fe(x))
A R (Fe(@)))
H(-), Ui(-) and N;(-) are concave and Us(-), wi(-) and F¢(-) are increasing, we

have that H'(Uy((U}) " (NiN](1 — wy(Fe(x)))))) is increasing in z. Consequently,
1(x) /1o(x) is decreasing in z. Because of the initial budget constraint, we have
E[§(U3) 7 (11(€))] = EE(U5) 7 (¥2(8))]. Thus, neither ¢y (x)/¢(x) > 1 Vo € R nor
Yo(x) /1o(x) < 1 Va € R holds. However, 11 (z)/19(x) is decreasing in x; hence there
must exist zo such that ¥ (z)/1e(x) > 1 for x < zg and ¢y () /12(z) < 1 for x > zy.
This completes the proof. [

We have shown that is decreasing in . On the other hand, because

Proof of Theorem 4 We first show that E[X;] > E[X]] and that the inequality
becomes an equality if and only if X; = X5. By Theorem 2, X = f;(¢) where f;(-)
is a decreasing function, ¢ = 1,2. From the proof of Theorem 3, there exist xq > 0
such that fo(z) > fi(x) when x < xy and fo(x) < fi(x) when z > x,. Consequently,
(fa(x) — fi(x))(x — z) < 0 for any x, so we have

0> E[(fz(g) - fl(f))(f - 36’0)] = E[(X§ - Xik)(g - 36’0)]
= E[(X5] — E[€XT] — 2o (E[X;3] — E[X]]) = —2o(E[X3] — E[X{])

where the last equality is due to the initial budget constraint. As a result, E[X;] >
E[X7]. Noting that the only inequality in the above derivation becomes an equality
if and only if f5(€) — f1(§) = 0 almost surely, we conclude that E[X;] = E[X]] if and
only if X = XJ.

Next, following steps similar to those presented in Dybvig and Wang (2012), we
show that X is distributed as X{ + Z 4 €. To this end, we only need to show that
X7 decreasing-concave stochastically dominates X3, i.e., E[V(X7)] > E[V(X3)] for
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any decreasing concave function V(-). Fix any such function V(-). For any x in the
domain of V(+), let V'(z) be any selection from the sub-gradient of V() at x. Because
of concavity, V'(+) is decreasing. Recall that X = f;(€), ¢ = 1,2. For any = > xo,

V(f2(2)) = V(f(2)) < V'(fi(2))(fa(2) = fr(2)) < V' (fi(z0))(fo(2) = fi(2))

where the last inequality is valid because V'(-) is decreasing and fi(zg) > fi(x) >
fa(z) for x > xy. On the other hand, for any = < x,

V(fa(x)) =V (fi(2)) < V([i(2))(faoz) = fi(z)) < V(fi(xo)) (falz) — filz))

where the last inequality is due to V'(-) being decreasing and fi(zo) < fi(x) < fo(z)
for © < xg. Therefore, we have V(X3) =V (X7) < V'(f1(z0)) (X5 — X7) almost surely.
Consequently,

E[V(X3)] - E[V(X])] < V'(fi(z0) E[X; — X7] <0,

where the last inequality follows from the fact that E[X] < E[X;] and V(-) is de-
creasing.

Finally, if X7 # X, then E[X]] < E[X}]. Because E[X;] = E[XT] + E[Z], we
conclude that Z # 0. Next, we show that e # 0; otherwise, X strictly first-order
stochastically dominates X7 because Z > 0 and Z # 0. Because the utility function
Ui (+) and probability weighting function w(+) (of, say, agent 1) are strictly increasing,
X3 is strictly preferred to X7 by agent 1, which contradicts the optimality of X7. [

Proof of Thoerem 5 We first prove statement (i). According to Theorem 2, the

optimal terminal wealth

XH(T) = (U) 7 (VN (1 = wlF(€)) = (U) ' (R(Z(T))).

According to standard portfolio selection theory (Karatzas and Shreve, 1998), we

have
X*(t) = ZUE [e DX (T)|F], 0<t<T

Straightforward calculation shows that X*(t) = u(t, Z(t), A*). In particular, xy =
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X*(0) = u(0, Z(0), \*) = u(0,0, \*).

Statement (ii) can be checked directly using the dominance convergence theo-
rem and monotone convergence theorem and the assumption that (U’)"*(Ah(z)) are
properly bounded.

Finally, we prove statement (iii). Because X*(-) represents the wealth process

associated with the optimal portfolio 7*(-), we have the following wealth equation:
dX*(t) = rX*(t)dt + 7 (t) [(u — r)dt + ocdW (t)] .
On the other hand, applying It6 lemma to X*(¢) = u(t, Z(t), \*) yields
dX*(t) = a(t)dt + u,(t, Z(t), \*)kdW ()
for some process a(-). As a result, the optimal portfolio must be
7 (t) = (07 k)u.(t, Z(t), \*).
Consequently,

7 (t) = (7 R)uL(t, Z(t), \*) = (o7 k)us (t, u™(t, X*(t), A\*), \*) = 7(t, X*(t)),
tel0,7). O

Proof of Theorem 6 First, we derive some bound of (U’)~*(Ah(x)) in order to apply
Theorem 5.

Because h'/h is bounded and h(-) is strictly decreasing, there exist C' > 0 such
that —C < h/(x)/h(z) < 0,z € R. As a result, for any x < 0,

0
In(h(0)/h(z)) = / h'(u)/h(u)du > Cu,
which shows that h(z) < h(0)e~“*. Similarly, for any = > 0, we have h(z) >

h(0)e=¢®.
On the other hand, because —U’(x)/U" (z) < a(1+x) and lim,,o(U") "} (y) = +o0,
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we have

n-—1
. 1 _ L)) 2
Y

W)= U ((U)~Hy) = yU)y)

for sufficiently small y. Then, for sufficiently small y and y, such that y < yo, we

have

(U) " (y) = (U") " (yo) exp [In(U") " (y) — n(U") " (yo)]
1 Yo B 1 .
= (U)" (yo) exp [/y (U/)—l(x)U//((U/)—l(x))d
< @) e | [ 2]

T
= (U") " (wo)a"y "

Therefore, for any A > 0 and sufficiently large z,
(U") " (Ah(x)) < (U)THAR0)e™ ) < (U')Hyo)ya" (AR(0)) ~*0e~2eC%.
Now, we can apply Theorem 5 and obtain that, in the optimal portfolio,
7(t,x) = (o K)u (t, u™(t, 2, \*), ).
By the Feyman-Kac representation formula, u satisfies the following linear parabolic

partial differential equation (PDE):

(B.1)

e+ s + (5 )us —ru =0,
u(T, 2, \*) = (U)~ (\*h(2)) .

From u(t,u='(¢, z, \*), \*) = z, we obtain

J ot uT (E , A), ) o _ o
A GE AR v v e v L P G

w,(t, u=(t, , A*), \*)
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As a result,

m(t, x)
ok
Tt x)  waa(t,uT(E @A), A)
ol uu(tumi(t A, N
Tea(t,2) 1
ol uy(t,uml(t, 2, AF), AF)

B U (t, u™ (2, X)), A ug (B, u™t(E, @, AF), A¥)

- uzt(t,u_l(t,x, AT), A7) w, (E, u=t(t, 2, A*), A%) ’

Uy (t, u™(t, 2, AF), A*F)?
uy(t, u=t(t, z, A*), A\*)

5 Usss (B, u (8, 2, ), NF) —

From (B.1), we have

K2 K2 K2 K2
Uz = TU, — (7 + 7)uzz Ty Useey U =TUS (r+ ?)Uz — g U
Consequently,
2 2 2 2,2
m K K U, K KUy,
:Tuz_'r_'__uzz_—uzzz_——i_ T+_uzz+_
o1k ( 2 ) 2 . ( 2 ) 2 u,
2 2
ug, rUl,,
=Tru, — (uzzz ) -
2 U, U,
2
=ru N Tex u? —ru T
=ru, — — _
20k 7 o1k’

where the argument in 7, 7., 7., 1S (¢, 2) and the argument in w, us, Uy, Uy, sy, Usss
is (t,u™'(t,z,\*), \*). Recalling that 7 = (¢7'k)u,, we conclude that 7 satisfies the

following nonlinear parabolic PDE:

2

T+ %W%M +rem, —rm =0, x€(0,400),t€[0,T).

Next, we derive the boundary condition for 7. On the one hand, one can use the

dominance convergence theorem to show that

lim w,(t,z,A*) =0, lim wu(¢,z,\*) =0.

Z——00 Z—r—00

As a result, we have
lim 7 (¢, z) = 0.

z—0

On the other hand, because h(-) is continuously differentiable, 7 (¢, z) is continuous
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when ¢ goes to T'. Because

N (2)
Ur((U)~H(A*h(2)))’

uy (T, 2, \*) =

we obtain the following boundary condition:

wpr (=1 (U'(2)
0 (52)

(T, z) = (o K)u (T, u (T, 2, \*), \ i)
(i (5] 1 v
= (07'k) |- | z € (0,400).
e e

To summarize, 7(t,z),(t,z) € [0,7] x (0,+00) satisfies the following nonlinear
parabolic PDE:

T+ % C 2y 4 ram, — =0, (t,x) € [0,T) x (0, +00),

7(t,0) = 0, te[0,7), (B.2)
1% hfl Ul(f) U (2

(T, z) = (67k) {—M] [— ( )} , x € (0,+00).

I

When the probability weighting function w(-) is the identity function, i.e., when

w(z) = 2,z € [0,1], the corresponding h(-) is

h(z) = N'(1 — @(1 — Fyry(x))) = N'(Fyr(2),

where N (+) is the concave envelop of

B W (1-2) . 1-2 Rl et 1 Pl
N(Z) = —/ FS_ (t)dt = —/ e Tz dt = _/ e Tz g
0 0 z

Then, N'(z) = e_Fg(lT)(Z), which is a decreasing function. Consequently, N(-) is
concave and N(-) = N(-). As a result,

h(z) = N'(Fzr)(z)) =€, zeR.

Because h'(x)/h(z) = —1, we conclude that the portfolio 7, which is optimal to
an agent with utility function U(-) and identity probability weighting function w(-),

36



satisfies

¢+ %7? Tex +ram, —r7m =0, (t,z) €[0,T) x (0,400),
7(t,0) =0, t€0,7),
()= (07%) [-5S ], we(0,+0)

When w(+) is a concave, w(-) is a convex transformation of w(-). From the proof
of Theorem 3, we have that Jif’(l — @(Fe(x)))/N'(1 — w(Fe(z))) is decreasing in z.
On the other hand, F¢(z) = 1 — Fyy(—Inz). Thus, we conclude that h(z)/h(z) is
an increasing function in 2. This implies in turn that h(z)/h(x) is decreasing in z,

which, since h(z) = e™®, means that
h'(z)e” + h(x)e® <0,

whence we conclude that A'(z)/h(z) < —1,2 € R. Similarly, when w(-) is convex,
h(z)e® is increasing, so we can conclude that A'(z)/h(z) > —1,z € R. As a result,
when w(-) is concave, (T, z) > 7(T,x),z € (0,4+00). When w(-) is convex, 7(T, ) <
(T, z),z € (0, +00).

Define V'(-) through

V() _w(Tx) N
Vi(z) o lk = ¢ ){ U'(x)

ie.,

where
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Because 0 < —1/(y)/h(y) < C < 400, we have > 1/C. As a result, for x > xy,

(

[aw G )zve [ (o )@

= —1/C[In(U'(z)) — In(U’(x0))]-

Thus, for x > xg, we have
V/() < V' (o) (U (o))~ (U ().

For x < xg, we have

[z Cos) e[ o () o

As a result,
V() > V' (ao) (U ()~ (U ()€
Because lim, o U'(z) = 400, lim, 1. U'(x) = 0, we conclude that

lim V'(z) = 400, lim V'(z) =0.

z—0 r—+00
On the other hand, it is easy to check that V'(-) is strictly decreasing because ¢(z)
0,z > 0. Thus, V() satisfies Assumption 2. In addition, —“//,l,—((xw)) < C(— U,,(( )))
Ca(l+z),2>0.

Finally, when w(-) is concave, —

>
<

“//,/,((x)) > U,,((x x > 0. Because both V and U
satisfy Assumption 2.2 and the conditions in Definition 2.1 of Xia (2011), we can apply
Theorem 4.2 of Xia (2011) to conclude that 7(t,z) > 7 (¢, x), (t,z) € [0,T) x (0, 4+00).
Similarly, when w(-) is convex, we conclude that 7(t,z) < 7(t,z),(¢t,x) € [0,T) x

(0,+00). O

Proof of Corollary 1 Without loss of generality, we assume that agent 2 has EU

preferences, i.e., wy(x) = x. Consider another EU agent, say agent 3, with utility
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function U;(-) and denote his portfolio as ms(t,z). Because agent 1 is more risk
averse than agent 2, U;(+) is a concave transformation of Uy(-) and wy(-) is a convex
transformation of wy (). Clearly, wy(+) is convex since ws(x) = x. Thus, we can apply
Theorem 6 to conclude that m (¢, ) < m3(t, x), (t,x) € [0,T) x (0,00). On the other
hand, Xia (2011, Theorem 4.2) shows that m3(t, z) < m(t,z), (t,z) € [0,T) x (0, 00)
because both agents 2 and 3 have EU preferences with utility functions Us(-) and
Uiy (), respectively, and Ui(-) is a concave transformation of Uy(-). Therefore, we
conclude that m (t,z) < ma(t, x), (t,z) € [0,T) x (0,00). O
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