Optimal consumption in a growth model with the

Cobb-Douglas production function®

Hiroaki Morimoto* and Xun Yu Zhou™*

“Department of Mathematics, Graduate School of Science and Engineering,
Ehime University, Matsuyama 790-0826, Japan
“Mathematical Institute and Nomura Centre for Mathematical Finance,
University of Oxford,

24-29 St Giles’, Oxford OX1 3LB, UK
and
Department of System Engineering and Engineering Management,

The Chinese University of Hong Kong, Shatin, Hong Kong
Abstract

An optimal consumption problem is studied in a growth model for the
Cobb-Douglas production function in a finite horizon. The problem is trans-
fered into a stochastic Ramsey problem so as to reduce the dimension of

the state space. The corresponding state equation is a stochastic differential

*The second author is supported in part by a start-up fund at University of Oxford, and RGC

Earmarked Grants CUHK418605 and CUHK418606.



equation with inherently non-Lipschitz coefficients, whose unique solvability
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Jacobi-Bellman equation associated with the original problem is proved, and
a synthesis of the optimal consumption policy is presented in the feedback

form.
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1 Introduction

We deal with the economic growth model originated by R.C. Merton [7] for the Cobb-

Douglas production function in the finite horizon. Define the following quantities:

T = finite horizon,
y; = labour supply at time ¢ € [0, 7],
2z, = capital stock at time ¢t € [0, 7],
v = the constant rate of depreciation, v > 0,
¢z = consumption rate at time t € [0, 7], 0 < ¢(t) <1,
cizi/yr = the totality of consumption rate per person,
F(z,y) = the Cobb-Douglas production function 2%y~ 0 < a < 1,
producing the commodity for the capital stock z > 0 and the labour force y > 0,
n,o = nonzero constant coefficients,
U(c) = the utility function for the consumption rate ¢ > 0.
We assume that the labour supply y; and the capital stock z; are governed by the

stochastic differential equation

dy, = nydt + oy, dBy, yo =1y >0, (1.1)

L=Flz,y) —vay—ez, 0<t<T, zy=2z>0, (1.2)

on a complete probability space (£, F, P) carrying a standard Brownian motion

{B;}. Let ¢ = {¢;} be a consumption policies per capita such that

¢; is progressively measurable w.r.t. the filtration F;, = o(Bs, s < t),

0<e <1, 0<t<T, (1.3)

and we denote by A the class of all consumption policies {¢;} per capita.
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The purpose of this paper is to present a synthesis of optimal consumption policy

c* so as to maximize the the expected utilities:

J(e) = E /0 Ulcrze/ye) dt] (1.4)

per person with finite horizon T over the class A. The Hamilton-Jacobi-Bellman

(for short, HIB) equation associated with this problem is given by

1
Vi + 502.@2%@/ +nyVy +{F(zy) —v2}Ve + max{U(cz/y) —czVe} =0, 0< 8 < T,

V(T,z,y) =0, 2>0, y>0, (1.5)

where the subscripts denote the partial derivatives and the utility function Uf(c) is

assumed to have the following properties:

U € C[0,00) N C%*0,00), U"(c) <0 for ¢ >0,

U'(c0) =U(04) =0, U'(0+) = U(c0) = o0. (1.6)

The last two conditions constitute what is known as the Inada condition. Its eco-
nomic interpretation is that, while the utility is very small (respectively very large)
for a very small (respectively very large) consumption rate, the marginal utility
diminishes as the consumption rate becomes extremely large.

Under (1.6), by the uniform continuity of U near 0, we have that
Ve >0,3C. >0: [U(c) - U(0)| < Ccfc—¢[+¢ for ¢,¢> 0. (1.7)

The technical difficulty in solving the problem lies in the fact that the HJB
equation (1.5) is a parabolic PDE with two spatial variables y and z. The main
approach to be employed is to reduce the dimension by turning the problem into a

so-called Ramsey problem [7]. Through an analysis on the Ramsey problem together
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with the viscosity solution technique, we are able to show that (1.5) admits a smooth
solution V' and the optimal consumption policy ¢* can be represented in a feedback
form. A major technical hurdle to overcome is to prove the existence and uniqueness
of solutions to the state equation of the Ramsey problem, whose drift coefficient
is inherently non-Lipschitz. Moreover, we need to estimate the Hoélder order of
the solution in time. It should be noted that the stochastic Ramsey problem is
analytically studied in [5], nevertheless in the infinite time horizon. The resulting
HJB equation is an elliptic PDE, which is very different from the parabolic PDE
dealt with in the present paper. We also refer to [6] for the growth model with the
CES production function replacing F(z,y) of (1.2).

This paper is organized as follows. In sections 2 and 3, we reduce (1.5) to the
2-dimensional HJB equation associated with the stochastic Ramsey problem, and
we show the existence of viscosity solutions of the HJB equation. Sections 4 and
5 are respectively devoted to the C*-regularity and the concavity of the viscosity

solution. In section 6, we give a synthesis of the optimal consumption policy.

2 The Stochastic Ramsey Problem

We consider the HJB equation (1.5) and seek the solution V (¢, z,y) of (1.5) of the

form
V(t, z,y) =v(t,x), x=z/y. (2.1)

Clearly,

y% = — Vg, y‘/z = Vg, CUQVyy = JZ'QUIx + 2$Ux. (22)



Then, by (1.5), v(t, z) solves the HJB equation

1 ~
v (t, ) + 5023:21)m(t,x) + (2% — p)vg(t,z) + Uz, vg(t,z)) =0, 0 <t < T,(2.3)

v(T,z) =0, x>0,

where y1 = n + v — ¢? and

U(z,p) = max{U(cz) — cxp}, p€R. (2.4)

0<e<1
We observe that (2.3) is the HIB equation associated with the stochastic Ramsey

problem so as to maximize

() = /0 VR, (2.5)
over the class A, subject to
dR; = (R} — uR; — ¢ Ry)dt — o RdB;, 0<t<T, (2.6)
Ry=x>0.

The above SDE does not satisfy the Lipschitz condition as normally required for
the existence and uniqueness. Moreover, we need to estimate the dependence of the
solution, if any, on the time and the initial state. We solve these problem by an ad

hoc technique.

Proposition 2.1 For each ¢ € A, there exists a unique positive solution {R;} =

{R?} of (2.6), which satisfies

E[sup R?] < C(1+ %), (2.7)
0<t<T
E[|R, —RJ] <C(+z)r—s"? 0<s<r<T, (2.8)

E[|R* — RY| < Clz —y|" *(1+2*+y*), z,y>0, 0<s<T, (29)

where the constant C' > 0 depends only on o, T, p, 0.
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Proof. By It6’s formula

dRI™ = (1—a)R;"{(R{ — uRy — ¢,R,)dt — o R,dB,}

1
+§02(1 —a)(—a)R;* ' RIdt.

Hence, setting 2, = R} ~®, we have

1
dry, = (1—a){1—(u+c+ Qaza)xt}dt — (1 —a)oxdB; (2.10)

1
= 1—-a)fl— (e + §a2a)xt}dt — 24(1 — a)(udt + 0dBy), 9= 1"

By linearity, (2.10) admits a unique solution {z,;}. Also, we apply the comparison

theorem to (2.10) and
_ L 5 _ _
Az, = (1 —a){—(n+c + 50 Q)T fdt — (1 — a)oZdB;,  To = xp.

Then

v

¢ 1
= zoexp{(l —a)(—put — / csds — 5020425)
0

(1 - a)oB, - %(1 — )22} > 0.
Thus, we obtain a positive solution {R;} of (2.6). Let {Z;} be the solution of
diy = —34(1 — a)(pdt + 0dBy), o = xo.
Setting H; = z;/#; and @ = 0%(1 — a)a/2, we have

1 1
dHt = (1 — C(){‘%— — (Ct -+ —O'QC()Ht}dt
t

2
1—
< jta—aHt)dt, Hy=1.




Therefore

as

¢
2y < T 1+ (1 — a)/ ¢ ds},
0

T

which yields (2.7).

(2.12)

Now, let 3 = 1/(1 —«) > 1 and M, = exp{—(1 — a)o B, — 3(1 — a)?c?t}. By

(2.12) and Doob’s maximal inequality, we have

E[suwp z/] < C(1+zjE[sup M/])
0<t<T 0<t<T
< Ol +af(52) B

< C'(1+ua),

(2.13)

where the constant C” > 0 depends only on «, T, i, 0. Hence, by (2.10), (2.13) and

the moment inequality for martingales, we get
Bllo. -} < 2(El [ 0= a1 s et potapmart]
+E]| /r(1 — a)axtdBtyﬁ]>
C(E[( / (L4 a2)dt) ] — )2 + B / ' xfdt)ﬂﬂ])

< C'(l—i-x)]r—s]ﬁﬂ, 0<s<r<T.

IA

Since

|2 — 47| = I/ pto7lat] < Blo =yl + [y177h), @y =0,
Yy

we observe by Holder’s inequality that
E[|R, — RJ|] = E[lz] - ]]]
< BE[lw, — DB, | 4 ||
< PO +a)lr —s|PA)YAERVEY sup |z,
0<t<T

< C(1+x)|r—s|V?
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which implies (2.8).
Next, we set 7, = (RY)!=*. Then, by (2.10)
L,
dlxg—r) =1 —a)(—p—c¢ — 50 a)(xy —ry)dt — (1 — a)o(zy — r)dBy,
or equivalently

y 1 1
Ty—Tg = (xo—ro)exp{(l—oz)(—,ut—/ Ctdt—50'2048>—(1—04)0’35—5(1—04)20'28}.
0

Hence

El|lzs —r.]°] < Clag — rol®.

By Holder’s inequality, we deduce

E(|R - Rl = B[] —7]|
< BBl — 1o DYOB(|as| 7 [P ETI I

< C’SL’O — 7’0‘(1 +$a + ya),

which implies (2.9).

3 Viscosity solutions

We study the viscosity solution v of the HJB equation (2.3), i.e.,

1 -
vy + 502932219” + (2% — px)v, + U(z,v,) =0 in @Q:=[0,7) x (0,00), (3.1)

o(T,z) =0, x>0. (3.2)

Definition 3.1 Let v € C([0,T] x (0,00)) satisfy (3.2). Then v is called a viscosity

solution of (3.1) if the following assertions are satisfied:

1 ~
a—|—§02x2X—|—(xa—;w)/\—l—U(x,/\) >0, V(a,\X)eP* (s, x), V(sz)€Q,



1 -
a+502x2X+(x°‘—ux)/\+U(x,>\) <0, VY(a,\X)e€ P> v(s,x), V(s,x)€Q,

where P** and P>~ are the second parabolic superdifferentials and subdifferentials

[1] defined by

P> tu(s,r) = {(a,\,X) €R?:
. v(t,y) —v(s, @) —alt —s) — Ay —2) — 3X(y — 2)*
lim sup 5
(t)eQ—(5.2) [t = sl + |y — 2]
P> u(s,r) = {(a,\,X)€R?:
v(t,y) — (s, z) —alt —s) — My —x) — 3X(y — 2)*

<0},

lim inf : > 0}.
(t)EQ—(52) |t = sl + |y — x|
Define
T
v(s, ) = sup E[/ U(aXy) dt], (3.3)
ceA s
where {X;} is the solution of (2.6) for ¢t € (s,T] with X = z, that is,
dXt = (Xfé — MXt - CtXt)dt - O'XtdBt, s<t S T, XS =T > O, (34)

and the supremum is taken over all systems (2, F, P, {F};{B:}, {c:}). We choose
by > 0 such that x® — uxr < b;. Taking sufficiently large by > by, we observe that

C(t,z) := etz + by) fulfils

G+ %0%% + (2% = pr)C + U2, G) < T 0o + (¢ — pa)} + Uz, e
< el (=by+b1) +Uo (U) e (3.5)

< —bo +b1 +Uo (U/)71<1) < O, (t,.i[) S [O,T) X (O, OO)
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Lemma 3.2 We assume (1.6). Then the following assertions are valid:

0 <w(s,z) <{(s, ). (3.6)
For any € > 0, there exists C. > 0 such that
[o(s,2) = v(r,y)| < C{ls —r|"P(L+ 2 +y) + o —yl} +e(1 + 2 +y),

x, y>0, 0<r<s<T. (3.7)
Proof. By It6’s formula and (3.5), we have

0 < ((T,XT)
= ((sa)+ / (G0 X0+ 1(X0)" — uX, — aX)Ca(t, X))

- %JQXECm(t,Xt)}dt— / o X, (. (t, X,)dB, (3.8)

S

T T
< C(s,x)—/ U(ctXt)dt—/ o X' 'dB,, a.s.

By (2.7), we note that {f; o X,e "dB,} is a martingale. Therefore, we deduce (3.6).
Now, by (3.3), we have

(s, ) —v(r )| < supEll [ UlcX,)dt— / U(eYy)dt| (3.9)
ceA s r

T
< supE[/ U (e Xt) — UlerYr)|dt] +supE/ U(cYy)dt]
ceA s ceA

Ji + Ja,

where {Y;} denotes the solution of (3.4) with Y, = y. By (2.9) and Young’s inequal-

ity, choosing a suitable constant > 0 for any ¢’ > 0, we note that

11—«

5 (o
= Colz—y[+'1+z+y).

BEllX, -Yi] < ¢{ Y[ g (1 4 2 4 y)He)
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Also, by (2.7)

ElXy] <C(+u2).

Hence, by (1.7)

T
Jo< swE( [ {CIX -]+ <Y
ceA 0

< CT{Culz—y|l+1+x+y)}+eT.
By the same calculation as (3.8), taking into account (2.7) and (2.8), we get

J2 < E[g(nn)_C(S?YS)]
< E[I¢(r,Yy) = ¢(r, Yo) ] + ElI¢(r, Ys) = ((s,Y5)]]
< HE[Y, = Y.[] + Blls — r[[Y; + bo[}

< Cls—r|"*1 +y).
Therefore, we deduce (3.7).

Theorem 3.3 We assume (1.6). Then the value function v of (3.3) is a viscosity

solution of (3.1).

Proof. By Lemma 3.2, we see that v € C([0,7] x (0,00)), and by (3.3), v(T,z) = 0.
According to [2], the viscosity property of v follows from the dynamic programming

principle for v, that is,

v(s, ) = ilelEE[/T U(eXy)dt +v(r, X;)], V(s,z)€[0,T) x (0,00) (3.10)

for any 7 € [s,T'), where the supremum is taken over all systems (Q, F, P, {F;:}; { B:}, {c:}).
T
Let © be the right-hand side of (3.10) and we set Ji,,)(c) = E[/ U(c Xy)dt].

For each ¢ = {¢;} € A, let X, = X and B, = By, — B,. Then we have

dXt = (Xfé - [LXt - EtXt)dt - O'Xtdét, t e (O,T - 7'], X() = XT,
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where ¢ = {¢,} is the shifted process of ¢ by 7, i.e., & = ¢y-. By (3.4), we see that
T T—1 5
Bl / Ui X)) dt| F] = E| / U(EX)dtF,] = Jox(c),  as.
T 0

with respect to the conditional probability measure P(:|F;). Hence

Jism)(c) = E[/T Ule Xy)dt +/ Ul Xy)dt]

IA

E[/T Ul Xy)dt +v(r, X;)].

Taking the supremum, we deduce v < v.
Conversely, let {S;: 7 =1,...,n+ 1} be a sequence of disjoint subsets of (0, c0)
such that

diam(S;) < 6, ,Glsj:(o,R) and S,y = [R, o)
=

for 6, R > 0 chosen later. For any € > 0, we take x; € S; and cY) € A such that
o(r,25) — € < Jray(c9), j=1,...,n+1. (3.11)

By the same argument as (3.7), we note that

| Jr.a) () = T (©)| + [v(7, 2) —0(7,y)| < Celz —y] +Z(1+x+y), z,y >0, ceA

for some constant C. > 0. We choose 0 < § < 1 such that C.d < €/2. Then, we

have
| Jira) (D) = Ty (D) + [o(7,2) = v(7, )| S e(1+2), x,y€S;,
from which

J(T’XT)<C(j)) > J(T,xj)<c(j)) — 8(1 + XT) if X, e Sj, 7=1,...,n.
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J(T,Xr)<c(j)) = J(T,Xr)(c(j)) - J(‘r,xj)(c(j)) + J(T’mj)(c(j))

(Y

—e(1+X,)+o(r,z;) —¢ (3.12)

v

—2e(14+X,)+o(r, X;)—e if X,e€8;, j=1,...,n
By definition, we find ¢ € A such that
v(s,x) —e < E[/ U Xy)dt +v(r, X;)].

As in the proof of Theorem IV-1.1 [3], we can take c,c) on the same probability

space. Define
T =clpen+ N paeny i X, €8, j=1,....n+1.
It is easy to see that {c]} belongs to A. Let {X]} be the solution of
dX] = [(X])* = uX] —c; X]|dt —oX]dB;, s<t<T, X]=x>0.

Clearly, X7 = X; a.s. if s <t < 7. Further, for each j = 1,...,n+ 1, we have on

{X- €55}
XTT:XT+/[(XtT)a—,uXtT—ctTXtT]dt—/ oX/dB,, T<r<T, a.s.

Hence X7 = X9 for all ¢ € [7,T] a.s. on {X, € S;}, where {Xt(j)} denotes the

solution of
dX? = (X — uxV = P xNdt —oxPVdB,, T<t<T, XY =X,
Thus, we get
T
Jexo) = BL[ UCIXDdR)
= E| / U x9at| 7. (3.13)
= Joxy(c) as on {X, €S}
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Next, taking into account (3.6) and (2.7), we choose R > 0 such that

sup E[o(1, X)1(x.>r)] < supe’ E[(X; +bo)l{x, >r)]
ceA ceA
el
sup —FE[X: + by X,] (3.14)
ceA R
T

E{(l +b)C(1+2%) + b} < e.

IA

IN

By (3.11)-(3.14) and (2.7), we have

Bl Uixpd) = EIEL[ UX7)d R

= ElJix)(c)]
n+1

= ED_ Jrxo(@)1ixes)]
j=1

v

E[Z{U(T, X:)) = 3e(1+ X;)Hx,es,3]

El{v(1, X)) — (1, X )1ix,5m }] — 3¢ B[l + X

A%

A%

Elv(r, X,)] —e —3e{2+ C(1 +2*)}.
Thus

v(s,x) > E[/T U(ctTXtT)dt+/T U(ci X[ )dt]

v

E[/T U(erX)dt + v(r, X.)] — 422 + C(1 + 22))

v

v(s, ) —e —4e{2 4+ C(1 + 2?)}.

Therefore, letting ¢ — 0, we obtain v < v. The proof is complete.

4 Classical solutions

In this section, we study the classical solutions of the HJB equation (3.1) with the

terminal condition (3.2). First, for any interval [{;, &] with & > 0, we consider the
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parabolic equation

1 -
Uy + 502x2um + (2% — px)uy + Uz, u,) =0, 0<t<T, & <x<&, (4.1)

with the (parabolic) boundary condition

wT,z)=v(T,z) =0, z¢€l[&,&), (4.2)

u(t, &) =v(t, &), u(t, &) =v(t,&), tel0,T). (4.3)

Theorem 4.1 Let u; € C([0,T] x [&1,&)]),i = 1,2, be two viscosity solutions of

(4.1)-(4.3). Then, under (1.6), we have uy = us.

Proof. It is sufficient to show that u; < uy. Suppose there exists (to, o) € [0,7) x (&1, &2)

such that uy(tg, zg) — ua(to, xo) > 0. Then we find n > 0 such that

1
0= sup {Ul(t, fE) - u2(t7 iU) - 277_} > 0.
(t,)e(0,T) % (£1,€2) t

By boundedness, we have
1 : .
uy(t, ) — us(t, ) — 27}; —  —oo, uniformlyinazast|0. (4.4)
Thus, by (4.2) and (4.3), there exists (¢,Z) € (0,T) x (&,&2) such that
0= ul(t_a j) - u?(ﬂ ‘f) — 2.
Define

k 1
Ui(t, 2, y) = wi(t,x) —ua(tyy) — Slo = yl? — 2=

for k > 0. By (4.2) and (4.4), there exists (tg, zr, yx) € (0,T) X [&1, &]? such that

\Ijk(tkuxkayk) = sup \I/k(t,l’,y) Z qjk(ﬂ‘f?j) =0, (45)
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from which

k 1
§|l"k —yl? < gty z) — ua(te, yr) — 2?75-

Thus

|y —ye] — 0 as k — oc. (4.6)
By the definition of (¢, zx, yx), we have
W (te, Ths ) > Wilte, Tr, 1)
Hence, by uniform continuity
k :
§|$k —yl” < us(te, zg) — ua(te,y) — 0 as k — ooc. (4.7)
By (4.6), (4.5) and (4.3), extracting a subsequence, we have

te =t €(0,T), (zp,y%) — (,7) € (&,&)* as k— oo.

Now, we may consider that (¢, z, yx) € (0,T) x (&1, )% Applying Ishii’s lemma

[1, Thm. 8.3] to
k 2
\I]k<t7xay) = wl(tax) - w?(tay) - §|£L’ - y| ’
we obtain a,b € R and X,Y € R such that

(CL, k([Ek — yk),X) - 752’+w1(tk,xk),

(b, k(zk — yr),Y) € P> wa(ts, yr), (4.8)
X 0 1 -1

a—b=0, < 3k ,
0 -Y -1 1

where wy (t, ) = uy(t,z) —n/t and wa(t,y) = ua(t,y) + n/t. From the definition of

P2V (tg, ), P ua(ty, yx), it follows that

P> uy(t, ) = {(a,\, X) +1(—-,0,0) : (@, A, X) € P> w (t,2)},

2
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P2 uy(t, ) = {(a, A, X) — n(—,0,0) : (4, ), X) € P> wy(t, )}

Hence

_ 1 _
(@, A1, X) = (a,k(xr —yr), X) + n(t_anao) € P> huy (ty, o),
K

_ _ —1 _
<b7 /\27Y) = (bu k(xk - yk),Y) - 77<t_27 070) S P2’_u2(tk7yk)‘
k

By Definition 3.1
1 - .
a+ 502$iX + (l’% — /mck))\l + U(.Tk, )\1) > O,

1 _ N
b+ iozin + (yr — pye) A2 + U(yr, A2) < 0.

Putting these inequalities together, we get

1
t

IN

1 _ _
m 5aQ(xiX —uY )+ {(xf — pri) M — (Y — pye) Ao}

+ Uk, M) = Ulye, X))

]1+[2+[3, say.

By (4.8) and (4.7), it is clear that

2

2
11:%(x2X—y,3Y)§%3k|xk—yk|2 — 0 as k— oc.

Since x® is Lipschitz on [£;, &), we see by (4.7) that
Iy = k{(zg — i) — plow —ye) o —ye) — 0 as k — oo
By (1.7), (4.6) and (4.7), we have

I; < Imax \U(cxr) — Uleyr)| + |zpA — yrAa
< Celoy =yl + € + klae — yel?

— 0 as k— oo and e — 0.
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Consequently, we deduce

1 1
QUﬁ < 2775—2 <0,

which is a contradiction.

Theorem 4.2 We assume (1.6). Then there exists a solution v € CY*([0,T) X

(0,00)) N C([0,T] x (0,00)) of (3.1), (3.2).
Proof. By (1.6), we have

U(0) < U'(c)(—c) + Ule), Ve 0.
Then for any & > 0,

Co:= sup cU'(c) <U(&) < .

0<c<&1

Hence, for x1, 29 € [£1,&] where & > &,
/ Co
|U(cxq) — Ulcxa)| < cU'(ckr)|xr — xo| < §—|x1 — x|, 0<c< 1.
1

Thus, for p;,ps € R

\U(21,p1) — U(xo, p2)| < 01203}1 \U(cz1) — Ulcxs)| + |v1p1 — w2p2]

C
< (?10 + pi )21 — o] + Elpr — pol.

According to [4], by uniform ellipticity, there exists a unique solution u € C([0,T] x
(€1, &) NCH2([0,T) x (&1, &)) of (4.1)-(4.3). Clearly, v is a viscosity solution of (4.1)-
(4.3). By Theorem 4.1, we have v = v and v is smooth. Since &, &, are arbitrary,

we obtain the assertion.

Corollary 4.3 We make the assumption of Theorem 4.2. Then there exists a solu-

tion V€ C2([0,T) x (0,00)?) of (1.5).
Proof. The proof follows from Theorem 4.2 and (2.1).
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5 Concavity

In this section, we study the concavity of the solution v to (3.1), (3.2).

Theorem 5.1 We assume (1.6). Then v(s,x) is concave in x € (0,00) for each

s € [0,T]. In addition, we have
ve(s,2) >0 for x>0. (5.1)

Proof. Let z; > 0,5 = 1,2, and 0 < § < 1. For any € > 0, there exists ¢ € A
such that

T . o
(s, z;) — € < E[/ U x™at),

S

where {Xt(i)} denotes the solution of (3.4) corresponding to ¢ with X{” = z; on

the same probability space. We set

0 XY 4+ (1-0) P XxP
€= ® @)
ox"Y + (1-60)X]

9

which belongs to A. Define {X;} and {X,} by

dXt = [(Xt)a — /LXt - Et)_(t]dt - O'XtdBt, s<t S T, XS = ‘9:131 + (1 - 9):1}'2,

X, = 6xV+(1-0)x2,

By concavity

XT < 9:1:1 + (1 — 6)1’2 + / [(Xt)a — ,LLXt — EtXt]dt — / O'XtdBt, a.s.

By the comparison theorem, we have
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Thus

o(s, 0 + (1 — O)zs) > E| /TU(EtXt)dt]zE[ / Uex)

s

T
- / UOO XD 1 (1— 0)ePx D)y
T

v

0E| / UV X )dt] + (1 — 6)E| / ' U(c® X))

S S

> Ov(s,z1) + (1 —O)v(s,z2) —e.

Therefore, letting ¢ — 0, we obtain the concavity of v.
To prove (5.1), by Theorem 4.2, we note that v is smooth. By non-negativity
and concavity, we see that

ve(s,2) >0, >0

for every s € [0,T"). Suppose that v,(s,zo) = 0 for some zg > 0. Then, v,(s,z) =0
for all > . Hence v(s,x) can be written as v(s,x) = h(s) for x > zo. By (3.1),
we have

U(x) = —v(s,z) = —h'(s), x> xo.

This is contrary with (1.6). Therefore we obtain (5.1).

6 Optimal policies

We give a synthesis of the optimal policy ¢* = {¢;} for the optimization problem

(1.4) subject to (1.1) - (1.3). We consider the stochastic differential equation

dX] = [(X))*—puX] =y, X)) X[ |dt—oX[dB;, 0<t<T, X;j=x2>0, (6.1)
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where v(t,z) = I(z,v.(t,x)) and I(x, p) denotes the maximizer of (2.4) for z,p > 0,

ie.,

UNp)/xz if U'(x ,
R RUCR(DY (@) <p o

1 otherwise.

Lemma 6.1 Under (1.6), there exists a unique positive solution { X[} of (6.1).

Proof. By (5.1), we notice that (¢, z) is well defined. Let {/N;} be the solution of

(2.6) corresponding to ¢; = 0. Define the probability measure P on (Q, Fr, P) by

4P JdP = exp{ /0 +(5,N.) /o dB, — % /0 (+(s, N.) /o) 2ds).

By the very definition (6.2) we have 0 < «(t,z) < 1; so Girsanov’s theorem yields

that
A t A
B, := B; — / v(s, Ns)/o ds is a Brownian motion on (2, Fr, P).
0

Hence

ANy = [(N) — uNy — (t, Ny) Ny |dt — oN,dB,, under P.

Thus, (6.1) admits a positive weak solution.

Now, by (6.2), we have
v(t, 2)r = min{ (U)o v, (t, ), z}.

Also, by (1.6) and concavity

8 N —1 Umc(tax)
- = > 0.
8$<U) va(t,l’> U" o (U/)—lovx(t,x) =0

Thus, (¢, z)x is nondecreasing on (0, 00) for each t. We rewrite (6.1) as the form

of (2.10). Then, we see that the pathwise uniqueness holds for (6.1). Therefore, by
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the Yamada-Watanabe theorem [3], we deduce that (6.1) admits a unique strong

solution {X;}.

Theorem 6.2 We assume (1.6). Then the optimal consumption policy {c;} is given
by the feedback form

i =t 2, m), (6.3)
where c*(t,z,y) = I(z/y,yV.(t,z,y)) and {z;} is the unique solution of
G =F(z,y) —vy —cz, 0<t<T, z5=2>0. (6.4)

Proof. We set X} = z;/y,. By Itd’s formula and (2.2), we see that X solves (6.1).
Therefore, by Lemma 6.1, there exists a unique positive solution {z;} of (6.4).

By Theorems 4.2 and 5.1, we note that
0 <v(t,z)r <o(t,z) —v(t,0+) <wv(t,z), z>0.
Hence, by (3.6) and (2.7)
T T
B[ {oa(s XDX:Yas) < EL[ {u(s. X0
0 0
< E[/ C(s, X*)2ds] < oo.
0

By (2.2), this yields that {fot oysVy (s, 2%, ys)dBs} is a martingale. By (1.5) and (6.2),

c* satisfies

1
Vit 50°0 Vo + 19V +{F(z,y) = A}V + {U("2/y) — "2V} = 0.

Applying It6’s formula to (1.1) and (6.4), we get

E[V(T, % yr)] = V(0,2,y) — E| / U2t /)],
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which implies
T
B[ Utels fw)dt] = V(0.2.9)
0

By the same calculation as above, we obtain

T
E[/ Ulerzi/ys)dt] < V(0, z,y)
0
for any ¢ € A. The proof is complete.

Remark 6.3 From the proof of Theorem 6.2, it follows that

T
it B[ Uiz /)i = V(s.20)

Thus, under (1.6), we see that the smooth solution V' of the HJB equation (1.5) is
unique. Furthermore, let u be the solution of (4.1) on the entire domain [0,T) X
(0,00) with w(T,x) = 0, x > 0. Setting v = z/y and V(t,z,y) = u(t,z/y) for
z,y >0, by (2.2), we have that V' satisfies (1.5). Therefore, we obtain the uniqueness

of u.
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