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Abstract. This paper studies the optimal controls of stochastic systems of functional type with
end constraints. The systems considered may be degenerate and the. control region may be
nonconvex. A stochastic maximum principle is derived. The method is based on the idea that
stochastic systems are essentially infinite dimensional systems. '

§ 1. Introduction _

A number of studies have been devoted to the necessary conditions of the
optimal controls of stochastic systems. Many of these studies, however, are limited
to the Markovian type, i.e., the systems are related only to the current state in-
stead of the whole “past”. For example, Kushner® has obtained a maximum prin-
ciple of the systems with a finite numbers of inequality constraints by employing
the variational theory of Neustadt. Bensoussan!! has proved a maximum principle
under the assumption that the control region is convex. But it seems more natural
to study the stochastic systems of functional type, e.g., time delay system is an ex-
ample of such systems. Works on the functional type are mainly those of
Haussmann!>?, but his method is based on the Girsanov transformation which is
effective only. for the nondegenerate systems.

The purpose of this paper is to derive a stochastic maximum principle for the
systems of functional type. A rather general case is attacked: the systems may be
degenerate; an end constraint is posed; the control region is arbitrary. Our meth-.
od is different from those of the existing results in literature; it is based on the
idea that a stochastic integral _H (t, w)dr may be regarded as a Bochner integral
(B)fA(t, - )dt valued at w, which allows us to apply the theory developed by
Li and Yao'¥ for distributed parameter systems.

The paper is organized as follows: In Section 2 we formulate the problem and
give some basic notations and assumptions. Section 3 is devoted to the study of
the variation equation, which is a linear stochastic differential equation of function-
al type. A varation-of-constants formula is proved. In Section 4, we give the
proof of the maximum principle.

§2. Preliminaries

Let (Q.F, P) be a standard probability space with a right-continuous
increasing family {#,: 0<t< 1} of sub o-fields of & each containing all P-null
sets. Let { B(t): 0<t<1} be an r-dimensional &- Brownian motion. Consider
the following stochastic controlled system :

*) The Project Supported by National Natural Science Fundation of China.



194 Zhou Xunyu

{dx(t)=a(t,x)dB(t)+f(t,x,u(t))dt, 011,
x(0)=x,e R". 2.1)
Let the cost functional be
l.
J(u):=EJ S8, x4 u(s))ds, ueU,,, (2.2)
0
with the end constraint
x“(1)eQ < L*(Q; R?), (2.3)

where the totality of admissible controls is defined as
U, :={u: uisaI'-valued &- adapted measurable process on [0, 1]},
here T being an arbitrarily prescribed subset in R™.

The optimal control problem is to find such controls among Uad satisfying
(2.3) so as to achieve the minimum of the cost (2.2).

Here are some notations throughout this paper. Let X, Y be Banach spaces.
#(X) denotes the topological o-field in X ; L (X — Y) denotes the totality of
linear continuous mappings from X to Y. We denote by C the space of
R4-valued continuous functions defined on [0, 1], under the sup norm; £, (C) is
the o-field generated by { x: xeC, x(¢,)eG,, -, x(t,)eG, } where 0<1,<t,
G, are Borel sets in R?, i=1, 2, -, m and m=1, 2, ---; for xe C, te[0,1],
x,:=x(@ AN ) lIxll, :=lx,ll. Finally, we define
Am":={a: a is a measurable mapping from [0, 1] x C to R™*"; and for each

tel0, 11, a(t, - ) is &,(C)/ B (R™")- measurable},
where R™*":=totality of mx n matrices.

Remark 2. 1. To simplify notations, we shall assume r=1 (i. e., the
Brownian motion is one-dimensional) in the sequel. There is no essential diffi-
culty when r>1.

Definition 2.1. Suppose T is a mapping from C to R?. T is called Frechet
dlfferentlable at x € C if there exists Se L (C =—R*?) such that

T()=T(x)+S(y—-x)+o(lly-x}), for any yeC. (2.4)
Furthermore, the operator S is called the Frechet differential of T at x. We de
note T (x):=S.

The following assumptions remains in force throughout this paper:

(Al) o 4% ; for any uel, (', -, u)ed®, f°(:, -, u)ed"';

(A2) For any (t,x)e[0,1]1xC,f(t, x,- ) and f°(¢, x, - ) are continuously

(A3) For any (¢,u)e[0,11xT,a(¢,:),f(t,->u)and £°(¢,- ,u)are continuous;
Frechet differentiable; and ¢, (-, - ), f,(-, -, ) and f%(-,,) are measurable;

(A4) There exists a finite nonnegative measure M on [0, 1] and a-positive con-
stant K such that

o (6 x)=a (62 1f (6 x, u)=f (6 y, a2+ 1F0(t, x, u)—f° (2, y, u)l?
K(J. Ix(s_)—y(s)lsz(s)+Ix(t)—y(t)|2>, for any uel', x,yeC;

o (b x N+ x, WP+ 10>t x, u)P< K (1+ 1 xlI? ), for any uel’, xeC;
(A5) Q is a relatively convex body with finite condimension in L?*(Q ; RY)(for
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definition see [6] ).

Remark 2.2. Under the above assumptions, equation (2.1) admits a unique
solution x* for any ue U,, (see Appendix).

Remark 2.3. We have by (A3), (A4),

7 (6 ztdy)=alt2) zsxq Iy(s)lsz(s)+Iy(t)I’>- 2.5)

A

lo, (£ 2)y = lim

The same conclusion holds for f, and f°.
§3. Variation Equation

In this section we will derive a variation- of-constants formula for the varia-
tion equation. Suppose (X, #) is optimal for the problem (2.1)—(2.3), the varia-
tion equation is a linear stochastic differential equation of functional type as fol-
lows:

déx'(t)=a,(t, x)6x"dB(t)+f (t, X, u(t))dx"dt+ (f (¢, x, v(2))
—f(t, x,u(t)))de, (3.1)
6x'(0)=0,
where ve U,,.
In general we consider the following equation :
dy(t)=0_(t, X)ydB(t)+f, (t, x, u(t))ydt+h(t)dr,
(3.2)
y(0)=0,
where A is an R* valued &, - adapted measurable process on [0, 1] .

It is easy to prove that for any p Z 2, there exists a constant k=k (p)>0 such
that (cf. [2])

sup Ellx*lI’<k. (3.3)
uel
So we may assume that
i
EJ [h()*di< + o0 . (3.4)
0

We denote by V,[0, 1] the set of all functions from [0, 1] to R“* such that
they are left continuous, of bounded variation and vanish at 1. By Rietz’s repre-

sentation theorem , there exist n,( -, t, w)e V,[0,1], i=1, 2, such that
1

o (1, i(w))y=4[d9n,(9, t, o)y(8),

f.(t x(w), u(t, a)))y=J-. dyn, (6, 1, w)y(8), for any yeC.

0

Lemma 3.1. For any ye C, we have

o, (1, i(w))y=f d,n, (8, t, w)y(8), (3.5)

0

t

St x(w), ult, w))y=f dyn, (8, t, w)y(0). (3.6)

0
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Proof. Since € 4¢"', it is well known that for any y, ze C, if y,=z,, then
c(t, y)=0c(t, z). Hence for any ye C, '
oc(t, x(w)+Ay)—a(t, x(w))

6, (t, x(w))y=lim

ibo A
=!if'}, a(t,X(w)+ly:{)—a(t,x(w)) o (6 k(@)

So for any ¢ e C ([ ¢, 1] = R?) we have f dyn, (6,1, ) (8)= 0, which leads to

n(-,t,o)l,,,=0. This concluds (3.5). Similarly for (3.6). {

Lemma 3.2. 7, is a measurable mapping from [0,1] x [0,1] x Q to R*?. More-
over, for any 6¢€[0, 1], n,(0, -, - ) is an R**¢-valued F,- adapted process on
[0, 1] (i=1, 2).

Proof. Denote by 2B, the totality of measurable subsets of [0, 1] x Q whose
t-sections belong to & ; by B, the totality of measurable subsets of [0, 1] x C
whose 1-sections belong to @,(C). &, and @B, are g-fields on [0, 1] xQ and
[0, 1] x C respectively. It is easy to see by assumptions ( A1) and ( A3) that
. (-, )isaB /B(L(C— R -measurable mapping from [0, 1] x C to
L(C — R?), but the mapping: (t, w) €[0, 11 xQ = (¢, x(w)) €[0, 1] xC is
%, /9B, measurable. All these facts together with the isomorphism of Riesz’s rep-
resentation imply that the mapping: (f,0)e[0, 11 xQ— n, (.1, @)eV,[0,1] is
B, /B(V,y[0, 1])-measurable. Since n,( -, ¢, w) is left continuous, therefore

76,t,0)= lim n, (6,1, w),

where

n.,0,tw) = "i n,(i——nl— . b w)x - ~, (8)

+m<n;1.”’w)l (®).
{n;l sasl}

This yields the desired results for n,. Similarly for 7,. g
For te[0, 1], let ¢(-, t) be a solution of the following matrix-valued equa -
tion:

¢(t,1)=1+f f dgr],((),s)(p(ﬁ,t)dB(s)+'[ J- dyn, (6, s)e (0, t)ds,

te[1, 1]; (3.7)

o(t, 1)=0, te[0, 1). (3.8)
where -/ : =the d x d identity matrix.

(3.7) is a stochastic differential equation of functional type on [z, 1] . Since
its coefficients satisfy Lipschitz conditiqn, there exists uniquely on [z, 1] an
R#*4-valued - adapted continuous process satisfying (3.7) due to the following
Lemma 3.3 (see Appendix).

Let C[t, 1] : =C([t, 1] = R?), and we can define %, (C[t, 1]) in a similar
way to %B,(C) for te[z, 1].
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Lemma 3.3. Suppose a, is a mapping from [1, 1] x Qx C[1, 1] to R?:

1

af(t,w,y):=fdoni(9, t,w)y(6) (i=1, 2). (3.9)

Then a; is measurable. Moreover, a,(t, *,y) is &,- measurable and a,(t, w, * ) is
%, (Clt, 1])-measurable.
Proof. 1 ° When =0, we have

J' dn (0 1 0y (0)=0. (1, £ (@) )y = lir*n o(t, x(@w)+Ay)—o(t, x(w)) ’

A

but it is easy to see that the mapping:(t, w,y)e[0, 1] xQx C[0, 1] > o (t,X (@)
+ Ay )eR? is a composition of some measurable mappings, therefore is measurable
itself.
2 ° For a general te(0, 1], if ye C[t, 1}, define ye C[0, 1] as follows:
~ . y (1), if se{0, 1],
y(s)'={y(s), if se(zr, 1].
Then

a,(t, w,y)=f dgn, (t‘),.t,a)))hf(ﬂ)—(r]l (z+, &, @)—0,0, , ) )y (1),

so we get the first two assertions of the lemma by 1 ° and Lemma 3.2. Further,
note that if y, ze C[z, 1], and yl, ,;=zl,,;» then by Lemma 3.1 we have a, (1,
w,y)=a,(t, w, z) which yields the last assertion of the lemma.

3 ° Similarly for a,. 8]

The solution ¢ (¢, t, @) of (3.7) is not necessarily measurable in z, which
will cause some difficulty in the sequel. To solve this technical problem, we shall
make a “good ” modification of ¢. Now let us introduce a result about the exist-
ence of a measurable modification. .

Let S be a metric space. Denote by L°(Q; S) the totality of S-valued random
variables on (Q, &, P). L°(Q; S) becomes a topological vector space with the
following psedo- metric (cf. [7]):

d(X, Y):= ir>1£[e+P{w: d'(X(w), Y(w))>e}],

where d’ is the metric on S.

Remark 3.1. It is easy to see that d(X,, X') goes to zero whenever X, goes
to X in probability.

Lemma 3.4 ([7, p. 16)). Suppose T and S are complete separable metric
spaces. 4 is a mapping from TxQ to S, and for any te T, A(t, - ) e L(Q; S).
Suppose ) is measurable when regarded as a mapping from T to L°(Q; S). Then
there exists a measurable mapping A from T x Q to S such that for any teT, Pl{o:
At,w)=i(t,w)}=1.

Lemma 3. 5. There exists a measurable function ¢ (t, 7, w): [0, 1] x [0, 1] x
Q- R4 satisfying (3.7) and (3.8).

Proof. For each fixed 7e[0, 1], there exists ¢ (¢, ) (r=1) satisfying (3.7 ).
¢ can be regarded as a mapping from A to L°(Q; R?9) where A: ={(t,1):
0<1<t<1}). We want to show that
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lim Elo(t,, t,)—9(t, 1)]*=0, (3.10)

(ty 1 ) D)
where (7,,1,) 1 (t, ) means: (¢,,7,)eA, (t,t)eA, t,4t, 1,4 1. We assume
n,=0 for simplicity. First we claim that

lim E sup le (6, 7,)—¢ (8, 1)I?=0. (3.11)

n—* 50l
Indeed, when 82> 1, we can write

T 1 8 nt
¢(0,r,)—¢(0,r)=f f dyn, (B.s)o (B, t")dB(SHJ J dyn\(B,5)@(B,1,)dB(s)

] s
+J Idpﬂl(ﬁ’ S)((P(.B’ T,,)_(P(ﬂ’ ‘E))dB(S). (3-12)

b
Denote by V n, the total variation of n, on [a, b]. Then (3.12) yields

\/m(',S)' sup lo (B, 7, )l ds

s S

E sup lo(0,1,)—9 (0, 1)|*<const. (J E

tS0%h

A
+JE

- (B, 1)

2 Y 1
ds+f E{\/m(',s) sup

T8 s

\/m(->s) sup 1o (B 1,)l

PR R
2
ds

! T
< const. (lr,,—tl+Ef \/r],( " ,8)

¢(B’Tn)

2

sup lo (B, 1,)|*ds

LEfg)

+J E sup l(p(ﬁ,r,,)—(p(ﬂ,r)lzds).

<L

Similar to (3.3) we can verify that sup E sup |@ (8,17)|?<k(p),and by (2.5)

0gegl €051
1 T
we know that Vi, (.1, 0)< K(I; dM(8)+1). Moreover, V 5,(-,s)—>0 as
0 . Ty
7,4 7 due to the left continuity of #,( -, s). Hence (3.11) follows from the
Gronwall’s inequality.
Now suppose (t,,7,)?(f,7). We may assume that 1, <t<t,<t Then we have

T

(p(t",T,')—(p(t,T)=J"[ dgn, (6, s)p (6, 1,)dB (s)

Ta

+f J dyn, (0, s)o (6, t,,)dB(s)+J J dgn, (6,5)(e(0, 1,)

~¢(6,1))dB (s)—J f dyn,(8, s)e (8, t)dB (s) .

Appealing to (3.11 ), and estimating the above term by term, we get (3.10).
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Applying Lemma 3.4 and Remark 3.1 (T:=A, S:=R%9), we get that there
exists a measurable ¢ :A x Q = R*? such that for any (¢, t)e A, P{w: ¢ (t,7,0)
=¢ (1,7, w)}=1. But when 7 is fixed, it is easy to see that
Elp(t,, )=y, tWN'=Elo(t,,1)— (t,, tl*<const. [t,—t,I* (¢, ,=1).
By the proof of Komogorov’s theorem (cf. [4,Th.1.4.3.]), El_lil’h @ (r, 1, ®) exists

rebD
with probability 1, where D is the set of all binary rationals on [0, 1]. Hence it
follows by Fubini’s theorem that there exists on [0, 1] x Q a null set 4, such that
lim_ ¢ (r, 7, ®) exists when (1, w)€ 4,. Set
reD
lim ¢(r, 1, @), if(t, 1, 0)eDxAS,

ret+

a(tv T, w): { reD

o (t, 1, w), otherwise.

It is easy to show that for any t€[0, 1], P{w: ¢ (t, 1. w)=¢ (1, 1, @), for any
te[t, 11}=1. Therefore ¢ satisfies (3.7) which completes the proof. 0

Remark 3.2. By virtue of the above lemma, we can assume that ¢ in (3.7 )
and (3.8) is measurable in (¢, 7, ).

Lemma 3.6 (Stochastic Fubini’s theorem). Suppose i is a mapping from [0, 1]
x [0, 1] x Q to RY satisfying :

1 ° 1 is measurable ;

2° Forany t€[0,1], A( -, 1, - ) is an F,-adapted process ;

3° Ef,filA(s, 1)l dsdr<+ oo,

Then for any [a, b] [0, 1], we have

J. J” A(s,r)drdB(s)=J J A(s,t)dB (s)dr, P-a.s.

Proof. Using a standard argument (see for example [4, Lemma 2.1.1]), we
can show that there exists a sequence of step function A, such that E § (l,f (',I,l,,(s, 1)
—A(s, 1)*dsdt— 0 as n— oo. But the lemma is true for step functions.

Theorem 3.1. The solution of (3.2) can be represented by

y(t,w)=jt e(t, 1, )h(r, w)dt. (3.13)

Proof. The Lebesque integral in ( 3.13) is well defined owing to the
measurability of ¢ and (3.4). Define }7(1):=L’,qo (t, 1)h(r)dr. Then

” dyn, (6, S)}7(0)dB(s)=J:£d,,n, (o, s)Jj(p_ (8, 1)k (¢)dzdB (s)
_ J don, (6, s)J:qJ(B, 2)h(2)dedB (5)

- f ’ j (dyn, (8, $)p (8, 7)) ()dedB (5)

- (j f dy, (8. 5)0(6, r)dB(S)>h(r)dr

ot

= (J[J‘ dyn, (8, s)e (B,r)dB(s))h(r)dr,

40
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where the exchangeability of integrations holds due to Lemmas 3.2, 3.5 and 3.6.
Similarly, we have

j J danz(B,s)f(B)ds=f <J f dyn, (8, s)o (0, r)ds)h(t)dr,
0 JO 0 T Jr

hence y is a continuous process satisfying (3.2). Now the desired result follows
from the uniqueness of solutions of (3.2). 0
§4. Maximum Principle

In this section we will derive the maximum principle.

The following lemma will play an essential role in this paper.

Lemma 4.1. Suppose i is a mapping from [0, 1] x Q to R? such that it is an
Z -adapted measurable process and E.f :,|}.(t)|2dt< + 00. Then when regarded as a
mapping from [0, 1] to L*(Q; R?), A is Bochner integrable. M oreover,

((B)J. A, - )dt)(w)=J. A(t, w)dt, P-a.s.o. (4.1)
0 ' 0 _

Proof. It is a known result that there exists a sequence of step functions
4, (here “step function” is in the sense of an L?(Q; R?)-valued function) such
that

E.[ A, (1)=A()Pdt > 0, asn— . 4.2)

Hence we may choose a subsequence 4, - satisfying

Eli, . 1)=A()*—> 0, asn’—>o0, for a.e. te(0,1],
which implies 1 is a strongly measurable L?(Q; RY)-valued function, hence is
Bochner integrable. Moreover it is clear that (4.1) is true for step functions, so is

for by (4.2). 0
Suppose (x, u) is optimal for the problem (2.1)-(2.3). For any ve U,,,set
x;(t):=EJ. f(s, x”, v(s))ds, (4.3)

Q

ox;(t):=E {J. f2 (s, x,u(s))ox"ds+ f (f°(s,3c,v(s))—f°(s,3c,ﬁ(s)))ds} , (4.4)

where dx* is determined by (3.1). Now we define a convex cone in R'x L?(Q;
R?) as follows :

= :={il 2,6x0 (1), Sx (AN A=(hy - 14)2 0, Y d=1, v,e Un,
i= i=]
i=1, -, n; n=1, 2, ...} .

Theorem 4.1. For any £ € E , there exists an ¢,>0 such that whenever £ € [0,¢]
there is a ute U,, satisfying
(xg (1), x(1))=(%,(1), x(1))+ e+ 0(e), (4.5)
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where x;: =x;e, xt=x", X,: =xg, and o(¢) is concerned with the strong
topology of R'x L*(Q; R4). .,
Proof. For any é€E , write ¢:=) 4,(6x, (1), 58x"(1)). Thanks to Lemma 4.1,
i=1
we can apply the vector-valued measure theorem {6, Lemma 1] which yields that
when ¢ is sufficiently small, there exists a family of Lebesque measurable sets E; in

[0, 1] (i=1, -, n} with Ein Ef=@ (i#j) and ) u(E!) =¢, where u is the
i=1

Lebesque measure, such that

" J"( E[f°(s, % %(s))=f (s, X, u(s))] )
ey A, . . ds
i=1 0 f(S,x, V,(S))—f(Ssx; u(s))

= n E[fo(s,fc, V,'(S))—fo(s,;&', l}(s))] r, (1, &)
_Z£0.11n55< F (s % v,(s))=f (s % 1 (s5)) )ds+< r (6 s) ), (4.6)

bro (2, &)+ ltr, (2, 8)".Lz(n;k")§ 0 (e)=o0(e). “4.7)

v,(t), ifteE;,
u():= {&(:), i ref0, 11\ U) £°.

i=1

Define

Then u*e U,,, and we can write

x‘(t)—-i(t)=J (a(s, x*)—0a (s, i))dB(s)+J (f (s, xt, ut(s))

—f (s, X, u*(s)) )ds+ i f (f (s, x, v,(s))
{0t} nEf

i=1

—f(S’ .i', l;(s)))ds. (4.8)
It follows by Gronwall’s inequality,
Ellxt~xl?—= 0, ase¢— 0. (4.9)

Set 8x,:=) A,6x’’. We want to show that

i=1
x(t)=x(t)+edx, (t)+r(t. &), (4.10)
where
r(ts el 2 . o, <O (e)=0(e).
In fact, (4.8) and (4.6) imply

t pl

J o, (s, x+ 6 (x*—x))(x*—x)d0dB (s)

0

x‘(t)—x(t)=f
+J fo(s,'fc+0(x=—5c), u (s))(x*— x)dbds
0 JoO

+sil,f (f (5. %, v,(s))=f (s, X, u(s)))ds—r, (1, €). (4.11)
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xt—X
3

Denote y*: = —6x; . Then noting (3.1), we have

.y‘(t)=J J o,.(s, x+0(x*—%))y*dodB (s)+J‘ fo (s, x+ 0 (x*—x), u(s) )y*dbds

+r2(t,s)——ﬁ-(—:;—f-)—, (4.12)

where

’2(1»8)3=J I (a,(5, x+0(x*=%))—0,(s, x))dx,d0dB (s)
+f'[ (fs (s x+0(x*=X%), u*(s))—f, (s, %, u(s)))dx,d0ds.

By assumption (A3), (4.9) and the dominated convergence theorem , we have easily
Elr(t,e)I’<r(e)>0, ase— 0.
Applying (2.5) to (4.12), we have

Ely*(t)]*<const. E (J. f Iy‘(@)l’dM(B)ds+J lye (s)|ds

+ir, (s, e)+ _r,_(;,_s)r)’

hence again by Gronwall’s inequality, we arrive at
Ely:()’gr(e)= 0, ase—> 0,

which proves (4.10). A similar argument yields

X5 () =k () +e Y A,6x) ()41 (8 ), (4.13)

where
try(t, e)1<8(e)=0{(e).
Now (4.5) follows by combining (4.10) and (4.13). 0
Theorem 4.2 (Maximum principle). Suppose (X, u) is optimal. Then there ex-
ist Y,<0, YyeL*(Q; R®) and an R* valued F- adapted process {p(t):0<t<1}
such that
1° H(t,x,u(t), p(t))= max H(t, x,u,p(t)), P-a.s., a.e. te[0,1];
2° EW,x-X(1))>=0, for any xe Q, where the Hamiltonian -
H(t, x,u,p):=(,f (tLx,u) Wy f(t, x,u), for (t,x,u,p)ef[0, 1] xCxI'x R,
Proof. Define A:=(—, 0] x (Q—X(1)). Due to assumption (A5) and The-

orem 4.1, it follows exactly as in [6] that A and £ can be separated. So there
exist Yy,€ R' and Yy e L*(Q; RY) satisfying

I, 2+ Ely I?#0, (4.14)
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onJfﬂ(” x, u(t))ox*dr+ wOEJU°(t, X, v(£))=f 0t x, u(t)))dt

+E (¢, dx"(1))<0, for any veU,,, (4.15)
Yoxo+ E(Y,x—%x(1))=0, for any (x,, x—x(1))eA. (4.16)

Assume (by Riesz’s representation theorem )

fﬂ(t,%,&(t))y=f

0

(dgn, (6, 1), y(8)= J‘ (dgn,(8,1), y(8)), for any yeC.

Furthermore, using Theorem 3.1 to represent dx’, (4.15) can be rewritten as

f E{P@), f (2 v(e))~f (6. %, u(6)))+ o (F ° (1, X, v ()

=f°(t % u(1)))}de<0, (4.17)

where 5(t): =y, J {207 (8, t)d,n, (8, T)dr+ @7 (1, t . Define p (t):= E(5(¢)|F).
Then p (¢) is an .%;- adapted process, and (4.17) still holds with p (t) replaced by
p (t), which yields

EH(t,x,u(t), p(t))=2EH(t, x,u,p(t)), for any uel, a.e. te[0,1].
By a standard trick as in Kushner!¥, we can conclude 1 ° of the theorem. On the
other hand, (4.16) yields 2 ° and ,<0.

Remark 4.1. ¢, and p will not be identical to zero at the same time. In-
deed, if y,=0, then E|y [*>0 by (4.14). Hence

Elp(t)P=Elo™ (1, t)§ P> const. (Ely P=E|y PE|o (1, 1)=11?).

But Elo (1, 1)—1{>—=0 as t—1 (see 3.10)); it follows that when ¢ is sufficiently
near 1, Elp(¢)I*>0, hence E|p (¢)|*>0.

Appendix. Stochastic Differential Equations with Random Coefficients (SDERC).

In many cases, we will encounter stochastic differential equations of functional
type whose coefficients are given also at random, e.g. open-loop control problem.
Such equations can be dealt with similarly to those in Ito’s sense, but there are
still some differences. The most important difference is that SDERC has no concep-
tions of weak and strong solution (cf.[4, Ch. 4] ) because SDERC is on a given
probability space. In this appendix, we shall give the definition of solutions of
SDERC, and then give an existence and uniqueness theorem, the proof of which
is omitted since it can be supplied by a standard approach (cf. [4, Th. 4.3.1]).

Given a standard probability space (Q, &, P) with a filtration {F:0<t<1}
and an r-dimensional & -Brownian motion { B(t): 0<¢<1}. ¢ and b are
mappings from [0, 1] x Cx Q to R**" and R“, respectively.

Definition. By a solution of the following SDERC

dx(t,w)=0(t, x, 0)dB(t)+b(t, x, w)dt, te[0,1],
x(0, w)=x,e R,

(*)

we mean a d-dimensional continuous stochastic process x={x(t): 0<¢<1} on
(Q, & P) such that

1 ° x is & -adapted ;
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2 ° If we denote ¢ (1, w):=6(t, x(w), w), Yy (1, 0):=b(t, x(w), w), then
pef ™ and Y e (cf [4, p. 16] );
3 ° With probability one,

t

g(s, x(w), m)dB(s,w)-i-J‘ b (s, x(w), w))ds, for any te[0, 1].

0

!

x(t, w)=x, +J
[}

Definition. We say that the uniqueness of solutions of ( * ) holds if whenever
x and x’ are two solutions, then P{w:x (¢, w)=x"(t,w), for any r€[0, 1] }=1.

Theorem. Under the following conditions, the SDERC ( *) admits of a
unique solution : '

(C1) o and b are measurable mappings :

(C2) For fixed (t, x) €[0, 1]1xC, o(t, x, *) and b(t, x, - ) are
F-measurable; for fixed (t, w)e[0, 1]xQ, 6(t, *, @) and b(t, -, w) are
B (C )-measurable ;

(C3) There exists a positive constant K such that
lo(t, x,w)—c(t,y, o)+ 1|b(t, x, )=b(t,y, @) S K lx—yll,, for any x,yeC;

lo (t, x, @) 12416 (8, x, @)P S K (1+x)I?), for any xeC.
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