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Abstract

We consider reinforcement learning for continuous-time Markov decision processes (MDPs) in
the infinite-horizon, average-reward setting. In contrast to discrete-time MDPs, a continuous-
time process moves to a state and stays there for a random holding time after an action is
taken. With unknown transition probabilities and rates of exponential holding times, we derive
instance-dependent regret lower bounds that are logarithmic in the time horizon. Moreover, we
design a learning algorithm and establish a finite-time regret bound that achieves the logarithmic
growth rate. Our analysis builds upon upper confidence reinforcement learning, a delicate
estimation of the mean holding times, and stochastic comparison of point processes.

1 Introduction

Reinforcement learning (RL) is the problem of an agent learning how to map states to actions in
order to maximize the reward over time in an unknown environment. It has received significant
attention in the past decades, and the key challenge is in balancing the trade-off between exploration
and exploitation (Sutton and Barto 2018). The common model for RL is a Markov Decision
Process (MDP), which provides a mathematical framework for modeling sequential decision making
problems under uncertainty. Most of the current studies on RL focus on developing algorithms and
analysis for discrete-time MDPs. In contrast, less attention has been paid to continuous-time
MDPs. However, there are many real-world applications where one needs to consider continuous-
time MDPs. Examples include autonomous driving, control of queueing systems, high frequency
trading and control of infectious diseases; see, e.g., Guo and Herndndez-Lerma (2009), Chapter 11
of Puterman (2014) and the references therein. In this paper, we study learning in continuous-time
MDPs (CTMDPs), aiming to understand fundamental performance limits of learning algorithms
as well as to develop learning algorithms with theoretical guarantees.

In RL, there are typically three different settings/criteria: (1) infinite-horizon discounted reward
setting, (2) infinite-horizon average-reward (ergodic) setting, and (3) finite-horizon episodic setting.
In this paper, we focus on the infinite-horizon average-reward setting, where the agent aims to learn
from data (states, actions and rewards) a policy that optimizes the long-run average reward. This
setting has been heavily studied for learning in discrete-time MDPs; see e.g. Ortner and Auer
(2007), Bartlett and Tewari (2009), Jaksch et al. (2010), Filippi et al. (2010), Fruit et al. (2018),
Wei et al. (2020). More importantly, for many CTMDPs such as the optimal control of queueing
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systems and their applications, it is useful to study performance measures such as the average
number of customers in the system and optimize the long-run average reward/cost as the systems
often run for a long time; see e.g. Dai and Gluzman (2022).

In this paper, we focus on theoretical analysis and algorithm design for learning in tabular
CTMDPs with finite state space S and finite action space A. Upon arriving at a state s, the agent
takes an action a and receives some reward. The system remains in state s for a random holding
time which is exponentially distributed with some unknown rate. Then it transits to another state
with some unknown probability, and this series of events is repeated. The performance of the
agent’s algorithm is often measured by the total regret after some time period,  which is defined
as the difference between the rewards collected by the algorithm during learning and the rewards
of an optimal policy should the model parameters be completely known. If a learning algorithm
achieves sublinear regret (in terms of the time horizon), then the average reward of the algorithm
converges to the optimal average reward per unit time, while the convergence speed is determined
by the specific growth rate of the regret.

While computational RL methods have been developed for CTMDPs as well as the more general
Semi-Markov Decision Processes (SMDPs) in the earlier literature (Bradtke and Duff 1995, Das
et al. 1999), available theoretical results on regret bounds for continuous-time RL are very limited.
Several recent papers (Basei et al. 2021, Guo et al. 2021, Szpruch et al. 2021) study continuous-
time RL for linear—quadratic/convex models and propose algorithms with sublinear regret upper
bounds in the finite-horizon episodic setting. On the other hand, research on continuous-time RL
for the infinite-horizon average reward setting is scarce. Fruit and Lazaric (2017) study learning in
continuous-time average-reward SMDPs which is more general than CTMDPs in that the holding
times can follow general distributions. They adapt the UCRL2 algorithm by Jaksch et al. (2010)
and show their algorithm achieves O(y/n) regret after n decision steps (ignoring logarithmic factors
and hiding dependency on other constants) in the infinite-horizon average reward setting. They
also establish a minimax lower bound, in the sense that for any algorithm there exists an SMDP
such that the expected regret is of O(y/n).

These \/n—type regret bounds are worst-case performance bounds without exploiting any spe-
cial structure of the underlying CTMDPs; hence they tend to be overly pessimistic about the
complexity of the learning problem (Simchowitz and Jamieson 2019). This motivates us to seek
tighter regret bounds that are instance-dependent. The goal of the present paper is two fold. First,
we derive instance-dependent regret lower bounds that are logarithmic in the time horizon T sat-
isfied by any algorithm for learning average-reward CTMDPs. This provides the corresponding
fundamental performance limits of learning algorithms. Second, we design learning algorithms that
indeed achieve the logarithmic rate.

While instance-dependent logarithmic regret bounds have been studied for learning discrete-
time MDPs in the average-reward setting (Burnetas and Katehakis 1997, Tewari and Bartlett 2007,
Jaksch et al. 2010, Ok et al. 2018, Fruit et al. 2019), there are no such results for the continuous-
time average-reward RL to our best knowledge. In this paper we fill this gap. Specifically, we first
establish instance-dependent logarithmic regret lower bound for learning average-reward CTMDPs.
Methodologically, our approach is related to Burnetas and Katehakis (1997). Since the set of

3 Another popular performance measure is the sample complexity, which is the amount of data required to learn
a near-optimal policy; see e.g. Brunskill and Li (2014), Jin and Sidford (2021), Wang (2017).



decision epochs of CTMDPs are still discrete, we first prove a regret lower bound that is logarithmic
in the number of decision steps. The major difference and difficulty, compared with Burnetas and
Katehakis (1997), is that now we need to take into account the random holding time in a state
after an action is executed. The key idea to overcome this difficulty is, assuming the mean holding
times are uniformly bounded, to bound the number of decision steps on an arbitrary time interval
[0, T] by invoking stochastic comparisons of point processes (Whitt 1981). This allows us to further
obtain a logarithmic regret lower bound in the time horizon T

For regret upper bound and algorithm design, we propose the CT-UCRL (continuous-time
upper confidence reinforcement learning) algorithm for learning CTMDP and establish a finite-
time instance-dependent upper bound for its regret. Our algorithm is a variant of the UCRL2
algorithm in Jaksch et al. (2010) for learning discrete-time MDPs although, again, we need to
deal with the additional holding times inherent in CTMDPs. Our alogrithm is also related to the
SMDP-UCRL algorithm for learning SMDPs in Fruit and Lazaric (2017). The main difference in
the algorithm design is that we estimate the mean holding times with more refined estimators with
tighter confidence bounds than the empirical mean in Fruit and Lazaric (2017). Note that the
holding times follow exponential distributions, which are unbounded and have heavier tails than
Gaussian distributions. As a consequence, the empirical mean holding times have exponential upper
tails, leading to difficulties in the proof of logarithmic regret guarantees of learning algorithms, as
is known in the multi-armed-bandit literature (Bubeck et al. 2013). In terms of theoretical results,
Fruit and Lazaric (2017) consider subexponetial rewards and holding times and show that their
algorithm achieves a regret upper bound of O(y/n) after n decision steps (ignoring dependance on
other constants). In contrast, we show that the CT-UCRL algorithm has a regret bound of O(logn)
where ¢ is an instance-dependent gap parameter. To prove this gap-dependent logarithmic regret
bound, we extend the approach of Jaksch et al. (2010) to the CTMDP setting, where the main
difficulty is to analyze the random holding times. Moreover, we show that the expected regret
of the CT-UCRL algorithm is also logarithmic in the time horizon T, again by using stochastic
comparisons of point processes.

The remainder of the paper is organized as follows. In Section 2, we formulate the problem of
learning in CTMDPs. In Section 3 we present the result on the asymptotic regret lower bound, while
in Section 4 we devise the CT-UCRL algorithm and establish a finite-time instance-dependent upper
bound for its regret. Finally Section 5 concludes. All the proofs are presented in the Appendix.

2 Formulation of Learning in CTMDPs

We consider a CTMDP with a finite state space S and a finite action space A. Given a (deter-
ministic, stationary, and Markov) policy 7, which is a map from § to A, the process moves as
follows (Puterman 2014). At time 0, the system is at state sy € S and the agent chooses an action
ap = 7(so) € A with a reward r(so,ag) € [0, 1] received as a consequence of the action. The system
remains in state sg for a random holding time period 7y that follows an exponential distribution
with parameter A(sg,ag). Then it jumps to state s € S with transition probability p(si|sg,ag) at
which another action a; = m(s1) is made. This series of events is repeated indefinitely. Given a
policy 7 which, unless otherwise specified, is a map from S to A throughout this paper, denote by
wWn, = (80,00, T0, S1,01,T1 *** y Sn—1,0n—1, Tn—1, Sp) the history of the CTMDP, starting from sp, up



to the nth decision epoch. Here, a major difference from discrete-time MDPs is that the history
now contains the holding times 79,71, -+, 7,—1. Denote by N (¢) the total number of actions made
up to (and including) time ¢ > 0.

We consider learning in an unknown CTMDP where the rates of exponential holding times
(A(s,a))ses,ac.4 and the transition probabilities (p(:]s, a))ses,aca are unknown. For simplicity we
assume the functional form of the reward function (r(s, a)))ses.ae is known.* A learning algorithm,
denoted by G, at each decision epoch n € N generates a mapping 7, that maps the state s, to an
action a,, = m,(s,). This mapping m, itself could be determined based on the whole history w,
through for instance estimations of unknown model parameters. So a learning algorithm learns a
policy recursively over decision epochs. The goal is to minimize the expected regret to be defined
shortly.

Denote by M = (p(-|s,a), A(s,a))scs,aca the unknown parameters of the CTMDP. For nota-
tional simplicity, if a CTMDP is described by the quadruplet (S, A, M, r) where r = (r(s, a))ses,ac A
it is referred to as the CTMDP M.?

We make two assumptions on the CTMDP M throughout the paper. The first one is on the
unknown transition probability matrix, denoted by P = (p(j|s,a))s jes,aca. We are first given a
family of sets ST (s,a) for all s € S,a € A. These sets are assumed to be known to the agent and
they are independent of M. Now define

O(s,a) =g € R Y g(y) = 1,q(y) >0,V y € §¥(s,a) and q(y) =0,V y ¢ S*(s,0)
yeS

Following Burnetas and Katehakis (1997) (see Assumption (A) therein), we make the following
assumption on the transition probability matrix P:

Assumption 1. The transition probability vectors p(:|s,a) € O(s,a) for all s € S,a € A. In
addition, the transition matrices [p(jls,m(s))]s jes are wrreducible for all deterministic, stationary
and Markov policies .

Note that p(:|s,a) € ©(s,a) implies that the support of the transition probability vector ps(a)
is given by the known set ST (s, a). For instance, with controlled birth-death processes, one may
have S*(s,a) = {s+ 1,5 — 1}.

The second assumption is on the rates of the holding times.

Assumption 2. We assume there are two known constants Amin, Amax € (0,00), such that

Amin < A(s,a) < Apax, forall s € S,a € A.

4This assumption is not restrictive for the purpose of obtaining logarithmic regret bounds. For lower bounds, it
can be relaxed following the discussion in Section 7 of Burnetas and Katehakis (1997) and Ok et al. (2018). For
upper bounds, our proposed algorithm can be easily extended to incorporate the empirical estimates of the reward
function following Jaksch et al. (2010), without changing the logarithmic growth rate of the regret.

SFor simplicity, we only consider the ‘lump sum reward’ r(s,a) in the CTMDP. More generally, one can also
incorporate the ‘running reward/cost’ where the agent accrues a reward at rate c(s’, s,a) upon arriving at state s’
after taking action a in the preceding state s. See Chapter 11 of Puterman (2014) for more details.



We denote by H the collection of CTMDPs that satisfy the above two assumptions.
Given a CTMDP M, set

N(T)-1
p* (M) = max ¢ pl (M) := limsup lE;rO Z r(Sn,an) ¢, (1)
7r Tooo T n—0

where the maximum is over all policies under the assumption of full knowledge of M’s parameters.
This quantity p*(M), or simply p*, is the (ground truth) optimal long-run average reward. For a
CTMDP satisfying Assumptions 1 and 2, there exist a function A* : § — R and a constant p* that
is independent of the initial state sy such that the following Bellman optimality equation holds for
the average reward CTMDP (1):

0= max ¢ r(s,a) = p"/A(s,a) + > p(ils,a)h* () — h*(s) p, sES; (2)
JES

see, e.g., Chapter 11.5.3 of Puterman (2014). Here, p* is the optimal average reward per unit time
given in (1), and h* is called the bias function or the relative value function (defined up to an
additive constant). In addition, the maximizer of the right hand side of (2), which is a function of
the state s, constitutes a stationary, deterministic Markov policy that is optimal for problem (1);
see Chapter 11.5.3 of Puterman (2014) and Proposition 2 of Fruit and Lazaric (2017). We call this
policy the optimal greedy policy. In the sequel, when we need to stress the dependence of p* and
h*(s) on the underlying CTMDP M, we will write them as p*(M) and h*(s; M) respectively.

We measure the performance of a learning algorithm by the regret defined below.

Definition 1. Given a learning algorithm G that generates action a, at state s,, its regret up to
time T is defined by

N(T)—1

Rf(s0, M) =Tp" = > 7(sn,an), (3)

n=0

where p* is given by (1) and Zﬁfz(r‘g)_l 7(Sn, an) is the accumulated reward collected under G.

This notion of regret, proposed by Jaksch et al. (2010), is defined against the long-run average
criterion p*. Its relation to a more direct definition of regret is as follows. Consider the total
expected reward under a policy 7 over horizon T > 0

N(T)-1
V’ZZ'T(SO) = ]E;ro Z T(3n7 an)
n=0

and the corresponding optimal reward Vr(sg) = sup, V7 (so) when the true CTMDP M is known.
Then the following would be a more natural definition of regret of the learning algorithm G:
N(T)—1

ﬁ’%(so,/\/l) = Vr(so) — Z 7(Sn, ap)-

n=0



However, if there exists a constant C' that is independent of T and sg such that
[Vr(so) = Tp*| < C, (4)

then the gap between RY.(so, M) and R9(sg, M) is O(1) as T — co. Hence, in this case if one can
show R%(so, M) is sublinear in 7" as T' grows, then R%(so, M) is also sublinear in 7" with the same
growth rate.

Lemma 1. There exists a constant C > 0 independent of T and so such that (4) holds for all sg.

This lemma therefore justifies the notion of regret defined by Definition 1. Its proof is given in
Appendix A.

In the study of regret upper bounds, we will employ the well-known uniformization technique.
Specifically, noting A(s,a) < Apax for all s, a under Assumption 2, we rewrite equation (2) as follows
(Puterman 2014, Chapter 11.5.3)

h*(s) = max | 7(s,a) — p* + > pGils ) () 3, ()
jes

where 7(s,a) = 7(s,a)A(s,a)/Amaxs P* = p*/Amax, B* = B*, p(j|s,a) = p(j|s,a)A(s,a)/Amax for
j # s and p(jls,a) =1 — (1 — p(j|s,a))A(s,a)/Amax for j = s. This is called the uniformization
transformation. This transformation leads to a new but equivalent CTMDP where the decision
times are determined by the arrival times of a homogeneous Poisson process with uniform rate
Amax that no longer depends on the state. Moreover, we recognize that (5) is the optimality equa-
tion for an average-reward discrete-time MDP with reward function 7 and transition probabilities
(p(4]s,a))s,ja- This implies that the original CTMDP model (1) is also equivalent to a (uniformized)
discrete-time MDP model under the infinite-horizon average-reward criterion. This being said, we
can not directly apply the existing regret bound results for discrete-time MDPs to obtain regret
bounds for the CTMDPs we consider. This is because we are ultimately interested in how the
total regret of a learning algorithm grows as a function of time, whereas on a finite horizon the
continuous-time and uniformized discrete-time MDPs are not equivalent — indeed it is unclear how
the gap between the two problems scale as a function of time. This represents the major challenge
we need to overcome in our regret analysis.

3 Asymptotic Regret Lower Bound

In this section we establish (asymptotic) logarithmic regret lower bound for learning CTMDPs.
Lower bounds are important as they provide fundamental performance limits of learning algorithms.

3.1 Preliminaries

We first introduce some definitions and quantities that will be used later.



A learning algorithm G is called uniformly fast convergent (UF) if
Eoo [RS(50, M)] = o(T?) a5 T — 0, (6)

for any @ > 0,50 € S and any CTMDP M € H. Denote by Cr the class of UF algorithms. A
priori it is not clear whether or not the set Cr is empty; however, we will develop an algorithm in
Section 4 which shows that UF algorithms indeed exist in average-reward CTMDPs. On the other
hand, a UF algorithm is defined to perform uniformly well on all CTMDP instances, but may not
perform arbitrarily well on a specific instance; so it is used to derive a lower bound (Theorem 1).

For a learning algorithm G, define the expected regret up to N—th decision epoch Sy by

N-1

R]g\/'(s()v M) = E,, [RgN (50, M)] = Es[p" - SN — Z 7(Sn,an)l, (7)
n=0

where R%(sp, M) is defined in (3) for any T > 0.

Let O(s; M) be the set of maximizers of the right hand side of the equation (2). Define the
“suboptimality gap” of an action a at state s by

¢*(s,a; M) = —r(s,a) + p"/A(s,a) = Y p(jls, a)h*(j) + h*(s). (8)

JjeS
Clearly, ¢*(s,a; M) =0 if a € O(s; M), and ¢*(s,a; M) > 0 for any s and a ¢ O(s; M).

The following are natural extensions of some critical state—action pairs and related quantities
from discrete-time MDPs in Burnetas and Katehakis (1997) to their continuous-time counterparts.

e For (s,a) such that a ¢ O(s; M), let M € H be the modification of the original model
M in the following manner: the transition probability distribution p(:|s,a) is modified to
p(:|s,a) € O(s,a), the rate of holding time A(s,a) is modified to A(s,a) € [Amin, Amax], and
all the other parameters remain unchanged. When we need to stress the dependence of M
on s,a, M, p(-|s,a), X, we will write it as M(s, a; M, p(-|s,a), A(s, a)).

e For (s,a) with a ¢ O(s; M), denote by AG(s, a; M) the set of parameter values (p(-|s, a), A(s, a))
that make action a at state s uniquely optimal under the modified model M, and by B(M)
the set of critical state-action pairs where B(M) = {(s,a) : a ¢ O(s; M), AO(s,a; M) # (0}

e Define the ‘distance’ between the two models M and M at (s,a):

I([p(-|s,a),)\(s,a)],[ﬁ(-|s,a),5\(s,a)])
= KL(p(-[s,a),p(|s,a)) + KL(7(s,a),7(s,a))

=Y p(jls,a) log(p(jls,a)/p(jls, a)) + log(A(s, a) /A(s,a)) + A(s,a) /A(s,a) — 1,
jES

where 7(s,a) and 7(s, a) are the exponential distributions with parameters \(s,a) and A(s, a)
respectively, and K L(-,-) is the Kullback—Leibler (KL) divergence between two probability
distributions. Note that K L(p(-|s,a),p(+|s,a)) is well defined since both p(:|s,a) and p(-|s, a)
are in the set ©(s,a), and we use the fact that the KL divergence of two exponential distri-
butions with parameters o and f is log(a/8) + 5/a — 1.



o Let

K(s,a; M) = inf{I([p("]s, a), \(s,a)], [B(‘]s, @), A(s, a)]) :
[p(-]s,a), A(s,a)] € AO(z,a; M)} (9)

For fixed (s,a), K(s,a; M) =01if a € O(s; M). When a ¢ O(s; M), 0 < K(s,a; M) < oo if
(s,a) € B(M) and K(s,a; M) = oo if (s,a) ¢ B(M). As we will see later, K(s,a; M) is a
measure of the importance of the critical pair (s, a).

e Define

_ ¢*(s,a; M)
CM= 2 Riwa M) "
(s,a)eB(M)

with the convention that the fraction is 0 if both the numerator and denominator are 0. This
constant C'(M) provides an aggregate measure of importance of all the critical state-action
pairs, which in turn characterizes the level of difficulty for learning in the CTMDP M as we
will see in Theorem 1. Note that C'(M) = 0 only in the degenerate cases when all policies
are optimal (i.e. a € O(x; M) for all a) and/or none of the non-optimal actions can be made
optimal by changing only its transition probability vector and the rate of holding times (i.e.

AO(s,a; M) = 0).

3.2 Main result

This section provides the main result on the asymptotic lower bound for the regret.

Theorem 1 (Logarithmic instance-dependent regret lower bound). For any learning algorithm G
that is UF and any CTMDP M € H, the expected regret up to N—th decision epoch satisfies

g
lim inf LN (50, M)

N—oo  log N CiM), (11)

where the instance-dependent constant C(M) is given in (10). Moreover

E,, [RY.(s0,
lim inf ol T(SO M)]
T—00 logT

> C(M). (12)

A proof of Theorem 1 is deferred to Appendix B.

Remark 1. In deriving the regret lower bound, the assumption that the holding time is exponential
is used only at two places: Proof of (12) and Proof of Lemma 4 in Appendiz B. In both places,
the exponential distribution facilitates the comparison of counting processes and the conversion
of the regret bound in terms of discrete decision epoch N to the regret bound of continuous time
T. Specifically, together with Assumption 2 (which involves only bounds on mean holding times),
the exponential assumption allows us to bound the counting process associated with the number of
decision epochs under any learning algorithm by tractable Poisson processes. On the other hand, it is
possible to extend (12) to the more general semi-Markov decision processes which extend CTMDPs



by allowing general holding time distributions. In such an extension, one needs extra assumptions
on the holding time distributions so that the aforementioned comparison of counting processes still
works. For instance, one may need bounds on the failure rate of the residual life time distribution
of the counting process associated with decision epochs under any learning algorithm (Whitt 1981).
This in turn requires more information about the distribution of the holding times beyond the mere
bounds on the mean. Here we do not pursue this extension in this paper.

To understand how the instance-dependent constant C(M) in the regret lower bound scales
with the sizes of state and action spaces along with the other model parameters, we present the
following result, which provides an upper bound on C(M). Write S = |S|, A = |A|, and define
H := maxgecs h*(s; M) —minges h*(s; M), where we recall that h* is the bias function in the average
reward optimality equation (2).

Proposition 1. We have

(H + 2)\max)2SA )\max
C(M) < — : :
(M) < ming q)e gy ¢* (8, a; M) A in

A proof of this result is given in Appendix C.

4 The CT-UCRL Algorithm and Its Instance-Dependent Regret
Upper Bound

In this section we present the CT-UCRL algorithm for learning in CTMDP and establish a finite-
time instance-dependent upper bound for its regret.

First, we introduce the following definition from Jaksch et al. (2010) and Fruit and Lazaric
(2017), which is a real-valued measure of the connectedness of an MDP.

Definition 2. The diameter D(M) of an MDP M, either continuous time or discrete time, is
defined by

DM) = s { i B0 = o} (13)

where T'(s") is the first time when state s' is reached.

Remark 2. [t is known that the diameter of a discrete-time MDP with finite state space is finite if
and only if the MDP is communicating (i.e. for any pair of states s, s', there exists a policy under
which the probability of eventually reaching s’ starting from s is positive); see Jaksch et al. (2010).
In our case, the diameter D(M) of the CTMDP M is also finite. This is because by Assumption 2
we can uniformize the CTMDP to obtain an equivalent discrete-time MDP M. It follows from
the proof of Lemma 6 in Fruit and Lazaric (2017) that D(M) = D(M®?)/Amax. By Assumption 1,
ME1 is communicating; hence D(M°®) is finite.

In the following, we first put forward the CT-UCRL algorithm in Section 4.1, and then present
its logarithmic regret upper bound in Section 4.2.



4.1 The CT-UCRL algorithm

In this section we present the CT-UCRL algorithm.

4.1.1 Refined estimator for mean holding time

In the CT-UCRL algorithm we need to estimate the unknown quantities, i.e., transition probabilities
and mean holding times, hopefully with tight confidence bounds. For the former, one can simply
use the empirical transition probabilities as in Jaksch et al. (2010). However, in order to obtain
logarithmic regret bounds, the estimation of the mean holding times requires extra delicate analysis
because the holding time follows an exponential distribution which has tails heavier than those of
a Gaussian distribution. This represents one of the main differences and difficulties in treating the
continuous-time case.

Specifically, for a given state-action pair (s,a), suppose (X;)! , are ii.d exponential holding

times with mean 1/\(s,a). In the following we omit the dependancy of X on (s,a) for notational
simplicity. Let X = %Z?:l X; be the sample mean. Then it is known that the upper tail of the
sample mean X is exponential instead of Gaussian, though the lower tail is Gaussian. Mathemati-
cally, we have for any = > 0,

P()\X—lzx-i- 2x>§ex, and IP’()\X—lg—Uzr)Sem.
n n n

However, to establish the logarithmic regret bound of the CT-UCRL algorithm, it turns out
in our analysis we need an estimator X (based on n i.i.d observations) for the mean holding time
1/ with two-sided Gaussian tail bounds. Hence, we need to replace the empirical mean by other

refined estimators. One simple choice (see e.g. Bubeck et al. 2013) is the truncated empirical mean
X defined by

A 1
X =- Xi -1 2i ’ (14)
i3 X’S\/ 2 log(1/0)

where the constant 2/A2 . acts as an upper bound of the second moment E[X?] = % by Assump-

min

tion 2. Lemma 1 of Bubeck et al. (2013) shows that for § € (0,1), the following estimate holds

with probability at least 1 — §:
. 1 4 2log(1
A Amin n

Our proof of the logarithmic regret of the CT-CURL algorithm crucially relies on (15).

Remark 3. Instead of the truncated empirical mean, one can also use other refined mean esti-
mators such as the median of means and Catoni’s M estimator. These estimators have similar
performance guarantees as (15) with the truncated empirical mean; see Bubeck et al. (2013) for a
detailed discussion about these estimators for the purpose of deriving logarithmic regret for multi-
armed bandits with heavy tailed rewards. We take the truncated empirical mean estimator in this
paper due to its simplicity and the low computational cost per update.
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4.1.2 The CT-UCRL algorithm

The CT-UCRL learning algorithm in CTMDPs is presented as Algorithm 1. Let us provide an
overview of the algorithm and then elaborate some details.

The algorithm proceeds in episodes k = 1,2, 3, ... with variable lengths. At the start of episode
k, the algorithm constructs estimators and confidence intervals for the unknown transition probabil-
ities and mean holding times; see (16)—(17). These lead to a set of statistically plausible CTMDPs
denoted by C. The algorithm finds a CTMDP Mk € Cy, referred to as the optimistic CTMDP,
that maximizes the average reward among the plausible CTMDPs in certain sense (to be specified
shortly) and computes the corresponding optimal greedy policy 7y; see (18). The details of this
computation will be discussed later. The policy 73 is executed until the end of episode k when
the number of visits to some state-action pair doubles (Step 6 of Algorithm 1). More specifically,
episode k ends when for some state action pair (s, a), the number of visits to (s,a) in episode k,
vg(s,a), equals max{1, Ni(s,a)} which is the total number of visits to (s,a) up to and including
episode k — 1. Then a new episode starts and the whole process repeats.

We now discuss (18), the problem of finding the CTMDP model in the confidence region with the
nearly largest average reward. This problem can be solved by introducing an “extended” CTMDP
that combines all the CTMDPs in the confidence region and finding the average-reward optimal
policy on the extended CTMDP. The solution procedure, known as the extended value iteration, is
discussed in details in Fruit and Lazaric (2017) for SMDPs, though their confidence region differs
from ours. Here we outline the key ideas for readers’ convenience.

Introduce the extended CTMDP M, ,j with the state space S and a (state-dependent) action
space Al defined as

AT = {(a,p(:|s,a),\(s,a)) : a € A, (p(-|s,a), \(s,a)) € Pr(s,a) x Cr(s,a)},

where Pk (s,a) and Ck(s,a) are the confidence sets in (16) and (17) respectively for a given state-
action pair (s,a). The reward function, transition probabilities and rates of holding times associated
AT are specified as follows. At a given state-action pair (s,a]) = (s,a,p(:|s,a), A(s,a)) € S x AT,
the reward is r*(s,al) = r(s,a), the transition probabilities are p™(-|s,al) = p(-|s,a), and the
rates of holding times are A™(s,al) = A(s,a). Then, following a similar discussion as in Section
3.1.1 of Jaksch et al. (2010), we conclude that finding a CTMDP M € Cy and a policy 7 on M such
that p’;(ﬁ ) = maxs r prec, P (M) for all initial state s corresponds to finding the average-reward
optimal policy on M, . Specifically, for any given CTMDP M’ € Cj, and any policy 7’ : S — A on
M’ there is a policy 7+ on the extended CTMDP M, ,j such that the same transition probabilities,
holding-time rates and rewards are induced by 7’ on M’ and 7" on M ,j . On the other hand, for

each policy 7 on M:, there is a CTMDP M’ € Cj, and a policy 7’ on it so that again the same
transition probabilities, holding-time rates and rewards are induced.

It remains to discuss how to solve the extended CTMDP M, ,j under the average-reward criteria
for each episode k. One can apply the uniformization procedure, convert the extended CTMDP to
an equivalent discrete-time MDP model M ,:f s and apply a value iteration scheme to solve M, ,:f eq
approzimately. Specifically, denote the state values of iteration ¢ by u;(s) for s € S. Then the value
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Algorithm 1 The CT-UCRL Algorithm

Input: Confidence parameter 6 € (0, 1), Amin, Amax € (0,00),S, A and reward function r
1: Initialization: set n = 1 and observe initial state si.
2: for episode k =1,2,3,... do

3:  Initialize episode k:

(a)  Set the start decision epoch of episode k, t; :=n

(b)  For all (s,a) initialize the state-action counter for episode k, vy(s,a) = 0. Further set
the state-action counts prior to episode k as Ni(s,a) := #{i <t : s; = s,a; = s}.

(¢) For s,s € S and a € A, set the observed accumulated transition counts piror to
episode k as Ni(s,a,s") = #{i < ty : 8; = s,a; = 8,841 = §'}. Compute the
empirical transition probabilities: p(s'|s,a) = % Also compute the truncated
empirical mean < (; 3 for the holding time by (following (14)):

te—1
1 1
— = Ti lg.—sqi=q - 1 ————
)\(S,a) Nk(S,CL) jz_; J $j=8,a;=a < /%
where Tj(s,a) := #{i < j : s; = s,a; = s} denotes the state-action counter up to
decision epoch j.
4: Compute policy 7 :

(a)  Let Cj, be the set of all CTMDPs with states and actions as M, and with transition
probabilities p(:|s,a) and holding time rate parameter A(s, a) such that for all (s,a) €
S x A,

~ ) 14S5log(2 At /90)
. —p(-|s, < 16
13(1s.) ~ p(1s. )]s < \/maX{LNk(S,a)} (16)
1 1 4 141og(2AStk/0) ~
= — = < and A(s,a) € [Amins A . 17
A(s,a)  A(s,a)| ~ Amin \/max{l,Nk(s,a)} (5:0) € Pmin, A 17)
(b)  Find a CTMDP Mk € C, and a policy 7y reward such that
* : T AT T 1
pi. := min p(* (My) > maxmax max o] (M) — T (18)
5. Execute policy 7y :
6:  while vy (sy, Tx(sn)) < max{1, Ni(sn, Tx(sp))} do
(a)  Choose the action a, = Tk(s,), observe the holding time 7,, and the next state s,
(b)  Update vg(Sn,an) = vg(Sn,an) + 1, and set n = n + 1. Here n is decision epoch.
7. end for

12



iteration on M, ,j eq becomes the following
uit1(8)

= max { 7(s,al) +Zl3(j‘5,@:)ui(j)

afeAt jes
_ Als, a) A(s,a)
N I(?Eajl( /\(s,ar)ré%’);(s,a) T(S7 Cl) Amax + p(:]s,a) gnea%{k (s,a) Zp ]|8 “ Uz ’L(S) Amax
+ui(s), Vs €S, (19)

where from uniformation one has 7(s, al) = 7+ (s, af)A(s,a) /Amax = 7(8, a)A(s, a)/Amax, D(j|s,aT) =
(7|8, a)A(s,a)/Amax for j # s and p(s|s,af) = 1 — (1 — p(s|s,a))A(s,a)/Amax- If one stops the
value iteration whenever

max{ui1(s) — ui(s)} — min{uiyi(s) —wi(s)} < e:= \/1t7€ (20)

then the greedy policy with respect to u; is e—optimal for the extended CTMDP M, ,;" which yields

the nearly optimistic policy 7% in (18). In addition, the optimistic CTMDP Mj, = (Pr(-|s, @), A(s, a))ses,acA
is obtained by solving the two inner optimizations in (19). The optimization over p(-|s,a) can be

solved using the algorithm in Figure 2 of Jaksch et al. (2010). Given the solution to this problem

and u;, one can easily solve the optimization over A(s,a) € Ay since the objective is linear in A(s, a)

and the domain Cy(s,a) is bounded with A(s,a) € [Amin, Amax]. Note that the stopping condition

(20) is reached in a finite number of steps, say 4, and one has |u;+1 — ui(s) — pi| < ﬁ where pj;

is given in (18); see Lemmas 1 and 7 of Fruit and Lazaric (2017) for details. We also remark that

by taking the minimum over s € S on the left-hand side of (18), it ensures that the gap between

P (Mk) and max » pmrec, P (M) is at most \/% for all initial states s.

4.2 Regret upper bound

We now present the logarithmic upper bound of the CT-UCRL algorithm (Algorithm 1). Recall
pr(M) and p*(M) defined in equation (1). Set
g =p"(M) —max max {p7(M): pf(M) < p" (M)}, (21)
seS mS—A

which is the gap in the average reward between the best and second best policy in the CTMDP
M. Set § = 1/N in Algorithm 1 where N is the number of decision epochs.

Theorem 2 (Logarithmic instance-dependent regret upper bound). For any CTMDP M € H,
any initial state sg and any N > 1, the expected regret of the algorithm G := CT-UCRL up to the
N-th decision epoch satisfies

log(N)

RY (s0, M) < 4C - + (22)
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where C' is a constant independent of N and

A2 245A
C=3 <342/\12naXD(/\/l)2S2A b2l 4 2 ) (23)
with D(M) < oo being the diameter of the CTMDP M. Moreover
~ 4C AIrla)(
Eso[RS.(s0, M)] < e log AmaxT +2) +C' + T (24)

A proof of this result is deferred to Appendix D, where the constant C’ will be explicitly given;
see (63).

Remark 4. For a discrete-time communicating MDP with S states and A actions, the UCRL2 algo-
rithm proposed in Jaksch et al. (2010) has a instance-dependent regret upper bound ofO(%)
in the average-reward setting, where D is the diameter of the MDP and g* is the gap parameter
that can be defined similarly to (21) for discrete-time MDPs. Equation (24) in Theorem 2 suggests
that the instance-dependent regret upper bound of the C'T-UCRL algorithm for learning CTMDPs
s given by

A

min

X DM)PS2A + [2aptt] 54
5 4

-log T
g

Compared with the results for discrete-time MDPs, there are several differences. First, there is an

additional term, {A%‘\g"ﬂ} SAlog T, which partly quantities the extra difficulty in learning CTMDPs

min

due to the random exponential holding times. Second, the coefficient of S>A now depends on both
the diameter of the CTMDP D(M) and Amax. Finally, the gap parameter g in (21) is associated
with CTMDPs and hence depends on the rates of holding times in general.

5 Conclusion

In this paper, we study RL for continuous-time average-reward Markov decision processes with
unknown parameters. We establish instance-dependent logarithmic regret lower bounds that rep-
resent fundamental performance limits of learning algorithms. Meanwhile we devise the CT-UCRL
algorithm and prove a non-asymptotic logarithmic regret upper bound. The analysis for deriving
these results are substantially different from and more difficult than its discrete-time counterpart
due to the presence of the random holding time at a state.

The study of regret analysis for RL in continuous time is still rare and far between. There are
many open questions. A significant one is to extend the current setting to one with continuous
space, e.g., where the dynamic is governed by a diffusion process. RL for diffusion processes has
been studied recently; see e.g. Wang et al. (2020), Jia and Zhou (2022a,b), but these papers focus
on the problems of generating trial-and-error policies, police evaluation and policy improvement,
while that of the regret bounds remains completely untouched. Other research directions include
non-asymptotic instance-dependent regret lower bound and finite-horizon episodic setting.
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A  Proof of Lemma 1

Proof. Denote by v(s) the ground truth supremum value of the cumulative expected reward col-
lected from time ¢t to T' when the state at time ¢ is s € S. Note that vo(s) = Vp(s) for all s. The
HJB (Hamilton-Jacobi-Bellman) equation satisfied by this finite-horizon optimal value function is

dvy(s) + max {r(s, a)A(s,a) — A(s,a)ve(s) + A(s, a) Zp(z\s, a)vt(z)} =0, (s,t) € S x[0,H),

dt acA s
(25)
vr(s) =0, seS,
where dv;is) denotes the derivative of v.(s) with respect to time ¢. On the other hand, it follows

from the Bellman optimality equation (2) for the average-reward CTMDP (1) that

0=—p"+ max {r(s, a)\(s,a) + A(s, a) Zp(z|s,a)h*(z) — A(s, a)h*(s)} , seS. (26)

ac
z€S

Since the bias function h* is defined up to an addtive constant, without loss of generality we assume
minges h*(s) = 0. Define

gi(s) = (T —t)p" + h*(s), (s,t) e S x]0,T). (27)
It then follows from (26) and (27) that

dg;f) + max {7’(3, a)A(s,a) — A(s,a)g:(s) + A(s, a) Zp(z\s, a)gt(z)} =0, (s,t) € Sx[0,H),
z€S

(28)

gr(s) =h'(s), seS.
The differential equation (28) is identical to (25) except for the terminal conditions where gr(s) =
h*(s). So gi(s) is actually the ground truth supremum value of the cumulative expected reward

collected from ¢ to T" with a non-negative terminal reward h*(xp) > 0 when the state at time ¢ is
s. It then follows that

vi(s) < gu(s) = (T — £)p" + h*(s), (s,8) € S x [0,
In particular, we have

Vr(s) =vo(s) <Tp*+ h*(s) <Tp* +suph*(s), forallseS.
s€eS

Noting that sup,cs h*(s) < oo because S is finite, we obtain for all s,

Vr(s) — Tp* < suph*(s). (29)
seS

By considering —h*(s) in (27), we can use a similar argument to obtain for all s,

Vr(s) —Tp* > —suph*(s). (30)
seS

The proof is complete by letting C' = sup s h*(s). O
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B Proof of Theorem 1

In this section we prove Theorem 1. Given a learning algorithm G, denote by T (s, a) the number
of occurrences of the state-action pair (s,a) up to the N—th decision epoch, i.e. Tn(s,a) =
Zﬁ[;ol ls,=s,an=a- We need several technical results for the proof of Theorem 1. For the ease of
notation, unless specified otherwise, we use Py, and Eg, to denote the probability and expectation
under the model M, algorithm G and initial state sg respectively.

Proposition 2. For any algorithm G, the expected regret up to the N—th decision epoch satisfies,

R, (s0, M Z Z Eo[Tn(s,a)] - ¢*(s,a; M) +O(1), as N — oo, (31)
z€S ag¢O(s,M)

where ¢*(s,a; M) is given in (8).

Proof. The proof is an adaption of the proof of Proposition 1 in Burnetas and Katehakis (1997) to
the CTMDPs. Write
N-1
DS (s0, M) = R (50, M) + h*(s0; M) =By [p" - Sy = D 7(5n, an)] + h*(s0; M), (32)
n=0

where h is the bias function in the average reward optimality equation (2) and Sy = Zg\;BQ 7; with
the convention that Zi_:lo 7; = 0. Then we can compute

N-1

D]gv(so,/\/l) =Eq, (ESO [p*- Sy — Z 7(Sn, an)|(ao, 81)]> + h*(sp; M)
n=0

*

- N-1
= Eso <)\(p (307 GO + IEso /0 Z Ty — Z T(Sm an)‘(GOa 31)]) + h(305 M)
n=1

50, ao)
= By [0" (50, a0; M)] + Eg, [DF,_, (51, M)L
where 7; is the holding time at a state after the (i + 1)—th decision epoch, and the last equality

follows by adding and subtracting the same quantity Es,(E (4, ,)[R(s1; M)]) from the second last
line of the above equation. It then follows from the above recursion that

% (s0, M Z Eso 0" (8, an; M Z Z Es [Tn(s,a)]¢*(s,a; M),

€S agO(s,M)

where we use the fact that ¢*(s,a; M) =0 for a € O(s; M) in the last equality. Because the state
space is finite, we know sup ¢ s |h*(s0; M)| is a finite constant which is independent of N. Hence
we obtain (31) and the proof is complete. O
Proposition 3. For any UF algorithm G and critical state-action pair (s,a) € B(M),

1

lim inf By, [Ty (s, a)]/ log N > K(sa M)’

where K (s,a; M) is given in (9).
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The proof of Proposition 3 is long and it requires several intermediate lemmas. The essential
idea relies on a change-of-measure argument similar to that in Burnetas and Katehakis (1997),
although considerable difficulty arises in applying the argument to the continuous-time case due to
the inherent random holding time. In the CTMDP setting, the key observation is the following.
The likelihood ratio of the two models M and M given the history wxy up to N-th decision epoch
is given by

LM, M;wy) = PM(s0,a0, 70, 51, ., TN—1, 58) /P2 (50, a0, T0, $1, - - -, TN—1, SN)- (33)

We can compute

P (s0, @0, 70, 81, - - -, TN—1, SN)
N-1

= H P (axls0, a0, 70, 51, -, To1, Sk) - P (Tl s i) PU (st 51, a)-
k=0

Since the algorithm G selects actions only using the history, we have

N-1

LM i wy) = H Pé‘gl(TMsk,ak) . P?g(skH]sk,ak) (34)
o o PM (7 sp, ar) - PM (s sk, ar)

Let the discrete random variable Z;(s,a) € S denote the state visited immediately after the j—th
occurrence of (s, a), and ¢;(s, a) the holding time at state s after the j—th occurrence of (s, a). For
k>0,q,q€0O(s,a) and A\, \ € [Amin, Amax], define

)\e—Atj(s,a)

k
Avlla. X 2.N) = [T q;) : (35)

(o) Ae M)

representing the likelihood ratio of the two models M and M corresponding to the history of
transitions out of state s under action a. Finally, denote by P (,(.5.4),x(s,a)) the probability measure
generated by (Z;(s,a),t;(s,a));>1, with Z;(s, a) following distribution p(-|s, a) and t;(s, a) following
an exponential distribution with rate A(s, a).

Lemma 2. We have
(i) If M = M(s,a; M,p(-|s,a), A(s,a)), then

L(Maﬂ; WN) = ATN(s,a)([p("S’ a)’ )\(8, a’)]? [}5(~’S, a)’ 5‘(87 a’)])’ (36)

where Txn(s,a) is the number of occurrences of the state action pair (s,a) up to the N—th
decision epoch.

(ii) Let (by,) be an increasing sequence of positive constants with with b, — oo as n — oo. Then,

Pisanatean (15 108 A4/ 10,] > (1) 1(pls, ) Al (s, Ao, ) = of0)

as n — 0o, for any ¢ > 0.
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Proof. (i) By the construction of M, we have P! (spy1]sk, ax) = }P’g(skku, ax) unless (s, ar) =
(s,a). Similarly, P (7x sy, ar) = IP’M (T |sk, ax) unless (sg, ar) = (s,a). Hence, all the terms except
those corresponding to (sg,ax) = (s a) are cancelled in (34), leading to the desired result (36).

(ii) Since Zj(s,a),j = 1,2,... are i.i.d., and so are tj(s,a),j = 1,2,..., the strong law of large
numbers yields that as k — oo,

log Ai([p(-|s,a), M(s, )], [(]s, @), A(s, a)]) /k
= I([p(|s, @), A(s, @), [p(-]s, @), Als, a)]),  as. Pp(js,a)(s.a))-

Consequently, maxy< |y, | log Ag/[bn] — I([p(-]s,a), (s, a)], [p(-]s,a), A(s,a)]) as. for any increas-
ing sequence of (b,) with b, — 0o. The result then follows. O

For a learning algorithm G, denote by Tx(s) the total number of visits of the embedded jump
chain (s,,) of the CTMDP to the state s up to the N—th decision epoch, i.e., Tx(s) = Zivz_ol 1, =s-
Under Assumption 1, we have the following result.

Lemma 3 (Proposition 2 of Burnetas and Katehakis (1997)). There exists some 3 > 0 such that
for any algorithm G and s € S,

Ps,(Tn(s) < BN) =o0(1), as N — occ.

Lemma 4. If M = M(s,a; M,p(:|s,a),\(s,a)), i.e., action a is uniquely optimal at state s under
the model M, then for any UF algorithm G,

Eg[TN( ) —TIn(s,a)] = Z Tn(s,a")] = o(N®), for any a > 0. (37)
a'+a

Proof. Since G is UF and M € H, by definition we have E, [R%(SO,M)] = o(T?) as T' — oo for

any a > 0. Then, for any € > 0, there exists some 7p such that Ey[R 9 (s0, M)] < €T for T > Tp.
It follows that Eg)[RS(s0, M)] < €T® + Typ* for any T > 0. By virtue of (7), we get

R (50, M) i= By [RE, (50, M)] = Boy (Euo [RE, (50, M)ISN]) < €+ B [S3] + Top™.  (38)

Denote by (7;) the sequence of holding times under any algorithm G applied to the CTMDP
M € H. Since Sy = Zf\i _02 T;, by Assumption 2, it is possible to construct a probability space
and a sequence of i.i.d. exponential random variables (7;) with rate Api, such that the law of
(Sy :n > 1) is the same as the law of (SN : N > 1) and Sy < Sy = Z—o TZ for all N and
all sample paths; see, e.g., Section 2 of Whitt (1981). Tt follows that E,,[S%] = Es,[SY] < E[SY].
Without loss of generality we consider a € (0,1). From the strong law of large numbers we have
S%/N® = (1/Amin)® a.s. when N — co. Moreover, E[S$]/N® < E[Sy]/N = 1/Amin - (N —1)/N <
1/Amin < oo for each N. By the dominated convergence theorem we then obtain

_ E[S%]
M N

= (1/Amin)®
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As a consequence,

lim sup < (1/Amin)
N—o00
It then follows from (38) that
RS (50, M
limsupM <€ (1/Amin)”.
N—oo N«

Since € > 0 is arbitrary, we obtain R, (so, M) = o(N®).

From Proposition 2, we know that for any learning algorithm G, the expected regret up to N—th
decision epoch satisfies

so, Z Z EM (TN (s,a")]¢*(z,a’; M) + O(1),

€S a'#a

where {a} = O(z; M). Since RY,(s0, M) = o(N®), and ¢*(x, a’; M) are all positive and uniformly

bounded away from zero for a’ # a, we arrive at
Eé‘g‘[T (s) — Tn(s,a)] ZTN (s,a’)] = o(N?),
a'#a

completing the proof. O
Now we are ready to prove Proposition 3.

Proof. Given all the previous lemmas, the proof is similar to that of Theorem 2 in Burnetas and
Katehakis (1997); so we only outline the key steps here. It suffices to show for any € > 0,

(1-¢€)logNY\
K(s,a; M) ) -

lim P (TN(S, a) <
N—o00
By Lemma 3, it further remains to show

(1 —€)log N

P., (TN<s,a> <

Tn(s) > BN) =o(1), as N — oc.

Let G be a UF algorithm, (s,a) € B(M) and § = ¢/(2 —¢€) > 0. By the definition of K (s, a; M)
in (9), one can readily verify that

(1 —€)/K(s,a3 M) < (1= 0)/I([p([s, ), A(s,a)], [5(:|s, a), A(s, a)]).

Write by = (1—0)log N/I([p(-|s,a), A(s,a)], [p(-|s,a), \(s,a)]), wy the history up to decision epoch
N, and EY, = {wy : Tw(s) > BN, Tn(s,a) < by}. Then it suffices to prove

P.,(EX) = o(1), as N — co. (39)
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Since G is UF, and action a is now uniquely optimal under M = M(s, a; M, p(-|s, a), A(s,a)),
it follows from Lemma 4 that

Eg[T (s) —Tn(s,a)] ZTNsa = o(N%).
o' 2a
Thus the Markov inequality implies
o(N°/?)
BN — by
Let By, = {wy : 1og Ay (5.0) ([P(-]5,0), A(s,a)], [B(-]s, @), A(s,a)]) < (1 —0/2)log N}. To show (39),

we first show Py, (E3, N BS) = o(1). Using the likelihood ratio (33), equation (36) and the definition
of B}SV, we have

PEM(BY) < PEGM(T (s) — Te(s,0) > BN —by) = — o(NO/2Y), (40)

Pyy(BY N BY) < eV BEM(EY 0 BY) < N2 PEM(ER) = o),
where the last equality is due to (40).
We next show Py, (ES N B%) = o(1). Note that
Pe, (B N BY)

1-6/2
< Pp(lsa)as.a) (kglﬁgf; Jlog Aw/lbn] > =—5

I([p(~|3, CL), A(Sv CL)], [ﬁ('|5’ CL), S‘(Sa a)])) :

From part (ii) of Lemma 2 we obtain that Py, (ES N BY) = o(1). Hence we have proved (39). The
proof is therefore complete. O

Proof of Theorem 1. Equation (11) directly follows from Propositions 2 and 3 along with the defi-
nition of C'(M) in (10).

We next prove (12). Recall that

N(T)—1
RY(so, M) =p*- T — Z 7(Sn, an),
n=0
where N(T') is the number of decision epochs by time 7" under the learning algorithm G. Since the
reward is bounded by one, we have

|RS(s0, M) — RY

SN(T)+1

(50, M)| < p* - [Sn(ry41 — Snem)] + 1,

where we recall S,, denotes the n—th decision epoch under a given algorithm G. It then follows
from Assumption 2 that

Eao| B(s0, M) = RS, (s0,M)| < — +1. (41)

Sn(r)+1 )\min

Dividing both sides by log 7" and sending T" to infinity, we have

g
S0 [RSN(T)+1

E,, [RY (s0, M)]
lim inf ol T(SO’M)] > lim inf .
T—o0 logT T—00 log T’
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Hence, to prove (12) it suffices to show

lim inf I, [RgN(T)H(so,/\/l)] /logT > C(M).
From (11), we know that for any e > 0, there exists Ng > 0 such that R%(sg, M)/log N >
(C(M) —€) when N > Ny. Hence for all N > 1,

RS (s0, M) = Egy[RE (50, M)] > (C(M) — €)log N — Cy,

where Cj := ’/’\*ﬂ is a constant that bounds the expected regret in the first Ny decision steps under

any policy . It follows that

E,, [RY

SN(T)+1

(50, M)] = By (Eaa RE, ., (50, M)IN(T) + 1))
> (C(M) = €)Ey, llog(N(T) + 1)] - Co. (42)

Note that due to Assumption 2, we have under any algorithm G, the counting process {N(t) — 1 :
t > 0} is sandwiched pathwise between two Poisson processes A;(-) and As(-) with rates A\pi, and
Amax respectively, i.e. Aq(t) < N(t) —1 < Ay(t) for all ¢ > 0 and all sample paths, see, e.g., Section
2 of Whitt (1981). Note that we consider N(¢) — 1 because there is a decision made at time 0 so
that N(0) — 1 = 0. For a Poisson process A(-) with any rate p > 0, we can infer from the strong
law of large numbers that

Jim B log(A(T) + 2) ~ og(T)] = Jim B |tog 202 — tog()

where in the last equality follows from the generalized dominated convergence theorem given that

log A(D)+2 < A(?+27 and % — 1 almost surely and in expectation as T' — oco. Hence we have

T
lim7_y o0 Egy [log(A(T) + 2)]/log T = 1. Consequently

lim inf =1,
T

which, together with (42), yields

lim inf E,, [RgN(THl(sO,M)] /logT > C(M) —e.

T—o0

The result then follows as € is arbitrarily small. O

C Proof of Proposition 1

Proof. First, one can easily check that an equivalent formulation of C(M) is as follows:

CM)=inf > n(s,a)¢"(s,a:M) (43)
(s,a)eB(M) )

subject to (s, a)[KL(p(:|s,a),p(:|s,a)) + KL(\(s,a),\(s,a))] > 1,
for [p(-]s,a), \(s,a)] € AO(s,a; M) and all (s,a) € B(M).
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Indeed the optimal solution to the optimization problem (43) is given by n*(s,a) = 1/K(s,a; M)
for (s,a) € B(M) by (9). To upper bound the objective value C(M) in (43), we construct a smaller
feasible set for the above optimization problem. For this purpose, we need a characterization of
the set A©(s, a; M). Recall the average reward optimality equation is given by

h*(s;./\/l)max{r(s,a) M)/X(s,a) —i—ij\sa (7; ./\/l)} seS.

cA
“ jES

For q € O(s,a),0 € [Amin, Amax] and p € [0, 1], we denote
L(s,a;q,0,h,p) =r(s,a)+q-h—p/b,
where ¢ - h =3, 5q(j)h(j). Then the optimality equation becomes

h(s; M) = max {L(s, a; p([s, a), A(s, @), 1" (M), p" (M)}, s €S.

Following a proof similar to that of Lemma 1 of Burnetas and Katehakis (1997), we can show
AB(s,a; M) = {(q,0) € O(s,a) X [Amin, Amax] : L(s, 45,0, 0" (M), p*(M)) > b*(s; M)} (44)
for all (s,a) such that a ¢ O(s; M). Recall

¢*(s,a; M) = —r(s,a) + p*(M)/A(s,a) Zp s, a)h* (j; M) + h*(s; M)

jES

= h*(s; M) — L(s,a;p(-|s,a), \(s,a), h* (M), p* (M),
and

L(s,a;q,0,h" (M), p*(M)) = L(s,a;p(-|s, a), A(s, a), h* (M), p"(M)
= (g —p([s,a)) - B (M) = p*(M)(1/6 = 1/A(s, a)).

Hence it follows from (44) that

AO(s,a; M)
= {(g,0) € O(s,a) X [Amin, Amax] : L£(s,a; 4,0, h" (M), p*(M)) > h*(s; M)}
= {(4,0) € O(s,a) X [Amin; Amax] :

(¢ —p(ls;a)) - K" (M) = p*(M)(1/0 = 1/X(s,a)) > ¢*(s,a; M)}

Thus, for any (p(:|s,a), A(s,a)) € AO(s,a; M) # (), we have
(B(-[s,a) = p(]s,a)) - K" (M) = p"(M)(1/A(s,a) — 1/A(s,a)) > ¢*(s,a; M).
Applying Holder’s inequality and noting p* (M) < Apax, we have

1515, a) = p(:ls, a)ll - [[2*(M)lloo + [1/A(s,0) = 1/A(s,0)] - Amax > ¢"(s,a;M).
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Note the bias function in the average reward optimality equation is defined up to an additive
constant; so we can assume without loss of generality that ||h*(M)||ec < H/2. Hence,

1B(-]s,a) = p(-Is, a)lly - H/2+ [1/A(s,a) = 1/A(s,a)| - Amax > ¢" (s, a3 M),
which implies that

20*(s,a; M)

1515, @) = pCls, @)l +[1/A(s @) = 1/A(s, @) > S5 2=

(45)

. _ (. 2
Note that KL(p(+|s,a),p(:|s,a)) > lIpCls.a) 2p( Is.0)ll; by Pinsker’s inequality. In addition, we
have

_ 23, _ _
KL(\(s,a),A(s,a)) > Z)\ﬂ |1/X(s,a) — 1/X(s,a)|?,  for A(s,a), \(s,a) € [Amin, Amax],

max

which follows from the fact that log(a/8) + 8/ — 1 > %(1 — B/a)? > %(1/6 —1/a)? for
a, B € [Amin, Amax)- As a result,

KL(p(|s,a),p(]s,a)) + KL(A(s, a), A(s, a))
S llpCls, ) = pCls @l | A

[1/A(s, @) = 1/X(s, )|

- 2 2)\max
)‘i))nin * 2 A 2
> g (Ip(]s,0) = pC1s, )l [F + [1/A(5,0) = 1/A(s, 0)?)
A3 _ \ 2
> S (|[p(|s,a) — p([s. @)1 +[1/X(s. ) ~ 1/A(s.a)])
A (207 (s,a; M)\
= D ( H + 2\ max ) ’ o

where the last inequality holds due to (45). Introduce the following optimization problem

GM)i=inf ) n(s,a)¢"(s,aM) (47)
~ (s,a)éB(M)

)\3. 20* .
subject to  n(s,a) - 1 min_ < 1(3—(1:9’2(;\7/\4
max

By (46), the feasible set of this optimization problem is a subset of that of the problem (43). It

2
follows that C' (M) < G(M). Moerover, by taking n(s,a) = 4;\§Ilax ' (2{;82“}@’{)) , one finds that

min

)>2 >1, forall (s,a) € B(M).

)\max

4 A max H + 2 max 2
GM) = > = ( +22 ) - e.a M)

(s,a)€B(M) Ain 2¢* (s, a; M)
_ Z Amax (H + 2)‘max)2
= o (H + 2

(s,a)€B(M) A 9*(s,a: M)

(H + 22ma0)S4 Amax
>~ min(S,G)GB(M) ¢*(S’G;M) )\Ignln
The proof is therefore complete. :
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D Proof of Theorem 2

The proof is lengthy; we divide it into several steps. In Section D.1 we study failing confidence
regions. This result is then used in Section D.2 to bound the number of suboptimal decision steps
of the CT-UCRL algorithm. With such a bound, we then prove Theorem 2 in Section D.3.

D.1 Failing confidence regions

Lemma 5 (Failing confidence region). For any episode k > 1, the probability that the true CTMDP

M is not contained in the set of plausible MDPs Cy, is at most 15%, i.€e.
k
PM ¢ Cy) < - (48)
T

Proof. First, from the proof of Lemma 17 in Jaksch et al. (2010), we have

P <|\p<-|s,a> i)l > \/ el el ‘?}) < Sos (19)

Second, it follows from (15) that given n i.i.d samples of holding times at (s, a), the truncated

mean estimator —— satisfies
A(s,a)
1 1 4 14 1)
Pl |= — -4/ —log(2ASt/9) | < —=——, Vit >1.
( )\(3761) )‘(Saa) o )\min \/TL Og( / )> ~ 60t7SA -
Since N(s,a) < t—1, we can use a union bound over all possible values of Ni(s,a) =1,2,...,tx—1
and obtain
te—1
1 1 4 141log(2ASt; /o 1) )
pll- N > 0g(2A51x/9) D D (50)
As,a) (s, a) Amin \| max{1, Ni(s,a)} £ 60t . SA — 603 SA
Finally, in view of (49) and (50), we can sum over all state-action pairs and obtain (48). [

D.2 Bounding the number of suboptimal decision steps of CT-UCRL

In this section, we establish a bound on the number of decision steps in suboptimal episodes for
the CT-UCRL algorithm. This bound is critical in the proof of Theorem 2.

Fix the total number of decision steps IN. Denote

Ap = 37 vils.a)(p"/A(s, @) — (s, ), (51)
(s,a)

where vy (s, a) denotes the number of visits of the CTMDP to the state-action pair (s, a) in episode
k, up to step N. We call Ay the adjusted regret in episode k, and we will see later that conditional
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on (vk(s,a))(s,q), the expected value of Ay corresponds to the expected regret incurred in episode

k. We say that an episode k is e-bad if %—: > ¢, where [, is the number of decision steps in episode
k.

We are to provide a bound on the number of decision steps in e-bad episodes for the CT-UCRL
algorithm. Theorem 11 in Jaksch et al. (2010) establishes such a bound for the discrete-time
MDP. There are essential difficulties in extending its proof to the continuous-time setting due to
exponential holding times and a different Bellman optimality equation (2). To overcome these
difficulties, we need two new ingredients in our analysis. The first one is the high probability
confidence bound for the rate of the holding times; see (50). The second one is the analysis of the
extended value iteration (19) for CTMDPs, which has been discussed in Fruit and Lazaric (2017)
for SMDPs with different confidence regions.

The following is the main result in this subsection.
Proposition 4. Let L (N) be the number of decision steps taken by CT-UCRL in e—bad episodes

up to step N. Then for any initial state s, N > 2S5A,e > 0 and § € (0,1/2), with probability at
least 1 — 26,

3 P 245 A N
Ld(N) < = <342)\fnaXD(M)252A +2- 732)\2—&4 + A2) -log <5> ,

min min
where D(M) is the diameter of the true CTMDP M.

Proof. Fix N > 1. Denote by K. the random set that contains the indices of the e-bad episodes up
to step V. Set A'(e, N) = 3 _jcx, Ak, and note Le(N) := > e D0 (s.0) Vk(8, @)

Following the same argument as on p.1580 of Jaksch et al. (2010), we can infer from Lemma 5
that

P Z AklM%Ck >0] < (5,
keK.

where the confidence set Cy, is the set of all plausible CTMDPs in episode k. Hence, with probability
at least 1 — 9,

AN, N) < ) Aplaee, (52)
keK.
Next we bound Aglyec,. By (18) and the assumption that M € Ci, we have p* < py + \/LT,C’
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where p* is the optimal average reward of M. Then

Ap = Z Uk(sa a)(p*/)\(s, a) - T(S7a))
(s,a)

< Z vi(s,a)(pi/A(s,a) —r(s,a)) + Z vi (s, a)
(s,a)

oo A(s,a)v/tr
< Z vk (s, a)(plt/}v‘k@ﬂ a) —r(s, CL)) + Z Uk (s, a)(,oZ/)\(s, a) — pZ/Xk(S, a))
(s,0)

(s,a)
'l)k(s, a)
+ —, (53)
(s,a) )\min\/tik
where the last inequality follows from the fact that A(s,a) > Apin for all s, a. Note in episode k, we
execute the optimistic policy 7, i.e., a = i (s). Hence vi(s,a) = 0 if a # 7x(s)

For the first term of the right hand side of (53), by the extended value iteration (19), we can
directly obtain from equation (22) of Fruit and Lazaric (2017) that for all s € S

pr — (s, Tx(s)) - )\k (s, k(s Zpk (s, T (s)wi(§) — wi(s) | - i (s, Tr(s)) < 1

Amax |~ Vi

jES

where the optimistic CTMDP in episode k is Mk

= (Pk(-[s,a), \(s,a))s jes,aea, and u;(s) are
the state values of the extended value iteration when it stops at iteration ¢ under condition (20)
Because (s, 7x(s)) > Amin, the first term in (53) is bounded above by

1 1
— > wk(s, 7k(s)) > wi(s, w(s) | Y Prlils, Fa(s))ui(f) — uals)
Amin seS \/E )\max seS jes
1 vk (s, a) 1 ~
P,—1 54
S 2 e P D (54
where v, = (vg(s, 7%(s)))s, Pr

(Pr(jls, Tk(s)))s,; is the transition matrix of 7 on Mk, and
wi = (wk(s))s is a column vector defined by

wi(s)

wy(s) — TXses ui(s) ;rminses ui(s)’ ses.

Here, the equality (54) holds because the matrix ﬁk — I right-multiplied by a constant vector is
zero. By Lemma 6 of Fruit and Lazaric (2017), one can bound ||wg||e by D M for all k.
Note that

(P — Dwy, = Vk(]Bk — Powy + v (P — Iwy,

(55)

where P is the transition matrix associated with the policy 7 under the true model. By Holder’s
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inequality, we deduce

Vi(Pe = Powg <Y o(s, ()| Pl () = PeCcls, ()l - llwloo

S

~ 145 log(2 Aty /0)
< zg:vk(s,wk(S))\/maX{LNk(s,irk(s))} P

< D+/14510g(2AN/6) Z ¢ma;f1(8;k)(s a)}’

(56)

where the second inequality follows from the fact that the transition matrices of both the optimistic
model and the true model lie in the confidence region (16), while the third inequality uses the fact
that ¢, < N.

For the second term of the right hand side of (53), we first note that the reward function (s, a)
is bounded by 1 for all (s, a); so the long-run average reward per unit time p; < Ayax. Hence

P/ \(5,@) = P/ Me(5, @) < Amax|1/A(5. @) — 1/ A (5, )
< Amax (ym(s,a) —1/3a(s, )| + |1/ Ak(s,a) — 1/Xk(s,a)y)

< BAmax | 141og(2A51,/6)
max{1, Ni(s,a)}’

Amin

where we use the confidence region (17) for the rates of holding times and the fact that M, M, k € Ck.
Thus the second term of (53) is upper bounded by

S vi(s,a)(ph/A(s. @) — i/ A (s, )
(s,a)

8/\max ka 0) ¢ 141og(2ASt; /)

Amin max{l,Nk(s,a)}

8)\max

)\mm

<

- /1410g(2ASN/3) - Z \/ma;{kl(sl\?:(s = (57)

Noting ¢, > max{1, Ni(s,a)} for all s,a, and combining (53), (54), (55), (56), and (57), we
obtain for episode k& with M € (4,

A Uk(s a) + 1 Vk(Pk — I)wk
(sa (8 a)} )\max
8 Amax vk(s a) 2 vg (s, a)
+ 141 QASN 5 +
Amin V/14log( /%) Za v/max{1, Ni(s,a)} )\mm \/max{l Ni(s,a)}

From equation (27) of Jaksch et al. (2010), we have

szax{lkasa)}_(l—F\[) Le(N)SA.

keK. (s,a
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It follows from (52) that with probability at least 1 — 4,
A(e,N)

> vi(Pe = Dwglpee,
X keK.

+ < AD \/14S10g(2AN/6) + 8;““”‘ : \/14log(2ASN/6)) (14 V2)\/L(N)SA

min

+

-(1+V2)V/Le(N)SA. (58)

>\min
For the first term above, we can use the same argument as in Jaksch et al. (2010) (see p. 1580 -
1581 there) to obtain that, with probability at least 1 — 9,

> vi(Pe — Dwglaree, < 2D/Le(N)log(N/6) + 2DSAlogy(8N/SA).
keK.

Hence (58) yields that with probability at least 1 — 20,
A'(e,N)
< 2D(M)Amax/Le(N) 1og(N/6) + 2D (M) AmaxSA log, (8N/SA)

N (W\/MSlog(QAN/é) 1 Bma \/1410g(2A5N/5)> (14 V2)VLAN)SA

min

s (1+V2)\/Le(N)SA,
noting D = %. In view of equation (32) of Jaksch et al. (2010), this can be simplified to
A'(e,N)
< 34D(M)AmaxSV/Le(N)Alog(N/6) + SAm_a" -/1410g(2ASN/5)(1 + V2)\/L(N)SA
(14 V) VILMSA. (59)

min

Noting by definition A'(e, N) = > cx Ap > €Dy, b = eLe(N), and 8(1 + V2)V/14 < 73, we
get

2

L(N) < 632 (342Afnax (M)2S? Alog (;V) 4 732 ;\\‘;aXSAlog<

min

For N > 2S5A, log (2‘4#) < 2log (%) In addition, log (%) > 1for N > 2and 6 < 1/2.
Consequently,

A2 A2 4]

min min

L(N) < % <342A3nax (M)?S?A+2 - 73 AmXSA 24SA> -log <N> .
€

The proof is complete. O]
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D.3 Proof of Theorem 2

Proof. Given all the preparations, the proof is an adaption of that of Theorem 4 in Jaksch et al.
(2010); so we only outline the key steps while highlighting the differences.

We first prove (22). From Proposition 4, it follows that with probability at least 1 — 20,
Lo(N) < Cl8WNV0) for N > 25 A, where

2 245 A
C:3<342)\12naXD(/\/l)25’2A—|—2-732};’%5144_ )\; )

Then we can infer from (59) that the adjusted regret accumulated in e-bad episodes is bounded
by

AI(E,N): Z AkSClog(iV/(S)
keKe

with probability at least 1 — 24. By Assumption 2 and the fact that r(s,a) € [0,1], we have the
following simple bound:

p*//\(s, a) — 7'(8, G) < ,0*/>\min < )\maX/Amin- (60)

Hence, by choosing § = 1/N, we can bound the expected adjusted regret in 4-bad episodes of the
algorithm G := CT-UCRL up to decision step N as follows:

log(N 2 max
og(N) _
g )\min

E,, [A’(%,N)] =E, | Y A <4C- (61)

keKg
2

It remains to bound the regret in those episodes k with average adjusted regret smaller than
g ie k¢ K%. To this end, note that for each policy w there is n, such that for all n > n, the
expected average reward after n decision steps is §-close to the average reward of w. Then applying
the same argument as in the proof of Theorem 4 in Jaksch et al. (2010), we have

Es, Z Ag| < i\\méx -Cq, where C := Z[l + logy( Hza)}i ny)l - n%a)% N,
k;%KQ min s,a TT(s)=a mTim(s)=a
2

where the factor % arises due to the bound in (60) in our setting. Combining with (61), we get
the expected regret of UCRL to be

D A

k=1

log(N) N Amax

<4C -
o ¢ g Amin

Es, (24 Ch), (62)

where Ay is defined in (51), and m is the number of episodes started up to step V.
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Note, however, that the expected regret of the CT-UCRL algorithm G up to step N is given by

N-—1 m
R (s0, M) =Eg[p* - Sn = D (s, an)] <Egp | DA
n=0 k=1

where
X v (s,a
Ap=>" Z (p*7; (s,a) — 7(s,a)),
(s,a) J=1

and (7%, (s,a)); are i.i.d. exponential random variables with rate A(s,a). The difference compared
with (62) is Eq[Y,(Ar — Ar)], where Ay, is defined in (51). Since the mean of T, (s,a) is 1/A(s, a),
it follows that given vk (s, a) after N decision steps, we have

By |(Ak = A0)|(0k(s,0))sa| =0,

which implies that Ego [Ak — Ag] = 0 for each episode k. Then for N > 2S5 A,

> A

k=1

log(N) = Amax
g )‘min

RY (50, M) < Ey, <4C -

Hence, for any N > 1,

G 1 N )\max
R]gV(S[),M)SZlC'Og;)‘F -

(2+C1+254).

The proof of (22) is complete by setting

Amin Amin (s)=a mm(s)=a

C' = Am*”‘(z +C1 +2SA) = Amax (2 +2SA+ Z —|—10g2( max )] max nﬂ> . (63)

S,a

We now proceed to prove (24). First, we obtain from (41) that

. — p*
Eso[RF (50, M)] < Ego[RE - (50, M)] +

+1. (64)

>\min
Hence it suffices to upper bound Eg, [RgN(T)Jr1 (s0, M)]. By (22), we have for N > 1,

g ; log(N
R, (s0, M) = Eq [Rg, (50, M)] < 4C - log(N)

+ .
It follows that

E,,[RY

SN(T)+1

(50, M)] = By (Esa RE, . (50, M)IN(T) + 1)

< 496 -Es, (log([N(T) +1])) + C".
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As already argued in the proof of (12), under any algorithm G, we have N (t) < As(t) + 1 for all ¢
and all sample paths, where As(-) is a Poisson process with rate Apax. Thus we have

Es, (log(N(T) 4+ 1)) < E (log(Aa(T) + 2)) < log(AmaxT + 2),

where Ay(T) is a Poisson random variable with mean A\pax7', and the second inequality above is
due to Jensen’s inequality. Therefore we obtain

4C

E,, [RS (s0, M)] < o AmaxT +2) + C".

SN(T)+1

Since r(s,a) € [0, 1], the long run average reward p* is upper bounded by Amax. Thus we can infer
from (64) that

4C
Eso [RS.(s0, M)] < e log (AmaxT +2) + C' +

)\max

)\min

The proof is complete. O
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