Sublinear Regret for a Class of Continuous-Time Linear—Quadratic

Reinforcement Learning Problems

Yilie Huang * Yanwei Jiaf Xun Yu Zhout

Abstract

We study reinforcement learning (RL) for a class of continuous-time linear—quadratic (LQ)
control problems for diffusions, where states are scalar-valued and running control rewards
are absent but volatilities of the state processes depend on both state and control variables.
We apply a model-free approach that relies neither on knowledge of model parameters nor on
their estimations, and devise an actor—critic algorithm to learn the optimal policy parameter
directly. Our main contributions include the introduction of an exploration schedule and a regret
analysis of the proposed algorithm. We provide the convergence rate of the policy parameter
to the optimal one, and prove that the algorithm achieves a regret bound of O(N %) up to
a logarithmic factor, where NN is the number of learning episodes. We conduct a simulation
study to validate the theoretical results and demonstrate the effectiveness and reliability of the
proposed algorithm. We also perform numerical comparisons between our method and those of
the recent model-based stochastic LQ RL studies adapted to the state- and control-dependent
volatility setting, demonstrating a better performance of the former in terms of regret bounds.

Keywords: C ontinuous-Time RL, Stochastic Linear—Quadratic Control, Model-Free Policy Gradient,

Regret Bounds, Exploration Scheduling, Actor—Critic Algorithm

1 Introduction

Linear—quadratic (LQ) control, where the system dynamics are linear in the state and control
variables while the rewards are quadratic in them, takes up a center stage in classical model-based

control theory when the model parameters are assumed to be given and known. The reason is
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twofold: LQ control can be solved explicitly and elegantly, and it can be used to approximate
more complicated nonlinear control problems. Detailed theoretical accounts in the continuous-time
setting can be found in Anderson and Moore (2007) for deterministic control (i.e., dynamics are
described by ordinary differential equations) and in Yong and Zhou (1999) for stochastic control

(i.e., dynamics are governed by stochastic differential equations).

Many real-world applications often present themselves with partially known or entirely unknown
environments. Specifically in the LQ context, one may know that a problem is structurally LQ,
namely the system responds linearly to state and control whereas the reward is quadratic (e.g. a
variance is involved) in these variables, yet without knowing some or any of the model parameters.
The so-called plug-in method has been traditionally used to solve such a problem, namely, one first
estimates the model parameters based on observed data and then plugs in the estimated parameters
and applies the classical optimal control theory to derive the solutions. Such an approach is model-
based/-driven because it takes learning the model as its core mission. It is well known, however,
that the plug-in method has significant drawbacks, especially in that optimal controls are typically
very sensitive to the model parameters, yet estimating some of the parameters accurately when
data are limited is a daunting, sometimes impossible, task (e.g., the return rate of a stock (Merton,

1980; Luenberger, 1998)).

Reinforcement learning (RL) has been developed to tackle complex control problems in largely
unknown environments. Its successful applications range from strategic board games such as chess
and Go (Silver et al., 2016, 2017) to robotic systems (Gu et al., 2017; Khan et al., 2020). However,
RL has been predominantly studied for discrete-time, Markov decision processes (MDPs) with
discrete state and control spaces, even though most real-life applications are inherently continuous-
time with continuous state space and possibly continuous control space (e.g., autonomous driving,
stock trading, and video game playing). More importantly, while one can turn a continuous-time
problem into a discrete-time MDP upfront by time discretization, such an approach is very sensitive
to time step size and performs poorly with small time steps Munos (2006); Tallec et al. (2019);
Park et al. (2021).

While there were studies directly on continuous-time RL, these had been rare and far between
(Baird, 1994; Doya, 2000; Vamvoudakis and Lewis, 2010; Lee and Sutton, 2021; Kim et al., 2021)
up to just recent years, overall lacking a systematic and unified theory. Starting with Wang et al.
(2020) that introduces an entropy-regularized relaxed control framework for continuous-time RL,

a series of subsequent papers (Jia and Zhou, 2022a,b, 2023) develop theories on policy evaluation,



policy gradient, and g-learning respectively within this framework. This strand of research is
characterized by focusing on learning the optimal control policies directly without attempting to
estimate or learn the model parameters, underlining a model-free (up to the unknown dynamics
being governed by diffusion processes) and data-driven approach. The mathematical foundation
of the entire theory is the martingale property of certain stochastic processes, the enforcement of
which naturally leads to various temporal difference and actor—critic algorithms to train and learn
g-functions, value functions, and optimal (stochastic) policies. Subsequently, there has been active
follow-up research with various extensions and applications; see, e.g. Huang et al. (2022); Dai et al.

(2023); Wang et al. (2023); Frikha et al. (2023); Wei and Yu (2023).

A crucial question in RL is the convergence and regret bounds of RL algorithms that pro-
vide theoretical guidance and guarantee their effectiveness and reliability. For LQ problems, such
theoretical results exist, for example, for deterministic systems (Bradtke, 1992; Fazel et al., 2018;
Malik et al., 2019) as well as systems with identically and independently distributed noises (Abbasi-
Yadkori and Szepesvari, 2011; Abeille and Lazaric, 2018; Cohen et al., 2018, 2019; Hambly et al.,
2021; Wang et al., 2021; Cassel and Koren, 2021; Yang et al., 2019; Zhou and Lu, 2023; Chen et al.,
2023; Simchowitz and Foster, 2020), covering finite-horizon, infinite-horizon, and ergodic cases.
These studies are nevertheless all for discrete-time models, with control not affecting the level of
randomness in the state dynamics. Some of them, e.g. Abbasi-Yadkori and Szepesvari (2011);
Abeille and Lazaric (2018); Hambly et al. (2021); Wang et al. (2021); Zhou and Lu (2023), design
their algorithms based on policy gradient. However, the gradient representations therein rely on
estimations of the drift parameters; hence, the methods are essentially model-based. In addition,
the semidefinite programming formulation in (Cohen et al., 2018, 2019) does not seem applicable

to continuous-time systems.

The algorithm proposed and analyzed in the present paper belongs to the class of actor—critic
algorithms originally put forward by Konda and Tsitsiklis (1999). Such algorithms for discrete-time
systems have been studied in Wu et al. (2020); Xu et al. (2021); Cen et al. (2022), and in particular,
for ergodic LQ problems in Yang et al. (2019); Chen et al. (2023) and for episodic linear MDPs in
Cai et al. (2020); Zhong and Zhang (2023). The “optimal” regret of these algorithms is mostly of the
order O(v/N), where N is the number of episodes or timesteps. However, it is unclear whether they
still work for the diffusion case where the volatility also depends on state and control. For general
continuous-time diffusion environments, however, the aforementioned series of papers (Wang et al.

(2020); Jia and Zhou (2022a,b, 2023)) and their follow-up study have not addressed the problems



of convergence and regret bounds. These remain highly significant yet challenging open questions
due to the model-free nature of the underlying approach and the stochastic approximation type of
algorithms involved.

Recently, there has been some progress on regret analysis for continuous-time stochastic LQ
RL in (Basei et al., 2022; Szpruch et al., 2024) that achieve sublinear regrets of their respective
algorithms. Both papers assume that the diffusion coefficients are constant independent of state
and control, which is vital for their approaches to work. Again, in essence, these works are model-
based because they apply either least-square or Bayesian methods to estimate model parameters
and use the corresponding estimation errors to deduce the regret bounds. In particular, there
is an intrinsic drawback in these model-based methods specific to LQ problems: optimal control
policies are linear feedbacks of the state; hence, these methods may suffer from the unidentifiability
problem. In addition, they require both the batch size and the number of timesteps to increase
exponentially over episodes, adding substantial computational and memory costs.

This paper endeavors to design an RL algorithm with a provable sublinear regret for a class
of stochastic LQ RL problems in the model-free framework of Wang et al. (2020); Jia and Zhou
(2022a,b, 2023). We allow the diffusion coefficients to depend on both state and control, the latter
being of particular practical significance (e.g. the wealth equation in continuous-time finance (Zhou
and Li, 2000)). Indeed, this type of stochastic LQ problems have led to a very active research area
called “indefinite stochastic LQ control” in the classical, model-based literature, starting from

(Chen et al., 1998; Rami and Zhou, 2000).

Main Contributions In this paper, we propose a policy gradient based actor—critic algorithm to
solve a special class of continuous-time, finite-horizon stochastic LQ problems under the model-free,
episodic RL setting, where the state processes are one dimensional and there is no running control

award. Our main contributions are

(1) We provide a convergence and regret analysis when the volatility of the state process is
affected by both state and control. The regret is upper bounded by the order of O(N %) (up
to a logarithmic factor), where N is the number of episodes. While it may not yet be the
best regret bound, to our best knowledge, it is the first sublinear regret result obtained in
the entropy-regularized exploratory framework of Wang et al. (2020), with state- and action-

dependent volatility.

(2) We take a model-free approach to develop our algorithm, i.e., a policy gradient based (soft)



actor—critic algorithm, and base our analysis on the stochastic approximation scheme. In
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particular, the policy gradient in this paper is a “model-free gradient” instead of a “model-
based gradient” commonly taken in discrete-time RL. As a result, we do not need to estimate
model primitives in the entire analysis, circumventing the issues discussed earlier arising from

estimating/learning those model parameters.

(3) We propose a novel exploration schedule. Note that stochastic policies are considered in
this paper for both conceptual and technical reasons. Conceptually, stochastic policies reach
more action areas otherwise not necessarily explored by deterministic policies. Technically,
we apply the policy gradient method developed in Jia and Zhou (2022b) that works only for
stochastic policies. Gaussian exploration policies are shown to be optimal in achieving the
ideal balance between exploration and exploitation, whose variance represents the level of
exploration. We propose a decreasing schedule of variances for the Gaussian exploration over

iterations, guided by the desired regret bound.

The remainder of the paper is structured as follows. Section 2 formulates the problem and
provides some preliminary results necessary for the subsequent development. Section 3 describes
and explains the steps leading to our RL algorithm. Section 4 presents the main theoretical results
on convergence and a regret bound of the proposed algorithm. Section 5 reports the results of
numerical experiments. Finally, Section 6 concludes. The appendices contain proofs of the main

results and a detailed description of the numerical experiments.

2 Problem Formulation and Preliminaries

2.1 Classical Stochastic LQ Control

We begin by recalling the classical stochastic LQ control formulation and main results. Denote
by % = {2"(t) e R: 0 < t < T} the state process under a control process u = {u(t) e R : 0 < t <

T}, whose dynamics are described by the following stochastic differential equation (SDE):

dz(t) = (Az"(t) + BTu(t))dt + i (Cjz"(t) + D] u(t))dW (1), (1)
Jj=1

where A and Cj are scalars, while B and D; are | x 1 vectors. The initial state is 2*(0) = g # 0,

and W = {(WO(@#),--- , WM ()T e R™ : 0 < t < T} is an m-dimensional standard Brownian



motion.

The goal of the control problem is to choose a control process u to maximize the expected value

of a quadratic objective functional:

mEXE [LT —%Qx“(t)th - ;Hw“(T)Q} , (2)

where @ = 0 and H > 0 are given scalar weighting parameters. One can define the optimal value

function

u

T
1 1
Vor(t,z) = maxE [f —§Q$u(8)2d5 - iHar;“(T)2 x(t) = ZL‘:| : (3)
t
While the existing works on stochastic LQ RL assume the diffusion coefficient to be a constant,
control- and state-dependent diffusion terms appear in many applications. On the other hand, the
state is one-dimensional and running control reward is absent in our problem, which are crucial
assumptions for our approach to work. This class of problems cover important applications such

as the mean—variance portfolio selection (Zhou and Li, 2000; Dai et al., 2023; Huang et al., 2022).

If the model parameters A, B, C;, Dj;, ), and H are all known with the assumption that
Z;n:l DijT is positive definite, this problem can be solved explicitly as detailed in (Yong and
Zhou, 1999, Chapter 6). Specifically, the optimal value function and optimal feedback control

policy are respectively

Veu(t.a) = 3| § + (= DD (1)
ucr(t;e) = —(Y) D01 (B + Y D, (5)
7j=1 7j=1

where

J J
j=1 7j=1 7=1
— >, CF+2(3,C;Dy) " (Y, DiD])TH( Y, CiD;y)
j=1 j=1 j=1 j=1
m m m m 2
- (D]-T(Z D;D/)'B+D/ (D>, D;D/) (D] CJDJ))
j=1 j=1 j=1 j=1

We remark that if z is of a higher dimension and/or there is a control running reward, then the
optimal policy will depend on the solution of the differential Riccati equation and hence become

time-dependent, for which our current method fails.



2.2 RL Theory for LQ

In most real-life problems, it is often unrealistic to assume precise knowledge of the parameters
such as A, B, Cj, and D;. These problems call for RL which differs fundamentally from the tradi-
tional estimate-then-optimize methods. The essence of RL is to strike an exploration—exploitation
balance by strategically exploring the unknown environment (Sutton and Barto, 2018). To achieve
this, RL employs randomized controls to capture exploration where control processes u are sampled
from a process m = {7 (-,t) € P(R!) : 0 <t < T} of probability distributions with P(R!) being the
space of all probability density functions over R¢, and adds an entropy term in the objective function
to encourage exploration. Such an entropy regularization is linked to soft-max approximation and
Boltzmann exploration (Haarnoja et al., 2018; Ziebart et al., 2008). Wang et al. (2020) is the first
to present a rigorous mathematical formulation of entropy regularized RL for (continuous-time)

controlled diffusion processes.

Following Wang et al. (2020), under a given randomized control = the dynamic of the LQ RL
satisfies SDE:

da™(t) = b(a™ (), (-, t))dt + Y F; (2" (t), 7 (-, 1))dW ) (1), (6)
j=1
where
b(z, ) := Az + BTJ utp(u)du, (7)
R!
5z, ) = \/JRJ(ij + D}—u)%(u)du, (z,7) € R x P(RY). (8)

The entropy-regularized value function of 7 is

J(t, i) = E Uf (-i@ﬂ(sf + ’yp”(s)) ds — %Hx”(T)Q

2™ (t) = x] : 9)

where p™(t) = — {p 7(t,u)log 7(t,u)du is the differential entropy of m and v > 0, known as the

temperature parameter, is the weight on exploration. The optimal value function is then
V(t,x) = max J(t,z;m). (10)
™

By Wang et al. (2020), the optimal value function and optimal randomized /stochastic (feedback)
policy are determined by
1
Vitw) = —gh ()2 + hs(t) (1)
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m(u|t,x) =N (u’ — (>, D;D]) (B + ), C;Dj)x, ﬁ(Z DijT)1> , (12)
j=1 j=1 1(t) j=1

where k1 > 0 and k3 are certain functions of ¢ that can be determined completely by the model
primitives, and N (-|u, 3) is the multivariate Gaussian density with mean p and covariance 3. These
theoretical results cannot be used to compute the solution of the exploratory problem because the
model parameters are unknown, yet they reveal the structure of the solution inherent to LQ RL
(i.e. the optimal value function is quadratic in z and optimal stochastic policy is Gaussian) that
can be utilized to significantly reduce the complexity of function parameterization/approximation
in learning.

Throughout this paper (including the appendices) we use c or its variants for generic constants
(depending only on the model parameters A, B, C;, D;, Q, H, xo, T, v, m and [) whose values

may change from line to line.

3 A Continuous-Time RL Algorithm

This section presents the steps of designing a continuous-time RL algorithm for solving our
LQ problem, including function parameterization, policy evaluation and policy gradient.! We will
introduce various techniques such as exploration scheduling and projection for deriving the conver-
gence rate of the policy parameter and the regret bound. We will also describe time discretization

for final implementation.

3.1 Function Parameterization

Inspired by (11) and (12), we parameterize the value function with parameters 0 € R
T(t,2:6) —%kl(t; 0)22 + ks (: 0), (13)
and parameterize the policy with parameters ¢ = (¢, ¢2)":
m(u|z;¢) = N(u| 1z, ¢2), (14)

where (¢1,¢2) € Rt x S% .

1 As will be explained below, policy evaluation is actually not necessary for the LQ problem considered in this
paper. However, we still include it in the discussion and the algorithm for future extension to general problems where
policy evaluation is generally needed and indeed a crucial step.



Note that (12) suggests that the optimal feedback policy is time-dependent, whose variance
depends explicitly on t. In our parameterization, the time-dependent variance of the Gaussian
policies is replaced by a decaying schedule, called an exploration schedule, of ¢o as a function of
the number of iterations, to be presented shortly.

Henceforth we assume that there are positive constants ci, ca, g such that 1/co < k1(t;0) < ca,
|} (t;0)] < c1 and |k5(t;0)] < ¢, for any 0 < t < T. These assumptions are consistent with the
fact that the corresponding functions satisfy the same conditions when the model parameters are

known.

3.2 Policy Evaluation

Policy evaluation (PE) is generally a key step in RL to learn the value function of a given control
policy.

The general continuous-time PE method developed in (Jia and Zhou, 2022a) dictates that one
first parameterizes the value function J(-,-;7) and the policy 7 by (13) and (14) respectively (with
a slight abuse of notation), with the corresponding p™(¢) = p(t; ¢), and then updates € in an offline

learning setting:

T
0—0+ aL Z‘;(t,x(t); 0) [dJ(t,x(t); 0) — <;Qx(t)2dt —yp(t; ¢)dt>} , (15)

where « is the learning rate.

Intriguingly, however, our subsequent theoretical proofs indicate that the convergence and regret
results depend only on the bounds (i.e. the constants c1, co and c3) of the functions k; and ko,
not on the specific forms of these functions. This feature is due to the special class of LQ control
problems we are tackling. As a result, in our numerical experiments we actually fix a value function

(or equivalently ) throughout without updating it.

3.3 Policy Iteration

Having learned the value function associated with a Gaussian policy, the next step is to improve
the policy by updating ¢ = (¢1, ¢2)". For ¢, we employ the continuous-time policy gradient (PG)
method established in (Jia and Zhou, 2022b) to get the following updating rule:

¢ — o1+ aZi(T), (16)



where « is the learning rate, and

2105) = [ { ST (o) 2(0)50) |07 (12(0:0) — JQu(0Par

+7P(t7¢)dt]+’yaii(t7¢)dt}, 0<s<T

(17)

As discussed earlier, the other parameter, ¢9, controls the level of exploration. In our algorithm,
we set a deterministic schedule of this parameter which decreases to 0 as the number of iterations
grows. Specifically, we set ¢2, = bl—i where I; is the identity matrix of dimension [ and b, 1 o is
specified in Theorem 1 below. The order of b, in iteration n is carefully chosen along with those
of the other hyperparameters, such as the learning rates, in order to achieve the desired sublinear

regret bound of the RL algorithm.

3.4 Projections

Our updating rules for the parameters @ and ¢ are types of stochastic approximation (SA),
a technique pioneered by (Robbins and Monro, 1951). To tailor the general SA algorithms to
our specific requirements—primarily to circumvent issues like extreme state values and unbounded
estimation errors—we include projection, a technique originally proposed by (Andradéttir, 1995).
The projection maps do not depend on prior environmental knowledge, allowing our method to
remain model-free while ensuring that the learning regions expand to cover the entire parameter

space over time.

Define I g () := arg mingex |y — z|? to be a general projection mapping a point x onto a given
set K. Let
Ko = {00 € RY1/cs < u(t:00) < 2, K1 (1 0,)] < c1, [K5(t:0)| < cs

(18)
Kl,n = {(bl,n € Rl’|¢1,n| < Cl,n} y

where c1, ¢, c3 are hyperparameters, and {c;,} is an increasing sequence to be specified in The-
orem 1 below. Note here the choice of Kg,, is specific to the special class of LQ problems under
consideration — it is independent of n as the regret analysis does not rely on the convergence of 6,,.

For a general problem, Kp, needs to be an expanding sequence of sets.

10



With projection the updating rules for @ and ¢; in (15) and (16) are modified to

T o
01— kg, | On + an %(t, xn(t);0y)
0

(19)
0700000 = 5@ 0%+ 0] ),

¢1,n+1 A HKl,n+1 <¢1,n + anZLn(T)>a (20)

where S(ol )

210(6) = [ {2 ) 100500 |07 (10(056,) ~ Qo

B ] (21)

+p (t, @) dt]ﬂ&f (t, d,) dt}, 0<s<T.

1

3.5 Discretization

Our approach for continuous-time RL is characterized by carrying out the entire analysis in
the continuous-time setting and discretizing time only at the final implementation stage. The
iterations in (19) and (20) involve integrals that can be computed only by approximated discretized
summations as well as the dJ term that can be approximated by the temporal difference between
two consecutive time steps. 2 We therefore discretize the interval [0, T] into uniform time intervals

of length At, leading to the following schemes:

1]

011 < HKe,n.H (071 +an Z %(tka wn(tk); On) [J (thrl? $n<tk+1); 9”)
=0 (22)

T (B (1):82) — 5 Q21028 0t 8,) At ).

. dlogm
st M (10t an 3 { T (un0) |t 10): )
k=0 1

(23)

[ i1 0(t01)56.) = (0,0 (10)36,) — Q1)

0 (b ) At} 122 (1,6, At}) -

2The discretization errors will be taken into consideration in the appendices; see Theorem 3, Theorem 4, and
Remark 2.
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3.6 RL-LQ Algorithm

The analysis above leads to the following RL algorithm for the LQ problem:

Algorithm 1 RL-LQ Algorithm
Input

0o, d10 Initial values of trainable parameters for value function and policy.

b2.n Deterministic sequence of ¢2,, = bl—l specified in Theorem 1.

forn=1 to N do

Initialize k = 0, time ¢t = t; = 0, state x,(tx) = 0.

while t < T do
Generate action uy(tg) ~ 7 (- | tg, xn(tr); ¢,,) following policy (14) .
Apply action u,(t;) and get new state z,(tx+1) by dynamic (1).
Update time tg 1 < tp + At and t «— tgq.

end while

Collect whole trajectory {(tx, xn(tr), un(tk)) =0

Update value function parameters 8 using (22).

Update policy parameter ¢ using (23).

end for

Output

On,p1,N, P2y Parameters for value function and policy.

4 Regret Analysis

This section presents the main result of the paper — a sublinear regret bound of the RL-LQ algo-
rithm, Algorithm 1. For that, we need to first examine the convergence property and convergence
rate of the parameter ¢1,, whose analysis forms the theoretical underpinning of the algorithm.

Proofs of the results in this section are provided in Appendices A and B.

4.1 Convergence of ¢,
The following theorem shows the convergence and convergence rate of the parameter ¢1 ;.

12



Theorem 1. In Algorithm 1, let the hyperparameters ¢y, co, cs and 7y be fixed positive constants.

Set 5 L
an:Lg, bn=1vw, clmzlv(loglogn)%,
(n+ B ol

where o > 0 and 8 > 0 are constants. Then,

(a) as n — o0, ¢1, converges almost surely to

i B+ZCD

7j=1

4
(b) for any n, E[|¢1, — ¢%?] < c w , for some positive constants ¢ and p.
n2

These results ensure the convergence of the learned policy. Moreover, it is a prerequisite for

deriving the regret bound of Algorithm 1.

4.2 Regret Bound

A regret bound measures the cumulative derivation (over episodes) of the value functions of the
learned policies from the oracle optimal value function. A sublinear regret bound guarantees an
almost optimal performance of the RL policy in the long run.

Denote

T(61,¢) = E [ | ' (—;Qx”(8)2> ds — L Ha" (1)

2™ (0) = azo] : (24)

where m = N (-|p1z, ¢2).
So J(¢1, ¢2) is the value of the Gaussian policy N (-|¢1x, ¢2) assessed using the original objective
function (i.e. one without the entropy regularization term). Clearly, J(¢¥,0) is the oracle value of

the original problem.

Theorem 2. Under the assumptions of Theorem 1, applying Algorithm 1 results in a cumulative

regret bound over N episodes given by:

N
2 J(#%,0) = J(é1,n, 620)] < ¢ + N (log N) % (loglog N)§,

where ¢ > 0 is a constant independent of N, and p is the same constant appearing in Theorem 1.

13



5 Numerical Experiments

This section reports the results of numerically evaluating the convergence rate of ¢, and the
sublinear regret bound of our RL-LQ algorithm, compared with a benchmark algorithm. The
benchmark adapts the model-based methods in (Basei et al., 2022; Szpruch et al., 2024) to our

setting of state- and control-dependent volatility.

5.1 Simulation Setup

In our simulation study, we consider the case where [ = 1 for the control dimension and m = 1

for the Brownian motion dimension. The controlled system (1) simplifies to the following form:
dz"(t) = (Az"(t) + Bu(t))dt + (Cz"(t) + Du(t))dW (¢). (25)

In addition, we set the model parameters A, B,C,D,Q, H,xy,T to be all 1, and set the ex-
ploration schedule b, = 0.2(n + 1)/, Other sequences such as that of the learning rate {a,} are
configured according to the assumptions stated in Theorem 1 and Subsection 3.1; for details see
Appendix C.2. In each experiment we execute both our proposed Algorithm 1 and the benchmark
Algorithm 2 over N = 400, 000 iterations, while we replicate the experiment independently for 120

times to draw statistical conclusions.

5.2 A Modified Model-Based Algorithm

The algorithms proposed in (Basei et al., 2022; Szpruch et al., 2024) are designed to estimate
parameters A and B in the drift term under the constant volatility setting. To compare with
our algorithm tailored for state- and control-dependent volatilities, we extend their methods to
include estimating the parameters C' and D. The details of this modified algorithm are described
in Appendix C.1.

5.3 Analysis of Numerical Results

Figures 1 and 2 compare the mean-squared convergence rates of ¢, for our model-free Al-
gorithm 1 and the model-based Algorithm 2, using a log-log plot of Mean Squared Error (MSE)
versus iterations. The fitted linear regression shows our model’s slope of —0.5, confirming Theorem

1 and outperforming the model-based benchmark slope of —0.08.
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Figure 1: Log-log plot of MSE of learned ¢, in Figure 2: Log-log plot of MSE of learned ¢1 ,, in
Algorithm 1 the benchmark algorithm

A comparison of regrets between Algorithms 1 and 2 is presented in Figures 3 and 4. The
former yields a regret slope of around 0.73, which is close to the theoretical bound stipulated in

Theorem 2 and superior to the slope of 0.88 achieved by the latter.
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Figure 3: Log-log plot of the regret of Algorithm Figure 4: Log-log plot of the regret of the bench-
1 mark algorithm

These experimental results support the theoretical claims and demonstrate the outperformance
of our RL-LQ algorithm compared with its model-based counterpart in terms of both the conver-

gence rates of the policy parameters and the regret bounds.
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6 Conclusions

This paper is the first to derive a convergence rate and a regret bound within the model-free
framework of continuous-time entropy-regularized RL for controlled diffusion processes initiated
by Wang et al. (2020). Here, by model-free, we mean that neither theory nor algorithm involves
estimating model parameters. While it deals with the LQ case, it treats the case in which the
diffusion term depends both on state and control, one that has not been studied in the RL literature
to our best knowledge.

There are several limitations in the setting or results of the paper. First, the state is one-
dimensional and the quadratic objective functional (2) has no running reward from controls, which
are key assumptions needed to simplify our analysis so that it suffices to consider only (time-
invariant) stationary policies. While these assumptions are satisfied in some applications (e.g. in
portfolio choice), imposing them is far from satisfactory. We hope that the present paper represents
the first step towards solving the general LQ problem and some of the ideas here can inspire a more
general convergence/regret analysis for continuous-time RL. Second, we are unable to achieve a
better sublinear regret, e.g., a square-root one, which is typical in episodic RL algorithms for
tabular or linear MDPs. We are not certain whether that is due to our approach or it is more
fundamental due to the diffusion nature of the system dynamics. Finally, extending the analysis to
non-LQ problems with general function approximations is an enormous open question. All these

point to exciting research opportunities in the (hopefully near) future.
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A A Proof of Theorem 1

Let x, = {zn(t) : 0 < ¢t < T} be the sample state trajectory in the n-th iteration that follows

the dynamics:

Az, (t) = (Az,(t) + B un(t))dt + i(cjxn(t) + D] un () AW (1), 0<t<T, (26)
j=1

where W,, = {(WT(LI)(t), e ,Wy(Lm) (t))T e R™: 0 <t < T} is a standard Brownian motions in the
n-th iteration, and the policy un(t) | xn(t) ~ N (-|¢1,n2n(t), ¢2.,) independent of W,.
Recall Z;(-) defined by (17), and Z; ,(T') defined by (21) as the value of Z1(T) at the n-th

iteration. The expectation of Z; ,,(T") conditioned on the parameters is denoted by

hi(P1n, P2.n;0n) = E[Z10(T) | 0n, @,,],

and the noise contained in Z ,,(T) is defined as

fl,n = Zl,n(T) —hy (¢1,n7 ¢2,n; on)

Hence, the updating rule for ¢; is given by:

¢1,n+1 = HK1,n+1 (¢1,n + an[h1(¢1,na ¢2,n; on) + 51,n])~ (27)

To prove Theorem 1, we need a series of lemmas to adapt the general stochastic approximation

techniques and results (e.g. (Andradéttir, 1995) and (Broadie et al., 2011)) to our specific setting.

A.1 Moment Estimates

Let {z®(t) : 0 < t < T} be the state process under the policy (14) following the dynamic (6).

The following lemma gives some moment estimates of 2% (¢) in terms of ¢ = (¢1, ¢2).

Lemma 1. There exists a constant ¢ > 0 (that only depends on A, B,C, D) such that

E[z?(t)] = woetA+B o)t
m t
E[z?(t)?] = (Z DjT<Z>2Dj)f ed@t=9)qg 1 g2eal@1)t,
j=1 0
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where

a(¢1) = 24+ 2B"¢1 + Y (CF +2C;D] ¢1 + D] ¢16{ D;). (28)
j=1

Moreover, we have

E[2?(t)*] < c(1 + |¢2]t) exp {c|¢n[*t},
E[2?(t)"] < e(1 + |¢2/*t) exp {c|on['t},

E[2?(t)°] < e(1 + |¢a]*t) exp {c] 1 [°t}.

Proof. We have

z®(t) = 2(0) + J: <A$¢(s) + BT¢1x¢(s)> ds

t m A
+ JO Zl \/ C22%(s)? + 2C; D] ¢129(s)% + D] (¢16] 2?(s)? + ¢2) D;dW ) (s).
iz

Taking expectation on both sides, we have

E[x¢(t)] =z + jo (AE[xd’(s)] + BT¢1E[x¢(5)])ds,

leading to
E[z?(t)] = zoeA+B o0t (29)

Next, applying Ito’s formula to z%(¢)? and taking expectation on both sides, we obtain
t m
E[2?(t)?] = o + f (a(qﬁl)E[xd’(S)z] +, D]-T¢2Dj> ds,

yielding
m t
E[z?()*] = ()] D] ¢:D;) f eUP=9) 5 4 glea( @), (30)
j=1 0
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Now we prove the inequality related to E[z?(¢)6]. Holder’s inequality yields
m¢

[<x 2®(s) + BT ¢12®(s)ds

+

UL 6
+ L Z \/ C3x?(s)? +20;D] gr2®(s)? + D (1] 29 (s)* + ¢2)Dde(j)(s)> ]

<cxd + CE[(J: Az®(s) + BT¢1x¢(S)ds)6] +CE{<£ 2

6
\/C}x¢(s)2 +2C;D] ¢129(s)% + D] (¢10] 2(s5)? + ¢2)Djdw<j)(s)> ]

<cxd + (A + B%Q%Kf xd’(s)ds)()}

0

m

t 3
+ CE[Z <J C29(5)? + 20, D] 6129 (5)% + DI (610] 22(5)° + ) Dj)ds> }
—1 \Jo
’ t t
<cxd + (1 + |¢1|6)E[J xd’(s)ﬁds} +C]E|:j (1+ |¢1|®)z?(s)8 + |¢)2|3d8].
0 0
It follows from Groénwall’s inequality that
t
BLr?(0)°] <c(1 + o) exp | c(1-+10[%)ds)
=c(1 + [al*t) exp {e(1 + |¢1|%)t}

<ce (1 + |pa*t) exp {c| (%t}

The proofs for the inequalities of E[z?(¢)?] and E[z®(¢)*] are similar. O

The next lemma concerns the variance of the increment Z; ,,(T).

Lemma 2. There exists a constant ¢ > 0 that depends only on the model primitives such that

(31)

Var (ZM( )

m¢1m¢2n> xC (1+‘¢1n’ +(10gb ) )
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Proof. Applying Ito’s lemma to the process J (t, zy(t); 05,), where x,, follows (26), we have

dJ (t,z,(t); 0,)
= <—;k’1(7§; 0,z (t)* + Ks(t; 6,) — (Axp(t) + BTun(t))kl (t;0p)zn(t)

S (Chalt) + D wn(1))?
2

o (¢ on)> dt
= 3 ((€5m(0) + D)1 (10,000 ) AW ).

7=1
In addition,
1 l
Pt $,) = 5 log(det(20)) + 5 log(2re).
Hence

AZ10) =63, 00(0) = S0, (0) 0] (341 (10,120 + 5 1)

— (Azp (t) + BT un () k1 (t;0,) 2, (1)
B Z;'nzl(cjxn(t) + D;‘—un(t))2
2

m j X
_ ]Z_:l <(C]1’n(t) + D;un(t))/ﬁ(t; On)xn(t)>dW7(l )(t) _ §Q$n(t)2dt

ki (t: On)>dt

+ 7y (; log(det(¢2,5)) + é log(27re)> dt]
=033 (0n(0) = G100 0}z 0)| (= 51O 4 5 1:0,)

— (Azp (t) + B uy (0)k1(t; 00) 2, (1)

B ZT_l(Cj$n(t)2+ D/ un(1))? ot 9n)>

- %Qacn(t)2 + 7(5 log(det(¢2,)) + ;log(2ﬂ6)>]dt

— O3 (Un(t) = G102n (1)) (t)

2 <<0jxn<t> + D un(t)) e (8 en)mn(n)dw,gﬂ(t)

J=1
1

=70 (t)dt + 3 22D (6 aw ().
j=1
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We now estimate

B[ 20 ()16, 610, G2 2n )] <({<1 63 + (14 [g1P)an(t)?

F (L4 o+ <1og<det<¢2,n>>>4>|¢2,;|xn<t>2],

and

E[| 2% ()10, 61,0, 62,0, 70 (2)] <C[1 1620l (1 + (G102 () + fﬂn(t)4]-
By Lemma 1, taking expectations in the above with respect to (), we deduce
(1) ’2 + Z ‘Z(z,]) | ‘0n7¢1 n7¢2n]

<C[(1 + (1.0l d20l (1 + [G2]*) exp {c]1,n|°t)
+ (L4 [@ral*) (L + [P2nt]?) exp {cl1nl 't}

+ (14 |p2.n]? + (log(det(da,n))) )5 | (1 + |d2nt]) exp {crqbl,n\?t}]-

Recalling that ¢9,, = bITlL set in Algorithm 1, we arrive at (31).

A.2 Mean Increment

We now analyze the mean increment

h1(¢1,n, $2,n; 0n) in the updating rule (27). First, note that { Zfr’f) (t)dWéj) (t) is a martingale by

virtue of Lemma 1 and (33). Taking integration and expectation in (32), we get

m

E[Z10(s)] = — fo ha(6:0,)(B + (Y ;D Z T) 61 Elen(t)1dt,

where 0 < s < T. Hence

m m T
1 (G1n, $2.n50n) = —(B + (D, C;D; Z D f K (£: 0, E[n (£)2]d
j=1 j=1

_l(¢1,n7 ¢2,n; 9n)(¢1,n - ¢>1k>7

where

m T
l(¢1,n7¢2,n; n Z ; L k1 t; 0 )E[ (t)2]dt.
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Next we study hi(¢1n, ¢2,n;0r). It follows from (28) that a(¢1) is a quadratic function of ¢;

and
a(g) =24+ > C2 = (B+ (>, C;D)) (D). D;D]) (B + (), C;D
j=1 j=1 j=1 j=1

Hence, by (30), we have

ZD banD,; f a(@1) (=) g 1. g2ea(é1n)t

(37)
> 3: e @1n)t > c,
where ¢ > 0 is a constant independent of n. Thus,
Ue1ns 2,03 0n) = i f k1 (t; 0,)E[x,(t)?]dt
> (i DijT)JO (1/co)cdt (38)
j=1
= (i D;D])(1/c3)eT = el
j=1

where 0 < ¢ < 1 is a constant independent of n.

On the other hand, since a(¢1) is a quadratic function of ¢, we have

la(¢1)] < e(L +[61f*), Vo1 e R,

for some constant ¢ > 0. So

ZD 2D J a(d1,n)(t=9) 45 4 g2e(¢1n)t

o1+ |dg,n])ecrn T,

leading to

T
U1, G2.05 0n) f b (£ 0, E v (1)?]dt

CQTC 1+ |p2.n])e clornl*T

-0
L

27



Recalling that ¢, = b%, we arrive at

‘h1(¢1,n7 ¢2,n§ 071)| < ‘(ﬁl,n - ¢THZ<¢1,H7 ¢2,n; 071)’
c(1+ |gyn|)ecl®rnl®

for some constant ¢ > 0.

A.3 Almost Sure Convergence of ¢,

We are now ready to prove Part (a) of Theorem 1 regarding the almost sure convergence of ¢1 .
Here and henceforth we will prove more general results by allowing a bias term 1, = E[{1,, | Gn]
that may account for errors arising from practical implementations (e.g. the discretization errors;

see Remark 2 for details). The following theorem specializes to Part (a) of Theorem 1 when 1 ,, = 0.

gn] = Bin and

Theorem 3. Assume the noise term & 5, satisfies E [fl,n

Elg1n = Bral’ [Gn ]| <eba(1+ 610" + (l0g 52)%) exp {clé1al°}, (40)

where ¢ > 0 is a constant independent of n, and {G,} is the filtration generated by {6, d1.m, P2.m, M =

0,1,2,...,n}. Moreover, assume

(i) 0<an<1 forallmn, Zanzoo, Zan|[31,n|<oo;

(it) cipn T 00, a; bl (log b, ) e“in < o
Z (41)

foranyc>0,0<¢<1,0<¢g <8 and0 <q3<6;

(1i1) by, =1 for allm, by, 1 0.

Then ¢1,, almost surely converges to the unique equilibrium point
m m
Ty—1
—(>,D;D)) (B + ), C;D;)
; a

Proof. The main idea is to derive inductive upper bounds of |¢1, — #%|?, namely, we will bound

|P1,n+1 — ¢T|2 in terms of |¢1, — ¢T|2
First, for any closed, convex set K R and x € K,y € R, it follows from a property of projection

that the function f(t) = |tIlx (y) + (1 —t)x —y|?, t € R, achieves minimum at ¢ = 1. The first-order
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condition at t = 1 then yields
2Tk (y) — yI* — 2Tk (y) — y, & — y) = 0.

Therefore,

Mk (y) — 2 =Hx(y) —y+y—2|* = |y — 2> + g (y) —y|
+ 2k (y) —y,y —x)
=y — 2| — Ok (y) —y|* < |y — z*.

Taking n sufficiently large such that ¢} € K1 41, we have

|¢1,n+1 - ¢T|2 < |¢1,n + an[hl (¢1,na ¢2,n; en) + fl,n] - ¢>1x<|2
Denoting Uy, = ¢1,, — @], we deduce

E [rUl,nHIQ

o

<E |:’U1,n + an[hl (¢1,n7 ¢2,n; on) + 51,n]|2

o)

:|Ul,n|2 + 2an<Ul,n7 hl (¢1,na ¢2,n; en) + Bl,n> + aiE [|h1(¢1,n7 ¢2,n; On) + gl,n|2

o)
=|U1n]?* + 200Ut n, h1($1,0, $2,03 0n) + Bin)

+ @B 11 (61,0, 620300) + (€10 = Bra) + Bral’|Gu]
< U1l + 200Ut ny h1 (910 h2.0;300)) + 25| B1.0| U0l

+ 307 (112610, G20 00)] + 1Bral” + B |61 = Bral® |Gu])
<|U1Lnl? + 200U 0, h1 (1,05 $2,0500)) + an|B1n| (1 + U nf?)

+ 3a? (‘h1(¢1,n, G203 0n)° + [BLnl* + E [|§1=" ~Pin g”]) '

2

2

Recall that |¢1,| < ¢1,, almost surely. By (39), we have
2 2
[h1(S10, G203 0)[* < e(1 + [gr,a)?e 17170 < el + e e,

In addition, the assumption (40) yields

E|lin — Binl®

Gr | <eba(1+ 61" + (108 50)F) exp {clé1.n|°)

<cbn (1 + c?f,n + (log bn)S) exp {cc?m}.
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Therefore,

E [|U1,n+1’2‘gn:|
<‘U1,n|2 + 2@n<U1,na h1(¢1,n7 ¢2,n; 0n)> + an|ﬁ1,n|(1 + |U1,n|2)
+ 3a3t (|h1(¢1,na ¢2,n§ 0n)|2 + |ﬁ1,n|2 + E [|§1,n - Bl,n 2 ‘gn])

<(1 + an|51,n|)‘U1,n|2 + 2an<U1,n7 hl((ﬁl,ny ¢2,n; 0n)> + an‘ﬁl,n’

+ 3a2 (c(l + Cin)eccin + ]51,n\2 + cbp (1 + c%n + (logbp)®) exp {ccgn})
= (1 + ﬂl,n)|U1,n’2 - Cl,n + Mn,

where K15, = an|Binl, Cin = —2a,{U1 n, h1(P1,n, 92.n; 6r)), and

2
M = anlBral + 368 (cl1 4 et 4 51,
(42)
+ cbp (1 + cin + (log b, )®) exp {ccgn}).

By assumptions (i)-(ii) of (41), we know » k1, < 00 and > 71, < . It then follows from
(Robbins and Siegmund, 1971, Theorem 1) that |U; ,|* converges to a finite limit and ¢y, < o0

almost surely.

It remains to show |Uj ;| — 0 almost surely. It follows from (35) and (38) that

Cl,n = _2an<Ul,n7 h1(¢l,n’ QZ)Q,n; 0n)>
= 2an<(¢1,n - ¢>1k)7 l(qbl,na ¢2,n; 0n)(¢1,n - ¢T)>
= 2an(¢1,n - d’T)Tl(gbl,na d)Q,n; On)(d)l,n - ¢>1k)

> 2Can|prn — oF]%.

Now, suppose |U; | - 0 almost surely. Then there exists a set Z € F with P(Z) > 0 so that
for every w € Z, there is 6(w) > 0 such that |Uy
Thus,

= |p1n — ¢7] = 6(w) > 0 for sufficiently large n.

ZCl,n > 225%|¢1,n —¢f* = 265(w)22an = 0.

This is a contradiction. Therefore, we have proved that |Uj ;| converges to 0 almost surely, or ¢1 5,

converges to ¢j almost surely. O
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3
1
—4~ — where constants

(n+8)1
1
a>0,8>0.b,=1v (n 5)1 JCin=1v (loglogn)%, and B1,, = 0. This is because Z% = o0, and
Z
Z(logn 10glogn)q “

Remark 1. An instance satisfying the assumptions in (41) is ap, = 1 A

< 0, for any p,q >0 and r > 1.

A.4 Mean-Squared Error of ¢, — ¢}

In this section, we establish the convergence rate of ¢; ,, to ¢F stipulated in part (b) of Theorem

The following lemma shows a general recursive relation satisfied by some sequences of learning

rates.

Lemma 3. For any w > 0, there exists positive numbers a > % and B = max(ﬁ,uﬂa?’) such

3
that the sequence a, = —“— satisfies an < apy1(1 + way11) for alln = 0.

(n+p)4

Proof. We have the following equivalences:

an < an-i—l(l + wan+1)

3

Wl

- % - a1 +w< a >
(n+B)i (n+1+p)i +1+p (43)

n
< n+p >
n+p+1

Consider the last inequality in (43) and notice that the left hand side is a decreasing function of n

NN
[

@(n+ﬁ+1)%—(n+ﬂg\wa

and the right hand side is an increasing function of n. So to show that this inequality is true for

all n, it is sufficient to show that it is true when n = 0, which is

oo

(B+1)7 -8 (44)

To this end, it follows from 8 > w?a?® and waB > 5 + 1 that

Hence

where the last inequality is due to the mean value theorem. Now the desired inequality (44) follows
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from the fact that o« > i O

The following result covers part (b) of Theorem 1 as a special case.

Theorem 4. Under the assumption of Theorem 3, if the sequence {ay} further satisfies
an < apy1(1 + wapy1)

for some sufficiently small constant w > 0 and {Z—Z\ﬂLnP} is non-decreasing in n, then there exists

an increasing sequence {fi »} and a constant ¢ > 0 such that

E[|¢1,n+1 - ¢>1k|2] < C/anfll,n-

In particular, if we set the parameters ay, by, c1n, B1,n as in Remark 1, then

4
3

(1 vlogn)P(1 v loglogn)

E[|¢p1n1 — o} < c

N|=

n

for any n, where ¢ and p are positive constants that only depend on model primitives.

Proof. Denote ng = inf{n > 0: ¢} € K; 41} and Uy, = ¢1,, — ¢F. It follows from (35) and (38)
that
<U1,n7 hi (<Z>1,n7 ¢2,n§ 0n)> = _UInl(¢1,n7 ¢2,n§ en)Ul,n < _E|U1,n|2‘ (45)

When n > ng, this together with a similar argument to the proof of Theorem 3 yields

E [|U1,n+1|2

G|
<|U1,n|2 + 2an<U1,na h1 (le,na ¢2,n; 0n)> + 2an|ﬂl,n||Ul,n|
+ 303 (171 (61,0, 02,0001 + 1Bl + E[ 61,0 = Bl (0] )

<|Upn)? = 2008 Urn|? + 2an|B1.n

’U17n|
+ 3(1721 <|h1(¢1,n7 ¢2,n; 9n)|2 + |61,n|2 +E ;lgl,n - ﬁl,n|2 gn ) (46)

_ 1 _
<|Urnl? = 2ane|Ury|* + an(g|ﬁl,n|2 + e Uinl?)

+ 3&% <|h1(¢1,na ¢2,n; 9n)|2 + |ﬁl,n|2 +E "51,71 - Bl,n|2 gn )
1

2(1 — Ean)|U1’n|2 + 3ai(|h1(¢l,m ¢2,n; 0n)|2 + (1 +

gn]>

+E [|£1,n - Bl,n‘Q
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Now, by the proof of Theorem 3,

111, G20 0n) 2 + B [ It — Bl

G, |
<c((1 + cin)e“i" + b, (1 + cin + (log bn)g) exp {ccgn})
<cb, (1 + cin + (log bp)®) exp {ccgn}.

1
3can

Moreover, the assumptions in (41) imply that (1+ 5=—)|1,]? < cZ—:|ﬂLn|2 for some constant ¢ > 0.

When n > nyg, it follows from (46) that

E (|0

gn] <(1- éan)|U17n|2 + 3a%ﬁ17n,

where

M =cbn(1+cf, + (logby)® +

|Bl,n|2 6 (47)
T) exp {001,n},

which is monotonically increasing because ¢, b, are monotonically increasing and Z—"]BLHP is
non-decreasing by the assumptions. Taking expectation on both sides of the above and denoting
pu = E[[Ua %], we get

pn+1 < (1 — ean)pn + BGiﬁl,n (48)
when n = nyg.

Next, we show p,41 < dapi, for all n > 0 by induction, where

P1 P2 .. Png+l 3
aon1,0’ a1f1,1’ > angMi,ng’ €

d = max } + 1. Indeed, it is true when n < ng. Assume that pgiq1 <

dapm i is true for ng < k < n — 1. Then (48) yields

pr+1 < (1 = Can)pn + 3“72177Ln
< (1 - Ean)clan—lﬁl,n—l + 3a727,ﬁ1,n

< (1- Ean)c/an(l + wan)ﬁl,n + 3@%7717“
/oA / A 2 _ _ 3
=CapMin + CNna,| w—Cc—cwa, + g .
Consider the function
R 3
f(z) = c’m’nxQ (w —C—cwx + />,
c

=~ 3
) w—(c—=) _
which has two roots at x12 = 0 and one root at x3 = ch Because ¢ — % > 0, we can choose

33



0<w<é—2 sothat 23 < 0. So f(z) < 0 when z > 0, leading to
/ A 2 — =, 3
cCMma, | w—¢— cway, + ] <0, Vn

because a, > 0. We have now proved E[|U17n+1|2] < dapiip.

In particular, under the setting of Remark 1, we can verify that (Z—Z)\ B1.n|? is a non-decreasing

sequence of n, and a, = @(n_%). Then

R Bl
Min =cbp (1 + cin + (log b, )® + |;n) exp {cc(f’n}
n
<cni(1 + (1 v loglog n)% + (0 v logn)®)(e v logn)° (49)
<cni(1 v logn)P(1 v log logn)%,
where ¢ and p are positive constants. The proof is now complete.
O

B A Proof of Theorem 2

This section is dedicated to proving Theorem 2, which pivots around analyzing the value function

J in terms of ¢ and ¢s.

B.1 Analyzing J(¢1, ¢:)

Recall that J(¢1, ¢2) = J(0,30;7) with v = 0, where 7 = N (-|¢1z, ¢2).

Lemma 4. The value function can be expressed as

T(¢1,¢2) = f(a(¢1)) + (D, D] ¢2Dj)g(al(¢n)),

Jj=1

where a(¢1) is defined by (28) and the functions f and g are defined as follows:

flay={ o= (50)
L(Q —eTQ) — He“Ta)x% if a # 0,
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T(—2H—-QT) ifa=0
g(a) = ! (51)

ﬁ(QTa—I—QvLHa—e“TQ—He“Ta) if a #0.

Proof. The value function of the policy N (:|¢1x, ¢2) with v = 0 is (with a slight abuse of notation)
1
tswion,0 = B[ -3 [ Que(sas - Lrseaplpotn) =]

where ¢ = (¢1,¢2) and {z?(s) : t < s < T} is the corresponding exploratory state process. By the

Feynman—Kac formula, J(-,-; ¢1, ¢2) satisfies

v + 5 S 251 (G + D w)?N (ul g1, ¢o)duvg,
+ (Al‘ + BT SRZ ulN (ul|pz, qbg)du) Vy — %QxQ =0, (52)
o(T,z) = —3Hz?

The solution to the above PDE is

. Q@ aena-n @ } 2 L pT
J(t7$7¢17¢2) 9 [a(¢l) € (a(¢1) +H) T Q(ED ¢2D ) (53)
Q e?(e)(T=t) () QT Q H
H) —
[awl)” a@n \aten T e T ate? T aten
if a(¢1) # 0, and
J(t, @5 ¢1, ¢2) = (Qt—QT H)a? + ~ ZD $2D;)(Qt* — 2QTt — 2Ht)
7=1
m (54)
i Z D] $:D;)(QT* + 2HT)
if a(¢1) =
The desired result follows immediately noting that J(¢1, ¢2) = J(0, zo; ¢1, ¢2). O

Lemma 5. Both the functions f and g defined respectively by (50) and (51) are continuously

differentiable, monotonically non-increasing, and strictly negative everywhere.

Proof. First of all, it is straightforward to check by L’Hopital’s rule that both f and g are continuous
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at 0; hence they are continuous functions. Next, when a # 0,

F(a) = — ol C;TjaT —e)_ af’HT@“T <0,
a

where the inequality is due to the facts that 1 + xe” — e < 0 Vo and that Q, H > 0. Moreover,

again by L’Hopital’s rule we obtain

(o) = ~TRCHEOD) iy,

4 a—0

implying that f is continuously differentiable at 0, and hence continuously differentiable everywhere
and monotonically non-increasing. Similarly we can prove that g is also continuously differentiable
everywhere and monotonically non-increasing.

Finally, it is evident that

lim f(a)= lim g(a) =0, lim f(a) = lim g(a) = —c0.

a—>—00 a——00 a—00 a—00

Thus, in view of the proved monotonicity, we have f(a) < 0 and g(a) < 0 for any a. O

B.2 Regret Analysis

We now proceed to prove Theorem 2.

Proof. By Lemma 4, we can write

j(¢1k70) - j(¢1 n7¢2 n)
=f(a(¢7)) — [f( a(¢1n) Z D p2.nDj)g(a(d1n))]

gDmn>wm»Hmwmmwmﬂ o
(ﬁ 620 D,)9(a(61) — gla(dr.0))]

Because ¢g, = 4t and g < 0 (by Lemma 5), we have
ZD@n (@(61)]) = ~alaéD)y < 7. (56)
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where D = (37, D]TD]-) and ¢ > 0 is independent of n.

Next, by the definition of function a(¢1) in (28), we have |a(¢1) — a(¢?)| < ¢1|d1 — ¢F|?, where
¢1 > 0 is a constant that depends on the model primitives. Furthermore, it follows from (28) and
(18) that |a(¢P1,n)| < C2(1+ c%n) for some constant ¢ > 0. In addition, by the monotonicity of the

functions f and g and assumptions (41), we have

~ 1
f(a(b1)] < |f @1+ )] < el + 29T 1+ ——) < & logn,

1,n

C: C 1 —
l9(a(ér,n))] < lg(@(l + &) < e(1 + 20+ L)T) (1 4 ) <élogn,

1n

where ¢3 > 0 and ¢4 > 0 are constants independent of n.

Furthermore, it follows from Lemma 5 that for a given fixed 6 > 0, the inequalities | f'(a(¢1))| <
¢5(0) and |g'(a(¢1))] < E6(0) hold for any ¢ satisfying |¢p1 — 5| < J, where &5(8) > 0 and &(8) > 0
are constants that depend on the value of §. On the other hand, Theorem 4 yields

4
3

(1 vlogn)P(1 v loglogn)

E[|¢1n+1 — 6512 < &

)

N

n

where ¢7 > 0 is a constant.

Now, we consider a positive sequence

5 = (]f(a(@")) + ¢3logn c7(1 v logn)P(1 v loglogn)
1n 55((5)51 n%

It is straightforward to see that 41, — 0 as n — .

Thus there exists the finite ny = inf {n’ €e N: d;,, < ¢ for all n = n’}. Denote §,, = 6 for n < ny

and 6, = 41, for n > ny;. When n > n;, we deduce
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E[f(a(¢7)) — f(a(¢1,n))]
=E[f(a(¢7)) — f(a (¢1n))]1{|¢1,n—¢;“\<6n} +E[f(a(¢1)) = f(a(@10)] 116, —g¥|>5,)

j a(#)) — Fla(ér.n))dP + f F(a(@?)) — f(a(gr.n))dP
|p1,n—0F |<5 |p1,n—&F|>0n

Jl ot |<5 (a(d1,0))(a(¢}) — a(1,n))dP
" Ll o Ta6D) — Fatorae N

<es()erdy, + (If(a(é7))] + £ (alérn))NP(|p1m — 65| > 6n)

<cs(jad? + HDEO O g g

ol

* z G P
. \f<a<<z>1>>512+ cslogn er(1 v logn)?(1 v loglogn)
n nz2

2
3

(1 vlogn)i(1 v loglogn)

=2, eres ()ea (| f(a(67)] + e logn)

=

n

where the third equality follows from the mean—value theorem and the fact that ¢~>1m € {1 € R’ :
|61 — 61| < g1 — 651} satisfies f(a(¢})) — f(a(Brn)) = F/(alP10))(a(}) — al1n))-

When n < np, by the same argument as in (57) with §,, replaced by d, we have,

E[f(a(41)) — fa(é1,n))]
4 (58)

1 ¢ c p
<75(5)5152 n ’f(a(éf)l))(lz—i- ¢glogn ér(1 v logn)P(1 v loglogn) .
n

=

Similarly, we consider another positive sequence

lg(a(¢))] + ealogner(l v logn)P(L v loglogn)s \ ¥
52,71: — — I , n:1727...
cs(0)er n3

Because 62, — 0 as n — o0, there exists the finite
ng = inf{n' € N: dy,, < ¢ for all n > n'}.

Set ¢/, = § for n < ng and 9], = d2,, for n = ny. When n > ng, we have
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3

E[() ] D} ¢2:D;)(9(a(7)) — g(a(dr.n)))]

Jj=1

3

=E[(D, D/ ¢2.,D;)(9(a(8})) = 9(a(d10)))]1 (16, .- <8,}

j=

—_

ZD 62.0D5)(9(a(61)) — 9(a(S1m)L or st
=b9 f (6 (a($1.0))(a(6F) — alr0)))dP
|p1,n— ¥ |<6!

e f (9(a(67)) — gla(d1,)))dP
n J|g1,n—oF|>0]

o
< |w(@)107 + (atalon)] + la(alor, DD (or. — 611 = 8,
D[ DI+ el
<D |eo(@yeap + LA L LB gy gy
by | 0}
_ % _ _ 4
<Plerae? + Ig(a(%))llj calogn er(1 v logn)?(1 v loglogn)s
by | 0} n3
2D 1vlogn)2(1 v loglo n%
2D Jerzo@malla(a(@n)] + arlogn) 08 v Ioslogn)
n ni

For n < ng, by the same argument as in (59) with §/, replaced by §, we have

E[p2.n(g(a(¢7)) — g(a(¢1,n)))]

<f[cﬁ(5)c152 + lg(al

n 62 n
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¢7))| + calogn ez (1 v logn)P(1 v loglogn)g}
T :
2

(60)



Finally, combining (55) — (60) yields

E[j((zﬁv 0) - j(¢l,n7 ¢27n)]

M=

3
Il
—_

I
M=

E[—¢29(a 12 ~ Fla(gr)]

3
Il
—

+
M=

E[f(a(¢1)) = f(a(¢1,n))]

i
z

3
V)
L

_|_
g

N
E[¢2,n(9(a(é])) = galérn))] + Y Eld2n(9(a(é})) — g(a(drn))]

n=1 =ng
N ni—1 % _ _ 4
_ _ a + ¢c3logn e7(1 v logn)P(1 v loglogn)3s
<Z N Z 25(8)210% + |f( (¢1))(l2 31logn ¢7( g )n(j glogn)
n=1 n=1

2
3

(1 vlogn)s (1 v loglogn)

\/0705 )e1(1f(a(97))| + eslogn)

_|_
[\]
3
§Mz BN

=

N

n

4
3

52+ |9(a(¢1))| + calogn c7(1 v logn)P(1 v loglog n)
+ 7n Cl 52 n%

2
3

(1 v logn)z(1 v loglogn)

N
+2 2 Z\/Cwﬁ( Je1(lg(a(9D)] + 1 logn)

n=ngo

e

n

<c+cN4(logN) (loglogN)%.
The proof is complete. O

Remark 2. The discretization errors in our model, impacted by the step size At,, and parameter
values 6,, and ¢,,, can be captured by the term [(1,. Theorems 3 and 4 show that we only need
to set B1, to be of the order n=s by a suitable decreasing schedule of At,. We omit the details
here, but refer to Kloeden and Platen (1992); Szpruch et al. (2024) for discussions and analyses on

time-discretization techniques.

C Specifics of Numerical Experiments

This section presents the implementation details of the numerical experiments outlined in Sec-
tion 5. For clarity and simplicity, we set [ = m = 1 both our model-free continuous-time RL
algorithm and the adapted model-based counterpart. To facilitate reproducibility, we fix the ran-
dom seeds for all 120 independent experiments, ranging sequentially from 1 to 120.

The section is organized into three subsections: the first one presents and explains the modified
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algorithm that adapts the model-based methods (Basei et al., 2022; Szpruch et al., 2024) to our
setting involving state and control dependent volatility. The second one details the experimental
conditions, parameter settings, and the overall framework used to validate our claims and assess the
performance of our algorithmic enhancements. The third one describes the computational resources

used for these experiments.

C.1 A Modified Model-Based Algorithm

The key component in the algorithms developed by (Basei et al., 2022; Szpruch et al., 2024) is
to estimate the parameters A and B in the drift term whereas the diffusion term is assumed to be
constant. Clearly, these algorithms cannot be used directly to our setting where the diffusion term
is state- and control-dependent. Here we extend them to also including estimates of the parameters

C and D.

Specifically, in the n-th iteration, the policy is defined as

un(t,z) = q@lynaz, (61)

where gi_)Ln is distributed according to N (:| — B”JrDic;"D”, v ), with v, being a deterministic sequence
defined by v, = n%rl, and B, C,, D,, being the current estimation of the parameter B, C, D.

Applying this feedback policy to the classical dynamic (1) yields

Az (t) =(A + Bé1yn)n(t)dt + (C + Dy p)wn (t)dWP (t) 2)
62
:= Py (8)dt + Ry, (1) AW (2),
where W,, is the Browian motion for the n-th iteration.
Given an observed state trajectory {x,(t) : 0 < t < T'} following (62), we discretize it uniformly
into m intervals resulting in the “snapshots” of the state, {x,(to), xn(t1),...,Zn(tm)}, and then

employ a statistical approach to estimate P, and R,:

52 22211(10% Ty (ty) — log xn(tk—l))Q

R? :
r (63)
p _log xn(tm) — log zn(tO) + }R2
"o T 2

Parameters A, and B,, are subsequently estimated via linear regression, using <731,n as the indepen-

dent variable and P, as the dependent variable. Similarly, parameters C,, and D,, are determined
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using quadratic regression, with q@%n and ¢31,n as the independent variables and R% as the depen-
dent variable. We enhance parameter estimation accuracy by incorporating an experience replay
mechanism (Lillicrap et al., 2015; Mnih et al., 2015), which utilizes all historical data for ongoing

updates.

The pseudocode for implementing this modified model-based algorithm is presented below:

Algorithm 2 Modified Model-Based Algorithm
Input

Ag, By Initial drift parameters.

Co, Dy Initial diffusion parameters.

Initialize experience replay buffer for B, ]:?,?L, &17n.
Collect two trajectories with distinct values of q317_1 and (23170.
forn=1 to N do
Draw ¢, from N(—B’”rDiC;jD",Un).
Initialize k = 0, t =t = 0, zp,(tx) = xo.
while ¢t < T do
Apply action u,(tg) = @1, (t) using policy (61).
Simulate new state x,(tx+1) via dynamics (62).
Advance time to tp,1 < ti + At and update t.
end while
Record trajectory {(tg, zn(tx))} =0
Estimate P,, R2 using (63).
Update A, B,, using linear regression with b,.
Update C,, D,, using quadratic regression with ]:Z,%

end for

Output
Apn,By  Final estimated drift parameters.

Cyn,Dy  Final estimated diffusion parameters.
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C.2 Experiment Setup

The specific setup for the experiment applying the model-free Algorithm 1 is as follows:

e The initial value for ¢ is ¢1 0 = —0.5.

0.05
.
(n+1)4

e The leaning rate of ¢1 is a,, =
e The projection for ¢ ,, is set to be a constant set of [—2.2, —0.5] for computational efficiency.?
e The exploration schedule is ¢2,, = é where b, = 0.2(n + 1)%

e The functions ki (t;0) = 1 and l%g(t;O) = 1 for simplicity, which satisfy the assumptions in

Subsection 3.1.4
e The parameters 6 need not to be learned, as the value function is not updated.
e The temperature parameter v = 1.
e The initial state zg = 1.
e The time horizon T' = 1.
e The time step At = 0.01.
e The total number of iteration for each experiment N = 400, 000.
The specifics of implementing the adapted model-based Algorithm 2 are:
e The initial state g = 1.
e The time horizon T' = 1.
e The time step At = 0.01.

e The total number of iterations for each experiment is N = 400, 000.

3The projection was originally set to prove the theoretical convergence rate and regret bound. For implementation
the theoretical projection grows too slow; instead it could be tuned.
4Recall that our results do not dependent on the form of the value function.
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C.3 Compute Resources

All experiments were performed on a MacBook Pro (16-inch, 2019) equipped with a 2.4 GHz
8-Core Intel Core i9 processor, 32 GB of 2667 MHz DDR4 memory, and dual graphics processors,
comprising an AMD Radeon Pro 5500M with 8 GB and an Intel UHD Graphics 630 with 1536 MB.
Not having a high-powered server, this consumer-grade laptop was sufficient to handle the com-
putational task of conducting 120 independent experiments sequentially, each running for 400,000
iterations. The model-free actor—critic algorithm required approximately 26 hours for a complete
sequential run, whereas the model-based plugin algorithm took about 83 hours. This significant
difference in running times also demonstrates the efficiency of our model-free approach compared

with the model-based one.
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