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Abstract

We study continuous-time mean–variance portfolio selection in markets where stock prices
are diffusion processes driven by observable factors that are also diffusion processes yet the
coefficients of these processes are unknown. Based on the recently developed reinforcement
learning (RL) theory for diffusion processes, we present a general data-driven RL algorithm that
learns the pre-committed investment strategy directly without attempting to learn or estimate
the market coefficients. For multi-stock Black–Scholes markets without factors, we further
devise a baseline algorithm and prove its performance guarantee by deriving a sublinear regret
bound in terms of Sharpe ratio. For performance enhancement and practical implementation, we
modify the baseline algorithm into four variants, and carry out an extensive empirical study to
compare their performance, in terms of a host of common metrics, with a large number of widely
used portfolio allocation strategies on S&P 500 constituents. The results demonstrate that the
continuous-time RL strategies are consistently among the best especially in a volatile bear
market, and decisively outperform the model-based continuous-time counterparts by significant
margins.
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1 Introduction

In this paper, we study portfolio selection (or asset allocation) in dynamically traded markets for an

investor who aims to achieve mean–variance efficiency in a finite investment horizon using reinforcement

learning (RL). Since Markowitz (1952) introduced the mean–variance (MV) framework for static (single-

period) portfolio choice, it has become one of the central topics in both modern portfolio theory and quan-

titative investment practice. However, despite its profound theoretical appeal and implications, practically

implementing MV efficient strategies is challenging. First, most applications of the MV analysis are still

restricted to the static setting to this day in practice (Kim et al., 2021), whereas applying static strategies

myopically is surely inefficient from the dynamic perspective (Kim and Omberg, 1996). Second, accurately

estimating the moments of asset returns is notoriously difficult, especially for the expected returns (Merton,

1980; Luenberger, 1998). Portfolios derived from analytical/numerical solutions of the MV problems in the

static setting are known to be extremely sensitive to such estimation errors (Best and Grauer, 1991a,b;

Britten-Jones, 1999), and become even worse for the dynamic one. Mitigating such errors and sensitivity

and achieving MV efficiency in the dynamic environment remains largely an important open question.

Recent developments in machine learning have slowly but surely changed the practice of decision-making

under uncertainty in a fundamental way, and reinforcement learning-based approaches have become more

popular and better accepted in many application domains. One important feature of RL is to learn optimal

actions (portfolio strategies in our case) directly via dynamic interactions with the environment (market) in

a data-driven, model-free, and online fashion, without estimating any parameter of a statistical/probabilistic

model. In the setting of this paper, “data” are both exogenous (including asset price data and other

possibly time-varying but observable/computable, aggregate or individual covariates that affect the means

and covariances of asset returns) and endogenous generated by an agent’s strategic interactions with the

unknown market. The dynamic nature of RL aligns with the setting of dynamically traded markets and

farsighted investors. More importantly, learning portfolio choices directly while bypassing model estimation

provides a powerful remedy to the aforementioned drawbacks of estimation errors and sensitivity inherent

in the classical MV approach.

This paper studies portfolio selection in a continuously traded market for an agent with an MV preference.

The agent observes stock prices and market factors but has minimum knowledge about the market and is

unable to form a precise statistical model about the law of motions as assumed in the conventional financial

economics literature. The only assumption about the market environment is that the stock prices are

diffusion processes driven by observable factors that are also diffusion processes. The agent does not know

the coefficients of these diffusion processes and aims to solve the continuous-time MV problem based on the

observable data (such as the factors, stock prices, and wealth processes under different investment strategies)

only.

The main contributions of this paper are three-fold. First, we propose RL algorithms for this problem
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by applying the general continuous-time RL theory developed by Wang et al. (2020) and Jia and Zhou

(2022a,b). The foundation of the algorithms is to solve moment conditions arising from certain martingale

conditions. Yet, these moment conditions are profoundly different from those employed in conventional

econometrics in terms of actively generating new data for learning. Second, when the stock prices follow

a multi-dimensional Black–Scholes environment without factors, we devise a more specific RL algorithm

and prove its convergence. Moreover, we show that the algorithm achieves a sublinear regret in terms

of the Sharpe ratio. Here, “regret” is the cumulative error over a number of learning episodes between

the algorithm and the “oracle” one (i.e., the theoretically optimal one under the complete knowledge of the

market environment). The sublinearity ensures that the RL algorithm will achieve nearly optimal results after

a sufficiently long training period, even with an unknown market. This is the first model-free regret analysis

(i.e., it is not based on estimating the market parameters) for continuous-time MV portfolio choice, whose

proof is premised upon a delicate analysis of diffusion processes and stochastic approximation techniques.

Finally, we modify this theoretically proven efficient algorithm for performance enhancement and practical

implementations by turning it into, among others, online learning in real-time and incorporating leverage

constraints and rebalancing frequency. Then, we carry out a comprehensive empirical study to compare the

resulting RL strategies with 15 alternative popular methods using multiple performance metrics on S&P 500

constituents for the period 2000–2020, with 1990-2000 as the burnt-in period for training. These alternatives

include the market portfolio, equally weighted portfolio, sample-based estimation, factor models, Bayesian

estimation, distributional robust optimization, model-based continuous-time MV, linear predictive models,

and two general-purpose RL algorithms. The performance criteria cover annualized return, Sharpe ratio

and its variants, maximum drawdown, and recovery time. An unequivocal conclusion from the extensive

empirical study is that our RL strategies outperform the classical model-based, plug-in continuous-time

counterparts in all the metrics regardless of the market conditions. The RL strategies are also consistently

among the best of all the methods, especially in a volatile and downturn market. The superiority of our

approach does not stem from the use of predictive factors or complex neural networks but rather from our

fundamentally distinct decision-making approach: learning the optimal strategy without learning the model.

Related Literature

There are two main directions in the literature for mitigating issues with sample-based estimation for

(static) MV problems. The first is to develop more efficient estimators, including Bayesian inference and

shrinkage estimators (James and Stein, 1992) to reduce estimation errors in probabilistic ways. The latter

has been particularly popular for portfolio selection, e.g., shrinkage estimators for mean (Jorion, 1986; Black

and Litterman, 1990), covariance matrix (Ledoit and Wolf, 2003, 2017), and covariance matrix of idiosyn-

cratic error in factor models (Fan et al., 2008, 2012). The second direction takes the robust optimization

approach. The idea is, instead of pinpointing a fixed model for optimization, to consider a family of models

(also known as the ambiguity set) that contain the true but unknown model and optimize the objective
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in the worst scenario among these many models. Applying to MV portfolio selection, this approach mod-

ifies the original MV preference to a max-min MV objective (Garlappi et al., 2007; Goldfarb and Iyengar,

2003). Other works along this line include portfolio weight norm regularization (DeMiguel et al., 2009a),

performance-based regularization (Ban et al., 2018), and many others. Most of the related formulations,

however, need to set the width/radius of the ambiguity set as an exogenous hyper-parameters. Blanchet

et al. (2022) employ a distributional robust approach and propose a statistical inference way of determining

this uncertain set endogenously with a performance guarantee. However, robust approaches have been de-

veloped predominantly for static optimization, which becomes amply complex and intractable when dealing

with a dynamic environment. On the other hand, DeMiguel et al. (2009b), in a thorough empirical study,

show that most of these approaches do not consistently outperform the näıve equally-weighted portfolio.

Blanchet et al. (2022) corroborate the competitive performance of the equally-weighted portfolio but find

their distributional robust portfolios achieve a higher Sharpe ratio on average. However, they stop short

of experimenting with other popular metrics such as maximum drawdown and recovery time. Above all,

all these studies are on static MV problems. By contrast, we investigate forward-looking and dynamically

planning investment policies, while providing a more comprehensive empirical study.

Dynamic portfolio selection has been studied extensively in the conventional financial economics and

financial engineering literature. However, the research typically focuses on specific models, such as Zhou

and Li (2000); Lim and Zhou (2002); Basak and Chabakauri (2010); Dai et al. (2021); Wachter (2002); Liu

(2007); Gennotte (1986); Cvitanić et al. (2006), among many others, by assuming the agent has complete or

at least partial knowledge about the models. In the latter case when, for instance, the agent knows that the

stock prices follow geometric Brownian motions but the drift and/or volatility coefficients are unknown, she

employs Bayesian learning to estimate the unknown coefficients. By contrast, the RL framework distinguishes

itself by considering a “model-free” paradigm; that is, the agent only has the minimum knowledge about

the market (such as that stock prices are diffusion processes) and learns optimal/efficient portfolio strategies

directly which is not guided by statistical principles (such as Bayesian learning).

Despite the long history of machine learning research, applications to finance only started recently in the

wake of AI and FinTech boom. For example, deep neural networks have been employed to study empirical

asset pricing (Lettau and Pelger, 2020; Gu et al., 2020, 2021; Bianchi et al., 2021; Guijarro-Ordonez et al.,

2021; Leippold et al., 2022; Chen et al., 2024). These works focus more on building nonlinear predictive

models for asset returns or constructing trading signals using firms’ characteristics to learn complex patterns

in historical data. These predictive machine learning models have stimulated a significant increase in AI-

driven funds (Bartram et al., 2021). However, RL has been hitherto barely used by the asset management

industry (Snow, 2020), largely due to its lack of intrepretibility/explainability and theoretical guarantee even

under the simplest Black–Scholes environment. This paper is part of the on-going effort that aims to provide

rigorous underpinnings for continuous-time RL. Wang and Zhou (2020), which is closely related to the present

paper, is probably the first to propose an RL algorithm for continuous-time MV portfolio selection built on
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the rigorous mathematical foundation established by Wang et al. (2020) with an entropy-regularized relaxed

control formulation for general continuous-time RL. However, Wang and Zhou (2020) employ the commonly

used mean–square temporal–difference error as the objective to perform policy evaluation (PE), which was

later pointed out by Jia and Zhou (2022a) as a wrong objective. Instead, Jia and Zhou (2022a) prove some

martingale condition that theoretically underpins their proposed offline and online PE algorithms. The

present paper is based on Jia and Zhou (2022a) for PE and the subsequent Jia and Zhou (2022b) for policy

gradient. Finally, a very preliminary version (without regret analysis and with a limited empirical study

under a slightly different experimental setup) of this paper appeared earlier (Huang et al., 2022).

The rest of the paper is organized as follows. In Section 2, we present the MV formulation in a continuous-

time multi-stock market environment with factors, and discuss the fundamental differences between the

conventional model-based plug-in paradigm and that of RL. Section 3 explains the key steps in a general RL

algorithm to solve the MV problem. Section 4 presents a baseline algorithm and its theoretical guarantee on

the convergence of the learned policies along with a regret analysis in terms of the Sharpe ratio. Section 5

reports and discusses the results of an extensive comparative empirical study. Finally, Section 6 concludes.

Proofs and additional numerical results are included in the appendix.

2 Dynamic Mean–Variance Portfolio Choice

In this section, we describe the market environment and the objective of an MV agent in the continuous-

time setting with minimum assumption, and review two paradigms – those of the conventional plug-in and

the RL, respectively.

2.1 Market environment and mean–variance agents

We first describe a general continuously traded market. There are d` 1 assets, of which the 0-th asset is

risk free whose price is S0ptq with a short interest rate rptq. The other d assets are risky stocks whose prices

at t are denoted by S1ptq, ¨ ¨ ¨ , Sdptq. In addition, there are m additional observable covariates F ptq P Rm that

are associated with the interest rate, mean and covariance of the asset returns, referred to as the (market)

factors.

In general, a model for the financial market makes further structural assumptions about the dynam-

ics of asset prices and factors. For example, the celebrated Black–Scholes model assumes stock prices

follow geometric Brownian motions, and Heston’s model (Heston, 1993) stipulates stochastic volatility as

factors. However, we do not assume agents know concrete forms of the market models, other than that
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Sptq “ pS0ptq, S1ptq, ¨ ¨ ¨ , SdptqqJ and F ptq are Itô’s diffusions.1 As a consequence, it is extremely difficult if

not impossible to apply conventional statistical methods including Bayesian learning to estimate/learn the

models.

Consider such a “model-free” agent with initial wealth x0 and a pre-specified investment horizon T ą 0.

We denote the agent’s portfolio choice at time t by uptq “ pu1ptq, u2ptq, ¨ ¨ ¨ , udptqqJ P Rd, where uiptq is the

discounted dollar amount (equivalently, uiptqS0ptq is the nominal dollar amount) invested in the i-th risky

asset at time t, 1 ď i ď d. Denote by txuptq : 0 ď t ď T u the discounted self-financing wealth process of the

agent under a portfolio process u ” tuptq : 0 ď t ď T u. Then the agent’s discounted wealth process satisfies

the wealth equation

dxuptq “

d
ÿ

i“1

uiptq
dSiptq

Siptq
´ eJ

d uptq
dS0ptq

S0ptq
, (1)

where ed “ p1, ¨ ¨ ¨ , 1qJ P Rd is a d-dimensional unit vector, and dSi
ptq

Siptq is the return of the i-th asset.2 Note

that the wealth equation (1) follows from a simple fact that the change of wealth is caused by the changes

in asset prices; hence it is very general, independent of any model about the stock prices or factors.

Note that for a small investor (a price taker), the asset prices and market factors are exogenous that

are unaffected by her actions (portfolios). By contrast, a large investor’s portfolio choice can alter the

price and factor processes, e.g., through temporary or permanent price impact, and other frictions from the

market microstructures. Such trading frictions and microstructures are an important part of the market

environment, which is not assumed to be known by the investor. In our RL setting, the only assumption

about the market is that pSptq, F ptqq are Itô’s diffusions.

Given the investment horizon T , the agent aims to find MV efficient allocations in this dynamically traded

market. As the continuous-time counterpart to the Markowitz problem (Markowitz, 1952), the classical

model-based continuous-time MV problem is formulated as follows. Assuming a model for Sptq, F ptq and the

wealth equation (1) are known and given, to minimize the variance of the portfolio while achieving a given

expected target return:

min
u

Var pxupT qq

subject to E rxupT qs “ z

(2)

where z is the target expected terminal wealth that is pre-specified at t “ 0 by the agent as part of the

agent’s preference. A larger z indicates that the agent pursues higher return and hence is less risk-averse.

1We assume these processes are all well-defined and adapted in a given filtered probability space
`

Ω,F ,P; pFtqtě0

˘

satisfying the usual conditions. An Itô’s diffusion belongs to a wide class of Markov processes, which can be represented
as the solution to a stochastic differential equation driven by a (multi-dimensional) Brownian motion. It satisfies the
strong Markov property and admits an infinitesimal generator. The developed model-free methodologies apply to a
much more general class of stochastic processes like jump-diffusions or Markov chains. In this paper, we restrict the
framework to Itô’s diffusions because they are commonly used in the finance literature. We do not consider non-
Markov processes here, which can be equivalently formulated as path-dependent Markov ones where certain factors
can be summary statistics of the path history (e.g. the momentum).

2The nominal wealth process xu
ptqS0

ptq satisfies dpxu
ptqS0

ptqq “
řd

i“1 S
0
ptqui

ptqdSiptq

Siptq
` pxu

ptqS0
ptq ´

eJ
d S

0
ptquptqq

dS0ptq

S0ptq
. Applying stochastic calculus leads to (1).
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As a remark, the above is not a standard stochastic control problem (as with e.g., the expected utility

maximization) due to the presence of the variance term in (2). This term causes time-inconsistency so the

dynamic programming principle does not apply directly. Zhou and Li (2000) introduce a method of using

a Lagrange multiplier w to transform the problem into an unconstrained expected quadratic (dis)utility

minimization problem:

min
u

ErpxupT q ´ wq2s ´ pw ´ zq2 (3)

and then finding a proper multiplier w to enforce the mean constraint. This problem is a standard stochastic

control problem and is time consistent, whose solution gives rise to a pre-committed investment strategy to

the original problem (2). See a recent survey He and Zhou (2022) on pre-committed strategies and other

types of strategies under time-inconsistency.

2.2 The conventional plug-in paradigm

The solution to the asset allocation problem such as (2) can be found or computed when the market

model is completely specified, thanks to the well-developed stochastic control methodologies. How to math-

ematically solve (2) and what the economic implications are have been the focus of conventional research on

quantitative finance and financial economics. Conceptually, these works take the rational expectation point

of view so that agents can form their belief about the market environment correctly and, hence, behave

optimally.

Practically, however, agents are always limited by their knowledge about the “true” market model (let

there be one). The traditional approach to asset allocation (or indeed more general decision making problems)

is to first propose and estimate a specific model and then plug the estimated model parameters (such as the

drift and volatility of the stock price process) into the optimal solution for the corresponding model. This

is usually referred to as the model-based approach which combines two steps/techniques: certain algorithms

to estimate the model parameters (e.g. maximum likelihood or Kalman filtering) and certain algorithms to

solve the stochastic control problem (e.g. analytical or numerical solutions to the Hamilton–Jacobi–Bellman

equation). The two techniques have been developed quite separately from each other.

Such a paradigm, however, suffers from problems of model mis-specification, estimation errors caused

by insufficiency of data and inadequacy of statistical methods, and sensitivity of optimal solutions to model

parameters. In practice, the agent observes the asset price trajectories S0ptq, ¨ ¨ ¨ , Sdptq and/or the factor

process F ptq but also needs to know the specific form of a model to optimize her portfolio. Even with

a simple market like the Black–Scholes market, there is an intrinsic difficulty in estimating the expected

return accurately given any realistic sample size (Merton, 1980), also known as the “mean-blur” problem

(Luenberger, 1998). The simulation study conducted by DeMiguel et al. (2009b) shows that even if the

return distribution is correctly specified and estimated with various statistical techniques, 10-year data are
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still not sufficient for the plug-in method to get close to the theoretically optimal benchmark.3

2.3 The reinforcement learning paradigm

The RL version of the problem (2) is to solve it based only on the observable data including the price/-

factor processes and the agent’s own wealth processes under various portfolios, without any knowledge about

the market other than that the underlying processes are Itô’s diffusions. Hence, it addresses the task of a

model-free agent rather than one having rational expectations. Recall that the plug-in approach first es-

timates (explores) and then optimizes (exploits), carrying out these two steps separately and sequentially.

By contrast, the RL approach does exploration and exploitation simultaneously all the time. With RL, the

agent interacts with the unknown (market) environment directly by trial and error, and improves strategies

by incorporating the responses of the environment to the exploration. The classical stochastic control the-

ory (Yong and Zhou 1999; Fleming and Soner 2006) stipulates that, (under mild conditions) for a Markov

system, the optimal portfolio choice can be written as a deterministic function of the time and the state–

factor variables, that is, uptq “ u˚pt, xptq, F ptqq for some measurable, deterministic function u˚, also known

as a policy. Ultimately, both plug-in and RL approaches attempt to find this function, but in profoundly

different ways. The former estimates a model for the market, and then solves a potentially high dimensional

Hamilton–Jacobi–Bellman (HJB) equation, whereas the latter skips the intermediary step of estimating

the model parameters altogether, approximates the policy function by a suitable class of functions with

finite-dimensional parameters (using polynomials, spline functions, or neural networks), and learns/updates

directly these parameters through exploration. It goes without saying that estimating market coefficients

and solving HJB equations are of great importance in their own right, including the provision of insights

and guidance about the structure of optimal policies. But the idea of RL is premised upon the notion that

the ultimate purpose, or an end-to-end solution in asset allocation, is nothing more than to learn optimal

or near-optimal policies from observed or (strategically) generated data. This idea underpins the model-free

approach. We emphasize here that a model-free approach does not mean there are no models; rather, there

is an underlying structural model (e.g., a Markov chain, an Itô diffusion, or a jump-diffusion) for the data-

generating process but we do not know the model parameters, nor do we attempt to estimate them. Any

provable performance guarantee including regret bounds must be established upon this structural assumption

only.

To sum up, the model-based approach specifies a class of models, pins down one of them with certain

statistical criteria, and then optimizes under that model. By contrast, the RL approach specifies a class of

policies and optimizes directly based on the decision criteria.

3More analysis on how estimation errors affect portfolio choice includes Best and Grauer (1991a); Britten-Jones
(1999); Chan et al. (1999) and Chopra and Ziemba (2013).
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3 Foundation of Reinforcement Learning Algorithms

A typical RL algorithm involves answering three questions: how to choose actions to strategically interact

with the environment for the purpose of exploration, how to evaluate the performance of a given policy, and

how to update the policy to improve its performance. We follow the framework of continuous-time RL in

the work of Wang et al. (2020) and Jia and Zhou (2022a,b) to address these three questions, respectively. In

applying those general results, there is an additional Lagrange multiplier w in (3) that needs to be learned

in the current MV setting.

3.1 Deterministic versus stochastic policies

In the classical model-based setting, an optimal policy is a deterministic mapping from the time–state–

factor triplet to an action (a portfolio choice in the context of asset allocation). However, when the market

environment is unknown, the RL agent undergoes exploration by randomizing the policies in order to broaden

the search space. Mathematically, these exploratory policies are now mappings that map time–state–factor

triplets to probability (density) distributions on the action space:

␣

π : pt, x, F q ÞÑ πp¨|t, x, F q P PpRdq
(

,

where PpRdq denotes the set of all probability density functions on Rd.4 Note that the agent wealth process

xptq and the factor process F ptq are both observable (i.e. they are data) at any time t. Given a mapping

π, at each time t, a portfolio uptq is independently generated or sampled from the distribution given by

πp¨|t, xptq, F ptqq, denoted by uptq „ πp¨|t, xptq, F ptqq. Such a rule π to generate portfolios is called a stochastic

policy. Obviously, when π is a point mass (aka Dirac measure), it reduces to the conventional deterministic

policy. Once π is specified, the portfolio processes to be actually executed could be sampled according to

uptq „ πp¨|t, xptq, F ptqq and the resulting wealth trajectories, while following (1), can be directly observed,

both without requiring the knowledge of the market coefficients. We denote the wealth trajectories under a

stochastic policy π by xuπ

. The statistical properties of this process are described in Appendix A.1.

As the essence of RL is to balance exploration and exploitation while the former is needed during the

entire time horizon, we further add an entropy regularizer to the objective function to encourage and, indeed,

enforce exploration. The entropy regularization is closely related to the soft-max approximation in the RL

literature (Ziebart et al., 2008; Haarnoja et al., 2018; Wang et al., 2020), as well as the choice model and the

perturbed utility (Hotz and Miller, 1993; Fudenberg et al., 2015; Feng et al., 2017) in microeconomic theory.

4In this paper, we restrict randomization to distributions having density functions because they are the most
commonly used and compatible with the entropy regularizer to be introduced momentarily. With more involved
notation, the density functions can be replaced by distribution functions.
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This leads to the following entropy regularized objective function:

E

«

´

xuπ

pT q ´ w
¯2

` γ

ż T

0

logπpuπptq|t, xuπ

ptq, F ptqqdt

ff

´ pw ´ zq2 (4)

where γ ě 0 is an exogenous parameter, called a temperature parameter, that specifies the weight put on

exploration. Clearly, a larger γ favors more exploration and vice versa.

Let us conclude this subsection by noting some important points about stochastic policies. In optimiza-

tion broadly, randomization is taken for conceptual and/or technical reasons; see Zhou (2023) for an assay

on this. In RL specifically, randomization is used primarily for exploration or information collection (e.g.,

ϵ-greedy policy for the bandit problem; see Sutton and Barto 2018), as randomization broadens search space

and enables an agent to experience counterfactuals.5 Intuitively, by trying out different trading portfolios

the agent gets to know more about the market including market impact which in turn guides her to optimize

gradually.

However, if the agent is a small investor, the current portfolio selection problem has a distinctive feature

in this aspect. Recall that the (discounted) wealth equation is described by (1), where dSi
ptq

Siptq and dS0
ptq

S0ptq

are the (instantaneous) returns of the risky and risk-free assets respectively that can be observed directly

from the market without having to know the market coefficients. So wealth change is jointly caused by

portfolio choice and price movement in a known, multiplicative way. However, with a small investor, the

price movement is purely exogenous and observable regardless of what portfolios she applies. Therefore,

(1) reveals all the counterfactuals under alternative portfolios without having actually to execute them.6

To wit, there is no informational motive for exploration/randomization for a price taker. That said, there

are important technical reasons to use stochastic policies for learning. In general, randomization convexifies

policy spaces and facilitates differentiation. Specifically, in this paper, we will apply the policy gradient

algorithms developed in Jia and Zhou (2022b) to update policies, whereas the key idea of Jia and Zhou

(2022b) is to turn the policy gradient into a policy evaluation problem which works only for stochastic

policies. Therefore, we will train our algorithms using stochastic policies and implement portfolios with

deterministic policies.7

3.2 Policy evaluation

Policy evaluation is a crucial step in estimating/predicting the payoff function of a given policy, based

on which the agent decides how to update and improve the policy. In our case, it is to estimate the expected

payoff (4) for a given stochastic policy π, a given multiplier w and a given temperature parameter γ, based

5For example, in the bandit problem, randomization allows the agent to play a currently sub-optimal machine
that otherwise would have never been played (and therefore whose information would have remained unknown).

6This is a very specific feature of this specific setting (a small investor), which is not owned by most stochastic
control problems including portfolio choice with large investors.

7In RL terms, this is a type of off-policy learning (Sutton and Barto 2018, Chapter 6), i.e. we use stochastic
policies – called the behavior policies – to improve deterministic policies which are the target policies.
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on data only. Moreover, the policy evaluation requires learning the expected payoff starting from any initial

time–state–factor triplet and hence calls for estimating the entire objective function (instead of functional

values at some given triplets). Precisely, based on the Markov property, we need to learn a function J of

pt, x, F q, known as the value function, where

Jpt, x, F ;π;wq “ E

«

´

xuπ

pT q ´ w
¯2

` γ

ż T

t

logπpuπpsq|s, xuπ

psq, F psqqds
ˇ

ˇ

ˇ
xuπ

ptq “ x, F ptq “ F

ff

´pw´zq2.

Jia and Zhou (2022a) show that the value function is characterized by two conditions. First, it satisfies a

known terminal condition: JpT, x, F ;π;wq “ px´wq2 ´ pw´ zq2. Second, it maintains the following process

Jpt, xuπ

ptq, F ptq;π;wq ` γ

ż t

0

logπpuπpsq|s, xuπ

psq, F psqqds,

where uπpsq „ πp¨|s, xuπ

psq, F psqq, to be a martingale with respect to the filtration generated by xuπ

psq, F psq.

As computers cannot process learning functions that are infinite-dimensional objects, in RL, one uses

function approximation to approximate the value function by a class of parameterized functions Jp¨, ¨, ¨;w;θq,

where θ is a finite-dimensional parameter. The choice of approximators may depend on the special structure

of each problem or be through neural networks. Note that, for a given policy π and a function approximator

Jp¨, ¨, ¨;w;θq, both Jpt, xuπ

ptq, F ptq;w;θq and logπpuπpsq|s, xuπ

psq, F psqq can be computed by observable

samples or data. Jia and Zhou (2022a) develop several data-driven ways to learn or update θ based on the

aforementioned martingality. In this paper, we will apply one of them that is consistent with the well-known

temporal–difference (TD) learning: to force dJpt, xuπ

ptq, F ptq;w;θq ` γ logπpuπptq|t, xuπ

ptq, F ptqqdt to be a

“martingale difference sequence” so that it is orthogonal to any adapted process. More precisely, it means

E

«

ż T

0

Iptq
!

dJpt, xuπ

ptq, F ptq;w;θq ` γ logπpuπptq|t, xuπ

ptq, F ptqqdt
)

ff

“ 0, (5)

for all adapted processes tIptq : 0 ď t ď T u, called test functions (or instrumental variables in the economet-

rics literature). While theoretically one needs to choose infinitely many test functions, for implementation

one can take Iptq “ B
BθJpt, xuπ

ptq, F ptq;w;θq which is a vector having the same dimension as θ. The task of

estimating θ from the system of equations (5) can thus be accomplished by the well-developed generalized

methods of moments (GMM).

3.3 Policy gradient

Now that we have learned the value function of a given stochastic policy, the next step is to improve

the policy. For that, following the general gradient-based approach in optimization, we need to estimate

the gradient of the value function with respect to the policy. However, the policy itself lies in an infinite

dimensional space of probability distributions; so it is infeasible to compute the derivative upon policy
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directly. As in policy evaluation, we parameterize policies by a finite-dimensional vector ϕ:

πϕ ” πp¨|t, x, F ;w;ϕq.

Denote by Jp¨, ¨, ¨;πϕ;wq the value function under πϕ. It now suffices to consider B
BϕJp0, x0, F0;π

ϕ;wq, the

gradient of Jp0, x0, F0;π
ϕ;wq in ϕ.

Jia and Zhou (2022b) derive the policy gradient representation as follows

B

Bϕ
Jp0, x0, F0;π

ϕ;wq

“E
„
ż T

0

„

B

Bϕ
logπpuπϕ

ptq|t, xuπϕ

ptq, F ptq;w;ϕq ` Hptq

ȷ

”

dJpt, xuπϕ

ptq, F ptq;πϕ;wq

` γ logπpuπϕ

ptq|t, xuπϕ

ptq, F ptq;w;ϕqdt
ı

ȷ

,

(6)

for all test functions H. Compared with Jia and Zhou (2022b), here we have added the test functions H (by

virtue of (5)) to make the approximation of policy gradient more flexible. The right-hand side terms inside

the expectation in (6) can be computed using observable state samples under the policy πϕ and the known

parametric form πϕ, together with an estimated value function from the policy evaluation step discussed in

Section 3.2, without knowing the market coefficients.

3.4 Actor–critic learning by solving moment conditions

Alternating policy evaluation and policy gradient iteratively leads to what is called an actor–critic type

of learning in RL. More precisely, there are three equations that need to be satisfied by the optimal value

function, the optimal policy, and the Lagrange multiplier:
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E

«

ż T

0

Iptq

"

dJpt, xuπϕ

ptq, F ptq;w;θq ` γ logπpuπϕ

ptq|t, xuπϕ

ptq, F ptq;w;ϕqdt

*

ff

“ 0,

E
„
ż T

0

„

B

Bϕ
logπpuπϕ

ptq|t, xuπϕ

ptq, F ptq;w;ϕq ` Hptq

ȷ

”

dJpt, xuπϕ

ptq, F ptq;w;θq

` γ logπpuπϕ

ptq|t, xuπϕ

ptq, F ptq;w;ϕqdt

ȷ

“ 0,

E
„

xuπϕ

pT q ´ z

ȷ

“ 0.

(7)

The first equation in (7) follows from the martingale condition (5) by substituting the policy by its

approximation πϕ, with test function I. The second equation follows from (6), implying that the gradient

of the optimal value function with respect to the parameters ϕ (with test function H) is zero, which is the

usual first-order condition for optimality. In applying (6) we replace the true value function under πϕ with
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its approximator, i.e. (with a slight abuse of notion),

Jpt, x, F ;w;θq « Jpt, x, F ;πϕ;wq.

The last equation in (7) is due to the constraint on the expected return imposed by the original MV problem

(2).

The conditions in (7) are generally called moment conditions. Let us explain a few major differences

between these conditions and those in the classical GMM literature. First, for usual GMM, data are exoge-

nously given or generated by exogenous distributions. By contrast, except for the exogenous market factors

tF ptq : 0 ď t ď T u,8 the wealth and the portfolio choice data tpxptq, uptqq : 0 ď t ď T u are generated/sampled

from a stochastic policy that needs to be learned through updating ϕ. This is one important and distinctive

aspect of RL: data are both exogenous and endogenous and should be acquired actively and strategically.

Specifically in the current context, we need to try different policies by varying possible ϕ’s, repeatedly sample

portfolios from them and observe the resulting wealth trajectories in order to solve (7). Second, moment

conditions in conventional GMM arising in economics and finance problems are usually based on optimality

or equilibrium conditions of an economic model, where data are assumed to be generated from optimal or

equilibrium decisions. For example, in testing the consumption-based capital asset pricing model under

rational expectation (Hansen and Singleton, 1982), it is assumed that the consumption flow is optimal with

respect to the environment and the household’s preference. However, in our RL problem, the agent does not

know the market environment; hence the data used in applying the moment conditions (7) are not produced

from the optimal policy in general. Moreover, the target for an RL agent is to learn the optimal policy; by

contrast, the target of an econometrician is to learn an economic model.

Lastly, from a technical perspective, the conventional GMM relies on numerical optimization algorithms

that are usually based on sample average approximation. However, in our RL setting, usually only one sample

trajectory generated under the given policy is used in one iteration step to evaluate the expectation in (7);

so stochastic approximation algorithms are often used instead. Though stochastic approximation algorithms

have slower convergence than gradient-based algorithms, they require much less storage and computation in

each iteration and are generally flexible and easy to apply; see Section 4 for more discussions. In addition,

the analysis of RL algorithms also focuses on the suboptimal gap (i.e., regret) of the learning procedure

because suboptimal policies are used to generate data.

4 A Provably Efficient Algorithm for the Black–Scholes Market

Establishing a model-free theoretical guarantee of the efficiency of an RL algorithm is generally extremely

hard, due to complicated function approximations (e.g., with neural networks) and possible non-stationarity

8While the asset prices tSptq : 0 ď t ď T u are also exogenous and observable data, we do not need them in our
learning.
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of state processes involved. In this section, we present an RL algorithm for a frictionless, multi-stock Black–

Scholes market without any factor F , i.e., the stock prices follow multi-dimensional geometric Brownian

motions. We prove that a stochastic approximation type algorithm with specific actor and critic function

approximations converges to a Sharpe ratio maximizing policy, and derive a sublinear regret bound in terms of

the Sharpe ratio. Our algorithm is model-free in the sense that it is based on the model-free characterization

of the optimal policy (7); yet the proof depends on the specific Black–Scholes market structure. We leave the

question of empirical performance to the next section, where the distributions of stock returns are unknown

and unverifiable.

4.1 A baseline algorithm

To recap what was introduced in Section 3.4, an RL algorithm consists of approximating the value

function (critic) and policy (actor), sampling/generating data, and updating/improving the approximation.

Approximation or parametrization can be, in general, constructed through neural networks or by exploiting

the specific problem structure, such as with the present case. A theoretical analysis of the exploratory MV

problem with the Black–Scholes environment is presented in Appendix A.2. The theoretical optimal value

function and optimal policy given by (8) and (9) involve the unknown model parameters so they cannot be

used as the final solutions. However, the specific forms of these functions suggest that we can apply the

following approximations for the value functions and stochastic policies:

Jpt, x;w;θq “ px ´ wq2e´θ3pT´tq ` θ2
`

t2 ´ T 2
˘

` θ1pt ´ T q ´ pw ´ zq2, (8)

and

πp¨ | t, x;w;ϕq “ N
´

¨ | ´ϕ1px ´ wq, ϕ2e
ϕ3pT´tq

¯

, (9)

where pθ1, θ2, θ3qJ P R3 and pϕ1, ϕ2, ϕ3q P Rd ˆ Sd`` ˆ R are two sets of parameters, w P R is the Lagrange

multiplier, and N p¨ | µ,Σq is the multivariate normal distribution with mean vector µ and covariance matrix

Σ. If we are to completely reconcile the approximated solutions (8) and (9) with the theoretical solutions

(26) and (27), then these parameters should not be entirely mutually independent. However, we do not

enforce their relations based on the theoretical solutions and treat them largely independently in our learning

procedure for generality and flexibility. One exception is that we let ϕ3 “ θ3, inspired by (26) and (27).

Moreover, in our algorithm, we set ϕ3 “ θ3 to be a sufficiently large constant (a hyperparameter) without

updating it, because it turns out this parameter plays no role in the convergence analysis (see Theorems

1–3). Thus, we denote θ “ pθ1, θ2qJ P R2 and ϕ “ pϕ1, ϕ2qJ P Rd ˆ Sd`` which, together with w, are to be

updated and learned.

The baseline algorithm we devise relies on the whole trajectory, meaning that in each iteration, parame-

ters pθ,ϕ, wq are updated after the data generated during the entire episode r0, T s are used. It is a stochastic

approximation algorithm based principally on the moment conditions (7), with a modification to boost the
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numerical efficiency. Specifically, in applying (7) we reparameterize ϕ “ pϕ1, ϕ2q to ϕ̃ “ pϕ1, ϕ
´1
2 q and turn

the second equation in (7) in terms of the gradient in ϕ2 to

0 “E
„
ż T

0

„

B

Bϕ´1
2

logπpuπϕ

ptq|t, xuπϕ

ptq;w;ϕq ` Hptq

ȷ

”

dJpt, xuπϕ

ptq, w;θq

` γ logπpuπϕ

ptq|t, xuπϕ

ptq;w;ϕqdt
ı

ȷ

.

(10)

The above follows from the chain rule and the fact that the extra term
Bϕ´1

2

Bϕ2
, resulting from the chain rule,

is a deterministic, time-invariant constant, and hence can be removed. Thus, our stochastic approximation

algorithm for the component ϕ2 will be based on (10), the gradient in ϕ´1
2 , instead of ϕ2 as in the original

conditions (7). This trick of using the inverse covariance matrix will prove instrumental in the proof of our

convergence results.

We use subscript n to represent the n-th iteration. For example, ϕ1,n is the value of the parameter ϕ1 in

its n-th iteration. At the first iteration n “ 1, we initialize θ1 “ pθ1,1, θ2,1qJ, ϕ1 “ pϕ1,1, ϕ2,1qJ and w1 to

be some constants. At the pn ` 1q-th iteration, with the current parameters pθn,ϕn, wnq, we use the policy

πp¨ | t, x;wn;ϕnq determined by (9) to generate the portfolio–wealth process tpunptq, xnptqq : 0 ď t ď T u,

where xn satisfies (1) under u “ un with unptq „ πp¨ | t, xnptq;wn;ϕnq.

By choosing two specific test functions Iptq “ B
BθJpt, xptq;w;θq and Hptq “ 0, the learnable parameters

are then updated by the following rules:

θn`1 Ð ΠKθ,n

ˆ

θn ` an

ż T

0

BJ

Bθ
pt, xnptq;wn;θnq rdJ pt, xnptq;wn;θnq ` γ logπpunptq|t, xnptq;wn;ϕnqdts

˙

,

(11)

ϕ1,n`1 Ð ΠK1,n

ˆ

ϕ1,n ´ anZ1,npT q

˙

, (12)

ϕ2,n`1 Ð ΠK2,n

ˆ

ϕ2,n ` anZ2,npT q

˙

, (13)

wn`1 Ð ΠKw,n

ˆ

wn ´ aw,npxnpT q ´ zq

˙

, (14)

where

Z1,nptq “

ż t

0

"

B

Bϕ1
logπ punpsq | s, xnpsq;wn;ϕnq rdJ ps, xnpsq;wn;θnq ` γ logπpunpsq|s, xnpsq;wn;ϕnqdss

*

,

(15)

Z2,nptq “

ż t

0

"

B

Bϕ´1
2

logπ punpsq | s, xnpsq;wn,ϕnq rdJ ps, xnpsq;wn;θnq ` γ logπpunpsq|s, xnpsq;wn;ϕnqdss

*

,

(16)

and ΠKpzq :“ argminyPK |y ´ z|2 is the projection of a point z onto the subset K. The subsets involved in
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the above are:

Kθ,n “

!

pθ1, θ2q P R2
ˇ

ˇ

ˇ
|θ1| ď cθ1 , |θ2| ď cθ2

)

, K1,n “

!

ϕ1 P Rd
ˇ

ˇ

ˇ
|ϕ1| ď c1,n

)

,

K2,n “

"

ϕ2 P Sd``

ˇ

ˇ

ˇ
|ϕ2| ď c2,n, ϕ2 ´

1

bn
I P Sd``

*

, Kw,n “

!

w P R
ˇ

ˇ

ˇ
|w| ď cw,n

)

.

In this procedure, the constants an, aw,n, cθ1 , cθ2 , c1,n, c2,n, cw,n and bn are hyperparameters that can be set

according to Theorem 1 below. Note that the second equation in (7) represents the gradient with respect to

ϕ to minimize the variance, and hence each iteration should move in the opposite direction of the gradient.

This is why there is a negative sign in (12) that updates ϕ1. However, in (13), the increment Z2,npT q is with

respect to the gradient in ϕ´1
2 , which is decreasing in ϕ2; so the sign in (13) is changed back from negative

to positive.

The updating rules on ϕ and w described above are (nonlinear) stochastic approximation algorithms (cf.

Chau and Fu 2014). However, we need to adapt the general stochastic approximation theory to our case in

order to avoid encountering extreme states and having unbounded errors. This is achieved by introducing

certain projections onto bounded sets in the learning process, a technique pioneered by Andradóttir (1995).

Note that these bounded sets do not require any prior knowledge about the market environment to specify,

and they expand to span the whole space as the number of iterations grows. Therefore, our algorithm still

remains model-free.

We now present the baseline algorithm as Algorithm 1, and put the analysis leading to it in Appendix

B. Note that while the algorithm is derived from a continuous-time analysis, for the final computer imple-

mentation it needs to be discretized. The time discretization in Algorithm 1 plays a dual role: the discrete

times indicate both the moments for rebalancing and applying the new portfolio, and they are also used to

approximate the integrals involved in the solutions.

Algorithm 1 CTRL Baseline Algorithm

Initialize θ,ϕ and w.
for iter = 1 to N do

Initialize k “ 0, time t “ tk “ 0, wealth xptkq “ x0.
Generate wealth trajectory by policy (9) following dynamics (1).
Collect the whole trajectory tptk, xptkq, uptkqqukě0.
Update θ using (30).
Update ϕ using (31) and (32).
Update w by (14).

end for

The following theorem, whose proof (for a more general version of the theorem) is relegated to Appendix

G.1, presents the convergence and convergence rates of the parameters updated according to Algorithm 1.

Theorem 1. Assume that the stock prices follow a multi-dimensional geometric Brownian motion with

constant return and volatility rates, and the risk-free rate is a constant. In Algorithm 1, let the parameters
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cθ1 , cθ2 be some positive constants, and an, aw,n, c1,n, c2,n, cw,n and bn be set as follows:

piq an “ aw,n “
α

n ` β
, for some constants α ą 0 and β ą 0;

piiq bn “ 1 _ plog log nq
1
8 , c1,n “ 1 _ plog log nq

1
8 , c2,n “ 1 _ plog log nq

1
8 , cw,n “ 1 _ plog log nq

1
16 .

Then

(a) As n Ñ 8, ϕ1,n and ϕ2,n almost surely converge to the true values ϕ˚
1 “ pσσJq´1pµ ´ rq and ϕ˚

2 “

γ
2 pσσJq´1 respectively, and wn almost surely converges to the true value w˚ “ zepµ´rqJpσσJq´1pµ´rqT

´x0

epµ´rqJpσσJq´1pµ´rqT ´1
.

(b) For any n, Er|ϕ1,n`1 ´ϕ˚
1 |2s ď C plognq

p
plog lognq

n , where C and p are positive constants independent of

n.

Note the convergence rate of ϕ1,n is of the order plognq
p

plog lognq

n , which nearly matches the typical optimal

convergence rate of stochastic approximation algorithms (e.g. Broadie et al. 2011) and differs only by a factor

plog nqpplog log nq which is very small relative to n. Moreover, Assumptions (i)-(ii) in Theorem 1 are not

necessary for the first statement about the almost sure convergence of ϕ1,n, ϕ2,n and wn. More general

assumptions are presented in (63) and (72), in Appendix G.1.

4.2 Stochastic training and deterministic execution

We first present the following result.

Theorem 2. Consider two policies π and π̂ in the same form as (9), given by π “ N
ˆ

´ϕ1px´wq, Cptq

˙

,

π̂ “ N
ˆ

´ϕ1px ´ wq, Ĉptq

˙

, where Cp¨q, Ĉp¨q P Sd`` are two deterministic functions satisfying Cptq ´ Ĉptq P

Sd` for all t P r0, T s, along with their respective wealth trajectories txuπ

ptq : 0 ď t ď T u and txuπ̂

ptq : 0 ď t ď

T u. Then π̂ mean–variance dominates π; i.e. Erxuπ

pT qs “ Erxuπ̂

pT qs and Var
`

xuπ

pT q
˘

ě Var
´

xuπ̂

pT q

¯

.

A proof of this theorem is delayed to Appendix G.2. The theorem indicates that, for the same entropy-

regularized MV problem (with the same temperature parameter), even though the two policies with the

same mean generate the same expected terminal wealth, the one with a lower level of exploration has a

more stable result in terms of the variance of the terminal wealth. So more exploration is worse off from the

MV perspective. In particular, we only need to use deterministic policies for actual execution of a portfolio

(instead of using a random sampler from the learned optimal stochastic policy). Note that this feature is

specific to the current setting of the problem (i.e. a frictionless market with a small investor), and is not

necessarily true in general where actual actions also need to be sampled from stochastic policies in order to

broaden search space and observe the responses to actions from the environment. As discussed at the end

of Section 3.1, the dynamics (1) with a small investor dictate that the investor would know the consequence

of executing any portfolio even if she does not actually execute it. This is in sharp contrast to, say, a bandit

problem, in which an agent has no knowledge about counterfactuals. Thus, intuitively, in the MV problem
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one does not need to do exploration per se for the purpose of trial and error; she could do it on paper.

However, again as explained before, stochastic policies are necessary for computing the policy gradient due

to technical reasons; so we will use them for training (i.e. for updating the parameters). We do this by

randomly generating portfolio processes from the current stochastic policy and simulating the corresponding

(counterfactual) wealth trajectories based on (1).

Denote a deterministic policy for execution of the original (non-exploratory) wealth equation (1) by

upt, x;w;ϕq “ ´ϕ1px ´ wq, (17)

which is a degenerate stochastic policy with a Dirac distribution and coincides with the mean of the policy

πϕ defined in (9). The Sharpe ratio of the terminal wealth of (1) under this policy is defined as

E rxupT q{xup0qs ´ 1
a

VarpxupT q{xup0qq
, (18)

which depends only on ϕ1, and is denoted by SRpϕ1q.

Theorem 3. Under the same setting of Theorem 1, we have

E

«

N
ÿ

n“1

pSRpϕ˚
1 q ´ SRpϕ1,nqq

ff

ď C ` C
a

NplogNqp log logN, @N,

where C ą 0 is a constant independent of N , and p is the same constants appearing in Theorem 1.

A proof of Theorem 3 is given in Appendix G.3. The result reveals the importance of the parameter

ϕ1. Indeed, the theoretical value of the vector ϕ˚
1 “ ´pσσJq´1pµ ´ rq (see (27)) constitutes the proportions

allocated to the risky assets and hence the composition of an MV efficient mutual fund. This composition

in turn determines the Sharpe ratio of the resulting portfolio, noting that any MV efficient portfolio has the

same Sharpe ratio. Theorem 3 stipulates that, in terms of the Sharpe ratio, the cumulative gap between

the iterates of our algorithm and the “oracle” (i.e. the theoretically optimal portfolio should all the market

parameters be known) up to the Nth iteration is of the order of
a

NplogNqp log logN . The sublinearity of

this gap yields that in the long run, the algorithm performs almost optimally.

5 Empirical Performance and Comparisons

To assess the efficacy of our CTRL algorithm, we carry out an empirical study to juxtapose its perfor-

mance with other well-established asset allocation strategies using standard/popular metrics such as Sharpe

ratio and maximum drawdown.

The dataset employed in this study was sourced from the Wharton Research Data Services (WRDS). The

asset universe includes the S&P 500 constituents that remained continuously listed from 1990 to 2020 and
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had daily trading data available in WRDS. From this set, we compile a pool of the first 300 stocks, organized

alphabetically according to their tickers. These stocks’ returns are calculated based on dividend-adjusted

prices. For each experiment, we choose 10 stocks randomly from this pool and backtest them with various

portfolio strategies from 2000 to 2020, while utilizing the period 1990-1999 for pretraining. We repeat these

experiments 100 times to derive statistical properties.

Moreover, for algorithms requiring a specified target return, including our own and other MV based

strategies, we set the target annualized return at 15%, corresponding to z “ 1.15 in our model. This figure

aligns with the approximate annualized return of the S&P 500 during the pretraining period 1990–2000. For

static models with monthly rebalancing, the target annual return is translated into a monthly target return

µ˚ “ p1.15q
1
12 ´ 1 « 1.17%. For simplicity, we assume the risk-free interest rate (r) to be zero. The initial

wealth is normalized to be $1 for all the experiments. Furthermore, since the alternative asset allocation

methods such as the buy-and-hold market index and sample-based minimum variance inherently require full

investment in the risky assets (i.e. no risk-free allocation), we ensure comparability across all methods by

mandating that all available funds are allocated to stocks only in our experiments.

We briefly summarize the methods and performance criteria as follows.

The proposed CTRL algorithm While Algorithm 1 has been proved to have good theoretical prop-

erties including sublinear convergence, modifications are needed for practical implementation. Here, we show

four variants of our RL portfolio choices with history-dependent incremental updating:

• vCTRL: No pretraining, borrowing allowed, daily rebalancing.

• pCTRL: Pretrained, borrowing allowed, daily rebalancing.

• c-mCTRL: Pretrained, borrowing not allowed, monthly rebalancing.

• c-dCTRL: Pretrained, borrowing not allowed, daily rebalancing.

Alternative allocation strategies We compare our CTRL strategies with 15 existing alternative port-

folio allocation strategies (or benchmarks) broadly studied/employed in theory/practice, including buy-and-

hold market index (S&P500), equal weight (ew), sample-based single-period mean-variance (mv), sample-

based minimum variance (min v), James–Stein shrinkage estimator (js), Ledoit–Wolf shrinkage estimator

(lw), Black–Litterman model (bl), Fama–French three factor model (ff), risk parity (rp), distributionally

robust mean–variance (drmv), sample-based monthly-rebalancing continuous-time mean–variance (mctmv),

sample-based daily-rebalancing continuous-time mean–variance (dctmv), predictive mean-variance (pmv),

deep deterministic policy gradient (ddpg), and proximal policy optimization (ppo). The details of alterna-

tive strategies are described in Appendix C.

Performance criteria We use a comprehensive set of performance metrics including annualized return,

volatility, Sharpe ratio, Sortino ratio, Calmar ratio, maximum drawdown (MDD), and recovery time (RT).
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The exact definitions of these metrics are given in Appendix D.

We now present a detailed analysis of the backtesting results.

5.1 Average wealth trajectories

First, we compare the average wealth trajectories under the different strategies over 100 independent

experiments, each (except the S&P 500 index) with 10 randomly selected S&P 500 constituents.9 They are

depicted in Figure 1. These trajectories average out outliers and provide “first impressions” of the respective

strategies. The four strategies reaching the highest average final wealth are the four CTRL variants. In

particular, vCTRL and pCTRL both significantly outperform the other methods in terms of terminal wealth.

These two strategies are closest to the theoretically optimal continuous-time RL strategy over a long time

horizon because they have no leverage constraint and are rebalanced daily. These two corresponding wealth

trajectories are remarkably similar, with the pCTRL strategy exhibiting lower volatility and slightly higher

returns compared to vCTRL. This suggests that pretraining can enhance algorithmic performance.

Figure 1: Average wealth trajectories under 4 CTRL algorithms and 15 alternative
methods over 100 independent experiments each with 10 randomly selected stocks
(except the S&P 500 index) from 2000 to 2020.

9In our experiments, whenever a sample wealth trajectory hits zero the remainder of the trajectory is set to be
zero.
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5.2 Comparative performance analysis

While Figure 1 offers a bird’s-eye view of the performance comparison of various allocation methods,

a more detailed evaluation, using the criteria outlined in Appendix D, is necessary for a comprehensive

understanding. Table 1 reports those performance criteria, all averaged over 100 independent experiments,

each with 10 randomly selected S&P 500 constituents (except for the S&P 500 index), for the period from

2000 to 2020.

First of all, the 4 CTRL strategies attain the highest average annualized returns, commensurate with

Figure 1. However, in terms of the risk-adjusted return – the Sharpe ratio – c-dCTRL and c-mCTRL (the two

strategies with the no-borrowing constraint) beat vCTRL and pCTRL (the two without leverage constraint)

by big margins, due to the latter two’s (understandably) substantial volatilities. Indeed, the former two

have the greatest Sharpe ratios among all the strategies under comparison. Between these two, on the

other hand, c-dCTRL (daily rebalanced) has a higher, if only slightly, Sharpe than c-mCTRL (monthly

rebalanced). While this is expected in theory due to the underlying continuous-time setting, in practice the

monthly rebalanced c-mCTRL may be preferred for saving transaction costs. Other high Sharpe strategies

include ew, lw, rp, drmv, and pmv. The outperformance of the näıve equally-weighted strategy (ew) is

documented in the literature (e.g. DeMiguel et al., 2009b). On the other hand, under the Sortino ratio and

Calmar ratio, pCTRL and vCTRL rank higher. This is because both strategies exhibit very high returns,

and the Sortino ratio, in particular, does not penalize upside volatility, allowing the unconstrained CTRL

strategies to benefit.

Second, the maximum drawdowns (MDDs) of vCTRL and pCTRL are among the largest and consider-

ably greater than the index. This is again due to the unconstrained leverage leading to unconstrained risk

exposure. By contrast, c-dCTRL and c-mCTRL have comparable MDDs to the overall market. Remarkably,

the 4 CTRL strategies have the shortest recovery times (RTs), averaging around 400 days, compared with

the S&P 500 index of 869 days.

Last but probably most importantly, we observe the notably low or negative annualized returns and

Sharpe ratios of mv, mctmv, and dctmv. These are all derived by the classical model-based, plug-in ap-

proach, the first a (rolling horizon) static model and the other two dynamic MV models. They all need to

estimate the model parameters first before optimizing. The inherent difficulty in estimating those parameters

(especially the mean) and the high sensitivity of the optimal solutions with respect to the estimations have

caused poor performances, as discussed earlier. In particular, the dynamic models are worse than the static

counterpart, resulting in even bankruptcy in some instances, due to the cumulative estimation errors in a

dynamic environment. By contrast, the 4 CTRL strategies mitigate this problem by bypassing the model

parameter estimation altogether, which is the fundamental reason for their outstanding performances.
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Return Volatility Sharpe Sortino Calmar MDD RT

S&P500 5.90%
(0.00%)

0.19
(0.0)

0.311
(0.0)

0.494
(0.0)

0.107
(0.0)

0.552
(0.0)

869
(0)

ew 10.28%
(0.16%)

0.211
(0.002)

0.496
(0.011)

0.807
(0.018)

0.188
(0.005)

0.565
(0.009)

547
(27)

mv 4.06%
(0.24%)

0.149
(0.002)

0.29
(0.018)

0.466
(0.03)

0.114
(0.009)

0.438
(0.013)

1371
(70)

min v 8.86%
(0.28%)

0.187
(0.002)

0.488
(0.018)

0.79
(0.03)

0.186
(0.008)

0.513
(0.011)

870
(36)

js 6.40%
(0.67%)

0.354
(0.026)

0.27
(0.024)

0.44
(0.039)

0.123
(0.012)

0.694
(0.022)

1435
(69)

bl 5.83%
(0.38%)

0.293
(0.029)

0.285
(0.019)

0.46
(0.031)

0.12
(0.009)

0.634
(0.044)

1417
(67)

lw 9.54%
(0.28%)

0.194
(0.002)

0.501
(0.016)

0.812
(0.027)

0.207
(0.008)

0.488
(0.009)

842
(42)

ff 9.43%
(0.24%)

0.202
(0.002)

0.476
(0.014)

0.769
(0.023)

0.196
(0.007)

0.506
(0.009)

711
(38)

rp 10.02%
(0.17%)

0.192
(0.002)

0.529
(0.012)

0.856
(0.02)

0.193
(0.006)

0.54
(0.009)

653
(24)

drmv 9.89%
(0.19%)

0.189
(0.002)

0.532
(0.013)

0.86
(0.022)

0.193
(0.006)

0.534
(0.009)

705
(26)

mctmv -2.22%
(2.94%)

0.315
(0.017)

0.12
(0.056)

0.237
(0.076)

0.023
(0.032)

0.699
(0.017)

1505
(63)

dctmv 2.03%
(2.13%)

0.276
(0.008)

0.185
(0.045)

0.32
(0.063)

0.063
(0.023)

0.687
(0.014)

1556
(62)

pmv 9.15%
(0.29%)

0.182
(0.002)

0.511
(0.017)

0.832
(0.029)

0.199
(0.008)

0.487
(0.009)

887
(39)

ddpg 9.61%
(0.52%)

0.423
(0.028)

0.297
(0.02)

0.503
(0.033)

0.153
(0.01)

0.714
(0.019)

1284
(75)

ppo 9.71%
(0.52%)

0.457
(0.038)

0.344
(0.022)

0.57
(0.036)

0.152
(0.01)

0.77
(0.026)

1320
(90)

vCTRL 15.00%
(0.06%)

0.551
(0.014)

0.275
(0.02)

0.636
(0.033)

0.215
(0.01)

0.701
(0.026)

402
(31)

pCTRL 15.01%
(0.02%)

0.458
(0.013)

0.328
(0.021)

0.77
(0.028)

0.243
(0.009)

0.634
(0.021)

420
(38)

c-mCTRL 12.52%
(0.19%)

0.22
(0.002)

0.567
(0.012)

0.905
(0.019)

0.209
(0.005)

0.581
(0.007)

409
(20)

c-dCTRL 13.05%
(0.19%)

0.219
(0.003)

0.574
(0.012)

0.937
(0.02)

0.216
(0.006)

0.568
(0.01)

365
(16)

Table 1: Comparison of out-of-sample performance of different allocation methods from
2000 to 2020. We report return, volatility, Sharpe ratio, Sortino ratio, Calmar ratio, maximum
drawdown (MDD) and recovery time (RT), all annualized, over 100 independent experiments each
with 10 randomly selected stocks (except S&P 500 index). For each cell, the upper number is the
average (over the 100 experiments) while the lower one with parentheses is the standard deviation.
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5.3 Bull and bear markets

The previously reported results are drawn from a long period of 20 years consisting of a number of bull

and bear market cycles. We now examine the performances over a bull period and a bear one respectively.

It just so happened that the first period 2000-2010 was overall a bear market, during which there were the

2001 dot com bubble and the 2008 financial crisis, and S&P 500 had a negative annualized return of 0.9%.

The second period 2010-2020, meanwhile, had a rarely seen long bull run during which S&P 500 returned

an annual average of 13.1%. Tables 2 and 3 report the comparison results for these two periods respectively.

In the bear period 2000-2010, the 4 CTRL strategies now significantly outperform all the others including

ew in terms of annualized return. Moreover, c-dCTRL and c-mCTRL achieve the highest Sharpe ratios of

0.407 and 0.381, respectively, surpassing substantially the next runner-up recorded at 0.319 by ew. The

CTRL strategies also top the charts in both Sortino and Calmar ratios, even though they are also among the

higher ones in MDD. As for RT, S&P 500 had never returned to the previous peak from the bottom before

2010, while our CTRL strategies render much shorter recovery periods, with three of them outperforming

ew and all four notably surpassing the other methods.

During the 2010–2020 bull market, slightly more than half of the strategies, including the 4 CTRL

strategies, outperformed the market return of 13.1%, with the CTRL strategies achieving the highest returns,

exceeding 15%. In terms of Sharpe ratio, eight of the strategies outperform the market, and c-dCTRL and

c-mCTRL along with min v, drmv, and pmv are the top five.10 Our CTRL strategies are mediocre in Calmar

ratio due to the average MDDs, but they rank among the fastest in terms of RTs. Overall, during this long

bull run, almost all the strategies are doing well and CTRLs are still among the best in terms of Sharpe

ratio and annualized return. This close match indicates that it is harder to outperform in a bull market, and

a strategy needs to outperform especially during bear periods in order to excel in the long run. It in turn

calls for more robust performances, something CTRL can provide as evident from this empirical study.

One of the most important conclusions from this empirical study is that the model-free continuous-

time RL strategies decisively outperform the classical mode-based, plug-in continuous-time counterparts (i.e.

mctmv and dctmv) in all the metrics and regardless of the market conditions, corroborating the key benefit

of bypassing model parameter estimation. The CTRL strategies are also consistently among the best in a

host of widely studied and practiced portfolio strategies, especially during volatile and downturn periods.

Of the CTRL variants, we recommend c-mCTRL, the pretrained, no-borrowing and monthly rebalanced

strategy, for its good balance between performance, practicality and robustness.

10Among these five strategies with close Sharpe ratios, a pairwise comparison using the Wilcoxon rank test does
not show statistical significance; see Appendix F.1.
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Return Volatility Sharpe Sortino Calmar MDD RT

S&P500 -0.90%
(0.00%)

0.224
(0.0)

-0.041
(0.0)

-0.066
(0.0)

-0.017
(0.0)

0.552
(0.0)

N/A
(N/A)

ew 7.69%
(0.26%)

0.244
(0.002)

0.319
(0.012)

0.524
(0.019)

0.142
(0.006)

0.565
(0.009)

547
(27)

mv -0.17%
(0.36%)

0.17
(0.003)

0.011
(0.021)

0.024
(0.033)

0.017
(0.009)

0.43
(0.013)

1337
(71)

min v 4.07%
(0.40%)

0.219
(0.003)

0.197
(0.019)

0.321
(0.031)

0.093
(0.009)

0.513
(0.011)

870
(36)

js 2.51%
(0.84%)

0.366
(0.023)

0.118
(0.022)

0.195
(0.035)

0.064
(0.013)

0.631
(0.018)

1408
(71)

bl -1.54%
(0.60%)

0.298
(0.026)

-0.024
(0.021)

-0.03
(0.033)

-0.005
(0.01)

0.576
(0.016)

1477
(65)

lw 5.22%
(0.36%)

0.228
(0.002)

0.236
(0.016)

0.384
(0.026)

0.117
(0.008)

0.487
(0.009)

842
(42)

ff 5.39%
(0.33%)

0.239
(0.003)

0.232
(0.014)

0.378
(0.023)

0.114
(0.007)

0.505
(0.009)

711
(38)

rp 6.67%
(0.27%)

0.226
(0.002)

0.301
(0.013)

0.49
(0.022)

0.131
(0.006)

0.54
(0.009)

653
(24)

drmv 6.18%
(0.31%)

0.222
(0.002)

0.284
(0.015)

0.462
(0.024)

0.124
(0.007)

0.534
(0.009)

705
(26)

mctmv -6.87%
(2.82%)

0.349
(0.02)

-0.06
(0.05)

-0.054
(0.067)

-0.048
(0.03)

0.685
(0.016)

1505
(63)

dctmv -2.89%
(2.06%)

0.307
(0.008)

-0.011
(0.04)

0.009
(0.056)

-0.012
(0.022)

0.672
(0.014)

1556
(62)

pmv 4.52%
(0.36%)

0.21
(0.002)

0.221
(0.017)

0.361
(0.028)

0.102
(0.008)

0.486
(0.009)

887
(39)

ddpg 8.43%
(0.72%)

0.471
(0.024)

0.224
(0.02)

0.381
(0.034)

0.141
(0.012)

0.691
(0.016)

1290
(73)

ppo 8.80%
(0.86%)

0.452
(0.023)

0.269
(0.023)

0.453
(0.039)

0.149
(0.014)

0.717
(0.018)

1295
(81)

vCTRL 14.99%
(0.03%)

0.711
(0.019)

0.235
(0.017)

0.551
(0.03)

0.226
(0.011)

0.697
(0.02)

595
(33)

pCTRL 15.00%
(0.02%)

0.601
(0.017)

0.28
(0.019)

0.666
(0.027)

0.26
(0.01)

0.632
(0.019)

423
(24)

c-mCTRL 9.92%
(0.24%)

0.263
(0.005)

0.381
(0.012)

0.639
(0.019)

0.174
(0.006)

0.581
(0.007)

409
(20)

c-dCTRL 10.77%
(0.25%)

0.261
(0.004)

0.407
(0.012)

0.658
(0.02)

0.183
(0.007)

0.568
(0.01)

365
(16)

Table 2: Comparison of out-of-sample performance of different allocation methods from
2000 to 2010. We report return, volatility, Sharpe ratio, Sortino ratio, Calmar ratio, maximum
drawdown (MDD) and recovery time (RT), all annualized, over 100 independent experiments each
with 10 randomly selected stocks (except S&P 500 index). For each cell, the upper number is the
average (over the 100 experiments) while the lower one with parentheses is the standard deviation.
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Return Volatility Sharpe Sortino Calmar MDD RT

S&P500 13.10%
(0.00%)

0.147
(0.0)

0.887
(0.0)

1.388
(0.0)

0.675
(0.0)

0.193
(0.0)

75
(0)

ew 13.01%
(0.28%)

0.171
(0.002)

0.78
(0.022)

1.263
(0.036)

0.55
(0.02)

0.253
(0.005)

210
(22)

mv 8.57%
(0.32%)

0.122
(0.001)

0.713
(0.027)

1.187
(0.046)

0.502
(0.027)

0.198
(0.007)

332
(41)

min v 13.96%
(0.30%)

0.146
(0.002)

0.974
(0.025)

1.592
(0.042)

0.768
(0.028)

0.198
(0.006)

175
(22)

js 11.40%
(0.91%)

0.27
(0.013)

0.565
(0.046)

0.939
(0.077)

0.431
(0.042)

0.471
(0.027)

804
(82)

bl 14.09%
(0.45%)

0.185
(0.003)

0.78
(0.026)

1.29
(0.043)

0.563
(0.026)

0.277
(0.008)

380
(39)

lw 14.13%
(0.40%)

0.152
(0.001)

0.945
(0.03)

1.555
(0.051)

0.764
(0.034)

0.204
(0.005)

215
(29)

ff 13.73%
(0.35%)

0.156
(0.001)

0.897
(0.026)

1.456
(0.044)

0.66
(0.025)

0.223
(0.005)

215
(27)

rp 13.54%
(0.25%)

0.151
(0.002)

0.913
(0.022)

1.476
(0.036)

0.683
(0.022)

0.211
(0.005)

181
(22)

drmv 13.81%
(0.26%)

0.148
(0.002)

0.951
(0.022)

1.541
(0.038)

0.712
(0.023)

0.206
(0.004)

188
(24)

mctmv 11.91%
(0.84%)

0.229
(0.008)

0.582
(0.034)

0.969
(0.057)

0.422
(0.029)

0.368
(0.016)

683
(58)

dctmv 11.89%
(0.68%)

0.223
(0.006)

0.575
(0.033)

0.954
(0.056)

0.419
(0.029)

0.363
(0.015)

645
(60)

pmv 14.09%
(0.39%)

0.147
(0.001)

0.965
(0.029)

1.594
(0.05)

0.762
(0.032)

0.203
(0.006)

275
(35)

ddpg 10.91%
(0.84%)

0.265
(0.012)

0.516
(0.039)

0.872
(0.067)

0.38
(0.037)

0.438
(0.019)

731
(59)

ppo 11.95%
(0.61%)

0.25
(0.011)

0.574
(0.032)

0.944
(0.053)

0.375
(0.024)

0.423
(0.02)

720
(65)

vCTRL 15.01%
(0.10%)

0.245
(0.006)

0.671
(0.028)

1.184
(0.042)

0.466
(0.022)

0.386
(0.013)

33
(3)

pCTRL 15.02%
(0.03%)

0.211
(0.005)

0.754
(0.03)

1.298
(0.046)

0.511
(0.025)

0.371
(0.012)

87
(28)

c-mCTRL 15.23%
(0.27%)

0.163
(0.002)

0.946
(0.02)

1.534
(0.032)

0.691
(0.018)

0.229
(0.004)

159
(12)

c-dCTRL 15.42%
(0.27%)

0.164
(0.002)

0.959
(0.02)

1.557
(0.033)

0.697
(0.019)

0.23
(0.004)

151
(11)

Table 3: Comparison of out-of-sample performance of different allocation methods from
2010 to 2020. We report return, volatility, Sharpe ratio, Sortino ratio, Calmar ratio, maximum
drawdown (MDD) and recovery time (RT), all annualized, over 100 independent experiments each
with 10 randomly selected stocks (except S&P 500 index). For each cell, the upper number is the
average (over the 100 experiments) while the lower one with parentheses is the standard deviation.
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6 Conclusions

This paper presents a general data-driven RL algorithm to solve continuous-time MV portfolio selection

in markets described by observable Itô’s diffusion processes without knowing their coefficients/parameters

or attempting to estimate them. The general algorithm specializes to a more specific baseline algorithm

for the Black–Scholes market environment, and we prove its theoretical performance guarantee including a

sublinear regret, and then modify it into several variants for further performance enhancement and imple-

mentation practicality. Through a thorough comparative empirical study, we demonstrate the performance

and robustness of the proposed CTRL strategies. This paper distinguishes itself from most existing works

on applying RL to portfolio optimization in that its algorithms are based on a rigorous and explainable

mathematical underpinning (relaxed control and martingality) established in Wang et al. (2020) and Jia

and Zhou (2022a,b). Moreover, it is the first to derive a model-free sublinear regret bound for dynamic MV

problems to our best knowledge.

One of the most notable insights derived from this work is the decisive outperformance of the explore-

and-exploit approach of RL over the traditional estimate-then-plug-in counterparts in a dynamic market.

This superiority is not because of the availability of “big data”, as our baseline algorithm depends only on

the stock price data (instead of thousands of factor data, which can be incorporated into our framework to

further enhance the performance); rather it is due to a fundamentally different decision-making approach,

namely, to learn the optimal policy without learning the model.

Despite the recent upsurge of interest in continuous-time RL, its study is still in its infancy, not to

mention that its applications to financial decision-making are particularly a largely uncharted territory. In

the MV setting, important open questions include performance guarantees of modified online algorithms,

improvement of regret bound, off-policy learning, and large investors whose actions impact the asset prices

(so counterfactuals become unobservable by mere “paper portfolios”).
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A Formulation and Solutions of Exploratory Mean–Variance Prob-

lem

A.1 Exploratory state dynamics under stochastic policies

We now present the precise formulation of the market environment, i.e., the asset price dynamics ap-

pearing in (1), as well as the exploratory wealth dynamics under stochastic policies.

Recall that S0ptq is the price of the risk-free asset, Siptq the price of the i-th risky asset, F ptq represents

the values of the observable covariates/factors, and uptq is the portfolio choice vector, all at time t. We

assume S0 satisfies

dS0ptq “ rpt, uptq, F ptqqS0ptqdt, (19)

and Si follows

dSiptq “ Siptq

«

µipt, uptq, F ptqqdt `

m
ÿ

j“1

σijpt, uptq, F ptqqdW jptq

ff

, i “ 1, 2, ¨ ¨ ¨ , d, (20)

where rpt, uptq, F ptqq is the short rate, µpt, uptq, F ptqq :“ pµ1pt, uptq, F ptqq, µ2pt, uptq, F ptqq, ¨ ¨ ¨ ,

µdpt, uptq, F ptqqqJ P Rd and σpt, uptq, F ptqq :“ pσijpt, uptq, F ptqqq1ďiďd,1ďjďm P Rdˆm are respectively the

instantaneous expectation and volatility of the risky asset returns at t, and W is an m-dimensional standard

Brownian motion. We define Σpt, uptq, F ptqq :“ σpt, uptq, F ptqqσpt, uptq, F ptqqJ P Rdˆd and assume it satisfies

Σpt, uptq, F ptqq´αI P Sd` for all t ě 0 with probability 1 for some constant α ą 0. We further assume that the

above mentioned processes trpt, uptq, F ptqq, µpt, uptq, F ptqq, σpt, uptq, F ptqq : 0 ď t ď T u are all well-defined

and adapted in a given filtered probability space
`

Ω,F ,P; pFtqtě0

˘

satisfying the usual conditions. Moreover,

the factor process F follows

dF ptq “ ιpt, uptq, F ptqqdt ` νpt, uptq, F ptqqdW ptq. (21)

All the coefficients in (19)–(21) depend on portfolio u to capture the most general scenario that a larger

investor’s actions may impact the values of assets and factors. They are independent of u when we consider

a small investor.

The wealth equation (1) now specializes to

dxuptq “ pµpt, uptq, F ptqq ´ rpt, uptq, F ptqqedqJuptqdt ` uptqJσpt, uptq, F ptqqdW ptq, 0 ď t ď T ; xu
0 “ x0.

(22)

Under a stochastic policy π, its “dynamic of wealth” now describes the average of the (infinitely many)

wealth processes under portfolios repeatedly sampled from π; hence is different from (1). Applying the
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notion of relaxed stochastic control, Wang et al. (2020) derive the following “exploratory” dynamic:

dxπptq “

ż

Rd

rµpt, u, F ptqq ´ rpt, u, F ptqqedsJuπpu|t, xπptq, F ptqqdu

`

d

ż

Rd

uJΣpt, u, F ptqquπpu|t, xπptq, F ptqqdudW ptq.

(23)

Here, Brownian motion W may be different from the one in (20), although we use the same notation for

simplicity. We emphasize that the averaged wealth process xπ is not observable (i.e. it is not part of the

data) and (23) is used mainly for the theoretical analysis of the learning algorithms.

A.2 Exploratory mean–variance formulation and solutions in the Black–Scholes

environment

We re-state the exploratory MV problem in a frictionless, multi-stock Black–Scholes market, without

any factors F . The exploratory wealth equation is

dxπptq “pµ ´ redqJ

ż

Rd

uπpu|t, xπptqqdt `

d

ż

Rd

uJΣuπpu|t, xπptqqdudW ptq, (24)

while the goal is to find the stochastic policy π that minimizes the entropy regularized value function

E

«

pxπpT q ´ wq
2

` γ

ż T

0

ż

Rd

πpu|t, xπptqq logπpu|t, xπptqqdudt

ff

´ pw ´ zq2. (25)

This problem has been solved by Wang and Zhou (2020) for the case of one stock, which can be extended

readily to the multi-stock case. The optimal value function is

V ˚pt, x;wq “px ´ wq2e´pµ´rq
J

pσσJ
q

´1
pµ´rqpT´tq

`
γd

4
pµ ´ rqJpσσJq´1pµ ´ rqpT 2 ´ t2q

´
γd

2

ˆ

pµ ´ rqJpσσJq´1pµ ´ rqT ´
pT ´ tq

d
log

detpσσJq

πγ

˙

´ pw ´ zq2,

pt, x, wq P r0, T s ˆ R ˆ R,

(26)

the optimal policy is

π˚pu | t, x, wq “ N
ˆ

u | ´pσσJq´1pµ ´ rqpx ´ wq, pσσJq´1 γ

2
epµ´rq

J
pσσJ

q
´1

pµ´rqpT´tq

˙

pu, t, x, wq P Rd ˆ r0, T s ˆ R ˆ R,
(27)
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and the corresponding Lagrange multiplier is

w˚ “
zepµ´rq

J
pσσJ

q
´1

pµ´rqT ´ x0

epµ´rqJpσσJq´1pµ´rqT ´ 1
. (28)

Once again, these analytical expressions are not used to compute the solutions (because the problem

primitives are unknown); rather they are employed to parameterize the policies and value functions for

learning.

B Details of baseline algorithm

To begin, consider the moment conditions in (7) under the absence of the factor F ptq and with the

stochastic policy πϕ parameterized as (9). The moment conditions can be reformulated as:

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

E

«

ż T

0

BJ

Bθ
pt, xπptq;w;θq rdJpt, xπptq;w;θq ` γp̂pt,ϕqdts

ff

“ 0,

E
„
ż T

0

„

B

Bϕ
logπpuptq|t, xπptq;w;ϕq

ȷ

”

dJpt, xπptq;w;θq ` γp̂pt,ϕqdt

ȷ

` γ
Bp̂

Bϕ
pt,ϕq

ȷ

“ 0,

E rxπpT q ´ zs “ 0,

(29)

where p̂pt,ϕq represents the the differential entropy of the policy πp¨ | t, x;w;ϕq, which can be explicitly

calculated as

p̂pt,ϕq “ ´
d

2
log p2πeq `

1

2
logpdetϕ´1

2 q ´
d

2
ϕ3pT ´ tq,

revealing its independence of x,w and ϕ1. To see the equivalence between conditions (7) and (29), we note

that Erlogπpuptq|t, xπptq;w;ϕqs “ p̂pt,ϕq, and hence,

Bp̂

Bϕ
pt,ϕq “E

„
ż

Rd

logπpu|t, xπptq;w;ϕq
B

Bϕ
πpu|t, xπptq;w;ϕqdu

ȷ

` E
„
ż

Rd

B

Bϕ
πpu|t, xπptq;w;ϕqdu

ȷ

“E
„
ż

Rd

logπpu|t, xπptq;w;ϕq
B

Bϕ
πpu|t, xπptq;w;ϕqdu

ȷ

.

Therefore,

E
„

B

Bϕ
logπpuptq|t, xπptq;w;ϕq logπpuptq|t, xπptq;w;ϕq

ȷ

“E
„
ż

Rd

logπpu|t, xπptq;w;ϕq
B

Bϕ
πpu|t, xπptq;w;ϕqdu

ȷ

“
Bp̂

Bϕ
pt,ϕq “ E

„

B

Bϕ
logπpuptq|t, xπptq;w;ϕq

ȷ

p̂pt,ϕq `
Bp̂

Bϕ
pt,ϕq.

To design the baseline algorithm, we first calculate the relevant gradients given the parameterization in

(8) and (9). Indeed, we have

BJ

Bθ1
pt, x;w;θq “ t ´ T,

BJ

Bθ2
pt, x;w;θq “ t2 ´ T 2,
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Bp̂

Bϕ1
pt,ϕq “ 0,

Bp̂

Bϕ´1
2

pt,ϕq “
ϕ2

2
,

and
B logπpu | t, x;w;ϕq

Bϕ1
“ ´e´ϕ3pT´tq

“

px ´ wqϕ´1
2 u ` px ´ wq2ϕ´1

2 ϕ1

‰

,

B logπpu | t, x;w;ϕq

Bϕ´1
2

“
1

2
ϕ2 ´

1

2
e´ϕ3pT´tqpu ` ϕ1px ´ wqqpu ` ϕ1px ´ wqqJ.

Recall the (theoretical) updating rules for θ, ϕ1, ϕ2 in (11)–(13) involve integrals. For actual implemen-

tation we use discretized summations to approximate those integrals: we discretize r0, T s into small time

intervals with an equal length of ∆t. Then the updating rules are modified to

θ Ð ΠKθ,n

ˆ

θ ` an

t T
∆t u´1
ÿ

k“0

BJ

Bθ
ptk, xtk ;w;θq

“

J
`

tk`1, xtk`1
;w;θ

˘

´ J ptk, xtk ;w;θq ` γp̂ptk,ϕq∆t
‰

˙

, (30)

ϕ1 Ð ΠK1,n

ˆ

ϕ1 ´ an

t T
∆t u´1
ÿ

k“0

"

B logπ

Bϕ1
putk | tk, xtk ;w;ϕq

„

J
`

tk`1, xtk`1
;w;θ

˘

´ J ptk, xtk ;w;θq

` γp̂ptk,ϕq∆t

ȷ

`γ
Bp̂

Bϕ1
ptk,ϕq∆t

*˙

,

(31)

ϕ2 Ð ΠK2,n

ˆ

ϕ2 ` an

t T
∆t u´1
ÿ

k“0

"

B logπ

Bϕ´1
2

putk | tk, xtk ;w;ϕq

„

J
`

tk`1, xtk`1
;w;θ

˘

´ J ptk, xtk ;w;θq

` γp̂ptk,ϕq∆t

ȷ

`γ
Bp̂

Bϕ´1
2

ptk,ϕq∆t

*˙

.

(32)

For each iteration, the algorithm starts with time 0 and initial wealth x0. At each discretized timestep

t, t “ 0,∆t, 2∆t, ...,
X

T
∆t

\

´ 1, it samples an action uptq from the Gaussian policy in (9), and calculates the

new wealth at next timestep based on the current wealth, action and the assets price movement. At the final

timestep
X

T
∆t

\

, the algorithm then uses the whole wealth trajectory to update parameters θ and ϕ.

C Alternative Asset Allocation Methods

In this section, we briefly describe the other portfolio selection methods to be compared with our CTRL

strategies. They include computation-free approaches, risk-based strategies, other RL methods and, pre-

dominantly, those based on both static and dynamic MV frameworks with different statistical techniques to

estimate the mean and covariance matrix of asset returns. To dynamically implement all the static models,

we rebalance monthly with the following month for single-period optimization, taking a rolling window of

the immediately prior 10 years for estimating the model parameters.

For all the methods involved, we define Rptq “ pR1ptq, ¨ ¨ ¨ , RdptqqJ to be the vector of monthly excess
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returns of the d assets in the t-th month, and wptq “ pw1ptq, ¨ ¨ ¨ , wdptqq the portfolio in the t-th month,

where wiptq is the fraction of total wealth allocated to the i-th asset at t, 1 ď t ď 240. The various portfolio

choice methods are used to determine these weights.

For a fair comparison, we add the constraint that only investment in the risky assets is allowed in all the

allocation methods. That is, the risky weights sum up to be 1: wptqJed “ 1.

C.1 Buy-and-hold market index (S&P 500)

The S&P 500 index is capitalization weighted with dynamically adjusted constituents (https://www.

spglobal.com/spdji/en/index-family/equity/us-equity/us-market-cap/#overview). It serves as a

natural barometer of the overall market performance, a proxy of the market portfolio, and a benchmark many

funds compare against. The buy-and-hold strategy of the S&P 500 index does not require any computation

– its return over any given period is calculated based on the index’s values on the first and last days of the

period.

C.2 Equally weighted allocation (ew)

Another straightforward allocation method is the equally weighted allocation where wiptq “ 1
d for 1 ď

i ď d. This strategy does not depend on any data, nor does it require any statistical estimation. Despite its

simplicity and disregard of information, DeMiguel et al. (2009b) find that it exhibits admirable performance

and remarkable robustness. Indeed, none of the 14 alternative allocation methods they tested consistently

outperformed the equally weighted portfolio on real market data. As such, we take it as another important

benchmark for comparison in our study.

C.3 Sample-based (single-period) mean–variance (mv)

Many portfolio selection methods are based on the one-period MV problem (Markowitz, 1952):

min
w

wJΣw

subject to wJµ ě µ˚, wJed “ 1,
(33)

where µ and Σ are the mean vector and covariance matrix of asset excess returns respectively, and µ˚ is the

investor’s target expected return. The budget constraint wJed “ 1 ensures that the agent invests only in

the risky assets. The solution to this problem can be found explicitly as

w˚ “
peJ

d Σ
´1edqµ˚ ´ µJΣ´1ed

pµJΣ´1µqpeJ
d Σ

´1edq ´ pµJΣ´1edq2
Σ´1µ `

´pµJΣ´1edqµ˚ ` µJΣ´1µ

pµJΣ´1µqpeJ
d Σ

´1edq ´ pµJΣ´1edq2
Σ´1ed. (34)

Various plug-in methods are differentiated by the ways to estimate the unknown mean and covariance.

Among them, the sample-based method estimates them using sample mean and covariance based on the
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most recent 120-month data:

µ̂ptq ” pµ̂1ptq, ¨ ¨ ¨ , µ̂dptqqJ “
1

M

M
ÿ

τ“1

Rt´τ , Σ̂ptq ” pΣ̂ijptqqdˆd “
1

M ´ 1

M
ÿ

τ“1

pRt´τ ´ µ̂qpRt´τ ´ µ̂qJ, (35)

and then plugs them into the formula (34) to compute the portfolio weights.

C.4 Sample-based minimum variance (min v)

A minimum variance portfolio achieves the lowest variance with a set of risky assets, without setting any

expected return target. Mathematically, the minimum variance portfolio is obtained by solving

min
w

wJΣw

subject to wJed “ 1.

The solution is

w˚ “
1

eJ
d Σ

´1ed
Σ´1ed. (36)

An advantage of the minimum variance portfolio is that it does not involve the mean returns of the

stocks, which are significantly harder to estimate to a workable accuracy compared with the covariances. In

our experiments we plug the sample covariance in (35) into (36) to obtain the minimum variance portfolio.

C.5 James–Stein shrinkage estimator for mean (js)

Jorion (1986) proposes a James–Stein type of shrinkage estimator (James and Stein, 1992) to shrink the

estimates for the mean returns towards those of the sample-based minimum variance portfolio:

µ̃ptq “
µ̂ptqJΣ̂ptq´1ed

eJ
d Σ̂ptq´1ed

ed,

where µ̂, Σ̂ are the sample estimators given by (35). The James–Stein shrinkage estimator for the mean is

then

µ̂jsptq “ p1 ´ αptqqµ̂ptq ` αptqµ̃ptq,

where αptq “ d`2
d`2`pM´d´2qpµ̂ptq´µ̃ptqqJΣ̂ptq´1pµ̂ptq´µ̃ptqq

, to be plugged into the solution of the MV problem,

(34).

C.6 Ledoit–Wolf shrinkage estimator for covariance matrix (lw)

Ledoit and Wolf (2003) propose a shrinkage estimator for the covariance matrix. It starts with the

37



single-index model for stock returns (Sharpe, 1963) at the t-th month:

Riptq “ ai ` biR
mptq ` εiptq, i “ 1, 2, ¨ ¨ ¨ , d,

where Rmptq is the excess return of the market and εiptq, i “ 1, 2, ¨ ¨ ¨ , d, are the residuals that are uncorre-

lated to the market and to one another. Then the sample estimator of the covariance matrix of this model

is:

F̂ ptq ” pF̂ijptqqdˆd “ bbJσ̂2
mptq ` D̂ptq

where σ̂2
mptq is the sample variance of the market return, b is the vector of the slopes bi and D̂ptq is the

diagonal matrix containing the residual sample variances estimates. Denote by µ̂mptq the sample mean of

the market, and by σ̂imptq be the sample covariance between stock i and the market, both at time t.

Set kijptq “
pij´rij
cijptq to be the shrinkage estimator, where

pij “
1

M

M
ÿ

t“1

!

`

Riptq ´ µ̂iptq
˘ `

Rjptq ´ µ̂jptq
˘

´ Σ̂ijptq
)2

, cijptq “

´

F̂ijptq ´ Σ̂ijptq
¯2

,

and rii “ pii while rij “

řM
t“1 rijptq

M for i ‰ j where

rijptq “
σ̂jmptqσ̂mptq

`

Riptq ´ µ̂iptq
˘

` σ̂imptqσ̂mptq
`

Rjptq ´ µ̂jptq
˘

´ σ̂imptqσ̂jmptq pRmptq ´ µ̂mptqq

σ̂2
mptq

ˆ pRmptq ´ µ̂mptqq
`

Riptq ´ µ̂iptq
˘ `

Rjptq ´ µ̂jptq
˘

´ F̂ijΣ̂ijptq.

Then the Ledoit–Wolf shrinkage estimator for the covariance matrix is Σ̂lwptq ” pΣ̂lw
ij ptqq where

Σ̂lw
ij ptq “

kijptq

M
F̂ijptq `

ˆ

1 ´
kijptq

M

˙

Σ̂ijptq. (37)

This estimator, along with any estimated mean returns, is to be plugged into the solution of the MV

problem, (34).

C.7 Black–Litterman model (bl)

Premised upon the CAPM (Sharpe, 1964), Black and Litterman (1990) propose to use the market

portfolio to infer mean returns of individual stocks. More precisely, at time t, we take the sample covariance

matrix Σ̂allptq of all the 300 stocks in our stock universe, and compute the corresponding market portfolio (of

these 300 stocks) wallptq based on their market capitalizations. Then the implied stock mean return vector

µallptq and the market portfolio have the relation:

µallptq “ γptqΣ̂allptqwallptq
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for some risk-adjusted coefficient γptq. This parameter is estimated using γ̂ptq “
µ̂mptq
σ̂2
mptq , where µ̂mptq and

σ̂2
mptq are the sample mean and variance of the S&P 500 index respectively at t.

Then we extract the corresponding entries in µallptq as our estimated expected returns for the d selected

stocks, denoted by µ̂blptq P Rd, and feed them along with any estimate of the covariance matrix into the

solution (34).

C.8 Fama–French three factor model (ff)

The celebrated Fame–French three factor model (Fama and French, 1993) provides a decomposition for

asset returns in the following form:

Rptq “ α ` BF ptq ` ϵptq,

where F ptq P R3 is a vector of mean-zero factors (“MKT”, “SMB”, and “HML”; see https://mba.tuck.

dartmouth.edu/pages/faculty/ken.french/data_library.html) and ϵptq consists of i.i.d. idiosyncratic

noise terms for the stocks. Then the model parameters can be estimated by running linear regression on

each individual stock against the centered factor values. Specifically, we first centralize the factors by

F̃ psq “

˜

MKT psq ´
1

M

M
ÿ

τ“1

MKT pt ´ τq, SMBpsq ´
1

M

M
ÿ

τ“1

SMBpt ´ τq, HMLpsq ´
1

M

M
ÿ

τ“1

HMLpt ´ τq

¸J

,

for s “ t ´ M, ¨ ¨ ¨ , t ´ 1, where MKT psq, SMBpsq, HMLpsq are the observed factor values at time s. Then

we use the least square to estimate the linear regression:

Ripsq “ αi ` Bri, sF̃ psq ` ϵipsq,

for each individual asset i, where Bri, s stands for the i-th row of the matrix B.

This procedure produces estimates α̂i, B̂ri, s, and the residual ϵ̂ipsq for each 1 ď i ď d and each time

instant t ´ M ď s ď t ´ 1. The first two items lead to the estimators α̂ and B̂. Moreover, we obtain

the sample covariance matrix of the factors by Σ̂F ptq “ 1
M´1

řM
τ“1 F̃ pt ´ τqF̃ pt ´ τqJ, as well as a diagonal

residual matrix Σ̂ϵptq “ diagt
řM

τ“1 ϵ̂
1
pt ´ τq2, ¨ ¨ ¨ ,

řM
τ“1 ϵ̂

d
pt ´ τq2u. Finally, we set

µ̂ffptq “ α̂, Σ̂
ff

ptq “ B̂Σ̂F ptqB̂
J

` Σ̂ϵptq

to be plugged into the solution (34).

C.9 Risk parity (rp)

Risk parity is a volatility based portfolio allocation strategy that equalizes risk contribution of indi-

vidual stocks to the whole portfolio. Mathematically, the volatility (standard deviation) of a portfolio
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w “ pw1, ¨ ¨ ¨ , wdqJ is

Cpwq “
?
wJΣw “

d
ÿ

i“1

Cipwq

where

Cipwq “ wi
BCpwq

Bwi
“

wipΣwqi
?
wJΣw

is the risk contribution of the asset i. A risk parity portfolio w requires Cipwq “
Cpwq

d , which can in turn be

determined by the following system of equations:

wi “
Cpwq2

pΣwqid
, i “ 1, ¨ ¨ ¨ , d.

Alternatively, it can be derived by solving the following optimization problem

min
w

řd
i“1

”

wi ´
Cpwq

2

pΣwqid

ı2

subject to wJed “ 1.

C.10 Distributionally robust mean–variance (drmv)

Blanchet et al. (2022) develop a distributionally robust approach to address the model uncertainty

issue for (static) MV allocation, with a data-driven technique to determine the size of the uncertainty set

endogenously. They formulate the distributional robust version of (33) as

min
w

max
PPUδpP̂q

VarPpwJRq

subject to min
PPUδpP̂q

EPrwJRs ě µ˚, wJed “ 1,

where UδpP̂q is a ball in the space of probability measures centered at the empirical probability P̂ with the

radius δ in Wasserstein distance of Lq norm and order 2, where 1 ď q ď 8.

Blanchet et al. (2022) prove that this problem is equivalent to a non-robust, regularized convex opti-

mization problem:

min
w

a

wJΣ̂w `
?
δ||w||p

subject to µ̂Jw ´
?
δ||w||p ě µ˚, wJed “ 1,

where 1
p ` 1

q “ 1, ||w||p is the Lp norm of w, and pµ̂, Σ̂q are the sample mean and covariance matrix of the

stocks. In our implementation, we take p “ q “ 2, and use the immediate past 10 years of data to obtain the

sample mean and covariance. The choice of δ is determined by the menu detailed in Blanchet et al. (2022).
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C.11 Sample-based continuous-time mean–variance (ctmv)

All the methods described so far in this section are for static models, while implemented dynamically on

a rolling horizon basis. Our CTRL algorithms are inherently for dynamic optimization; so we also include

the classical model-based continuous-time MV method (Zhou and Li, 2000) for comparison purpose. As with

all the plug-in approaches, this method does not explore nor update policy parameters. Instead, it estimates

the mean vector µptq and covariance matrix σptq using the 10-year historical stock data immediately prior

to t, and then plug into the following formula for optimal policy (Zhou and Li, 2000):

u˚pt, x;w˚q “ ´Σptq´1 pµptq ´ rptqq px ´ w˚q (38)

where

w˚ “
zepµptq´rptqq

JΣptq´1
pµptq´rptqqT ´ x0

epµptq´rptqqJΣptq´1pµptq´rptqqT ´ 1
. (39)

In our experiments, we choose T “ 1 (year). To fully compare this method against ours, we experiment

with its two versions: the monthly rebalancing scheme (mctmv) and the daily rebalancing one (dctmv). All

the model coefficients are re-estimated at a rebalaning time point using the most recent 10 years of stock

price data. As the model in Zhou and Li (2000) allows risk-free allocation, to ensure a fair comparison with

other methods, we normalize the portfolio (38) to a full risky allocation as û˚pt, x;w˚q :“ u˚
pt,x;w˚

q
řd

i“1 u˚i
pt,x;w˚q

xptq.

C.12 Predictive mean–variance (pmv)

None of the classical methods described above employs any predictive models for expected returns.

However, the empirical asset pricing literature highlights the predictive power of certain factors in forecasting

stock returns (Lewellen et al., 2015). Among the hundreds of factors documented in the literature (Cochrane,

2011), we focus on two of the most prominent ones as advocated by Bali et al. (2016): the short-term reversal

factor (Jegadeesh, 1990; Lehmann, 1990) and the medium-term momentum factor (Jegadeesh and Titman,

1993).

The short-term reversal factor is among the strongest and most straightforward in empirical asset pricing

(Bali et al., 2016). It is based on the empirical observation that top performers in a given month tend to

underperform in the following month, while underperforming stocks often rebound. Tthis reversal factor is

defined as, simply,

F i
revptq “ Riptq,

for stock i in month t.

The medium-term momentum factor is based on investors’ often delayed responses and overreactions to

information. The momentum of a stock i in month t is defined as the return of the stock during the 11-month
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period from months t ´ 11 to t ´ 1:

F i
momptq “

t´1
ź

s“t´11

p1 ` Ripsqq ´ 1.

We then employ a predictive linear regression model to estimate expected stock returns:

Ript ` 1q “ α ` βi
revF

i
revptq ` βi

momF i
momptq ` ϵipt ` 1q,

for i “ 1, 2, . . . , d. The coefficients α, βi
rev, and βi

mom are estimated using the method of least squares over

a 10-year rolling window of historical data, resulting in parameter estimates α̂, β̂rev, and β̂mom.

To enhance accuracy of predictions and ensure alignment with established economic theory and empirical

evidence, we impose constraints on the estimated coefficients based on their anticipated economic behaviors,

as suggested by Campbell and Thompson (2008). Specifically, the momentum coefficient βi
mom is anticipated

to be positive, indicating a persistence in returns, while the short-term reversal coefficient βi
rev is expected

to be negative, capturing the mean-reversion. Therefore, we modify β̃mom :“ maxtβ̂mom, 0u and β̃rev :“

mintβ̂rev, 0u. This adjustment results in the final predictive model:

Ript ` 1q “ α̂ ` β̃i
revF

i
revptq ` β̃i

momF i
momptq. (40)

Finally, the predicted returns obtained from (40) are plugged into the MV solution in (34).

C.13 Two existing reinforcement learning algorithms

In this subsection, we introduce two existing state-of-the-art RL algorithms: deep deterministic policy

gradient and proximal policy optimization which we will use to compare with our CTRL algorithm.

Deep deterministic policy gradient (DDPG) DDPG is a cutting-edge actor–critic algorithm

designed for problems with continuous action spaces. It integrates the benefits of both DPG (deterministic

policy gradient) and DQN (deep Q-network); see e.g. Lillicrap et al. (2016); Mnih et al. (2015). DDPG has

the following important features:

• Architecture. It employs two separate networks: the actor network that proposes an action given

the current state, and the critic network that evaluates the proposed action by estimating the value

function. The two networks are trained simultaneously.

• Exploration strategy. It carries out exploration by adding noises to action output, often using

Ornstein–Uhlenbeck processes, to facilitate efficient exploration of the action space.

• Experience replay. It utilizes experience replay, where a replay buffer stores past states, actions,

and rewards. This technique improves sample efficiency and breaks correlations between consecutive
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learning steps.

• Advantages for financial applications. DDPG’s ability to handle high-dimensional and continuous

action spaces makes it particularly well-suited for financial applications including dynamic portfolio

choice.

Proximal policy optimization (PPO) PPO has emerged as a popular choice in RL for its balance

between performance and ease of implementation. It modifies traditional policy gradient approaches for

improved stability and efficiency (Schulman et al., 2017). PPO has the following important features:

• Objective function. It introduces a clipped objective function that limits the size of policy updates.

This approach reduces the likelihood of destructive large policy updates, ensuring more stable training.

• Policy update. It uses a policy update rule that keeps the new policy not too far away from the old

one (hence the term “proximal”).

• Advantage estimation. It often employs generalized advantage estimation (GAE) for calculating

the advantage function, which helps reduce the variance of policy gradient estimates while retaining a

bias.

• Advantages for financial applications. PPO’s robustness and adaptability to various environ-

ments make it suitable for modeling complex financial systems, including optimal portfolio strategies

over a range of market conditions.

D Details of Performance Metrics

Annualized return, volatility, and Sharpe ratio We use rp to denote the return of the constructed

portfolio. The annualized mean return rate µp “ Errps and annualized volatility (standard deviation)

σp “

b

Erprp ´ µpq2s

are two fundamental measures of portfolio performance. The (annualized) Sharpe ratio is defined as

Sharpe Ratio “
µp ´ r

σp
,

which is a widely-used risk-adjusted return measure.

Sortino ratio The Sharpe ratio equally penalizes upside and downside volatilities, while investors often

take upside volatility positively. The Sortino ratio addresses this by focusing on downside risk. It is defined

as:

Sortino Ratio “
µp ´ r

σdownside
,
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where σdownside “
a

Erprp ´ µpq´s2 is the downside semi-deviation. The Sortino ratio offers a more nuanced

evaluation of risk-adjusted return.

Maximum drawdown (MDD), Calmar ratio, and recovery time (RT) Maximum drawdown

(MDD) is another key metric for downside risk. It measures the loss from the peak to the trough during a

given period, relative to the peak value, and is defined as:

MDD “
Trough Value ´ Peak Value

Peak Value
.

The Calmar ratio provides a risk-adjusted return measure but uses MDD as the risk denominator:

Calmar Ratio “
µp ´ r

MDD
.

Lastly, recovery time is the time (in days), within a given testing period, spent by a portfolio to rebound

from its lowest point back to its previous peak. In our empirical results presented in Tables 1, 2, and 3, if

a strategy’s wealth trajectory (among the 100 independent trajectories) does not fully recover, we use the

highest observed RT value from the other trajectories as a substitute, in order to calculate the average RT.

E Results Based on Simulated Data

This section presents the results of a simulation study on the vCTRL strategy. Recall that this strategy

is the least modified and closest to the one generated by the baseline Algorithm 1 for which there are

theoretically proved performance guarantees, and meanwhile one knows the “ground truth” in a simulation

(as opposed to an empirical study). As such, the purpose of this study is to demonstrate that the convergence

of the related parameters, its speed and the regret bound closely match the theoretical results.

Our experiment simulates a two-stock market environment, with each stock’s price following a geometric

Brownian motion. The model parameters are set as follows: drift vector µ “ p0.2, 0.3qJ, marginal volatilities

0.3 and 0.4 with a correlation coefficient of 0.1, risk-free rate r “ 0.02, initial wealth x0 “ 1, investment

horizon T “ 1, target expected terminal wealth z “ 1.4, and temperature parameter γ “ 0.1. The time

discretization is set to be ∆t “ 0.004, and the total number of episodes is 105.

Algorithm 1 is initialized with θ “ p0, 0qJ, ϕ1 “ p0, 0qJ, ϕ2 “ I, and w “ 1.5. A total of 1000

independent simulation runs are conducted independently. As we know the oracle values of ϕ1, ϕ2, and w,

we can compute the mean-squared errors (MSEs) of these learned parameters against number of episodes,

both in log scale. Figures 2, 3, and 4 indicate that the learned parameters ϕ1, ϕ2, and w all converge, and

converge rapidly after certain numbers of episodes. Moreover, by Theorem 1, the theoretical convergence

rate of ϕ1,n is plognq
p log logn
n under the configuration specified in Remark 1. On a log scale, this corresponds

to a slope close to -1, because log plognq
p log logn
n “ ´ log n ` p log log n ` log log log n, of which the first term
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dominates when n is large. Figure 2 shows that the fitted slope of the log average error against log number of

episodes for ϕ1 is -1.09, closely approximating the theoretical one. While theoretical convergence bounds for

ϕ2 “ I and w “ 1.5 are not yet available, Figures 3 and 4 show fitted slopes of -0.91 and -0.97 respectively,

yielding convergence rates of these two parameters of close to 1{n.

On the other hand, Theorem 3 stipulates that the theoretical regret bound of Algorithm 1 is
a

NplogNqp log logN

under the setting of Remark 1. On a log scale, this corresponds approximately to a slope close to 0.5, because

log
a

NplogNqp log logN “ 1
2 plogN ` p log logN ` log log logNq. Figure 5 shows that the fitted slope of

regret is 0.520 (on log scale), again very close to the theoretical one.

Figure 2: Error of parameter ϕ1 The solid curves and the upper and lower boundaries of the
shaded regions represent the average, 2.5% and 97.5% percentile of the error over 1000 independent
simulation runs, respectively. The slope for ϕ1 by least squares regression is -1.09. The vertical
and horizontal axes are on natural log-scale.

F Additional Empirical Analysis

F.1 Pairwise test for statistical significance

We carry out pairwise tests employing the Wilcoxon rank test, a non-parametric alternative to the paired

t-test, to evaluate the statistical significance of the comparisons between different investment strategies. Note

that the Sharpe ratio typically does not follow a normal distribution. This rules out the paired t-test that

relies on the normality assumption. By contrast, the Wilcoxon test, which assesses the median differences

between pairs, does not require any specific distribution. Its another advantage is the resilience to outliers.

Financial data, such as returns, often exhibit skewness or heavy tails, and the Wilcoxon test, focusing on

ranks rather than absolute values, is less affected by extreme values.
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Figure 3: Error of parameter ϕ2 The solid curves and the upper and lower boundaries of the
shaded regions represent the average, 2.5% and 97.5% percentile of the error over 1000 independent
simulation runs, respectively. The slope for ϕ2 by least squares regression is -0.91. The vertical
and horizontal axes are on natural log-scale.

Figure 4: Error of parameter w The solid curves and the upper and lower boundaries of the
shaded regions represent the average, 2.5% and 97.5% percentile of the error over 1000 independent
simulation runs, respectively. The slope for w by least squares regression is -0.97. The vertical and
horizontal axes are on natural log-scale.
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Figure 5: Cumulative regret rate in number of episodes. The solid blue curve and the
upper and lower boundary of the shaded region represent the mean, 2.5% and 97.5% percentile of
the regret over 1000 independent simulation runs, respectively. The red dashed line is the fitted
value by linearly regressing the log average regret against the logarithm of the number of episodes
starting from the 200th episode. The fitted slope by least squares regression is 0.520. The vertical
and horizontal axes are on natural log-scale.
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As our purpose is to identify superior performance between pairs, we calculate the p-value using a one-

tailed Wilcoxon rank test for each pair of portfolio strategies. This approach allows us to ascertain whether

one method is statistically significantly better than the other. As in the main empirical analysis, we conduct

pairwise comparisons in three different time periods: the entire period from 2000 to 2020, the bear period

from 2000 to 2010, and the bull period from 2010 to 2020. This segmentation provides insights into various

strategies’ adaptability and performance under varying market conditions. The results are presented in

Tables 4, 5, and 6 respectively.

During the entire 20-year period (2000-2020), we observe standout performances from c-dCTRL, c-

mCTRL, drmv, and rp. In particular, c-dCTRL outperforms, with a 99% confidence level, all the other

methods. c-mCTRL exhibits a 95% likelihood of outperforming rp and a 90% likelihood of exceeding drmv

in Sharpe ratio.

During the bear period (2000-2010), the leaders are c-dCTRL, c-mCTRL, ew, and rp. The performance

differences are more pronounced, with c-dCTRL decisively being the top performer, followed by c-mCTRL.

The statistical confidence in c-dCTRL’s superiority exceeds 99%, confirming its outperformance and robust-

ness in a volatile and unfavorable market environment.

As for the bull period (2010-2020), the leading ones are c-dCTRL, c-mCTRL, along with min v, drmv,

pmv. However, the pairwise p-values barely indicate significant differences in Sharpe ratio among these

top-performers, and hence there is no decisive conclusion that one method dominates another. This in turn

suggests that in a bull market, performance differences of the different strategies are insignificant, reconciling

with the empirical finding reported in the main text.

Summarizing, the pairwise test reaffirms that the two RL strategies developed in this paper, c-dCTRL

and c-mCTRL, outperform significantly, especially during the long aggregate period (2000-2020) and the

bear phase (2000-2010). In particular, c-dCTRL demonstrates unparalleled superiority and proves to be

the most robust and adaptable strategy. The c-mCTRL strategy also demonstrates a strong performance,

ranking as a close second in the bear period. During the bull phase (2010-2020), on the other hand, most

strategies including c-dCTRL and c-mCTRL perform well and the differences are rather small. Overall,

c-dCTRL and c-mCTRL appear to be the all-round winners.

F.2 Different target returns

In the previously reported experiments, we fix the mean target (annualized) return to be 15% throughout,

for all the MV related strategies. The 15% is roughly the annualized return of S&P 500 in the pretraining

period 1990-2000. Theoretically, any expected target return (i.e. any value of z) in the MV model (2) is

achievable so long as portfolios are unconstrained (Zhou and Li, 2000). In the RL setting, it is interesting

to see if the learned policies can indeed attain any prescribed expected return. To empirically check this,

we focus on the vCTRL strategy which is closest to being unconstrained. Conducting 100 independent

experiments, we calculate the mean of their average annualized returns along with its 99% confidence intervals
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Table 4: p-values of out-of-sample performance of different investment strategies from
2000 to 2020. The value at the entry of ith row and jth column, i ‰ j, represents the p-value of
the null hypothesis that the Sharpe ratio of strategy j is greater than that of strategy i.
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for a set of target return parameters ranging from 5% to 50% with an increment of 5%.

49



Table 5: p-values of out-of-sample performance of different investment strategies from
2000 to 2010. The value at the entry of ith row and jth column, i ‰ j, represents the p-value of
the null hypothesis that the Sharpe ratio of strategy j is greater than that of strategy i.
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The results, detailed in Table 7, demonstrate that the actual realized annual returns fall within the

50



Table 6: p-values of out-of-sample performance of different investment strategies from
2010 to 2020. The value at the entry of ith row and jth column, i ‰ j, represents the p-value of
the null hypothesis that the Sharpe ratio of strategy j is greater than that of strategy i.
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99% confidence intervals of the respective target returns. Note in particular the tight confidence intervals
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and small standard errors in these results. This ability of reaching a desired target return (even at 50%, a

level that may be considered excessively ambitious under typical market conditions) attests the remarkable

learning ability of CTRL strategies.

Target Return Mean Realized Return Standard Error Confidence Interval

0.05 0.05002 7.43909e-05 [0.05, 0.05004]
0.10 0.10008 0.000311455 [0.1, 0.10016]
0.15 0.15015 0.000645542 [0.14998, 0.15032]
0.20 0.20026 0.0011176 [0.19997, 0.20054]
0.25 0.25041 0.00193245 [0.24991, 0.25091]
0.30 0.30053 0.00239679 [0.29992, 0.30115]
0.35 0.35074 0.0045035 [0.34957, 0.3519]
0.40 0.40096 0.0057096 [0.39948, 0.40243]
0.45 0.45115 0.00664192 [0.44943, 0.45286]
0.50 0.50128 0.00563606 [0.49983, 0.50274]

Table 7: Performance of vCTRL with different target returns. Mean Realized Return
and Standard Error represent the average and standard error of realized annual returns over 100
independent experiments. Confidence Interval is calculated with 99% confidence.

G Proofs of Statements

G.1 Proof of Theorem 1

To start, assuming there are no extra constraints (such as the leverage constraint) and portfolios are

self-financing, the agent’s discounted wealth process (1) in the n-th iteration satisfies the wealth equation

dxnptq “ pµ ´ redqJunptqdt ` unptqJσdWnptq, 0 ď t ď T ; xnp0q “ x0, (41)

where Wn is a Brownian motion in the n-th iteration, and (with a slight abuse of notation) unptq “

unpt, xnptqq while unpt, xq „ N
`

´ϕ1,npx ´ wnq, ϕ2,ne
ϕ3pT´tq

˘

independent of Wn.

Recall that θ3 “ ϕ3 is fixed and not updated in our algorithm, and that Z1,npT q and Z2,npT q are defined

in (15) and (16). Denote by ξn “ pξ1,n, ξ2,nqJ the “noise” parts of these random variables, namely,

ξ1,n`1 “ Z1,npT q ´ h1pϕ1,n, ϕ2,n, wnq where h1pϕ1,n, ϕ2,n, wnq “ E
“

Z1,npT q
ˇ

ˇθn,ϕn, wn

‰

,

ξ2,n`1 “ Z2,npT q ´ h2pϕ1,n, ϕ2,n, wnq where h2pϕ1,n, ϕ2,n, wnq “ E
“

Z2,npT q
ˇ

ˇθn,ϕn, wn

‰

.

Similarly, define ξw,n P R as the noise counterpart in updating w:

ξw,n`1 “ xnpT q ´ z ´ hwpϕ1,n, ϕ2,n, wnq where hwpϕ1,n, ϕ2,n, wnq “ E
“

xnpT q ´ z
ˇ

ˇθn,ϕn, wn

‰

.
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Then the updating rules for ϕ and w can be rewritten as

ϕ1,n`1 “ ΠK1,n`1
pϕ1,n ´ anrh1pϕ1,n, ϕ2,n, wn;ϕ3q ` ξ1,n`1sq ,

ϕ2,n`1 “ ΠK2,n`1
pϕ2,n ` anrh2pϕ1,n, ϕ2,n, wn;ϕ3q ` ξ2,n`1sq ,

wn`1 “ ΠKw,n`1
pwn ´ aw,nrhwpϕ1,n, ϕ2,n, wn;ϕ3q ` ξw,n`1sq .

(42)

The proof of Theorem 1 will be carried out through several steps. It will apply some general stochastic

approximation results including those in Andradóttir (1995) and Broadie et al. (2011). However, we need to

verify several assumptions for our specific problem and to overcome difficulties arising from those that are

not satisfied by our problem.

Moment estimates.

First we establish the moment expressions and estimates for the wealth trajectory under the policy (9).

Lemma 1. Let tx̃ϕptq : 0 ď t ď T u be the wealth trajectory under the policy (9). Then we have

Erx̃ϕptq ´ ws “px0 ´ wqe´pµ´rq
Jϕ1t,

Erpx̃ϕptq ´ wq2s “

„

px0 ´ wq2 `
xΣ, ϕ2yeϕ3T

´2pµ ´ rqJϕ1 ` xΣ, ϕ1ϕJ
1 y ` ϕ3

ȷ

ep´2pµ´rq
Jϕ1`xΣ,ϕ1ϕ

J
1 yqt

´
xΣ, ϕ2yeϕ3pT´tq

´2pµ ´ rqJϕ1 ` xΣ, ϕ1ϕJ
1 y ` ϕ3

.

(43)

Moreover, there exists a constant C ą 0 that only depends on µ, r, x0, T and Σ such that we have

Erpx̃ϕptq ´ wq2s ď Cp1 ` |w|2 ` |ϕ2|q exp pC|ϕ1|2tq,

Var
`

x̃ϕptq
˘

ď Cp1 ` |w|2 ` |ϕ2|q exp pC|ϕ1|2tq,

Erpx̃ϕptq ´ wq4s ď Cp1 ` |w|4 ` |ϕ2|2q exp pC|ϕ1|4tq,

Erpx̃ϕptq ´ wq8s ď Cp1 ` |w|8 ` |ϕ2|4q exp pC|ϕ1|8tq.

(44)

Proof. Denote x̂ptq “ x̃ϕptq ´ w. It follows from (24) that

x̂ptq “ x0 ´ w `

ż t

0

´pµ ´ rqJϕ1x̂psqds `

ż t

0

b

x̂psq2ϕJ
1 Σϕ1 ` xΣ, ϕ2eϕ3pT´sqydW psq. (45)

Taking expectation on both sides and solving the resulting ODE, we obtain the first equation of (43).

Apply Itô’s lemma to x̂2ptq in (45) and take expectation on both sides to obtain

Erx̂2ptqs “ px0 ´ wq2 ` E
ż t

0

r´2pµ ´ rqJx̂2psq ` xΣ, ϕ1ϕ
J
1 x̂

2psq ` ϕ2e
ϕ3pT´sqysds.

Solving the above ODE in Erx̂2p¨qs we obtain the second equation of (43).
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Next, we take the eighth power and then apply expectation on both sides of (45). By Hölder’s inequality,

we have

Erx̂ptq8s “E

«

ˆ

x0 ´ w `

ż t

0

´pµ ´ rqJϕ1x̂psqds `

ż t

0

b

x̂psq2ϕ1Σϕ1 ` xΣ, ϕ2eϕ3pT´sqydW psq

˙8
ff

ďC|x0 ´ w|8 ` CE

«

ˆ
ż t

0

´pµ ´ rqJϕ1x̂psqds

˙8
ff

` CE

«

ˆ
ż t

0

b

x̂psq2ϕ1Σϕ1 ` xΣ, ϕ2eϕ3pT´sqydW psq

˙8
ff

ďC|x0 ´ w|8 ` Cppµ ´ rqJϕ1q8E
„

p

ż t

0

x̂psqdsq8
ȷ

` CE
„

p

ż t

0

x̂psq2ϕ1Σϕ1 ` xΣ, ϕ2e
ϕ3pT´sqydsq4

ȷ

ďC|x0 ´ w|8 ` C|ϕ1|8E
„
ż t

0

x̂psq8ds

ȷ

` CE
„
ż t

0

x̂psq8|ϕ1|8 ` |ϕ2|4ds

ȷ

.

(46)

Gronwall’s inequality thus leads to the fourth inequality of (44). The similar argument can be applied

to prove the remaining inequalities of (44) for the moment estimate of the second and fourth orders. In

particular, Var
`

x̃ϕptq
˘

ď Erpx̃ϕptq ´ wq2s.

Next, we estimate the variances of the increments Z1,npT q and Z2,npT q defined in (15) and (16) respec-

tively.

Lemma 2. There exists a constant C ą 0 such that

Var
´

Z1,npT q

ˇ

ˇ

ˇ
θn,ϕn, wn

¯

ď C

ˆ

1 ` |wn|16 ` |ϕ1,n|8 ` |ϕ2,n|8 ` |bn|8
˙

eC|ϕ1,n|
8

.

Var
´

Z2,npT q

ˇ

ˇ

ˇ
θn,ϕn, wn

¯

ď C

ˆ

1 ` |wn|16 ` |ϕ1,n|8 ` |ϕ2,n|8
˙

eC|ϕ1,n|
8

.

(47)

Proof. We first derive the dynamics of tpZ1,nptq, Z2,nptqq : 0 ď t ď T u. Applying Itô’s lemma we obtain

dJpt, xnptq;wn;θnq “

ˆ

BJpt, xnptq;wn;θnq

Bt
` pµ ´ redqJunptq

BJpt, xnptq;wn;θnq

Bx

`
unptqJΣunptq

2

B2Jpt, xnptq;wn;θnq

Bx2

˙

dt ` unptqJσ
BJpt, xnptq;wn;θnq

Bx
dWnptq.

(48)
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Noting the explicit forms (8) and (9), we deduce from (15) and (16) that

dZ1,nptq

“
B log πpunptq|t, xnptq;wn;ϕnq

Bϕ1

„ˆ

θ3pxnptq ´ wnq2e´θ3pT´tq ` 2pxnptq ´ wnqe´θ3pT´tqpµ ´ redqJunptq`

e´θ3pT´tqunptqJσσJunptq ` 2θ2,nt ` θ1,n

˙

dt ` 2pxnptq ´ wnqunptqJσe´θ3pT´tqdW ptq ` γpϕptqdt

ȷ

`γ
Bpϕptq

Bϕ1
dt

“ ´ e´ϕ3pT´tqϕ´1
2,n

“

pxnptq ´ wnqunptq ` pxnptq ´ wnq2ϕ1,n

‰

ˆ

„ˆ

θ3pxnptq ´ wnq2e´θ3pT´tq ` 2pxnptq ´ wnqe´θ3pT´tqpµ ´ redqJunptq ` e´θ3pT´tqunptqJσσJunptq ` 2θ2,nt ` θ1,n

˙

dt

` 2pxnptq ´ wnqunptqJσe´θ3pT´tqdW ptq ` γp´
d

2
log p2πeq `

1

2
logpdetpϕ´1

2,nqqdt ´
d

2
ϕ3pT ´ tqqdt

ȷ

“ ´ e´ϕ3pT´tqϕ´1
2,n

“

pxnptq ´ wnqunptq ` pxnptq ´ wnq2ϕ1,n

‰

ˆ

„ˆ

θ3pxnptq ´ wnq2e´θ3pT´tq ` 2pxnptq ´ wnqe´θ3pT´tqpµ ´ redqJunptq ` e´θ3pT´tqunptqJσσJunptq ` 2θ2,nt ` θ1,n

˙

` γp´
d

2
log p2πeq `

1

2
logpdetpϕ´1

2,nqq ´
d

2
ϕ3pT ´ tqq

ȷ

dt

´ 2e´ϕ3pT´tqϕ´1
2,n

“

pxnptq ´ wnqunptq ` pxnptq ´ wnq2ϕ1,n

‰

pxnptq ´ wnqunptqJσe´θ3pT´tqdWnptq

fiZ
p1q

1,nptqdt ` Z
p2q

1,nptqdWnptq,

(49)

and

dZ2,nptq

“
B log πpunptq|t, xnptq;wn;ϕnq

Bϕ´1
2

„ˆ

θ3pxnptq ´ wnq2e´θ3pT´tq ` 2pxnptq ´ wnqe´θ3pT´tqpµ ´ redqJunptq

` e´θ3pT´tqunptqJσσJunptq ` 2θ2,nt ` θ1,n

˙

dt ` 2pxnptq ´ wnqunptqJσe´θ3pT´tqdW ptq ` γpϕptqdt

ȷ

`γ
Bpϕptq

Bϕ´1
2

dt

“

„

1

2
ϕ2,n ´

1

2
e´ϕ3pT´tqpunptq ` ϕ1,npxnptq ´ wnqqpunptq ` ϕ1,npxnptq ´ wnqqJ

ȷ

ˆ

„ˆ

θ3pxnptq ´ wnq2e´θ3pT´tq ` 2pxnptq ´ wnqe´θ3pT´tqpµ ´ redqJunptq ` e´θ3pT´tqunptqJσσJunptq ` 2θ2,nt ` θ1,n

˙

dt

` 2pxnptq ´ wnqunptqJσe´θ3pT´tqdW ptq ` γp´
d

2
log p2πeq `

1

2
logpdetpϕ´1

2,nqqdt ´
d

2
ϕ3pT ´ tqqdt

ȷ

`γ
ϕ2,n

2
dt

“

„

1

2
ϕ2,n ´

1

2
e´ϕ3pT´tqpunptq ` ϕ1,npxnptq ´ wnqqpunptq ` ϕ1,npxnptq ´ wnqqJ

ȷ

ˆ

"„ˆ

θ3pxnptq ´ wnq2e´θ3pT´tq ` 2pxnptq ´ wnqe´θ3pT´tqpµ ´ redqJunptq ` e´θ3pT´tqunptqJσσJunptq ` 2θ2,nt ` θ1,n

˙

` γp´
d

2
log p2πeq `

1

2
logpdetpϕ´1

2,nqq ´
d

2
ϕ3pT ´ tqq

ȷ

`γ
ϕ2,n

2

*

dt

` 2

"

1

2
ϕ2,n ´

1

2
e´ϕ3pT´tqrunptq ` ϕ1,npxnptq ´ wnqsrunptq ` ϕ1,npxnptq ´ wnqsJ

*

qpxnptq ´ wnqunptqJσe´θ3pT´tqdWnptq

fiZ
p1q

2,nptqdt ` Z
p2q

2,nptqdWnptq.

(50)
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Noting that unptq ” unpt, xnptqq while unpt, xq „ N
`

´ϕ1,npx ´ wnq, ϕ2,ne
ϕ3pT´tq

˘

, we can easily upper

bound |Z
p1q

1,n|2 and |Z
p2q

1,n|2 by

Er|Z
p1q

1,nptq|2|θn,ϕn, wn, xnptqs ďC

„

1 ` pxnptq ´ wnq4|ϕ´1
2,n|2 ` pxnptq ´ wnq8|ϕ1,n|2|ϕ´1

2,n|2

` pxnptq ´ wnq8 ` pxnptq ´ wnq8|ϕ1,n|4 ` plog detpϕ´1
2,nqq4

ȷ

,

Er|Z
p2q

1,nptq|2|θn,ϕn, wn, xnptqs ďC

„

1 ` pxnptq ´ wnq4|ϕ´1
2,n|2 ` pxnptq ´ wnq8|ϕ1,n|2|ϕ´1

2,n|2

` pxnptq ´ wnq4|ϕ1,n|4 ` pxnptq ´ wnq4|ϕ2,n|2
ȷ

.

By virtue of the projection ϕ2,n ľ 1
bn
I, or |ϕ´1

2,n| ď bn, we conclude from Lemma 1 that

Erp|Z
p1q

1,nptq|2 ` |Z
p2q

1,nptq|2q|θn,ϕn, wns

ďC

„

1 ` p1 ` |wn|4 ` |ϕ2,n|2q exp pC|ϕ1,n|4tqpb2n ` |ϕ2,n|2 ` |ϕ1,n|4q

` p1 ` |wn|8 ` |ϕ2,n|4q exppC|ϕ1,n|8tqp1 ` b4n ` |ϕ1,n|4qq ` pd log bnq4
ȷ

,

leading to the first inequality of (47). The second inequality of (47) can be proved similarly.

Explicit expressions of mean increments

Next, we derive the analytical forms of the functions h1, h2, hw, which are the means of the increments

in the algorithms approximating ϕ1, ϕ2 and ϕw respectively.

To start, note that tZ
p2q

1,nptq : 0 ď t ď T u and tZ
p2q

2,nptq : 0 ď t ď T u are both square integrable based on

the proof of Lemma 2 along with the moment estimates in Lemma 1. Thus, when we integrate (49) and (50)

and take expectation, the Itô integrals vanish. Denote

An “ pµ ´ rqJϕ1,n, Bn “ xσσJ, ϕ1,nϕ
J
1,ny, En “ xσσJ, ϕ2,ne

ϕ3pT´tqy,

G “ e´θ3pT´tq, Hn “ ´
d

2
log p2πeq `

1

2
logpdetpϕ´1

2,nqq, Pn “ 2θ2,nt ´
γd

2
ϕ3pT ´ tq ` θ1,n ` γHn.
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Then it follows from (49) and (50) that

dErZ1,nptqs “E
"

B log π punptq | t, xnptq;wn;ϕnq

Bϕ1
rdJ pt, xnptq;wn;θnq ` γp̂ pt, xnptq,ϕnqdts ` γ

Bp̂

Bϕ1
pt, xnptq,ϕnqdt

*

“E
"

´Grpxnptq ´ wnqϕ´1
2,nunptq ` pxnptq ´ wnq2ϕ´1

2,nϕ1,ns

ˆ rθ3Gpxnptq ´ wnq2 ` 2Gpxnptq ´ wqpµ ´ rqJunptq ` Gpxnptq ´ wqunptqxσσJ, unptqunptqJy ` Pnsdt

*

“E
"

t´Gϕ´1
2,nrθ3Gpxnptq ´ wnq3unptq ` 2Gpxnptq ´ wnq2unptqunptqJpµ ´ rq

` Gpxnptq ´ wnqunptqxΣ, unptqunptqJy ` Pnpxnptq ´ wnqunptqsudt

` t´Gϕ´1
2,nϕ1,nrθ3Gpxnptq ´ wnq4 ` 2Gpxnptq ´ wnq3pµ ´ rqJunptq

` Gpxnptq ´ wnq2xσσJ, unptqunptqJy ` Pnpxnptq ´ wnq2sudt

*

“Epxnptq ´ wnq2r2Gp´pµ ´ rq ` σσJϕ1,nqsdt,

and

dErZ2,nptqs “E
"

B log π punptq | t, xnptq;wn,ϕnq

Bϕ´1
2

rdJ pt, xnptq;wn;θnq ` γp̂ pt, xnptq,ϕnqdts ` γ
Bp̂

Bϕ´1
2

pt, xnptq, ϕqdt

*

“E
"

r
1

2
ϕ2,n ´

1

2
GpunptqunptqJ ` unptqϕJ

1,npxnptq ´ wnq ` ϕ1,nunptqJpxnptq ´ wnq ` ϕ1,nϕ
J
1,npxnptq ´ wnq2qs

ˆ rθ3Gpxnptq ´ wnq2 ` 2Gpxnptq ´ wqpµ ´ rqJunptq ` GxσσJ, unptqunptqJy ` Pnsdt ` γ
ϕ2,n

2
dt

*

“
1

2
ϕ2,nrpθ3 ´ 2An ` BnqGEppxnptq ´ wnq2q ` GEn ` Pn ` γsdt

´
1

2
GE

"

θ3Gpxnptq ´ wnq2unptqunptqJ ` 2Gpxnptq ´ wnqunptqunptqJpµ ´ rqJunptq

` GunptqunptqJxσσJ, unptqunptqJy ` PnunptqunptqJ

` θ3Gpxnptq ´ wnq3unptqϕJ
1,n ` 2Gpxnptq ´ wnq2unptqϕJ

1,npµ ´ rqJunptq

` Gpxnptq ´ wnqunptqϕJ
1,nxσσJ, unptqunptqJy ` Pnpxnptq ´ wnqunptqϕJ

1,n

` θ3Gpxnptq ´ wnq3ϕ1,nunptqJ ` 2Gpxnptq ´ wnq2ϕ1,nunptqJpµ ´ rqJunptq

` Gpxnptq ´ wnqϕ1,nunptqJxσσJ, unptqunptqJy ` Pnpxnptq ´ wnqϕ1,nunptqJ

` θ3Gpxnptq ´ wnq4ϕ1,nϕ
J
1,n ` 2Gpxnptq ´ wnq3ϕ1,nϕ

J
1,npµ ´ rqJunptq

` Gpxnptq ´ wnq2ϕ1,nϕ
J
1,nxσσJ, unptqunptqJy ` Pnpxnptq ´ wnq2ϕ1,nϕ

J
1,n

*

dt

“
1

2
rγϕ2,n ´ 2ϕ2,nσσ

Jϕ2,nsdt.
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However, Lemma 1 yields

Erpxnptq ´ wnq2s “ rpx0 ´ wnq2 `
xΣ, ϕ2,nyeϕ3T

´2pµ ´ rqJϕ1,n ` xΣ, ϕ1,nϕJ
1,ny ` ϕ3

sep´2pµ´rq
Jϕ1,n`xΣ,ϕ1,nϕ

J
1,nyqt

´
xΣ, ϕ2,nyeϕ3pT´tq

´2pµ ´ rqJϕ1,n ` xΣ, ϕ1,nϕJ
1,ny ` ϕ3

.

Integrating dErZ1,nptqs from 0 to T and plugging in the above expression of Epxnptq ´ wnq2, we obtain

h1pϕ1,n, ϕ2,n, wnq “ ´Rpϕ1,n, ϕ2,n, wnqpµ ´ r ´ Σϕ1,nq, (51)

where the function R is defined by

Rpϕ1, ϕ2, wq “ 2

„

px0 ´ wq2e´ϕ3T peQpϕ1qT ´ 1q

Qpϕ1q
`

xσσJ, ϕ2ypeQpϕ1qT ´ 1 ´ Qpϕ1qT q

Qpϕ1q2

ȷ

, (52)

while

Qpϕ1q “ ´2pµ ´ rqJϕ1 ` xσσJ, ϕ1ϕ
J
1 y ` ϕ3. (53)

Similarly (and more easily), we have

h2pϕ1,n, ϕ2,n, wnq “

´

ϕ2,nΣϕ2,n ´
γ

2
ϕ2,n

¯

T, (54)

which is quadratic in ϕ2,n. Moreover, Lemma 1 implies

hwpϕ1,n, ϕ2,n, wnq “

´

1 ´ e´pµ´rq
Jϕ1,nT

¯

wn ` px0e
´pµ´rq

Jϕ1,nT ´ zq, (55)

which is linear in wn.

Properties of mean increments

With the explicit expressions of h1, h2 and hw in (51), (54) and (55) respectively, we further investigate

properties of these functions, which will be useful in the sequel. Recall that the function R defined in (52)

depends on ϕ3. We first show that this function has a positive lower bound when ϕ3 is sufficiently large.

Indeed, noting that σσJ is positive definite we have

Qpϕ1q “ rϕ1 ´ pσσJq´1pµ ´ rqsJpσσJqrϕ1 ´ pσσJq´1pµ ´ rqs ` ϕ3 ´ pµ ´ rqJpσσJq´1pµ ´ rq

ą ϕ3 ´ pµ ´ rqJpσσJq´1pµ ´ rq “: CQ ą 0
(56)
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when ϕ3 is sufficiently large. Hence,

Rpϕ1, ϕ2, wq “ 2

„

px0 ´ wq2e´ϕ3T peQpϕ1qT ´ 1q

Qpϕ1q
`

xσσJ, ϕ2ypeQpϕ1qT ´ 1 ´ Qpϕ1qT q

Qpϕ1q2

ȷ

ě 2rpx0 ´ wq2e´ϕ3TT `
1

2
xσσJ, ϕ2yT 2s “: CR ą 0,

(57)

where the inequality follows from the familiar general result ex ´ 1 ´ x ´ 1
2x

2 ě 0 @x ě 0.

On the other hand, Q is a quadratic function in ϕ1; hence there exist constants CQ0
, CQ1

ą 0 such that

Qpϕ1q ď CQ0
` CQ1

|ϕ1|2. As a consequence,

Rpϕ1, ϕ2, wq ď 2

«

Cp1 ` |w|2qeCQ0
`CQ1

|ϕ1|
2

CQ
`

C|ϕ2|eCQ0
`CQ1

|ϕ1|
2

C2
Q

ff

ď CR0
p1 ` |w|2 ` |ϕ2|q exp pCQ0

` CQ1
|ϕ1|2q,

where CR0 ą 0 is some constant.

Next, we derive the upper bounds for h1, h2 and hw. We have

|h1pϕ1,n, ϕ2,n, wnq| “Rpϕ1,n, ϕ2,n, wnq|µ ´ r ´ Σϕ1,n|

ď

ˆ

CR0
p1 ` |wn|2 ` |ϕ2,n|q exp pCQ0

` CQ1
|ϕ1,n|2q

˙

|µ ´ r ´ Σϕ1,n|

ďC

ˆ

1 ` |ϕ1,n| ` |ϕ1,n||wn|2eC|ϕ1,n|
2

` |ϕ1,n||ϕ2,n|e|ϕ1,n|
2

˙

,

(58)

and

|h2pϕ1,n, ϕ2,n, wnq| “T
ˇ

ˇ

ˇ
ϕ2,nΣϕ2,n ´

γ

2
ϕ2,n

ˇ

ˇ

ˇ
ď Cp1 ` |ϕ2,n|2q, (59)

where the constant C only depends on Σ, γ and ϕ3. Denoting hpϕ1, ϕ2, w;ϕ3q “ ph1pϕ1,n, ϕ2,n, wn;ϕ3q, h2pϕ1, ϕ2, w;ϕ3qqJ,

we conclude by (58) and (59) that

|hpϕ1,n, ϕ2,n, wnq|2 ď|h1pϕ1,n, ϕ2,n, wnq|2 ` |h2pϕ1,n, ϕ2,n, wnq|2

ď

ˆ

Cp1 ` |ϕ1,n| ` |ϕ1,n||wn|2eC|ϕ1,n|
2

` |ϕ1,n||ϕ2,n|e|ϕ1,n|
2

q

˙2

`

ˆ

Cp1 ` |ϕ2,n|2q

˙2

ďC

ˆ

1 ` |ϕ1,n|2 ` |ϕ2,n|4 ` |ϕ1,n|2|wn|4eC|ϕ1,n|
2

` |ϕ1,n|2|ϕ2,n|2eC|ϕ1,n|
2

˙

.

(60)

Furthermore, it follows from (55) that

|hwpϕ1,n, ϕ2,n, wnq|2 ď Cp1 ` eC|ϕ1,n|q|wn|. (61)
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Almost sure convergence of ϕn

We now prove the almost sure convergence of ϕn. Indeed, we present a more general result of such

convergence, of which Theorem 1-(a) is a special case.

Theorem 4. Let ϕ3 be a sufficiently large constant, while ϕn “ pϕ1,n, ϕ2,nqJ and w be updated according

to (42). Assume that the noise vector ξn “ pξ1,n, ξ2,nqJ satisfies E
”

ξi,n`1

ˇ

ˇ

ˇ
Gn

ı

“ βi,n for i “ 1, 2 and

E
”

ξw,n`1

ˇ

ˇ

ˇ
Gn

ı

“ βw,n, where Gn are the filtration generated by tθm,ϕm, wm,m “ 0, 1, 2, ..., nu, with the

following upper bounds:

E
”

|ξ1,n`1 ´ β1,n|
2
ˇ

ˇ

ˇ
Gn

ı

ďC

ˆ

1 ` |wn|16 ` |ϕ1,n|8 ` |ϕ2,n|8 ` |bn|8
˙

eC|ϕ1,n|
8

,

E
”

|ξ2,n`1 ´ β2,n|
2
ˇ

ˇ

ˇ
Gn

ı

ďC

ˆ

1 ` |wn|16 ` |ϕ1,n|8 ` |ϕ2,n|8
˙

eC|ϕ1,n|
8

,

(62)

where C ą 0 is a constant independent of n. Moreover, assume

piq
ÿ

n

an “ 8,
ÿ

n

an|βi,n| ă 8, for i “ 1, 2;

piiq c1,n Ò 8, c2,n Ò 8, cw,n Ò 8,
ÿ

n

a2nb
8
nc

8
2,nc

16
w,ne

c81,n ă 8;

piiiq bn Ò 8,
ÿ

n

an
bn

“ 8.

(63)

Then ϕn “ pϕ1,n, ϕ2,nqJ almost surely converges to the unique equilibrium point ϕ˚
“ pϕ˚

1 , ϕ
˚
2 qJ where

ϕ˚
1 “ Σ´1pµ ´ rq and ϕ˚

2 “
γ
2Σ

´1.

Proof. The main idea is to derive inductive upper bound of |ϕn ´ ϕ˚
|2, namely, to bound |ϕn`1 ´ ϕ˚

|2 in

terms of |ϕn ´ ϕ˚
|2.

First, for any closed, convex set K Ă Sd` and x P K, y P Sd, it follows from a property of projection that

the function fptq “ |tΠKpyq ` p1 ´ tqx ´ y|2, t P R, achieves minimum at t “ 1. However,

fptq “ t2|ΠKpyq ´ y|2 ` p1 ´ tq2|x ´ y|2 ` 2tp1 ´ tqxΠKpyq ´ y, x ´ yy.

The first-order condition at t “ 1 yields

2|ΠKpyq ´ y|2 ´ 2xΠKpyq ´ y, x ´ yy “ 0.

Therefore,

|ΠKpyq´x|2 “ |ΠKpyq´y`y´x|2 “ |y´x|2`|ΠKpyq´y|2`2xΠKpyq´y, y´xy “ |y´x|2´|ΠKpyq´y|2 ď |y´x|2.
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Now, consider n sufficiently large such that ϕ˚
P K1,n`1 ˆ K2,n`1 and denote

hpϕ1, ϕ2, wq “ ph1pϕ1, ϕ2, wq, h2pϕ1, ϕ2, wqqJ.

By the above general projection inequality, we have

|ϕn`1 ´ ϕ˚
|2 ď

ˇ

ˇϕn ´ anrhpϕ1,n, ϕ2,n, wnq ` ξn`1s ´ ϕ˚
ˇ

ˇ

2
.

Denoting Un “ ϕn ´ ϕ˚ and βn “ pβ1,n, β2,nqJ, we have

E
”

|Un`1|2
ˇ

ˇ

ˇ
ϕn, wn

ı

ďE
”

|Un ´ anrhpϕ1,n, ϕ2,n, wnq ` ξn`1s|2
ˇ

ˇ

ˇ
ϕn, wn

ı

“|Un|2 ´ 2anxUn,hpϕ1,n, ϕ2,n, wnq ` βny ` a2nE
”

|hpϕ1,n, ϕ2,n, wnq ` ξn`1|2
ˇ

ˇ

ˇ
ϕn, wn

ı

“|Un|2 ´ 2anxUn,hpϕ1,n, ϕ2,n, wnq ` βny ` a2nE
”

|hpϕ1,n, ϕ2,n, wnq ` pξn`1 ´ βnq ` βn|2
ˇ

ˇ

ˇ
ϕn, wn

ı

ď|Un|2 ´ 2anxUn,hpϕ1,n, ϕ2,n, wnqy ` 2an|βn||Un|

` 3a2n

´

|hpϕ1,n, ϕ2,n, wnq|2 ` |βn|2 ` E
”

|ξn`1 ´ βn|
2
ˇ

ˇ

ˇ
ϕn, wn

ı¯

ď|Un|2 ´ 2anxUn,hpϕ1,n, ϕ2,n, wnqy ` an|βn|p1 ` |Un|2q

` 3a2n

´

|hpϕ1,n, ϕ2,n, wnq|2 ` |βn|2 ` E
”

|ξn`1 ´ βn|
2
ˇ

ˇ

ˇ
ϕn, wn

ı¯

.

Recall that |ϕ1,n| ď c1,n, |ϕ2,n| ď c2,n, |wn| ď cw,n almost surely. By the estimate (60),

|hpϕ1,n, ϕ2,n, wnq|2 ď Cp1 ` c21,n ` c42,n ` c21,nc
4
w,ne

Cc21,n ` c21,nc
2
2,ne

Cc21,nq. (64)

However, the assumption (62) yields

E
”

|ξn`1 ´ βn|
2
ˇ

ˇ

ˇ
ϕn, wn

ı

ďE
”

|ξ1,n`1 ´ β1,n|
2
ˇ

ˇ

ˇ
ϕn, wn

ı

` E
”

|ξ2,n`1 ´ β2,n|
2
ˇ

ˇ

ˇ
ϕn, wn

ı

ďC

ˆ

1 ` p1 ` |wn|4 ` |ϕ2,n|2q exp pC|ϕ1,n|4qpb2n ` |ϕ2,n|2 ` |ϕ1,n|4q

` p1 ` |wn|8 ` |ϕ2,n|4q exppC|ϕ1,n|8qp1 ` b4n ` |ϕ1,n|4q ` pd log bnq4
˙

` C
`

1 ` |ϕ2,n|4 ` p1 ` |wn|8 ` |ϕ2,n|4q exppC|ϕ1,n|8qp1 ` |ϕ1,n|4q
˘

ďC

ˆ

1 ` |ϕ2,n|4 ` pd log bnq4 ` exppC|ϕ1,n|4qp1 ` |wn|8| ` |ϕ2,n|4 ` b4n ` |ϕ1,n|8q

` exppC|ϕ1,n|8qp1 ` |wn|16| ` |ϕ2,n|8 ` b8n ` |ϕ1,n|8q

˙

ďC

ˆ

1 ` c42,n ` pd log bnq4 ` exppCc81,nqp1 ` c16w,n ` c82,n ` b8n ` c81,nq

˙
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almost surely, for some positive constant C that only depends on the model primitives µ,Σ, d.

Therefore,

E
”

|Un`1|2
ˇ

ˇ

ˇ
ϕn, wn

ı

ď|Un|2 ´ 2anxUn,hpϕ1,n, ϕ2,n, wnqy ` an|βn||Un|2 ` an|βn|

` 3a2n

´

|hpϕ1,n, ϕ2,n, wnq|2 ` |βn|2 ` E
”

|ξn`1 ´ βn|
2
ˇ

ˇ

ˇ
ϕn, wn

ı¯

ď|Un|2 ´ 2anxUn,hpϕ1,n, ϕ2,n, wnqy ` an|βn||Un|2 ` an|βn|

` 3a2n

ˆ

Cp1 ` c21,n ` c42,n ` c21,nc
4
w,ne

Cc21,n ` c21,nc
2
2,ne

Cc21,nq ` |βn|2

` Cp1 ` c42,n ` pd log bnq4 ` eCc41,np1 ` c8w,n ` c42,n ` b4n ` c81,nq ` eCc81,np1 ` c16w,n ` c82,n ` b8n ` c81,nqq

˙

“p1 ` an|βn|q|Un|2 ´ 2anxUn,hpϕ1,n, ϕ2,n, wnqy ` an|βn|`

` 3a2n

ˆ

Cp1 ` c21,n ` c42,n ` c21,nc
4
w,ne

Cc21,n ` c21,nc
2
2,ne

Cc21,nq ` |βn|2

` Cp1 ` pd log bnq4 ` eCc41,np1 ` c8w,n ` c42,n ` b4n ` c81,nq ` eCc81,np1 ` c16w,n ` c82,n ` b8n ` c81,nqq

˙

“ : p1 ` γnq|Un|2 ´ ζn ` ηn,

(65)

where γn “ an|βn|, ζn “ 2anxUn, hpϕ1,n, ϕ2,n, wnqy, and

ηn “an|βn| ` 3a2n|βn|2 ` 3a2n

ˆ

Cp1 ` c21,n ` c42,n ` c21,nc
4
w,ne

Cc21,n ` c21,nc
2
2,ne

Cc21,nq ` |βn|2

` Cp1 ` pd log bnq4 ` eCc41,np1 ` c8w,n ` c42,n ` b4n ` c81,nq ` eCc81,np1 ` c16w,n ` c82,n ` b8n ` c81,nqq

˙

.

(66)

By Assumptions (i)–(ii), we know
ř

n γn ă 8 and
ř

n ηn ă 8. It then follows from Robbins and

Siegmund (1971, Theorem 1) that |Un|
2
converges to a finite limit and

ř

n ζn ă 8 almost surely.

It remains to show |Un| Ñ 0 almost surely. Consider the term

xϕ ´ ϕ˚,hpϕ1, ϕ2, wqy

“xϕ1 ´ ϕ˚
1 , h1pϕ1, ϕ2, wqy ` xϕ2 ´ ϕ˚

2 , h2pϕ2qy

“xϕ1 ´ ϕ˚
1 , Rpϕ1, ϕ2, wqΣpϕ1 ´ ϕ˚

1 qy ` xϕ2 ´ ϕ˚
2 , ϕ

J
2,nΣpϕ2 ´ ϕ˚

2 qy

“Rpϕ1, ϕ2, wqxΣ, pϕ1 ´ ϕ˚
1 qpϕ1 ´ ϕ˚

1 qJy ` xΣϕ2, pϕ2 ´ ϕ˚
2 qpϕ2 ´ ϕ˚

2 qJy.

Note that xΣ, pϕ1 ´ ϕ˚
1 qpϕ1 ´ ϕ˚

1 qJy ě 0 because Σ P Sd`` and pϕ1 ´ ϕ˚
1 qpϕ1 ´ ϕ˚

1 qJ P Sd`.

To proceed, let us first consider a spacial case when Σ “ I to get the main idea of the rest of the proof.

Indeed, when Σ “ I,

xΣ, pϕ1 ´ ϕ˚
1 qpϕ1 ´ ϕ˚

1 qJy “ xI, pϕ1 ´ ϕ˚
1 qpϕ1 ´ ϕ˚

1 qJy ě |ϕ1 ´ ϕ˚
1 |2 ě δ2,
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whenever |ϕ1 ´ ϕ˚
1 | ě δ ą 0. In this case,

Rpϕ1, ϕ2, wqxI, pϕ1 ´ ϕ˚
1 qpϕ1 ´ ϕ˚

1 qJy ě CRδ
2

because Rpϕ1, ϕ2, w;ϕ3q ě CR ą 0 due to (57). Moreover, xϕ2, pϕ2 ´ ϕ˚
2 qpϕ2 ´ ϕ˚

2 qJy ě 0 because ϕ2 P Sd`
and pϕ2 ´ ϕ˚

2 qpϕ2 ´ ϕ˚
2 qJ P Sd`. In particular, when |ϕ2 ´ ϕ˚

2 | ě δ ą 0 and ϕ2 ´ 1
bn
I P Sd`, we have

xϕ2, pϕ2 ´ ϕ˚
2 qpϕ2 ´ ϕ˚

2 qJy “xϕ2 ´
1

bn
I, pϕ2 ´ ϕ˚

2 qpϕ2 ´ ϕ˚
2 qJy `

1

bn
xI, pϕ2 ´ ϕ˚

2 qpϕ2 ´ ϕ˚
2 qJy

ě
1

bn
|ϕ2 ´ ϕ˚

2 |2 ě
δ2

bn
.

Now, suppose |Un| Û 0 almost surely. Then there exists a set Z P F with PpZq “ 1 so that for every

ω P Z, there is δpωq ą 0 such that for all n sufficiently large, at least one of the following two cases holds

true: (a) |ϕ1pωq ´ ϕ˚
1 | ě δpωq ą 0; (b) |ϕ2pωq ´ ϕ˚

2 | ě δpωq ą 0.

Recall that ϕnpωq P K1,n ˆ K2,n. If (a) is true, then the above analysis yields

xUnpωq,hpϕnpωq, wnpωqqy ě δpωq2.

Thus, by Assumption (iii), we have

ÿ

n

ζnpωq “ 2
ÿ

n

anxUnpωq,hpϕnpωq, wnpωqqy ě 2CRδpωq2
ÿ

n

an “ 8.

This is a contradiction.

If (b) is true, then

xUnpωq,hpϕnpωq, wnpωqqy ě
δpωq2

bn
,

and hence, by Assumption-(iii),

ÿ

n

ζnpωq “ 2
ÿ

n

anxUnpωq,hpϕnpωq, wnpωqqy ě 2δpωq2
ÿ

n

an
bn

“ 8.

This is again a contradiction.

Now let us consider the general case when Σ ‰ I. Introduce a different inner product and norm on

Rd ˆ Rdˆd induced by Σ P Sd``:

xpA1, A2qJ, pB1, B2qJyΣ :“ xA1, B1y ` xΣA2Σ, B2y,

|pA1, A2qJ|Σ :“ |A1| `
a

xA,AyΣ “ |A1| ` |Σ1{2A2Σ
1{2|.

It is straightforward to verify that x¨, ¨yΣ is indeed an inner product and |¨|Σ is the associated norm. Moreover,
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since all norms on a finite dimensional space are equivalent, there exist constants C ą C ą 0 depending only

on Σ and the dimension d such that

C|pA1, A2qJ| ď |pA1, A2qJ|Σ ď C|pA1, A2qJ|,

for any A1 P Rd, A2 P Rdˆd.

When n is sufficiently large such that ϕ˚
P Kn`1,

|ϕn`1 ´ ϕ˚
|2 ď |ϕn ´ anrhpϕ1,n, ϕ2,n, wnq ` ξn`1s ´ ϕ˚

|2,

or |ϕn`1 ´ϕ˚
|2Σ ď C

2

C2 |ϕn ´anrhpϕ1,n, ϕ2,n, wnq ` ξn`1s ´ϕ˚
|2Σ. Hence the estimate (65) for Un`1 still holds

true under the new norm | ¨ |Σ. It follows that

ÿ

anxUn,hpϕ1,n, ϕ2,n, wnqyΣ ă 8

and |Un|2Σ converges to a finite limit almost surely.

Consider the term

xϕ ´ ϕ˚,hpϕ1, ϕ2, wqyΣ

“Rpϕ1, ϕ2, wqxΣ, pϕ1 ´ ϕ˚
1 qpϕ1 ´ ϕ˚

1 qJy ` xΣpϕ2 ´ ϕ˚
2 qΣ, ϕJ

2,nΣpϕ2 ´ ϕ˚
2 qy

“Rpϕ1, ϕ2, wqxΣ, pϕ1 ´ ϕ˚
1 qpϕ1 ´ ϕ˚

1 qJy ` xΣ1{2pϕ2 ´ ϕ˚
2 qΣ1{2,Σ1{2ϕJ

2,nΣ
1{2Σ1{2pϕ2 ´ ϕ˚

2 qΣ1{2y

“Rpϕ1, ϕ2, wqxΣ, pϕ1 ´ ϕ˚
1 qpϕ1 ´ ϕ˚

1 qJy ` xϕ̃2 ´ ϕ̃˚
2 ,

˜ϕJ
2,npϕ̃2 ´ ϕ̃˚

2 qy

“Rpϕ1, ϕ2, wqxΣ, pϕ1 ´ ϕ˚
1 qpϕ1 ´ ϕ˚

1 qJy ` xϕ̃2, pϕ̃2 ´ ϕ̃˚
2 qpϕ̃2 ´ ˜ϕp2q˚Jqy,

where ϕ̃2 “ Σ1{2ϕ2Σ
1{2 and ϕ̃˚

2 “ Σ1{2ϕ˚
2Σ

1{2. As before, we need to prove |Un|Σ Ñ 0 almost surely. If

not, then there exists a set Z P F with PpZq “ 1 so that for every ω P Z, there is δpωq ą 0 such that for

all n sufficiently large, at least one of the following two cases are true: (a) |ϕ1pωq ´ ϕ˚
1 | ě δpωq ą 0; (b)

|ϕ2pωq ´ ϕ˚
2 |Σ ě δpωq ą 0.

If (a) is true, then there is a contradiction based on the same argument before. If (b) is true, then when
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|ϕ2pωq ´ ϕ˚
2 |Σ ě δpωq ą 0 and ϕ2pωq ´ 1

bn
I P Sd`, we have Σ1{2pϕ2pωq ´ 1

bn
IqΣ1{2 P Sd`, and

xϕ ´ ϕ˚,hpϕ1, ϕ2, wqyΣ ěxΣ1{2ϕ2Σ
1{2, pϕ̃2 ´ ϕ̃˚

2 qpϕ̃2 ´ ϕ̃˚
2 qJy

“xΣ1{2pϕ2 ´
1

bn
IqΣ1{2, pϕ̃2 ´ ϕ̃˚

2 qpϕ̃2 ´ ϕ̃˚
2 qJy `

1

bn
xΣ, pϕ̃2 ´ ϕ̃˚

2 qpϕ̃2 ´
˜ϕ˚J
2 qy

ě
1

bn
xΣ, pϕ̃2 ´ ϕ̃˚

2 qpϕ̃2 ´ ˜ϕp2q˚Jqy

ě
λmin

bn
xI, pϕ̃2 ´ ϕ̃˚

2 qpϕ̃˚
2 ´ ϕ̃˚

2 qJy

“
λmin

bn
|ϕ̃2 ´ ϕ̃˚

2 |2 “
λmin

bn
|Σ1{2pϕ2 ´ ϕ˚

2 qΣ1{2|2

ě
λminδ

2

bn
,

where λmin ą 0 is the smallest eigenvalue of Σ. Hence

xUnpωq,hpϕnpωq, wnpωqqyΣ ě
λminδ

2

bn
.

Thus, Assumption-(iii) implies

ÿ

n

anxUnpωq,hpϕnpωq, wnpωqqy ě λminδpωq2
ÿ

n

an
bn

“ 8,

which is a contradiction. The proof is now complete.

Remark 1. When β1,n “ 0, β2,n “ 0, βw,n “ 0 for all n, which holds true in our mean–variance problem, a

typical choice of the sequences satisfying Assumptions (i)–(iii) is an “ α
n`β with constants α ą 0 and β ą 0,

bn “ 1 _ plog log nq
1
8 , c1,n “ 1 _ plog log nq

1
8 , c2,n “ 1 _ plog log nq

1
8 and cw,n “ 1 _ plog log nq

1
16 . This is

because
ř

1
nplog lognqκ

“ 8 and
ř plognq

κ1 plog lognq
κ2

n2 ă 8, for any κ, κ1, κ2 ą 0.

Mean–squared error of ϕ1,n ´ ϕ˚
1

Now we move forward to derive the error bound of ϕ1,n´ϕ˚
1 in the mean-squared sense, which is Theorem

1-(b). Note that this result is also necessary for subsequently proving the almost sure convergence of wn,

because hw not only depends on w, but also on ϕ1. Moreover, the error bound of ϕ1,n ´ ϕ˚
1 affects the

property of hw.

We first need a general recursive relation satisfied by a typical learning rate sequence.

Lemma 3. For any A ą 0, there exist positive numbers α ą 1
A and β ě 1

Aα´1 such that the learning rate

sequence an “ α
n`β , n ě 0, satisfies an ď an`1p1 ` Aan`1q for any n ě 0.

Proof. It is clear that an ď an`1p1 ` Aan`1q is equivalent to n ` 1 ` β ď Aαn ` Aαβ. However, the latter

holds true when α ą 1
A , β ě 1

Aα´1 .
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With Lemma 3, we present the following result for the mean-squared error of ϕ1,n.

Theorem 5. Under the assumptions of Theorem 4, if the sequence tanu further satisfies

an ď an`1p1 ` Aan`1q,

for some sufficiently small constant A ą 0 and |βn| “ Opa
1
2
n q, then there exists an increasing sequence tη̂nu

and a constant C 1 ą 0 such that

Er|ϕ1,n`1 ´ ϕ˚
1 |2s ď C 1anη̂1,n.

In particular, if we set the parameters an, bn, c1,n, β1,n as in Remark 1, then

Er|ϕ1,n`1 ´ ϕ˚
1 |2s ď C

plog nqpplog log nq

n

for any n, where C and p are positive constants that only depend on model primitives.

Proof. Denote n0 “ inftn ě 0 : ϕ˚
P K1,n`1 ˆ K2,n`1u and U1,n “ ϕ1,n ´ ϕ˚

1 . It follows from (51) and (57)

that

xU1,n, h1pϕ1,n, ϕ2,n, wn;ϕ3qy ě C 1
R|ϕ1,n ´ ϕ˚

1 |2 “ C 1
R|U1,n|2

with some constant C 1
R ą 0. When n ě n0, this together with a similar argument to the proof of Theorem

4 yields

E
”

|U1,n`1|2
ˇ

ˇ

ˇ
ϕn, wn

ı

ď|U1,n|2 ´ 2anxU1,n, h1pϕ1,n, ϕ2,n, wn;ϕ3qy ` 2an|β1,n||U1,n| ` 3a2n

ˆ

|h1pϕ1,n, ϕ2,n, wn;ϕ3q|2 ` |β1,n|2

` E
”

|ξ1,n`1 ´ β1,n|
2
ˇ

ˇ

ˇ
ϕn, wn

ı

˙

ď|U1,n|2 ´ 2anxU1,n, h1pϕ1,n, ϕ2,n, wn;ϕ3qy ` an

ˆ

1

C 1
R

|β1,n|2 ` C 1
R|U1,n|2

˙

` 3a2n

ˆ

|h1pϕ1,n, ϕ2,n, wn;ϕ3q|2 ` |β1,n|2 ` E
”

|ξ1,n`1 ´ β1,n|
2
ˇ

ˇ

ˇ
ϕn, wn

ı

˙

ďp1 ´ anC
1
Rq|U1,n|2 ` 3a2nη̂n.

(67)

Now, by the proof of Theorem 4,

|h1pϕ1,n, ϕ2,n, wn;ϕ3q|
2

` E
”

|ξ1,n`1 ´ β1,n|
2
ˇ

ˇ

ˇ
θn,ϕn, wn

ı

ďC

ˆ

1 ` c21,n ` c21,nc
4
w,ne

Cc21,n ` c21,nc
2
2,ne

Cc21,n

` exp tCc41,nup1 ` c8w,n ` c42,n ` b4n ` c42,n ` c81,nq

` exptCc81,nup1 ` c16w,n ` c82,n ` b8n ` c81,nq ` pd log bnq8
˙

.

(68)
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Moreover, the assumption |βn| “ Opa
1
2
n q imply that |βn|

2

an
ď c, where c ą 0 is a constant. When n ě n0, it

follows from (67) that

E
”

|U1,n`1|2
ˇ

ˇ

ˇ
ϕn, wn

ı

ď p1 ´ anC
1
Rq|U1,n|2 ` 3a2nη̂n,

where

η̂n “C

ˆ

1 ` c21,n ` c21,nc
4
w,ne

Cc21,n ` c21,nc
2
2,ne

Cc21,n

` exp tCc41,nup1 ` c8w,n ` c42,n ` b4n ` c42,n ` c81,nq

` exptCc81,nup1 ` c16w,n ` c82,n ` b8n ` c81,nq ` pd log bnq8
˙

,

(69)

which is monotonically increasing because so are c1,n, c2,n, cw,n, bn by the assumptions. Taking expectation

on both sides of the above and denoting ρn “ Er|U1,n|2s, we get

ρn`1 ď p1 ´ anC
1
Rqρn ` 3a2nη̂n, (70)

where n ě n0.

Next, we show ρn`1 ď C 1anη̂n for all n ě 0 by induction, where C 1 “ maxt
ρ1

a0η̂0
, ρ2

a1η̂1
, ¨ ¨ ¨ ,

ρn0`1

an0
η̂n0

, 3
C1

R
u`1.

Indeed, it is true when n ď n0. Assume that ρk`1 ď c1akη̂1,k is true for n0 ď k ď n ´ 1. Then (70) yields

ρn`1 ď p1 ´ anC
1
Rqρn ` 3a2nη̂n

ď p1 ´ anC
1
RqC 1an´1η̂n´1 ` 3a2nη̂n

ď p1 ´ anC
1
RqC 1anp1 ` Aanqη̂n´1 ` 3a2nη̂n

ď p1 ´ anC
1
RqC 1anp1 ` Aanqη̂n ` 3a2nη̂n

“ C 1anη̂n ` C 1η̂na
2
n

ˆ

´AC 1
Ran ` pA ´ C 1

Rq `
3

C 1

˙

.

Consider the function

fpxq “ C 1η̂nx
2

ˆ

´AC 1
Rx ` pA ´ C 1

Rq `
3

C 1

˙

,

which has two roots at x1,2 “ 0 and one root at x3 “
A´C1

R` 3
C1

AC1
R

. Because C 1
R ´ 3

C1 ą 0, we can choose

0 ă A ă C 1
R ´ 3

C1 so that x3 ă 0. So fpxq ă 0 when x ą 0, leading to

C 1η̂na
2
n

ˆ

´AC 1
Ran ` pA ´ C 1

Rq `
3

C 1

˙

ă 0, @n,

since an ą 0. We have now proved Er|U1,n`1|2s ď C 1anη̂n.
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In particular, under the settings of Remark 1, it is straightforward to verify that |βn| “ Opa
1
2
n q. Then

η̂n “C

ˆ

1 ` c21,n ` c21,nc
4
w,ne

Cc21,n ` c21,nc
2
2,ne

Cc21,n

` exp tCc41,nup1 ` c8w,n ` c42,n ` b4n ` c42,n ` c81,nq

` exptCc81,nup1 ` c16w,n ` c82,n ` b8n ` c81,nq ` pd log bnq8
˙

ďC

ˆ

1 ` log log n ` log log nplog nqp ` plog nqpp1 ` log log nq

˙

ďCplog nqpplog lognq,

(71)

where C and p are positive constants independent of n. The proof is now complete.

Almost sure convergence of wn

We finally prove the almost sure convergence of wn.

Theorem 6. Let wn be updated following (42), and the assumptions (63) and the following additional

assumptions be satisfied:

piq
ÿ

n

aw,n “ 8,
ÿ

n

aw,n|βw,n| ă 8;

piiq c1,n Ò 8, c2,n Ò 8, cw,n Ò 8,
ÿ

n

a2w,nc2,nc
2
w,ne

c21,n ă 8;

piiiq
ÿ

n

aw,nanc
8
1,nc

8
2,nb

8
nc

16
w,ne

c81,n ă 8.

(72)

Then wn Ñ w˚ “ zek´x0

ek´1
almost surely as n Ñ 8, where k “ pµ ´ rqJΣ´1pµ ´ rqT .

Proof. Recall from Lemma 1 that E
”

|ξw,n`1 ´ βw,n|
2
ˇ

ˇ

ˇ
ϕn

ı

ď Cp1 ` |wn|2 ` |ϕ2,nq|eC|ϕ1,n|
2

ď Cp1 ` c2w,n `

c2,nqeCc21,n and βw,n “ 0 in our case.

Also, we can estimate the upper bound of function |hw| as

|hwpϕ1,n, wnq| ď Cp1 ` |wn|qeC|ϕ1,n|.

Then,

|hwpϕ1,n, wnq|2 ď Cp1 ` |wn|2qeC|ϕ1,n| ď Cp1 ` c2w,nqeCc1,n .

Denote Uw,n “ wn ´ w˚. Then similarly as in the proof of Theorem 4, we have
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E
”

|Uw,n`1|2
ˇ

ˇ

ˇ
ϕn, wn

ı

ď|Uw,n|2 ´ 2aw,nUw,nhwpϕ1,n, wnq ` aw,n|βw,n|p1 ` |Uw,n|2q

` 3a2w,n

ˆ

|hwpϕ1,n, wnq|2 ` |βw,n|2 ` E
”

|ξw,n`1 ´ βw,n|
2
ˇ

ˇ

ˇ
ϕn, wn

ı

˙

ď|Uw,n|2 ´ 2aw,nUw,nhwpϕ1,n, wnq ` aw,n|βw,n|p1 ` |Uw,n|2q

` 3a2w,n

ˆ

Cp1 ` c2w,nqeCc1,n ` |βw,n|2 ` Cp1 ` c2w,n ` c2,nqeCc21,n

˙

ď r1 ` aw,n|βw,n|s |Uw,n|2 ´ 2aw,nUw,nhwpϕ1,n, wnq ` aw,n|βw,n|

` 3a2w,n

ˆ

Cp1 ` c2w,nqeCc1,n ` |βw,n|2 ` Cp1 ` c2w,n ` c2,nqeCc21,n

˙

“

”

1 ` aw,n|βw,n| ` 4aw,np1 ´ e´pµ´rq
Jϕ1,nT q´

ı

|Uw,n|2

´ 2aw,n

ˆ

Uw,nhwpϕ1,n, wnq ` 2p1 ´ e´pµ´rq
Jϕ1,nT q´|Uw,n|2 ` Mpϕ1,nq

˙

` aw,n|βw,n| ` 3a2w,n

ˆ

Cp1 ` c2w,nqeCc1,n ` |βw,n|2 ` Cp1 ` c2w,n ` c2,nqeCc21,n

˙

`2aw,nMpϕ1,nq

“ : p1 ` γnq|Uw,n|2 ´ ζn ` ηn,

(73)

where f´ “ maxp´f, 0q, γn “ aw,n|βw,n| ` 4aw,np1 ´ e´pµ´rq
Jϕ1,nT q´, ζn “ 2aw,n

„

Uw,nhwpϕ1,n, wnq `

2p1´ e´pµ´rq
Jϕ1,nT q´U2

w,n `Mpϕ1,nq

ȷ

, ηn “ aw,n|βw,n| ` 3a2w,n

ˆ

Cp1` c2w,nqeCc1,n ` |βw,n|2 `Cp1` c2w,n `

c2,nqeCc21,n

˙

`2aw,nMpϕ1,nq, while

Mpϕ1,nq “
pz ´ x0q2

4pek ´ 1q2

pe´pµ´rq
J

pϕ1,n´ϕ˚
1 qT ´ 1q2

|1 ´ e´pµ´rqJϕ1,nT |
ě 0.

First, we consider the term γn. By Theorem 4, almost surely, ϕ1,n Ñ ϕ˚
1 “ Σ´1pµ ´ rq as n Ñ 8.

Hence pµ ´ rqJϕ1,n Ñ pµ ´ rqJΣ´1pµ ´ rq ą 0 since Σ P Sd`` and µ ‰ r. Then for any ϵ ą 0 and

any ω P Ω except for a zero-probability set, there exists 0 ă N1pϵ, ωq ă 8 such that when n ě N1pϵ, ωq,

1 ´ e´pµ´rq
Jϕ1,npωqT ą ϵ ą 0. Then,

8
ÿ

n“1

γn “ 4
8
ÿ

n“1

aw,np1 ´ e´pµ´rq
Jϕ1,npωqT q´

“ 4

N1pϵ,ωq
ÿ

n“1

aw,np1 ´ e´pµ´rq
Jϕ1,npωqT q´ ă 8.

Next, we consider the term Uw,nhwpϕ1,n, wnqy`2
´

1 ´ e´pµ´rq
Jϕ1,nT

¯´

U2
w,n. When 1´e´pµ´rq

Jϕ1,nT ě
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0,

Uw,nhwpϕ1,n, wnq ` 2
´

1 ´ e´pµ´rq
Jϕ1,nT

¯´

U2
w,n

“pwn ´ w˚q

”´

1 ´ e´pµ´rq
Jϕ1,nT

¯

wn `

´

x0e
´pµ´rq

Jϕ1,nT ´ z
¯ı

“

´

1 ´ e´pµ´rq
Jϕ1,nT

¯

w2
n `

1

ek ´ 1

!

“

ekpx0 ` zq ´ 2x0

‰

e´pµ´rq
Jϕ1,nT ´ 2zek ` z ` x0

)

wn

´
1

ek ´ 1
pzek ´ x0q

”

x0e
´pµ´rq

Jϕ1,nT ´ z
ı

,

which is a convex quadratic function of wn with the minimum value

´
pz ´ x0q2

4pek ´ 1q2

pe´pµ´rq
J

pϕ1,n´ϕ˚
1 qT ´ 1q2

1 ´ e´pµ´rqJϕ1,nT
ď 0.

When 1 ´ e´pµ´rq
Jϕ1,nT ă 0,

Uw,nhwpϕ1,n, wnq ` 2
´

1 ´ e´pµ´rq
Jϕ1,nT

¯´

U2
w,n

“pwn ´ w˚q

”´

1 ´ e´pµ´rq
Jϕ1,nT

¯

wn `

´

x0e
´pµ´rq

Jϕ1,nT ´ z
¯ı

` 2
´

e´pµ´rq
Jϕ1,nT ´ 1

¯

U2
w,n

“

´

e´pµ´rq
Jϕ1,nT ´ 1

¯

w2
n `

1

ek ´ 1

!

e´pµ´rq
Jϕ1,nT

“

p´3z ` x0qek ` 2x0

‰

` 2zek ´ 3x0 ` z
)

wn

`
zek ´ x0

pek ´ 1q2

!

e´pµ´rq
Jϕ1,nT

“

p2z ´ x0qek ´ x0

‰

` 2x0 ´ z ´ zek
)

,

which is also a convex quadratic function of wn with the minimum value of

´
pz ´ x0q2

4pek ´ 1q2

pe´pµ´rq
J

pϕ1,n´ϕ˚
1 qT ´ 1q2

e´pµ´rqJϕ1,nT ´ 1
ď 0.

To sum up, in both cases Uw,nhwpϕ1,n, wnq ` 2p1´ e´pµ´rq
Jϕ1,nq´U2

w,n is a convex quadratic function of wn

with the minimum value of ´Mpϕ1,nq. This implies that

ζn “ 2aw,n

ˆ

Uw,nhwpϕ1,n, wnq ` 2p1 ´ e´pµ´rq
Jϕ1,nq´U2

w,n ` Mpϕ1,nq

˙

ě 0

is always true for any n.

Third, we aim to prove
ř

ηn ă 8 almost surely. By Theorem 4, ϕ1,n Ñ ϕ˚
1 ; hence, there exists

0 ă N2pωq ă 8 such that ´1 ă pµ ´ rqJpϕ1,n ´ ϕ˚
1 qT ă 1 for all n ě N2pωq. Additionally, for any δ ą 0

there exists N3pϵ, δ, ωq ą 0 such that | z´x0

ek´1
p1 ´ e´pµ´rq

J
pϕ1,n´ϕ˚

1 qT q| ă ϵδ
2 when n ě N3pϵ, δ, ωq.

Choose Npϵ, δ, ωq “ maxtN1pϵ, ωq, N2pωq, N3pϵ, δ, ωqu. Notice that pe´x ´ 1q2 ď 4x2 when ´1 ď x ď 1.

So when n ě Npϵ, δ, ωq,

pe´pµ´rq
J

pϕ1,n´ϕ˚
1 qT ´ 1q2 ď 4|pµ ´ rqJpϕ1,n ´ ϕ˚

1 q|2T 2 ď 4T 2|µ ´ r|2|ϕ1,n ´ ϕ˚
1 |2.
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Furthermore, when n ě Npϵ, δ, ωq, we have

Mpϕ1,nq ď
pz ´ x0q2

pek ´ 1q2

T 2|µ ´ r|2|ϕ1,n ´ ϕ˚
1 |2

ϵ
ď Cϵ|ϕ1,n ´ ϕ˚

1 |2.

By Theorem 5, the definition of η̂n in (69) and the assumption (72) on taw,nu, we know

8
ÿ

n“1

aw,nEr|ϕ1,n ´ ϕ˚
1 |2s ď C 1

8
ÿ

n“1

aw,nanη̂n ă 8.

Consider the sequence Sm “
řm

n“1 aw,n|ϕ1,n ´ϕ˚
1 |2, which is a monotone increasing sequence and Sm Ñ S “

ř8

n“1 aw,n|ϕ1,n´ϕ˚
1 |2. By the monotone convergence theorem, we have ErSms Ñ ErSs “

ř8

n“1 aw,nEr|ϕ1,n´

ϕ˚
1 |2s ă 8. It follows that S “

ř8

n“1 aw,n|ϕ1,n ´ ϕ˚
1 |2 ă 8 almost surely. This implies

ř8

n“1 aw,nMpϕ1,nq ď

řNpϵ,δ,ωq´1
n“1 aw,nMpϕ1,nq ` Cϵ

ř8

n“Npϵ,δ,ωq aw,n|ϕ1,n ´ ϕ˚
1 |2 ă 8 almost surely. Furthermore, if assumptions

in (63) in Theorem 4 and assumptions in (72) in Theorem 6 are satisfied, then we have
ř

ηn ă 8.

The above analysis yields
ř

γn ă 8,
ř

ηn ă 8 and ζn is non-negative. It follows from Robbins and

Siegmund (1971, Theorem 1) that |Uw,n|
2
converges to a finite limit and

ř

ζn ă 8 almost surely.

Finally, we show |Uw,n| Ñ 0. Otherwise, there exists a set Z P F with PpZq ą 0, for every ω P Z,

there exists δpωq ą 0 such that for all n sufficiently large, |wnpωq ´ w˚| ě δpωq ą 0. Consider the following

function:

fpϕ1,n, wnq “ Uw,nhwpϕ1,n, wnq “ pwn ´ w˚q

”´

1 ´ e´pµ´rq
Jϕ1,nT

¯

wn `

´

x0e
´pµ´rq

Jϕ1,nT ´ z
¯ı

.

When n ą Npϵ, δ, ωq, we have

fpϕ1,npωq, w˚ ` δpωqq “δpωq

„

´

1 ´ e´pµ´rq
Jϕ1,npωqT

¯

δpωq `
z ´ x0

ek ´ 1

´

1 ´ e´pµ´rq
J

pϕ1,npωq´ϕ˚
1 qT

¯

ȷ

,

and

fpϕ1,npωq, w˚ ´ δpωqq “ ´ δpωq

„

´

´

1 ´ e´pµ´rq
Jϕ1,npωq

¯

δpωq `
z ´ x0

ek ´ 1

´

1 ´ e´pµ´rq
J

pϕ1,npωq´ϕ˚
1 qT

¯

ȷ

.

Recall that for n ą Npϵ, δ, ωq, | z´x0

ek´1
p1 ´ e´pµ´rq

J
pϕ1,npωq´ϕ˚

1 qT q| ă
ϵδpωq

2 holds true, and f is a convex

quadratic function of wn with one root to be w˚. Then we have fpϕ1,npωq, w˚ ` δpωqq ě
ϵδpωq

2

2 ą 0

and fpϕ1,npωq, w˚ ´ δpωqq ě
ϵδpωq

2

2 ą 0. Moreover, by the property of quadratic functions, we obtain

fpϕ1,npωq, wq ą
ϵδpωq

2

2 ą 0 for all w P p´8, w˚ ´ δpωqs Y rw˚ ` δpωq,8q. Thus, if |wnpωq ´ w˚| ą δpωq for

any n ą Npϵ, δ, ωq,

ζnpωq “2aw,nUw,npωqhwpϕ1,npωq, wnpωqq ` 2aw,nMpϕ1,npωqq

ě2aw,nUw,npωqhwpϕ1,npωqwnpωqq ě aw,nϵδpωq2.
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Then

8
ÿ

n“1

ζnpωq “

Npϵ,δ,ωq´1
ÿ

n“1

ζnpωq `

8
ÿ

n“Npϵ,δ,ωq

ζnpωq ě

Npϵ,δ,ωq´1
ÿ

n“1

ζnpωq `

8
ÿ

n“Npϵ,δ,ωq

aw,nϵδpωq2 “ 8,

which contradicts the fact that
ř8

n“1 ζn ă 8 almost surely. Therefore, wn Ñ w˚ almost surely.

Now, Theorem 1 follows from combining Theorems 4, 5, 6, and Remark 1.

G.2 Proof of Theorem 2

We first recall a simple result regarding the inner product between two positive semi-definite matrices.

Lemma 4. For two matrices M,N P Sd`, we have xM,Ny ě 0.

Proof. Since M P Sd`, it can be represented as M “ QJDQ, where D “ diagpλ1, λ2, ...λdq is a diagonal

matrix with the diagonal entries being the (nonnegative) eigenvalues of M , and Q “ pq1, q2, ..., qdq is a

matrix consisting of the corresponding eigenvectors of M . Then,

xM,Ny “ x

d
ÿ

i“1

λiqiq
J
i , Ny “

d
ÿ

i“1

λixqiq
J
i , Ny

“

d
ÿ

i“1

λipq
J
i Nqiq ě 0,

(74)

noting that λi ě 0 and N P Sd`.

We now prove Theorem 2. Note that the wealth processes xuπ

and xπ have identical distributions. It

follows from (24) that the wealth processes txπptq : 0 ď t ď T u and txπ̂ptq : 0 ď t ď T u follow the dynamics:

dxπptq “ ´pµ ´ rqJϕ1pxπptq ´ wqdt `

b

xσσJ, ϕ1ϕJ
1 pxπptq ´ wq2 ` CptqydW ptq,

and

dxπ̂ptq “ ´pµ ´ rqJϕ1pxπ̂ptq ´ wqdt `

b

xσσJ, ϕ1ϕJ
1 pxπ̂ptq ´ wq2 ` ĈptqydW ptq.

Taking integration and then expectation on both equations and denoting gptq “ Erxπptqs and ĝptq “ Erxπ̂ptqs,

we find that g and ĝ satisfy the same ODE:

g1ptq “ ´Agptq ` Aw, gp0q “ x0; ĝ1ptq “ ´Aĝptq ` Aw, ĝp0q “ x0, (75)

where A “ pµ ´ rqJϕ1. The uniqueness of solution to this ODE implies g ” ĝ and, hence, ErxπpT qs “

Erxπ̂pT qs.
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Next, applying Itô’s formula to pxπptqq2, and then integrating and taking expectation, we obtain that

kptq “ E
“

pxπptqq2
‰

satisfies

k1ptq “ p´2A ` Bqkptq ` 2wpA ´ Bqgptq ` w2B ` xσσJ, Cptqy, (76)

where B “ xσσJ, ϕ1ϕ
J
1 y. Similarly, k̂ptq “ E

“

pxπ̂ptqq2
‰

satisfies

k̂1ptq “ p´2A ` Bqk̂ptq ` 2wpA ´ Bqĝptq ` w2B ` xσσJ, Ĉptqy. (77)

However, Lemma 4 yields xσσJ, Cptqy ě xσσJ, Ĉptqy. Thus it follows from applying the comparison theorem

of ODEs to (76) and (77) that kptq ě k̂ptq @t P r0, T s. The desired result that VarpxπpT qq ě Varpxπ̂pT qq

follows immediately.

G.3 Proof of Theorem 3

We first show that the Sharpe ratio is a function of just ϕ1. For ease of exposition, the wealth process

xuptq will henceforth be denoted simply as xptq. Indeed, under the deterministic policy (17), Erxp¨qs satisfies

the same ODE (75). Solving it we get

Erxptqs “ w ` px0 ´ wqe´At.

Moreover, solving the ODE (76) with C “ 0, we obtain

Erxptq2s “ ep´2A`Bqtpw ´ 1q2 ´ 2e´Atpw2 ´ wq ` w2.

Hence

Varpxptqq “ px0 ´ wq2e´2AtpeBt ´ 1q,

leading to

SRpϕ1q “
pErxpT qs ´ x0q{x0
a

VarpxpT q{x0q
“

eAT ´ 1
?
eBT ´ 1

. (78)

Next we prove that SRpϕ1q is uniformly bounded in ϕ1 P Rd. To this end, first note that SRpϕ1q is

a continuous function of ϕ1 except at ϕ1 “ 0. Denote by λmin the smallest eigenvalue of the positive
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semi-definite matrix Σ. Then, on one hand,

lim sup
|ϕ1|Ñ0

|SRpϕ1q| ď lim sup
|ϕ1|Ñ0

T |pµ ´ rqJϕ1 ` 1
2 ppµ ´ rqJϕ1q2 ` Op|ϕ1|3q|
a

TϕJ
1 Σϕ1

ď lim sup
|ϕ1|Ñ0

|µ ´ r||ϕ1| ` 1
2 |µ ´ r|2|ϕ1|2 ` Op|ϕ1|3q
a

λmin|ϕ1|2

?
T

“
|µ ´ r|

?
T

?
λmin

.

On the other hand, note that B “ ϕJ
1 Σϕ1 ě λmin|ϕ1|2 Ñ 8 as |ϕ1| Ñ 8. In particular, when |ϕ1| ą 1?

λminT
,

eBT ´ 1 ě 1
4e

BT . Therefore,

lim sup
|ϕ1|Ñ8

|SRpϕ1q| ď lim sup
|ϕ1|Ñ8

eAT

?
eBT ´ 1

ď lim sup
|ϕ1|Ñ8

e|µ´r||ϕ1|T

b

1
4e

BT

ď lim sup
|ϕ1|Ñ8

2e|µ´r||ϕ1|T´ 1
2ϕ

J
1 Σϕ1T

ď lim sup
|ϕ1|Ñ8

2e|µ´r||ϕ1|T´ 1
2λmin|ϕ1|

2T “ 0.

It follows then |SRpϕ1q| ď C1 @ϕ1 P Rd for some constant C1 ą 0.

Now, SR reaches its maximum at ϕ1 “ ϕ˚
1 ; hence SR1

pϕ˚
1 q “ 0. Next we show SR2

pϕ˚
1 q ď 0. Recall that

k “ pµ ´ rqJΣ´1pµ ´ rqT ,

SR2
pϕ˚

1 q “ ´
1

2
pek ´ 1q´ 3

2 ekrpek ´ 1qΣT ´ pµ ´ rqpµ ´ rqJT 2s,

where

pek ´ 1qΣT ´ pµ ´ rqpµ ´ rqJT 2 ě kΣT ´ pµ ´ rqpµ ´ rqJT 2

“ T 2ppµ ´ rqJΣ´1pµ ´ rqΣ ´ pµ ´ rqpµ ´ rqJq.

Consider the matrix pµ ´ rqJΣ´1pµ ´ rqΣ ´ pµ ´ rqpµ ´ rqJ, by the Cauchy–Schwarz inequality, for any

vector x P Rd,

xJppµ ´ rqJΣ´1pµ ´ rqΣ ´ pµ ´ rqpµ ´ rqJqx

“pµ ´ rqJΣ´1pµ ´ rqxJΣx ´ xJpµ ´ rqpµ ´ rqJx

“pµ ´ rqJΣ´1pµ ´ rqpxJΣxq ´ pxJpµ ´ rqq2

ě0.

Therefore, we have SR2
pϕ˚

1 q ď 0.

Fix a constant δ ă |ϕ˚
1 |. Then for any ϕ1 such that |ϕ1 ´ ϕ˚

1 | ă δ, we have SR2
pϕ1q ľ ´C̄I for some

constant C̄ ą 0, because SR2 is continuous in this region.
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By Taylor’s expansion, for any ϕ1 with |ϕ1 ´ ϕ˚
1 | ă δ, we have

SRpϕ1q ´ SRpϕ˚
1 q “ SR1

pϕ˚
1 qpϕ1 ´ ϕ˚

1 q `

ż 1

0

p1 ´ tqpϕ1 ´ ϕ˚
1 qJ SR2

pϕ˚
1 ` tpϕ1 ´ ϕ˚

1 qqpϕ1 ´ ϕ˚
1 qdt

“

ż 1

0

p1 ´ tqpϕ1 ´ ϕ˚
1 qJ SR2

pϕ˚
1 ` tpϕ1 ´ ϕ˚

1 qqpϕ1 ´ ϕ˚
1 qdt

ě ´

ż 1

0

p1 ´ tqC̄|ϕ1 ´ ϕ˚
1 |2dt “ ´

1

2
C̄|ϕ1 ´ ϕ˚

1 |2,

or SRpϕ˚
1 q ´ SRpϕ1q ď 1

2 C̄|ϕ1 ´ ϕ˚
1 |2.

Recall that Theorem 1-(b) yields that

Er|ϕ1,n ´ ϕ˚
1 |2s ď C

plogpn ´ 1qqp log logpn ´ 1q

n ´ 1

ď C
plog nqp log log n

n ´ 1

“ C
plog nqp log log n

n
˚

n

n ´ 1

ď Č
plog nqp log log n

n
,

where Č is a constant independent of n.

Set δ1
n “ p4C1Č

C̄
plognq

p log logn
n q

1
4 , n P N, and n0 “ inftn : δ1

n ă δu. Further, define δn “ δ for n ă n0, and

δn “ δ1
n for n ě n0. Then, for n P N, we have

ErSRpϕ˚
1 q ´ SRpϕ1,nqs

“

ż

|ϕ1,n´ϕ˚
1 |ďδn

rSRpϕ˚
1 q ´ SRpϕ1,nqsdP `

ż

|ϕ1,n´ϕ˚
1 |ąδn

rSRpϕ˚
1 q ´ SRpϕ1,nqsdP

ď

ż

|ϕ1,n´ϕ˚
1 |ďδn

1

2
C̄|ϕ1,n ´ ϕ˚

1 |2dP `

ż

|ϕ1,n´ϕ˚
1 |ąδn

2C1dP

ď
1

2
C̄δ2n ` 2C1Pp|ϕ1,n ´ ϕ˚

1 | ą δnq.

When n ă n0, we have ErSRpϕ˚
1 q ´ SRpϕ1,nqs ď 1

2 C̄δ2 ` 2C1. When n ą n0, we have

ErSRpϕ˚
1 q ´ SRpϕ1,nqs

ď
1

2
C̄δ2n ` 2C1Pp|ϕ1,n ´ ϕ˚

1 | ą δnq

ď
1

2
C̄δ2n ` 2C1

1

δ2n
Er|ϕ1,n ´ ϕ˚

1 |2s

ď
1

2
C̄δ2n ` 2C1

Č

δ2n

plog nqp log log n

n

“ 2

c

C̄C1Č
plog nqp log log n

n
.
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Consequently,

Er

N
ÿ

n“1

pSRpϕ˚
1 q ´ SRpϕ1,nqqs

“

N
ÿ

n“1

ErSRpϕ˚
1 q ´ SRpϕ1,nqs

“

n0
ÿ

n“1

ErSRpϕ˚
1 q ´ SRpϕ1,nqs `

N
ÿ

n“n0

ErSRpϕ˚
1 q ´ SRpϕ1,nqs

ď p
1

2
C̄δ2 ` 2C1qn0 ` 2

N
ÿ

n“n0

c

C̄C1Č
plog nqp log log n

n

ď C ` C
a

NplogNqp log logN.

The proof is complete.
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