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THE CONNECTION BETWEEN THE MAXIMUM
PRINCIPLE AND DYNAMIC PROGRAMMING IN
STOCHASTIC CONTROL*

XUN YU ZHOU*?

Institute of Mathematics, Fudan University, Shanghai, China

(Received 15 January, 1989; in final form 17 March, 1989)

There are usually two ways to study optimal stochastic control problems: Pontryagin’s maximum
principle and Bellman’s dynamic programming, involving an adjoint process i and the value function
V, respectively. The classical result on the connection between the maximum principle and dynamic
programming is known as y(¢) = V,(t, %(t)), where %(-) is the optimal path. In this paper we establish a
nonsmooth version of the classical result by employing the notions of super- and sub-differential
introduced by Crandall and Lions. Thus the illusory assumption that V(-,) is differentiable is
dispensed with.

KEY WORDS: Optimal stochastic control, maximum principle, dynamic programming, super- and
sub-differential, viscosity solution.

1. INTRODUCTION

For se[0,1], the set of admissible controls U,,[s, 1] will be the collection of (1) a
standard probability space (Q,%,P) and a r-dimensional Brownian motion
{B(t):s<t<1} with B(s)=0; (2) a I'-valued #$-adapted measurable process u(-,")
in [s,1], where #i=0{B(r):s<r=<t} and I is a prescribed compact set in a metric
space. We denote (, &, P, B(t);u)e U,[s, 1], but sometimes we will only write
ue U, [s, 1] without mentioning the probability space and the Brownian motion, if
no ambiguity arises.

Let (s,y)e[0,1]x R? be fixed. For each (Q,%,P,B(t);u)eU,[s, 1], there is a
cost functional J(s, y; u)=E{f; L(r, x(r),u(r)) dr + h(x(1))}, where x(-) is the solution
of the following SDE on the space (Q, #, P, #3):

{dx(t)=a(t, x(2)) dB() +f(t, x(t), u(t))dt, sStgl, (1)
x{(s)=y.

The optimal control problem is to minimize J(s,y;u) among all admissible
controls.

We denote the above problem by C; , to recall the dependence on the initial
time s and initial state y. The value function is then defined as
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2 XUN YU ZHOU
V(s, yy=inf {J(s, y;w): ue Uls, 1]} (1.2)

(%,70) is called an optimal pair of the problem C,, if X is the corresponding
solution process of (1.1) for de U,y[s,1] and J(s, y; &) =V (s, y).

To study the above optimal stochastic control problem, most researches were
along either of two lines: maximum principle (MP in short) and dynamic
programming (DP), which go back to Pontryagin [9] and Bellman [1],
respectively.

The MP says (the precise statement will be given later on): if (%, 1) is an optimal

pair for C; ,, then there exists a #}-adapted process ¥, called the adjoint process,
such that
EH(t, %(t), i(t), Y(t)) = max EH(t, X(t),(, Y(1)) ae.t s, 1], (1.3)
uel

where H is the Hamiltonian defined as:

H(t,x,u,p)= —p- f(t,x,u)— L{t, x,u) for (t,x,u,p)e[0,1]xR‘xT' xR% (1.4)

On the other hand, the classical theory of DP asserts that if V(-,-)e C*'2, then it
satisfies the following Hamilton—Jacobi-Beliman (H-J-B) equation: [§, 8]

2V

oV d v
e - ii ) H 3 vy By > =Y, 1
o (t,x) zz: a;; s 6xj(t X) +sup (t X, U, — (t x)) 0 (1.5)

1 uel ax

iJj

where

a;=1/2 Y oyop, Lj=12,....d.

k=1

But this theory is highly unsatisfactory because the value function V is not
smooth even in the simplest case, unless the diffusion term in (1.1) is nondegener-
ate; see [5]. Recently, however, there has been a significant development in the
study of DP due to the new conception of the viscosity solution introduced by
Crandall-Lions [4]. It asserts that V is a solution of (1.5) in viscosity sense, which
is not required to be in C'? [7]. Hence the result in [7] may be viewed as a
nonsmooth version of the classical theory.

Now a natural question arises: what is the relationship between MP and DP? In
deterministic control (¢ =0), the well-known result is that if ¥(-,)e C*2, then

Y(t) =V, (t, X(t)), (1.6)

see [5]. But it is also based on the assumption that V is smooth. Recently, this is
improved by the author [11], by showing that (1.6) can be interpreted as

D V(t, 2(t)) = {¥(t)} = DI V(t, %(t)) .7
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where D and D] is the sub and super differential evoked in defining the viscosity
solution [4]. Some related work by Clarke and Vinter [3,10] is discussed below
(see Remark 3.4).

The present work is a continuation of the study to the connection between the
MP and DP in stochastic control. After precise statements of the MP and DP in
Section 2, we will give a stochastic version of (1.7) in Section 3, under the usual
assumptions appearing in proofs of the MP and DP. Therefore, the MP, DP and
their connection can be established within a unified framework of nonsmooth
analysis: the framework of viscosity solution.

2. MAXIMUM PRINCIPLE AND DYNAMIC PROGRAMMING

Throughout this work, we impose the following assumptions:

(Ay) a(:,") is a continuous mapping from [0,1] x R? to R**"; sometimes we write
6=(04,03,...,0,), where o; is R%valued, i=1,2,...,r;

(A;) f(-,") and L(-,-,") are continuous mappings from [0,1]1x R?x T to R? and
R! respectively; moreover, f and L are continuous with respect to (t,x),
uniformly in ueT;

(As) Y(t,wel[0,1]xT, f(t,-,u), L(t,,u), o(t,-) and h(-) are continuously differen-
tiable, where A(-) is R!-valued;

(A4} 3Jconst K >0 such that

lf(t, x,u)—f(t, v, u)] +[L(t, x,u)— L{t, y, u)| + |cr(t, x)—olt, y)]

+|h(x)—h(y)| SK|x—y|, V(t,x, y,u) €[0,1] x Rx R x T; 2.1

| £t x, u)| + | L(t, x, )| + |o(t, )] + | h(x)| S K(1 +]x])

V(t,x,u)el0,1]xR*xT. (2.2)
LeMMA 2.1 There exists a constant C>0Q such that
[t xs ) = J(s, y; )| S C(Jt — 5|2 +|x = y]), V(t,%),(s, ) € [0, 1] x R%, Vue U,y (2.3)

’V(t, X) - V(S, y)l g C(It —Sll/z + Ix —yl)’ V(t, X), (Ss J’) € [Oa 1] X Rd' (24)
Proof The proof is conventional and easy, hence omitted.

Tueorem 2.1 (MP) Suppose (X,4) is an optimal pair for the problem C; ,, then
there exists an adjoint process y(t) on [s, 1] which is & S-adapted such that

EH(t, x(r), i(t), ¥(1)) =max EH(t, %(t), u, Y(1)), a.e. te[s, 1] 2.5
uel
H(t, x(2), at), Y(t)) = max H(z, X(t), u, ¥(¢)), w.p.1; ae.te[s, 1]. (2.6)
uell

Furthermore, the process y can be represented as
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Y(t)= E(f} Ly(r, %(r), i(r))®(r, 1) dr + h (A 1)P(1, HlFy, tzs wpl,  (27)

where L, and h, denote respectively the gradients of L and h, and the random
matrix ® satisfies the following SDE

O, 1)=1+ ;f [, X(r), W(r))D(r, T} dr

r t
+Y [ourn )0, 1)dB (), for sSTEH;
i=1 ¢

(2.8)

®(t,7)=0, for s=t<r,
here f, and o,, denote respectively the Jacobian matrices of f and o;.
Proof See [12] as one of the special cases.

Remark 2.1 The forms of the MP are somewhat different depending on authors
[2,6,12]. In [2], the adjoint process ¥ is described as a solution to some SDE. But
in order to investigate the connection between the MP and DP, it is convenient to
write the  explicitly down as (2.7). See Section 3 for details.

Before going to the statement of the DP, let us briefly recall the definition of the
viscosity solution of a second-order nonlinear partial differential equation [7].

DerFiniTioN 2.1 Let O be a smooth domain in R” and ve C(Q), the second-order
super- (resp. sub-) differential of v at x € Q, denoted by D* *v(x) (resp. D% ™) is the
set defined as

D* *o(x)={(4, p)e R"*"x R":Tim [t y) ~ v(x) —p- (y — %)}~ 1/2AA(y —x), y = x)]/

ly—x?<0}.

(resp. D* "1(x)={(4,p)e R"*"x R": lim {-*-} 2 0}).

y=x

DEFINITION 2.2 Let GeC(Qx RxR*x R"*™) and ve C(Q), v is called a viscosity
solution of the equation G(x, v, v, 8?v) =0, if

G(x, v(x), p, A) S0, Y (A4, p)e D* *v(x), Vxe Q; (29

G(x,v(x), p, A) 20, V(4, p)e D* “u(x), Vx € Q. (2.10)

Remark 2.2 The first-order super- and sub-differential of veC(Q) are now
denoted by D' *u(x) and D! ~1(x) respectively. See [4,11]. It is easy to see that if
(4, p) e D* *1(x), then pe D! T1(x), etc.

Remark 2.3 For a function veC([0,1]x Q), when we write DZ *u(t,x), it is
understood to be the super-differential with respect to the x-variable, etc.
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THEOREM 2.2 (DP) The value function V is a viscosity solution of the H-J-B
equation (1.5) with the end condition

V(1,x)=h(x). (2.11)

Remark 2.4 Our definition of the value function (1.2) follows that in [5], which
is somewhat different from that in Lions [7] and Nisio [8]. The difference lies in
that our value function satisfies a backward H-J-B equation while the one in [7, 8]
satisfies a forward H-J-B equation. Thus the proof of Theorem 2.2 is also
somewhat different from that in [7].

Proof of Theorem 2.2 For fixed (t,x)€[0,1] x RY, let (4, p)e D¥,” V(t, x) where
peR™M, A=(A;)eRU*H*W*D 1 i=01,2,...,d By the property of sub-
differential [7], there exists Fe CZ((0,1) x R?) n C,([0, 1) x R%) such that

F(t’ X)= V(t9 X), (Ft(t’ X), Fx(ts X))=(po,p1)‘—-2p, Ftt(t5 x)=A00s

Foult,x)=(4;), i,j=1,2,...,d (2.12)
F(s, y) < V(s, ), VY(s, y) #(¢, x). (2.13)

Ye>0, AQ,F,P,B(r); u,) e U,ylt, 1] such that V(t,x)=J(t, x;u,)—e>. Note by the
definition of the admissible control, for P-as.weQ,

(Qa ‘7, P('ﬂ:-*-ﬁ) ((2)), B(T) _'B(t +8); ua’[t+e, 1]) € Uad[t t& 1]’
hence

F(t,x)=V(t,x) 2 J(t, x; u,) — &2
—E' ] Lis,x(5) uls) ds+E{E | Lis x (o) (s) ds+h(xe(1))|f:+e}—e2

t+e

2E [ L(s,x,(5), u,(s)) ds+ EV(t+e,x,(t +¢)) —¢&?

t+e

ZE | L(s,x,(3), u(5)) ds+ EF(t + & x,(t + ) — €7, (2.14)

where x, is the solution of (1.1) for the control u, with initial (t, x). Applying 1t&’s
formula to F(-,-), we get from (2.14) that

t+e d azF
- ,!' E {Fs(ss xa(s)) + i,,Z:l aij(s5 XE(S)) axi dx }ds

J
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t+e

2 | E{L(s, (), ts(8)) + F o5 X(5)) " 1 (5, %,(5), (s} ds — &

1+e

2 | E{L(t, %, u () + F+(t,X) (5, X, u,(5))} ds —o(e)

= —esup H(t, x,u, F . (t,x)) —ole). (2.15)

uel

Dividing (2.15) by ¢ and letting ¢ tend to 0, we arrive at

4
—Po— Z a;(t, x)A;;+sup H(t, x,u,p,) 2 0. (2.16)

i, j=1 uel
Now let (4,p)eD?}V(t,x), there is also a function FeCZ((0,1)xR%)n
Co([0, 1) x R%) with the property (2.12) and
F(s, y)> Vs, y), ¥(s, y) #(t, x). (2.17)
Yex>0, by Lemma 2.1, 3 =4(t, &) such that
iJ(t+a,y; w—J(t+ez; u)l+[V(t+e,y)— V(t+6,z)[<sz,
VueUylt+e 1], if |y—z|<d. (2.18)
Let {D;} be a Borel partition of R? with diameter |D;|<d. Choose x;e D;. For each
J» 3Q;, F, Py, B(r); v)) € U4l t +¢, 1] such that
Jt+ex;v)SV(t+ex)+e2 (2.19)
hence for any yeD;,
J+e o) SJ(t+ex;v)+el SV(t+ex)+2° SV +e,y)+36% (220)
Since v; is o{B j(r),t+s§r__<__s}-adapted, so there exists a measurable & [t+¢,1]x
C([t+¢&1]—-R)—T such that vf{r,w)=0r, Bj(: Ar,w)). Now for any uel, let

X, ( ')l[,,,”] be the solution of (1.1) with the initial (¢,x) and any admissible contro}
(Q, %, P, B(r); u(t) =u) on [t,t+¢&]. Define

(s, 0)= {“’ if se[t,1+8) (2.21)

s, B(- As,w)— B(t+&,m)), if se[t+e¢1]and x,(t+¢e)eD;.

It is clear that u,e U,4[t,1], let x, be the corresponding solution of (1.1) for initial
(t, x) and the control u,. We can write

F(t,x)=V(t,x) £J(, x; u,)
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t+e

=E j MS9 xe(s)r u) dS +EJ(t +¢, xe(t+6); uel[H-e. 1])
t

t+e

SE | L(s,x,(s),u)ds+EV(t+¢,x,(t+&)) + 3e* (see (2.20))

t+e

E [ L(s,x,(s),u) ds+ EF(t +&,x,(t + ¢)) + 3¢, (2.22)

A

Using a similar calculation as (2.15), we get

d
—Po— Z a;(t, x)A;;+sup H(t, x, u,py) 0. (2.23)

i,j=1 uel

By combining (2.16) and (2.23), it follows that V is a viscosity solution of (1.5).
Moreover, (2.11) is clear. The proof is completed.

3. CONNECTION BETWEEN MAXIMUM PRINCIPLE AND DYNAMIC
PROGRAMMING

In deterministic control, the following principle plays an important role in the
study of DP: if (X,4) is optimal for the problem C, ,, then it is also optimal for
C, z for each te[s, 1]. See [1,11]. Sometimes it is called Beilman’s principle of
optimality. The following Lemma 3.1 is essentially a stochastic version of the
Bellman’s principle.

LemMa 3.1  Suppose (%, 1), defined on a probability space (Q, F, P) with a Brownian
motion {B(t):s <t <1}, is an optimal pair for C, ,, then for each te[s, 1]

V(t,%(t) =E <} Lir, %(r), (7)) dr + h(fc(l))lf,‘> , w.p.l. (3.1)

t

Proof Note for as.weQ, (Q F, P(|F:)(w), B(r)—B(t); t], 1)) € U,qlt, 1], hence

V(t,%(t) SE (} L(r, %(r), ir)) dr + h(ic(l))l.?/"f), w.p.1. (3.2)
If
P {w: V(t, (t, w) < E(E L(r, %(r), 4(r)) dr + h(;‘c(l))|ﬁf) (w)} >0 (3.3)
then 3£>0 such that

EV(t,x(t))+e<E [} L(r, X(r), i(r)) dr + h()‘c(l))]. 34)
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Using a similar argument as in (2.18) ~ (2.22), we can choose an admissible control
v in [t, 1] such that
EJ(t,2(t); 0) <EV(t, X(t)) +e¢. (3.5)
Define
() — wry,refs,t)
we) {vm, refs, 1

then we have

J(s, y;u*)=E } L(r, 2(r), 4(r)) dr + EJ (¢, %(t); v)

<E _th(r, X(r), ) dr+ E [i L{r, %(r), o(r)) dr + h(i(l))]

=J(s, y; ). (3.6)
This is a contradiction to the optimality of &. Hence (3.3) is faise. The proof is
completed.

Remark 3.1 1t is easy to check that (3.1) is equivalent to that M(t)=V(¢, %(¢)) +
{¢ L(r, %(r), i(r)) dr is an F$-martingale in [s,1].
In the following we will write o, to stand for Y., o,.

LEMMA 3.2 Let (X,4) is optimal for C , and let te[s,1]. Let ¢ be a F}-measurable
Ré-valued random variable. Then the solution of the following SDE

2(r)y=¢ +3fx(9, %(6), W(6))z(6) d6 + 3 0.8, X(0))z(6) dB(6), r =t 3.7

can be represented by
2r)=(r,t)¢,re 1, 1], (3.8)
where @ is the solution of (2.8).

Proof It is easy to verify that the right side of (3.8) satisfies (3.7). Hence the
result follows from the uniqueness of solutions of the SDE (3.7).

THEOREM 3.1 Suppose (%,4) is an optimal pair for the problem C, ,, then for any
tefs, 1]

DI V(L 3(1) & {Wl1)} < DX * V(L 5(0), w.p.1, (39)

where \ is the adjoint process appearing in Theorem 2.1.
Proof Yy &R let x(-; ') satisfy the following SDE in [z, 1]:
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x(ry)=y' + }f(B, x(6; ), #(6)) d6 + j: a(6,x(8; y))dB(6), r=1. (3.10)

Note m(r)= [;{c(0, x(6; y")) — (8, %(8))} dB(B) is still an Fi-martingale under
P(|F%)(w) for as.w. Hence by a standard argument, we know there exists
C=C(t)>0 such that

E( sup |x(6; y’)—2(0)|4|3"§)§C|y/—5c(t)]“, w.p.1. (3.11)
1<0s1

Now we can write

x(r; y)—X(r)=y' —x(¢)

+]U(0.5(5: ), 56) (6,569, 0)) o
+{6.5(6,) ~o(0, 50))} 4B(®)

=/ =300+ £8.50) H0) (x6; )~ 5(0) dO
+ [ 0ul6.56) (x6: )~ 50) dB6)

+f g {146, %(6) + o x(8; ) — (6)), ()
~ (8, %(6), 2(8))} deu (x(6; ') — (6)) dO
][ {0.(0,50)+ 56 )~ 50)

— 0.6, %(6))} da - (x(6; y') — (6)) dB(6). (3.12)

Denote

1
r1(6;y)= (I) {fx(0,%(6) + a(x(8; y') — (6)), (6)) — £.(6, X(B), &(6))} da,

r (6, y)= jf {06, %(8) + a(x(6; y') — %(6))) — 0 ,.(6, %(0))} da, for Be[t,1].
0
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Let z(-; y) satisfy the following SDE in [, 1]:
xry)=y —%(t)+ I [d8,%(6), 4(8))z(6; ') 40+ [ 7.(8, %(6))2(6; y') dB(6). (3.13)

By assumptions (A;) ~ (A,)}, (3.11) and dominated convergence theorem, we have
P{w: E(r(& )M FNw) >0 as y->Xtw),V0e[1]}=1, i=12, (3.14)

sup E(ri6; y)|*F1) (w) Sconst. i=1,2. (3.15)

.8,y

Denote w(r; y')=x(r; y)—%(r)~z(r; y'). With the aid of (3.11), it is not difficult to
derive that

E( sup (w(r; Y)'i’{g«“f)éconst. {h E( sup fw(r; yl)‘zlg‘rf) d()}

tSrsh t<rs6

+const. {} E(|r,(6; y)[*|#5) do

1 1/2
+[§ E(|r(6; y')[“lff)de] }[ ¥ —%()|%, wp.l. (3.16)

By virtue of (3.14) ~ (3.15), we get by the Gronwall’s inequality
P {w: E( sup |w(r; y’)l2|?f>(w)=o([y’—5c(t, w)lz)}= 1. (3.17)
t<ret
Now we choose an Q, < Q with P(Q,)=1 such that for any wye€,, (2.7), (3.1)
and (3.11) are satisfied for any rational y’ (i.e., all the coordinates of y are rational

numbers), and (Q, &, P(-|F$) (w,), B(r) ~ B(t); 1‘4{[,, € ULt 1] Let wyeQy be fixed,
then for any rational ', we have

1
V(t,y) = V(5 31, wo)) S Ef {f [LAr, x(r; '), 4(r)) — L, %(r), &(r))] dr

+h(x(1;y'))—h(fc<1))}, (3.18)

where E'=E(-|#3)(w,). Using a similar calculation as in (3.12), we can rewrite
(3.18) as
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V(t, )= V(t, Xt w0) S Ef {3 Ly(r, X(r), &(r)) (x(r; y') — %(r)) dr
+ h(Z(1) (x(1; y') — X( 1))} + o]y = (t, wo)))
=E {i L(r, X(r), i(r)) [w(r; ) + O(r, ) (¥ — X())) dr

+h X)WL y) + DL, ) (¥ —J‘C(t))]}

+o(ly'—%(1,0,))) (by Lemma 3.2.)

1
=E' {I L(r, %(r), t(r)®(r, t) dr - (¥’ — %(2))

+h (X)L, 1) - (¥ —J‘C(t))} +o(]y' = 5(t, o))

(by (3.17) which is a consequence of (3.11))

=E {} Lyr, %(r), 4(r)®(r, 1) dr

+ hx(jc(l))q)(ls t)} : (y,_ ﬁ(t’ (,00)) + O(‘yl _‘5&(% wo)l)

=(t, o) (¥ —3(t, wo)) + 0|y = %(t, w)])  (by (27)),  (3.19)

hence for any e>0, there exists a 6>0 such that if y, is rational and
|yn—%(t,00)| <8, then V(1 y,)— V(t, £(t, o)) SY(t, o) (¥, — X(t, o))+, Where
lel/| v — %(t, wo)| < /3. Now choose &' =min(1,4,¢/3(C+|y(t,0)])) where C is the
constant in (2.4), then for any ' with 0<|y'—%(¢,w,)| <&, find a fixed rational yy
such that |yl — (1, e)| < |y — (t, wo)] and |y~ ¥'| <]y = %(t, )| Thus we get

V(ta yl) - V(la 5C(t, wo))gw(ts wO)(yl_i(t’ 6()0))+C|y, - y;‘ll + l//(ts C00) (y;v- ,V’) +8N7
moreover, it is easy to compute that

Cly = yil+ ¥t o)) W= ¥) e _,
|y, ‘2(t9 wo)l
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This means (3.19) holds for any y e R?, which immediately leads to the fact that
W(t, wp) € DL+ V(t, %(t, ;). On the other hand, suppose pe DY~ V{1, %(t, w,)), then
by the definition of first-order sub-differential

Oé lim {V(t’ yl)— V(t,.i(t,(t)o))—p'(y,—i(t, wo))}/ly"‘-’%(f,wo)]

y' = %(t, wo)

< lim {(Y(two)=p) (VY =3t 0}y —i(t,wo)| (by (3.19),  (3.20)

y' -, wo)

hence p=y(t,w,), which is the left half of (3.9). The proof is now completed.
Let us conclude the paper with some remarks.

Remark 32 By Theorem 3.1, for any te[s 1], for as.weQ, if V() is
differentiable at X(t,w), then (¢, w)= V. (¢, &(t, w)). This is just a stochastic version
of the classical resuit (1.6). Moreover, we do have examples, as we have raised in
the deterministic case [11], to show that the inclusions in (3.9) may be strict. In
fact, if ¥(t,") is not differentiable at X(t,w), then (3.9) implies DL ~ V(s X(t,w))=¢
and y¥(t,w)e DL " V(1,%(t,w)). (Since in general if v is not differentiable at some
point x, then either D “v(x) or D *u(x) will be empty.)

Remark 3.3 In the deterministic case, it can further be proved [11] that
D} V(e X(8) < {(H(t, (1), #(2), (), Y(1))} < D" V(e %(¢)). (3.21)

By virtue of (3.21) we can derive the MP directly from the DP. However, (3.21)
fails to hold in the stochastic cases. In fact, the Hamiltonian in (3.21) should be
replaced by a “generalized Hamiltonian” which is in quadratic form. Moreover, we
are also required to study the second-order super- and sub-differential of V(-,-) due
to the fact that V satisfies a second-order H-J-B equation. A study of these
subjects will appear in a forthcoming paper.

Remark 34 Here we mention another framework of nonsmooth analysis, called
“generalized gradient”, to investigate the connection between the MP and DP,
though only of the deterministic cases. Clarke—Vinter [3] and Vinter [10] proves
the following relationship, without assuming the differentiability of f, L and % in
x-variable;

Y(t) € 0,V (e, X(2)), (H(z, X(t), 1), (1)), Y(t) € 0,  V (1, X(2)), (3.22)

where J, and &, , denotes respectively the generalized gradient in x-variable and
(r, x)-variable. As mentioned in the foregoing, the analogous resuit to (3.22), in the
framework of “viscosity solution” and the related “super- and sub-differential”, is
proved in [11] (see (1.7) and (3.21)). On the other hand, the connection between
these two frameworks is not clear, but at least we have D *u(x)u D' ~v(x)
< 0(x).
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