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Abstract

This paper deals with the discrete-time stochastic LQ problem involv-
ing state and control dependent noises, whereas the weighting matrices in
the cost function are allowed to be indefinite. In this general setting, it
is shown that the well-posedness and the attainability of the L(Q) problem
are equivalent. Moreover, a generalized difference Riccati equation is in-
troduced and it is proved that its solvability is necessary and sufficient for
the existence of an optimal control which can be either of state feedback or
open-loop form. Furthermore, the set of all optimal controls is identified
in terms of the solution to the proposed difference Riccati equation.
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1 Introduction

Optimal control has found profound applications in a a wide range of practical
problems. For the systems whose components are perturbed by a Gaussian noise,
the most popular problem is known as the linear—quadratic-Gaussian (LQG)
problem [5] and its theory has been well established. However, many real systems
are subject to stochastic perturbations not necessarily of the Gaussian type. In
this paper we are concerned with a general stochastic optimal control of discrete-
time linear systems in which the parameters are subject to (non-Gaussian) noises
not only additively but also multiplicatively in both the state and the control.
The cost function (payoff function) is the expectation of an indefinite quadratic
form in the state and the control.

Since it has been introduced by Kalman [9], the classical Riccati equation
constitutes the computationally most efficient and the theoretically most impor-
tant ingredient in the linear-quadratic (LQ) control design methodology. It is
well-known that for the definite LQ problem the optimal control is always unique
and has a feedback form with deterministic gain given by the solution to the
Riccati equation. For the discrete-time LQ control, there have been some works
in literature for problems with control and/or state dependent noises. One early
work [11] deals with a special case, whose system dynamics are described by a
difference equation in which both the system matrix and control matrix are mul-
tiplied by white, possibly correlated, scalar random sequences. Recently, in [6]
, the optimal control law is derived for the systems with only control dependent
noises. However, in both papers it is assumed that the state weight is nonnegative
and the control weight is positive definite in the performance index.

Work on continuous-time stochastic LQ control with indefinite weighting ma-
trices can be found in a series of articles (see, e.g., [7, 2, 1], and Chapter 6 of [15]).
One of the interesting applications of this indefinite L(Q control is in mathematics
finance [16, 10]. For discrete-time L(Q) problem, the control weighting matrix is
not required to be positive definite even in the deterministic case. However, the
control weighting matrix can be even more negative when uncertainty factors are
involved in the system as will be demonstrated in this paper.

In this paper we introduce a generalized difference Riccati equation (GDRE)
involving a matrix pseudo inverse. We show that in general the GDRE solution
leads to a family of optimal controls for the indefinite stochastic LQ problem
under consideration. Meanwhile we introduce a linear matriz inequality (LMI)
condition, and prove that the feasibility of this LMI, the solvability of the GDRE,
the well-posedness of the LQ problem, and the attainability of the L(Q problem are
all equivalent. It should be noted that a special case involving matrix (normal)
inverse has been partially studied in [12]. In contrast in this paper we provide a
complete solution to the problem.



The remainder of the paper is organized as follows. Section 2 formulates the
indefinite stochastic L.QQ problem and introduces the generalized difference Ric-
cati equation. In Section 3 the optimal state feedback control is studied using the
maximum principle approach. Section 4 provides a complete solution to the LQ
problem via the dynamic programming approach combined with some algebraic
results. The equivalence between the well-posedness, the attainability of the LQ
problem, the feasibility of the LMIs and the solvability of the GDRE is estab-
lished. Section 5 shows that in general the form of an optimal control can be more
complex than that of a purely static state feedback control. A characterization
of the structure of the optimal controls is given. Section 6 presents an extension
of the results when the noises in the system are correlated. A numerical example
is reported in Section 7. Finally, Section 8 concludes the paper.

2 Problem formulation and preliminaries

We make use of the following basic notation in this paper: R" is the real n-
dimensional Euclidean space; R™*" the set of all m xn matrices; M’ the transpose
of a matrix M and M7 its Moore-Penrose pseudo inverse; and Tr(M) the trace of
a square matrix M. Moreover, M > 0 (resp. M > 0) means that M = M' and M
is positive (resp. nonnegative) definite. Finally, E[z] represents the expectation
of a random variable z.

Consider the discrete-time stochastic model

(1)

Tiy1 = (AZ +wf01)xz + (BZ +w:‘D,)uz—|—w,, 1=0,...,N—1,
g € R™ is a given initial random variable ,

where the initial state xg, the noises (w?, w¥, w;,i =0,..., N — 1), and the con-
trol sequence ug,...,un_1, u; € R", are defined on a given probability space
(2, B,P). All the coefficients A;, B;, C; and D; are assumed to be deterministic
matrices with appropriate dimensions determined from the context. Without loss
of generality, the noises w{ and w}' in the state and control terms are assumed to
be scalar random variables.

We assume that the initial condition z; is independent of the noises wy, w;', w;,
1=0,...,N — 1, and all the noises have zero means:

E[wf] = E[w!] =0, E[w;]=0,
with the following variances/covariances
E[(wf)?] = E[(w!")?] =1, Blwuw] ="V,

E[wfw}] = pf*, Elww]] =0, Elww|=0.



The cost function associated to the system is

N-1

J (2o, ug, ..., un—1) = E[ ) (2iQiz; + uiRyu;) + 2y Qnzn), (2)
i=0
where Qq,...,Qn and Ry,...,Ry_1 are symmetric matrices with appropriate
dimensions.
In general, a control is defined as a sequence (ug, ...,uy 1) of random vari-

ables defined on the probability space (2, B,P). The admissible control set Uyq
is the set of all such controls. The LQ problem under consideration is to find
a control that minimizes J(xg, ug, - . -, unx_1) over the admissible control set. We
also define

V(zg) 2 inf  J(xo,uo,- .-, Un_1)- (3)

UQ,y--, UN -1

Note that the above optimization problem may be ill-posed since the weighting
matrices Qo, - .., @Qn, Ro, - .., Ry_1 are possibly indefinite. Therefore, we have the
following definition.

Definition 2.1 The LQ problem (1)-(3) is called well-posed if

V(zo) = uo’..igth_l J(zg, ug, ..., un_1) > —00,

for any random variable xy which is independent of the noises

wi,wi,wi, 1=0,...,N—1.
The LQ problem is called attainable if there exist an admissible control (ug, . .., uk_)
such that V(zg) = J(xo,ug, . ..,uy_;) for any random variable z,. In this case
(ug, - - -, ul_q) is called an optimal control.

It is interesting to note that if the L(QQ problem is attainable, then we will show
that there must be an optimal control that is adaptive, namely, a control sequence
Ug, - - -, Un_1 where each u; is generated by the history of the state xg, ..., z;:

u; = ¢z, ..., 25), 1=0,...,N—1. (4)

For later use, we recall the pseudo-inverse of a matrix. Let a matrix M € R™*"

be given. Then there exists a unique matrix Mt € R™™, which is called the
Moore-Penrose pseudo inverse [13] of M, such that

MMM = M, MMMt = M, %)
(MM?Y = MM, (MtM) = MTM.



Lemma 2.1 Let a symmetric matriz S be given. Then
(i) St = ST;
(ii) S > 0 if and only if ST > 0;
(iii) SST = StS.

Now we introduce the generalized difference Riccati equation.

Definition 2.2 The following constrained difference equation

P, = A{PiAi — HIGIH; + Q; + ClPini Gy,
G:GIH, —H; =0, andG; >0 fori=N—1,...,0,

where
H; = BiP; 11 A; + p{*DiP; 11 C;, (7)
Gi = RZ + B;P,L_HB, + Dépi—i—lDi; fOT‘ 1=N— 1, ey 0,

is called a generalized difference Riccati equation (GDRE).

3 State Feedback Control

In this part, we establish a link between the existence of an optimal control in
state feedback form with deterministic gains and the solvability of the GDRE. The
idea is to transform the stochastic LQ problem into an equivalent deterministic
optimization problem subject to a matrix difference equation constraint involving
only the covariance matrices of the state and the gain matrices of the feedback
control. Then we apply the deterministic maximum principle [4]. This approach
also gives a nice interpretation to the solution of the GDRE, which is nothing
but the matrix Lagrangian multiplier (see the proof of Theorem 3.1 below).

Lemma 3.1 Let matrices L, M and N be given with appropriate sizes. Then the
following matrix equation

LXM = N, (8)
has a solution X if and only if
LLINMM'" = N. (9)
Moreover, any solution to (8) is represented by
X=L'NM'+Y - LILYMM", (10)

where Y 1s a matriz with an appropriate size.



Theorem 3.1 If the LQ problem (1)-(3) is attainable by a feedback control law
u; = Kz, fori=1,...,N —1, (11)

where Ky, ..., Ky are constant deterministic matrices, then the GDRE (6) has a
solution.

Proof : The first step is to formulate the L() problem in terms of the state covari-
ance matrices X; = F[z;z}] and the gain matrices K;. By a simple calculation it
can be seen that the following deterministic optimal control problem is equivalent
to the original problem (1)-(3) with a feedback control of the form (11):

N-1

min Z Tr[(Q; + KIR;K;) X;] + Tr(QnXn),
=0

KOz---;KN—IERmxn §—

subject to (12)
Xiy1 = AiXGA + CX,C] + BiK, X;K;B; + D;K; X, KD
Xp is a given symmetric matrix.

In the above problem the matrices Ky,..., Ky 1 are viewed as the control to
be determined. Hence, as in [4] we can apply the matrix Lagrangian multiplier
method to solve the above problem. The Lagrangian function is formed as

-1
L= Hi+Tr(QnXy),
where
H; £ Tr((Q; + KIRK;) X)]
+T[Py1 (AiXi AL+ CiXiC! + BiKi X, K| B} + D;K; X;K!D)

and the matrices Py, ..., Py _; are the Lagrangian multipliers. The first-order
necessary conditions for optimality [4] are found to be

87{1 _ _ 8HZ .
aK_O’B_ a—)(i, fOI‘Z—l,...,N—l,
Py =Qn.
The calculation of the above derivatives leads to the following equations

(R; + B/P,11B; + D;P;.1D;)K; + B{P; 11 A; + p?*DP;1,C; = 0, (13)



P,=Q;+ AP, 1A, + C/P1C; + K[(R; + B{P,11B; + D/P,11D;)K;

+(AiP1Bi + pi"CiPiya D) K; + Ki(BiPi1 Ai + pi" Di P11 Cy), (14)
Py =Qn.
Now by using Lemma 3.1 we can see that the existence of a solution Ky, ..., Kny_1

to the equation (13) is equivalent to G;GiHi — H; = 0, where

Gi = R, + B;P; ;1 B; + D;P; 1, D;
H; = B{Pi 1 Ai + p{"D;P;,C;,

and the general solution is given by the following gains
K, =—-G/H,+Y, - G!G,Y;, Y;e R™™ fori=1,...,N—1.
Putting the above gains into (14) we obtain

Py = Qn,

GiGH; — H; =0, (15)
H; = B{Pi 1 A + p{" D P11 Cj,

Gi = R, + B;P,;1B; + D;P, ., D;.

Notice that the above equation is exactly the GDRE without any positiveness
constraint. The proof will be complete if we show that G; > 0,7 =0,..., N — 1.

Let us suppose there is G; with an associated negative eigenvalue A. Denote
the unitary eigenvector respect with to A as vy (i.e., vy = 1 and Gyuy = Avy).
Let 6 # 0 be an arbitrary scalar and construct a control sequence as follows

5 ~GlHyz;, 1 # 1,
T SIA"2uy — Gl Hg, i=1L

The associated cost is

J(x(), ’&,(), P 7'&N—1)
N-1 N-1
5 . 5 N-1 .
= (—1u)'Gi(—1vx) + Y Tr(ViPi1) + Elzg Pomo
RiE RiE i=0
N-1
=0+ > Tr(V;Piy1) + ElzgPoxy).
i=0
Obviously, as § — oo, J(xg, U, - - -, Un—_1) — —00 which contradicts the assump-
tion of the theorem. O



4 Wellposedness and Attainability

In this section, the connection between the well-posedness and attainability of
the LQ problem is examined. It turns out, rather surprisingly, that when the
optimal cost value is finite the LQ problem is always achievable by an optimal
control. To this end, We first establish the link between the well-posedness and
some LMI condition, and then prove that the LMI condition is equivalent to the
the solvability of the GDRE as well as to the attainability of the LQ problem.

4.1 An LMI condition

The following result formulates the well-posedness as the feasibility of some LMI
involving unknown symmetric matrices. In fact, here we only show that the
proposed LMI condition is sufficient for the well-posedness. The necessity will be
shown later.

Theorem 4.1 The LQ problem (1)-(3) is well-posed if there exist symmetric
matrices Py, ..., Py satisfying the following LMI condition.

AP A; — P+ ClPia G + Qi | AjPi1 By + pPClP1 D; >0
BiP, 1 Ai + pi*DiP; 1 C; ‘ R, + B{P,.2\B; + DiP,;1D; | = 7
fori=0,--- N—1, and Py < Q.

(16)

Proof: Let P, ..., Py satisfy (16). Then by adding the following trivial equality

N-1
(@541 Piv1%iv1 — w3 Pizi) = Elzly Pyay — 24 Pozol (17)
i=0
N-1
to the cost function J(z, ug, ..., un_1) = E[D>_ (2jQiz; + ujRiw;) + 2yQnzn],
i=0
and using the system equation (1), we can rewrite the cost function as follows
J(xo, Ug,y - - - ,uN—l)

N—1
=E Y (2;Qizi + wRiu; + xi P wipy — 2 Pixs)| + Blzly (Qn — P )z + 24 Poxo)

=0
—1

=E ) [7{(Qi — P+ AP, A + CiPi1Ci)xi + 2x(Aj P B + pi"CiPy1Ds)u;

i=

2@.

o

N-1
+uj(R; + BiPi11B; + DiPiy1 D)) + E Y wiPiiqw
i=0
+E[$’N(C2IN - PN).’EN + $6P0.’1?0]
—F NZ_I T; A;Pi—l—lAi + CZ{PH—lCZ' +Q; — B ‘ A2Pi—|—13i + Pz‘w“C{Pz'HDi =
U; B[P 1A+ pf*DiPi1C; | Ri+ B[Piy1B; + DiPi1D; U;

1=0



+ Nzl Tr(ViPii1) + E[2'y (Qn — Pn)an + 25Poxo]-
From 51?3 above equality we can easily deduce that the cost function is bounded
from below by E[z{Pyxo] + Nz_l Tr(V;P,;1) and hence the LQ problem (1)-(3) is
well-posed. = O

Remark 4.1 We have shown in the proof of Theorem 4.1 that any symmetric

matrices Py, ..., Py satisfying condition (16) provide a lower bound, E(z{Pyxo) +
N—-1

Z Tr(V;P;41), for the optimal cost value. In the next subsection, we will see that
i=0

this lower bound becomes the exact optimal cost value when P, ..., Py solve the
GDRE.

4.2 Equivalence between Well-posedness and Attainabil-
ity

In the preceding subsection we have shown that if the LMI condition (16) is

satisfied then the well-posedness of the L.QQ problem holds. In this subsection we

not, only prove the reverse implication but also show that the well-posedness, the

attainability, the LMI condition, and the solvability of the GDRE are equivalent

to each other.
The following lemmas are useful in our analysis.

Lemma 4.1 (Extended Schur’s lemma [3]) Let be given matrices F = F', H
and G = G' with appropriate sizes. Then the following conditions are equivalent:

(i) F— HG'H'>0,G >0, and H(I — GG) = 0.

[ F H]
(”)_H’ G_EO.
[ G H']
(m)_H F_EO'

Lemma 4.2 Let be given matrices G = G' and H with appropriate sizes. Then
the following conditions are equivalent

(i) HI — GG') = 0.
(ii)) Ker(G) C Ker(H).



Proof : The implication (:) = (i7) is trivial. On the other hand, the reverse
implication can be shown by using the singular value decomposition of G (see [8]):

X 0|
G—Vlo O]V’

where ¥ is a nonsingular diagonal matrix and V' a matrix such that VV’' = I.
Moreover, V' is decomposed as V = [V; V3] where the columns of the matrix V5
form a basis of ker G. Now, one can deduce straightforwardly that G* is given

by
1o
+ _ !
cav] 5 0
A simple calculation yields H(I — GG') = HV,V]. Since GV, = 0 we have
HV; = 0 and the proof is complete. O

Lemma 4.3 Let be given matrices F = F', H and G = G' with appropriate sizes.
Consider the following quadratic form

q(z,u) = E[z'Fz + 22' Hu + v'Gul,

where x and u are random variables defined on a probability space (2, B, P). Then
the following conditions are equivalent:

(i) in}f q(z,u) > —oo for any random variable x.

(ii) There exists a symmetric matriz S = S’ such that inf q(z,u) = E[2'Sz], for
any random variable x.

(iii) G >0 and H(I — GG') = 0.
(iv) G > 0 and Ker(G) C Ker(H).

(v) There exists a symmetric matrizx T =T such that [ F[;,T g ] > 0.

Moreover, if any of the above condition holds, then (i) is satisfied by S =
F — HG'H'. In addition, S > T for any T satisfying (v). Finally, for any
random variable x, the random variable v* = —G'H'zx is optimal with the follow-
ing optimal value

q(z,u*) = E[2'(F — HGTH")z].

10



Proof : The required equivalences are proved by the following loop:
(1) = () < (i1) = (i1) = (v) = ().

First note that the equivalence (iv) < (i7i) is nothing than the result given by
Lemma 4.2.
(1) = (iv): Assume that there exists v such that v'Gv < 0. Then for an arbi-
trary scalar o > 0 we have al_i)rfooq(ac, av) = —oo. By assumption this leads to
contradiction. Hence G must be positive.

Suppose now that Ker(G) € Ker(H). In other words there exists u such that
Gu = 0 and Hu # 0. Take any arbitrary scalar o > 0 then it is immediate that

lim ¢(Hu,—au) = —oo which contradicts (i).

a—+00
(13i) = (47): A simple calculation gives

q(z,u) =E[¢'(F - HG'H")z + (v' + 2’ HG)G(u + GTH'z)].
Define S = F — HGTH', then it is easily seen that i%f q(z,u) = E[z'Sz] for any

random variable x.
(17) = (v): We have for any random variables x, u:

q(z,u) = E[2'Fz 4+ 22' Hu + v'Gu] > E[z'Sz],

!
x F-S H x
o[ 6 ][
Thus (v) holds with 7= S.

(v) = (¢): trivial.
The rest of the proof is straightforward. O

or equivalently

> 0.

The following provides a connection between the well-posedness of the LQ
problem and the solvability of the GDRE.

Theorem 4.2 The LQ problem (1)-(8) is well-posed if and only if there exist
symmetric matrices Py, ..., Py satisfying the GDRE (6). Furthermore the opti-
mal cost is given by

N—-1
inf J(JS(), U,y - - -y uN—l) = Z rI‘I'(V;PH_l) —+ E$6P0£E0. (18)
UQ yeeey UN -1 i—0

Proof : We prove the first assertion by induction. To this end consider the
cost-to-go from [ to N

N-1

Upye-nsUN —1 .
1=l

11



Note that by the stochastic optimality principle when V% (z;,) is finite then
Vi (z;,) is also finite for any /; < l. This fact will be used at each step of
the induction: since the L(Q problem is assumed to be well-posed at the initial
(zero) time, the cost-to-go V!(x;) is finite at any stage 0 <1 < N — 1.

Now let us start with [ = N — 1 and define Py = (Qy. Then by using the
system equation (1) and (19) we have

VN_I(JJN—l) — Tr(Vy_1Pn)
= infl E[.’L‘IN_lQN_l.’EN_l +UIN_1RN_1UN_1 =+ iL'INQN.’L'N] — T‘I‘(VN_le)

uUN_
= uilil_fl Elxy_1(Qn-1+ AN_1QnAn_1+ Cy_1QnCn_1)Tn_1
+2xlel(AlN71QNBN71 + p}”\}‘,IC'}v,lQNDN,I)uN,l
+uy_(Ry + By_1QnBy-1 + D;V—IQNDNfl)UNfl]-
Since VN¥=1(xy_1) is finite, using Lemma 4.3 we can guarantees the existence of
a symmetric matrix Py _; such that

VNil(.TN_l) - rI‘I'(VN_le) = E[.TIN_IPN_lﬁﬁN_l].

Also by Lemma 4.3 we have the following conditions which are nothing else than
the GDRE (6) for i = N — 1:

Py = Ay PyAy 1 —Hy G Hy 1+ Cy 1PipiCn 1+ Qn 1,
GN—l = RN—l -+ B}vfleBN—l + D}v,leDN—l > 07
Hy_y = By PvAn_1+p3 1Dy _1PvCn_1.

Now suppose that we have found a sequence of symmetric matrices P, ..., Py_1
which solve the GDRE (6) for i = N —1,...,1, and satisfy

N—1
V() = 3 Tr(ViPoys) = E(a}Piay).
i=l
Then by the stochastic optimality principle the following is derived:
N-1
Vi (@) — Z Tr(ViPii1)

i=[—1
N-1

= inf Bl Quaz 1 +up_ Ryoqug y + Vi) — Y Te(ViPiyy)
- i=l—1
= &Efl E(z_Qi1xi—1 +uj_ Ri_ywi—y + zjPx;) — Tr(V_1 P)
= &}{fl Elz;_(Qi1+ A PA 1+ C_PCi 1)z 1
+2z1_1 (A1 P By + p1 Ol Qi Di1)ug
+U;71(Rl + Bllflllelfl + D;71P1Dl71)ul71]-
As in the preceding we can see that Lemma 4.3 provides the following necessary

12



and sufficient conditions for the finiteness: of V'"1(z;_4)

Py =A_PA - H_Gl H +Q 1+C,_ PC 4,
Gi1=R_1+B,_,PB_1+ D, \PD,_, >0,

GGl H_y — H_, =0,

H, =B |PA_ 1+ p{",Di_PCi_.

In addition,
N-1

Vi @im1) = Y Te(ViPit) + 2 Pzt

i=l—1

These prove the first assertion. Next, noticing that by Lemma 4.1 the solution

to the GDRE satisfies also the LMI condition (16) which by Theorem 4.1 implies

the well-posedness of the LQ problem. O
The main result of this section is given by the following.

Theorem 4.3 The following are equivalent
(i) The L@ problem is well-posed.
(1i) The LQ problem is attainable.
(iii) The LMI condition (16) is feasible.
(iv) The GDRE (6) is solvable.

Moreover, when any of the above conditions is satisfied the L) problem is attain-
able by

(20)

where Py, ..., Py are solutions to the GDRE (6).

Proof : By Theorem 4.1 and Theorem 4.2 the equivalences (i) < (4ii) < (iv)
are straightforward. What remains to show is that the LQ problem is attainable
by the feedback control law (20). To this end, let P, ..., Py solve the GDRE (6).
Then by adding the equality

N—1

> (@ Prvizivn — 25 P;) = Elzy Pvan — 2o Pozo)

i=0

to the performance index we have
J(:L'Oa Ugy - - - auN—l)

N-—1
=B [2}(Qi — P, + AjP 1 A; + Ci P Cy)x; + 225(AiP; 1 B; + pf*Ci Py Di)u;
i—0

13



N-1

i=0
A completion of square yields
J(SL'(), Ugy - - - 7uN—1)
N-1 N-1
=E > [(ui + Gl Hiz;) Gi(u; + GIHiz;)] + . Tr(ViPiy1) + El) Py,
=0 N
which shows that the optimal value equals Y Tr(V;Pi41) + E[zyPyzo] and it is
i=0
attainable by the feedback u; = —G;[H,-x,- fori=1,...,N —1. O

Remark 4.2 Suppose that there exist QQp,...,Qn and Ry, ..., Ry_1 such that
the LQ problem is attainable. Then it is easily verified that for every Q, >
Qo,---,Qn > Qn and Ry > Ry,...,Ry_1 > Ry_1, the LMI condition (16) is
also satisfied. Therefore, any of the statements in Theorem 4.3 holds for every
Qo> Qo,-.-,Qn > Qn and Ry > Ry,...,Ry_1 > Ry_1.

Remark 4.3 It should be noted that the GDRE solution is also the unique
solution to the following semidefinite programming (SDP) [14] problem

N
min —Tr» P, subject to the LMI condition (16).
PO!"'apN—l 0

This fact is an immediate consequence of our previous results. However, it seems
that solving the above SDP is computationally unfavorable since the GDRE so-
lution can be found by a simple backward calculation.

5 Optimal Synthesis via GDRE

It is well-known that for a definite LQ problem the optimal control is always
unique and has a feedback form with deterministic gain given by the solution
to the difference Riccati equation. For the indefinite case this is no longer true.
In the following we provide a complete characterization of all optimal controls.
Precisely, we show that any optimal control can be expressed in terms of the
solution to the GDRE with two degrees of freedom. In general the optimal
control involves a feedback form with random gains and an additional random
term.
The following is the main result of this section.

Theorem 5.1 Assume that the GDRE (6) admits a solution. Then the set of all
optimal controls is determined by the following (parameterized by Y;, 2;):

ul"™ = —(GIH; + Y; — GIG:Y))z; + 2 — GIGiz, (21)

2

14



where Y; € R™™ and z; € R™ are arbitrary random variables defined on the
probability space (0, B,P). Furthermore, the optimal cost value is uniquely given

by

UQyeenyUN —1

N-1
inf  J(zo,u0, ..., un—1) = Y_ Tr(V;Pis1) + ElzgPozo, (22)
1=0

where Py, ..., Pny_1 solve the GDRE.

Proof : We show first that any control law of the form (21) is optimal. Let
Py, ..., Py 1 solve GDRE (6). By the same calculation used in our previous
proofs the cost function can be expressed as follows

J(:E()a Ugy - - - auN—l)
N-1

=E Y (£jQiz; + uiRiu; + ) Pixip1 — 23 Px;) +Blzf Pyxo)
i=0

—1
= E[Z 13(Qi — Py + AjPi Ai + CiPi 1 Cy)xy +2x5(Aj Py By + pf*CiPiy1Di)u;

N-1
+ul(Ri + BiPys1 Bi + DiPiy D)) +E S wi Py yw; + Ela) Poxo),

=0
N-1

=E Z (o HIGY Hyzy + 22, Hiug +uiGiw) + Y Tr(ViPiy1) + Elzh Poxo)-

=0 =0

Denote M} = —(Y; — GIG,Y;) and M? = —(z; — G!G;z;). Then we have
GiM; =0, G;M?=0. (23)

Thus, using the last expression of J(xg, ug, - ..,uy_1) given above and the equa-
tion (23) we have the following

J(l‘o,’do,.. ,UN— 1)
ZO VPz—l—l + E[.TOPQ.T()] (24)
N—1
Z + (GIH; + M})x; + M?) Gy (u; + (GIH; + M})z; + M?).
Since by definition G; > 0 for ¢ = 1,..., N — 1, we conclude that the control
sequence u; = —[(GIH; + M})z; + M?], i = 0,...,N — 1, minimizes J with the
optimal value given by (22).
Next, consider any control sequence iy, ..., %y 1 which minimizes the cost
function J. Then we have
J(xo, Ug, - - - ,’lj,N_l)
N-1 N-1
=E Y (@ + Gl Hiz:)'Gi(@; + Gl Hiz;)] + 3 Te(ViPiy1) + Elzf Pyxo]
=0 =0
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N—-1
1=0

Necessarily, the above equality implies

N—-1
E Y [(a@ + Gl Hiz;)'Gi(1; + Gl Hyz;)] = 0.

i=0
AsG;>0fori=1,..., N — 1, we have the following equivalent condition
Gi(u; + Gl Hz;) =0, i=1,...,N—1.
Hence each 1; solves the following equation
Giti; + GGl Hyz; = 0.

Using Lemma 3.1 with L=G;, M =1, N = —GZ-G}LHixi, we have the following
solution
U; = —GIHZ.’EZ + 2; — GIGZZZ
Thus 1; is represented by (21).
O

In the following we present some special cases of the previous result. The first
one is when the LQQ problem is attainable by a unique optimal control. The second
one is that the cost function has a constant value with any control sequence.

Corollary 5.1 The L@ problem is uniquely solvable if and only if G; > 0, for
1=0,---,N —1. Moreover, the unique optimal control is given by

ui:—G;IHixi, ’L=0,,N—1

Corollary 5.2 IfG, =0,1=0,---, N—1, then any admissible control is optimal
and the GDRE reduces to the following linear system:

P, — AP Ay — CiPi G — Q; = 0,

PN = QN’

BiPiy1 Ai + pi* DiP;11C; = 0,

Ri + BZ,PH_lB, + D;PH_lD, = O, fOT‘ 1= 0, ‘e ,N —1.

(25)

6 Extensions

So far we have assumed that E[w;w?] = E[w;w?] = 0. Here we show how to treat
the case when the noises w} and w;' are correlated with the additive noise w;. In
this situation, the optimal control requires an additional input term.

We provide in the following the optimal solution to the LQ problem in the
case when E[w,w?] = pf # 0, and E[w;w}| = p} # 0.

16



Theorem 6.1 The LQ problem (1)-(3) with pf # 0, p¥ # 0 is attainable by an
optimal control in the following form:

0 = =Gl (Hiwi + ¢i), i=0,...,N—1, (26)
where
Vi = DiPpy1p} + Biiy, (27)

Py, ..., Px_1 solve GDRE (6) (G;, H; are defined as in (6)), and ¢; satisfies the
following equation

Gsz (DiPH-lp:'L + Blpir1) — DiPiy1p¥ + Bl = 0, (28)

{ ¢ = (A] Hz{Gng{)qu—l + CiPiy1p] — H{G}LDQ,O;‘,
¢N = 07

or equivalently

GGty — b = 0, (29)

Moreover, the optimal cost value is given by

UQ,..y N—

N—1
inf ) J(.’L’o, Uy - - -y UNfl) = Z [’I‘I'(V;R_H) - w:GIw@] + E[.CE6P0$0 + 2$6¢0](30)
i=0
Proof : First note that
N-1
E(zi1) = E(Az; + Byu,) and E[—2q¢0] = E ) (27, bir1 — 7;64)-
=0

By (17),(1),(6) and (29), we have
[y Pyxy — x4 Poxo]
N-1
E [x;(H{GIHi—Qi)xi—l—u;(Gi—Ri)ui +22) Hlu; +2x,CI Py pf +2ul D} Py y 1 p¥]
=y
+ Z Tr(V;Pii1),

1=0

=

and
Ekm@d—EzmnHGwzcmmmﬂ+%&@ﬂl

Hence, we have the followmg
J(.’L'(), UQy - - - N — 1) E[CEOP()CUO — 2$6¢0]

17



N— N-1
Z (H!GIH;)x; + u'Giug +2a, Hlu + 22, HIGlp; +2ul;] + Z Tr(V;P;y1)

—Ei[uzw(mwwz» Gilus + Gl (Hya +00)) 9G] + 3 Tr(ViPo).

=0 =0
Finally, using (26) we see that
N-1
J(20, gy - - An 1) = 3 [Te(ViPiy1) — iG] +E[xh Pozg + 2¢)20].
i=0
Therefore uyg, ..., uyN_1 is an optimal control. O

Remark 6.1 As in the Theorem 5.1, the general form of the optimal control law
involves two degrees of freedom Y;, z;. The set of optimal controls is given by

@) = —(GIH; + Y; - GIG:iVi)a; — Gl + 2 — GiGiz, (31)

where Y; € R™*" and z; € R™ are arbitrary random variables.

7 A Numerical Example

The theoretical results obtained show that the solvability of GDRE (6) is equiv-
alent to the existence of optimal solution to the LQ problem (1)-(2). Moreover,
based on GDRE (6), we can obtain an optimal control with limited calculation.
The following numerical example illustrates the procedure of finding the optimal
solution.

Consider a 3-stage system (1)—(2) with initial state

T, = ( (1362952 01 ) . The coefficients of the dynamics are as follows

A — [ 0-9501 —0.6068 A, — [ 08913 —0.4565
1=\ 02311 0.4860 /)’ 27\ 0.7621 0.0185 )’

0.4447 0.7919
0.6979 B, — ( 0-8600 B, — [ 0-5936
03784 /> 727\ 0.8537 ) T* 7\ 0.4966 |’

C, — ( —0.5681 0.7027 ) o= ( —0.4449 0.6213 ) |

0.8214 —0.6154 )

0.3704  0.5466 0.6946 0.7948

—0.9568 0.8801
0.5226  0.1730

0.8998 D, _ [ 06449 p. _ [ 06602
—0.8216 /7 T2\ —0.8180 /’ T3\ —0.3420 |-

18



The parameters on the random factors are
pit = —0.2742, p3* = 0.5690, p5* = 0.5803,

Vo 0.9883 0.5031 V= 0.3340 —0.3294
Y70 05031 05155 ) "2 7\ —0.3294 0.5798 )’

Vi 0.5678 0.4267
37\ 0.4267 0.6029 |-

Finally, the state and control weights are the following

0 = —0.5000 0 0, = —0.6000 0
1= 0 0.2000 /> <27 0 —0.6000 )’

Qs = 0.8000 0 01 = 1.0000 0
3= 0 05000 )’ **— 0  0.5000 )’

Ry =—-09797, Ry, = —0.4072, R3= —0.2523.
Note that in this example, all the control weights R; are negative, while some

of the state weights (); are indefinite. We solve the corresponding GDRE of
this problem stage by stage and construct the optimal feedback control law K;.
Finally, we can calculate the optimal cost value.

Specifically, for GDRE (6), the terminal condition is Py = Q.

Stage 3:

G3 = R3 + BéP4Bg + DéP4D3 = 07176,
Gl = G3' = 1.3935,
H; = (0.1795,0.1514),

p._ [ 25808 —1.1643
37\ —1.1643 1.9500

The optimal feedback control gain is K3 = —G3Hs = (—0.2502, —0.2109).

Stage 2

G, = 4.8196,
Gl = G5t = 0.2075,
H, = (0.0085, —0.6830),

po_ [ 31721 —0.3630
27\ —0.3630 0.9395 /-

The optimal feedback control gain is Ky = (—0.0018,0.1417).

Stage 1:

G, = 4.2472,
Gl = Gy = 0.2355,
Hy = (2.5990, —1.6532),

19



—1.8864 2.7290

The optimal feedback control gain is K; = (—0.6119,0.3892). Finally, the
optimal cost value is

3
J(z1) = 21 Py + ZTT(VZ-PZ-H) = 7.9585.

=1

P - ( 1.9692 —1.8864 )

8 Conclusion

In this paper we have investigated the discrete-time stochastic indefinite L(Q prob-
lem in a general setting, allowing the weighting matrices in the cost function to
be indefinite. The underlying system is subject to external perturbations which
affect multiplicatively and additively the parameters of the model in both the
state and the controls. We have introduced a new Riccati-type equation which
plays a central role in solving the indefinite L.QQ problem. At the same time we
have introduced an LMI condition which turn out to be necessary and sufficient
for the solvability of our Riccati equation. More precisely, we have shown that
the well-posedness, the attainability of the L(Q problem, the feasibility of the LMI
and the solvability of Riccati equation are equivalent to each other. Also, we have
provided a complete characterization of all optimal controls.
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