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In optimal control theory, the verification technique plays an important role in
testing for the optimality of a given control, and in constructing optimal feedback
controls. However, the existing classical verification theorem is restrictive in that it
requires the associated dynamic programming equation to have smooth solutions.
In this paper. some verification theorems are presented within the framework of
viscosity solutions under mild assumptions, These theorems are shown to have
wider applicability than the classical verification theorem., As a relevant problem,
some differences und relationships between the viscosity solution and Clarke’s
generalized gradient are also discussed.  © 1993 Academic Press, Inc.

. INTRODUCTION

Let us consider the following optimal control problem. Given
(s, ¥)e [0, 1] x R“ we are to

1
minimize J(s, v u(-)) :zJ Lt x(t), ule))dt + hix(1)), (1.1)

X()=flt, x(2), ulr)), a.e te[s 1]

x(5) =, (12)

subject to {
over the set of admissible controls U 4[5 1] :={u( )| u(-) is a Lebesgue
measurable function from [s, 1] to I'}, where I" is a prescribed arbitrary
set in: R
We denote the above problem by €, | to recall the dependence on the
initial time s and the initial state y. The value function is defined as

Vs, y) i=inf{J(s, v u(-)): w(-)e Ungls, 11}, (1.3)
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Any pair (x(-), u(-)), where x(-) is the solution of (1.2) corresponding to
u(-ye Uyl 1], is called an admissible pair for the problem €, . An
admissible pair (x*(.), u*(-)) is called optimal for C,  if u*(-) achieves the
minimum of J(s, y;u(-)) over U 4[s, 1].

As a part of the dynamic programming approach, the so-called verifica-
tion technique plays an important role in testing for optimality of a given
admissible pair, and in constructing optimal feedback controls. The
classical verification theorem is as follows (see Fleming and Rishel [6,
Thm. IV.44 and VI4.1]):

THEOREM 1.1. Let We C“'([0, 1] x RY) bhe a solution of the Hamilton-
Jaeobi equation (HJ for short) '

[—u(t x)+sup,er H(t, X0, 0,01, %))=0, (4 x)e(0,1)x R

1.4

\LI-‘(l,,\']——-h(‘\‘_}, i1.4)
where the Hamiltonian is defined as

H(t; x,u,q9) = —q-f {4 x:u)— L1, x,u), (i1:5)

for (t, x. 1, ¢) € [0, 1] x R“x I'x R. Then:

(a) W(s, y)<J(s, viul-)), for any (s, ¥)e[0,1]xR* and any
”[ : } = Und[‘s" l]

(b) Suppose a given admissible pair (x*(-), u*(-)) for the problem C,_,
satisfies

W (1, x*(t))= H(t x*(t), w*(r), W (0 x*(1))), ge: tels 1] (1.6)

Then (x*(-), u*(+)) is an optimal pair for the problem C, .

Remark 1.1. By the HJ equation, (1.6) is equivalent to a more familiar
form:

max Ht, x*(1), u, W (t, x*(1))) = H(t, x*(1), w*(1), W (r. x*(1))). (1.7)

wel

Then, an optimal feedback control u*(z, x) can be constructed by mini-
mizing H(t, x, u, W (1, x)) over ue I'. For details, see [6].

Remark 1.2. Equality (1.6) is also equivalent to

Wis, y)=J(s, ys u*(-)). (1.8)
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Indeed, we can write

h(x*(1)— Wi(s, v)
= W1, x*(1))— W(s, v)

1l d
— Fid . %
_j.‘ = Wi(t, x*(1)) dt

al
.—_J [ WAt X*(1))=H{t, x* (1), w*(1), W (1, x*(1)))=L{t, x*(1), u*(1))] 41,
which implies
ol
Wis, v)=J(u*(- ']}+J CH(t x*(e). u*(r), W (6 x*(0)))— W (1, x*(1))] dt.

Thus (1.6) is equivalent to (1.8) by virtue of the HJ (1.4).

When practically applying Theorem 1.1, one usually takes the verifica-
tion function W to be the value function V, since V satisfies the HJ if
Ve ([0, 1] x RY). Unfortunately, it is very likely that the HJ (1.4) has
no smooth solution at all. Indeed, by considering the equivalent condition
(1.8), Clarke [2] has given an example showing that no such function W
as in Theorem 1.1 exists. This makes the applicability of the classical
verification theorem very restrictive. In recent years, the viscosity solution
theory of general nonlinear PDEs, which was launched by Crandall and
Lions [5], has been significently developed. In this theory, all the
derivatives involved are replaced by the so-called super- and sub-differen-
tials, and the solutions in the viscosity sense can be merely continuous
functions. The existence and uniqueness of viscosity solutions of the HJ can
be guaranteed under very mild and reasonable assumptions, which are
satisfied in the great majority of cases arising in optimal control problems.
For example, the value function turns out to be the unique viscosity
solution of the Hl. Now a natural question arises: Does the verification
theorem still hold, with the solutions of the HJ in the classical sense
replaced by the ones in the viscosity sense, and the derivatives involved
replaced by the super- and/or sub-diflerentials?

The purpose of this paper is to answer the above question by deriving
verification theorems within the framework of viscosity solutions. It should
be mentioned that there is another type of nonsmooth analysis, involving
the “generalized gradient” introduced by Clarke [2], within which a
verification theorem has already been established [2, 3]. In that approach,
the verification function W was choosen to be any “generalized solution”
of the HJ, and any admissible pair (x*(-), «®(-)) satslying (1.8) was
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proved to be an optimal pair. The significance of Clarke’s theory lies in
that it can treat optimal control problems with state constraints. On the
other hand, Frankowska [8], after showing that any Lipschitz viscosity
solution is a generalized solution of the HIJ, conjectured that Clarke’s
verification technique applies to Lipschitz viscosity solutions of the HJ for
control problems without state constraints. However, it is the following
reasons that motivate us to derive verification theorems within the
framework of viscosity solutions in spite of the existing Clarke’s verification
theorem: First, “viscosity solution” and “generalized gradient” are two
different frameworks; see the Appendix for some of the differences. In
particular, the notion of viscosity solution enjoys many merits in analysis
as developed extensively in the literature, as well as some numerical advan-
tages. So it should be of interest to have verification theorems completely
within this framework. Second, Clarke's verification theorem is expressed in
a form analogous to (1.8) rather than to (1.6); see [2, 3]. Hence it is not
clear how to obtain an optimal feedback control, even if formally, from
Clarke’s verification theorem. On the other hand, if one takes the value
function ¥ to be the verification function W, then the criterion (1.8)
becomes trivial. Finally, it is possible to treat optimal controls of stochastic
diffusion processes within the framework of viscosity solutions, since the
extension to the second-order super-/sub-differential is natural and
straightforward (cf. [10]), whereas it is difficult even to define the
corresponding “second-order generalized gradient.”

The paper is organized as follows: In Section 2, some preliminary results
about viscosity solutions and the associated super- and sub-differentials
will be introduced. In Section 3, various verification theorems in terms of
viscosity solutions and the super- and/or sub-differentials are established.
[n addition, an example is presented showing that the obtained theorems
can test for the optimality of a given control while the classical verification
cannot. Further, methods of constructing optimal feedback controls are
described. Section 4 gives some concluding remarks. Finally, some differen-
ces and relationships between viscosity solutions and generalized gradients
are discussed in the Appendix.

2. SUPER-, SUB-DIFFERENTIALS, AND VISCOSITY SOLUTIONS

Let O be an open subset of R”, and v: O — R be a continuous function.

DerNiTION 2.1, The super-(resp. sub-) differential of v at X e Q, denoted
by D Fe(x) (resp. D vw(X)), is a set defined by

v(x)—v(X)—p-(x—x)
[x— x|

D fu(%) ;:{pe R"| lim sup QO}.

re( v — %
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(resp.
D_p(x):={peR"|liminf{.--} 20}.)

For xe Q and e R". we denote by v'(x: £) the (one-sided) directional
gradient (along &) of v at ¥, namely,

(% + hE) — v()
(% &) = lim M
=04 h

whenever the right hand side limit exists.

LemMa 2.1.  Suppose v'(£; €) exists for given € Q and £ R". Then,

sup p-é<ui(f8) s inf peg (2.1)
pe D vii) pebloe)

where sup{ @ | == —oo, inf{ F} 1= +o0.
Proof. For any pe D} v(X),

goae p(x+hi)—v(x)—hé-p <

0,
b= 04 h

hence v'(¥; &) < p - & This implies the right-hand side of (2.1). Similarly for
the left-hand side. |

Given a continuous function G: Qx R'x R"— R'. We consider the
following fully nonlinear partial differential equation:

G(x, v(x). Vu(x))=0. (2.2)

DeFINITION 2.2, A function ve C(Q) is called a viscosity solution of
(2.2), if at each xeQ,

Glx, v(x), p) <0, forall peD!v(x);
Glx,v(x). p) =0, forall peD_ v(x)

Now let us turn to the control problem formulated in Section |. We
impose the following assumptions throughout this paper:

(A1) f and L are continuous mappings [rom EO. 11xR*<xTI" to R*
and R', respectively; moreover, f and L are continuous with respect to
(7. x), uniformly in we [l
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(A2) There exists a constant K >0, which is independent of (1, u),
such that

| £(5, x5 wy— U5 0, )| + | LA x, w)— L, v, u)| + [A{x)—h( )]
< Klx—yl, forall x,yeRY
[ £ x w)] + | LG xou)] + [A(x)] < KL+ [x]), forall xeRY
(A3) [I'= R™is compact.
The following result is well-known. One may see, e.g, Lions [9] and

Crandall et al. [4].

LemMa 2.2, The value function V' is globally Lipschitz continuous in
(t, x). and is the unigue viscosity solution of the HJ (2.4).

LemMA 2.3. Let W he a locally Lipschitz viscosity solution of the HJ
(1.4). Then, at each (t. x)e(0, 1)x R,

—p+sup H(t, x,u, q) <0,  forall (p.q)eD, Wit x)
ue

—p+sup H(t, x, u, g) =0, forall (p,q)eD, Wit x).

uel”

Proof. 1t suffices to prove the equality in terms of the sub-differential.
But this follows from [8, Thm.23] (see also Theorem 52 in the
Appendix), since A(1, x, ) :=sup, ., H(1, X, u, ¢) is convex in g. [

An immediate consequence of Lemma 2.3 is the following corollary.
COROLLARY 2.1. At each (1, x)e (0, 1)x RY,

p=H(L, x, u, q), forall (p,q)eD; W(t,x)uD, Wit x)

3. VERIFICATION THEOREMS

THEOREM 3.1. Let We C([0,1]x R?) be a locally Liﬁsm‘:ir; viscosity
solution of the HJ (1.4). Then:

(a) Wis »)<Js, viu(:)), for any (s, p)e [0, 1] x RY and any u(-)e
Uad [.'l'. I]

(b) Let (x*(:), u*(-)) be a given admissible pair for the problem C, .
Suppose that for ae. 1€ [s, 1], there exists (p*(1), g*(t))e D W(t. x*(1))
such that

pE(r) = H(t, x*(1), u*(1), g*(1)), (3.1)

then (x*(-), u*(-)) is an optimal pair for the problem C, .
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Remark 3.1. Part (a) of Theorem 3.1 is trivial since W=V in view of
Lemma 2.2. However, we state our results in the present form purposely in
order to compare with the classical verification theorem.

Proof of Theorem 3.1. We only prove part (b) of the theorem. We set
FH(1) =1, x*(1), u*(1)), ete., to simplify the notation. Since both W and
x* are Lipschitz, t+ W(r, x*(1)) is dilferentiable almost everywhere. Fix
re [s, 1] such that (dfdt) W(t, x*(1))], .., exists, that lim, o, [7*" [*(1) dt =
S*(r). and that (3.1) holds. Then,

W X*(r+h)) — Wir, x*(r))
d Wit x* ()], = lim (r+h x*(r+h)) — Wir, x*(r))
dt = 0% h
_ i etk xn)+ {2t " [*(r) dr)— Wir, x*(r)
_,‘!-0l3+ h

W(r+ h, x*(r) 4 hf *(r)+ o(h)) — W(r, x*(r))

:"].I"T' h
— im W(r+ h, x*(r)+ hf *(r)) — Wir, x*(r))
ey h

(by Lipschitz property of W)
=Wl x*(r) (L7 (r))
<prr)+q¥(r)-f*(r) (by Lemma 2.1)
= —L¥(r) (by (3.1)).

Hence we conclude that
_ ' d o
W1, x*(1))— W(s, _p]=j S WA X (O, dr < = | LH(r)db,
which implies

|
J(s, yiut(-)) = [ LX(r)dr+h(x*(1)) < Wis, p).

Therefore, it follows from a) that w*(-) is an optimal control. |

Remark 3.2, The condition (3.1) implies that

maf:_c Ht, x* (1), uy g*(2)) = Hi, x*(1), u*(1), g*(1)). (3.2)
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This is easily seen by recalling the fact that W is the viscosity solution
of (1.4),

—p*(t) +sup Hit, x*(1). u, q*(1)) <0,
we

which yields (3.2) under (3.1).

Remark 3.3. Theorem 3.1 is a generalization of the classical verification
theorem (Theorem 1.1). On the other hand. we do have examples showing
that the classical verification theorem may not be able to verily the
optimality of a given control, whereas Theorem 3.1 can.

Exampri 3.1, Consider the following optimal control problem
minimize —x(1),

Xty =x(t) ult), ae. re[s 1],

subject to %’ .
x(s)=y,

control u(-):[0,1]— {re R' |0 r<l).

The value function can be calculated as

Vit x)= —xeL =t il x>0,
rEE e if x<0.

Let us consider an admissible pair (x*(-), u*(-))= (0, 0) for the problem
Cy.0- Theorem 1.1 cannot tell if the pair is optimal, since V' (1, x*(r)) does
not exist on the whole trajectory x*(-). On the other hand, we have
D} V(t.x*(1)=D; ¥(t,0)={0} x [—e' ", =1]. Now il we take (p*(1),
g*(1))=(0, —=1)e D} _V(t, x*(r)) for each 1, then (3.1) is satisfied. This
implies that the pair (x*(-), «*(-)) is indeed optimal by virtue of
Theorem 3.1.

Remark 3.4. A result similar to Part (b) of Theorem 3.1 has been
proved in [1, Thm. 4.1]. It should be noted, however, that the maximum
condition—the first equality of (25) in [1]—imposed there can be
removed. Indeed, the condition is a consequence of Theorem 3.1 above and
(12 Prop:3i1]-

Theorem 3.1 gives a sufficient condition for a control to be optimal. But

under some extra assumptions, the condition is also necessary.

TuEOREM 3.2.  Assume that f, L, h are continuously differentiable in x.
Then a given admissible pair (x*(-), u*(-)) for the problem C, | is optimal
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if and only if for ae. 1€ [s, t], there exists (p*(1). g*(t))e D V{1, x*(1))
sueh that (3.1) holds.

Proof. It suffices to show the “only if" part. Let iy be the adjoint
function corresponding to the optimal pair (x*(-), #*(-)). namely, ¥
satisfies

J'l‘f;J(!]=J"!\.[.’, (), w* (e i), ae tefs 11, (3.3)
Lye(1) = h(x*(1)). ‘

Then by Zhou [12, Thm. 327, for ae. te[s 1],
(H(t x*), w*(2), W) () e D} Vit x*(1)).

This yields the desired result. |l

Remark 3.5. A result analogous to Theorem 3.2 has been proved in [1,
Thm. 4.27]. However, in the “if" part of our Theorem 3.2 above, g*( ) is not
required to satisfy the adjoint equation (3.3) and the maximum principle,
as imposed in [1] (cf. Eq. (27) and (28) in [1]). In fact, the optimality can
be assured as long as there is any (p*(t), g*(1))e D, V(. x*(t)) such that
(3.1) holds, even if g*(-) is not the adjoint function. For instance, we
consider the admissible pair (x-(-). u*(:))=(0,0) for the problem C,; in
Example 3.1. If we take (p*(¢),q*(1))=(0, —e' ")eD} V(t,x*(1)) for
each ¢, then (3.1) is satisfied. The pair (x*(:), u*(-)) is therefore optimal by
Theorem 3.2, but ¢*(-) does not satisly the adjoint equation (3.3).

It should be noted that Theorem 3.1 is not adequate, since in some cases
DS* W may be empty! (E.g, when W is convex.) Therefore we need a
similar result in terms of D~ W,

THEOREM 3.3. Let We C([0, 1]1x RY) be a locally Lipschitz viscosity
solution of the HJ (1.4), and (x*(-), u*(-)) be a given admissible pair for the
problem C, .. Suppose that for ae. 1€ [s, 1], there exists (p*(1), g*(1)) e
D, W(t, x*(t)) such that

pr(e)y= H(t, x*(1), u*(t), ¢*(1)). (3.4)

then (x*(-). u*(-)) is an optimal pair.

Proof. Fix re[s, 1] such that (dfdr) Wi, x*(¢))|,~, exists, than
limy, o4 [0, f*(t)dt=f*(r), and that (3.4) holds. Then,
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Wir—h, x*(r—h))— W(r. x*(r))

d
il * —e
d'f Wtr‘ X {r}”r.-r ﬂ]-oll-v h
o Wir—h, x*(r)— {7 _, f*(r)dr)— W(r, x*(r))
B+ 04 h
. Wilr—h, x*(r)=hf*(r)) = W(r. x*(r))
= — lim
h=s D4 k
= —W'((r, x*(r)); (=1, =f*(r)))
< — max [=p—q-f*r]

(pgle D, Wirne=(r))

= min [p+gq-f*r)]

(poqre D Wirx*(r))
< pX(r)+q*(r)-S*(r)
= —L*(r)
Hence the desired result follows similarly as in the proof of
Theorem 3.1. |
Remark 3.6. Due to Lemma 2.3, the condition (3.4) is equivalent to

max H(t, x*(1), u, g*(1)) = H(t, x*(1), u*(1), g*(1)).

el

DX o1, x) =D} v(t, x) v D, vt x),

for any ve C([0, 1] x RY).

THEOREM 3.4. Let (x*(:). u*(-)) be a given admissible pair for the
problem C, . We have the following conclusions:

(a) If for ae. te[s, 1]. there exists (p*(1), q"‘{f}}éth Vit x*(t))
such that p*(t)= H(t, x*(1), u*(1). g(1)). then (x*(-), u*(-)) is optimal.

(b) If there exists a non-zero Lebesgue measurable set T,< [s, 1]
such that for any t€ Ty, there is (p*(t), ¢*(1)) € DX V{1, x*(1)) and p*(t) >
H(t, x*(t), u*(1), g*(1)), then (x*(-), u*(-)) is not optimal.

Proof. (a) follows by combining the proofs of Theorems 3.1 and 3.3;
(b) follows from [12, Prop.3.17. |

Let us conclude this section by describing how to construct optimal
feedback controls by the verification theorems obtained. First, we recall the
definition of admissible feedback controls, following [6].
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DernrTion 3.1, A measurable function u from [0, 1] x R* to [ is called
an admissible feedback control if for any (s, ¥)€[0, 1]x R? there is a
unique solution x(-: s, ») of the following equation

{i‘{a’}=f(f, x(), ulr, x(1))), ae. rels 1],

xX{s)=y

(3.5)

An admissible feedback control u* is called optimal if (x*(-;s, »),
u*(-, x*(+; 5 »))) is optimal for the problem C, , for each (s.v). where
x*(.; 5, p) is the solution of (3.5) corresponding to n*.

THEOREM 3.5. Let u* be an admissible feedback control, and p* and q*
be two measurable functions satisfving (p*(t, x), q*(r, x))e D V1, x) for
all (1. x). If

p*(t, x)— H(1, x. u*(£, x). g*(t, X))
= inf [p—H(t x, 1, q)]

(gl &0 Vinx)= '

=0 (3.6)

for ail (¢, x)e [0, 1] x RY. Then u* is optimal.
Proof. The result follows readily from (a) of Theorem 3.4. |

Remark 3.7. By Theorem 3.5, we can formally obtain an optimal feed-
back control by minimizing p— H(t, x, u, g) over D V(t, x)x I" for each
(t, x). We said “formally” because there are some points which are not
clear. First, although the infimum in (3.6) can be achieved (note that each
D} V(t x) is compact due to the Lipschitz property of V'), we do not
know in general if the infimum is zero and if there is a measurable selector
of (p*(t, x), g*(¢, x), u*(s, x)) (The answers are positive if V' is convex or
semiconcave). Second, even if there exists a measurable selector such that
(3.6) holds, it is difficult to verily whether the equation (3.5) under u* has
a unique solution. This is not clear evén when V is smooth (cf. [6, p. 99
and p. 170]). All these remain challenging open problems.

ExampLE 3.2, Consider a deterministic manufacturing system. Let U(r)
be the control variable (rates of production, advertising expenditures, etc.)
al time ¢, X(r) the state (inventories, sales, etc.), and Z(r) some given input
to the system (demands, etc.). The dynamics is

X(t)=b(X(1), Z(1))+ BU(1). X(0)=X,, Z(0)=2Z,.
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The cost functional is

HXo, Zo; U~ 1|=J”' e GIX(0), ULn) dt

4]
The corresponding HJ equation is as follows

po(x, z)=inl [(blx, z)+ Bu) v (%, 2) + Gy, u)]. (3.7)

wel

Sethi and Zhang [11] considered a slightly different version of the above
model, and obtained an optimal feedback control by minimizing the right
hand side of (3.7) with the value function v. However, this is not quite
rigorous since v (x, z) may not exist. (For a very simple case, v (x, z) does
exist, and an optimal feedback control can be obtained explicitly; see
Fleming er al. [7].) By Remark 3.8, we can formally obtain an optimal
feedback by minimizing (b(x, z) 4+ Bu)q + G(x, u) over (¢. u)e D Fv(x, z) x I”
for all (x, z) (Note that all the results in this paper adapt readily to the
problems with discounted cost functions over infinite horizons).

4, CONCLUDING REMARKS

In this paper we have given some verification theorems in the language
of viscosity solutions and the associated super- and sub-differentials. The
conditions under which these theorems valid are quite mild and reasonable,
compared with the restrictive classical verification theorem. We have also
conjectured that optimal feedback controls may be constructed by virtue of
the verification theorems obtained in this paper.

It should be noted that the results of this paper were derived when there
1s no state constraint in the optimal control problem. We do not know how
to treat the state constraint problems. Indeed, the presence of state
constraints causes great difficulty to the analysis: they bring some
particular boundary conditions (depending on the particular features of the
state constraints imposed) to the associated HJ equations, while the
existing viscosity solutions theory on nonlinear PDEs with boundary
conditions is far from satisfactory and complete.

5. APPENDIX

In this Appendix, we discuss some differences and relationships between
the two [rameworks of nonsmooth analysis: viscosity solution and
generalized gradient.
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Let Q be an open subset of R", and v: 0 — R be a locally Lipschitz
function. We recall the following definition [2].

DeFmNmmioN 5.1, The generalized gradient of v at Ye (), denoted by
fu(x), 1s a set defined by

(%) :={peR"| p-E<v’(£: &), forany CeR"},
where 0°(%; &) 1= lim sup, . ¢ 5 _ g4 (0(x +hE) = v(x))/h.
Remark 5.1. dv(X) is a nonempty convex sel satisfying o(—u)(%)=
—dv(X) and

V(% ) =max, . P& (5.1)

See [2] for a thorough treatment of the generalized gradients.

Remark 5.2. One of the relationships between the super-/sub-differen-
tial and the generalized gradient can be written as

D o(x) < dv(x), forany xeO,

provided that v is locally Lipschitz [8, Thm. 1.4]. It should be noted that
the above inclusion may be strict. To see this, take

o __{-“:Sin“,’-\’). if xeR' x+#0,
o, if x=0.

¢ is differentiable at 0, hence D 'v(0)= D _v(0)= {0}. But de(0) equals the
convex hull of the set of limits of the form lim v (y). where y — 0 (cf. [2,
Thm. 2.5.1]). So @v(0)=[0, 1]. Through this example, we may capture
some sense about the difference between the super-/sub-differential and the
generalized gradient: if the former is a nonsmooth notion of “differen-
tiability,” then the latter may be regarded as a nonsmooth notion of
“continuous differentiability.”

Now let us introduce the generalized solution of the HJ (1.4) in the
frame-work of Clarke's generalized gradient.

DEFINITION 5.2, A locally Lipschitz function W is called a generalized
solution of the HI (1.4), if W(1, x)=h(x), and, at each (1, x)& (0, 1) x R,

max [—p+sup H(t, x, 1, 4)] =0.
L pog)e dWL x) uel )
It should be noted that, unlike the viscosity solution, generalized solu-
tions of the associated HJ may nor be unique under the assumptions
(Awl)-(A3). This is seen from the following example.
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ExampLE 5.1. Consider the following optimal control problem

o
minimize | w’ (1) dr,

j.i’[f}=u(r_:-, ae re[s 1],

subject t
subject to %

control w(): [s, 1] = {reR'| =2<r<2).

The associated HJ (1.4) in this problem reads

(5:2)

{ — v LX)+ sup sy ea(—vt, x)u—1u?)=0,
v(l, x)=0.

V=0 is obviously a generalized solution of the above equation, which is
also the value function of the optimal control problem (and therefore the
unique viscosity solution of (5.2)). Now we are to show that the function
given by

z i |x[=1—u
I-V(_f,,\‘]1={0 i Ixd 4 (3.3)

t+ x| —1, il |x|<l—¢

is also a generalized solution of the HJ (5.2). Note W is globally Lipschitz
continuous in (7, x), and is not continuously differentiable only at the lines
x= +(1 —1) and x=0. Appealing to [2, Thm. 2.5.1], it is not difficult to
verily that for any re (0, 1),

aW(t, 1—t)={(p,q)eR*|0< p=q<1},
Wit t—1)={(p.q)eR?|0<p< —g<1},
aW(1,0)= {1} x[—1,1].

Hence,

max [=p+ sup (—qu—3u®)]= max (—p+p*)=0.
(pgledWin 1 —1) d gusd O psi

We can check the similar equality in terms of aW(t, t—1) and 3W(t, 0).

Therefore. according to Definition 5.2, W is a generalized solution of the

HI (5.2).

While there may be a lot of generalized solutions of the HJ, it would be
interesting to compare the generalized solutions and the unique viscosity
solution (i.e., the value function). The following Theorems 5.1 and 5.2 are
concerned with the problem,
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THrEOREM 5.1, Let W be any generalized solution of the HJ (1.4). Then
Wis, y)< Vis, y)

for any (s, y)e [0, 1] x R

Proaf. Let x(-), u(-)) be any admissible pair of the problem C, . Set
Fit) == f(t, x(1), u(r)). A similar argument as in proof of Theorem 3.1 yields
that for ae. 1€ [s, 1],

d W(t+h, x(t)+hf (1)) — W(t, x(1))

L] ;,

> — (=W, x(2)); (1, f(1))
= — max n[p+q:ﬂn]

(pgredf—Witx

= min [p+q-f(1)]

{pogre dWin i)}

= min [ p—sup H(t, x(1), u, q)— L(1. x(t), u(t))]

(pog)e @Winx(r)) uel
= —L(1, x(2), u(t)).

(by the definition of the generalized solutions)

Hence we conclude

I :
WL, x(1))— Wi(s, .1!)=I —‘% Wit x(r)) dt = —J I Lit, x(t), ulr))de,

3

which implies
Wis, y) < J] L(t, x(t), u(r)) dt + h(x(1))=J(s, y; u(-)).

The desired result thus follows since u(-) is arbitrary. ||

DEFINITION 5.3. The closed super-(resp. sub-)differential of v at e Q,
denoted by D v (%)(resp. D v(x)), is a set defined by

D}u(%):={ pe R"|there exist x, — X, p, — psuch that p, e D [v(x,) .
(resp.

D7 v(%) := { pe R"|there exist x, — £, p,— psuch that p,e D "v(x,)}.)
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Since {xe Q| D v(x)# @} is dense in Q (cf. [5,9]), D}v(x) is a non-
empty set at each x & @ due to the locally Lipschitz property of v. Similarly,
D _v(x) is also nonempty.

LeMMA 5.1.  Let ve C(Q) be locally Lipschitz continuous. Then at each
xeQ:
(a) Co D uv(z)=Co D v(x)=av(x), where Co denotes the convex
hull of a set.
(b) Div(x)=D}v(x)cav(x) D;v(x)s D v(x)sdo(x)
(c) 5:’ v(x) and D . vlx) are compact sets.

Proof. (a) Let pe D}'v(x). Then there exist x,—x, p,— p such that
p,€ D v(x,) < dv(x,). By the upper semicontinuity of the multi-value func-
tion év(-) [2, Prop.2.1.5], it follows that pedv(x). Note dv(x) is closed
and convex, so we have Co D [e(x) < duv(x). Conversely, since | p| there is
x,— x such that p=lim, _ v.(x,)}<S D} v(x), hence dv(x) < Co D[ o(x).
Therefore we conclude that dv(x)=Co D }!v(x). Similarly for the sub-case.

(b) and (c) are obvious [rom the definitions of the closed super-/
sub-differentials. ||

Remark 5.3. 1t is possible that all the inclusions in (b) of Lemma 5.1 are
strict. For example, take v(x) = |x|. Then D u(0)=@J, D v(0)={—1. 1},
and év(0)=[—1,1].

The following lemma is readily seen on account of the continuity of the
Hamiltonian H and the compactness of the control region /.

LEmMMA 5.2. Let W be a locally Lipschitz viscosity solution of the HJ
(1.4), then at each (t, x)e (0, 1)x R,

—p+sup H(t, x,u,¢)<0,  forall (p,q)eD} Wit x);
uel”

—p4sup H(t. x,u, q)=0,  forall (p,q)eD, W(t, x).

uel”

THEOREM 5.2. A locally Lipschitz function W is a viscosity solution of the
HJ (1.4) if and only if W is a generalized solution and

—p+sup H(t, x,u,¢)=0,  forall (p.q)eD, W(t,x) (54)
wel
Proof. It suffices to prove the “only if” part. By virtue of Lemma 5.2
together with the facts that dW(r, x)=Co D/} W(1, x) and that
—p 4+ sup, . - H(t x,u,q) is convex in (p, g), we conclude that
max [ —p+sup H(t, x, 1, )] <0. (5.5)

(pgle dWirnx] wel®
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Therefore (5.4) follows from (b) of Lemma 5.1 and Lemma 5.2. Moreover,
since D, W(1, x) is never empty, the maximum in the hand side of (5.5) is
precisely zero. This implies that W is a generalized solution of the HJ
(1.4). 18

Remark 54. The above theorem is originally due to Frankowska
[8, Thm.23]. But there is an argument in [8, p. 25] that seems to be
inadequate: (5.5) together with the fact that

—p+sup H(t. x,u,4)=0, forall (p,g)eD,  W(t x)

uel

cannot verify that the maximum in (5.5) is zero, since D Wi(t, x) may be
empty! Here, we modified Frankowska's proof by introducing the closed
super- and sub-differential that are always nonempty.

Remark 5.5, That a generalized solution may not be the viscosity solu-
tion can also be seen from Example 5.1. The function W given by (5.2) is
a generalized solution as shown in Example 5.1. On the other hand, for any
te (0, 1),

D} W(,0)=@, D7 W(t,0)={1}x[—1,1]
Then for any (p, q)e D, W(1,0),

—p+ sup (—qu—zu')= —144°<0,

2gusl

which violates the definition of the viscosity solutions. We see also that
(5.4) is not satisfied by W.
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