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Abstract

Complementarities of preferences have been known to jeopardize the stability of
two-sided matching, and yet they are a pervasive feature of many markets. We revisit
the stability issue with such preferences in a large market. Workers have preferences
over firms while firms have preferences over distributions of workers and may exhibit
complementarity. We demonstrate that if each firm’s choice changes continuously
as the set of available workers changes, then there exists a stable matching even
with complementarity. Building on this result, we show that there exists an approx-
imately stable matching in any large finite economy. We extend our framework to
accommodate indifferences in firms’ preferences, construct a stable mechanism that is
strategy-proof and equitable for workers perceived as indifferent by firms, and apply
the analysis to probabilistic and time-share matching models with a finite number of

firms and workers.
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1 Introduction

Since the celebrated work by Gale and Shapley (1962), matching theory has taken a center
stage in market design and economic theory more broadly. In particular, its successful
application in medical matching and school choice has fundamentally changed how these
markets are organized. A key desideratum in the design of such matching markets is
“stability”—that the mechanism admits no incentives for its participants to “block” (i.e.,
side-contract around) the suggested matching. Stability is crucial for long-term sustain-
ability of a market; unstable matching would be undermined by the parties side-contracting
around it either during or after a market." When one side of the market is under centralized
control, as with school choice, blocking by a pair of agents on both sides is less of a concern;
but even in this case, stability is desirable from a fairness standpoint, as it would eliminate
justified envy—envy that cannot be explained away by the preferences of the agents on the
other side. In the school choice application, if schools’ preferences rest on the test score
or other priority that a student feels entitled to, eliminating justified envy appears to be a
necessary requirement.

Unfortunately, a stable matching exists only under restricted conditions. It is well
known that existence of a stable matching is not generally guaranteed unless the preferences
of participants, say firms, are substitutable.” In other words, complementarity can lead to
nonexistence of a stable matching.

This is a serious limitation on the applicability of centralized matching mechanisms,
since complementarities of preferences are a pervasive feature of many matching markets.
Firms often seek to hire workers with complementary skills. For instance, in professional
athletic leagues, teams demand athletes that complement one another in skills as well as
in the positions they play. Some public schools in New York City seek diversity of their
student bodies in their skill levels. US colleges tend to exhibit a desire to assemble a
class that is complementary and diverse in terms of their aptitudes, life backgrounds, and
demographics.

Unless we can get a handle on complementarities, we would not know how to organize

!Table 1 in Roth (2002) shows that unstable matching algorithms tend to die out while stable ones

survive the test of time.
2Substitutability here means that a firm’s demand for a worker never grows with more workers being

available. More precisely, if a firm does not wish to hire a worker from a set of workers, then it never
prefers to hire that worker from a bigger (in the sense of set inclusion) set of workers. Existence of a stable
matching under substitutable preferences is established by Kelso and Crawford (1982), Roth (1985), and
Hatfield and Milgrom (2005), while substitutability was shown to be the maximal domain for existence by
Sénmez and Unver (2010), , Hatfield and Kojima (2008), and Hatfield and Kominers (2014).



such markets, and the applicability of centralized matching will remain severely limited.
The limitation is particularly pertinent for many decentralized markets that may poten-
tially benefit from centralization. College admissions and graduate admissions are obvious
examples. Decentralized matching leaves much to be desired in terms of efficiencies and
fairness, and of the yield management burden put on the institutions (see Che and Koh
(2013)). Despite the potential benefit from centralizing these markets, the exact benefit as
well as the method of centralized matching remains unclear, given the instability that may
arise from complementary preferences of the participants.

This paper takes a step toward accommodating complementarities and other forms of
general preferences. The general impossibility means, however, that the notion of stability
needs to be weakened in some way. Our approach is to consider a large market. Specifically,
we consider a market which consists of a large number of workers/students on one side
and a finite number of firms/colleges with large capacities on the other, and ask whether
stability can be achieved in an “asymptotic” sense—i.e., whether participants’ incentives
for blocking disappears as the number of workers and firms’ capacities grow large. Large
markets we envision approximate college admissions and labor markets. Our stability
notion also preserves the motivation behind the original notion of stability: as long as the
incentive for blocking is sufficiently weak, the instability and fairness concerns will not be
so serious as to jeopardize the mechanism.

We first consider a continuum model in which there are a finite number of firms and
a continuum of workers. FEach worker desires to match with at most one firm. Firms
have preferences over groups of workers, and importantly, their preferences may exhibit
complementarities. A matching is a distribution of workers across firms. The model gen-
eralizes Azevedo and Leshno (2011) who assume responsive preferences (a special case of
substitutable preferences) for the firms.

Our main result is that there exists a stable matching if firms’ preferences exhibit
continuity—that is, the set of workers chosen by each firm varies continuously as the set
of workers available to that firm changes. This result is quite general since continuity
is satisfied by a rich class of preferences including those exhibiting complementarities.
The existence of a stable matching follows from two results: (i) a stable matching can be
characterized as a fixed point of a suitably defined mapping over a functional space, and
(ii) such a fixed point exists given the continuity assumption. The construction of our fixed

point mapping differs from the existing matching literature such as Adachi (2000), Hatfield

3For instance, it allows for Leontief-type preferences with respect to alternative types of workers,

desiring to hire all types in equal size (or density).



and Milgrom (2005), and Echenique and Oviedo (2006), among others. The existence of
a fixed point is established by using the Kakutani-Fan-Glicksberg fixed point theorem—a
generalization of Kakutani’s fixed point theorem to functional spaces—which appears to
be new to the matching literature.

Building on our analysis of the continuum model, we show that there is a sense in
which it serves as a legitimate approximation of large finite economies. More specifically
we demonstrate that, for any large finite economy that is sufficiently close to our continuum
economy (in terms of the distribution of worker types and firms’ preferences), there exists
an approximately stable matching in the sense that the incentives for blocking is arbitrarily
small.

Although the basic model assumes that firm preferences are strict, our framework can be
extended to allow for indifferences in the firms’ preferences. Accommodating indifferences
is particularly important in the school choice context, in which preferences are given by
coarse priorities that put many students in the same priority class. Firms’ indifferences
raise a further issue about fairness, for the standard notion of stability does not ensure that
the workers who are perceived by firms as equivalent are treated equitably. Hence, it may
be important, particularly in the school choice context, to strengthen the notion of stability
to eliminate discrimination among such workers (in addition to eliminating justified envy).
How such workers are treated also raises an incentive issue, for inequitable treatment among
workers perceived by firms as equivalent may lead to untruthful reporting by workers. To
accommodate indifferences, we represent a firm’s preference as a choice correspondence
(as opposed to a function). We then extend both the fixed point characterization (via
a correspondence defined on a functional space) and the proof of the existence result.
We finally show that there exists a matching mechanism that satisfies both the stronger
notion of stability (“strong stability,” as defined by Kesten and Unver (2014)) and strategy-
proofness for workers.

Further, our general model with indifferences has a natural application to fractional /time
share matching models. These models study how schools/firms and students/workers can
share time or match probabilistically in a stable manner in a finite economy (see Sotomayor
(1999), Alkan and Gale (2003), and Kesten and Unver (2014), among others). Our con-
tinuum model lends itself to studying such a probabilistic/time share environment; we can
simply interpret types in different subsets within the type space as probabilistic/time units
belonging to alternative (finite) workers. Our novel contribution is to allow for more general
preferences for firms, including complementarities as well as indifferences. As mentioned,
accommodating indifferences is important in school choice design, and complementarities

are also relevant since some schools (as those in NYC) seek diversity in their student bod-
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ies.

Relationship with the Literature

The present paper is connected with several strands of literature. Most importantly, it is
related to the growing literature on matching and market design. Since the seminal contri-
butions by Gale and Shapley (1962) and Roth (1984), stability has been recognized as the
most compelling solution concept in matching markets.” As argued and demonstrated by
Sénmez and Unver (2010), Hatfield and Milgrom (2005), Hatfield and Kojima (2008), and
Hatfield and Kominers (2014) in various situations, the substitutability condition is neces-
sary and sufficient for guaranteeing the existence of a stable matching when the number of
agents is finite. Our paper contributes to this line of studies by showing that substitutabil-
ity is not needed for the existence of a stable matching once there is a continuum of agents
on one side of the market and, moreover, there exists an approximately stable matching in
large finite markets.

Our study was inspired by a recent research on matching with a continuum of agents
by Azevedo and Leshno (2011).° As in our paper, they assume that there are a finite
number of firms and a continuum of workers and, among other things, show the existence
and uniqueness of a stable matching in that setting. The crucial difference relative to the
current work is that they assume firms have responsive preferences (which is a special case
of substitutability). One of our contributions is that, while almost universally assumed in
the literature, restrictions on preferences such as responsiveness or even substitutability are
unnecessary for guaranteeing the existence of a stable matching in the continuum markets.
Also, one of the uniqueness results by Azevedo and Leshno (2011) is obtained as a special
case of our uniqueness result under substitutable, not necessarily responsive, preferences.

An independent study by Azevedo and Hatfield (2012) also analyzes matching with a

4As mentioned in Conclusion, we investigate further issues. First, we study a setting with substitutable
preferences, provide a condition for uniqueness of a stable matching, and apply it to the setup that gen-
eralizes Azevedo and Leshno (2011) by allowing for affirmative action constraints. Second, we generalize
our basic model to the model of matching with contracts.

®See Roth (1991) and Kagel and Roth (2000) for empirical and experimental evidence on the importance
of stability in labor markets, and Abdulkadiroglu and Sénmez (2003) for the interpretation of stability as
a fairness concept in school choice.

6Also related, although formally different, are various recent studies on large matching markets, such

as Roth and Peranson (1999), Immorlica and Mahdian (2005), Kojima and Pathak (2009), Kojima and
Manea (2010), Manea (2009), Che and Kojima (2010), Lee (2012), Liu and Pycia (2013), Che and Tercieux
(2015b), Che and Tercieux (2015a), Ashlagi, Kanoria and Leshno (2014), Kojima, Pathak and Roth (2013),
and Hatfield, Kojima and Narita (2014b).



continuum of agents.” Like the current paper, their study finds that a stable matching
exists even when not all agents have substitutable preferences. There are a number of
notable differences between their study and ours, however. First, they consider a large
number (more precisely, continuum) of firms each employing a finite number of workers, so
they consider a continuum of agents on both sides of the market. By contrast, we consider
a finite number of firms each employing a large number (continuum) of workers. These two
models provide complementary approaches for studying large markets. In the school choice
context, for example, in many school districts, there are usually a small number of schools
each admitting hundreds of students, which fits well with our modeling approach. But in
a large school district such as New York City, the number of schools is also large, so their
model may offer a reasonably good approximation. Second, Azevedo and Hatfield (2012)
assume that there is a finite number of firm and worker types. This enables them to use
Brouwer’s fixed point theorem to show the existence of a stable matching. By contrast,
we put no restriction on the number of workers’ types, allowing for both finite and infinite
numbers of types. This generality in type spaces requires a topological fixed point theorem
from functional analysis. This type of mathematics has never been applied to discrete
two-sided matching literature to our knowledge, and we view the introduction of these
tools to the matching literature as one of our methodological contributions. Our model
also has an advantage of subsuming the previous work by Azevedo and Leshno (2011) as
well as many others mentioned above, which assume a continuum of worker types. Finally,
they also consider many-to-many matchings, although our applications to time-share and
probabilistic matching models allow for many-to-many matching.

Our methodological contribution is also related to another recent advance in matching
theory based on the monotone method. In the one-to-one matching context, Adachi (2000)
defines a certain operator whose fixed points are equivalent to stable matchings. His work
has been generalized in many directions by such papers as Fleiner (2003), Echenique and
Oviedo (2004, 2006), Hatfield and Milgrom (2005), Ostrovsky (2008), and Hatfield and
Kominers (2014). We also define an operator whose fixed points are equivalent to stable
matchings. A crucial difference is, however, that these previous studies impose restrictions
on preferences (e.g., responsiveness or substitutability) so that the operator is monotone,
which enables one to apply Tarski’s fixed point theorem to show existence of stable match-
ings. By contrast, we do not impose responsiveness or substitutability restrictions and

instead rely on the continuum of workers, along with continuity of firms’ preferences, to

" Although less related, our study also has some analogy with Azevedo, Weyl and White (2013). They
show the existence of competitive equilibrium in an exchange economy with continuum agents and indivis-

ible objects.



guarantee continuity of the operator (in an appropriately chosen topology). That approach
allows us to use (a generalization of) Kakutani fixed point theorem, a more familiar tool
in traditional economic theory such as the existence proofs of general equilibrium and the
Nash equilibrium in mixed strategies.

The current paper is also related to the literature on matching with couples. Like a
firm in our model, a couple can be seen as a single agent with complementary preferences
over contracts. Roth (1984) and unpublished work by Sotomayor show that there does
not necessarily exist a stable matching if there exists a couple. Klaus and Klijn (2005)
provide a condition to guarantee the existence of stable matchings. A more recent work
by Kojima, Pathak and Roth (2013) presents conditions under which the probability that
a stable matching exists even in the presence of couples converges to one as the market
becomes infinitely large, and similar conditions have been further analyzed by Ashlagi,
Braverman and Hassidim (2014). Pycia (2012) and Echenique and Yenmez (2007) study
many-to-one matching with complementarity as well as peer effect. Our paper is different
from these studies in various respects, but it complements these papers by formalizing a
sense in which finding a stable matching becomes easier in a large market even in the
presence of complementarities.

The remainder of this paper is organized as follows. Section 2 provides an example
that illustrates the main contribution of our paper. Section 3 describes a matching model
in the continuum economy. Section 4 establishes the existence of a stable matching under
general, continuous preferences. In Section 5, we use this existence result to show that an
approximately stable matching exists in any large finite economy. In Section 6, we extend
our analysis to the case where firms may have multi-valued choice mappings (that is, choice
correspondences), and apply it to study fairness and incentive compatibility, as well as time

share/probabilistic matching models. Section 7 concludes.

2 Illustrative Example

Before proceeding, we illustrate the main contribution of our paper using an example.
We first illustrate how complementary preferences may lead to non-existence of a stable
matching when there are a finite number of agents. To this end, suppose that there are

two firms f; and fy and two workers # and 6’. The agents have the following preferences:

92f1>—f2; f12{0,0,}>-®;
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That is, worker @ prefers fi to fo, and worker ¢ prefers fy to fi; firm f; prefers employing
both workers to employing no one, which the firm in turn prefers to employing only one
of them; and firm fy prefers worker € to 6, which it in turn prefers to employing neither.
Firm f; has a “complementary” preference, and this creates instability. To see this, recall
stability requires that there be no blocking coalition. Due to f;’s complementary preference,
it must employ either both workers or neither in any stable matching. The former case is
unstable since worker ¢ prefers firm f5 to firm f;, and fy prefers # to being unmatched,
thus they can block the matching. The latter is also unstable since, in such a case, f,
will only hire 6, leaving 8" unemployed; and this outcome will be blocked by f; forming a
coalition with # and €', benefiting all members of the coalition.

Can stability be restored if the market becomes large? As long as the market remains
finite, the answer is no. To see this, consider a scaled-up version of the above model: there
are ¢ workers of type # and g workers of type €', and they have the same preferences as
above. Firm fy prefers type-0 workers to type-6’ workers, and wishes to hire in that order
but at most ¢ workers in total. Firm f; has a complementary preference for hiring exactly
identical numbers of type-6 and type-0’ workers (with no capacity limit). Formally, if x
and 2’ are the numbers of available workers of types # and €', respectively, then firm f;
would choose min{z, 2’} workers of each type.

As long as ¢ is odd (including the original economy with ¢ = 1), there exists no stable
matching.® To see this, first note that if firm f; hires more than ¢/2 workers of each type,
then firm f, has a vacant position, so fo can block with a type-6’ worker who prefers fo
to fi. If fi hires fewer than ¢/2 workers of each type, then some workers will remain
unmatched (since fo hires at most ¢ workers). If a type-6 worker is unmatched, then fy
will form a blocking coalition with that worker. If a type-6’ worker is unmatched, then firm
f1 will form a blocking coalition by adding that worker along with a 6 worker (possibly
matched with f5).

Consequently, “exact” stability is not guaranteed even in a large market. Nevertheless,
one may hope to achieve approximate stability. This is indeed the case with the above
example; the “magnitude” of instability diminishes as the economy grows large. To see
this, let ¢ be odd and consider a matching in which f; hires %1 workers of each type while
f2 hires q;21 workers of each type. This matching is unstable because f, has one vacant
position it wants to fill and a type-0’ worker who is matched to f; prefers f;. However, note

that this is the only possible block of this matching, and it involves only one worker. As

8Here we sketch the argument, which is in Section S.1 of the Supplementary Notes in fuller form. When

q is even, a matching in which each firm hires Z of each type of workers is stable.



the economy grows large, if the additional single worker becomes insignificant for firm fo
relative to its size—and this is what the continuity of a firm’s preference captures—, then
the payoff consequence of forming such a block must also become insignificant, suggesting
that the instability problem becomes insignificant as well.

This can be seen most clearly in the limit of the above economy. Suppose there is a
unit mass of workers, half of whom are of type 6 and the other half are of type 6’. Their
preferences are the same as before. And suppose firm f; wishes to maximize min{x,z'},

where x and 2’ are the measures of type-6 and type-6’ workers, respectively. Firm f, can

1
2

with type-6 workers and fill the remaining quota with type-6’ workers. In this economy;,

hire at most measure = of workers, and prefers to fill as much of this quota as possible
there is a (unique) stable matching in which each firm hires exactly one half of workers of
each type. To see this, note that any blocking coalition involving firm f; requires taking
away a positive, and identical, measure of type-6’ and type-0 workers from firm f5, which
is impossible since type-0’ workers will object to it. Also, any blocking coalition involving
firm f, requires taking away a positive measure type-6 workers away from firm f; and
replacing the same measure of type-8’ workers in its workforce, which is impossible since
type-0 workers will object to it. Our analysis below will show that the continuity of firms’
preferences, to be defined more clearly, is responsible for guaranteeing existence of a stable
matching in the continuum economy and approximate stability in the large finite economies

in this example.

3 Model of a Continuum Economy

Agents and their measures. There exist a finite set F' = {f1,..., f,} of firms and a
unit mass of workers. Let ¢ be the null firm, representing the workers’ option of not being
matched with any firm, and define F' := F U {¢}. The workers are identified with types
0 € ©, where O is a compact metric space. Let > denote a Borel o-algebra of space ©. Let
X be the set of all nonnegative measures such that for any X € X, X(0) < 1. Assume that
the entire population of workers is distributed according to a finite, nonnegative (Borel)
measure G € X on (©,%). That is, for any £ € X, G(E) is the measure of workers
belonging to E. Assume G(©) = 1 for normalization. For illustration, the limit economy of
the example in the previous section is a continuum economy with F' = {f1, fo}, © = {6,0'},
and G({0}) = G({0'}) = 1/2. In the sequel, we shall use this as our leading example for

9From now on, given any measure X, we will write X () to denote a measure of singleton set {6} to

simplify notation.



the purpose of illustrating various concepts we develop.

Any subset of the population, or subpopulation, is represented by a nonnegative
measure X on (0,Y) such that X (E) < G(E) for all E € ¥. Let X C X denote the set of
all subpopulations. We further say that a nonnegative measure X € X is a subpopulation
of X € X, denoted X C X, if X(E) < X(E) for all E € &. We use Xy to denote the set
of all subpopulations of X.

Given the partial order C, for any X,Y € X, we define X VY (join) and X AY (meet)
to be the supremum and infimum of X and X', respectively.!” That X VY and X A Y
are well-defined, i.e. they are also measures belonging to X', follows from the next lemma,

whose proof is in Section 5.2.1 of the Supplementary Notes.
Lemma 1. The partially ordered set (X,C) is a complete lattice.

The join and meet of X and Y in X can be illustrated via a couple of examples. In
our leading example with two types of workers, given X := (z,2'),Y = (y,v), we have
X VY = (max{x,y}, max{z’,y'}), and X AY = (min{x, y}, min{z’,y'}). Consider next a
continuum economy with types © = [0, 1] and suppose the measure G admits a bounded
density g for all § € [0, 1]. In this case, it easily follows that for X, Y C G, their densities
z and 2’ are well defined,"! and Z := (X VY) and Z' := (X AY) admit densities z and 2’
defined by z(0) = max{z(0),y(0)} and 2'(0) = min{x(f),y(0)} for all 0, respectively. As
usual, for any two measures X,Y € X, X +Y and X —Y denote their sum and difference,
respectively.'?

Consider the space of all (signed) measures (of bounded variation) on (6, ¥). We endow
this space with a weak-*x topology and its subspace X with the relative topology. Given a
sequence of measures (Xj) and a measure X on (0, X)), we write X, % X to indicate that
(X}1) converges to X as k — oo under weak- topology, and simply say that (X}) weakly

converges to X."

0That is, X VY for instance is the smallest measure of which both X and Y are subpopulations. One
can show that for all £ € 3,

(X VY)(F)=sup X(END)+Y(END°,
Dex

which is a special case of Lemma 1.

HSince | X(]0,0]) — X ([0,0])| < |G([0,8]) — G([0,0])| < N|¢' — 0|, where N := sup, g(s), so X([0,0)) is
Lipschitz continuous, and its density is well defined.

2Tn case X +Y [ G (resp., 0 Z X —Y), we abuse notation to let X +Y (resp., X —Y) denote the

meet of X +Y and G (resp., the join of of X — Y and 0).
13 We use the term “weak convergence” since it is common in statistics and mathematics, though weak-

x convergence is a more appropriate term from the perspective of functional analysis. As is well known,
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Agents’ preferences. We now describe agents’ preferences. Each worker is assumed
to have a strict preference over F. Let P denote the (finite) set of all possible worker
preferences, and let P € P denote its generic element (i.e., a particular worker preference).
We write f =p [’ to indicate that f is strictly preferred to f’ according to P. For each
P € P, let ©p C O denote the set of all worker types whose preference is given by P,
and assume that ©p is measurable and G(90p) = 0, where 90 p denotes the boundary of
©p.'* Since all worker types have strict preferences, © can be partitioned into the sets in
Po ={Op: P e P}.

We next describe firms’ preferences. We do so indirectly by defining a firm f’s choice
function, Cy : X — X, where Cf(X) is a subpopulation of X for any X € X and
satisfies the following revealed preference property: for any X, X’ € X with X' C X,
if C4(X) C X', then Cy(X’) = C(X)."” Note we are assuming that the firm’s demand is
unique given any set of available workers. In Section 6.1, we consider a generalization of the
model in which the firm’s choice is not unique. Let R : X — & be a rejection function
defined by R;(X) := X — Cf(X). By convention, we let Cy(X) = X,VX € X, meaning
that Ry(X)(E) =0forall X € X and E € ¥. In our leading example, the choice functions
of firms f; and f, are given respectively by Cy, (21, 2)) = (min{zy, 2]}, min{z,, 2] }) and
Cr, (2, x4) = (min{as, 5}, min{3 — z9,24}), when ; of type f-workers and z of type-¢’
workers are available to firm f;, i =1, 2.

In sum, a continuum matching model is summarized as a tuple (G, F, Po, CFr).

Remark 1. Our model takes firms’ choice functions as a primitive, which gives us some
flexibility in describing their preferences, in particular preferences over alternatives that
are not chosen. This approach is also adopted by other studies in matching theory, which
include Alkan and Gale (2003) and Aygiin and Sonmez (2013) among others. An alterna-
tive, albeit more restrictive, approach would be to assume that each firm is endowed with
a complete, continuous preference relation over X'. Maximization with such a preference

will result in an upper hemicontinuous choice correspondence defined over X.'® Assuming

X WX if f@ hdX — f@ hdX for all bounded continuous function k. See Theorem 8 in Appendix A to
see some implications of this convergence.

YFormally, OF := ENE°, where E and E¢ are the closures of E and E°, respectively. This means that
if © is discrete as in our leading example, then we have F = F and E¢ = E°¢, so ENEc = ENE° = {).
Hence, the assumption is satisfied.

15This property must hold if the choice is made by a firm optimizing with a well-defined preference
relation. See for instance Hatfield and Milgrom (2005), Fleiner (2003), and Alkan and Gale (2003) for
some implicit or explicit use of the revealed preference property in matching theory literature. Recently,

Aygiin and Sénmez (2013) have clarified the role of this property in the context of matching with contracts.
16This also relies on the fact that the set of alternatives X’ is compact, a fact we establish in the proof
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a unique optimal choice will then give us a choice function (which is also continuous), al-
though, as will be shown in Section 6.1, our results generalize to the case in which each

firm’s choice is not unique.

Matchings, and their efficiency and stability requirements. A matching is M =
(My) jep such that My € X forall f € F and >_sei My = G. Firms’ choice functions can be
used to define a partial order on firms’ preferences over matchings. For any two matchings,
M and M', we say that M} =y My (or firm f prefers M} to My) if M} = Cy(M} Vv My).'T
We also say M} =y My if M} =y My and M} # M;. The resulting preference (partial)
order amounts to taking a minimal stance on the firms’ preferences, limiting attention to
those revealed via their choices. Given this preference order, we say M’ »=p M if M ]’c = My
for each f € F.

To discuss workers” welfare, fix any matching M and any firm f. Let

DY (M):==)"" Y Mp®pn)and DV (M):=> " Y Mp(©pn:) (1)

PEP freF:f'-pf PEP freF:f'<pf

denote the measure of workers assigned to firm f or better (according to their preferences)
and the measure of workers assigned to firm f or worse (again according to their prefer-
ences), respectively, where My (©pN-) denotes a measure that takes the value My (©pNE)
for each E € Y. Starting from M as a default matching, the latter measures the number
of workers who are available to firm f for possible rematching. Meanwhile, the former
measure is useful for characterizing the workers’ overall welfare. For any two matchings M
and M’, we say that M’ =¢ M if for each f € F, D=/(M') C D=/ (M). That is, if, for each
firm f, the measure of workers assigned to f or better is larger in one matching than the
other, then we can say that the workers’ overall welfare is higher in the former matching.

Equipped with these notions, we can define Pareto efficiency and stability.

Definition 1. A matching M is Pareto efficient if there exists no matching M’ # M
such that M’ =r M and M’ =g M.

Definition 2. A matching M = (My),; is stable if

1. For all P € P, we have M;(©p) = 0 for any f satisfying ¢ >p f; and for each f € F,
Mf = Cf(Mf), and

2. There exist no f € F and M} € X such that M} >~y My and M; © D=/(M).

of Theorem 4.
17This is known as the Blair order in the literature. See Blair (1984).
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Condition 1 of this definition, called individual rationality, means that each matched
worker prefers the matching over being unmatched, and that no firm wishes to unilaterally
drop some of its matched workers. Condition 2, called no blocking, requires that there
be no firm and a set of workers who are not matched together but want to do so. When
Condition 2 is violated by f and M}, we say that f and M} block M.

Remark 2 (Equivalence to group stability). We say that a matching M is group stable if
Condition 1 of Definition 2 holds and, in addition,

2'. There exist no F' C F and My, € X' such that M} =y My and M} = D=/ (My)
for all f € F'.

This definition is a strengthening of our stability concept, as it requires that the match-
ing be immune to blocks by coalitions potentially involving multiple firms. Such stability
concepts with coalitional blocks are analyzed by Sotomayor (1999), Echenique and Oviedo
(2006), and Hatfield and Kominers (2014), among others. Clearly any group stable match-
ing is stable, because if Condition 2 of stability is violated by a firm f and MY, then
Condition 2’ of group stability is violated by a singleton set F' = {f} and M E - The
converse also holds. To see why, note that if Condition 2’ of group stability is violated
by F' C F and M, then Condition 2 of stability is violated by any f and M} such that
f € F' because M} =¢ My and M} = D=/ (M) by assumption.'®

As in the standard finite market, stability implies Pareto efficiency:
Proposition 1. If a matching is stable, then it 1s Pareto efficient.

Proof. See Section 5.2.2 of the Supplementary Notes. |

'¥By requiring M} © D=/(Mj) for all f € F’ in Condition 2’, our group stability concept is implicitly
assuming that workers who are considering participating in a blocking coalition with f € F’ use the current
matching M_ ¢ as the reference point. This means that workers are available to firm f as long as they prefer
f to their current matching. However, given that a more preferred firm f/ € F/ may be making offers to
workers in D=/ (M) as well, the set of workers available to f may be smaller. Such a consideration would
result in a weaker notion of group stability. Any such concept, however, will be equivalent to our notion of
stability, because in this remark we establish that even the most restrictive notion of group stability, i.e.,
the concept using D=F (M ¢) in Condition 2’, is equivalent to stability, while stability is weaker than any

group stability concept described above.
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4 Existence of a Stable Matching in the Continuum

Economy

Finding a stable matching is tantamount to identifying the “opportunities” available to
each participant that are compatible with opportunities available to all other participants,
given their preferences. The mutually compatible opportunity sets are endogenous and of
a fixed point character. For each firm f, its opportunities—or the workers available to the
firm—in a stable matching are precisely those workers who have no better choice than f.
So, to identify such workers, one must identify the opportunities available to the workers,
namely the firms that would like to hire them. To identify these firms in turn requires
identifying the workers available to them, thus coming to a full circle.

This logic suggests that a stable matching is associated with a fixed point of a mapping—
or more intuitively, a stationary point of a process that repeatedly revises the set of available
workers to the firms, based on the preferences of the workers and the firms. Formally, we
define a map T : X" — X" where T(X) = (T7(X)) e for each X € A™*!. For each
f € F, the map Ty : X" — X is defined by

THX)(E)= Y GOpNE)+ > Rpe(X;r)(0pNE), 2)
P:fP=0 P:fP£p

where ff € F, called the immediate predecessor of f, is a firm that is ranked im-
mediately above firm f according to P.'” The map can be interpreted as a tatonnement
process whereby an auctioneer quotes “budgets” of workers that firms can choose from.
The auctioneer, just like the classical Walrasian one, revises the budget quotes based on
the preferences of the market participants, shrinking the budget for a firm f (i.e., making
smaller work force available to it) when more workers are demanded by the firms that they
rank ahead of f, and expanding it otherwise. Once the process converges, reaching a fixed
point, workers who are “truly” available to firms—in the sense of being compatible with
the preferences of other market participants—will have been found.

Alternatively, the mapping can be seen as a process by which firms rationally adjust their
beliefs about available workers based on the preferences of the other market participants.
The fixed point of the mapping then captures the workers firms can iteratively rationalize as
being available to them. To illustrate, fix a firm f. Consider first the worker types 8 € Op
for which f is at the top of their preference P (i.e., f¥ = 0). Firm f can rationally believe

19 An immediate predecessor of f is formally defined such that f£ =p f and if f/ =p f for f € F, then
f=p fr.
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all such workers are available to that firm, which explains the first term of (2). Consider
next the worker types 6 € Op for which f is the second-best according to P. Firm f can
rationally believe that among them only those who would be rejected by their top choice
firm are available to it, which explains the second term of (2). Now, consider the worker
types for which f is their third-best. Firm f analogously rationalizes as being available to
it only those among them who would be rejected by their first-best and second-best firms.
But the workers who would be rejected by the first-best are available to the second-best,
according to the earlier rationalization. This in turn rationalizes f’s belief that the workers
available to f are precisely those who are available to but rejected by the second-best
firm. In general, for any worker types, the same iterative process of belief rationalization
establishes the validity of (2).

Remark 3. Our map can be rewritten to mimic Gale and Shapley’s deferred acceptance
algorithm, where the firms and workers take turns to reject dominated proposals in each
round. Specifically, we can write T' = ¥ o ®, where, for each profile X = (Xf)feﬁ c xntt
of workers, the map

®y(X) =G — Ry(Xy)

returns the workers that are not rejected by each firm, and for Y = (Y;) € X", the
subsequent map
Up(Y) =G = Yr(0pn-),
PeP

returns workers available for each firm f—more specifically, those that remain after remov-
ing the workers who would be accepted by firms they consider better than f. The map
written in this way resembles those developed in the context of the finite matching markets
(e.g., see Adachi (2000), Hatfield and Milgrom (2005), and Echenique and Oviedo (2006)),
but the construction here differs due to dealing with a richer space of worker types. As will
be also clear, this new construction is needed for a new method of proof for characterizing
the fixed point.

Theorem 1. A matching M is stable if and only if there is a fized point X = T(X) such
that My = C¢(X;),Vf € F. Also, any such X and M satisfy X; = D>/ (M),Yf € F.

Proof. This result follows as a corollary of Theorem 7. For details, see Appendix A. |

Example 1. To illustrate how a stable matching can be found from 7" mapping, consider
our leading example. We can denote candidate measures of available workers by a tuple:
(X1, Xp,) = (21,25 20,2%) € [0,3]*, where Xy, = (21, }) are the measures of workers of
types 0 and ¢ available to f; and Xy, = (29, x}) are the measures of workers of types § and
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0" available to fy. Since fi is most preferred by 6 and f; is most preferred by ', according
to our 7', all of these Workers are available to the respective firms. So, we can without
loss set x1 = G(#) =  and zf, = G(¢') = ; and consider (3, z};2,3) as our candidate
measures. 1o compute T(E, T T, %), we ﬁrst consider the choice by each firm given the
respective available worker sets. Note Cy, (5,2)) = (21, )), so Ry (3,2}) = (5 — #1,0).
Similarly, Cy,(22,3) = (z2,5 — #2), s0 Ry, (22,3) = (0,22). Now applying our formula in
1 -2, 1) So, (3 xl,xg, 1) is a fixed point of T if and
xy, 5), or rf =x9 = Z' The optimal choice from the fixed

M = <1€f119/ 1‘9 f219/> )
LN LA LA

where the notation here (analogous notation is used throughout) means that each of the

(2)7 we get T(l xll;x% %) y 23

(3
only 1f( $1,$2,2) ( ZL’Q,%

point then gives a matching

firms f; and f5 is matched to mass %L of worker types 6 and #’. This matching M is stable.

We now introduce a condition on the firms’ preferences that ensures existence of a stable

matching.

Definition 3. Firm f’s preference is continuous if, for any sequence (Xj)reny and X in
X such that X;, - X, it holds that C(X;) = C(X).

As suggested by the name, continuity of a firm’s preferences means that the firm’s
choice changes continuously with the distribution of workers available to it. Under this

assumption, we obtain a general existence result as follows:
Theorem 2. If each firm’s preference is continuous, then there exists a stable matching.
Proof. This result follows as a corollary of Theorem 4. For details, see Appendix A. |

To prove that T admits a fixed point, we first demonstrate that continuity of firms’
preferences implies that mapping 7' is also continuous. We also verify that X is a compact
and convex set. Continuity of 7" and compactness and convexity of X allow us to apply the
Kakutani-Fan-Glicksberg fixed-point theorem to guarantee that 1" has a fixed point. Then,
the existence of a stable matching follows from Theorem 1, which shows the equivalence
between the set of stable matchings and the set of fixed points of T

Many complementary preferences are compatible with continuous preferences and thus
with existence of a stable matching. Recall Example 1. In that example, firm f; has a
Leontief type preference, for it wishes to hire an equal measure of workers of types 6 and

0’ (so, in particular, the firm wants to hire type-6 workers only if type-0’ workers are also
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available, and vice versa). As seen in Example 1, a stable matching exists despite the
extreme complementarity. And the reason has to do with the continuity: As the firm’s
preferences are clearly continuous in that example, the existence of a stable matching in
that example is implied by Theorem 2.

A stable matching may fail to exist even in the continuum economy unless all firms have

continuous preferences, as the following example illustrates.

Example 2 (Role of continuity). Consider the following economy, which is modified from
Example 1. There are worker types 6 and 6’ (each with measure 1/2) and firms f; and
fo. Firm f; wants to hire only measure 1/2 of each of the two types, and would like to
be unmatched otherwise; meanwhile, firm f5’s choice function is continuous: it exhibits
“responsive” preferences preferring type-6 workers to type-6’ workers and in turn prefers
the latter to leaving a position vacant, and faces a capacity of measure 1/2. Then, CY,

violates continuity, while C'y, does not. As before, we assume

0: f1 = fo
0 : fo = f1.

No stable matching exists in this environment. To see this, consider the following two cases:

1. Suppose f; hires measure 1/2 of each type of workers. For such a matching, none of
the capacity of f; is filled. Thus such a matching is blocked by f; and type-6’ workers
(note that every type-0’ worker is currently matched with f;, so they are willing to

participate in the block).

2. Suppose f; hires no worker. Then, the only candidate for a stable matching is one in
which f5 hires measure 1/2 of type-0 workers (or else, fo and unmatched workers of
type 6 would block the matching). Then, since f; is most preferred by all § workers,
and type-0’ workers prefer f; to ¢, the matching is blocked by a coalition of measure

1/2 of type-6 workers, measure 1/2 of type-6’ workers, and f;.

The continuity assumption is important for existence of a stable matching, as this
example shows that nonexistence can happen even if only one firm has a discontinuous
choice function. This example also suggests that non-existence can reemerge once some
“lumpiness” is reintroduced into the continuum economy (i.e., one firm can only hire a
certain minimum mass of workers). However, this kind of lumpiness may not be the most
natural in a continuum economy in contrast to a finite economy, where lumpiness is a

natural consequence of the fact that each worker is indivisible.
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5 Approximate Stability in Finite Economies

As we have seen in the illustrative example of Section 2, no matter how large the economy
is, as long as it is finite, there does not necessarily exist a stable matching. This motivates
us to look for an approximately stable matching in a large finite economy. In this section,
we build on the existence of a stable matching in the continuum economy to demonstrate
that approximate stability can be achieved if the economy is finite but sufficiently large.

In order to analyze economies of finite sizes, we consider a sequence of economies (I'?) ;e
indexed by a positive integer q. In each economy I'?, there is a set of n firms fi, ..., f, which
is fixed across all g. There are also ¢ workers, each with a type in ©. The worker distribution
is normalized with the economy’s size. Formally, let the (normalized) population GY of
workers in I'Y be defined so that GI(FE) represents the number of workers with types in
E divided by ¢. A subpopulation X is feasible in economy 'Y if X? = G? and it is a
measure whose value for any E is a multiple of 1/q. Let X7 denote the set of all feasible
subpopulations. Note that G, and thus every X¢ € X9, belongs to X, though it does
not have to be an element of X, i.e. subpopulation of G. Let us say that a sequence of
economies (I'?),en converges to a continuum economy I if the measure G? of worker
types converges weakly to the measure G of the continuum economy, that is, G RNyel

In order to formalize the approximate stability concept, we assume that in economy
I'?, each firm f evaluates the set of workers it matches with using its preferences as in the
continuum economy, but with the distribution of workers normalized by the economy’s size.
In particular, we first endow the firms with cardinal utility functions over distributions of
workers. Let u; : X — R denote the continuous utility function of firm f, with us(X)
denoting the firm’s utility from matching with a subpopulation of workers X € X. This
utility function rationalizes firm f’s choice in both continuum and finite economies, in
the sense that firm f chooses a subpopulation that is feasible and maximizes u; in the
respective economies.” We assume that the choice function C in the continuum economy
is continuous and a unique maximizer of uy: that is, for any X € &,

Ct(X) = argmaxup(X'),

X'cX

1

is a singleton.”’ That the same utility function applies to finite as well as continuum

economies means that the preferences of the firms remain constant (or consistent) over a

20To guarantee existence of such a utility function, we may assume as in Remark 1 that each firm
is endowed with a complete, continuous preference relation. Then, since the set of alternatives, X, is a
compact metric space, such a preference can be represented by a continuous utility function according to

the Debreu representation theorem (Debreu, 1954).
21The continuity of C follows from the continuity of u; and the uniqueness of the maximizer.
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sequence of economies (I'?) ey and its limit I". In each finite economy I'?, for any subpopu-
lation of available workers X7 € X7, each firm f chooses a subpopulation of X% in X9 that
maximizes its utility uy. The continuity of the utility function then implies that each firm’s
optimal choice in the finite economy (which we do not assume to be unique) converges to
the optimal choice in the limit economy as ¢ — 00.?> An example is a sequence of replica
economies in which each firm has a responsive preference that is constant throughout the
sequence, but faces capacity of rk in the r-replica (where ¢ increases proportionately to r
as the latter increases).

A matching in finite economy I'" is M7 = (M}) . such that M{ € X for all f € F
and ) feF M}] = (GG%. The measure of available workers for each firm f at matching M? €
(X9)"+is DZF(M?), where D=/(-) is defined as in (1).** Note that as M} for each f € Fis
a multiple of 1/¢, so is D=/(M4Y), meaning that D=/(M?Y) is feasible in ['Y. We now define

e-stability in finite economy I'7.

Definition 4. A matching M? € (X%)"*! in economy I'? is e-stable if (i) it is individually
rational, and (ii) u(M9) < us(Mf) + e for any f € F and M9 € X9 with M7 D3/ (M9).

Condition (i) of this definition is identical to the one for exact stability, so the only
relaxation of e-stability compared to stability is with respect to its condition (ii). Note
e-stability does not require the absence of a blocking coalition,”* but in case a blocking
coalition exists, it requires the utility gain for the blocking firm to be small, specifically

less than e.

Remark 4. For € > 0, we say that matching M is e-Pareto efficient if there exists no
matching M’ # M and firm f € F such that M" =p M, M' =¢ M, and uy(M}) >
us(My) +e. By an argument analogous to Pareto efficiency of a stable matching presented
in Section 3, it is easy to see that for sufficiently small ¢ > 0, any €-stable matching is
e-Pareto efficient.

Theorem 3. Fiz any € > 0 and a sequence of economies (I'"),en that converges to a

continuum economy I'. For any sufficiently large q, there exists an e-stable matching M9

in I'9.

Proof. See Appendix B. |

22This statement is formally proved in Lemma 7 of Appendix B.
23To be precise, D= (M) is given as in (1) with G and X being replaced by G and MY, respectively.
24 A blocking coalition is unavoidable if a stable matching does not exist, as is demonstrated in Section
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Remark 5. One could define approximate stability slightly differently. Say a matching M4
is e-distance stable if (i) it is individually rational and (ii) |]\;[]‘Z — M{| < e for any coalition
f and M? € X'? that blocks M7 in the sense that ]\ZJ‘Z C D=/(M17) and uf(]\;_/]?) > up(M7).>
In words, if a matching M7 is e-distance stable, then any alternative matching a firm may
propose for blocking must be within distance € from the original matching. One advantage
of this concept is that it is an ordinal concept, that is, we do not need to endow the firms
with cardinal utility functions in order to formalize the notion. Note also that the notion
requires the € bound for any blocking coalition, not just the “optimal” blocking coalition in
the sense defined in Definition 2-2, making the notion more robust than the standard one.
Matching M? constructed in the proof of Theorem 3 is e-distance stable for any sufficiently

large ¢, as shown in the proof.

Below we revisit the example in Section 2 to give a concrete example of an approximately

stable matching.

Example 3. Recall the finite economy described in Section 2.2° If the index ¢ is odd, then
a stable matching does not exist. Let us consider the following matching: firm f; matches
qg—1

with % workers of each type and firm f, matches with all remaining workers, i.e. =

workers of each type. After normalization (i.e., dividing by 2¢), we obtain a matching

< fi f2 )

+1 +1 -1 -1 ’

q4—q€ + ‘74—q€/ ‘74—q€ + "4—(19’

which converges to the stable matching in the limit economy. Given this matching, it is
straightforward to see that there is no blocking coalition involving firm f;. Also, the only
blocking coalition involving firm fy entails taking only a single worker of type 8" away from

firm f;. Thus, for any € > 0, if ¢ is sufficiently large, then the above matching is e-distance

stable, as well as e-stable (provided the firms’ utility functions are continuous).

25The notion of distance |- | is Prokhorov metric that metrizes the weak-* topology on a measure space.
Specifically, for any X,Y € X, we let

|IX —Y|:=inf{e>0| X(F)<Y(E*)+ecand Y(E) < X(E°)+cforall Ee€ X},
where E°:={0 € © |30 € E, |0 -0 <e}.

26With a slight abuse of notation, this example assumes that there are a total of 2¢ workers (g workers

of 6 and 0’ each) rather than q. Of course, this is done for purely expositional purposes.
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6 Indifferences, Fairness, and Strategy-Proofness

In this section, we generalize our continuum economy framework to allow for firms that are
indifferent over different subpopulations of workers. There are at least three motivations for
this generalization. First, there is a continuum of workers in our environment, and in such
a situation it is natural to allow for a firm to be indifferent across some subpopulations
and choose more than one subpopulation as the most preferred. Second, indifferences
appear to be inherent in some applications. In school choice, for instance, schools are
often required by law to regard many students to have the same priority,?” in which case
school preferences encoding the priority will exhibit indifferences over students. Last but
not least, our continuum model can be applied to study “time share” or “probabilistic”
matching in a finite market. In the time share model, a finite set of workers contract with a
finite set of firms for fractional time share. As we describe more precisely later, we can use
the continuous measures of workers in our large market model to represent “time units”
a single worker may supply in this finite economy model. Hence, to study a firm (e.g., a
school) indifferent over a set of workers (e.g., students in the same priority class) in the
latter model, we must allow a firm to be indifferent across different types of workers in our
large market model.

Formally, firms’ indifferences can be accommodated by extending their choice functions
to be multi-valued, namely by introducing choice correspondences for firms. The notion
of stability as well as its characterization and existence must be extended for this new
environment. We therefore begin with this generalization in Section 6.1. Our main focus
will be, however, on the two new issues that become important in this new environment.

First, an important new question is how equitably the workers who are perceived as
equivalent by a firm are treated in the matching. As mentioned in the introduction, stabil-
ity involves a desirable fairness property, and in particular our stable matching (implicitly)
treats the workers of the same type (in terms of their preferences as well as firms’ prefer-
ences over them) identically. But our stability notion alone permits many different possible
matchings, and some of them treat workers differently even if they are perceived as equiv-
alent by the firms. As pointed out by Kesten and Unver (2014), a stronger notion of
fairness than implied by the standard notion of stability is not only attainable but may be

important in settings such as school choice.

27 In the public school choice program in Boston prior to 2005, for instance, a student’s priority at a
school is based only on coarse criteria such as the student’s residence and whether her sibling is currently
enrolled at that school. Consequently, at each school, many students are equipped with the same priority
(Abdulkadiroglu et al., 2005).

21



Second, firms’ indifferences make workers’ incentives for truthful reporting nontrivial.
In a large market setting, each worker is insignificant in her ability to influence the match-
ing through her preference reporting; more precisely, a matching in our continuum economy
framework is insensitive to a change in the measure zero types. This does not mean, how-
ever, that the incentive problem disappears on the worker side. A worker may still influence
her (probabilistic) assignment by manipulating her preference report, if the workers with
different preference but same productivity types—note they are perceived as equally de-
sirable from the firms’ perspectives—are treated differently. As it turns out, the incentive
issue is closely related to the fairness issue. In Section 6.2, we propose a mechanism that
will solve both issues and show that such a mechanism exists. Section 6.3 applies the result

to a general time share model.

6.1 Stable Matching with Choice Correspondence

In order to accommodate firms’ indifferences, we introduce choice correspondences for firms.
Let C; : X = X be a choice correspondence: i.e., for any X € X, Cp(X) C Xy is
the set of subpopulations of X that are the most preferred by f among all subpopulations
of X (recall Xx is the set of all subpopulations of X). By convention, we let Cy(X) =
{X},VX € X. Then, let R;(X) := X — Cf(X), or equivalently R;(X) ={Y € X|Y =
X — X' for some X' € Cf(X)}. We assume that for any X € X, C¢(X) is nonempty.
Assume further that Cy(-) satisfies the revealed preference property: For any X, X' € X
with X' C X, if Cp(X) N Xx # 0, then Cp(X') = C;(X) N Xxr. Define a function
D=f ;. x™t1 — X for each f € F in the same manner as in (1).

Definition 5. A matching M is stable if

1. For all P € P, we have M;(©p) = 0 for any f satisfying ¢ >p f; and for each f € F,
Mf S Cf(Mf), and

2. There exist no f € F and M} € X such that M} &= D=/ (M), M} € C¢(M}V My),
and Mf ¢ Cf(MJ/f V Mf)

Clearly, this definition is a generalization of Definition 2 to the case of choice correspon-
dences. The existence of a stable matching then follows from existence of a fixed point for
a correspondence operator defined analogously to the mapping 7" in Section 4. To this end,

we extend the notion of continuous preferences as follows:

Definition 6. The firm f’s choice correspondence C} is upper hemicontinuous if, for
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any sequences (X*)eny and (X¥)pey in X such that X* PX, XF YN X, and XF e
Cf(X*),Vk, we have X € Cp(X).”

By Berge’s maximum theorem (see, for instance, Ok (2011) for a textbook treatment),
an upper hemicontinuous choice correspondence arises when a firm has a utility function

u : X — R that is continuous in weak-* topology.

Theorem 4. Suppose that for each f € F, Cy is convez-valued and upper hemicontinuous.

Then, there exists a stable matching.
Proof. See Appendix A. |

This result shows that our main result — that there exists a stable matching when there
is a continuum of workers — does not hinge on the restrictive assumption that each firm’s
choice is unique. On the contrary, this result holds for a wide range of specifications that
allow for indifferences and choice correspondences. As will be seen in the next section, this
generalization turns out to be useful when analyzing fairness and incentive compatibility

properties of matching mechanisms.

6.2 Fairness and Incentive Compatibility

In this section, we study the fairness and incentive issues that arise in a general model in
which firms may be indifferent over a set of workers. For this purpose, it is convenient
to describe the type of each worker by a pair § = (a, P), where a denotes the worker’s
productivity or skill, and P is her preference for firms and the outside option, as before.
We assume that a worker’s preference does not affect firms’ preferences and is private
information, whereas the productivity type may affect firms’ preferences and is observable
to the firms (and also to the mechanism designer). Let A and P be the sets of productivity
types and preference types, respectively, and © = A x P. We assume that A is a finite
set.?” This implies that © is a finite set, so the population G of worker types is a discrete

measure.

28This definition is often referred to as the “closed graph property,” which implies (the standard def-
inition of) upper hemicontinuity and closed-valuedness if the range space is compact, as is true in our
case.

29Finiteness of A is necessitated by our use of weak-* topology and the construction of strong stability

and strategy-proof mechanisms below. To illustrate the difficulty, suppose A were a unit interval, say,
and G has a well defined density. Our construction below would require that the density associated with
firms’ choice mappings satisfy a certain population-proportionality property. Convergence in our weak-*
topology does not preserve this restriction on density. As a consequence, the operator T may violate

upper hemicontinuity, which may result in the failure of the nonempty-valuedness of our solution. It may
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As before, a matching is described by a profile M = (Mjy) rer of subpopulations of
workers matched with alternative firms or the outside option (note that given discreteness
of G, each matching M can be expressed as a profile of discrete distributions). We assume
that all workers of the same (reported) type are treated ex ante identically. Hence, given
matching M, a worker of type (a,P) in the support of G is matched to f € F with
M;(a,P) M;(a,P)

Glap) - Note that > feF Gap) = 1 holds by construction, giving rise to a

valid probability distribution over F. A mechanism is a function ¢ that maps any G € X’

probability

to a matching.

We next describe firms’ preferences. To accommodate indifferences, we let a partition
Py := {05, ..., @ff } of © denote the set of indifference classes for firm f. The partition
means that firm f is indifferent over matching with different types of workers as long as the
total measure of workers within each group @’; is unchanged. Let I; = {1, ..., Ky} be the
associated index set. Note that the partitional structure may be arbitrary; in particular, it
may differ across different firms.

We next assume that, for any given measure X C G of available workers, the firm
has a unique optimal choice in terms of the measure of workers in each indifference class.
Formally, for each k € I, we let A’Ji : X — R, denote firm f’s unique choice of total
measure of workers in the indifference class @;‘é. Specifically, we assume that for each X C G,
A%(X) e [0, Zee@’; X(0)] and A%(X') = A%(X) whenever Zeee’;’ X'(0) = 2969?/ X(0) for
all k' € I;. We also assume that A%(X’) = A%(X) whenever A¥ (X) < Zeee’;’ X'(0) <
Zae@’;/ X () for all k" € Iy, which captures the revealed preference property. Finally, we
assume that A%(X) is continuous in (2969’;’ X (0))wer, (in the Euclidean topology).

The resulting economy described by (G, F, Pg, Ap), where Pp = (Py) ser, A := (A} )rer,
for each f € F and Ap = (Ay)fer, is called a general indifferences model. It is easy to
see that a general indifference model admits a stable matching. Observe that the functions

Ap = (A’Ji)ke 1; induce a choice correspondence for firm f, given by

CHX):={Y T X| > Y(0)=A}X)Vke I}, (3)

k
USC)

for each X € X. One can see that C is convex-valued and upper hemicontinuous, and
satisfies the revealed preference property (see Lemma 8 in Appendix C). It then follows by
Theorem 4 that a stable matching exists in the general indifference model.

To motivate the fairness and incentive issues that arise with indifferences, we begin with

an example.

be possible to address this issue by strengthening the topology, but whether the resulting space satisfies

conditions that would guarantee the existence of a stable matching is an open question.
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Example 4. There are two firms f; and f;, and a unit mass of workers with two pro-
ductivity types a and a/. Firm f; wishes to maximize min{x,z’'}, where x and 2’ are the
measures of workers with productivity types a and o', respectively. Firm f5 has a respon-
sive preference with capacity 1/2 and prefers a-productivity type to a’-productivity type.

There are three possible worker preferences:

P:fi>= fo= g
P fo- fi =0
P,/1f2>—(25>-f1-

Letting 0 = (a,P), 0 = (a/,P'), and 0" = (a’, P"), the type distribution is given as
G(0) =1/2 and G(0') = 1/4 = G(0"). (Note that this example is the same as our leading
example except mass 1/4 of type § workers now have a new preference P”.)

Consider first a mechanism that maps G to matching

M = <10f110/ 19 f210//>'
LN LA L

This matching is stable, which can be seen by the fact that the firms are matched with
the same measures of productivity types as in the stable matching in our leading example.
Observe, however, that the matching treats the type-6’ and type-0” workers differently—
the former workers match with f; and the latter workers match with f, (which they both
prefer)—despite the fact that the firms perceive them as equivalent. This lack of “fairness”
leads to an incentive problem: type-6’ workers have an incentive to (mis)report to be of
type 6" and thereby match with f, instead f;.

These problems can be addressed by another mechanism that maps G to matching

M = (19f119/ 19 1J;2/ 19//>'
eV TV 30TV T
This matching is stable just like M, but in addition firm fy treats type-6’ and type-0"
workers identically in this matching. Further, neither type 6 nor type 6”-workers have

incentive to misreport. (One can show that this is a unique matching that satisfies both

stability and incentive compatibility.)

This example suggests that stability alone does not guarantee equal treatment of workers
perceived as equally desirable by the firms and for that reason may also fail strategy-
proofness. It thus motivates strengthening the notion of stability. In particular, we consider

the following (stronger) notion of fairness, proposed by Kesten and Unver (2014).
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Definition 7. A matching M is strongly stable if (i) it is stable and (ii) for any f € F,

My (6
k€ ly,and 0,0 € O}, if T < T then S e My (6) =0,

In words, strong stability requires that if a worker type 6 is assigned a firm f with
strictly lower probability than another type # in the same indifference class for firm f,
then the type-6 worker should never be assigned any firm f’ the worker ranks below f. In
that sense, the workers in the same priority class should not be discriminated against one
another. This is an additional requirement that is not implied by stability (which requires
fairness, or more precisely, elimination of justified envy, across workers that a firm is not
indifferent among).

We next discuss incentive compatibility of a mechanism. To this end, we assume as
before that the workers evaluate lotteries via the partial order given by first-order stochastic

dominance, and define strategy-proofness as follows:

Definition 8. ¢ is strategy-proof for workers if, for each (reported) population G € X,
productivity type a € A, preference types P and P’ in P such that both (a, P) and (a, P’)
are in the support of G, and f € ﬁ’, we have

sOf' ep(G)(a, P') 4

f’f’z> / f’f’z> ; Gl Pl) .

Some comments on our modeling assumptions are in order. First, a worker can misreport
only her preference type, and not her productivity type (recall that a worker’s productivity
type determines firms’ preferences on her): this assumption is the same as in the standard
setting in the literature. Second, unlike in finite population models, the worker cannot
alter the population G' by unilaterally misreporting her preferences, because there are a
continuum of workers. Third, we only impose the restriction (4) for types (a, P) and
(a, P’) that are in the support of G. For the true worker type (a, P), this is the same
assumption as in the standard strategy-proofness concept for finite markets. We do not
impose any condition for misreporting a measure-zero type, since if ¢ is a mechanism that
is individually rational (which is the case for stable mechanisms), then the incentives for
misreporting to be a measure-zero type can be eliminated by specifying the mechanism to
assign a worker reporting such a type to the outside option with probability one. Finally,
strategy-proofness is closely related to a standard fairness property. We say that a matching
M is envy-free if, for each productivity type a € A, as well as preference types P and P’
in P such that both (a, P) and (a, P") are in the support of G, the matching for a worker
of type (a, P) weakly first-order stochastically dominates the matching for type (a, P’) at

preference P. Clearly, this definition is “equivalent” to strategy-proofness in the sense that
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a mechanism ¢ is strategy-proof if and only if ¢(G) is envy-free for every worker population
(. This connection between strategy-proofness and envy-freeness has been observed in the
literature on mechanisms in large markets, by Che and Kojima (2010) for instance.

We are now ready to state our main result. Our approach is to show existence of a
stable matching that satisfies an additional property. Say a matching M is population-
proportional if, for each f € F' and k € I, there is some O/j € [0, 1] such that

M;(0) = min{ D~/ (M)(6), a;G(6)},V0 € OF. (5)

In words, the measure of workers hired by firm f from the indifference class @’Jﬁ is given
by the same proportion oz;? of G(0) for all § € ©F, unless the measure of worker types
available to f is less than the proportion a’} of G(), in which case the entire available
measure of that type is assigned to that firm. In short, a population-proportional matching
seeks to match a firm with workers of different types in proportion to their population sizes
at G whenever possible, if they belong to the same indifference class for the firm. The
stability and population-proportionality of a mechanism translate into the desired fairness

and incentive properties, as the following result shows.

Theorem 5. (i) If a matching is stable and population-proportional, then it is strongly
stable.

(i) If a mechanism o implements a strongly stable matching for every measure in X,

then the mechanism is strategy-proof for workers.
Proof. See Appendix C. |

The following result then guarantees existence of a stable and population-proportional

matching.

Theorem 6. For any population of workers, there exists a matching which is stable and

population-proportional.
Proof. See Appendix C. |

A key step in the proof of this result is to select from each firm’s choice correspondence
C an optimal choice C’f € C that satisfies population-proportionality. The selection
C’f is then shown to be continuous, so by Theorem 2, a “stable matching” exists in the
“hypothetical” continuum economy in which firms have preferences represented by the
choice functions éf. The last step is to show that the stable matching of the hypothetical

economy is in turn stable in the original economy and satisfies population-proportionality.
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This result establishes the existence of a matching that satisfies strong stability and
strategy-proofness for workers for the large economy environment. In contrast to the ex-
isting literature, our result holds under general preferences of firms that may involve both

indifferences and complementarities.

Remark 6 (Non-strategy-proofness for firms). Even with a continuum of workers, no sta-
ble mechanism is strategy-proof for the firms. To show this fact, consider the following
example.”’ Let F'= {f1, fa}, © = {0,0'}, and G(8) = G(#') = 1/2. Worker preferences are

given as follows:

0:fs = fi =9,
0/2f1>-f2>'@.

Firm preferences are responsive; f; prefers 6 to 6’ to vacant positions, and wants to be
matched with workers of up to measure 1; and f, prefers 6’ to 6 to vacant positions, and
wants to be matched with workers of up to measure 1/2.

Let ¢ be any stable mechanism. Given the above input, the following matching is the

fi fo
M= .
(i %)

Matching M is clearly stable because it is individually rational and every worker is matched

unique stable matching:

to her most preferred firm. To see the uniqueness, note first that in any stable matching,
every worker has to be matched to a firm (if there is a positive measure of unmatched
workers, then there is also a vacant position in firm f;, and they block the matching).
All workers of type ¢’ are matched with f;, because otherwise f; and 6" workers who are
not matched with f; block the matching (note that f; has vacant positions to fill with ¢’
workers). Given this, all workers of type # are matched with fy, because otherwise f; and 6
workers who are not matched with fs block the matching (note that f, has vacant positions
to fill with type 6 workers).

Now, assume that f; misreports its preferences, declaring that € is the only acceptable
worker type, while it still has a responsive preferences and wants to be matched to the

same measure as before, 1. And assume that preferences for other agents are unchanged.

39This example is a continuum-population variant of an example in Section 3 of Hatfield, Kojima and
Narita (2014a). See also Azevedo (2014) who shows that stable mechanisms are manipulable via capacities

even in markets with continuum of workers.
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Then, it is easy to verify that the unique stable matching is

/ fl f2
M = .
(5 1)

Therefore, firm f; prefers its outcome at M’ to the one at M, proving that no stable

mechanism is strategy-proof for the firms.

6.3 Applications to Time-Share/Probabilistic Matching Models

Our general indifference model introduced in Section 6.2 has a connection with time share
and probabilistic matching models. In these models, a finite set of workers contract with
a finite set of firms for time shares or they are matched probabilistically. Probabilistic
matching is often used in allocation problems without money such as school choice, while
time-share models have been proposed as a solution to labor matching markets in which
part-time jobs are available (see Bird, Fleiner and Irving (2013) for instance).

Our general indifference model can be reinterpreted as a time-share model. Let © be
the finite set of workers whose shares firms may contract for, as opposed to the finite types
of continuum of workers. The measure G(6) represents the total endowment of time or
probability that a worker # has available for matching. A matching M describes time or
probability M;(#) that a worker # and a firm f are matched.

The partition Py then describes firm f’s set of indifference classes, where each class
describes a set of workers the firm finds equivalent. The function Ay = (A})res, describes
the time shares firm f wishes to choose from available time shares in alternative indifference
classes. The structure of indifferences as well as firms’ preference we permit is very general.
Recall that our indifferences model allows different firms to be indifferent across different
sets of workers. On the worker side, for each worker # € ©p, the first-order stochastic
dominance induced by P describes the preference of the worker in evaluating lotteries.
With this reinterpretation, Definitions 5 and 7 provide appropriate notions of a stable

matching and a strongly stable matching, respectively.*!

31The notion of strong stability in Definition 7 requires the proportion of time spent with a firm out of
total endowment to be equalized among workers that the firm considers equivalent. This notion is sensible
in the context of time share model, particularly when G(6) is the same across all workers, as with school
choice (where each student has a unit demand). When G(0) is different across 6’s, however, one could
consider an alternative notion, for instance one that equalizes the absolute amount of time (not divided by
G(0)) a worker spends with a firm. Our analysis can be easily modified to prove the existence of matching

that satisfies this alternative notion of strong stability.
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We call a time share model induced in this way by our general indifference model a
general time share model. This model clearly encompasses a broad class of existing
time share models, both in terms of the structure of indifferences that it permits as well
as firms’ preferences, which include non-substitutable as well as substitutable preferences.

The only significant assumption is the continuity of A;. The following result is immediate:

Corollary 1. A general time share model admits a strongly stable—and thus stable—

matching.®?

This result generalizes the existence of a strongly stable matching in the school choice
problem studied by Kesten and Unver (2014), where schools may regard multiple students
as having the same priority. In their model, there are a finite number of students and a
matching specifies a profile of match probabilities (so each worker # represents a student and
G(0) = 1 for all ). They define probabilistic matchings that satisfy our strong stability
property (which they call strong ex ante stability), and show their existence under the
assumption that schools have responsive preferences with ties. In their context, strong
stability requires—in addition to stability—that two students with the same priority at
a school be assigned to that school with the same probability, unless the student with
the smaller probability is matched with each of her less preferred outcomes with zero
probability. Our contribution here lies in establishing the existence of a stable matching
with general preferences that may violate responsiveness or even substitutability. Our result
could be useful for school choice environments in which the schools may need a balanced
student body in terms of gender, ethnicity, income, or skill levels. For example, in New
York City, the so-called Education Option (EdOpt) school programs are required to assign
16 percent, 68 percent, and another 16 percent of the seats to the top performers, middle
performers, and the lower performers, respectively (Abdulkadiroglu, Pathak and Roth,
2005). Strong stability will ensure ex ante fairness in the sense that it not only implements

the desired mix of students but also ensures fairness in the treatment of students.

7 Conclusion

Complementarity is prevalent in matching markets, and it poses difficulty for designing
desirable mechanisms. The present paper took a step toward solving this problem by

studying stable matching in large economies. We demonstrated that if the firm preferences

32Unlike the continuum model, population proportionality does not guarantee strategy-proofness. As
is shown by Kesten and Unver (2014), strategy-proofness is generally impossible to attain in the time-

share/probabilistic models with finitely many workers.
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are continuous, then an economy with a continuum of workers always has a stable matching,
even in the presence of complementarities. Building upon this result, we established that
there exists an approximately stable matching in large finite economies. We extended our
analysis to the case in which firms’ choices may not be unique, and used this framework
to show that there is a stable mechanism that is strategy-proof for workers and satisfies an
additional fairness property, strong stability.

To our knowledge, this paper is the first to analyze a continuum matching model with
the level of generality as presented here. As such, our paper may pose as many questions as
it answers. One issue worth pursuing is the computation of a stable matching. Existence
of a stable matching, as established in this paper, is clearly necessary to find a desired
mechanism, but for practical implementation one needs an algorithm that is computable
and fast. Our mapping 7" not only characterizes stable matchings but also is interpretable
as a tatonnement adjustment process for revising the “budget quotes” that has a potential
to be used as an actual mechanism.*® However, this process is not guaranteed to always
converge to a stable matching.?* This is not a surprise, given that similar algorithms such
as a tatonnement process in general equilibrium theory or a best response process in game
theory also fail convergence in general. Studying the computationally efficient algorithms
to find stable matchings would be an interesting and challenging future research topic.

Another research direction is to find structural properties of stable matchings. Sec-
tion 5.3 of the Supplementary Notes studies this issue for the case where firm preferences
satisfy substitutability (but not necessarily continuity). We show that the set of stable
matchings forms a (nonempty) complete lattice, which in particular implies the existence
of side-optimal stable matchings. A version of the rural hospital theorem also holds given
an appropriate version of the law of aggregate demand. While these results may be ex-
pected from the existing theory, we also provide a novel condition that generalizes the full
support assumption of Azevedo and Leshno (2011) and guarantees the uniqueness of stable

matching. Although our analysis in the Supplementary Notes has already established these

33Tn fact, in case of substitutable preferences, the map 7T entails a monotonic process that converges
regardless of the initial state, and in particular corresponds to the celebrated and largely successful Gale
and Shapley’s deferred acceptance (DA) algorithms when the initial measures are set at either the largest

(firm-proposing DA) or at the smallest measures (worker-proposing DA).
34Recall our leading example in Example 1. We can see that starting from any state (3,21;z2,1), T
cycles back to itself:

(%ax/l;x%%) - (%axQ; % _'r/la %) - (%7 % _]’Jl; % —1‘2,%) - (%7% —.132;3?/1,%) - (%7'1:3;3727%)'

Hence, unless one starts with the stable matching 2y = a4 = 1/2, the map T never finds a stable matching.
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key structural properties, further studies along this line seems promising.

While our model substantially generalizes previous models, further generalizations would
be another interesting research topic. In Section S.4 of the Supplementary Notes, we gen-
eralize our continuum matching model to the setting of matching with contracts due to
Hatfield and Milgrom (2005). We establish basic results, namely the existence and a fixed-
point characterization of stable matchings, and it appears that many other basic properties
should hold. Just as many papers have successfully generalized and applied the finite model
of matching with contract, future research on matching with contracts in large economies
may prove fruitful.

The approach of this paper was theoretical, and our theoretical findings suggest a num-
ber of complementary research directions using different methodologies. For instance, it
would be important to see whether approximate stability is sufficient for keeping the given
matching undisturbed in practice. Testing this hypothesis with real data is likely challeng-
ing and certainly outside the scope of this particular paper, but it may be an interesting
future research topic. Given the difficulty with using real data, lab experiments or numer-
ical methods may be promising. Theses are just a few examples of research topics, and we

expect that many other questions can be asked in the framework presented in the current
paper.
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A Proofs of Theorems 1, 2 and 4

Since Theorems 1 and 2 follow as corollaries from their counterparts (Theorems 7 and 4)
in the correspondence case, we only consider the case where C'y and thus R are correspon-
dences.

Let us extend the mapping T to the case of correspondences as follows: For any X €
Xn+1’

T(X)={X € X" | X;()=> Yr(0pN:),Vf€F,
PeP

for some (Y}) ;o such that Yy € Ry(X;),Vf € F},

where Y;r(Op N-) = G(OpN-) if f is the top-ranked firm at P.
First, we obtain the characterization of stable matchings as fixed points of T', from
which Theorem 1 follows as a corollary since the above T" mapping coincides with that in

(2), as can be easily verified.

Theorem 7. A matching M € X" is stable if and only if there is a fived point X € T(X)
such that M; € C;(X;),Vf € F. Also, any such X and M satisfy X; = D3 (M),Yf € F.

Proof. (“Only if” part): Suppose M is a stable matching in X" Define X = (X;) .z

as

X;(E)=D¥(M)E)=>_ >  Mp(0pnE)VEEX.
PEP freF:f'<pf

We prove that X is a fixed point of T'. Let us first show that for each f € F, X FeX. It
is clear that as each M (Op N -) is nonnegative and countably additive, so is X(-). It is
also clear that since (M) is a matching, Xy C G. Thus, we have X; € X.

We next claim that My € Cp(Xy) for all f € F. This is immediate for f = ¢ since
M, C X, = C4(X,). To prove the claim for f # ¢, suppose for a contradiction that
My ¢ Cy(Xy), which means that there is some M} € Cy(Xy) such that M} # M;. Note
that My C Xy and thus (M} V My) C X;. Then, by revealed preference, we have M; ¢
Cy(M} Vv My) and My € Cy(M; vV My) or M} »=¢ My, which means that M is unstable
since M} C Xy = D=/(M), yielding the desired contradiction.

We next prove X € T'(X). The fact that My € C¢(Xy),Vf € F means that Xy — M; €
Ry(Xy),Vf € F. We set Yy = X; — M for each f € F and obtain for any E € ¥

S Yr(@pnE) =Y (Xff(@P N E) — M;r(©p N E))

pPeP pPeP
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— Z Z Mp(©pNE)— M (©pNE)

PeP \ preF:.f'=<pff

=Y Y Mp(0pnE)=X(E),
PEP fref:f'<pf
where the second and fourth equalities follow from the definition of X,r and X}, respec-
tively, while the third from the fact that f” is an immediate predecessor of f. The above
equation holds for every firm f € F, so we conclude that X € T(X), i.e. X is a fixed point
of T

(“If” part): Let us first introduce some notations. Let f denote an immediate
successor of f € F' at P € P: that is, f <p f, and for any f' <p f, f' <p fF. Also,
let Xff<®]3 N)=0 f(zr the firm f that is ranked last at P. Note that for any f, f er,
f=fFifand only if f = fT.

Suppose now that X € X" is a fixed point of T. For each firm f € F and E € X,
define

My(E) = X¢(E) = Y X r(0p N E). (6)
PeP
We first verify that for each f € F, My € X. First, it is clear that for each f € F, as
both X(-) and Xff(@P N -) are countably additive, so is M;. It is also clear that for each
feF, MyC X,
Let us next show that for all f € F, P € P, and E € &,

X;O0pNE)= Y MpO©pnE), (7)
J'eF:f'=pf
which means that X; = D=/(M). To do so, consider first a firm f that is ranked last at
P. By (6) and the fact that X;»(©pN-) =0, we have My(Op N E) = X;(©p N E). Hence,
(7) holds for such f. Consider now any f € F' which is not ranked last, and assume for an
inductive argument that (7) holds true for f£, so X;r(OpNE) = Zf/eﬁs:f/jpff My (©pNE).
Then, by (6), we have

Xy(©pNE) =M ©pNE)+Xpp(0pNE)=Mi(OpNE)+ Y Mp(0pNE)
J'eF:f'2pff

= Y. Mp©pnE),

feF:f'<pf

as desired.
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To show that M = (My);.; is a matching, let f be a top-ranked firm at P and note
that by definition of T, if X € T(X), then X;(©pN-) = G(OpN-). Since X € T(X), we
have for any F € X

GOpNE)=X;(OpNE)= Y  Mp(OpnE)=)Y Mu(0pnE),

frer:f'<pf frer

where the second equality follows from (7). Since the above equation holds for every P € P,
M is a matching.

Let us now fix any f € F and show that M; € C(X), which is equivalent to showing
Xy — M € Re(Xy). Recall that Xff(@]? NE)=Y;©OpNE)forall PeP and E € ¥.
Then, (6) implies

Xp() = My() =Y Xpp(Op M) = > Yy(OpN-) = Yy() € Ry(Xy),
PeP PeP
as desired, where the last inclusion relationship follows from the definition of 7'
We now prove that (M) ;. is stable. To prove the first part of Condition 1 of Definition
5, note first that M, € C,(X,) = {X,}. Then, for every P € P and E € ¥,

S MpOp) = > MyOp) — My(Op) = X,(Op) — My(Op) =0,

fif<po f:f2po

where the middle equality follows from (7). The above equation means that for each f <p @,
we have M;(©p) = 0, as desired. The second part of Condition 1 of Definition 5 (i.e.
My € Cp(My)) follows from revealed preference since My T X by (7) and My € Cr(Xy).

It only remains to check Condition 2 of Definition 5. Suppose for a contradiction that
it fails. Then, there exist f and M } such that

M;© DY(M), Mj; € Cy(M;V My), and My ¢ Cp(M} Vv My). (8)

So M; © D=/(M) = X;. Since then My C (M;V My) C Xy and My € Cy(Xy), the
revealed preference property implies My € Cy(M} V My), contradicting (8). We have thus
proven that M is stable. ||

We now prove Theorem 4, from which Theorem 2 follows as a corollary since, if T is
a single-valued mapping, then the convex- and closed-valuedness hold trivially while the
upper hemicontinuity is equivalent to continuity. To prove existence, by Theorem 7, it
suffices to show that the mapping T" has a fixed point. To this end, we establish a series of

Lemmas.
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We now establish the compactness of X and the upper hemicontinuity of T. Recall
that X is endowed with weak-* topology. The notion of convergence in this topology, i.e.
weak convergence, can be stated as follows: A sequence of measures (Xj)gen in X weakly
converges to a measure X € X, written as X}, BN e , if and only if fe hdX; — fe hdX for
all h € C(0©), where C(0) is the space of all continuous functions defined on ©. The next

result provides some conditions that are equivalent to weak convergence.

Theorem 8. Let X and (Xy)ren be finite measures on X. The following conditions are

equivalent:>
(a) Xp 5 X;

(b) [ohdXy — [ohdX for all h € Cu(©), where C,(0) is the space of all uniformly

continuous functions defined on ©;
(c) liminfy, X3 (A) > X(A) for every open set A C O, and X(0) — X (0);
(d) limsup, Xi(A) < X(A) for every closed set A C O, and X(0) — X(0);

(e) Xi(A) = X(A) for every set A € ¥ such that X(0A) =0 (0OA denotes the boundary
of A).

Lemma 2. The space X is convex and compact. Also, for any X € X, Xx is compact.

Proof. Convexity of X follows trivially.

To prove the compactness of X, let C'(0)* denote the dual (Banach) space of C(0) and
note that C'(©)* is the space of all (signed) measures on (0, X)), given O is a compact metric
space.’ Then, by Alaoglu’s Theorem, the closed unit ball of C'(0©)*, denoted U*, is weak-x
compact.?” Clearly, X is a subspace of U* since for any X € X, || X|| = X(0) < G(©) = 1.

35This theorem is a modified version of “Portmanteau Theorem” that is modified to deal with any finite
(i.e. not necessarily probability) measures. See Theorem 4.5.1 of Ash (1977) for this result, for instance.
36More precisely, C(©)* is isometrically isomorphic to the space of all signed measures on (6,Y) ac-

cording to the Riesz Representation Theorem (see Royden and Fitzpatrick (2010) for instance).
3TThe closed unit ball is defined as U* := {X € C*(0©) : || X|| < 1}, where || X|| is the dual norm, i.e.,

= : <1j.
|X || = sup{| [yhdX | : h € C(6) and max |h(0)| < 1}

If X is a nonnegative measure, then the supremum is achieved by taking h = 1, and thus || X|| = X(0). It
is well known (see Royden and Fitzpatrick (2010) for instance) that if C'(©)* is infinite dimensional, then
U* is not compact under the norm topology (i.e., the topology induced by the dual norm). On the other
hand, U* is compact under the weak-* topology, which follows from Alaoglu’s Theorem (see Royden and
Fitzpatrick (2010) for instance).
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The compactness of X will thus follow if X is shown to be a closed set. To prove this, we
prove that for any sequence (Xj)reny in X and X € C(0)* such that Xy % X, we must
have X € X, which will be shown if we prove that 0 < X(F) < G(F) for any F € . Let
us first make the following observation: every finite (Borel) measure X on the metric space
1,38

O is normal,”® which means that for any set £ € ¥,

X(E)=inf{X(0): EC O and O € ¥ is open} (9)
=sup{X(F): FFC E and F € ¥ is closed}. (10)

To show first that X (E) < G(E), consider any open set O € ¥ such that £ C O. Then,
since Xy € X for every k, we must have X;(O) < G(O) for every k, which, combined
with (c¢) of Theorem 8 above, implies that X (O) < liminf;, X,(0) < G(O). Given (9), this
means that X (F) < G(F).

To show next that X (FE) > 0, consider any closed set F' € ¥ such that F' € X. Since
Xy € X for every k, we must have Xy (F') > 0, which, combined with (d) of Theorem 8
above, implies that X (F) > lim sup, Xy (F) > 0. Given (10), this means X (E) > 0.

The proof for the compactness of Xy is analogous and hence omitted. |

Lemma 3. The map T is a correspondence from X" to itself. Also, it is convez-valued

and upper hemicontinuous.

Proof. To show that T maps from X"*! to itself, observe that for any X € X"*! and
X € Ty(X), there is Y € R;(X) for each f € F such that for all F € ¥,

X(E)=) Y»(0pNE) <Y X@p(0pNE)< Y G(OpNE)=G(E),
PeP Pep PepP
which means that X € X, as desired.

To prove that T is convex-valued, it suffices to show that for each f € F, Ry is convex-
valued. Consider any X € X and YY" € R¢(X). There are some X', X" € C¢(X)
satisfying Y' = X — X" and Y” = X — X”. Then, the convexity of C(X) implies that for
any A € [0, 1], AX'+(1-X) X" € Cp(X) s0 \Y'+(1-N)Y" = X —(AX'+(1-N)X") € Rs(X).

To establish the upper hemicontinuity of T', we first establish the following claim:

Claim 1. For any sequence (Xi)ren C X that weakly converges to X € X, a sequence
(Xk(©p N ))ken also weakly converges to X (©p N -) for all P € P.

38See Theorem 12.5 of Aliprantis and Border (2006).
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Proof. Let X* and X" denote X (©p N-) and X;(©p N -), respectively. Note first that for
any X € X, we have X¥ € X for all P € P. Due to Theorem 8, it suffices to show that
XP and (X])en satisfy the condition (c) of Theorem 8. To do so, consider any open set
O C ©. Then, letting ©% denote the interior of Op,

limi%fo(O) = limilngk(@} NO) + X (00p N O)
= liminf X3(03 N 0) = X(63 N O) = X?(0),

where the second equality follows from the fact that X;(00pN0) < X3 (00p) < G(0Op) =
0, the lone inequality from X}, BN e , (¢) of Theorem 8, and the fact that 00% N O is an
open set, and the last equality from repeating the first two equalities with X instead of

Xj. Also, we have
XF(©) = X1(0p) = X(0p) = XF(0),

where the convergence is due to X ~—+ X, (e) of Theorem 8, and the fact that X (00p) <
G(00p) = 0. Thus, the two requirements in condition (c) of Theorem 8 are satisfied, so
Xp RN XP as desired. ||

It is also straightforward to observe that if C is upper hemicontinuous, then R is also
upper hemi-continuous.

We now prove the upper hemicontinuity of 7' by considering any sequences (X )ken
and (X;)ren in X"+ weakly converging to some X and X in X!, respectively, such that
X, € Ty(Xy,) for each k. To show that X € T(X), let X}, ; and X}, ; denote the components
of X, and Xy, respectively, that correspond to f € F. Then, we can find Yir € Re( Xk, )
for each k and f such that X ;(-) = > pep Yi P (©p N -), which implies that for all f € F
and P € P, )N(wf(@p N+) =Y, ;(O©pN-)since f is the immediate predecessor of £ at P.
As X SN X;,Vf € F, by assumption, we have kaff(@P n-) SN Xff(@]) N-) by Claim
1, which means that Yj ((©p N -) SN Xff(@P N-) for all f € F. This in turn implies that
Yis () = Lpep Yer (O N) 5 Y pep Xpp(Op 1) Now let Yi() = X pep Xyr (00 N-).
We then have X;(©p M) =Y;r(OpN-) and thus X;(-) = > pcp Y;r(Op N -). Also, since
X s LN Xy and Yy ¢ LN Y;, we must have Yy € R¢(X) by the upper hemicontinuity of
Ry, which means X € T(X), as desired. |

Proof of Theorem /. Lemmas 2 and 3 show that 7" is convex-valued and upper hemi-

continuous while it is a mapping from convex, compact space X" into itself, which implies
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that T is also closed-valued. Thus, we can invoke Kakutani-Fan-Glicksberg’s fixed point

theorem to conclude that the mapping 7" has a nonempty set of fixed points.?” |

B Proof of Theorem 3

Since the utility function of each firm is continuous, it suffices to show that there exists an
e-distance stable matching as defined in Remark 5. The rest of this proof constructs an
e-distance stable matching.

Let I" be the limit continuum economy which the sequence (I'?) ,ey converges to. For any
population G, fix a sequence (GY)en of finite-economy populations such that G? G
Let ©7 = {01,03,...,0%} C © be the support for G For each firm f € F, define ©; to
be the set of types that find firm f acceptable, ie., O := Upep.fr,,Op (let O = © by

convention). Let @f denote the closure of ©f. We first prove a few preliminary results.

Lemma 4. For any r > 0, there is a finite number of open balls, By, ..., By, in © that

have radius smaller than r with a boundary of zero measure (i.e. G(0By) = 0,V¢) and cover

©; for each f € F.

Proof. Let B(0,r) ={0' € ©|]|¢' —0|| <r}and S(0,r) = {0 € ©|]|¢' —0| = r}, where ||-||
is a metric for the space ©. For all § € ©; and r > 0, there must be some 75 € (0,7) such
that G(S(0,74)) = 0. This means that dB(0,rs) = S(,rs) has a zero measure. Consider
now a collection {B(6,7,) |0 € ©} of open balls that covers ©;. Since O is a closed subset

of the compact set O, it is compact and thus has a finite cover. |

Lemma 5. Consider any X,Y € X and any sequence (Y?),en such that Y7 € X1, Y1 L
Y, X CVY, and X(©\O;) = 0 for some f € F.*> Then, there exists a sequence (X9),en
such that X7 € X1, X1 5 X, X9C Y, and X1(©\0y) =0 for all q.

Proof. Consider a decreasing sequence (e )ren of real numbers converging to 0. Fix any
k. Then, by Lemma 4, we can find a finite cover {Béf}g:l,_._va of @f for each k such that
for each ¢, B has a radius smaller than ¢, and G(0B}) = 0. Define A} = Bf N O; and

39For Kakutani-Fan-Glicksberg’s fixed point theorem, refer to Theorem 16.12 and Corollary 16.51 in
Aliprantis and Border (2006).

4ONote that we allow for possibility that there are more than one worker of the same type even in finite
economies, so ¢ may be strictly smaller than q.

1 To see this, note first that B(0,r) = Uz, S(0,7) and G(B(6,r)) < co. Then, G(S(6,7)) > 0 for at
most countably many 7’s, since otherwise the set R, = {7 € [0,7)| G(S(,7)) > 1/n} has to be infinite for
at least one n, which yields G(B(0,7)) > G(User, S(0,7)) > 2>, a contradiction.

“2Note that if f = @, then ©\O; = (). Thus, the restriction that X (0\0) = 0 becomes vacuous.
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A} = (BF\ (Ug;llBé?)) N ©; for each ¢ > 2. Then, {Af},_, 1, constitutes a partition
of ©f. It is straightforward to see that G(9A%) = 0,V/, since G(OB}) = 0,V/, and that
G(0©;) = 0.** This implies that Y (0AF) = 0,V¢. Given this and the assumption that
ye 2 Y, condition (e) of Theorem 8 implies that there exists sufficiently large ¢, denoted

qx, such that for all ¢ > ¢

1
S oand V(A - YI(ARY < we =1, ... L. (11)
q Ly Ly
Let us choose (qx)ren to be a sequence that strictly increases with k.
We are prepared to construct X7 as follows: (i) X9(0) < Y4(0),V0 € O (ii) for each

qe {ka"'uqurl - 1}7
X9(AF) = max { mn ‘ meNU{0} and = < min{X<A§),Yq(A§)}} for each ¢ =1, ..., Ly,
q q

It is straightforward to check the existence of X7 that satisfies both (i) and (ii). Note that
(i) ensures that X? C Y9 and X?(©\0;) <Y?(O\O;) = 0.
We show that for all ¢ € {qx,...,qx+1 — 1}, we have

X (4f) - X1(4p)| < - (12

To see this, consider first the case where X (A4}) < Y?(A¥). Then, by definition of X7 and
(11), we have 0 < X (Af) — X9(A}) < ; < = In the case where X (Af) > Y9(Af), we have
X9(Af) = Y(A}) < X(AF) < Y(A§), which implies by (11)

X (AF) = XU(AD)] < Y (Af) - YI(AD)] < =
k

Let us now prove that X7 % X. We do so by invoking (b) of Theorem 8, according
to which X¢ 5 X if and only if | [ hdX9 — [hdX| — 0 as ¢ — oo, for any uniformly
continuous function h € C,(0).

Hence, to begin, fix any h € C,(0), and fix any € > 0. Next we define for each k and

qe{ka"'quJrl_l}

Soconnar XUORO) ¥ peoumar X1(0)h(6)
Zeeequg Xq(e) B Xq(AQ?)

43The latter fact holds since O = Upep.f+»Op and thus 00 C Upep. f+ ;00 p, which implies

70k —
ik =

G(00y) < G(Upep.frpe0Op) < Z G(00p) = 0.

PeP:f-po
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if X9(A¥) > 0, and if X9(A%) = 0, then define h?* = h(f) for some arbitrarily chosen
g€ AL

Note that C,(0) is endowed with the sup norm || - [ and ||h]|« is finite for any
h € Cu(©). Thus, there exists sufficiently large X' € N that for all ¥ > K and ¢q €

{a, - e — 1},

Il < 5 € and Z sup |[R2* — h(0)| X (AF) < <, (13)
/=1 9614

[\

which is possible since h is uniformly continuous, A} C Bf, and B} has a radius smaller
than €, with €, converging to 0 as k£ — oo.

Then, for any ¢ > @ := ¢k, there exists k > K satisfying ¢ € {qk,...,qrs1 — 1} such
that

/thq—/th‘

:/ thq—/ hdX
9€@f 96@f
Ly
=) hgtxe(Af) - / hdX
=1

9€@f
Ly
+ ZBZ”“X(AQ?)— / hdX
9€@f

Ly

=< ZBZ’k(Xq(A?) -

Ly,
<Zuhy\m\xq(,4€ X (AR + Z/ h?’k]lAkdX—Z/ M edX
=1 0Oy ‘ (=1 Y095 ‘

Ly,
<[|h]loctr + Z sup A" — h(0)| X (Af)
/= 196A
<fifo¢
-2 2

where the first equality holds since X(0\0;) = X9(0\O) = 0 while the third and fourth
inequalities follow from (12) and (13), respectively. |

Lemma 6. For any two sequences (X%)4en and (Y9)en such that X9,V € X9, X9 C
Y4 Vq, X1 LN X, and Y1 , Y, we have X C Y.

Proof. Letting Z9=Y?— X%and Z =Y — X, we have Z¢ " 7 because of the fact that
for any h € C,(0©),

/hqu:/hdYq—/thq%/hdY—/th:/hdZ
S e e e G e
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and (b) of Theorem 8. Since Z?7 =Y7— X7 € X, 74 LA Z, and X is compact, we have
Z € X, which implies that Z(E) =Y (E) — X(E) > 0 for all E € ¥, as desired. |

Given the utility function us, we define each firm f’s optimal choice(s) in the economy
['? as follows: for any X € X9,

CHX) = argmax up(X').
X'CX,X'eXa

Note that we allow for multiple optimal choices.

Lemma 7. Consider any X € X and sequence (X?),en such that X9 € X9 and X1 X,
Then, for any sequence (M) ,en such that M7 € CF(X?) for some (fired) f € F, we must

have M7 - Cr(X).

Proof. Suppose to the contrary that M9 does not converge to Ct(X). Then, there exists
some subsequence of MY, denoted (M9 )xey, that converges to some M’ # C;(X).** Since
M% = X% and X% 25 X, we have M’ C X by Lemma 6. Since both Cr(X) and M’ are
subpopulations of X, the assumption that C(X) chooses a uniquely utility-maximizing
subpopulation implies that uf(Cr(X)) — € > up(M’) + € for some ¢ > 0. To draw a
contradiction, we apply Lemma 5 to construct a sequence (M M)ren such that Mk e Xx U,
M* = X9 and M* 25 Cy(X). We can then find sufficiently large k such that uz(M*) >
up(Cr(X)) — € > up(M') + € > up(M%*), which contradicts the optimality of M9 given
X% since both M* and M9 are feasible subpopulations of X%, |

We are now ready to prove Theorem 3. First of all, by Theorem 2, there exists a stable
matching M in the continuum economy. We use this matching to construct a matching
M7 = (Mq)fep in the finite economy I'? as follows: order the firms in F' by fi,..., f,, and

!
1. define M;{l as X7 in Lemma 5 with X = My, Y = G, and Y? = G7*;
2. define M} as X7 in Lemma 5 with X = My,, Y = G — My,, and Y4 = G9— M} (this
is possible since G — M} G- My,);
3. in general, for each f, € F, define inductively M]’Zk as X7 in Lemma 5 with X = My, ,
Y == G - Zk’<k Mfk,, and Yq = Gq - Zk’<k M}Ik/’

44This existence is guaranteed by the compactness of X', which is equivalent to the sequential compact-

ness in a metric space, as is the case in our model.
45Note that M¢(©\O) =0 for all f € F since M is individually rational, so Lemma 5 can be applied.
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and define Mg = G — 3, 5 Mj.

By Lemma 5, M4 is feasible in I'? and individually rational for workers while M? 5 M.
To ensure the individual rationality for firms, we define another matching M? = (M})
as follows: for each f € F', select any M{ € C{(M}), and then set Mg = G7—3_ .. M. By
revealed preference, we have M} € Cf(M{) and thus M is individually rational for firms.
Also, the individual rationality of M? for workers follows immediately from the individual
rationality of M and the fact that M]? C Mj? for all f € F. Furthermore, by Lemma 7,
M} % My for all f € F since M¢ € CU(M$), M} - My, and My = Cy(Mj). This
implies that MJ = G* — Y p M} 5 G — Y2, p My = M.

Let us now denote the set of all blocking coalitions involving f under M? as B;{: that is,
Bi={MecXxi|MC D/ (MY) and up(M) > up(M9)}. Since B is finite for each g, the set
Bf = quNB;{ is countable. One can index the blocking coalitions in B¢ to form a sequence
(M*)gen such that for any M* € Bf and M¥ e BS{I with ¢ < ¢/, we have k' > k. Define ¢(k)
to be such that M* € B;]c(k). We show that M* -5 M. If not, there must be a subsequence
(M")men that converges to some M’ € X with M’ # M;. To draw a contradiction, note
first that since D=/ () is continuous and M7 5 M, we have D=/ (M9) 55 D=/ (M). 40
Combining this with the fact that M*m % M’ and Mk D=F(Ma*n)) and invoking
Lemma 6, we obtain M’ = D=/(M), which implies that us(M;) —¢ > us(M’)+ ¢ for some
¢ > 0, since Cy chooses a uniquely utility-maximizing subpopulation. Since MFn 2 M
and M7 -2 My, we can find sufficiently large m such that uf(M;Z(km)) > up(My) — € >
up(M') + € > up(M?*n) which contradicts with the fact that A9km) ¢ B?(k’”). This
establishes that M* -5 M ¢. Using this and the fact that M;Z M ¢, one can choose
sufficiently large K such that for all k > K, we have |M* — M| < s and | My — MJ'Z(k)| <,
which implies that |M* — Mg(k)\ < |M* — My| + |M; — M;Z(k)] < £+ £ = ¢e. This means
that for all ¢ > ¢(K) and M € B}, we have |[M — M{| < ¢, showing that M7 is an -
distance stable matching. Because uy is continuous for all f € F', this completes the proof
of Theorem 3.

C Proofs for Section 6.2

Proof of Theorem 5. To prove (i), suppose a matching M is stable and population-
proportional. We shall show that A satisfies the property (ii) of Definition 7. The

My (6) My (8")
GO GO

population-proportionality of M, equivalently equality (5), implies that, if

46The continuity of D=/(-) can be shown using an argument similar to that which we have used to

establish the continuity of 7" in the proof of Lemma 3.
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for any 6,6 € ©%, then we must have M;(0) = D=/ (M)(6), or else G(g) = o}, but in that
M ( )

case, we have a contradiction since o/}i > o . Then, by definition of D>/,

My(0) =D (M)(O) = Y Mp(0)=M;0)+ > Mp(0),
freF:f'<f freF:fI<f

80 > prep. i<y My(0) = 0. We have thus proven that M is strongly stable.

To prove (ii), fix any mechanism ¢ that implements a strongly stable matching for any
measure. Suppose for contradiction that inequality (4) fails for some measure G € X, for
some a, P, P', with (a, P) and (a, P") in the support of G, and for some f. Then, let f be
the most preferred firm (or the outside option) at P among those for which inequality (4)
fails. Then,

SOf’ SOf’ (a, P')
Z Z CL P/ ’ (14)
ff'=pf ff'=pf
while
SOf/ (a, P) SOf’ (a, P')
>
Z a P) - Z a Pl )
ff=pff ff=pff
so it follows that

QOf(G)(CL, P) < SOf(G)(a’ Pl)
G(a, P) G(a, P")

(15)

By the strong stability of ¢(G) and the fact that (a, P) and (a, P’) are in the same indiffer-
ence class for firm f by assumption, inequality (15) holds only if >~ ..+ ¢ (G)(a, P) = 0.

Thus, because ) % =1 as p(G) is a matching, we obtain
fl f/> f )

This equality contradicts inequality (14) because the right hand side of inequality (14)
cannot be strictly larger than 1 as ¢(G) is a matching, which completes the proof. |

Proof of Theorem 6 requires several lemmas.

Lemma 8. The correspondence defined in (3) is convez-valued and upper hemicontinuous,

and satisfies the revealed preference property.
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Proof. To first show that Cy is convex-valued, for any given X, consider any X', X" €
Ct(X). Note first that X', X” C X implies AX'+ (1 — A\)X” C X. Also, for any A € [0, 1]
and k € Iy,

DX F 1 =NXN)O) =X X(0)+ (1—)) Y X"(0) = A4(X),

k K k
0O} USCl 0O}

where the second equality holds since the assumption that X', X" € Cf(X) implies A’JE(X )=
Socor X'(0) = Yyeor X"(6). Thus, AX' + (1= N)X" € Cy(X).

To next show the upper hemicontinuity, consider two sequences (X¢)gen and (X¢)sen
converging to some X and X, respectively, such that for each ¢, X* € Ci(XY), ie., Xt
X* and A’}(Xz) = 29697 X0),Vk € I;. Since A; is continuous, we have A5(X) =
limyo0 AF(XY) = limy_o Zeee’; X0 = Zeeel; X (#), which, together with the fact that
X C X, means that X € Cy(X), establishing the upper hemicontinuity of C;.*" To show
the revealed preference property, let X, X' € X with X' T X, and suppose C;(X) N
Xy # 0. Consider any Y € Cf(X) such that Y(f) < X'(6) for all 6. Then, A%(X) =
Zee@’; Y(0) < Zee@’; X'(0) for all k € I;. By the revealed preference property of Ay, it
follows that Ag(X') = Af(X). Therefore, Y satisfies ZeeQ’; Y(0) = AH(X) = AH(X') for
all k£ € I, which implies that Y € Cy(X’) and thus Cf~(X) N Xy C Cf(X’N). To show
Cr(X) N Xxr D Cp(X'), consider any Y € Cf(X’) and X € Xy such that X € Cp(X).
By the previous argument, we have X € Cy(X’), which implies that for each f € F and
ke Iy, 2966? Y(0) = Zaee’; X(0). Since X € Cp(X), this means that Y € Cf(X) and
thus Y € Cf(X) N Xx/. Therefore, we conclude that C¢(X') = C¢(X) N Xx as desired. |

From now, we establish a couple of lemmas (Lemmas 9 and 10) and use them to prove

Theorem 6. To do so, define a correspondence By from X to itself as follows:

By(X) :={X'C X| for each k € I}, there is some o* € [0, 1] such that
X'(0) = min{X (), a"G(6)} for all 6 € ©F}.  (16)
We then modify the choice correspondence Cy in (3) to

Cr(X) = Cp(X) N By(X), (17)

for every f € F while we let C, = C,.

47The argument for X C X is that for each § € ©, X¢(0) < X*(6), so taking the limit with respect to £
yields X (0) < X(6).
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Lemma 9. For any X C G, C;(X) is nonempty and a singleton set (i.c., Cy is a function).
Also, C'f satisfies the revealed preference property.

Proof. We first establish that for X, C’f(X ) is a singleton set. To do so, for any X € X,
feF, kel and of €[0,1], define (f(a¥) := Zeee’; min{ X (), oa*G(#)}. From now
on, we assume Cp(X) # {X} since, if C¢(X) = {X}, then we have Cp(X) = {X}, a
singleton set as desired. We show that there exists a unique &* satisfying ¢ J’?(dk) = A’}(X ),
S maxyeek X(0)
since otherwise (f(a*) = Zee@)’; X(0) > A%(X) (which follows from the assumption that
Cr(z) # {X} and thus, for any X' € Cy(X), X' C X and X’ # X). Next, observe that
CJ'?() is strictly increasing in the range [0, maxgeek %). Then, the continuity of C’J?, along
with the fact that (§(0) = 0 and ij(lrlauxee(azj3 %) > Af(X), implies that there is a unique
ar e o, maxgeek X)) satisfying Cj(aF) = A(X).

which means that C;(X) is a singleton set. First, we must have &

G(0)
To show the revealed preference property, consider any X, X', X” € X such that

Cp(X) = {X'} and X' C X” C X. Since we already know that C;(-) satisfies the re-
vealed preference property, we have X’ € C¢(X"). It suffices to show that X' € By(X"),
since it means C(X”) = {X'}, from which the revealed preference property follows. To do
50, note that X’ € By(X) means that X'(f) = min{X(6), a*G(#)} for each k and 6 € O}.
Then, since X (0) > X"(0) > X'(0) and o*G(0) > X'(9), we have

X'(0) = min{X (), a*G(6)} > min{X"(0),a*G(0)} > X'(6),
so X'(0) = min{X"(0), a*G(0)} as desired. |

Lemma 10. Any stable matching in the economy (G, F, Pe, é’p) 15 stable and population-
proportional in the economy (G, F, Pe,CFr).

Proof. Consider a stable matching M = (M) in (G, F, Pe, Cr) and let X; = D/ (M)
for each f € F. We first show that M is stable in (G, F,Pg,CFr). It is straightforward,
thus omitted, to check the individual rationality. To check the condition of no blocking
coalition, suppose to the contrary that there is a blocking pair f and M/, which means that
M, C Xy, M} € Cy(M}V My), and My ¢ Cy(M}; vV Myg). Given this, by Lemma 9, there
exists My such that C¢(M}; vV My) = {My}. First, by the revealed preference property of
Cy and the fact that My C (M; Vv My) © (M} vV My), we have My € Cy(MyV M) and
My ¢ Cp(MyVMy). Second, since My = Xy and M} C Xy, we have My C (M;V M) C X
In sum, f and My form a blocking pair in (G, F, Pe, CF), which is a contradiction.

To show the population-proportionality of M, observe that since M is stable in the
economy (G, F, Pe, Cr), we have M; = C;(D3/(M)) = C;(D3(M)) N By(D3/(M)) for
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each f € F. Thus, M; € By(D=/(M)), that is, there is some o* for each k € I such that
(5) holds. 1

Proof of Theorem 6. Given Lemma 10, it suffices to establish the existence of stable
matching in the economy (G, F, Peg, ép) For doing so, we prove the continuity of éf and
invoke Theorem 2. The continuity of C ¢+ = CyN By follows if both C'y and By are shown to
be upper hemicontinuous, since the intersection of a family of closed-valued upper hemi-
continuous correspondences, one of which is also compact-valued, is upper hemicontinuous
(see 16.25 Theorem of Aliprantis and Border (2006) for instance), implying that C +, which
is a single-valued correspondence by Lemma 9, is continuous.

Since Cy is upper hemicontinuous by Lemma 8, it remains to show that B is upper
hemicontinuous. Consider sequences (X)gen and (X¢) ey with X¢ € Bp(XY), V¢, converg-
ing weakly to X and X, respectively. So, for each k € T f, there is a sequence (a})sen such
that X!(A) = min{ X*(), oG (6)},V0 € ©%. For each k, let o be a limit to which a subse-
quence of the sequence (af) ey converges. We claim that X (6) = min{ X (0), «*G(6)},V0 €
©h. If X(0) > min{X(0),a*G(0)}, then one can find sufficiently large ¢ to make X*(0),
X!(6), and ¥ close to X (0), X (), and o, respectively, so that X*(#) > min{X*(0), ok G(6)},
which is a contradiction. The same argument applies to the case with X (8) < min{X(0), a*G(6)}.
I
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