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1 Endogenous Entry: Proof of Proposition 3

Given the optimality of revealing good news whenever it is received, we can without loss
focus on the agents’ check in times and their experimentation decisions as the two control
variables. The optimal policy is therefore described by a process (X, oy), where X; <t is
the right-continuous measure of all agents that have checked in by time ¢, and a; € [0, 1]
is the probability of consumption (or experimentation) by agents who check in at time ¢,
conditional on having received no news by t. As will be seen below, the set of all such
processes is not rich enough to admit an optimal mechanism. We thus consider a richer
space of policies.

Specifically, we allow for the possibility that a mass of agents check in instantaneously—
that is, without elapse of any real time—but sequentially experiment at rates that depend
on the ¢. Formally, we enrich the policy space so that whenever X; jumps at t (so a mass of
agents check in at t), we allow the designer to run a second “virtual” clock s € [0, m;], where
my = Xy — X, , where X, := limy4; Xy. This virtual clock does not take any real time, but
can be used to sequence the agents’ check in and experimentation decisions.!

Formally, we use (X}, ) to denote the enriched policy, where X is the mass of agents
who check in by real time ¢ and virtual time s, and o is the experimentation probability
for agents who check in at (¢,s). For consistency, we require X; > X, and X/ = X,.
The virtual clock can be used to split the atom into flows of agents checking in sequentially,

IThe need for the virtual clock, or the enrichment of the strategy space more generally, arises from the
peculiarity of the continuous time game that the soonest next time after any time ¢ is not well defined.
To avoid nonexistence, therefore, it is sometimes necessary to allow for sequential moves that do not take
any real time. See Simon and Stinchcombe (1989) and Ausubel (2004) for adopting similar enrichment of
strategies to guarantee existence of an equilibrium. Note also that the need for the virtual clock disappears
once we formulate the policy as a function of ¢, in which case a split mass is captured by a time “state”
variable #(¢) that is constant for an interval of £’s.



in which case X; admits density for all s € (0,m;). In such a case, we shall without loss
assume that X = s+ X, . The virtual clock also admits the entire mass of agents checking
in simultaneously, in which case X; = X, for all s. The current framework also allows for
the mass to be split in finite number of lumps.

Throughout, we fix an optimal policy (X, «) and derive properties it must satisfy.

Lemma 1. At the optimal policy, t* := inf{t > 0| X; > 0} > 0. That is, a mass of agents
are induced to wait for a strictly positive amount of time before they check in.

Proof. Let (¢, ) denote the optimal policy. There exists 7' > 0 such that the surplus
accruing to agents checking in at T

E_TT(E() — ET — OéT(k’ — ET))

is strictly positive, or else the policy will be even inferior to the full transparency. To induce
agents to check in any ¢ < T', we must have

e‘”(ﬁo — gt — Oét(k’ — gt)) Z 6_TT(€0 — ET — OéT(k‘ — ET))

The LHS of this inequality is no greater than ¢y — ¢;, which goes to zero as ¢ — 0. This
proves that there exists t* > 0 such that no agents will check in at t < t*. O

Lemma 2. Suppose t € supp(X) and t > X; :=limy; X;. Then, X jumps at t.
The proof consists of two steps.

Step 1. Suppose X does not jump at t. Then, there exists € > 0 such that positive density
of agents check int € (t,t + ¢) and experiment along the locus

(k- %)
r(k — ) — Np’

ally) =1

and the belief evolves according to £ = —X(p 4 &(£y))ls.

Proof. For € > 0 sufficiently small, X, admits density 2, > 0 for ¢t € (£, + ¢). Consider
the agents who check in during this time interval. We shall consider the implication of the
property of the optimal policy that the designer cannot be better off by redistributing within
this time interval while maintaining their incentive to comply with the redistribution. Fix
any t € ({, 4+ ¢€), and let ¢/ = ¢t +2dt < t* + ¢, and the designer reduces the flow of the
agents who check in during [t,t + dt) by § < z; and increases the flow of the agents who
check in during [t + dt,t + 2dt) by the same §, while ensuring that the agents are indifferent
over the check in times during that interval. This operation is feasible for sufficiently small
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d € (0,x;). For the original policy to be optimal, such an operation should not lower the
posterior (in likelihood) ¢y (since a lower £, means a higher learning benefit which is strictly
preferred under commitment).

We thus require that the operation cannot lower ¢,,. To study the effect of the operation
on ly, let ay == oy, ap = Quyar, @3 1= Qupoar, and £y = by, by i= Ly, 03 = lipoq. A few
conditions must be satisfied:

- Agents are indifferent over consuming at time ¢ and ¢ + dt, i.e.,

E() - El - Oél(k’ — gl) = e—rdt(go — Eg — Oég(k’ — EQ))

- Since the flow of consumers picking time ¢ is (z — ) while the flow at time t + d¢ is
(x 4 d), the beliefs at 5 and ¢3 must satisfy

€2 — Ele—)\(p-i-(x—é)oel)dt’

and
(5 = 626—)\(p+(x+5)a2)dt.

We now fix /1 and a; (and hence the utility for a regular consumer to choose the first instant),
and solve this system for (s, {3, ap, as a function of §, ay, ¢;. Differentiate ¢35 with respect to
0, and evaluate the derivative at 6 = 0 to get:

Sl’l%
81\ 95

) = sgn((a(ﬁt) — ay)(dt)* + 0((dt)2)).

5=0

This shows that if ay > &(¢;), there exists § € (0,x;) and t' > 0 sufficiently small such
that the redistribution of agents lowers the posterior at ¢', a contradiction to its optimality.
Hence, we conclude that oy < &(¢;) for any t € Tp.

Next suppose oy < @(f;). Then, since X; < t for all t € (£, +¢), a perturbation from the
optimal policy considered above, with § < 0 (meaning shifting forward the check-in time of
some flow of agents), is feasible and will also lower the posterior, contradicting the optimality
of the original policy.

Given the experimentation policy follows the locus @(+), the belief must follow the law of
motion. L]

Step 2. X must jump at t.

Proof. By Step 1, for some € > 0, a positive flow of agents check in at each t € (£, + ¢) and

experiment along the locus &(4;) := 1 — %. For the optimal policy to be incentive



compatible, the agents must be indifferent along the locus &(+). In particular, the payoff of
agents who check in at t € (£, + ¢),

e (b — bt — a(ly)(k — 44)), (1)

must be constant in ¢, where the belief ¢, evolves according to £ = —\(p+ &(£;))¢,. One can
check that this is not the case. In particular, the payoff (1) decreases in ¢, which contradicts
incentive compatibility. U

Lemma 3. If X jumps at t, then X7 admits no atom at s € [0,m;]. In other words, any
atom of X[y is split into a flow of agents checking in continuously according to the virtual
clock.

Proof. Suppose to the contrary that XiH jumps at § € [0,my], and let m := Xf — limgps X7
be the mass of agents who experiment simultaneously with probability o > 0 at the virtual
clock s = 5. These agents enjoy the expected payoff of

e 0 — 6 + a(k — ),

where (7 := limg; €2 is the belief just before (t,5), and Eerds = Efe_’\(aerO(ds)) is the belief
just after, for small ds > 0. Consider now a deviation in which the designer splits mass
d € (0,m) out of mass m and move it by ds in the virtual clock. After the experimentation
by the first mass m — 9, the belief becomes
g%-l—ds — efe—)\(a(m—cg)-l-(?(ds))
t Y

which is smaller than, and bounded away from, £f for any ds > 0. The second mass ¢ of
agents can be induced to experiment at rate & such that

e — 6 - alk — 7)) = e = 6 + a(k — 13)).

Since €t§+ds

is smaller than and is bounded away from €f , it follows that & — « is bounded
away from zero for any ds. Hence, the deviation results in the belief,

g:ﬁe—)\(a(m—é)—l—d&—l—o(ds)) < g:ﬁe—k(am—l—(?(ds)) _ £§+ds’

for ds small enough. This is a contradiction to the optimality of the original policy. We
therefore conclude that X7 is atomless in s. U

Remark 3. The argument of Lemma 3 also implies that the optimal policy is not well defined
without the enriching of the space. Lemmas 1 and 2 imply that a positive of mass of agents
is induced to wait before they check in, and check in at some time t* > 0. But it is never
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optimal for them to check in all simultaneously. The argument given in the proof of Lemma
3 suggests that it is optimal to split the mass and move them later, with an arbitrarily small
delay.

We next investigate an atom X. As Lemma 3 suggests, any atom must be split. We
derive a necessary condition for the endpoint of the atom split.

Lemma 4. Let (af, €7)sciom, be the process of experimentation and beliefs associated with a
split atom at t. Then, defining

_ 0 — l(p\ + 1)
0) =
af) rk—0(pA+71)’

it must hold that there exists a (unique) (af, €) with s € [0, my] such that ¢; = &(£5).

Proof. Let there be a mass at t, with X; — X; > 0, and Lemma 3, the mass is split with
(a™,¢7) and (at,¢") denoting start and end points of the split mass. We shall consider a
variation which moves the a small segment of the mass forward or backward slightly, and ask
when such a variation is profitable. Specifically, we move a segment {X;}% of agents with
sufficiently small mass m := X! — X forward in time by a small interval d¢ > 0 subject to
the constraint that the moved agents enjoy the same discounted payoffs, and that the belief
at time t + d¢ remain the same as before, namely ¢* — A\pf*dt. We then derive the belief
t (t,5'), denoted ¢, that would allow for such a move to be feasible. If ¢ > ¢5', then this
means that starting from ¢, it is indeed possible to move the segment that would result in
the belief at t + dt being strictly lower than £, a welfare improvement. So, the optimality of
the original policy will require that ¢ < ¢¢'. We shall show that this requirement produces
a condition: at < a(ft).
To begin, consider the variation. First, we require the agents involved in the moved
segment to be indifferent to the move. In particular, the agents at the end point of the
moved split must enjoy the utility equal to:

U =e ("=t —a(k—17)).
Upon differentiating, this means that
(k—(M)dat = ((1 —aP)pMt —r(f° — 0T — o™ (k — £1)))dt, (2)

using that d¢™ = —\pf*dt, which follows from the requirement that the belief at ¢ + d¢ must
be equal to £T — A\pltdt, the level that would prevail at ¢ + d¢ had there been no variation.

Meanwhile, the agents involved in the split atom must be indifferent along the process
(a?,47) gcfo,m), Where o is the new virtual clock that is run to sequence the agents who are
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moved. Let (ay,£;) := (a° (%) be the start point of the moved agents. The end point is
(™, ™) = (a™,£T). The indifference means that

lo— 10 —a(k—°) =y — (T — o™ (k — £F),

for all o € [0, m]. Hence,

h—17
o7 =all’) = 0, Q
where h := {1 +at(k—(1).
Now, the equation
de = =Ma(l”)
ds

can be solved for the virtual time s(¢) that it takes to reach a given belief:

k—1

s'(0) = —m>

which gives, along the curve,

_ klnl+ (h—Fk)In(h — 1)
Ah ’

s(l)=C C eR.

Now recall that s(¢T) — s(¢1) = m. We therefore obtain:

kWG4 (h—K)ln(h—6) kol + (h— k) In(h — (7)

mn b A ‘ (4)

We may derive d¢; from this expression, by totally differentiating with respect to o™ and
0", using (2). This yields (as a change for a given dt)

k(=) (n(4=50 ) +1n( ) hdp(h—tn) (k=)= (h—€) (¢ 2 )r(h—k)
4 (h - fl) h - (h—€+)(h—£1)

h(k—0)

We now consider doing this for a small change m. That is, we are considering delaying by dt
the experimentation performed by a small mass m (that is, picking a small measure of those
agents supposed to check in, and delaying this checking-in —making sure they are willing to
wait). To be clear, the change in m is small (so that Taylor expansions apply to (4)), but
given this m, we take dt¢ to be small (so that the previous differential holds approximately).
Expanding ¢; from (4) in m gives that (in terms of m)

O =07+ a0t m + o(m).



This is the impact of the mass m on the belief at the end of the splitting. We now delay their
experimentation by dt, and use the expression for d¢;. Because some background learning
would have occurred after the original splitting during the dt interval, to evaluate the new
belief at ¢, we must account for the learning. To obtain the effect on the new belief at ¢
consistent with the move, we are moving backward in time, so we must add pA¢;d¢ (we had
already subtract A\pf*dt).? In sum, the effect on the belief that must prevail at ¢ for the
above variation to be possible must equal:

_l’_
k— 0+

déy + Mplydt = (k=) + (1 — o) (r + Ap)) Am + o(m).

If this expression were positive, this means that the new belief at ¢ consistent with this move
is higher than the original belief at (¢, s’), meaning that it would be possible to move the
agents in a way that keeps the incentives of all agents intact and yields a lower belief at
t + dt. Since the latter move would be strictly profitable for the designer, the optimality of
the original policy requires the expression above to be nonpositive, or

o 0 — (T (pA + 1)

@ = rk—0t(pA+71)

Similar reasoning applies at the start of the atom splitting, pushing backward in time by dt
a small mass m of experimenters. For this not be profitable, we then get

00 — 0= (pA+ 1)
“rk—0(pA+71)’

«

Combining the inequalities, we conclude that the atom splitting must cross the locus
(¢,&(0)). It is readily checked from (3) that the slope of the locus aj(¢) is larger than the
slope da/dl along the locus (af, £§)sc[o,m,], S0 that they cross only once. O

Lemma 5. Suppose oy > 0 att > 0.° Then, the discounted utility of the agents who check
in before cannot be strictly higher.

Proof. We will prove that the discounted utility of an agent at time ¢ is not boundedly lower
than those who check in immediately before. The argument can be extended, as mentioned
below, to show that the agents’ discounted utility does not decline over time. Suppose that
the utility of an agent at time ¢ is boundedly lower than the utility of an agent who has not
checked in at time t — ¢, for all € > 0. The reasoning below assumes a gradual check in over
some interval [t — A, t+ A], but can be adjusted (in case there is a mass point). Let a denote

2The change of experimentation due to agents arriving during the interval [¢,t + dt) and possibly asked
to experiment is of order dt - dm and so ignored.
3In case X has a mass point at ¢, we select oy := sup, .
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the probability of recommendation at times [t — A, ). More precisely, let a = lim 4 o, and
let A > 0 be such that |a, — o] < e for all 7 € [t — A, t), for some fixed £ > 0 arbitrarily
small.)

Similarly, let o denote the probability of recommendation at times [t,t+ A) (again, take
limits in the obvious way.) Because the utility is boundedly lower at times in [t,t + A), we
may increase the probability a by some § > 0 and decrease o/ by the same amount, so that
(i) the total experimentation (and hence belief) at time ¢ + A is the same before and after
the change, (ii) agents supposed to check in at times [t — A, t) prefer to do so than to check
at times [t,t + A). Clearly, agents checking in at time [t,¢ + A) gain from this change and
so will still check in.*

We ask, when does such a change increase welfare? By construction, it does not affect
what happens before (agents before certainly don’t want to wait now) nor after (the belief
at t + A hasn’t changed). Hence, the change in payoff is

(bg— £ — (a4 6)(k —£) + e (ly — ba — (o' — 8)(k — £a)) + o(A),

where £, ¢ are the beliefs at the beginning of each subinterval. Taking derivatives with
respect to 0 and then a Taylor expansion with respect to A, evaluated at 6 = 0, gives that
the derivative equals

(14 p+71)—1k)A+0(A),

where we normalize A to 1 (Alternatively, replace all occurrences of r by r/)). Hence, such
Torr

a change is profitable if ¢ > Thus, we may assume otherwise.

If the change in utility is not bounded below by some constant, the same reasoning
applies, but 6 = §(7) must be chosen so that §(f) = 0, §(7) > 0 for 7 < ¢, and §(7) > 0 for
T > t, such that agents do not wish to change their check-in time over these intervals. If
there is an atom at ¢, then there must be an black-out immediately before ¢, and a similar
reasoning applies for moving a small mass m’ of split atom backward in time and raise their
experimentation by small §. Both extensions are omitted.

Let us now recall that the total continuation payoff is given by
J:/ O — 0, — ay(k — £,))ds.
s>t

Because { = —(p+ a)ls, we can substitute to obtain an expression that only depends on /, é,
integrate by parts to eliminate the terms involving ¢, and ignoring constants, obtain that,

4Adding small 6 > 0 to o does not violate the incentive constraint for consumption since the constraint
is not binding.



up to a constant, J is equal to

J= / e (0 — by — ag(k —£,))ds
s>t

14
- / e (0 — by + (p+ —)(k —£,))ds
s>t )‘ES

b, ¢
_ —rs 0 s
_/SZte (12 (1+p)ls v T Msk) ds

1 In/¢ o 14 In/¢
_ e S0 — (1 + p)ls)ds — et <_8 _ Sk;) — / e r (—S — Sk) ds
/s>t ( ( ) ) A A . s>t A A

1
-1 / e " M1+ p)+r)ls —rkint,)ds + Const.
s>t

The derivative of the integrand with respect to ¢ is

rk— A1+ p)+1r)>0.

Hence, given t as defined above, we note that this derivative is positive: if we replace the
trajectory {¢, : T > t} by a trajectory {ET : 7 > t}, with 0. >0, (with a strict inequality for
some non-zero measure interval of times), the payoff increases. Hence, decrease o at time
t (or rather, fix a time higher than, but arbitrarily close to ¢ and decrease « at that time),
and adjust «, for all later 7 € T so that incentives to check in do not change. This requires
non-positive changes in «, (which can be expressed in terms of a differential equation),
and results in a higher trajectory ¢, and hence an increase in payoff. We thus obtain a
contradiction. O

Lemma 6. X; =0 fort <t* and X, =t fort > t*.

Proof. By Lemma 1, t* := inf{t > 0|X; > 0} > 0. Since X, = 0 < t*, by Lemma 2, X has
a mass point at t*. Further, by Lemma 3, the atom at ¢* must be split. Let (o™, /") be the
end point of the split atom at ¢*. Then, by Lemma 4, o™ < @(¢*). One can show hat &(-)
is steeper than af-).

We next show that for any ¢t > t*, X; = t. Suppose to the contrary that there exists
t' > t such that Xy < ¢. Then, by Lemmas 2-4, X has an atom at ¢’, and it is split, and the
splitting crosses the locus &(-). But this is impossible, since by Lemma 5, the agents’ utility
never strictly decrease for t € [t*,¢'], and this means that during that interval, o can never
rise at a faster rate in ¢ than «(¢) (the locus followed in the first split atom) does. Since
Xy =t for all ¢ > t, and since X is required to be right continuous, the claim follows. [

Armed with the lemmas, we now complete our characterization of the optimal policy.
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Proof of Proposition 3 and the solution algorithm. Lemmas 4-6 pin down the struc-
ture of the optimal policy: there exist times t* > 0 and T" > t* such that agents who arrive
before t* wait until ¢*; the accumulated mass is split at t*; and then the agents who arrive
after t* check in upon arrival and experiment at a rate that falls to zero at T. All agents’
discounted payoff is constant for all argents arriving prior to 7', and the agents arriving after
T enjoys payoff according to full transparency regime. This structure, along with further nec-
essary conditions, enables us to derive an one-dimensional family of optimal policies indexed
by the belief ¢ at which agents’ experimentation stops fully.

Initially, we fix both ¢ and t*. The variables to be determined are (¢~,a*, ¢+, T), where
T is such that ¢ = . Several conditions are derived to determine these variables. First,
since only background learning occurs during the blackout, the (designer’s) belief just prior

to the splitting must satisfy
0~ =P (5)

Second, the agents associated with split mass must be indifferent across the locus (o, £7)seo,¢+-
This requires (3). This, together with the fact that the entire mass of t* is split, gives rise
to an equation (4) with m = t*, or

o kInl~ + (h—k)In(h —£7) klnét + (h—k)In(h — £7) (6)
N Ah Ah ’
where h == {1 +at(k—(1).

Third, by Lemma 6, agents check in as they arrive during the the smooth tapering phase,
and by Lemma 5, they must experiment at levels that make them all indifferent. Hence,
during the t € (t*,T), (ay, ¢;) must satisfy the indifference condition:

6_”(50 — gt — Oét(]f - ﬁt)) = €_TT(€0 - 6), (7)
and the belief evolution condition:
0, = G i (pras)ds (8)

Given (t*, /), conditions (7) and (8) uniquely determine (a*,¢*) as a function of T'.°

In sum, the conditions (5)-(8) uniquely pin down T,¢~,a™,¢* as functions of (¢,t*).
Next, we hold / fixed and characterize the condition for optimal choice of ¢*. In particular,
we use the fact that for a fixed ¢, T must be minimized. This follows from the fact that
the earlier time 7' at which a given belief ¢ is reached without affecting the payoff of the

Essentially, given any T > t*, the two conditions give rise to a differential equation that runs from T'

backward to t*, with the initial value (ar, {7) = (0, £), which admits a unique solution (ay, ¢;), the end point
of which is (o™, £T).

10



agents who arrive before, the higher the payoff is for all agents arriving afterwards, and thus
the higher the overall welfare is. This means that, as t* is varied slightly by dt, subject to
the constraint that all agents who arrive before T' should enjoy the same payoff, the optimal
choice of T remains constant. Since the variation should not alter T" at the optimum, as t*
is raised by dt, the last phase is shortened by length d¢. Hence, the variation affects 1, the
belief at which (going backward) the differential equation ends, by:

A6t = —A(p + at)erdt. 9)

Next, the variation keeps the payoff of early agents constant. Totally differentiating the
indifference condition, we obtain the change in a* arising from the variation:

r(lp— 0" —at(k—¢")dt = —(1 —a™)dlT — (k — ¢7)da™. (10)
Now, since the initial phase has been lengthened by dt¢, we should have
07+l = foe MU,

or iy
Finally, substituting from (5) into (6) to eliminate ¢t*, we get

otk — 0t I ot
n—=klnh—+1—-a"k—¢)n |1+ ———— 12
Bl b+ a-anm - (14 =) a2

The effect of the variation on the end points of split mass can be obtained by totally differen-
tiating (12). The resulting equation, after (9)—(11) are substituted into it, must hold for any
small dt. This gives rise to another condition, which is too long and cumbersome to include
here. This condition, together with the earlier observations, pins down (¢t*,7,¢~, ot (1) as
functions of only one variable, £. (Incidentally, one can vary £ and trace out the locus of
(¢*,a™) at which the atom splitting terminates under the optimal policy, yielding a dashed
locus in Figure 2.)

Let t*(¢),a*(£),¢*(¢), T(¢) be the key variables of the optimal policy as functions of /.
The resulting welfare is:

_ o0

Ul = T([O)e O — ¢+(7) — ot (1) (k — £5(D))) + /T e (00 — £,)dt.

©)
where

0y = Le=TO) it > (7).
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To characterize the optimal policy, it remains to choose ¢ to maximize U(f). A closed
form solution on the optimal £, or a simple characterization, is difficult to come by.® But a
numerical solution for the optimal ¢, and thus the optimal policy, can be obtained. Figure 2
in the paper describes the optimal policy for the case (r, \, p, k,¢°) = (1/2,2,1/5,15,9).

The optimal policy employs a “blackout” until t* ~ 1.45, and the mass accumulated by
then is then split at time ¢* into (sequential) check in; this mass experiments along the locus
that starts from (o=, ¢~) ~ (0.017,5.04) and ends at (a™, (") ~ (.066,4.52). After time t*,
the agents check in as they arrive. They experiment along the locus of («, ¢)’s that begins
at (at,¢7) and tapers gradually down to («, ¢) =~ (0,2.72). O

2 General Signal Structure: Proof from Section 7.1

Here, we extend our model to allow for both good news and bad news. Specifically, if a flow
of size u consumes the good over some time interval [t, t+dt), then the designer learns during
this time interval that the movie is “good” with probability A\,(p + p)d¢, that it is “bad”
with probability Ay(p + p)dt, where A;, A, > 0, and p is the rate of background learning.

The designer commits to the following policy: At time ¢, she recommends the movie to
a fraction y; € [0, 1] of agents if she learns the movie to be good, a fraction f; € [0, 1] if she
learns it to be bad, and she recommends to fraction «; € [0, 1] if no news has arrived by t.
Clearly,

He = p+ .

The designer’s belief evolves according to

D = —(>\g - )‘b)ﬂtpt(l - pt)v (13)

with the initial value py = p°. It is worth noting that the evolution of the posterior depends
on the relative arrival rates of the good news and the bad news. If A, > A, (so the good news
arrive faster than the bad news), then “no news” leads the designer to form a pessimistic
inference on the quality of the movie, with the posterior falling. By contrast, if A, < Ay, then
“no news” leads to on optimistic inference, with the posterior rising. We label the former
case good news case and the latter bad news case. Recall that main body of the paper
treats the special case of A\, = 0, a pure good news case.

Let g; and b; denote the probability that the designer’s belief is 1 and 0, respectively.

6In particular, we have no proof that this constrained maximization admits a unique solution ¢. There
might be (presumably non-generic) parameter configurations for which this is the case, in which case there
would be multiple optimal policies.
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Given the experimentation rate u;, these probabilities evolve according to

g=0-g - bt))‘glu’tpt? (14)
with the initial value go = 0, and
b = (1= ge = b) dppe(1 = 1), (15)
with the initial value by = 0.” Further, these beliefs must form a martingale:
Po=¢gr-1+b -0+ (1—g,—b)py. (16)

The designer chooses the policy («, 3, ), measurable, to maximize social welfare, namely

Wb = |

t>0

e gy (1 —c)dt + /

t>0

A=t [ g b - o
>0
where (py, g¢, b;) must follow the required laws of motion: (13), (14), (15), and (16), where
[y = p+ «; is the total experimentation rate and r is the discount rate of the designer.®

Given policy («, 3, 7), conditional on being recommended to watch the movie, the agent
will have the incentive to watch the movie, if and only if the expected quality of the movie—
the posterior that it is good—is no less than the cost, or

geve + (1 — g¢ — by)oupy
gy + 0B+ (1 —ge — by)ay —

(17)

The following is immediate:

Lemma 7. [t is optimal for the designer to disclose the breakthrough (both good and bad)
news immediately. That is, an optimal policy has v; = 1, 5y = 0.

Proof. 1f one raises v; and lowers [3;, it can only raise the value of objective WW and relax
(17) (and do not affect other constraints). O

"These formulae are derived as follows. Suppose the probability that the designer has seen the good news
by time ¢ and the probability that she has seen the bad news by t are respectively g; and b;. Then, the
probability of the good news arriving by time ¢ 4+ d¢ and the probability of the bad news arriving by time
t + dt are, respectively, and to the first-order,

Gt4dt = gt + /\g,utptdt(l — gt —by) and bypar = by + Appe (1 — py)dt(1 — g¢ — by).

Dividing these equations by dt and taking the limit as dt — 0 yields (14) and (15).

8More precisely, the designer is allowed to randomize over the choice of policy (a, 8,7) (using a relaxed
control, as such randomization is defined in optimal control). A corollary of our results is that there is no
gain for him from doing so.
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Using ¢; = 1ftpt, (13) can be restated as:

ét = —EtA)\g/.Lt, E() = 1 20 s (18)
—Po

Ag—A .
where A := =4 assuming for now A\, > 0.
g9

The two other state variables, namely the posteriors g; and b; on the designer’s belief,
are pinned down by ¢, (and thus by p;) at least when \; # A, (i.e., when no news is not
informationally neutral.) (We shall remark on the case of the neutrality case A = 0.)

Lemma 8. If A # 0, then

(1= (2)") man=a-m (- (2)7).

Proof. Let ry := po/(po — g¢). Note that kg = 1. Then, it follows from (14) and (16) that
I'it = >\g’£t,ut7 Rg = 1. (19)

Dividing both sides of (19) by the respective sides of (18), we get,

Kt Kt
A
or .
Ky 14
ke AL

It follows that, given the initial condition,

1
0\ 2
ke = | — )
t E()
We can then unpack k; to recover g;, and from this we can obtain b, via (16). O

This result is remarkable. A priori, there is no reason to expect that the designer’s belief
Py serves as a “sufficient statistic” for the posteriors that the agents attach to the arrival of
news, since different histories for instance involving even different experimentation over time
could in principle lead to the same p.
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Next, substitute g; and b; into (17) to obtain:

if the normalized cost k := ¢/(1 — ¢) exceeds ¢; and a(f;) := 1 otherwise.
The next lemma will figure prominently in our characterization of the second-best policy

later.

Lemma 9. If ly < k and A # 0, then a({;) is zero at t = 0, and increasing in t, strictly so
whenever a(¢;) € [0,1).7

Proof. We shall focus on 1

()

a(l) = Wf.
Recall @(¢) = min{1, &(¢)}. Since ¢; falls over ¢ when A > 0 and rises over ¢t when A < 0. It
suffices to show that a(-) is decreasing when A > 0 and increasing when A < 0.

We make several preliminary observations. First, a&(¢) € [0, 1) if and only if

1= (£/6)% >0 and kA1 > 1, (21)
Second,
ooy _ (o/OSR(LK)
() = 22
() = (22)
where
WO K) =0 — k(1 — A) — kA(C/6y) 5.
Third, (21) implies that
dh(, k) 11
7 =1—kiz ;> <0, (23)
on any range of ¢ over which & < 1. Note
b
h(0,k) = —k(1—A) = —k)\— <0. (24)
g

It follows from (23) and (24) that h(¢,k) < 0 for any ¢ € (0, k) and a(¢) € [0,1). By (22),
this last fact implies that &/(¢) < 0 if A > 0 and &'(¢) > 0 if A < 0, as was to be shown. [

9The case A = 0 is similar: the same conclusion holds but & need to be defined separately.
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Substituting the posteriors from Lemma 8 into the objective function and using p; =
p+ ay, and with normalization of the objective function, the second-best program is restated

as follows:
—rt A k
[SB] sup e A a1 ——)—1])dt
a Ji>0 2
subject to
ét = —A)\g(p + Oét)ft, (25)
proposition
0<ay <a(ly). (26)

Obviously, the first-best program, labeled [F'B], is the same as [SB], except that the
upper bound for @(¢;) is replaced by 1. We next characterize the optimal recommendation
policy. The precise characterization depends on the sign of A, i.e., whether the environment
is that of predominantly good news or bad news.

2.1 “Good news” environment: A >0

The analysis is similar to that for Proposition 1 in the paper. As in the paper, we first
switch the roles of variables so that we treat ¢ as a “time” variable and ¢(¢) := inf{¢|¢, < ¢}
as the state variable, interpreted as the time it takes for a posterior ¢ to be reached. Up
to constant (additive and multiplicative) terms, the designer’s problem is written as: For
problem ¢ = SB, F'B,

s.t. t(£%) =0,
1

AN (p+a()
a(l) € A'(0),
where A9B(() := [0, a(¢)], and A"P := [0, 1].

This transformation enables us to focus on the optimal recommendation policy directly

#(0) =

as a function of the posterior ¢. Given the transformation, the admissible set no longer
depends on the state variable (since ¢ is no longer a state variable), thus conforming to the

16



standard specification of the optimal control problem.

Next, we focus on u(f) := p++~(€) as the control variable. With this change of variable,

the designer’s problem (both second-best and first-best) is restated, up to constant (additive
and multiplicative) terms: For i = SB, F'B,

¢0
sup/ e O a1 <1 R <,0 <1 - E) + 1) u(ﬁ)) de, (27)
u(f) JO 4 4

s.t. (%) =0,
u(f)
t'(0) = —
u(l) € U'(L),
where the admissible set for the control is U5B(¢) := 5 +é(€), %] for the second-best problem
and UFB(0) = [pTll’ %] With this transformation, the problem becomes a standard linear

optimal control problem (with state ¢ and control o). A solution exists by the Filippov-Cesari
theorem (Cesari, 1983).

The characterization of the solution is summarized in the proposition which extends
Proposition 1 of the paper for the general good news case.

Proposition 1. The second-best policy prescribes, absent any news, the mazximal experi-
mentation at a(p) = a(%;) until the posterior falls to py, and no experimentation a(p) =0

thereafter for p < p,, where
. 1 rv
pri=c|ll——— |,
I p+r(v+ )
1—c

where v := ¢ is the continuation payoff upon the arrial of good news. The first-best
policy has the same structure with the same threshold posterior, except that &(p) is replaced
by 1. If po > c, then the second-best policy implements the first-best, where neither No
Social Learning nor Full Transparency can. If pg < ¢, then the second-best induces a slower
experimentation/learning than the first-best.

Proof. We first focus on the necessary condition for optimality to characterize the optimal
recommendation policy. To this end, we write the Hamiltonian:

H(t,u,l,v) =e "Opx! (1 — % — <p <1 — %) + 1) u(ﬁ)) — u%. (28)

The necessary optimality conditions state that there exists an absolutely continuous function

17



v : [0,£° such that, for all ¢, either

H(0) 1= Arge " O¢a (,0 (1 — %) + 1) +v(f) =0, (29)
or else u(f) = ﬁa(@ if p(¢) > 0 and u(¢) = % if ¢(¢) < 0.
Furthermore,
V(0) = —W = re "0 ¢a1 ((1 — %) (1 — pu(?)) — u(ﬁ)) (¢ —ae.). (30)

Finally, transversality at ¢ = 0 implies that ©(0) = 0 (since t({) is free) .
Note that

) = —rt'(0)ANe O (p (1 — %) + 1)
+ e Oz <p (1 — %) + 1) + pkANe T O 4 (1),

or using the formulas for ' and v/,

1

¢(0) = e (r (0 — k) + pAXk + X, (0 (0 — k) +0)), (31)

so ¢ cannot be identically zero over some interval, as there is at most one value of ¢ for which
¢'(¢) = 0. Every solution must be “bang-bang.” Specifically,

> > > Ag(1+ pA)
") Z S/ I G A S )
¢(€)<0<:>€<€ ( 1) k>0

Also, ¢(0) < 0 (specifically, ¢(0) = 0 for A < 1 and ¢(0) = —AN,e " pk for A = 1). So
¢(¢) < 0forall 0 < £ < {7, for some threshold £ > 0, and ¢(¢) > 0 for £ > £;. The constraint
u(?¢) € U(¢) must bind for all £ € [0,¢*) (a.e.), and every optimal policy must switch from
u(l) = 1/p for £ < €3 to 1/(p + a(f)) in the second-best problem and to 1/(p + 1) in the
first-best problem for ¢ > £. It remains to determine the switching point £; (and establish
uniqueness in the process).

For ¢ < 62,
L 1
") = —— —T’t(Z)E——l " _
l/( ) pe AT ( ) pA)\gg
so that )
t(l) = Co — AN, In¢, or e T = O 0raxg
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for some constants Cy, Cy = —% InC;. Note that C; > 0; or else C7 = 0 and t(¢) = oo for
every £ € (0,/;), which is inconsistent with ¢(¢;) < oo. Hence,

and so (using v(0) = 0),

for £ < 7. We now substitute v into ¢, for £ < £}, to obtain

_r 1 k‘ ’I“A)\ _r 41
=A pAXg IN 1— = 1) — 9 pAAgJ'_A.
d(0) = AN, CL72% (5 <,o < e) + ) =y oY/

We now see that the switching point is uniquely determined by ¢(¢) = 0, as ¢ is continuous

and (' cancels. Simplifying,
k Ag

— =1+ ,
Lo T+ pAg

which leads to the formula for p? in the Proposition (via £ = p/(1 — p) and k = ¢/(1 —¢)).
We have identified the unique solution to the program for both first- and second-best, and
shown in the process that the optimal threshold p* applies to both problems.

The second-best implements the first-best if pg > ¢, since then @(¢) =1 for all £ < ¢y. If
not, then a(¢) < 1 for a positive measure of ¢ < ;. Hence, the second-best implements a
lower and thus a slower experimentation than does the first-best.

As for sufficiency, we use Arrow sufficiency theorem (Seierstad and Sydsaeter, 1987, The-
orem 5, p.107). This amounts to showing that the maximized Hamiltonian H(t, ¢, v(f)) =
max,eyi(e) H(t, u, £, v(€)) is concave in ¢ (the state variable), for all £. To this end, it suf-
fices to show that the terms inside the big parentheses in (28) are negative for all u € U,
1= FB,SB. This is indeed the case:

1_§_<P<1—%>+1>u(€)
- tm{o-2) ) 5 6 )

where the inequality follows from the linearity of the expression in u(¢) and the fact that
u(l) e U C [ﬁ, %], for i = FB,SB. The concavity of maximized Hamiltonian in ¢, and
thus sufficiency of our candidate optimal solution, then follows. O
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2.2 “Bad news” environment: A <0

The analysis is qualitatively the same for the general bad news case. The same change of
variable produces the following program for the designer: For problem i = SB, F'B,

sup /: e 01 <<1 - %) (1— pu(l)) — u(ﬁ)) de,

s.t. t(°) =0,
) = 5
u(l) € U'(0),
where as before USB(() = [m, ;) and UTP(0) = [, 7], Again, a solution exists

Filippov-Cesari theorem (Cesari, 1983).

Proposition 2. The first-best policy (absent any news) prescribes no experimentation until
the posterior p rises to p;*, and then full experimentation at the rate of a(p) = 1 thereafter,

rme(1o— ).
ptr(v+ )

The second-best policy implements the first-best if po > ¢ or if po < po for some py < pp*.
If po € (Po, ), then the second-best policy prescribes no experimentation until the posterior

for p > p;*, where

p rises to pi, and then mazximal experimentation at the rate of @(ﬁ) thereafter for any
p > p;, where p; > p;*. In other words, the second-best policy triggers experimentation at a
later date and at a lower rate than does the first-best.

Proof. As before, the necessary conditions for the second-best policy now state that there
exists an absolutely continuous function v : [0, £°] such that, for all ¢, either

1

V() == —¢(l) = Age " O¢s (,0 (1 — %) - 1) —v(l) =0, (32)

or else u(f) = % if ¥(¢) > 0 and u(l) = % if ¥(¢) < 0. The formula for v/(¢) is the

pral
same as before, given by (30). Finally, transversality at £ = oo (¢(¢) is free) implies that

limy_,, v(¢) = 0.
Since 1 (¢) = —¢(¢), we get from (32) that

W(0) = —e MO0 (r (0= k) + pANk + Ay (p (L — K) + 0)).

Letting ¢ = (1 - %) k, namely the solution to ¢(¢) = 0. Then, ¢ is maximized at
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£~, and is strictly quasi-concave. Since limy_,o, A(¢) = 0, this means that there must be a
cutoff ¢; < ¢ such that ¥(¢) < 0 for ¢ < ¢; and ¥(¢) > 0 for ¢ > ¢;. Hence, the solution is
bang-bang, with u(¢) = 1/p if £ < £;, and u(¢) = 1/(p+ «(¢)) if £ > £;.

The first-best policy has the same cutoff structure, except that the cutoff may be different
from ¢;. Let £;* denote the first-best cutoff.

First-best policy: We shall first consider the first best policy. In that case, for ¢ > ¢;*,

1

£ = AN (1 p)

gives
e—rt(é) _ C2£4(1+p)A)\g’
for some non-zero constant C5. Then

V() = — rkcprss tA -
I+p

2

and limy_,, v(¢) = 0 give

rkAN,

O, (TFaxg T
r+1+p)(1=A)N, °

v(l) = —

So we get, for ¢ > (%,

rkAN,
r+(14+p)(1—=A)N,

T 1
ColTroarg a1

W(0) = —AN,Col TF5% (51 (0(1 + p) — kp) +

Setting ¥ (£;*) = 0 gives

ko r+(14+p) (=2 r+1+pX b

0 r+p(l —A)N, T4 pp T+ pAp

" ] T ] rv
P =c — =_cC - .
b p+r(v+m) p—l—r(v+>\ib)

Second-best policy. We now characterize the second-best cutoff. There are two cases,
depending upon whether a(¢) = 1 is incentive-feasible at the threshold ¢;* that characterizes

or

the first-best policy. In other words, for the first-best to be implementable, we should have
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a(**) = 1, which requires

4+ pAp -4 .
by > k| —————— =: Y.
= <T+(1+P)>\b) "

Observe that since A < 0, lo < 0. If 4y < @0, then the designer begins with no experimen-
tation and waits until the posterior belief improves sufficiently to reach ¢**, at which point
the agents will be asked to experiment with full force, i.e., with @(¢) = 1, that is, given that
no news has arrived by that time. This first-best policy is implementable since, given the
sufficiently favorable prior, the designer will have built sufficient “credibility” by that time.
Hence, unlike the case of A > 0, the first best can be implementable even when ¢y < k.

Suppose {5 < lo. Then, the first-best is not implementable. That is, a((;*) < 1. Let ¢}
denote the threshold at which the constrained designer switches to @(¢). We now prove that
G > 0.

For the sake of contradiction, suppose that ¢; < ¢;*. Note that ¢ (z) = lim/,. ¢(£) = 0.
This means that

Y'(0)dl = / e OUE2 ((r 4+ Mpp)k — (r + Ag(p +1))0) dl = 0,
& &
where ¢/({) = —¢/(¢) is derived using the formula in (32).

Let t** denote the time at which ¢;* is reached along the first-best path. Let

FO) = 0572 ((r 4 Mop)k — (1 + Ag(p+ 1))0).

We then have

oo

e O f(0)de > 0, (33)

&

(because £ < €*; note that f(¢) < 0 if and only if ¢ > £, so h must tend to 0 as £ — oo

from above), yet

IN

/ " ettt f()de = o. (34)
o

b

Multiplying "t ® on both sides of (33) gives

/ e—r(t**(ﬁ)—t**(g))f(g)de > 0. (35)
¢

*
b
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Likewise, multiplying ") on both sides of (34) gives

/ 6_r(t(z)—t(i))f(g)d£ =0. (36)
V4

*

b

Subtracting (35) from (36) gives
/ (6—r<t<e>—t(2>> _ e—r@**(e)—t**(é))) F(0)de < 0. (37)
4

Note ¢'(¢) > (t**)'(¢) > 0 for all £, with strict inequality for a positive measure of ¢. This
means that e "¢O—10) < o=rE O ©) jf ¢ > ¢ and e HO— 0) > e=rE*(O-t"0) if p < l
again with strict inequality for a positive measure of ¢ for ¢ > £;* (due to the fact that the
first best is not implementable; i.e., @(¢:*) < 1). Since f(¢) < 0 if £ > ¢ and f(¢) > 0 if
¢ < I, we have a contradiction to (37).

For sufficiency, the same argument as with Proposition 1 establishes that the maximized
Hamiltonian will necessarily be concave in t, which implies optimality of our candidate
solution, by Arrow’s sufficiency theorem. O

2.3 “Neutral news” environment: A =0

In this case, the designer’s posterior on the quality of the good remains unchanged in the
absence of breakthrough news. Experimentation could be still desirable for the designer. If
Po > ¢, then the agents will voluntarily consume the good, so experimentation is clearly self-
enforcing. If py < ¢, then the agents will not voluntarily consume, so spamming is needed to
incentivize experimentation. As before the optimal policy has the familiar cutoff structure.

Proposition 3. The second-best policy prescribes, absent any news, the maximal experimen-
tation at &, if po > pg, and no experimentation if py < py, where py = pi(= p;*) and o
(given in the Appendiz) is increasing and convex in t and reaches 1 when t* = ,\b(kegfokp In fo T
The first-best policy has the same structure with the same threshold posterior, except that oy

is replaced by 1. The first-best is implementable if and only if py > ¢ or py < pg.

Proof. In that case, ¢ = {,. The objective rewrites

— C
W = / et (gt(l —c)+ Po a(po — gt)) de
t>0 Po

_C A
-/ e-”(gt<1—c>+p°—(ﬁ—@o—g»p))dt
t>0 Po )‘g
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— / e (gt(l —c)+ G <r& — (po — gﬁp)) dt + Const. (Integr. by parts)
>0 Po Ag

= / e g, (1 —c+p0 —¢ (L —I—p)) dt + Const.
>0 Po )‘g

= Const. x / e g (Lo — k) (r 4+ A\gp) + A\glo) dt + Const.,
0

and so we see that it is best to set g; to its maximum or minimum value depending on the
sign of (€y — k)(r + A\gp) + Aglo, specifically, depending on

which is the relationship that defines £ = £;*. Now, g; is maximized by setting o, = &, and
minimized by setting a, = 0 (for all 7 < ?).

We can solve for a; from the incentive compatibility constraint, plug back into the dif-
ferential equation for g; and get, by solving the ordinary differential equation,

Ag(Lo—kp)t
(6 k=to — 1) Eo(k‘ — Eo)p

9= L+0)(l—kp)
and finally
_ lo
Qy = — )
pklz(liofpk)t - (k - 60)

which is increasing in ¢ and convex in ¢ (for v > {°) and equal to 1 when

k — £y 1 y

)\gt = Eo—k‘p nk—p.

The optimal policy in that case is fairly obvious: experiment at maximum rate until ¢*, at
rate 1 from that point on (conditional on no feedback). O

24



3 Heterogeneous Costs: Proofs from Section 7.2

3.1 Proof of Proposition 4

The objective function reads
/ e (g:(1 =)+ (1 — gt — b)(quam(pe — cL) + qroc(ps — cp)) dt,
>0
where ¢ := ggcy + qpcr. Substituting for g, b; and re-arranging, this gives

/M e (1) (aﬂ(t)qH (1 —cn (1 + Wlt))) +ar(t)q (1 — ¢ <1 + %)) —(1- 5)) dt.

As before, it is more convenient to work with ¢(¢) as the state variable, and doing the change
of variables gives

/040 o0 (:)sH(f)UH(f) + xp(Oug(f) — 1 ; E) ae,

. —z jag(t(l
where for j = L, H, z;({) :=1—¢; (14 3) + 17, and u;(0) := p+qLaL?§(Z)J)(i(q2aH(t(£)) are the

control variables that take values in the sets U’(¢) = [uy, ;] (whose definition depends on

first- vs. second-best). This is to be maximized subject to

/ _
#(0) = N

As before, we invoke Pontryagin’s principle. There exists an absolutely continuous function
n :[0,4] — R, such that, a.e.,

0 () = re”® (xH(f)uH(f) +xp(Oug(f) — L ; C) ,

and u; is maximum or minimum, depending on the sign of
¢j (6) = p)\ﬁe_”(z)xj (6) + 7](6)

This is because this expression cannot be zero except for a specific value of ¢ = ¢;. Namely,
note first that, because zy(¢) < x(¢) for all £, at least one of up (), uy(¢) must be extremal,
for all £. Second, upon differentiation,

Fo(0) = e <<)\ N g) (1=2) + pA(L = cpr) + rug(0)(cy — cr) <1 + %))
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implies that, if ¢y(¢) = 0 were identically zero over some interval, then wur(¢) would be
extremal over this range, yielding a contradiction, as the right-hand side cannot be zero
identically, for uy(¢) = uy(¢). Similar reasoning applies to ur (), considering ¢’ (¢). Hence,
the optimal policy is characterized by two thresholds, ¢y, ¢, with ¢o > ¢y > ¢, > 0, such
that both types of regular consumers are asked to experiment whenever ¢ € [(g, y], low-cost
consumers are asked to do so whenever ¢ € [(, {y], and neither is asked to otherwise.

We now characterize the threshold beliefs under first-best and second-best policies. Through-
out, we shall use superscript **x to denote the first-best and superscript * to denote the
second-best policy. By the principle of optimality, the threshold ¢; must coincide with
¢* = 0** in the case of only one type of regular consumers (with cost ¢;). To compare £},
and /7, we proceed as in the bad news case, by noting that, in either case,

and
Su(ln) = or(lr) + pApe™ ™ (e (lp) — () = —pre ey —er) (14 41) .

Hence,

5%
/ et (0)dl = pAey — ) (1 + L)

59

holds both for the first- and second-best. Note now that, in the range [(, (],

_ up (D+ug()—1 1
ettt (1) = e oy (()\ — C) (1—=¢)+pA1—cu)+ru(f)(cy —cr) (1 + Z)) :
p
Because ay,(0) > ag (), uj(€) > u;*(¢), and also u;*(¢) + ur(¢) > wj(€) + uy(¢), so that,
for all ¢ in the relevant range,
ert(ZL)d¢Ek (6) < 6rt(€L)d¢?{(£)

d¢ de

and it then follows that (3, < (7. l
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3.2 Uniform Cost: Derivation of the Optimum

We characterize the recommendation policy as » — 0. To derive this policy, let us first
describe the designer’s payoff. This is his payoff in expectation. Her objective is

b % ) — ¢ ¢ fy— 4 w140 [ L
—rt 0 £ t 0 t 0 t t
1-c)d 1-c)d —¢)de| dt
A ‘ [A A C>C+/;1+%( & “ﬁé 1+%<1+@ C)C
Ttky

o €y — 1 T 140 14
—rt 0 t t t

1-— — .

+/t1 e [/0 1+€0( c)dc+/0 1+£0<1+£t c)dc]dt

To understand this expression, consider ¢ < t;. Types in t € ({y, k;) derive no surplus,
because they are indifferent between buying or not (what they gain from being recommended
to buy when the good has turned out to be good is exactly offset by the cost of doing so when
this is myopically suboptimal). Hence, their contribution to the expected payoff cancels out
(but it does not mean that they are disregarded, because their behavior affects the amount
of experimentation.) Types above k; get recommended to buy only if the good has turned
out to be good, in which case they get a flow surplus of A-1 —c¢ =1 —¢. Types below £,
have to purchase for both possible posterior beliefs, and while the flow revenue is 1 in one
case, it is only p; = ¢;/(1 + ;) in the other case.

The payoff in case t > t; can be understood similarly. There are no longer indifferent
types. In case of an earlier success, all types enjoy their flow payoff 1 — ¢, while in case of
no success, types below ~; still get their low p; — c.

This expression can be simplified to

r Lo k¢ k
— T " T by /”k by — 4
g —_ 1 —_
J(k) /0 e /0 <1+€0 c) de + w170 (1 —c)dc| dt

L 14v¢

_ /Oo ot lo ( o A Vi ) _ 1 ( o A ];;t )2
0 1+£0 1"—60 1-'-’}/15 2 1"—6 1"—’}/15
00 i 1. 1. 2 2
4 / e_Tt 60 - gt k _ ]{Jt . 1 k _ - Tt dt,
0 1+0 \1+k 1+k 2 1+k 14+
with the obvious interpretation. For t > ¢,

ki
. itk dce gt ]{Zt
E — —g _ = ——
! tA c cl+k’

dt

[en]
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while for ¢ < t¢;, it holds that

(e T de) b /J%u
Et = £t<5+/po Oét(k‘)5>— E(p()‘l‘ . ]{Z(C)—gtdc

4 [ kil + Ly lo— 0, (1+kt)(£0—£t)]

— n
CLI4+7)X+0b) (L+£6)% (14 4€o)(k —£y)
Finally, note that the value of ky is free.

To solve this problem, we apply Pontryagin’s maximum principle. Consider first the case
t > t;. The Hamiltonian is then

—rt

k -
T4+6 (1 4+ k)2(1 + £o)

e
Hl, vy, p1,t) = m (Qk‘t(l + k)

where p is the co-state variable. The maximum principle gives, taking derivatives with
respect to the control vy,

ke — 4,
(14 E) (1 + k) (1 + £o)e,

e = _6—rt

The adjoint equation states that

Lo _OH _ e
=700 T 201 2+ 6) (1 + k)2l

(KPQ(L+ k)2 + 0) — k(2 + k) 2k + 1)4)

after inserting the value for u,. Differentiate the formula for u, combine to get a differential
equation for k;. Letting » — 0, and changing variables to k(¢), we finally obtain

2(1 + k)2%7’(£) = k(24 k)(1+2v(0)) —v(0)2.

Along with £(0) =0, £k > 0 we get

K2+ K+ (1+k)VE@2+ k)1 +0)
(1+Ek)2+¢

v(0) =

This gives us, in particular, ¥(ly). Note that, in terms of cost ¢, this gives

VEQ+E)/(1+10)

o(f) = 1+ k& ’

We now turn to the Hamiltonian for the case t < t;, or v > ¢y. It might be that the solution
is a “corner” solution, that is, all agents experiment (7, = k). Hence, we abuse notation,

28

lo ) (k:—k;t)(2+%+k:)(£o—£t))_ E%(H



and solve for the unconstrained solution : the actual solution should be set at min{k,;}.
Proceeding in the same fashion, we get again

— 4,
(L4 E)(1+ ) (1 + Lo)e,

—rt7,

My = —

and continuity of y (which follows from the maximum principle) is thus equivalent to the
values of v(¢) obtained from both cases matching at ¢ = ¢;. The resulting differential
equation for v(¢) admits no closed-form solution. It is given by

(4ko (ko +2) 4+ £(0+ 2) + 5) k(€)* — ko (ko + 2) ((€ + 1)* + 44y) — 44,
— 2(ko (ko +2) (L(£+2) + 20y — 1) +2(lo — 1)) k(£)

_ 2%@(6) 1) (€= 200 — 1) k() — bo + £ (o +2)) log (

20k + )20+ DE(0) <(£O — 0)log (

(£~ )(kr()+1>)
(€ + 1) (£ = k(£))
(€ — o) (k(6) + 1)) (0 +1) (Ck(0) + eo))
(o + 1) (I = K(6)) k(0) +1 ’

This suffices to represent the solution, as we have done in Figure 5 in the main body. U

3.3 Proof of Proposition 5

We allow the designer to randomize over finitely many paths of experimentation, so there
are finitely many possible posterior beliefs, 1, p/, 5 = 1,...,J. We allow then for multiple
(finitely many) recommendations R. So a policy is now a collection (Oz]R, vf)j, depending
on the path j that is followed. Along the path j, conditional on the posterior being 1, a
recommendation R is given by probability %R, and conditional on the posterior being p;, the
probabilities af are used. One last parameter is the probability with which each path j is
being used, p;.

Correspondingly, there are as many thresholds v# as recommendations; namely, given
recommendation R, a consumer buys if his cost is no larger than

ZW(YDO L3 J _,_11;01)] )

)
Po pa R 1-po R
> (BELBF + E2ak)

CR

Hence we set

R:Zj:uj( RE ‘l’ﬂ (bo — ¢ ))
! Zj'uﬂ J .
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We remark for future reference that

SRS el = 3TNy (ol + BR(G - 1))
R J R

- T () o+ () 0]

= Zﬂj£0 = 60.
J

We now turn to the value function. We have that
1+¢;
rV(ly,....0;) = zj:,uj <1+€ Z / -—:Ed:):+
oV (ly,...,. Ly
- St (S [ e 21 >-
J

We shall do a few manipulations. First, we work on the flow payoff. From the first to the

ZBR/ (1—z) d:);)

second equation, we gather terms involving the revenue (“p;” and 1) on one hand, and cost
(“2”) on the other. From the second to the third, we use the definition of 4 (in particular,
note that the term in the numerator of v# appears in the expressions). The last line uses
the remark above.

1+ ¢ 8
;uj(lMZ /<1+£ :c)dx—l— 253/ 1—xdm>
= 1i€0ZCRZMk(Ejaf—F(EO—Ej)ﬁj) ﬁz Z,u] 1+€ (ﬁo—ﬁj)ﬂf)
1 R 1 o R R
Y7 1+7< 21, ) WZ(W) (<1+%>;Nﬂ'%>
1
B 2(1+£o)21+7 (Z“J J)

- m§<” 1+v)(z’” )

N 1+£o ZVRZ“J = 1+£o 1+7 (ZM J>

- Zj 5T
2(1 +0y)
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where we define
R
v kR
i

€Ty = R
R 1_‘_7

Let us now simplify the coefficient of the partial derivative

R R
R rR_7
Mj(E aj/ dx) :NjE %W:Mﬂj-
R 0 R

To conclude, given (y;) (ultimately, a choice variable as well), the optimality equality sim-
plifies to

14 1 oV (ly,... .0
Tv(elv"wg]) = 70_21’[193&X/LJ$]{2( _'_gj (176‘ : J)}v
j J J

or letting W = 2(1 + £,)V — &

o

rW(ly, ..., Ly) +Zujmxaxxj {1+€j

J

W (. )\ _
oL ‘

where (x;); must be feasible, i.e., appropriate values for («,y) must exist. This is a tricky
restriction, and the resulting set of (z;) is convex, but not necessarily a polytope. In par-

ticular, it is not the product of the possible quantities of experimentation that would obtain
; Y]
blurring recommendation policies, he can obtain pairs of amounts of experimentation outside

if the agents knew which path were followed, x; [ ] It is a strictly larger set: by

this set, although not more or less in all dimensions simultaneously.

Let us refer to this set as B;. This set is of independent interest, as it is the relevant
set of possible experimentation schemes independently of the designer’s objective function.
This set is difficult to compute, as for a given .J, we must determine what values of z can
be obtained for some number of recommendations. Even in the case J = 2, this requires
substantial effort, and it is not an obvious result that assuming without loss that ¢; > /s,
By is the convex hull of the three points

. Zjﬂjfj Zjﬂjfj 25 _:( 0 ly ) A _:( lo — pals ly )
CONYE S Lt ) N+ 0T+ \ Ll — (1 b)) 1+ 6 )

and the two curves a )
SUZ:<SL’,1+ aeAS— ),
D — (U + L)1 — )
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41 bo—p2bs
for 2, € [14—51’ 1+lo—p2(1+£2) | and

gL . (x o (@1 — (L —21)lo) (1 — (1 —21) (s + Mzﬁz)))
. b po(pnly + poly + boly — (14 Lo) (1 + Lo)xq) )

2o Mt 2
1>, 30, 7 T+0

for x; € [ ], that intersect at the point

< % bo — p1ty )
1+€1’1+£0—M1(1+£1) .

It is worth noting that the point ( D ) lies on the first (upper) curve, and that the slope

1+4o 7 14+4o
of the boundary at this point is —puy /pse: hence, this is the point within By that maximizes
> ; Hizy. See Figure 1 below. To achieve all extreme points, more than two messages are
necessary (for instance, achieving x° requires three messages, corresponding to the three
possible posterior beliefs at time t), but it turns out that three suffice.

Ty
0.90

0.857
0.801
0.757

0.701

0.651

0 0.70 0.75 0.75 0.85 0.90 T

Figure 1: Region B, of feasible (z1, %) in the case J = 2 (here, for ¢y = 5,1 = 3,{y =
2, 11 = 2/3.

In terms of our notation, the optimum value of a non-randomized strategy is

WS(0) = —ef Era, (7).
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We claim that the solution to the optimal control problem is given by the “separating”
strategy, given p and 1 = (¢4, ...,lk), for the case J =2 to begin with. That is,

W) = W) 1= = W5 ()

To prove this claim, we invoke a verification theorem (see, for instance, Theorem 5.1 in
Fleming and Soner, 2005). Clearly, this function is continuously differentiable and satisfies
the desired transversality conditions on the boundaries (when ¢; = 0). We must prove that
it achieves the maximum. Given the structure of Bs, we have to ensure that for every state
¢ and feasible variation (9z;, 0xy), starting from the policy z = 2°, the cost increases. That

Zu; <1+£ dmgg(/z))g >0,

for every Oz such that (i) dze > 0, (ii) dzo > —%11—281’1. (The first requirement comes
from the fact that ¥ minimizes x5 over Bsy; the second comes from the other boundary line
of By at 2°.) Given that the result is already known for J = 1, we already know that this

is true for the special cases Ox; = 0,0z_; > 0. It remains to verify that this holds when

is, we must show that

1+¢
Oy = — fa L+ L9y .
M21+£2

i.e., we must verify that, for all {1 > /5,

dWs(4;)
d/sy

AW (¢;)

1+ 00)¢
(1+ 1)ty al,

— (L + )6 > Uy —

or rearranging,

S(p. S(p.
o (AWSG) Y b (V) Y
140, \ db 1+6\ d4

which follows from the fact that the function £ — 5 + T <w — 1) is decreasing.

To conclude, starting from ¢; = 5 = £, the value of p is irrelevant: the optimal strategy
ensures that the posterior beliefs satisfy /1 = ¢5. Hence, the principal does not randomize.

The argument for a general J is similar. Fix ¢y > ¢; > --- > {;. We argue below below
that, at 2, all possible variations must satisfy, for all j/ =1,...,J,

J
> (1 +45)0x; >0,

J=J
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It follows that we have

Aws(¢;) G (AWS() 4

J

J-1 J
dW*(t11) 0 (dWS(¢)
h i+ ) Y il _ y Nz >
j=1 <1 + €9+1 ( dgj-‘rl 1) 1+ gj ( dgj 1)) Z Hj <1 + e] )8217] = 07

J Jj'=j+1

by monotonicity of the map Hil (awai(e) — 1), as in the case J = 2.

To conclude, we argue that, from z°, all variations in B; must satisfy, for all j/,

J
> (1 +45)0z; > 0.

J=J'

In fact, we show that all elements of B satisfy

Zﬂk (L4 £))z; — €;) > 0,

and the result will follow from the fact that all these inequalities trivially bind at 2. Consider
the case 7/ = 1, the modification for the general case is indicated below. To minimize

J
> i1+ 6)x;,
=1

over By, it is best, from the formula for z; (or rather, 4 that are involved), to set v/ =1
for some R’ for which af, = 0, all j. (To put it differently, to minimize the amount of
experimentation conditional on the low posterior, it is best to disclose when the posterior
belief is one.) It follows that

Z,u] (L4 6))x; — £]

/ /6/ F;
_ Z“J (1+0)3 af > Hylyor )
S e (Ut Gy)af

Z IUIEIOé/
= Zﬂal” JZ ,,L](1j+£ Jaf Z“J
= Z Zﬂj'@"%/ - Zujﬁj = Zﬂj’gﬂ" Z A5 Z“jgﬂ' =0
R J g’ R J

34



The same argument generalizes to other values of j. To minimize the corresponding sum,
it is best to disclose the posterior beliefs that are above (i.e., reveal if the movie is good, or
if the chosen j is below j'), and the same argument applies, with the sum running over the
relevant subset of states. [l
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