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Proof of Lemma 3: Let us denote by I, the inequality (20) with S =T C N. We first
show that any p satisfying (21) is an extreme point of P. Note that the allocation probability
p can be achieved in a feasible way by assigning the k-th order to each agent 7(k) and then
allocating the object in this order as long as the agents have values no lower than their reserve
prices, which implies that p is a reduced form. Thus Lemma 1 implies that p must satisfy
(20) so p € Py. Suppose for a contradiction that p is not an extreme point of P. Then, we
can write p = Ap' + (1 — A)p” for some p’ # p and p” # p. Since pr1) = 1 and pl 4y, P/ ;) < 1
(by I{x(1)}), we must have p;(l) = p;ﬁ(l) = 1. Using this and applying Irq)x2); to p’ and p”,
we obtain p;@),p;’r(z) < Fr)(T=(1)) = Px(2), which implies p;(z) = p;;@) = Fr)(Tz(1)) = Pr(2)-
Proceeding in this fashion, one can easily verify that p;(k) = p;’r(k) = Hj<k Fr()(T2(j)) = Pa()
for all £k € N, a contradiction. To show that any extreme point p € P can be expressed as

in (21) for some 7, we first establish the following claim.

CrAM 4. If for any two sets S,'T" C N, Is and It hold as equality, then either S C T or
TCS.

Proof. Suppose for a contradiction that for some S,T" C N, Is and Iy hold as equality but
SETand T ¢ S. Then, we must have SNT C T and S\T # (. To draw a contradiction,

let us first show
Z pi(l — Fi(r;) <HF (r; (1— H F; rl> (S.1)
i€T\S €S 1€T\S

For this, note that by Is,r and the assumption,

Y p(l-Fm) <1- [[ E@) (S.2)

1eSUT 1eSUT
sz — Fi(ri) =1~ HF ri). (S.3)
€S €S

It is straightforward to see that (S.1) results from subtracting (S.3) from (S.2) side by side.
Also, by Is~r, we have

Z pi(1 = Fi(r;)) <1 - H Fi(ry).
iesnT iesnT
Adding this inequality and (S.1) side by side yields

S (L= Fi(r)) <1+ [[F(r) = [] Ee)— [ Fe) <1=][F(r),  (S4)

€T €S 1€SNT 1€SUT 1€l
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where the strict inequality follows since SNT C T and S\T # (), and thus

H Fi(r:) + H Fz(ﬁ)—HE(Tz)—HE(Tz)

1€SNT 1eSUT €S €T
= ( II By -TIE6)) (1= T Rea) >0,
iesSNT i€T 1€S\T

However, (S.4) contradicts the assumption that I holds as equality. |

Pick any extreme point p € P satisfying (20). Let us denote by Sy, - , Sy, all subsets of N
for which (20) is satisfied as equality given p. Due to the above Claim, these subsets must
have a nested structure, that is S; C Sy C --- C S,,,. Since N contains n elements, m cannot
be greater than n. Suppose for a contradiction that m < n. Then, there must be some k
and h,j € N with h # j such that h,j ¢ S, if £ < k and h,j € Sy if £ > k. We now show
that p can be obtained by linearly combining some p’ and p” € P, contradicting that p is an
extreme point. To do so, we denote by e?, n-dimensional vector with its i-the element being
1 and all others being zero. Let p' = p — ee” + de/ and p” = p + ee™ — de?, where € and § are

sufficiently small positive real numbers satisfying
(1 = Fh(rn)) = 6(1 — Fj(ry)),

which implies that for all £ < k, >, ¢ pi(1— Fi(r:)) = > icg, Pi(1 — Fi(r;)) and for all £ > k,

D D= Fi(r) = > pi(1 = Fi(ri)) — e(1 = Fu(r)) + 6(1 = Fi(r;)) = > _ pi(1 = Fi(r4))
i€Sy i€S, (IShY)
and similarly for p”. From this, we see that whether p satisfies (20) as equality or strict
inequality, the same is true for p’ and p”, provided that € and § are sufficiently small, which
means p',p” € P. However, p = %p’ + %p” , resulting in the desired contradiction. Thus, we
must have m = n, which implies [Sp\Sy_1| =1 for all k =1,--- ;n with Sy = 0.
To complete the proof, define the permutation function 7 : N — N such that n(i) = k if
{i} = Sk\Sk—1. Then, by definition of S;, I, holds as equality or p;(1 — Fi(r;)) = 1 — F;(r;)

for i = 771(1), which yields p; = 1 for s = 7—!(1). For an induction argument, suppose
p= Il El)fori=a(k)WF=1--- k-1 (8.5)
Jrm(g)<m ()
Then, by definition of Sy and 7, we must have for i = 7=!(k)
o pli=-Fe)=1- [ F,
Jim(§)<m(i)=k Jim(j)<m(i)=k

which after substituting (S.5) and canceling the terms, leads us to obtain p; = [T, j<r) £5(5),

as desired. |



WEAL CARTELS AND COLLUSION-PROOF AUCTIONS 3

Proof of Lemma 4: We let Q = (Q1,--- ,Q,) denote the optimum of [P’]. First suppose
to the contrary that r; < 0 for some j. Let us construct an alternative rule Q=(Q,,--,Q,)
as
Qulvr) = 0 ifi:j.and v; <0
Qi(v;)  otherwise.

Clearly, the value of objective function is higher with @ than with Q. Also, @ satisfies the
constraints (M) and (CP). So it only remains to show that (B) is satisfied, for which it
suffices to construct an ex-post rule generating Q.>*alkm To do so, let (¢, - - ,¢,) denote the
ex-post allocation rule for ) and we can construct the ex-post rule for Q) as
0 ifi=jandv; <0
q;(v) =

¢i(v)  otherwise.
To prove the second statement, we first show that any optimum must have r; € [0,v")
for at least one agent i. Suppose not, i.e. r; > v*,Vi € N. We draw a contradiction by
constructing an alternative interim allocation rule @ which makes the value of objective
function greater than ) does, and which differs from () only in that for an arbitrarily chosen
agent k, Qup(vr) = pr = F(v*)" " for v, € [0,v*]. It is clear that the value of objective
function is greater with @ by as much as F(v*)"~! fﬁv* J(s)dF(s) > 0. Since Y (v) for all
v > v* is unaffected by the change from @ to Q, it only remains to check (25). Letting
7 = inf{v; € Vi|Qi(v;) > 0} and N, = {i € N|F; < v*}, we have N, = {k} so can focus on
M = {k}. Then, (25) can be written as

For)" [F) = F(0)] <Y (v") + F(v")" = F(v")" " F(0),

which clearly holds since Y (v*) > 0.

Given a solution @ of [P’], the above argument means N, = {i € N|r; < v*} # (). Assum-
ing that N, # N, we construct an alternative solution @ of [P’] such that 7; = inf{v; €
Vi|Qi(v;) > 0} < v*,Vi € N. Letting N* = N\N,, select any agent k € N, and then define
Q to be the same as @, except that for each agent i € N* U {k}, Qi(v;) = p; = Nﬁﬁ
v; € (rg,v*), where pr, = Qx(vx) > 0 for v € (rg,v*). It is clear that the value of objective

for

function remains the same under Q. Since Y (v) for all v > v* is unaffected, it only remains
to check (25). We can focus on such M that M N (N* U {k}) # 0, since the allocation for
each agent i ¢ N* U {k} has not been changed. For any such M, note that

SRIF@)—FE = S plF@)-Fr)+ S elF") — F(r)

ieM i€ MN(N\{k}) ieMN(N*U{k})

24Recall that the condition (B) is necessary and sufficient for there to be an ex-post allocation rule that

generates () as an associated interim allocation rule.
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< Y plFO) = Fr)]l+ phlF(07) = F(ry))

i€ MN(NN\{k})
= Y plFO) - F(r)]. (5.6)
ie(MNN,)U{k}
Also, we have
N lF@) = F(r)] Y (o) + F')" — Fory 10mvauw T F(r)
1€(MNN,)U{k} i€(MNN,)U{k}
< Y(v*) + F(v*)" — F(v*)~ 1M (H F(f,;)) , (S.7)
ieM

where the first inequality holds since @ satisfies (25) and the second due to the facts that
M n (N*U{k}) # 0 implies |(M N N,) U{k}| < |M| and that 7; < min{r;,v*},Vi € N.
Combining (S.6) and (S.7), we obtain

STAIF@) - F(7)] < Y(0") + F@)" - Pty (H Fm)) ,

€M €M

so Q satisfies (25). |



