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Abstract. We consider an elliptic pseudo-differential equation with a highly oscillating linear potential modeled as a stationary
ergodic random field. The random field is a function composed with a centered long-range correlated Gaussian process. In the
limiting of vanishing correlation length, the heterogeneous solution converges to a deterministic solution obtained by averaging
the random potential. We characterize the deterministic and stochastic correctors. With proper rescaling, the mean-zero stochas-
tic corrector converges to a Gaussian random process in probability and weakly in the spatial variables. In addition, for two
prototype equations involving the Laplacian and the fractional Laplacian operators, we prove that the limit holds in distribution
in some Hilbert spaces. We also determine the size of the deterministic corrector when it is larger than the stochastic corrector.
Depending on the correlation structure of the random field and on the singularities of the Green’s function, we show that either
the deterministic or the random part of the corrector dominates.

Keywords: corrector theory, random homogenization, long-range correlations, Gaussian random field, weak convergence of
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1. Introduction

We consider elliptic pseudo-differential equations with random potential of the form
. x
PG Dyuc + (2. Ju. = f@ (1)

for 2 in an open subset X C R? with appropriate boundary conditions on 90X if necessary. Here,
de(x, Z,w) is composed of a low frequency part go(z) and a high frequency part q(Z,w), which is a
re-scaled version of ¢(x,w), a stationary mean zero random field defined on some abstract probability
space (£2, F,P) with (possibly multi-dimensional) parameter € R%. The equations are parametrized
by the realization w € §2 and by the small parameter 0 < ¢ < 1 modeling the correlation length
of the random medium. We denote by [E the mathematical expectation with respect to the probability
measure IP. Equations with coefficients varying at a smaller scale than the scale at which the phenomenon
is observed have many practical applications in the physical modeling of complex media. Prototypical
examples include the Laplace operator P(z, D) = —A, which is ubiquitous in physics, and the fractional
Laplace operator P(xz, D) = (—A)ﬂ/ 2 with B € (0,2), which is used in, e.g., mathematical finance [7,
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10]. Pseudo-differential equations like (1.1) may also be used to investigate partial differential equations
with random boundary; see, e.g., [4].

It is both mathematically and practically interesting to develop asymptotic theories for solutions to
(1.1) because numerical solutions become prohibitively expensive computationally when ¢ — 0. Ho-
mogenization theory and averaging theory aim at finding an effective or homogenized equation whose
solution uy is the limit of u. as € goes to zero. This theory is well developed. We refer the reader to,
e.g., [19,24,25] for early work on linear second-order elliptic and parabolic equations with random con-
ductivity tensors and, e.g., to [13] and [9,22] for work on random transport equation and fully nonlinear
equations. The main assumption on the random coefficients is rather mild: all we need is stationarity and
ergodicity.

The effective medium approximation is deterministic. In many settings, it is important to characterize
the random fluctuations in the solutions, for instance to assess the influence of the random medium on
given measurements. Corrector theory aims to capture the leading terms in the corrector u. — ug. Com-
pared to homogenization, correctors are characterized in very few settings, and their structure depends
on finer properties of the random medium than the effective medium solution does. Two main properties
of the heterogeneous equation influence the structure of the corrector. First, the correlation function of
the random field matters. In the setting of a second-order elliptic boundary value problem in 1D, we
have the following behavior. When the random coefficient ¢(z, w) has an integrable correlation function
E{q(y,w)q(y + x,w)}, in which case we say that q(x,w) has short-range correlation, then the corrector
converges to a short-range correlated Gaussian process that may be written as a stochastic integral with
respect to Brownian motion [8]. However, as shown in [2], the corrector is much larger and has a very
different structure when q(x, w) has long-range correlation in the sense that the correlation function does
not decay fast enough to be integrable. Second, the singularity structure of Green’s function is impor-
tant. The results mentioned above hold when the Green’s function is a little more than square integrable
[1,15]. When the Green’s function is not square integrable, as we shall see, deterministic correctors may
dominate and the structure of the corrector is thus affected.

The main objectives of this paper are twofold. First, we develop a corrector theory for (1.1) with
long-range random potential in multi-dimensional space, generalizing the short-range cases and long-
range case in one dimension developed [1,2,4,15]. Second, we explore the influence of singularity of
the Green’s function, following results in the short-range case in [4], on the competition between the
deterministic and mean-zero random parts of the corrector. We assume that g(x, w) is the composition of
a function with a stationary centered Gaussian field with a correlation function that decays like |z|~* for
o < d. We find that the mean-zero corrector has an amplitude of order £€%/2, which is much larger than
£%/2 obtained in the short-range case. Moreover, the corrector can be written as a stochastic integral with
respect to an appropriate Gaussian random field that is no longer the standard multi-parameter Wiener
process. We assume that the Green’s function has a singularity of the form G(z,y) < |z — y]*(d*ﬁ) near
the diagonal and we find the relationship between « and 3 for which the deterministic or the random
parts of the corrector dominate.

The rest of the paper is organized as follows. We describe the problem setting and state our main results
in Section 2. In Section 3, we prove the homogenization and convergence rate results, which depend on
the de-correlation rate « and the singularity of the Green’s function . In Section 4, assuming o < 40,
we characterize the limiting distribution of the random corrector weakly in space. In Section 5, in the
one-dimensional case and under the assumptions that the Green’s function is Lipschitz continuous and
the solution to (1.1) is continuous, we prove that the convergence of the corrector holds in distribution in
the space of continuous paths. In Section 6, we show for specific examples that the convergence results
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of Section 4 hold in a stronger sense, namely in distribution with paths in appropriate Hilbert spaces.
A discussion on generalization to other cases of singularities and relations between « and [ is presented
in Section 7. Several useful estimates on the convolution of potentials are recorded in the Appendix.

2. Main results

In this section, we first describe our main assumptions and then state of main results. The rescaled
random field ¢( f) is often denoted by ¢.(x) and the dependence on the realization w often ignored. We
denote by || f||,,x the LP(X) norm of f. When then context is clear, we use the notation || f||, = || f|p.x
and || f|| when p = 2. We denote by (-, )y the inner product on the Hilbert space H and omit the
subscript if H = L?. We denote by a A b the minimum of @ and b. We use C to denote constants that may
vary from line to line. We say that C' is universal when it only depends on dimension d and the domain
of interest X.

Let us write (1.1) in detail as

{P(x,D)Ug(x,W) + (QO(w) + QE(x,W))ua(%w) = f(fL'), YRS X’ (2 1)
ue(r,w) =0, z € dX. '

We assume that the pseudo-differential operator P(z, D) + qo + ¢. is invertible from L?*(X) to the
appropriate functional sub-space of L?(X) as long as gy + ¢. is non-negative. We assume further that the
operator norm of (P(z, D) + qo + g-)~' can be bounded independent of the potential. When P(x, D) =
—A, these assumptions follow by applying the Lax—-Milgram theorem [14]. For P(z, D) = (—A)"/2,
these assumptions also hold [6,10].

We assume that go(x) is a smooth function bounded from below by a positive constant +. Then the
inverse of P(x, D) + qo, denoted by G, is well defined. The operator norm ||G|| 7.2, is bounded by some
universal constant C'. For simplicity, we assume that G, as a transform on L*(X), is self-adjoint. Finally,
we assume that the Green’s function G(z, i) associated to G satisfies

C
< ——— .

for some universal constant C' and some real number 5 € (0,d), which measures how singular the
Green’s function is near the diagonal z = y. The examples mentioned above satisfy such properties
[4,11,14].

The main assumptions on the random process g(z, w) are as follows:

(A1) q(x)is defined as q(x) = P(g(x)), where g(x) is a centered stationary Gaussian random field with
unit variance. Furthermore, the correlation function of g(z) has heavy tail of the form:

Ry(x) :=E{g(y)g(y + x)} ~ Kglx|™* as|z| — o0 (2.3)

for some positive constant ~4 and some real number o € (0, d).
(A2) The function ¢: R — R satisfies |®| < v < ¢o and

/ B(s)e > /> ds = 0. (2.4)
R
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The upper bound of @ above ensures that |g(x)| < ~. Consequently, gy + ¢ is non-negative, and
(2.1) is well posed almost surely with solution operator bounded uniformly with respect to g. Due to the
construction above and (2.4), g(x) is mean-zero and stationary, and has long-range correlation function
that decays like |2|~® as we show later.

The first main theorem concerns the homogenization of (2.1). It shows, in particular, how the compe-
tition between the de-correlation rate « and the Green’s function singularity 3 affects the convergence
rate of homogenization.

Theorem 2.1. Let u. be the solution to (2.1) and ug be the solution to the same equation with q. replaced
by its zero average. Assume that q(x) is constructed as in (A1) and (A2) and that f € L*(X). Then,
assuming 23 < d, we have

Ce“, a <24,
Elue — uol|® < ||f|]* x { Ce*|loge|, a =23, (2.5)
Cce?P, a>2p6.

The constants o and 3 are defined in (2.3) and (2.2), respectively. When 23 > d, the result on the first
line above holds. The constant C depends on o, 3, v and the uniform bound on the solution operator

of 2.1).

This theorem states u. and g are close in the energy norm L*(§2, L>(X)). The corrector, defined as
the difference between these two solutions, is decomposed as follows

ue — ug = (Efus} — wo) + (ue — E{ue}). (2.6)

We call the first part the deterministic corrector, and the second mean-zero part the stochastic corrector.
For the deterministic corrector, we have the following estimates on its size, which depend on « and .

Theorem 2.2. Let u., ug, q(x) and f be as in the previous theorem. Then for an arbitrary function
€ LX(X), we have

Ce®, a < [,
(Efuct —uo. )| < |Ifllllll x § Ce’|logel, a=p, (2.7)
CeP, o> f.

The constant C depends on the same factors as in the previous theorem.

The magnitude of the stochastic corrector is always of order £%/2_ as we shall see later in the paper. We

deduce from the above theorem that the deterministic corrector can therefore be larger than the stochastic
corrector when o« > 23. To describe the stochastic corrector more precisely, we characterize its limiting
distribution. We need to impose the following additional assumption:

(A3) The function @ satisfies

/R\@(OKI +1¢P) < oo, (2.8)

where @ denotes the Fourier transform of &.
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This condition allows one to derive a (non-asymptotic) estimate, (A.4) in the Appendix, for the fourth-
order moments of g(x), which is a technicality one encounters often in corrector theory. With this as-
sumption, we have the following theorem.

Theorem 2.3. Let u. and uq solve (2.1) and the homogenized equation, respectively. Assume f € L*(X)
and q(x) is constructed by (A1) and (A2) with ® satisfying (A3). Further, assume o < 43. Then

— E{uc} distribution
/2

/ Gl yyuoly) W (dy), (2.9)

where W*(dy) is formally defined to be Wo‘(y) dy and W“(y) is a Gaussian random field with co-
variance function given by E{Wa(ac)Wa(y)} = klx — y|™“. Here, k = /{g(E{g()@(go)})z where kg, P
and go are defined in (2.3), and we assume that & > 0. The convergence is understood in probability
distribution and weakly in space; see the following remark.

Remark 2.4. We refer the reader to [18] for the theory on multi-parameter random processes. What we
mean by convergence in probability distribution weakly in space is as follows. We fix an arbitrary natural
number N and a set of test functions {¢;;1 < ¢ < N} in C(X). Define I7 := (y;, =2 (y, — E{ue})),

fori =1,..., N. What (2.9) means is that the N-dimensional random vector (I, ..., I) converges in
distribution to a centered /V-dimensional Gaussian vector (/1, ..., Iy), whose covariance matrix Y;; is
given by

5= [ e w e dy 2.10)

Here G is the solution operator of the homogenized equation defined above (2.2). By the definition of the
stochastic integral above, we see I; is precisely the inner product of ¢; with the right-hand side of (2.9).

We deduce from Theorem 2.2 that when @ < 28 we can replace E{u.} in (2.9) by uy, since the
deterministic corrector is asymptotically smaller. This is no longer the case for o > 2. The condition
« < 40 in Theorem 2.3 is due to technical reasons which we explain later. The conclusion of the theorem
holds in general if we can prove an estimate on high-order (more than four-order) moments of ¢, which
is not considered in this paper.

In the one-dimensional case, with the assumption that u. and u( have continuous paths and that the
Green’s function is Lipschitz continuous, we can show convergence of the corrector in distribution in
the space of continuous paths, as in [2,8].

Theorem 2.5. Let X be the unit interval [0, 1] in R. Assume that the Green’s function G(z,y) is Lips-
chitz continuous in x with Lipschitz constant Lip(G) uniform in y. Let u. be the solution to (2.1) and ug
be the homogenized solution. Assume q(x) is constructed as in (A1)—(A3). Then

Ueg — Ug distribution
oy e [ [ Gyt W), @1

where Wiy is the standard fractional Brownian motion with Hurst index H = 1 — 7.
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Remark 2.6. We refer the reader to [26] for a review on the definitions of fractional Brownian motions
and of the stochastic integral with respect to them. In particular, the random process on the right-hand
side of (2.11) is a mean-zero Gaussian process which, if designated as Iz (x), has the following covari-
ance function:

L G, Hue(HGU,
Covllyl(x,y) = & /0 /0 < |)t“i(;|2(f?f;)“°(s) dt ds. (2.12)

In higher-dimensional spaces, for the prototypes where P(x, D) is the Laplacian or fractional Lapla-
cian, we can show that the limit in Theorem 2.3 actually holds in distribution in appropriate Hilbert
spaces. More precisely, we consider the pseudo-differential equation:

(85 + qo + @) ue(@) = f(a). (2.13)

Here the exponent 5 € (0, 2]. The subscription D denotes “Dirichlet boundary” on X. When § = 2, the
boundary condition is in the usual sense, but when (3 is less than two and hence the equation is pseudo-
differential, the boundary condition is u. = 0 on X°, the whole complement of X. This is necessary
because the fractional Laplacian is non-local.

It turns out that the above equation admits a set of pairs ()\g,qﬁg), 1 < n < oo, where )\Q is an
eigenvalue and ¢ is the corresponding eigenfunction. That is,

(—A 08 = Nl (2.14)

Without loss of generality we can assume that {qﬁg} is orthonormal in L*(X). We can then define a
system of Hilbert spaces as follows, with ©’ denoting the space of Schwartz distributions

Hj = {f e D" i((f, o (A)*)? < oo}, s € R. (2.15)

n=1

The inner product and norm on Hj is implied in the definition. We observe from the definition that
’Hgs is the dual space of ;. Moreover, when s is an integer, Hj consists of distributions f such that
(=AY f is in L2(X).

We can view the corrector u. — ug as H%—Valued random variables for certain s. With the natural
metric on 773, we can consider the weak convergence of the probability measures on Hj (equipped with
its Borel o-algebra) induced by the random variables {u. — Eu.}.c(,1), as € goes to zero, and in the
sense of [5]. That is, the laws of these random variables converges to the law of the limiting process.

Theorem 2.7. Let u. be the solution of the pseudo-differential equation (2.13) with Laplacian exponent
B € (0,2], and let ug be the homogenized solution. Suppose that qo and f are smooth enough so that uy
is continuous on X . Suppose also the random coefficient q(x,w) satisfies the conditions in Theorem 2.3;
in particular, assume the decorrelation rate « is less than 4(3. Set . = [d/2[3], the integer part of d/2[3.
Then we have that (2.9) holds in distribution in the space H;“ .

This theorem is stronger than Theorem 2.3. In particular, when P(z, D) = —A and d < 3, the Hilbert
space above can be chosen as L*(X).
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3. Convergence to the homogenized solution
In this section, we prove Theorem 2.1, which says that the homogenized equation for (2.1) is obtained
by averaging g..

We first verify that the random field ¢(z) constructed in (A1) and (A2) has the same heavy tail as the
underlying Gaussian random field. By stationarity, the correlation function of ¢g(x) is given by

R(z) == E{q)q(y + )} = E{P(g0)P(g.)}- (3.1
We show that R(x) has the same asymptotic behavior as R, in (2.3).
Lemma 3.1. Let q(x) be the random field above. Define V| = E{go®(go)} where g, is the underlying
Gaussian random field. There exist some T',C > 0 such that the autocorrelation function R(x) of q
satisfies

|R(z) — VP Ry(x)| < CR () forall |x| > (3.2)
where Ry is the correlation function of g. Further,

|E{9(y)q(y + )} — ViRy(2x)| < CR (x) forall |x| > (3.3)

Proof. A proof of this lemma can be found in [2]; we record it here for the reader’s convenience

2 2
+ — 2R, (x
/ @(g»dﬁ(m)exp( gi+ 93— 2M( )glgz)dgldgz.

i = 21— R

27, /1 — Rz(x

For large ||, the coefficient R4(x) is small and we can expand the value of the double integral in powers
of Ry(x). The zeroth order term is the integration of &(g;)®(g») with respect to exp(—|g|*/2) dg where dg
is short for dg; dg,; this term vanishes due to (2.4). The first-order term is integration of @(g;)®(g2)g19>
with respect to the exp(—|g|*/2) dg, which gives V2 Ry(x).

Similarly, for the second item in the lemma, we first write

E{g)®(9(y + x))}

1 / 9% + g% - 2Rg($)9192
e — P(gr) ex ( ) dg, dg,.
5 1 ﬁ( ) e g1 (g2 p 21 Rf](:r)) g1 4gz

Then we expand the value of the double integral in powers of R, and characterize the first two orders as
before. O

It follows that R(z) behaves like x|x|~%, where k = V{?k,, for large |z|. In particular, there exists
some constant C' so that | R(z)| < C|z|~. Meanwhile, |R(z)| is uniformly bounded, say by |®|> < +*
according to assumption (A2).
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Lemma 3.2. Let G be the Green’s operator and q(x) be the random field above. Let f be an arbitrary
function in L*(X). Assume 23 < d. Then, we have

Ce®, a < 20,
E||GaefII> < |If|I* x § Ce a =243, (3.4)
0525, a > 20.

\lz. If 203 > d, then only the first
case is necessary.

Proof. The L? norm of Gg. f has the following expression:

2
190.11° = [ (/. ¢ vawiway) g
x \Jx
After writing the integrand as a double integral and taking expectation, we have
Bl|Ga.1 P = [ Glap)Ga DRy — 2f1)f () dy dz da. (3.5)

Use (2.2) to bound the Green’s functions. Integrate over x and apply Lemma A.1. We get

E|gafIP<C | mm -y — @) dy d. (3.6)

Change variable (y, y — 2) — (y, 2). The above integral becomes

// |2]d= 2,@’R (Z)f(y)f(y—z)]dydz

We can further bound the integral from above by enlarging the domain y — X to some finite ball B(2p)
where p = sup, . y ||, because the translated region y — X is included in this ball for every y. After this
replacement, integrate over y first, and we have

R,
Blga.fIP < OIS e e 67

Decompose the integration region into two parts:

{D] := {|lze™'| < T} N B(2p) on which we have |R.| <
Dy = {|ze”'| > T} N B(2p) on which we have |R.| < Cao‘\x|_a.

The integration on D; can be carried out explicitly. The restriction |z| < T'e yields that this term is of
order £%°. The integration over D, is

2p €a| |d 1
C/ |2]d-25+ d|z|.
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When 23 = a, the integral equals C=®(log(2p) — log(Tc)), and is of order | log £|. When 23 # a, the
integral equals Caa((2p)25 —® _ (T¢)*P~). This estimate proves the other two cases of the lemma.

The same analysis can be done for 23 > d. In this case, the singular term |y — z|~@2% in (3.6)
should be replaced by either |log |y — z|| or C, which is much smoother. Consequently, E||Gg. f||* is of
order e®*. O

Proof of Theorem 2.1. The homogenized solution satisfies (P(z, D)+qo)ug = f. Define x. = —Gq.uo,

that is the solution of (P(z, D) + qo)x: = —q-uo. Compare these two equations with the one for ., i.e.
(2.1). We get

(P(ﬂj, D)+ qo + QE)(gs — Xe) = —qeXe>

where & denotes u. — ug. Since this equation is well posed, a.e. in {2, we have £ = x: — G-q:- X, Which
implies

el < lIxell + 19ell cz2y lalloo el (3.8)
Recall that the operator norm ||Ge || 12, can be bounded uniformly in §2; so the right-hand side above is
further bounded by C'||x<||- Since x. is of the form of G¢. f, we take expectation and apply the previous
lemma to complete the proof. O

We decompose the corrector into the deterministic corrector E{u.} — 1 and the stochastic corrector

ues — E{u:}. We consider their sizes and limits only in the weak sense, that is after pairing with test
functions. We have the following formula for .

Us — up = —Gq-uo + Gq:Gq-u0 + Gq-Gq-(us — up). (3.9)

Pairing this with an arbitrary test function ¢ € C(X), we have

(ue — o, o) = —(Ggeuo, ) + (Gg:Gqeu0, p) + (GeGge(ue — uo), ). (3.10)
Now the deterministic corrector (E{u.} — uo, ¢) is precisely the expectation of the expression above.
In the following, we estimate the size of this corrector using the analysis developed in the proof of

Lemma 3.2.

Proof of Theorem 2.2. Take expectation in (3.10). Since the first term on the right is mean zero, we
have

(Efus} — ug, ) = E(Gq-Gqeuo, @) + E(Gq-Gq=(us — up), ). (3.11)

Let m denote the L? function Gip. Rewrite the first term on the right as E(g-uo, Gg=m), which can be
written as

/X G, y)Re(@ — yyuo(@)m(y) dz dy.
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After controlling the Green’s function by C'|x —y|~%+”, we have an object similar to (3.6). Following the
same procedure, we can show that |E(qg-uo, Ggem)| can be bounded as in (2.7). To complete the proof,
we only need to control the remainder term in (3.11), which can be written as E{g.(us — ug), Gg.m). We
have

E|<Qs(us - UO)7QQEm>| < HQEHOO(EHus - UOHZ)1/2(EHQQEmH2)1/2- (3.12)

According to Theorem 2.1 and Lemma 3.2, this term can be bounded by the right-hand side of (3.4).
Therefore, the remainder is smaller than the quadratic term which gives the desired estimate. O

For any fixed test function ¢, the random corrector (u. — E{u.}, ¢) is precisely the mean-zero part
of the right-hand side of (3.10). We are interested in its limiting distribution. The size of its variance is
given by that of —(Gg.uy, ). We calculate

Var(—(Ggeuo, @) = Var(—(gzuo, m)) = /X | Re(z — yuom(@)uom(y) dz dy.

Estimating this integral by decomposing the domain as in the proof of Lemma 3.2, we verify that this
object is of size £* independent of 3. Therefore, a more accurate characterization of the stochastic
corrector is to find the limiting distribution of =/ (u. — E{u.}, o). This is the main task of Section 4.

4. Corrector theory in higher-dimensional space

In this section, we consider the limiting distribution of the stochastic corrector. In the analyses we are
going to develop, the following estimate proves very useful. Recall that R is uniformly bounded, and
there exists some 7 so that |R| < C|z|~® when |z| > T.

Lemma 4.1. Recall that R(x) denotes the correlation function of the random field q(x) constructed in
(A1) and (A2), and that R.(x) denotes R(e~'x). Let p > 1; we have

Ce“, ap < d,
IR llp5py < { Ce*|loge|'?, ap=d, @.1)
Cel/P, ap > d.

Here, B(p) is the open ball centered at zero with radius p. The constant C' depends on p, dimension d,
and the constant in the asymptotic behavior of R(x).

Proof. We break the expression for || 2|} into two parts as follows:

/ |R-(2)|" dz + |R-(2)[" dz.
B(eT) B(p)\B(T)

For the first term, we bound R, by its uniform norm and verify this term is of order . For the second
term, which we call I, we use the asymptotic behavior of R and have

p
L <C eP|x|" P dr < C’so‘p/ rd=—1-ap 4,
B(p)\B(eT) Te
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We carry out this integral and find that it is of order eP|log €| if ap = d and of order P\, otherwise.
Now combine the two parts; compare the orders case by case to get the bound for || R.|[). Then take
pth roots to complete the proof. O

Lemma 4_2 Assume q(x) constructed in (A1) and (A2) satisfies (A3). Let @ be an arbitrary test func-
tion in C(X). Then we have the following estimate of the variance of the second term in (3.10):

Var(Gg-Ggeuo, o) < Cllug|*l ¢l 2™ (4.2)
Again, the constant C only depend on the factors as stated in Theorem 2.1.

Proof. We observe first that m := Gy is a bounded function since ¢ is uniformly bounded; a useful fact
in the sequel. To simplify notation, we denote by I the variance of (Gq-Gq-uo, ). It has the expression:

I= /X4 up(@)m(y)ue()m(n)G(x, y)G(E, n)
x [E{q=(2)q-()q=()q=(m)} — E{qe(@)q=() }E{q=()g-(n) }] da dy d& dn.

Apply Lemma A.2 to estimate the variance of the product of ¢. above and use the bound for the Green’s
functions. We have

1
—y|?=F 1€ — n|d-F

x> Re@py — wpe) Re(@pe) — zpy)| dz dy dE dn.
PAI1D.34))

I<c / Lo (x)ym(y)ue(€)mn)|
X4 |SL‘

Here, p = {(p1,p2), (p3,p4)} denotes the possibilities of choosing two different pairs of indices from
{1,2,3,4} in such a way that each pair contains different indices though the two pairs may share the
same index. There are Cg = 15 different choices for p; however, p = {(1,2),(3,4)} is excluded from
the sum above. Identifying (x1, 23, x3, x4) With (z, y, £, n), we see that there are 14 terms in the sum, and
each of them is a product of two R. functions whose arguments are the difference vectors of points in
{z,y, &, n}; more importantly, at most one of the R, functions shares the same argument as one of the
Green’s functions.

We can divide the fourteen choices of p into three categories as shown in Fig. 1. In the first category
as illustrated by the first picture, the two vectors in the correlation functions are linear independent with

& & &

Fig. 1. Difference vectors of four points. The solid lines represent arguments of the Green’s functions, while the dashed lines
represent those of the correlation functions.
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both of the vectors in the Green’s functions; in the second category, one of the Green’s function shares
the same argument with one of the correlation function; finally in the third category, the vector in one of
the Green’s function is a linear combination of the two vectors of the correlation functions.

For the first category, we consider a typical term of the form:

1 1
—y|4P 1€ = n|*=F

Ji = / |uo(x)m(y)uo(&)m(n))| |Re(x — OR:(y — 1)) 4.3)
X4 |z

Change variable as follows
@, —y,x =&y —n)— @y,5n).

Bound m by its uniform norm. In terms of the new variables, we have

7 < 2 d 4 d J [ug(@)uo(r — ) R(§R(n)|
1 Hm”“’/x x/r—X y/m—X : ogx Y[Ry — (€ — ] P

We can replace the integration region of y and £ by B(2p), and replace that of np by B(3p), where p as
before denotes the maximum distance of a point in X and the origin. After doing this, we integrate over
x first to get rid of the u( function; then integrate over y and apply Lemma A.1 to get

|Re1B0p) ()| Re1BGy» (1))
& — n|d=28

Here, 1,4 is the indicator function of a subset A C R We considered the case 23 < d; the other
cases are easier. To estimate the integral above, we apply the Hardy-Littlewood—Sobolev inequality
[21], Theorem 4.3. With p = 2d/(d + 23) > 1, we have

Jy < HmHioHuon/ de dn. (4.4)
RIxR4

R-1 (|| R:1 (n)
/Rd Rd [Relsen Ol Rl 56, () dédn < CWd, B, Pl Rellp.Bep | Re llp.BGp)- (4.5)
X

& — nld=28

Now apply Lemma 4.1: if ap < d, we see .J; is of order £2* or £2%| log 5|2/ P which is much smaller than
£%; if otherwise, .J; is of order e24/? < £ because by our choice of p we have 2d/p—a = d+28—a >
23 > 0.

In the second category, we consider a typical term of the form:

1 1
Jr = /}(4’uo(x)m(y)uo(f)m(77)| |.%' — y|d_ﬁ ’E — md_ﬁ |R€($ — YR (x — 5)’ (4.6)

This time we use the following change of variables

(I,l"*y,l“*fef*ﬁ)*—’(ﬂf,yag,n)-

With this change and bounding m, we have

7 < 2 d 4 d d ‘UO(-T)UO(I'_g)Rs(g)Rs(y)"
) < lml% /X v / Ly / e / By Mt
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Enlarge the integration region of y, £, ) as before, and then integrate over z and 1. We have

1
< lmlliwol” [ s B[R0 d dy. @)

The integration over £ yields a term of size £*; meanwhile, the integration over y can be estimated as in
the integral in (3.7), and is of size given in (2.7). Therefore, J, < €.
For the third category, we consider a typical term of the form:

1
7[5 |Re(z — OR-(x —n)|. (4.8)

Jy = /X4|u0(:c)m(y)UO(§)m(77)| |z — y|9B | —

Change variables according to
(x,x =y, —&§x—n)— (@,y8Emn.

After the routine of enlarging integration domains, bounding m, and integrating the non-singular terms,
we have

R1B0p) (|| R1Bap (1)
B el [, el pen il g g, @9)

This term can be estimated exactly as what we have done for (4.4). In particular, it is much smaller
than €. This completes the proof. O

To prove Theorem 2.3, we essentially consider the law of random vectors of the form (J}(w),...,
Y (w)), where

1
@ i= =7 [ awvwdy (4.10)

for some collection of L?(X) functions {t1(x); 1 < k < N}. We have the following result characteriz-
ing their limiting joint law.

Lemma 4.3. The random vector (Ji,Js, ..., J5;) converges in distribution to the centered Gaussian
random vector (Jy, Ja, . . ., JN) whose covariance matrix is given by

Cir. = B{JiJy} = / RYiYPr(2)

x2 |y —z*

dy dz. “4.11)
Moreover, the random variable Jy admits the following stochastic integral representation:

- /X D)W (dy). 4.12)

Here W*(dy) is formally defined in Theorem 2.3.
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Proof. We want to show that V¢, ¢y, ...ty € R, Zfil t;J; converges in distribution to Zfil tiJ;.
Since

N | N N N
Z tiJ; = T a2 / q:(y) Z tii(y) dy, Z tiJ; = — / (Z tzzpl(y)> W (dy),
i=1 € X =1 i=1 X i—1

and YN | ti4);(y) € L*(X), we only need to show

1 istribution @
vy /X qe(y)f(y)dy%— /X Fa)W*(dy) (4.13)

for any f € L*(X).

We prove this convergence in two steps: first, we show it holds when ¢(z) = g(x), i.e., q is a centered
stationary Gaussian field. Second, we generalize the result to the case when q(z) = @(g(x)).

The Gaussian case. When g(xz) = g(x), the random variable —g—0/2 Jx ¢=(y) f(y)dy is centered,

Gaussian, with variance S; := ¢~ [y, Ry(Y=5) f(y) f(2) dy dz, so it suffices to show

5. — / Mdydz ::Var(— / f(y)Wa(dy)) (4.14)
x2 |y —z[® X

as ¢ — 0. The equality above holds by the definition of our stochastic integral. Note that in this case,
q(x) = D(g(x)) with &(s) = s; consequently, the « in the covariance function of W in Theorem 2.3 is
precisely x4, because E{g(0)®(g(0))} = E{g(0)*} = 1.

Since Ry(x) ~ kg|lz|~*, for any 6 > 0, there exists an M > 0 so that |x| > M implies |Ry(z) —
Kglx| ™% < dkglz|~. According to this, we have

s K fWIE o< | LANOICI
x2 |y —z|* ly—z>Me |y — 2|®

+ Sl (= + )y
€ —Z‘

ly—2|<M ly
=)+ U+ UID.

We have used the fact ||R||o = 1. It is easy to see that (1) < C3, (II) + (III) < Ce® . First let ¢ — 0,
then let & — 0, we prove (4.14).

The case of a function of the Gaussian field. In this case, q(x) = ®(g(x)) for more general . Recall
that V2 = E{g(0)®(g(0))} and V; is assumed to be positive. we claim that the difference between the
random variables /2 Jx ¢«(y) f(y)dy and g/2 Jx Vige(y) f(y) dy converges to zero in probability.
Then (4.13) follows from this, the Gaussian case, and the fact xk = /@QVIZ.

To show the convergence in probability, we estimate the second moment as follows:

1 2
E(m /X (qs(y)—mgs(y))f(y)dy)

1
= ) E{(ge(y) — Vige(y)) (q=(2) — Vige(2)) } f(y) f(2) dy dz.
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The expectation term inside the integral can be written as

Re(y —2) — ‘/12(Rg)s(y —2)+W [Vl(Rg)s(y —2z)— E{ge(y)(k(z)}]
+ Vi[(Rpe(y — 2) — B{g=(2)g=() }]-

Recall (3.3) of Lemma 3.1 to estimate these terms. We can bound the second moment above by

e fwfR)

I i dydz == (I) + (II).
—Z g

Ce™ /yZ|<T€]f(y)f(z)|dydz+05_ /|y

Carrying out the routine analysis we have developed for this type of integrals, we verify that (I) <
Ce9=% and (IT) is of order £ if 2a < d, of order £®|loge| if 2a = d, and of order ¢4~ if 2o > d. In
all cases, we have (1) + (II) converges to zero, which completes the proof. O

According to the interpretation in Remark 2.4, the lemma above implies that Gq.uo converges to the
limit in (2.9). The other terms in the stochastic corrector u. — E{u.} are controlled by Lemmas 3.2 and
4.2. These are sufficient to prove Theorem 2.3 as follows.

Proof of Theorem 2.3. Recall the expression (3.9) for the corrector. We see its random part, i.e. u. —
E{u.}, can be decomposed as

—Gqeug + (QQaQQEUO - E{QQ&QQEUO}) + (gqggqg(ua — Ug) — E{QQ&QQE(UE - UO)}) 4.15)

By (4.2), for any test function ¢ € C(X), we have
<gq€gq€u0 —E{Gq-Gq-u} > probability

] ()0 0

/2

(4.16)

e—0

Recall estimate (3.12) and apply (2.5) and (3.4). We find that when o < 40, the size of E|(Gq-Gq-(u: —
o), ©)| is much smaller than £2/2, which implies

<gq59qs(us — Up) 90> probability

/2

0. 4.17)

e—0

The leading term in the random corrector is therefore (—Gq.ug, ¢).
Consider an arbitrary set of test functions {;,1 < ¢ < N}. By the same argument above we can
verify that the vectors (Qf, . .., Q%), where

Qf = E_a/2<90z'7 Gq:9q:u0 + G4:Gq:(ue — U0)>,

converge in probability to zero vectors. On the other hand, by Lemma 4.3 and the fact that uo(y)Gp(y) €
L*(X), we verify that (I, ..., Iév) converges in distribution to ([, ..., In), where

Il = e7*/*(p;, —Ggeuo),

and (I, ..., Iy) is the centered Gaussian with covariance matrix given by (2.10). Combining this con-
vergence result with (4.16) and (4.17), we see that (I, ..., I5;), where I} := ze_"‘/z(u5 — E{uc}, ;) as
defined in Remark 2.4, converges in distribution to ({1, . .., Iy). This completes the proof. O
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5. Corrector in one-dimensional space

In this section, we restrict the dimension to be one. With further assumptions that the Green’s function
is Lipschitz continuous and the solution to (2.1) has continuous path, we derive a stronger convergence
result of u. — wyg, in probability distribution in the space of continuous paths. The proof resembles and
depends on [2] largely.

For concreteness, let X = (0, 1). For simplicity we assume that the solution to (2.1) has continuous
path. This is the case for the steady diffusion problem, where solutions belong to H}(X) C C(X).
We also assume that the Green’s function G(z, y) is Lipschitz in « with Lipschitz constant uniform in .
Again, this is the case for the steady diffusion problem. However, it is not the case for the Robin boundary
equation, where even in 1D, the Green’s function has a logarithmic singularity. With these assumptions,
we characterize the limiting distribution of (ue — u)/e*/? in the space of continuous paths C(X).

Recall the decomposition in (3.9) and write

Ue — UQ
e/2

() = —e =2 Gqeup(x) + £2Gq.Ggeuo(x) + e~ 2Gq-Ga(ue — ug)(x). (5.1)

We call the first time on the right-hand side I.(x), the second term Q).(z), and the third one r.(x). We
verify also that the sum of the last two terms is o/ 2Gq.Gq-u-(x), which we call Q°(x).

Our plan is as follows: First, we show that I.(x) has the limiting distribution in C(X) as desired
in (2.11). Second, we show that )°(x) converges in distribution C(X) to the zero function. Since the
zero process is deterministic, the convergence in fact holds in probability [5], p. 27; the conclusion of
Theorem 2.5 follows immediately.

To show convergence of I.(z) and QQ°(z), we apply the following standard result on weak convergence
of probability measures, whose proof can be found, for instance, in [17], p. 64.

Proposition 5.1. Suppose {M_}.c.1) is a family of random processes parameterized by ¢ € (0,1)
with values in the space C(X) of continuous functions on X, and M.(0) = 0. Then M. converges in
distribution to My as € — 0 if the following holds:

(i) Finite-dimensional distributions: for any 0 < z; < --- < x < 1, the joint distribution of
(Mc(x1), . .., M:(x)) converges to that of (My(xy), . .., Mo(x)) ase — O.

(ii) Tightness: the family { M. }.cq.1) is a tight sequence of random processes in C(X). A sufficient
condition is the Kolmogorov criterion: 30, 8, C' > 0 such that

E{|M.(s) — M.t)|"} < Ct — s|'*°, (5.2)
uniformly in € and t,s € (0, 1).

Proof of Theorem 2.5. We carry out the aforementioned two-step plan. Let us denote by I(x) the
Gaussian process on the right-hand side of (2.11).

Convergence of I.(x) to I(x). We first show convergence of finite-dimensional distributions. Fix
an arbitrary natural number N, an N-tuple (zi,...,xy), we need to show that the joint law of
(Ie(xy), ..., I.(xN)) converges to that of (I(x)), ..., I(xy)). It suffices to show that for arbitrary N-tuple
(&1,...,6n) € RY, we have

N N
distributi
Y &ile(m)) *HS;:’O]OH > &l (),
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as convergence in distribution of random variables. Recalling the exact form of I. and I, our goal is to

show, with oy := \/k/(HQ2H — 1)), that
1 al distributi al
ey /X > GG @i yaWuo(y) dy SR oy /X 3 &G @i yuoly) AW (y). (5.3)
i=1 =1

Set F.(y) = Zfil & G(x;, y)uo(y). We verify that F, € L' 1 L>°(R) and apply the following conver-
gence result:

dlstrlbunon

7 [ F@awdy Sy [ P)awae) forFeLlnL>, (5.4)

which is Theorem 3.1 of [2]. This proves the convergence of finite-dimensional distributions.
To show tightness of I.(x), we calculate E|I.(z) — I, g(y)|2 which we denote by J;. Calculation shows:

1 2
Ji = _aE(/ (G(x, 2) — G(y, 2)] g=(2)uo(2) dz)
€ X

1
) (G(z, 2) — G(y, )] [G(z, ) — Gy, O] Re(z — Huo(2)ue(§) dz d&.

60{

Use the assumption on the Lipschitz continuity of G to obtain

1
Ji < LipG)’lz —yl* /X |Re(z — Oug(2)ug(§)| dzd¢ < Cla — yf*. (5.5)

We used the fact that the integral above has size €, which can be easily proved as before. This shows
tightness and complete the first step.

Convergence of Q%(x) to zero function. For convergence of the finite distributions, we show that
Z@']\i 1 & Q% () converges to zero in L2(£2,P), which is stronger. Since we can group Zﬁ\;l &G (x5,y)
together as in (5.3), it suffices to show sup, .y E|Q°(z)| — 0.

We prove this by showing sup,c y E|Q-()]* — 0 and sup,.y E|r-(z)] — 0. The first term, i.e.,
E|Q:(x)|?, has the following expression

g /X , G, Gy, )G (@, G (E, muo(2)uo(DE{g=(1)g:(2)g=(§)g=(m } A€ dn d= dy. (5.6)

Bound the Green’s functions and u( by their uniform norms. Then apply Lemma A.2 to get
2 _
E|Q:(@)]” < Ce™[|Gl1& lluoll3 /X4 D R(pn) — Tpe) Re(p) — Tp)|. (5.7)
P

This time p runs over all 15 possible ways to choose two pairs from {1, 2,3,4}. Since R. is bounded
by Ce®|z|~*, we verify each item in the sum has a contribution of size £>* and so does the sum.
Consequently, E|Q.(x)[*> < Ce® and converges to zero uniformly in .
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For r.(x), we use Cauchy—Schwarz to get
2

1/2
dz) .

Bound ¢. in the first integral by its uniform norm. Take expectation afterwards. We verify that E|r.(x)|
is bounded by

el <= e( [, !qs(zxug—m)(z)fdz)l/z( ([ cwpawcu.a)

1/2
Ce™(Elfus — uo|?)"”? (E /X G@.9Gy, )G, G, 2)a=(y)g= (&) dy d¢ dz) :

The integral above can be estimated as before and is of size . Expectation of ||u. — uol|? is also of size
« as shown before. As a result, E|r.(z)| < Ce® and converges to zero uniformly with respect to .

It suffices now to prove tightness of Q°(z). To this end, we calculate E|Q°(z) — Q°(y)|*> which we
denote by .J,

2
1 =B [ 662 - 6. 2] 60066, 00.Ou @ dedz )

Use Cauchy—Schwarz and the uniform bound on ¢.; we get

J> < 5“"E{(|q\|oo|]us||)2/x</x [G(z, 2) — Gy, z)]qs(z)G(z,E)dz>2d§}.

The term ||u. || can be bounded uniformly with respect to w because the operator norm of G. is. Therefore,
we have

J, < Ce™°E /X [G@.2) - Gy, )] [, ) — Gly.m)]a-()a-()G (2 G, §) dz dip dé.
Use the Lipschitz continuity and the uniform bound of G to get
2 <0 [ LGPl — yP R — |G dzdndg < Cla -y (5.8)
X\

The second inequality holds because the integral is of size e as we have seen many times. This com-
pletes the proof of (Q° converging to zero functions. Recall the argument above Proposition 5.1 to com-
plete the proof of the theorem. O

Remark 5.2. We assume that the random field ¢(x) satisfies (A3) to take advantage of Lemma A.2.
However, this assumption is not necessary for Theorem 2.5 to hold. Indeed, with (A1) and (A2), we
can derive the asymptotic behavior of the fourth order moment E{q(x)q(x2)q(x3)q(z4)} when the four
points are mutually far away from each other. We can use this fact to estimate (5.6) instead. The argument
involves routine decomposition of integration domains, which is tedious so we omit it here.
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6. Weak convergence in the Hilbert space H;“

In this section, we prove Theorem 2.7, which states that the limit in Theorem 2.3 holds in a stronger
sense. Namely, viewed as Hg“ -valued processes, {u. —Eu. }-c(.1) converges in distribution to the right-

hand side of (2.9). In some cases, Hg“ can be chosen as L*(X).

Let H denotes a separable Hilbert space with an orthonormal basis {¢, }>2 ;. To prove convergence
in law of H-valued process {Y:}.cq,1) to a H-valued random variable Y, we need to show that any
finite-dimensional distribution of Y converges to that of Y, and that the family of laws of {Y:}.cq.1) is
tight. The first condition boils down to

(Yo i) (¥er 01,)) 200 (Yo, 1), (Y0 65)). (6.1)
as R¥-valued random vectors, for any k € N, and any k-tuple (iy, . .., ;). The technicality lies in the

tightness of the family {Y% }.c(,1). A sufficient condition is the following.

Proposition 6.1. Let 'H be a separable Hilbert space with orthonormal basis {¢n}oo . For an integer
n = 1, let P,, denote the projection into the space spanned by the first n basis functions.
A family of H-valued random variables {Y:}.c,1) is tight if

sup E[[Yz|ly < oo (6.2)
€€(0,1)
and
sup E[|Yz — PyYelly =50, (6.3)
e€(0,1)

This proposition follows from the definition of tightness of general probability measure on metric
spaces, and the structure of separable Hilbert spaces; see [5,23].

Proof of Theorem 2.7. The Laplacian case. We first consider the case P(x, D) = —A, and hence § = 2.
For simplicity, let us denote the eigenvalues and corresponding eigenfunctions of (—A)p by (Vn, ¢n)p;;
let us also simplify the notation H; by H?®.

We denote by {Y.(z)} the H~#-valued sequence e~%2(u, — Fu,) and by I(x) the process in (2.9).
According to the remark preceding this proof, Theorem 2.3 proves convergence of finite-dimensional
distributions of Y; to those of I. It remains to show that { Y.} is a tight sequence in H~*. To this end, we

apply the proposition above. We first decompose Y; into three parts: Y. := —e~*/2Gg.ug and
Y. — Gq:9q:-uo — EGq-Gqeuo
2e +— 6(1/2 5
Vi G4:9q:(ue — ug) — EGq-Gqe(ue — uo)
3 = ca/2 ’

Both criteria in the proposition concerns H ™ * norms, so we express those of Y. explicitly, using the
orthonormal basis given by {vF¢,}>2 . We have
Viellzn = D (Vies v bn)pgn = D —5 Vi, 6n)”. (6.4)
n=1

n=1
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Recall the definition of x.; we have that Y;. = e~%/2y.. Since y. satisfies

—AXe + GoXe = —QeUo,

we have
_/(=D)p (—geuo — qoxe) 1/ —qeuo — qoxe
<Y1:-:7¢n> —< ga/z 7¢n = Z T,% .
Now write

<_%u500</_2qoxs’ ¢"> - _5:/2 /X q(i) [uo(z)pn(x) — uo(x)m(z)] dz,

with m(x) = G(qodn)(x). It follows then that the mean square of this item can be bounded by
||wol| oo ||go]| oo » With uniform bound in ¢ and n. That is,

E(Yie, ¢n)* < C/12,
with some constant C uniform in € and n. This shows that

o0 C
2
sup ||Yie||5—n < —— < C.
Sup Vel < nZZI D S

Here we used the fact that v,, > Cn*? for some C universal in n. This fact follows from the Weyl’s
law on counting the eigenvalues of the Dirichlet Laplacian (cf. the remark after [16], Theorem 17.5.3;
the sharp constant is obtained in [20]). The series above converges because asymptotically the elements
in the series are l/n4(“+1)/d and p is chosen so that 4(u + 1)/d > 1. This proves (6.2) for Y.. Since
Y1 — PnY. precisely consists of the coordinates with indices larger than IV, the second criterion follows
from the same lines above.

Now for Y, and Y3., we repeat the above proof for Y).. The only modification is

E(Yae, ¢n)? = =% Var(Gq-Gq-uo, @) = v, 2e~* Var{q-Gq-uo, pp — m),

again with m = Gqo¢,,. The last equality can be shown by introducing x2- = Gq-Gq-uo and following
the trick we did with x. above. Now in Lemma 4.2, let u play the role of ¢ of the lemma, and bound
the L? norm of ¢, — m by some uniform constant. This implies SUP_¢ .1y E(Y2e, én)? < C/vi. Then
the criteria (6.2) and (6.3) follows for Y5..

For Y., we can introduce 3. = Gq-Gq-(u. — ug) and argue as above, and use estimate (3.12), again
with the roles of ug and ¢, — m exchanged. Since o < 43, this estimate is enough to prove the criteria
for Yi..

Combining the above arguments, we finally proved that {Y;}.c(,1) is tight in H™#. Therefore, we
proved the theorem for the case of P(x, D) being the Laplacian.

The fractional Laplacian case. We use the fact that /\g, the eigenvalue of (—A)g/ *is comparable to a
fractional power of v, the eigenvalue of (—A)p:

CWB2 < N8 < oup? (6.5)
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for some constant C' [12]. Combining this with the aforementioned estimate on the eigenvalues of the
Dirichlet Laplacian, we see that )\ﬁ ~ 1P/ Then the same procedure above works. This completes the
proof. O

7. Conclusions and further discussions

We considered the deterministic stochastic correctors for equation (2.1), where the coefficient in the
potential term is constructed as a function of a long-range correlated Gaussian random field. We found
that the stochastic corrector had magnitude £®/? and its limiting distribution can be characterized by a
Gaussian random process in some weak sense. The deterministic corrector, however, may be larger than
the stochastic corrector. We find that the threshold for this to happen is o = .

In our analysis, we assumed that the Green’s function G(z, y) had a singularity of the type |z —y| =@
near the diagonal x = y. Other types of singularities, such as G(x,y) ~ log|x — y|, can be analyzed
using similar techniques. For the logarithmic singularity, which occurs for the steady diffusion problem
when d = 2 and the Robin boundary equation when d = 1, our results still hold. The deterministic
corrector is then of order £* while the stochastic corrector has an amplitude of order £/2.

To prove the convergence in distribution of the stochastic corrector, we have assumed « < 443. This
is a technical reason related to the fact that only in this case is the estimate (3.12) enough to control
the remainder term in (3.10). Generalizations to « > 40 require that we estimate sufficiently high-
order moments of g(x). Once we have a good estimate on the sixth-order moments for instance, we can
perform one more iteration in (3.10) to get

(ue = o, ) = —(Ggeuo, ) + (G¢-G4ew0, ) — (G4:G4-G-u0, )
- <QQEQQEQQE(UE — up), 90>
Supposing that the sixth-order moment estimate is sufficiently accurate to control the variance of the
third item on the right, and that the estimate on fourth-order moments is sufficient to control the remain-

ing terms, then the same results as stated in Theorem 2.3 hold for a larger range of values of a. We do
not carry out the details of such derivations here.

Appendix: Two useful lemmas

A.1. Estimates of convolution of potentials

Here, we record a lemma which estimates the convolution of two potential functions, or the convolu-
tion of a potential function with a logarithmic function. Its proof can be found in the Appendix of [3].

Lemma A.1. Let X be an open and bounded subset in R%, and x # vy two points in X. Let o, [3 be
positive numbers in (0, d). We have the following convolution results.

/ | . . g‘(x _‘y|d(oz|+ﬂ)’) a+ Z > d, Al
o 89S loglx —y|+1), a+8=d, .
xlz=al* |z -yl C, a+ [ <d.
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The convolution of logarithms with a weak singular potential turns out to be finite as follows:

1
/ llog |z — z||———=dz < C. (A.2)
X |z —y[*

A.2. Fourth-order moments of q(x,w)

The following lemma provides a non-asymptotic estimate of the four-moments of g(x) constructed in
(A1l and A2), with the additional assumption (A3). In the following, we set F' = {1,2,3,4} and denote
by U the collections of two pairs of unordered numbers in F, i.e.,

U= {p={{p1),p2),(pG).p@)} | p@i) € F,p(1) # p(2),p(3) # p4)}. (A.3)

As members in a set, the pairs (p(1), p(2)) and (p(3), p(4)) are required to be distinct; however, they can
have one common index. There are three elements in &/ whose indices p(z) are all different. They are
precisely {(1,2),(3,4)}, {(1,3),(2,4)} and {(1,4),(2,3)}. Let us denote by U, the subset formed by
these three elements, and its complement by /™.

Lemma A.2. Let q(x,w) be the random field constructed in (A1)—(A3). Fix four arbitrary points {x; €
R%:1<i< 4}. Then we have the following equation:

4
EJ]a@@) — > Rapa) — 2p0)R@pe) — Tpe)
=1 PEU

< C Y R@pa) — Tpa) R(@pe) — Tpa)- (A4)
pEU*

The constant C' is the one in (2.8) raised to the fourth power.

For a proof of this lemma, we refer the reader to [4], Proposition 4.1.
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