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Abstract

This paper concerns the kinetic limit of the Dirac equation with random electromag-
netic field. We give a detailed mathematical analysis of the radiative transport limit
for the phase space energy density of solutions to the Dirac equation. Our derivation is
based on a martingale method and a perturbed test function expansion. This requires
the electromagnetic field to be a space-time random field.

The main mathematical tool in the derivation of the kinetic limit is the matrix-valued
Wigner transform of the vector-valued Dirac solution. The major novelty compared to
the scalar (Schrodinger) case is the proof of convergence of cross-modes to 0 weakly in
space and almost surely in probability. The propagating modes are shown to converge
in an appropriate strong sense to their deterministic limit.

1 Introduction

The Dirac equation is the relativistic version of the Schrédinger equation and describes
very fast electrons propagating in an electromagnetic field. In this paper, we consider
the semiclassical limit of the Dirac equation when the electromagnetic field is random and
time-dependent.

The problem falls into the category of high frequency wave propagating in highly het-
erogeneous media, which has been modeled by radiative transfer equation in many areas,
e.g., quantum waves in semiconductors, electromagnetic waves in turbulent atmospheres
and plasmas, underwater acoustic waves, elastic waves in the Earth’s crust. Such kinetic
models account for the multiple interactions of wave fields with the fluctuation of the un-
derlying media. In the so-called weak-coupling limit we will consider, waves propagate over
distances that are large compared to the typical wavelength in the system and the fluctua-
tions have weak amplitude with correlation length comparable to the wavelength. Most of
the derivations of radiative transfer equation are based on formal expansions, e.g., a sys-
tematic method to derive kinetic equations from symmetric first-order hyperbolic systems,

*Department of Applied Physics & Applied Mathematics, Columbia University, New York, NY 10027
(vg2254Qcolumbia.edu; gh2030Q@Qcolumbia.edu)



including systems of acoustic and elastic equations, in the weak-coupling limit has been
presented in [22] and extended in various forms in [1, 3, 15, 21].

Mathematically rigorous derivations are notoriously difficult in the setting of spatially
varying randomness. Most proofs have been obtained for the Schrodinger equation with
time-independent Gaussian potential, see [11, 23], with an extension to (discrete) wave
equations in [17], and are based on the Neumann series expansion for the solution to the
Schrodinger equation and appropriate estimates that allow passage to the limit. Such tech-
niques were also used in [5] to obtain the random mixing of the phase of the Schrédinger
solution and in [2, 24, 25, 16] to analyze limits of solutions with low-frequency initial con-
ditions and large, high-frequency, random potentials.

The derivation of kinetic limits is much simplified in the setting of time-dependent ran-
dom coeflicients and does not require the aforementioned infinite Neumann series expansion.
Assuming a Markovian structure for the random potential enables us to use a martingale
method and a suitable perturbed test functions expansion. A limit theorem for one di-
mensional waves where such methods are used is given in [18] and more general ones in
[9]. The same approach has been applied to Schrédinger equation in different settings, see
[6, 7,12, 14, 19].

The markovianity of the random coefficient simplifies derivations but is not necessary
as was shown in [12]. In [10], a geometric approach is applied to more general initial data
than in [11]. A renewal of the random field is used to get the appropriate mixing properties
during the evolution. In [20], the authors consider random potentials that are correlated in
time with finite range. They proved the semiclassical limit of Schrédinger equation by pure
PDE techniques.

For systems of equations such as the Dirac system or the linear hyperbolic systems con-
sidered in [22], no rigorous results have been established even for time-dependent potentials;
see also [4] for a recent review on the derivation of limiting models for wave and particle
propagation in random media. In this setting, the energy matrix has to be decomposed into
different propagating and non-propagating modes, which behave quite differently in the
high-frequency limit. We focus here on the Dirac equation although most of the derivations
carried out in this paper extend to the framework of linear hyperbolic systems, which will
be considered elsewhere. It should also be mentioned that the energy bands in the Dirac
equation are degenerate, which is distinct from the scalar (Schrodinger) case.

The rest of the paper is organized as follows. We describe the problem setting and
state our main results in Section 2. Next, we sketch the outline of the proof and discuss
in detail the construction of test functions in Section 3. In Section 4, we then prove the
convergence of different modes. The case of slower fluctuations in time, which allow us
to recover limiting kinetic models with elastic scattering, is briefly discussed in Section 5.
Conclusions and some further discussions are finally presented in Section 6.

2 Main results

In this section, we first describe our setting, next introduce the so-called Wigner transform
as our main tool and then present our construction of the random electromagnetic field.



We finally state the main results of the paper.

The Dirac equation in three dimensions of space reads
£0,U° + P(z,eD,)¥° =0, z e R®teR, (2.1)
with the differential operator P(z, D) defined as:

3
P(z,§) =i (Z Vv (& — eAp()) +mocy” — €A0($)14> : (2.2)
k=1

Here U¢ = W¢(¢,x) € C* is the wave function. ¢ = & is our small parameter and stands for
the Planck constant. e is the unit charge, mg is the electron’s rest mass, c is the velocity
of light, and Ax(x) € R,k =0, 1,2,3 are the components of the prescribed electromagnetic
field. In particular, Aj is the electric potential and (Aj, Aa, A3) is the magnetic potential
vector.

’yk € C* k =0,1,2,3 are the 4 x 4 Dirac matrices, which are closely related to the
2 x 2 Pauli matrices. Their elements are 0, 1,4, and they satisfy

* *
P =909 = =Kk =1,2,3,(3%%)F =%,
2
YA = 0,m # 1,y = I = Lk = 1,2,3.
In our proofs, the explicit form of the Dirac matrices does not play any special role.

The relativistic current density J¢ is a 4 dimensional vector with elements J; given by

J]i — \IIE*,YO,YIC\IJE

and the relativistic position density n(¢, z) is given by
n®(t,x) = J5(t,x) = U (¢, 2)U° (¢, x). (2.3)
We investigate the limiting behavior of the solution to (2.1) as ¢ — 0. Given the
conservation of [p,n®(t,z)dz and the fact that n°(t,z) does not admit a closed-formed

equation, the quantity we are interested in proves to be the Wigner transform of W¢, which
we introduce next. For more results on the Wigner transform, see [13].

2.1 Wigner transform and pseudo-differential calculus

We introduce the Wigner transform and some pseudo-differential calculus that is to be used.

The matrix-valued Wigner transform of two spatially-dependent d dimensional vector
fields u(z) and v(z) is defined as

Wu,v](x, &) = /Rd (271T)dei§'yu(t,x - %)U*(l‘ + %)dy, (2.4)

where v* is the transposition and possible complex conjugate of v. It may be seen as the
inverse Fourier transform of the two point correlation function of u(x) and v(x), where we
define Fourier transform using the convention f(§) = [pa e * f(x)dz. We check that:

(Wlu, u)(z,€))* = Wlu, ul(z, ). (2.5)



We also verify that

N Wlu,v|(t, z, &)dé = (uv™)(t, x), (2.6)

and this allows us to interpret the Wigner transform as the energy density in phase space,
although the Wigner transform is positive only in the limit ¢ — 0 [13].

We recall from [1] some simple results about pseudo-differential calculus that are needed
in this paper.

Proposition 2.1. let P(eD) be a matriz-valued pseudo-differential operator defined by

; ) dp
P(eD = T p % .
(eD)u(x) /R € (wp)U(p)(%)d
Then we have

WIP(ED)u, (@, ) = P + =)W, v](2, ),
and 5
Wlu, P(eD))(, &) = Wiu,o] (2, ) P*(i€ — =),

where W lu,v)(x,§)P*(i§ —eD/2) is defined as the inverse Fourier transform F, 3, of the
matriz Wlu, v)(p, &) P* (i€ — iep/2).

Proposition 2.2. let V(x) be a real matriz-valued function, then we have

T etrp/e
WV = [ GG VoWl (e.g ~ S
and iop/e
Wi V(Eil.o) = [ G W6+ 57 o)

where V is the Fourier transform of V' component by component.

Remark 2.3. Throughout the paper, we assume that spatial dimension d = 3 although we
occasionally use “d” for expressions that hold independent of dimension.

2.2 The random field

The Ay (x) appearing in (2.1) are components of a random electromagnetic field, which we
assume to be time-dependent and have mean zero. The non mean zero case can be handled
similarly.

We follow the same construction of the random field as in [6, 7]. V is the set of measures
of bounded total variation with support inside a ball By, = |p| < M:

v:{vz(%,m,f@,%):/d\dvkygc, supp Vi C Bu, Vi(p) = V¢ (—p).k = 0,1,2, 3.
R



Let A(t,p) = (Ao(t,p)dp, A1(t, p)dp, As(t, p)dp, As(t,p)dp) be a mean-zero Markov process
on V with generator Q. The time-dependent random field A (¢, x) is given by

Ag(t,x) = /]Rd Wei’” (2.7)

and is real and uniformly bounded. We assume Ag(¢,x) is stationary in ¢ and = and the
correlation functions are defined by

Ry (t,z) = E{An(t+ s,z + y)An(s,y)},m,n=0,1,2,3.
Furthermore, we have
E{An(t + s,p)dpAn(s,q)dq} = (2m)" Rynn(t, p)S(p + ¢)dpdg,

where the power spectrum Rmn is the Fourier transform of Ry, (t,x) in z:

Ryn(t,p) :/ Rmn(t,x)e_m'pdx.
Rd

For simplicity we assume that R,,,(t,p) € S(R x R?) and define the space-time Fourier
transform Ry, (w,p) as

Ryn(w,p) :/Rmn(t,p)ei‘“tdt.
R

We assume that the generator Q is a bounded operator on L>°()) with a unique invariant

A~

measure 7(V), i.e., @*m = 0, and there exists @ > 0 such that if (g, 7) = 0, then

€99l o) < Cllgllpoeye ™ (2.8)

The simplest example of a generator with gap in the spectrum and invariant measure 7 is
a jump process on V where

Qu(7) = [ g(ii)dn(%) — g(7), [ an(V) =1
1% 1%
Given (2.8), the Fredholm alternative holds for the Poisson equation

Qf =y

provided that (g,7) = 0. It has a unique solution f with (f,m) = 0 and | f|re(y) <
Cllgll £ (v)- The solution is given explicitly by

F7) = - /0 " dre2g(V),

and the integral converges absolutely because of (2.8).



2.3 Main theorem

Before stating the main results we first derive the equation satisfied by the Wigner trans-
form.

Recall the equation
ey U° + P(z,eD,)¥° = 0.

We replace Ag(t,z) with \/eA,(L, £) in the weak coupling limit, so the equation for ¥°
becomes

0 Ue +1i (Zv (eDy, — feAk(f f)) + mocy? — fer(f 5)I4> e =0. (2.9)

k=1

Define W, (t,z,&) = W[¥4(t,.), ¥e(t,.)](z, ), and by Proposition 2.1, 2.2 we can derive the
equation satisfied by W,

3 3
) eD . eD .
£, W+ § eyOyF Py (i€ + T)Wg + § WP (i€ — 7)cyofy’“ + imoc (VW — WA0)

k=1 k=1
3 3
—iev/E YA Y KEWL +iev/E Y KEWA R =0,
k=0 k=0
(2.10)
where the symbol Py (&) = &, and the operators KC¥, IC’€ are defined as
dpAp(L,p) , p
k _ e ) izp/e _Z
i) = [ P -,
- dpAy(L,p) , p
KCEA(t = [ e ime/e ).
g = [ PGP a e+ )
We define the L? inner product for matrix valued functions as follows:
(P).Gw) = [ TGy (211)

The Dirac equation (2.9) preserves the L? norm of ¥¢, and by the property of Fourier
transform, we have V¢ € [0, T,

IWe(#)l| 2 (geay = (2m8) ™20 (1) |72y = (2m8) ™2 ([ W2(0) 172 may. (2.12)

Thus by choosing appropriate initial condition ¥¢(0) such that || ¥=(0) ay 18 of order %2,

172
we have ||We(t)|2(g24) uniformly bounded for ¢ € [0, 7] and Acy. Moreover, we assume
that W (0, x, &) converges weakly as ¢ — 0 to Wy(0,z,¢) € L2(R??) without restriction to
a subsequence.

Expanding W, = Wy + /eW . +eWa o + ..., dividing (2.10) by € and expanding in ¢,
by setting the 1/e order term to be zero, we obtain that

3 3
> VP Wo + Wo Y Pr(i€)ey®y* + imoc® (7' Wo — Wor°) =
k=1 k=1



This enables us to define the dispersion matrix

3
Q) =) 7" & + moer”, (2.13)
k=1
and we expect the limit to satisfy that
QE)Wo(t, z, &) = Wo(t, z,£)Q(). (2.14)

By the property of 4°+*, we know @ is Hermitian, and Q2 = (m3c? + |¢|?) 4. Let

A+ (€) = £4/mGe? + €2, (2.15)

be the eigenvalues of @ corresponding to the energy levels of electrons and positrons, re-
spectively. The orthonormal eigenvectors are

0 Ay —&3
____mgc £2J;\E
22+ (AL —&3) o S1Ts2
(€)= Yatihs |, ae) = D) |
22+ (A —E€3) e
A —&3 224+ (A+—&3)
221 0
moc &1 —i&o
224 (A4 —&3) 224+ (A4 —&3)
0 A+ —&3
1 (5) = A= , 92(5) = 22+ s
\z/ 221 0
1+1€2 _ moc

V22 (A4 —€3) V22 (A4 —€3)
where x1,x9 correspond to Ay and yi,y2 correspond to A_.

Remark 2.4. The explicit form of the eigenvectors do not affect our results.
Because {1, %2,y1,y2} is a basis in C*, we can decompose Wy as
W, = Z a;; T + Z biyiy; + Z ciriy; + Z d;;yiv; - (2.16)
i,j=1,2 i,j=1,2 i,j=1,2 i,j=1,2
On one hand, we have W* = W, so
a% c R,Z — 1,2 aiz :T%_7

On the other hand, since W, is uniformly bounded in L?, we have that all the coefficients

ag;, b}, ¢ij, di; belong to C([0, T7; L?(R??)). The dispersion relation (2.14) implies that cijs di;

should converge to zero as € — 0. Thus we write the limit

1,j=1,2 4,j=1,2



We denote by I+ the orthogonal projection of C* on the eigenspace associated to A4, and
they are

1
I, = 2] +xoxy = — (14 + Q),
o T
I =iy +yoys = 5(La — ).
2 A

Define o = Tr(II; W) = aj; + a5y, of = Tr(II_W;) = bj; + b5,. We check that

[ (05 + 0?0280 = (1.2).
Rd
Therefore we can interpret o5 and o as energy densities in the phase space corresponding
to electrons and positrons, respectively. They are the physical quantities we are interested
in.
Define L2,(R??) = {fIf Nl 2(reay < M}. The space we use for (a5 (t),a (1)) is
Hy = L3 (R*) @) L3, (R*) = {X = (X1, X2)| X1, X2 € L} (R*)}

endowed with the metric

du(X,Y) = i <\<X1 ~Yien)| | [(Xs —Yz,en>\> |

2n 2n

n=1

where {e,} is orthonormal basis of L2,(R??). Tt is straightforward to check that dp induces
the weak topology on L3, (R2?) @ L2,(R??) and (Hys,dy) is a complete separable metric
space. We have the following tightness criteria about process taking value in Hyy.

Proposition 2.5. Suppose P. is the family of probability measures induced by (a5 ,a% ) on
C([0,T); Hyr), if for any f € C1([0,T); S(R??)), the process (f,a5.) € C([0,T];R) is tight,
then P, is tight.

Now we can state our main theorem.

Theorem 2.6. Suppose W, solves (2.10) with an initial condition W(0,x,§) that is uni-
formly bounded in L?(R??) and converges weakly in L*>(R?*?) to a fived, deterministic function
Wo(0,2,€) € L2(R??) as e — 0. We decompose W as

W - Z CLZ]$Z$ + Z szylyj + Z Cz]xzyj + Z dzjyz

i,7=1,2 4,j=1,2 1,j=1,2 4,j=1,2
Then for the cross modes ¢}, d5; we have
< / / (t, 2, &) f(t,x,&)dxdEdt| —1—]/ / (t,x,8) (t,x,f)dmd&dt\) < Cyrve
1,7=1,2 R24

(2.18)



for any function f € C'([0,T); S(R??)) almost surely. For the propagating modes, define
aS = aj; +a5,, a° = bj; + b5, and suppose P. is the family of probability measures induced
by (a%,a%) on C([0,T);Hp). Then, as € — 0, P. converges weakly to the probability
measure P = 6o, o ), where (o, a_) is the unique deterministic solution to the following
transport equation system

Oy + Cg)lj(z)owr =T(at,a),
. Gon (2.19)
O + NG =T(a_,ay)

The initial conditions are given by a4 (0,z,§) = Tr(ILLWy(0,z,£)), and the scattering op-
erator T is defined as

62 3 N
T(or00) =g [ (00(0) = 0ul€) Sl ue(eds () = eAs(6). 0 = )
R k=0
62 3 ~
t am) /Rd(@—(Q) — a1 (§) ) wk(& @) Rir(cA(q) + cAi(§), ¢ — §)dg,
k=0

where we have wi(§, q) + wr(€,q) =1 and

A (@A () + &1q1 + Eago + E3q3 + mic?

it = 204 (@A () ’
wi(&,q) = A+ (@) (€) +2€;jl(q_)§i‘éz)— €303 — m%c2’
wa(E, q) = A (@A (&) —2531(5)\%%2)— €303 — m3027
ISR HOINGEY i Vics e &

Remark 2.7. We have assumed that Rmn = 0 when m # n. Similar results could be obtained
for the general case with more complicated expressions we do not reproduce here.

Remark 2.8. We see from the structure of the scattering operator that due to the temporal
regularization, the energy /mgc? + |£|? is no longer conserved. Scattering is inelastic and
we observe a coupling between the propagating modes a4 and «a._.

Remark 2.9. The uniqueness of solutions to the transport equation system comes from the
fact that 0¢({oy,a4) + (@—,a—)) < 0 under the dynamics of (2.19). To see this, we only
have to note that

c€ - Vyaqt

A+ (€) ) =0

(O[:t,



and

<Oz+, T(O‘-H a—)> + <a—7 T(a—v a+)>

e? 3 X
gt L, [0 = 0 (O + (0 (@) = 0= (O] Y- wn(€0) Ruaehle) = eA+(6). 0 — dadida
R3d —
62 3
"~ (2n) /Rgd(o‘+ kz::w k(& @) Bir(cAy (q) + cAv(6), ¢ — )dgdéda < 0.

2.4 Comments on the limiting equation

Using the same approach, we can more generally show that the matrix-valued process
(A%(t), B%(t)) has the weak limit (A(t), B(t)) satisfying a transport equation system, where
we have defined A®(t) = (aj;(¢)),B(t) = (b5;(t)) and A(t) = (a;;(t)),B(t) = (bi;(t)). In
other words, we have a hmltlng transport equatlon system for afj, bfj

Using the operators defined in (3.1), we formally have

AWy = AW, (2.20)

where Wy = Zi,j:1,2 Qi Ty + Zi,j:l,Q bijyiy;. To derive the equation satisfied by ai;
or byj, we only have to write (2.20) as dyxfWox; = xf A*Wox; or Oy Woy; = yr A Woy;
and compute x} A*Wyx;, y: A*Woy; respectively. It should be mentioned that Wy does not
satisfy (2.20) because the dynamics would inevitably generate modes of TiY;, il

Therefore, we have the limiting coefficient matrices A (t) and B(t) satisfying the following
transport equation system:

. .TT.A*W()QH :L'TA*W0$2 o yfA*Woyl yT.A*Won
atA(t) - < sz*WOxl I’;A*W()xg ) 8tB(t) = *W0y1 y%‘A*Woyg . (221)

So a4 = a1 + ags and a_ = byj + bay satisfy

Ohay = 2] A" Woxy + a5 A" Wz,
da— =y AWoyr + y3 A Woya.

If we calculate these expressions explicitly, we recover (2.19) in Theorem 2.6.

From (2.19) we see that the equation of oy = a11 + az2 does not involve a;j, b;; when
i # j. This could be illustrated as follows.

10



First of all, we write the equations satisfied by a11 and a9 explicitly.

((26;)01)_1 <atall+cf ann) /R Z Z aij(q)x} () 7 wi(g)x '(Q)’YO’YkH?l(f)R;deq

k= Oz] 1,2

/. S5 b @ @ e O R

k=01,7=1,2

/Rzau O [[#1€n 1 a1(0) + 19191 220 Fiyda

k=0

/RZan 2177 y1 (@) + (€)1 o) 2] Fefyda,

k=0
(2.22)

2 -1 A
<(2€7T)d) (8ta22 + CE)\JZMQQ) Z Z aij(q )70y f@(Q)x;(Q)’Yovka(f)R;kdq

Rkay 1,2

S Y bl s 0n el R
R4

k= 01] 1,2

/R 3 () ) (1236072 21 (@) + 237" 22(0)] g

k: 0

-/, 3 am(©) (1256072 31 @) + 7361 92(0) ] R
k=0
(2.23)

where Ry, = Rig(cAi(q) — eAy(€).q — &), Bfy == Ria(eAi (@) + eAy(€).q — &). So the
equations for a1; and agy are indeed related to aj2, asi, b1z, ba1. However, if we sum (2.22)

and (2.23), with the observation that
Q)Y Q(a) + QYA Q)Y = el
for some constant cj, we have all terms concerning a;;, b;; with i # j cancel out.

Take a1o for example, we note that the coefficient of aq9 is
(1) =21V Y 21 ()25 (07" 21(6) + 235"V 21 ()25 ()7 22 (€)
=25(0)7"* (21(&)a7(€) + 22(€)75(£)7" 7 21 (g)
1 Q&) _ 1 Q&)
o+ m)vovkml(cﬂ = 23(0)5 (Il +1"7" 3525 ()
=25(0)Q(0)7" V" Q)Y 21(0)/ 2A1 (9 A+ (€))

=257’ 7" Q)Y Q@)1 (a) / (2A+ (@) A+ (€)),

=a5(q)7"y 7'9")21(q)

2(1) = w3() [ Q€11 Q@) + Q"1 Q€ | a1(a) = 0.

Similar expressions hold for as1, bi2, ba1.

11



3 Outline of the proof

The proof of cross modes converging to zero comes from the equation itself and the a
priori L? boundedness of W.. For the propagating modes a%., the basic idea is to use the
Markovian property of fik(t,p)dp, k =0,1,2,3. We construct appropriate test functions,
then prove the approximating martingale property which will be specified later. Using the
approximating martingale inequalities we can prove the uniqueness of the limit; together
with the tightness of (%, a% ), we finish the proof of the main theorem.

First, we define the operator £ and A

LAo(z,§) = Pl Z / /R'f’y V™ Ry (1, q)e A1 675:79) [Mo(€ = )7y =77 Xo(9)] e —rA2(6=3,-9) dgdr

m,n=0

62 o) A . . ~
. —rAi1(§—121,9) 0.,m _ .0.m - —rA2(§—2,9) .01
(2m)d mzn:O/O /Rde 2D ()7 ="y Ao (€ —q)] e 2D9°y" Ry (7, q)dgdr,

3
1
A)\o = 5 Z(C’y ’yka)\o + Dk)\QC’Y Yy ) + E)\Oa (3'1)
k=1

where 5
Ai(&p) =D e Pr(is + Ep) — imgc?y?,
k1 (3.2)
ZPk ny ~E 4+ imoc?AP.

We will see later that for any test function Ao such that QA\g = AoQ, we have (Ao, Wp)
formally satisfies the equation

8t</\07 Wo> = <(8t + A))\o, W0>,

and this motivates us to define the first approximating martingale functional
G, : C([0,T]; L*(R*®)) — ([0, 1)) as

t

01, W) = O, W)(0) — [ ds(@1-+ Ao, W)(s). (3.3
0

Assume P, is the probability measure induced by We on C([0,T'; L%(R?9)). Our first goal is

to show that under P., G} [W](t) is an approximating martingale. More precisely, we will

show

[EP{GY, [WI(0)| 7} = G, [W](s)] < Cap rvE, (3.4)
uniformly for all W € C([0,7]; L?(R?*!)) and 0 < s <t < T.

Supposing (a5 ,a% ) = (a4, a—) and choosing appropriate test functions A\g in (3.4), we
obtain from the above bound that (E{a }, E{cr_}) satisfies the transport equation system
(2.19) by setting s =0 and ¢ — 0.

12



On the other hand, for any test function Fy and Gy satisfying the dispersion relation,
e., QFy = FpQ,QGy = GoQ, let ug = Fy ® Go and define the second approximating
martingale functional G : C([0,T; L2(R?%)) — C([0,T)) as

G2 [W](t) = (Fo®Go, W W)(t) —/Ot ds(Fy@[(0 + A)Go] +[(0; + A) Fo] @ Go, W @ W)(s).

(3.5)
Our second goal is to show that under P, gﬁo [W](t) is an approximating martingale, i.e.,

[EF={G2, [W)(8)| Fs} — G2, [W)(s)] < Cp 1V, (3.6)

uniformly for all W € C([0,T); L*(R?*))) and 0 < s <t < T.

Similarly, by choosing s = 0 and letting ¢ — 0, we can show that E{ay ® at} =
E{oy} ® E{a;} and E{a- ® a_} = E{a_} @ E{a_}, so (a4, ) is deterministic hence
the solution to the transport equation system (2.19).

We next go through the construction of test functions.

3.1 Construction of A\ ., Ao,

In order to obtain the approximating martingale inequalities, we have to consider the con-
ditional expectation of functions F(V, W). The only functions we are interested in are
those of the form F(V,W) = (A(V),W). Given a function F(V,W), if we denote by P,
the probability measure induced by (W.(t), A(t/¢)) on the space C([0, T]; L?(R2?)) x V), the
conditional expectation is defined as

EE (F(V,W))(r) = EF{F(A(r), W) A(t) = V, W (t) = W},7 > 1.

The weak form of the infinitesimal generator of the Markov process induced by (W.(t), A(t/e))
is
d 5 - 1
B LAV WIE + )0 = (C QA+ 0A + A\ W), (3.7)
provided we write the equation (2.10) as 0;W, = AXW, with A the adjoint of A..
We have

3

1 1 1
AN =— = ZcryofykP*(zf —l— — )\ - - Z)‘Pk i€ — — C’y Ak + zmoc 2O\ — —imoci Ay
6k::l ¢
1< 1
. 0. kyk . cky A0k
— —ie Y VAKIN+ —=ie Yy KI\y'vy
T Z 5

(3.8)

Let Ac = Ao + VEA1e + X with Ag satisfying Q(§)Ao(€) = Mo (§)Q(E). Plugging this
expressions into (%Q + 0y + A:) A\ and equating like powers of e, we find that the term of
order 1/ equal to zero.

13



Considering the term of order 1/,/¢, we introduce the fast variable z = z /¢ and define
Me =M (At z,x/e,§), where \y = A\ (A, t, 2, 2,§) solves

O\ — AjA — M Ay = F, (3.9)
with A\; = F, pA1, A1, Ay defined in (3.2) and
Fi = ieGy(p)ho§ — §) — iedo(€ + 5)Gu(p),
3 _ ot
Gilp) =) vovak(g,p)-
k=0

The solution to (3.9) is given by

2P 00
A\ = _/Rd (627r)d/0 e" Qe A e A2 drdp. (3.10)

Similarly, we can define Ay, = Xo(A, t,x,x/e,€) with Ay = \a(A, t, 2, 2, €) solving

Qo — A1 ds — Aady = Fy + L2o(27)45(p), (3.11)
where
_ e c o, a, e [ oo q
F2 - (27T)d \/]Rd Gt(Q))\l(p qv‘g 2)dq (27T)d /Rd )\1(]) q,f—|— 2)Gt(Q)dq

The solvability comes from the fact that E{Fy} + LAo(27)%(p) = 0, and the solution is
given by

12p [ee]
N — — / ¢ / e (Fy + LAo(2m) 8 (p))e A2 drdp. (3.12)
re (2m)7 o

By (3.7), we know that
t
1
G W) = W)~ [ ds(CQ 401+ AIAW)(s)
0
is a P.-martingale. With A\ = Ao + VEALe +eXae, we have

t
GYIV1(6) = G4, V1(6) + (Cr.W)(e) + [ ds(Cat Gt Co W),
0
where the correctors C; are

Cl = \/gAl,E + 5)\2,&
Cy = = (Ver e+ eXae),

3 3
C'3 = \ﬁie Z VO’YkIC]g)Q,e - \@ie Z t§A276707k’
k=0 k=0

3 3
1 . €D, 1
Ca =~ > e (7)(\/&175 +edae) + - D (VEALe + EXae) Pl
k=1 k=1

B eD,
2

)ey k.

14



Remark 3.1. In Cy, the derivative D, is with respect to the slow variable.

To prove that g;o [W](t) is a P.-approximating martingale, we need to show that the
following correctors are small:

4 4

H(ZCuZCX Mooy < Cro e

uniformly in ¢ € [0,7].

3.2 Construction of ., 2.

First of all, we derive the equation satisfied by W, @ W,(t, x1, z2,£1,&2). Define the 16 x 16
matrices

Vﬁf4 Yols sla Aals Y0 0 0
rk— 72114 Voolo ¥3sln 5 1a fe_| 0 AF 0 0
7m14 Viols izl Yiuls |’ 0 0 4 o
Yils VI VI VI 0 0 0 A

We have

3
. eD -0~ ) eD . ~
cOWe @ We + Z [CFOFkPkl(Zg + 7) + CFOFkPkQ(Zf + 2)] We @ We + ZmOC2 (FO + FO)WE @ We
k=1
3 eD ~ o~ eD -
W@ We [cror’fp,jl(ig -5 Lok Py (i€ — 2)] — imoctW. @ W.(TY + 1)
k=1

3 3
—iey/E > (TOTFKE + TOTFKE)W. @ We +dey/aW. @ W2 > (TTFKE, + T°T*KE,) =0
k=0 k=0
(3.13)
where Py, Pr;, Kk, le are the corresponding operators with respect to (z;,&;),i = 1,2.

€’

The weak form of the infinitesimal generator of the Markov process (u, W. @ W) is

d

%E%Vt{@u(f/), W@ W)}t + h)|h=o = <(§Q + 0+ Bo)p, W@ W)

if we write (3.13) as 0x(W. @ W,) = BX(W. ® W,). Define p. = po + /1, + €p2.. Then

G WI(t) = {ue, W @ W)(2) —/O ds((§Q+ O + B)pe, W @ W)(s)

is a P.-martingale.
Consider (éQ + 0 + B:) e, after expanding in €, the term of order 1/¢ is

3 3

o 1 L =0Rkp s
--Y e [For’fp,ﬂ £) + I‘OFkPkQ(zf)} Ho—Zmoy e [rorkpkl(zg) + FOFkPkQ(zf)]
k=1 k=1

™ | =

1. 1. =
+ gzmocz(f‘o + T o — gszCQ,uO(FO +19).
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If we choose ug = Fy ® Gy with Fy, Go both satisfying the dispersion relation, i.e.,
Q) Fo(§) = Fo(§)Q(S), Q()Go(§) = Go(§)Q(E),

we can check that (I) = 0. For the term of order 1/4/¢, similarly we introduce fast variables
21 = x1/€, 29 = wo /e, and define

~ ~ I
,ULE(Av t,x1, 22, 51) {2) = Ml(Av t,x1, —

€2
» L2, 7151752)7
(3 3

with p; solving

3
, D o D . -
Qui— Z c [FOI"“P,;} (i€ + 72) + 1Tk Py, (i€ + 2’2)} 1 + imoc(T0 4+ 1)y
k=1
’ D.. - D i
—m Yy e {FOF’“PM(@{ - 72) + 1Tk Py (i€ — 2)] —imouy (T° + 1) (3.14)
k=1
3 o 3 } o
=ie Y (TTFKE + TOTPKE, o — depo D (TOTFKE, + TOTHKE,).
k=0 k=0
We can check that the solution p; = F} ® Gy + Fy ® G1, where Fy, Gy solve (3.9) with Ag
replaced by Fy, G respectively.
Remark 3.2. In (3.14), we replace ;/¢ by z; in the operators KX I@Z
In the same way, we define
- ~ x x
Nz,a(Av t7 T1,T2, 617 §2) - /’LQ(AJ t7 X1, ?1) 2, ?27 517 52)7
and pg solves
3 D,

D.. == N
Qua—» ¢ [Forkp,:l (i€ + 72) + 1Tk Py, (i€ + 2)} po + imoc® (T0 4+ Ty
k=1

3
. Dz ndy g s . Dz . d
—p2 Y e [FOFkPkl(zg -5+ TOT* Py (i€ — 2)] —imoc®ug(T? + 1%  (3.15)

k=1
3 o 3 ~ o
=ie Yy (POTFKE + TOTFKE )y —depn Y (TOTFKE, + TOTFKL,) + Lipso.
k=0 k=0

We define Ly such that the RHS of (3.15) has mean zero so the equation is solvable, i.e.,

3 3
Lpo = E{—ie Y (TOT*ICE + TOTFKE, )y + deps > (TOTFKE, + TOTFKE)).
k=0 k=0

We decompose Ly into two parts, i.e., Lug = Ljpg + Lopg, where

3 3 3 3
Lipg :z'eE{— Z FOFkIClel ® Go + F1 ® Gy Z FOFkI@’;l — ZfokaCI;QFO ® G+ Fy ® Gy Z fofklalgg
k=0 k=0 k=0 k=0
=(LFy) ® Go + Fy ® (LG)),
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and

3 3 3 3
Lopg = ieIE{— Z FOFlele()@Gl +Fy®G1 Z FOFklelgl—Z fof‘lesz1®Go+F1®Go Z f‘of‘klé];Q}
k=0 k=0 k=0 k=0

By this decomposition, we can write pe = Fy ® G2 + F» @ Go + fi2, where Fy, G solve (3.11)
with A\g replaced by Fy, G and fio solves the following equation

3
. « .. D S0mk o e Dz | - =05 ~
Qfia — » ¢ [FOFkPkl(zf + ?Z) + 1Tk P, (i€ + 2)] fiz + imoc®(T0 4+ T9) iy
k=1

3
D. D, _ _ .
—fiz Y ¢ [FOFkPkl i€ — 7) + 1Tk Py (i€ — 2)} — imoc?fig(T° + T°)
k=1

3 3 3
=Lopo + ieE{Z ITHCE Fy @ Gy — Fo ® Gy Y _TTFKE + ) TT*KEFL @ Go — Fy @ Go Y TOTFKE,
k=0 k=0 k=0 k=0

With pe = po + ep1,e + epoe, we have
t 4
GE VI = G2, V1(0) + (W o W) + [ as 3o @ W)

and the correctors C; are

C_11 = \/g,uzl,a + El2.e,

02 = _8t(fﬂl e T €2, s)
3
Gy = ieyE 3 (TP, + PP Yo — ioy/Zuse S (VTR + TOT4RE),
k=0 k=0
Cy = —Lapyo,

J;x )] (\ﬁﬂl,e + 5#2,5)

(*)

3
1 eD =05k s €
f§j [ForkPkl 2) 4+ TR Py (
k=1

eD,
2 )

(fﬂl € + 5:“2 s

Mww

eD,
[ror’fp,ﬂ( 5 ) 4 TR P (—
k=1

Remark 3.3. In Cs, D, is with respect to the slow variable.

To prove that gﬁo [W](t) is a P.-approximating martingale, we need to show that

5
H<ZC’¢725’>( M zeew) < Cpore

uniformly in ¢ € [0, 7).
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4 Proof of the main theorem

In this section, we first prove the convergence of the cross modes and then of the propagating
modes. In the end, we prove the tightness result and finish the proof of the main theorem.

From now on, we use the notation a < b when there exists a constant M such that
a < Mb.

4.1 Cross modes

First of all, we show that the cross modes converge to zero weakly almost everywhere. For
any test function F', we have

8t<F’ Ws> = <(8t + As)Fa W5>-

Therefore,

e(F, We)(t) — e(F, We)(0) = /Ot ds((e0y + e A)F, We)(s).

By (3.8), we rewrite e A.F' and have

3 3
eAF :(Z ONFigy, + imoc?0)F — F(Z i€peyOyF 4 imoc?y0)
k=1 k=1
3 D 3 D 3 3
0,k p 0.k : 0,k -k - ck 0,k
_SECW & Pk(2)F_5F;Pk(_2)C'7 v \/Ezegy Y K6F+\/§zekz_olC€F7 .

Since (W (t), We(t)) < M uniformly in ¢ € [0,7] and A € V, K¥, K are bounded operators
on L2(R?*¥), and Q(&) = Y23 _ 109*&, + moer®, we have

T T
| / ds(F,QW. — W.Q)(s)| = | / ds(QF — FQ,W.)(s)| < V.
0 0

Recall that
_ € * (> * € * € *
i,7=1,2 i,7=1,2 1,j=1,2 4,7=1,2

80 QWe — WeQ = 20y 37, iy o cimiy; + 2037, i o di;yix}. 1f we choose F = fay; /A4
for some good function f, we have

T
[ astecie s v

The same is true for dfj if we choose other test functions. Thus we conclude that the cross

7j» d5; converge to zero weakly almost everywhere.

modes G
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Remark 4.1. We do not necessarily have the weak convergence of ¢;;»d;; as processes in
C([0,T); L?*(R??)) here. The following is a heuristic argument.
We rewrite the equation (2.10) satisfied by W :
1 [3 3
OWet — | Y er*V PLliWe + Y WPy (i€)er*y* +imoc (" We = Wer %) | + ..
k=1 k=1
ic
=0W: + ;(QVV‘E -W.Q)+...=0.

(4.1)
All the terms that do not show up here are those of order 1 or 1/4/e. So we have

* ic *
x; OWey; + ;xz QW = W.Q)y; +...=0,

which leads to
2iC)\+ c

8tC§j + 761']‘ e — 0

We see that as € — 0, the cross modes ¢j; are highly oscillatory in time. The same happens

to d;;. From this perspective, we can only expect the weak convergence as a L? function
rather than a process in C([0, T]; L2(R2?)).
4.2 Convergence of the expectation

We first define some notation used in the proof. For two matrix-valued functions A(y) and
B(y), we have

Al < Bl & V(m,n), [Amn(y)| < |Bmn(y)|

|A‘ < max ‘B| @V(M,n), |Amn(y)| < max |an(y)|
lyl<M lyl <M

Al < IBllLeewy < V(m, ), [Amn (Y)] < [|Bmn ()| 2oe (v)
We have the following lemmas concerning A1 ¢, Aa.
Lemma 4.2. (A1 (1), \c(t)) < Cxy1 uniformly for t € [0,T] and A € V.
Proof. Recall from (3.10), we have A\ (¢, z,§) = A\ (t, 2,2 /¢, §), and
Atz 2,€)

o] dpeiz-p _ ) D D B
—— TQ TA1(§7p) ) — - T‘AQ(&JJ)
/0 dre /Rd @7 € ie {Gt(p)ko(ﬁ 5) ~ M€+ 5)Gip) | e :

Take one term, for example

dpjk ( L p) iz — P, _
I) = — dre™S e’ iz-p rAL(EP) A0\ £y o—rA2(8:p)
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Since flk(é, p)dp is compactly supported and of bounded total variation, by (2.8) we have

()] < / dre™°" max |e A EP) 0k N (£ — 2)6_”‘2(5”’”.
0 lpl<M 2

Because A1(&,p) = —icQ(§ + §), A2(§,p) = icQ(§ — §), any element in e "41(EP) and

e~ "42(&P) js uniformly bounded and thus

‘ [e_TAl(f,p),yO,yk)\o(g _ g)e—rAz(fap)} . | S ; ’ [)\O(E - g)}mn |

Since Ag is a good function, the proof is completed. [

Lemma 4.3. (\ac(t), Xac(t)) < Oy fort €[0,T] and A € V.

Proof. The proof is similar with the one for A .. Recall that
Qg — A1 dg — AaAy = Fy — E{F},

where

e

Fy = (QZ:)d/Rd Gi@)M(p—q.€ — %)dq - W/Rd Mp—a,¢+ %)Gt(q)dq,

and

~

A1(p, &) = —/0 dre" e rA1(EP) {ith(p))\o(g — g) —ieXo(€ + g)Gt(p)] e A2Ep)

2

therefore we can write Fh = ﬁ(Bl — By), where

Bi= - [ daGila) [ drere A G - ol = 5) = M€+ § - )Gulp — )] e E00),
R 0

and

Pa=m /d dq/ dreSe-r e [Gt(p —@)o(E+q - §> — (€ + g)Gt(p - Q)} e AT EPROG (g).
R 0

Then we can write

e2

0o dpeiz-p ~ _ B
A =— [ dre© rd B — By —EB; + EBy)e "2,
2(2’ 5) A re /Rd (27T)d € (27T)d( 1 2 1+ 2)6

Considering the term By — EB;, we have
\/ dT’eTQ/ dpe’*Pe” "M (By — BBy )e "] S/ df’e_MH/ dpe”*Pe " (By — EBy)e” " || oo ()
0 Rd 0 Rd

oo oo
< / dre=o" H / dpezz~pe—rA1 Ble—rAz HLO"(V) 4 / dre=o" H / dpezz-pe—rA1EBle—rA2 HLO"(V)'
0 R4 0 R
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Taking || [pa dpe*Pe "4 Bie~m42| Loo(v) for example, we have
/ dpelzpeirAl (é:p)BleiTA2(£7p)
Rd

:_/ dpeiz-pe—rAﬂ&p)/ qut(Q)/ drerQe—rAl(g—%,p—q)
R4 R4 0

(G = @) (€ 5) =M+ 5 - Gip - q)] e E D ra(en),

Since G(q) = 22:0 'yokalk(é, q), we have

~ t S
| / dgAr, (=, q) / dre"?
R4 € 0

dpeiZ~pe—TA1(€,p)707k1e—rA1(£—%7p—q)70,yk2121k2(fvp — ) No(€ — 2)6_7'142(5_%717_‘1)6_7'142(571’)‘
£

R4 2

.t o0
5/ dq|Ag, (=, q)| / dre=®"  max ‘e—rAl(ﬁ,P)vovhe—TAl(E—%w—q)VO,Ykz Xo(€ — B)G—TAz( —%,P—q)e—rAz(&p)L
R4 € 0 lp—ql<M 2

and so similarly we have

| [efrm(&p),yo,yklefrm(é*%,pfq),},ﬂ,ykz Xo(€ — E)efrAz(Ef%,pfq)efrAz(E,p) |

2 mn
sXlpote=5]

mn

which completes the proof. [J

By Lemma 4.2 and 4.3, we have H(Clvcl>(t)HL°°(V) < C)\O,TE' For Cz',i = 2,3,4, the
proof is similar so we omit the details here. In summary, we have

4 4

1O Ci Y~ C)(O)llLw) < Crg re

uniformly in ¢ € [0,T], i.e., the L? norm of C; is of order /€, so g;o [W](t) is an approxi-
mating martingale under P, i.e.,

[EF={G, IW)(0)| 7} — G, [W]()] < Crp v,

Now we can prove the following proposition about convergence of expectation.

Proposition 4.4. If (a%,a°) converges weakly to some (o, a—) in C([0,T]; Hyr), then

(Eay,Ea_) is the weak solution to (2.9).

Proof. First of all, we point out that (Eay,Ea_) has a fixed initial condition by our choice
of W¢(0,z,€&). By choosing the test function to be Ao = fo(z12] + x2x5), we have

(Ao, EW:)(0) = (fo, EaZ )(0).
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Since (Ao, EWZ)(0) — (Ao, W0)(0) = (fo, Tr(I14 Wo))(0) and (fo,Ead )(0) = (fo,Eay)(0),
we obtain Eay (0) = Tr(II4+ Wy (0)). The same discussion holds for Ea_(0).

In the first approximating martingale inequality, we choose s = 0,
(R0, EWe)(8) — (ho, EW)(0) — /Ot ds((0 + A)Xo, EW) ()| < O /e
By the choice of A\, we further obtain
Qo W0 — (o BW0) — [ ds(n, EWE)(o)
=B )0~ {fo.Baf)0) — [ ds(@uo. o) (o)

S (for By )(t) — {for Eay )(0) — /0 ds (0, fo, Eavy)(s)

as ¢ — 0.

For the term fot ds(AXg, EW,)(s), we need to calculate x] A*(EW, )z 4+ x5 A*(EW;)xs.
After some lengthy algebra, we get

c€ -V Eaf
PLAEW.)a + 2 A" (EW, )y = — S VR [ 4 T(Eaf Eal) + (1),
+
where (/) includes terms containing cj;, d;;. By the bound of cross modes, we check that

f(f ds{fo,(I))(s) — 0 as € — 0. Thus, we have shown that (Eay,Ea_) is the weak solution
to

c€ - VzEay
OE - =T (Eas,Ea_

with the initial condition given by Ea. (0) = Tr(I1.Wy(0)).

In the same way, if we choose \g = fo(y1y; + y2v3), we can show (Ea4,Ea_) also

satisfies
c€ - ViEa_

A (&)

By the uniqueness of the solution to the above transport equations, the proof is complete.
O

OEa_ + =T(Ea_,Eay).

4.3 Convergence of the second moment

We now prove the second approximating martingale inequality. Recalling the construction
of e = po + /Ep1 e + €pze, we need to prove that the correctors Cj,i = 1,...,5 are small.

For Cy4, we have the following lemma.

Lemma 4.5. (Cy, Cy)(t) < O,y 7 uniformly in t € [0,T] and A € V.
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Proof. Recall that

3 3 3 3
Lopo = ieB{— Y TT*KE Fy@ G+ Fo®Gr Y TTFKE = TTFKE, FioGo+FieGe Y TOTFKE,}.
k=0 k=0 k=0 k=0

Consider one term, for example

& Ok 4k : 0.k dpf‘ik(£7p) ; p
§ PTG Fo @ Gy = E el / 73625”'7’/5%(%5— =) | ® Gy.
=0 =0 R4 (27'(') 2
Since
T
t —
Gl( s Ly 575)

00 d eix~p/a ., _ .,
:_/ dreTQ/Rd %%)d e EP e [Gt(p)ao(g—g)—G0(§+g)at(p) e TA2(EP)
0

and G¢(p) = 22:0 ’yofykflk(é,p), taking one term in the sum and ignoring constant, we
have

dpAn(L,p) , p
) = 0,.,m e’ wc~p/aF _ Y
(n <7 [ g R e~ )@
oo A [t
</ drerQ/ dpAn(g,p) eix.p/ae—rAl(§,p)707nG0($,5 - g)e—rAg(ﬁ,p)> ]
0 Rd

(27)

For any element in matrix E(/), we know that it is a linear combination of terms of the
following form

(Z> = /() dr /Rd dpei(ﬁ_‘jwlpémn(rvp)f(xlagl - g)g(x27£2 + g)Tl(Tv 52ap)T2(7a> SQ?p)a

and f, g, Ty, Ty are from Fy, Go, e "A1(&2:P) ¢=742(62:7P) respectively and we can assume they
are all real. So

. RO ~ i(xy —29)-(p1=P2)
||(1)H%2(R2d) :/RM/O /0 HRypn(s1,p1)Rin(s2,02)e B dsi1dsodprdpodridrodéides,

where

H= ] far,& - %) I1 9($27§2+%) 11 Tits1.&.m0) [ Tils2, &, p2).
=12 =12 i=1,2 =12

By density argument, we can assume f(21,&1)g(22,&2) = h1(z1+x2)ha(z1—22)h3(&1)ha(E2)
for some good function h;, then we have

H = |hy(z1+a2) P [ho(z1—22)* T h3(§1—%) 11 h4(§2+%) II Zi(s1.&.00) T] Ti(s2, 2. p2).

1=1,2 1=1,2 1=1,2 1=1,2
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Change variables y; = x1 + T2, y2 = £1 — x2, and integrate in y;, we have

1)1 72 (gaay —C/RM/ / I rsa - H hy §2+pZ II Zi(s1.&.01) T] Ti(s2.2.p2)

i=1,2 i=1,2 1=1,2 1=1,2

R (51, Pl)R (82,p2)ﬁ(p2_

)ds1dsadpydpad&idés

for some constant C' and 7 is the Fourier transform of of |ha|?. Since T} is bounded,
integrating in &; and & yields:

”(i)HQL2 R4d ,S / / / |fzmn(517pl)fzmn(52apZ)I;( 2 ! )| 1as2ap1ap2.
( ) dsidsadpid
R2d JO 0 €

Changing variable pa = p; + u, then integrating in p, s1, s2, since Ry, € S(R x R%), we

have
Y / (%)) du.

1@ gy S &%

Therefore we see that

O

Since p1 = Fy ® G1 + F1 ® Gg and po = Fy ® Go + F» ® Go + [i2, and we already have
the control for Iy, Gy, F», G2, we only have to show
<ﬂ/2,67 ﬂ2,5> < CMO,T
to conclude that (C;, C;) < C,,, e for i = 1,2,3,5. The equation satisfied by fiz is
& D.. - D .
Qfia — Y ¢ [Forkp,:l (i€ + 72) + TOT* P, (i€ + 2)] fiz + imoc®(I0 4+ T9) iy
k=1
3 D D ~
—fiz Y ¢ [FOFkPkl i€ — ?) + TOTF Py (i€ — 2)} — imoc2fin(T° + 1)
k=1
3 . 3 3.
=Lopo + ieE{Z THCE Fy @ Gy — Fo® Gy Y TTFKE + ) TT*KEFL @ Go — Fy @ Go Y _TOTFKE,
k=0 k=0 k=0 k=0

We just have to note that the matrices

3 .
~ ~ . Z ) ~
Z c [FOFkPm §+ ) + TOT* Ppy (i€ + 5)] — impc? (% 4+ T9)
k=1
3 .
Ay = Z [FOFkPkl(zf — 7) + TOT Py (i€ — g’)] + imoc?(TY + 19)
k=1

are both of the form Q) for some real symmetric matrix (), thus any element in the matrices
e ™A1 ¢"A2 jg bounded. The rest of the proof is similar to the one for A2e.

With the second approximating martingale inequality, we can prove the following propo-
sition.
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Proposition 4.6. If (a5 ,a% ) converges weakly to (o, ) in C([0,T]; Hpr), then (a4, o)
is the unique weak solution to (2.9).

Proof. First of all, we claim that a4 (0,z,§) = Tr(ILLWy(0,z,£)). By the proof in Propo-
sition 4.4, Eay (0, 2,¢) = Tr(IIL Wy (0,x,£)), so we only have to show that o (0) is deter-
ministic, and this comes from the fact that

(fo® go, E{at} @ E{ay})(0) = (Fo ® Go, Wo ® Wy)(0) = (fo ® go, E{at ® a1 })(0),

since they are all the limit of (Fy ® Go, E{W. ® W,})(0) and we have chosen Fy = fo(z12] +
x2x%), Go = go(z12] + x2x3). The same discussion holds for a_ if we choose Fy, Gy with x;
replaced by ;.

In the second approximating martingale inequality (3.6), let s =0,
[{Fo @ Go, E{We @ We)(t) — (Fo © Go, E{We © We})(0)
- /O ds(Fy @ (9 + A)Ga] + (01 + A)Fo] @ Go, E{W: ® W2)(5)] S VE.
and by the aforementioned Fy, Gy, we have
(Fo ® Go, E{W: @ W¢}) = (fo @ go, E{a] ® oS })

and

<F0 & [(at + .A)Go] + [(Ot + A)Fo] X Go, ]E{WE X W5}>
=(fo ® go, E{a5 @ (a] A" W.x1 + 25 A" Wexo) + (2] A" Wexy + 254" Wezn) ® of })
+(fo ® Orgo + Ot fo ® go, E{a" ® a })

By the same discussion as in Proposition 4.4, let ¢ — 0, we have

(fo® go,E{at @ ai })(t) — (fo ® go, E{at ® a4 })(0)

B t c€ -V, c€ -V,
—/0 ds{(0¢ + () ) fo ® g0+ fo® (O + WG

+ /0 ds{fo ® go. E{ory ® T(ag, a_) + oy, a_) @ ay })(s).

)90+, E{at @ ay })(s)

Note that we can define some operator such that ay @ T (a4, a—) + T (a4, a—) ® at could
be written as a functional of (o ® ay, a0y @ a—,a_ ® ay). Therefore, we have derived
an equation satisfied by (E{at ® a4}, E{ay ® a_},E{a_- ® a;}). By the result from
Proposition 4.4, we check that (Ea;y ® Eay, Fay @ Ea—,Ea_ ® Eay) satisfies the same
equation.

By choosing other forms of Fyy, Gy, we can derive an equation system satisfied by (E{a®
ay b Elay®@a_}, E{la-®at }, E{a_®a_}). We check that the same system of equations is
also satisfied by (Eat @ Eay, Eay @ Ea_,Ea_ ®Ea,Ea_ ®Ea_), and since they share the
same initial condition, the solution is unique, therefore we know (a4, ) is deterministic
and satisfies (2.19). The proof is complete. [
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4.4 Tightness

In this section, we prove that (a5, a% ) is tight in C([0, T']; Har). So together with Proposition
4.4 and 4.6, we have finished the proof of the main theorem.

Proposition 4.7. (a5 ,a%) is tight in C([0,T]; Hyr).

Proof. By Proposition 2.5 we only have to show for any good function f that the process
(f,a4) € C([0,T];R) is tight. Take of for example and note that

(f;05) = (f(zr2] + wo3), We).

Define A\g = f(z12] + 2223) so we have (f, a5 ) = (Ao, We). Recall that

Q0. Wa () = [ ds((0r-+ AP W2)5) + GV — (Co W) 0~ [ ds(Cat oot oW

= 2e(t) — ye(t).

By our previous results, we have
t
lye(B)] = [(C1, We)(t) + / ds(Cy + C3 + Ca, We) ()] < Crrv/e
0

uniformly in ¢ € [0,7] and A € V, so y.(t) = 0 in C([0,T]; R). Then we know that if z(t)
has a weakly convergent subsequence, so does (Ao, W)(t), i.e., the relatively compactness
of xz.(t) implies relatively compactness of (Ao, We)(¢). Thus by the Prohorov theorem [8] we
only have to prove that x(t) is tight in C([0,T]; R).

We apply the following sufficient conditions to show x(t) is tight. First, a Kolmogorov
moment condition [8] in the form

E{|ze(t) — ze(tr)[]ze(t1) — ze(s)["} < Cplt — s['F7, (4.2)
with 0 < s <t; <t <T and v > 0,5 > 0. Second, we should have

lim limsupP{ sup |z.(¢)] > R} = 0.
R—oo 0 0<t<T

Since both (Ao, We)(t) and y.(¢) are uniformly bounded, the second condition is auto-
matically satisfied, so we only have to prove (4.2) for

t
re(®) = [ ds((@+ Ao W) (o) + GAIVI(0),
0
where gif [Wc](t) is a martingale. We have

E{|ac(t) — 2(s)[*| Fs} < 2E{] / dr (D + Ao, We) (7) 2| Fe} + 2B{|Gy 5 W (£) — Gy F[We) (s) | Fe}
= (I)+ (1)

26



and (I) < C(t — s)2. To estimate (II), we only have to calculate the increasing process
associated with the sub-martingale ]Qif[WE](t)P. We check

t
|G,FWE] (£)]* = martingale part—l—i/ ds (Q)(Ae, W) |? — (Ae, W) (W, QA.) — (We, Ae)(QAe, W)
0

Moreover, the integrand Q[(\e, We)|? — (e, W) (We, OAe) — (We, A )(QAe, W) is of order
¢ by Lemma 4.2, 4.3 and the boundedness of Q. Therefore, we have (I1) < C(t — s), which

leads to
E{|ae(t) — z<(s)]*| Fs} < O(t = s).

In order to obtain (4.2),we note that

E{lze(t) — ze(t)"[ze(t1) — 2e(s)["} = E{E{[z(t) — 2 (t1)"[F, Hae (1) — 2=(5)[7}
<E{(E{|2=(t) — 2= (0)]*|F}) ? |2e(tr) — 2=(s)["} < Ot — 1) E{E{ |z (1) — 2= (5)["| Fs}}
<C(t — t1) 2 E{ (E{|zc(t1) — ws(s)|2]}'s})%} <C(t—t1)2(t1—s)2 <C(t—s).

By choosing 7 € (1,2), we finish the proof. O

5 Slow time fluctuations

In this section, we discuss briefly the case when the temporal random fluctuations are slower
than the spatial fluctuations of the potential. This leads to a kinetic regime with elastic
collisions as the random fluctuations are now too slow to affect such a scattering; see [4] for
a similar derivation in the setting of Schrédinger equations.

More precisely, we consider the Dirac equation (2.9) with Ai(é, ) replaced by Ai(e%, 7)
for some a € (0,1). The proof of convergence for a sufficiently large remains almost the

same as before except that the infinitesimal generator of (W.(t), A(t/e®)) becomes
d

5 . 1
%E%V’t{()\(w, WHE+ ) ln=o = (5 QA + A+ AN W), (5.1)

So our test functions A1, A2 in (3.10) and (3.12) become

et# P

x
A= — /d 7(2%)61 / eTEl_aQe_TAlFle_TA2drdp,
R 0

P [ i-a A d A

Ny — / o / e ANy 4 £ong(2m)05(p))e 2 drdp,
re (2m)% Jo

where L.\ is defined by replacing Rmn(r, q) in L)y by Rmn(rel_a, q). Thus we see that

A1 is of order e 1 and A2 is of order £22=2 To make those correctors C; small, we have

to choose a € (%, 1). Note that for C1,Cy, Cy, o > % is enough, but for Cjs, it has to be

3
greater than ¥.

In the approximating martingale inequalities (3.4) and (3.6), we replace A\y by the
e—dependent operator % Zizl(cyofyka)\o + %Dk/\ocwoyk) + L:Xg. The rest of the proof is
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the same except that when we pass to the limit, we need to calculate 7Lz + 25Lz9 and
this leads to some e—dependent scattering operator of the form

2 3

Tasa) =g [ (@4 - asl©) D e e Ru( LA - gag

d -
(2) — gl-a

e? cA4(q) + A4 ()

3
b (0@ @) a6 0 A PR, gy
k=0

Following the same type of proof in [4] and letting ¢ — 0, we arrive at the elastic scattering
operator

3

T(ay)=¢ /Rd(a+(Q) —ap(©) Y wil€ 0)d(eAs(g) — A (€)) Rik (0,4 — E)dg.  (5.2)

k=0

Therefore, in the slow temporal fluctuation case, when a € (%, 1), we have the following
transport equation system of the limit (a4, a_):

c€ - Vyat
A+ (§)

where T is the elastic scattering operator defined in (5.2).

atai + = T(Olj:), (53)

We see that the coupling between ay and a_ appeared in (2.19) is inactive, and we
expect (5.3) to hold in the limit of no time-dependent regularization, i.e., formally for
a=0.

Remark 5.1. The condition that o > % could be relaxed somewhat. As a matter of fact, if
we construct the test function as

and follow the same procedure, we can show that A, . is of order €"*™", and § +na—n >0
gives us o > % For the corrector

3 3
1 0 kk N 1. kN 0.k
Cs = \@26307 Ve AN — \Ewgo’cs?” ANEYT

N+1
it is of the order 5Na*T+, and Na — % > 0 leads to

- 1 n 1
a> -4+ —.
2 2N
Therefore, by expanding in higher order, we can relax the assumption to be a € (%, 1).
Note that o = % corresponds to the regime considered in [10].

For slower time fluctuations of the media, i.e., when a < % or even a — 0, other tech-
niques than the Markovian regularization considered here presumably need to be developed,

and the use of the diagrammatic techniques as in [11, 23] is currently unavoidable.
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6 Conclusion and further discussions

In this paper, we derived the kinetic limit of the Dirac Equation with time-dependent
random electromagnetic field. We have shown that the cross modes ¢j;, d;; converged to
zero weakly in space while the limiting propagating modes a4 = a1 +a92 and a— = b1 +bao
satisfied a transport equation system. In addition, the temporal regularization brings some
new features (inelastic scattering) to the scattering structure, which disappear when the

random fluctuations are slower in time.

The method we use relies on the fact that the random field A(t,p) is Markovian in
t. By constructing appropriate test functions, we prove some approximating martingale
inequalities, and together with the tightness result, we pass to the limit. We should mention
that our approach is restricted to the L? case in the sense that the initial data should be
appropriately generated such that ||¥(0) is of order e%/2. In the setting of initial
conditions [[¥=(0)]|3, (Rd)
to a deterministic limit; see [6] in the setting of the scalar Schrédinger equation.

22 g
of order O(1), we do not expect convergence of the energy density

Some generalizations could be obtained by the same approach. We could for instance
show that the complete set of modes {a”, ”} converges weakly to the solution to a transport
equation system of higher dimensions in (2.21). The case when Rynn # 0 can also be handled

by more strenuous computations.

The same approach is expected to extend to linear hyperbolic systems with random
coefficients such as those considered in [22]. This is currently under study.
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