Ordinary Differential Equations
Macroeconomic Analysis Recitation 1

Yang Jiao*

1 Introduction

We will cover some basics of ordinary differential equations (ODE). Within this class, we
deal with differential equations, whose variable of interest takes derivative with respect to

time ¢. Denote Y; = %, where Y; can be a scalar or vector. A general explicit form of ODE

1S

Y, = f(Yi.t) (1)

2 First-Order Differential Equations

e Autonomous equation: y; = f(y;), an equation is autonomous when it depends on
time only through the variable itself. Example: k; = sk* — dk;, where s, and J are
constants.

e Linear equation: y; = a;y; + by, where a; and b; are taken as given. Example: 2—’; =
%('r’t — p), where v and p are parameters, while r; is a given function of t.

e Homogeneous: set the above linear differential equation b; = 0. This terminology also
applies to high-order differential equations: e.g. ¥; = g:y; + hiys.

Autonomous equation can be solved (illustrated) graphically, while linear equation admits
analytical solution.

2.1 Analytical Solution

A homogeneous differential equation

Yr = Qi (2)
Divide both sides by y;,

("

— = Q 3

= (3)

*Please email me if you find errors or typos to yj2279@columbia.edu. All comments and suggestions are
welcome and appreciated.



dlog(y)
dt

:at

Therefore,
t
Y = CeXp(/ asds)
0

where C' is determined by boundary condition.
A linear differential equation

Yt = aryr + by
Rearrange the above equation as
Yr — aryr = by

Multiply both sides by exp(— fg asds), we obtain
t t t
eexp(— [ auds) —amesp(= [ ads) =bexp(— [ auds)
0 0 0

That is

d — [Tayd t
[yt eXp( fO a S)] _ bt eXp(—/ a3d5>
di ;

t t u
=y = exp(/ asds)(/ by, exp(—/ asds)du + C) (10)
0 0 0
where C' is pinned down by boundary condition.
Example ‘
ky = sk — 6k, (11)
Define z, = k; %, then
4= (1—a)k %k, (12)
Substitute k}t, ki by Z;, z;, we arrive at
Zi=s(1—a)—61—a)z (13)
Let a; = —6(1 — a) and b; = s(1 — «), and use the solution we already get in the linear
differential equation.
s s
2= S (= S expld(1 — )] (14)
= k= {5 + (™ = 5) exp[=6(1 — )]} ™ (15)



2.2 Graphical Solution

An autonomous equation
Y = [(yt) (16)
Solution Steps:

e Plot f(y) in the space of (y,y). Put y on the x-axis and ¢ on the y-axis.
e Draw rightward arrows when f > 0, and leftward arrows when f < 0.
e Given an initial point, follow the arrows to track the dynamics of y.

Equilibrium and Stability: When g, = 0, we have f(y) = 0. The solutions to
f(y:) = 0 are equilibrium points. An equilibrium point y* is said to be stable if f'(y*) < 0
(or equivelently, write it as g—z » < 0). Intuitively, the arrows around the equilibrium point
direct to the stable equilibrium point. Or roughly speaking, after a small perturbation, y,
will finally go back to the equilibrium point.

Examples:

® 4, = ay; + b, where a < 0. The equilibrium point is y* = —g. Since g—z g+ = a < 0, this

equilibrium point is stable. See Figure 1. (Figures are on the last two pages.)

e 1y, = ay; + b, where a > 0. The equilibrium point is y* = —g. Since g—g g+ = a > 0, this
equilibrium point is unstable. See Figure 2.

e Go back to our old friend, k = sky' — 0k, with 0 < a < 1. We have two equilibrium
points: k* = (g)ﬁ’ k™ = 0. Then 2|, = §(a—1) < 0 and 2|4 = +00. Therefore,
k* is stable and k** is unstable. See Figure 3.

2.3 Linearization

Suppose we are interested in the dynamics around the equilibrium y*.
e =fly) = F) + @) e =) = F @) (% —y") (17)
Applying it to the above k, = sk — 0k, we obtain
ke = (ask* ™t = 6) (ky — k) (18)
3 Systems of Differential Equations
3.1 Analytical Solution

Consider the linear system of differential equation Y, = A,Y, + B, with A, = A, B, = 0.
A is a n X n matrix with constant elements.



A simple case is when A has n linearly independent eigenvectors vy, vs....v,, with corre-
sponding eigenvalues A, \s, ..., A\,. It is equivalent to say A is diagonalizable D = P~1AP,
where the diagonal elements of D are Aj, Ag, ..., A, and the columns of P are vy, vs....0,.

Y, = AY, = PDP7Y, (19)
= P Y, = P"'AY, = DP, (20)
Denote Z;, = P~'Y,, we have '
2, = DZ, (21)
= Zyp = MNzi,i=1,2,...,n (22)
= zy =cexp(A\t),i=1,2,...,n (23)

Given Z;, we immediately get Y; = PZ,.

One can follow the same steps above to show that Y, = AY; + B, has analytical solution
as well.

Remark 1. If A is not diagnonalizable (for example, in a two-dimension case, we
may only have one linearly independent eigenvector), we can use another decomposition
T = U 'AU, where T is an upper triangular matrix. Denote W, = U~'Y;, we have W, =
TW, + U~ B,, then solve w;; by the order of w,;, Wn_14, ..., W1, Where wy is the ith element
of W,.

Remark 2. It is possible that eigenvalues are complex numbers, and eigenvectors are
complex vectors thus we obtain complex solutions. However, we want real solutions instead
of complex solutions. Apply the following observation: if p, + iq; is a solution to Y, = AY,
(pr — iq; should also be a solution), where p; and ¢, are real vectors, then p; and ¢; are also
the solutions. This is because Y; = p, + iy = A(p; + iq;) = Ap, + iAqy, then we arrive at
pe = Apy and ¢, = Ag;.

3.2 Graphical Solution (Phase Diagram)

Here we focus on two dimensions of system of differential equations. That is we have two
variables y; and ys of interest.

Yie = f(Y1e, yar) (24)

Yar = 9(Y1e, Yor) (25)
Solution Steps:

In the space (y1,y2), draw the lines of y3; = 0 and y5; = 0 respectively. Or equivalently
to say, draw both f(y1,y2) =0 and g(y1,y2) =0

Draw rightward arrows when yj; > 0, and leftward arrows when y;; < 0

e Draw upward arrows when y5; > 0, and downward arrows when g < 0

The intersections of y;; = 0 and y5; = 0 are equilibrium points. These points can be
stable, unstable or saddle path stable.



e Given an initial point, follow the direction of arrows to track the dynamics of (1, y2t)

Remark. In macroeconomics,we usually have initial values of state varibles (instead of all
the varibles) and a transversality condition to uniquely determine the initial point and thus
the whole dynamics. For example, given 310 ( y1; is a state variable), we will pick up y2o (yor
is a control variable). After picking up a0, we follow arrows and we need to ensure that we
will reach an equilibrium point which satisfies the transversality condition.

Example 1 Consider the following system of differential equations of ¢; and k;.

ke = k& — 6k, — ¢ (26)

1
¢ = ;(akta_l —d—p)a (27)

Boundary condition: initial state ky and transversality condition lem;_, o Atky = 0. You will
see what transversality condition is in class, and it basically guarantees that the economy
will not explode or converge to a non-sense point (no-ponzi scheme). Note we will have a
unique saddle path. See Figure 4.

Example 2 Now we turn to a two dimension linear case Yt = AY}, where Y; = (y11, yor)’
and A is a 2 by 2 matrix with constant elements. We first write out the analytical solutions
(see the above Section 3.1 for how to solve it.). Suppose the eigenvalues of matrix A are \;

and \s.

o If \; # )y and the two linearly independent eigenvectors are vy, vy, the solution is of
the form:
th = Clvleht + 02/026)\21: (28)

e If \; = Ay (must be a real number) and we have two linearly independent eigenvectors
v1, Vg , the solution is of the form:

Y; = C’lvle)‘lt + Cgvge/\lt (29)

e If A\ = Ay (must be a real number) and we only have one linearly independent eigen-
vector vq, the solution is of the form:

Y, = Crvie™ 4 Cy(vitet + vyeh) (30)
where vy is the solution of (A — A I)ve = vy

Constants C; and (5 are determined by boundary conditions.
Eigenvalues and Stability (Example 2)

e If the eigenvalues are both positive real numbers, the equilibrium is unstable. See
Figure 5.

e If the eigenvalues are both negative real numbers, the equilibrium is stable. See Figure
6.



o If the real parts of the eigenvalues are of opposite sign (it also implies that there is
no complex part), the equilibrium is saddle path stable. Note this case is of special
interest in this class. See Figure 7.

e [f the eigenvalues are both complex numbers and the real parts are both positive, the
system is unstable and oscillating. See Figure 8.

e [f the eigenvalues are both complex numbers and the real parts are both negative, the
system converges to the steady state in an oscillating manner. See Figure 9.

3.3 Linearization

Suppose we are interested in the dynamics around equilibrium point. We proceed with
a two-dimension case.

Yie = (W1, y2e) = FU1,92) + iyl ve) (Wie — y1) + fa(urs v2) (Yar — 5) (31)

Yor = 9(Yre, vor) = 9(y1, ¥5) + 91(y1, vs) (Wie — y1) + 92(u1, ¥5) (Yor — ¥5) (32)

Since we linearize around the equilibrium point, f(yf,v3) = 0 and g(y;,v3) = 0. That implies
Y, = A(Y; - Y*) (33)

where V; = (y11, ya1)' or _
Zt - AZt (34)
where Z, =Y, — Y*
Then the above formula goes back to the aformentioned homogeneous system of differ-

ential equation with constant coefficient matrix.

Example ‘
ke = k& — 0ky — cp = (k™" = 8)(ky — k) — (¢ — ¢¥) (35)

Me*k*a_2(kt — k) (36)

¢ =—(ak® ' =5 —p)ey =

Pick up the equilibrium point with positive (k*, ¢*) and write the above in a more compact
form:

ke = Bk = k%) = (¢ — ") (37)
¢ = —7(ki — k) (38)

with 8 > 0 and 7 > 0. The coefficient matrix is (assume parameter 0 < a < 1)

= (5

One can show the eigenvalues of the above have opposite sign and are real numbers.
Therefore, the equilibrium is saddle path stable.









Investment Theory
Macroeconomic Analysis Recitation 2

Yang Jiao*

In this note, our focus is 1). Linearization of the internal adjustment cost model. 2).
External adjustment cost model.

1 Internal Adjustment Cost Model
1.1 Model Setup

Internal adjustment cost means in order to invest I;, firms have to themselves forego
additional resources Itgo(lf{—i). Assume ¢(0) =0, ¢/(+) > 0 and 2¢’ + £¢” > 0. For simplicity,
assume depreciation rate 0 = 0.

+o0 I
Vo = Krtrﬁﬁt/o e "MAF(Ky, Ly) — wi Ly — I, (1 + gp(é))]dt (1)
s.t. '
Kt - .[t (2)
Non-ponzi scheme: tlim e K >0 (3)
—00
Ky is given. (4)
1.2 Solve the Model
We first set up the Hamiltonian:
I
H = e TAF(Ky, L) — w Ly — L(1 + gp(?t))] + Ny (5)
t
First order conditions are:
AFL = W¢ (6)
I I I
—rtf 1 _t _t / _t _
L+ ol ) + 7P GO+ A =0 (7

*Please email me if you find errors or typos to yj2279@columbia.edu. All comments and suggestions are
welcome and appreciated.



I I .
—rt RAYI ISR _
AR+ (P (] = X ®)

Denote current shadow price ¢; = €™\, then F.O.C.s change to

AFL = Wt (10)
I Iy, I
T e R a2 1
@ =1+ol)+ 29 (1) (11)
o =rq — [AFk + (—It )2<P/(—]t )] (12)
K, K,
TVC: lim e "¢ K, =0 (13)
t—+o00

Equation (11) establishes the relationship between ¢, and II(—’; It is a one-to-one mapping
(by 2¢' + L¢” > 0, we know ¢ is an increasing function of ]I(—it)

- = Ma) (14)

From equation (11), when £ =0, ¢ = 1, thus ~(1) = 0 in equation (14).
To solve the model, capital accumulation equation has to be used as well (don’t foreget
it, since it is not listed in the first order conditions.).

K, =1, = h(q)K, (15)
From the first order conditions, we also have

Ge = rq: — [AFk + 1*(q)¢ (h(a)] (16)

Now we have got a system of differential equations for ¢;, K; with initial condition K, given
and TVC lim;_, o e "¢ K; = 0.

Remark. In fact, the problem is complicated because labor input L; will depend on
K, see equation (10). And L; shows up in equation (16) Fx (K3, L:) as well. Denote the
functional relationship derived from equation (10) as L; = ¢(K};). Then in equation (16),
one needs to substitute Fi (K, L) by Fx(K,g(K)). However, to simplify the analysis, we
assume labor demand L; keeps fixed at L* for the moment.

1.3 Graphical Solution (Phase Diagram)

e We first need to find the steady state. We will focus on the steady state with positive
(k*, q%).
hq") =0 (17)

rq" = [AFg(K*, L") + h*(¢")¢' (h(q")] (18)

Since h(1) = 0 and h is monotonic, we immediately have ¢* = 1. And then K* =

2



Fl(r/A).

o It is easy to draw K, = 0, that is h(q) = 0 thus ¢ = 1, a horizontal line in the space of
(K, q).
Since we will concentrate on the dynamics around the steady state, we would like to
know the slope of ¢, = 0 in a small neighborhood of (K*, ¢*). Denote the line g, = 0
as m(K,q) =0,

m(K,q) = rq — [AFx (K, L") + h*(q)¢' (h(q))] (19)

For the line m(K, q) = 0, at point (K*,¢*), by the implicit function theorem, the slope
is

dq 8m/8K . AFKK(K*,L*) . AFKK(K*,L*)

J ) =~ om/dq — r—2h(g")¢' (h(g*)) — h*(q*)¢" (h(g*))W' (¢*) 7°<20)

<0

By continuity, in a small neighborhood of (K*, ¢*), the slope is also negative.

Remark 1. If we forget about the assumption that L* is fixed, what we need for
A4} je gy < 0 to hold is Frp(K*, g(K*)) + Fr,r(K*, g(K*)g'(K*) < 0. In fact, to
justify the fixed L*, we may consider a general equilibrium model with fixed labor
supply L*, so wages will adjust to guarantee that labor demand equals labor supply
L, = L*.

Remark 2. When we have capital depreciation rate § > 0 in this internal adjustment
cost model, the steady state ¢* will not be 1. Please check by yourself how depreciation
rate will affect steady state level of ¢*.

See Figure 1 for the phase diagram. Note the role of TVC is to guarantee that firms will
choose to stay on the saddle path. When ¢, > 1, firms invest, thus capital stock increases,
while when ¢, < 1, firms disinvest thus capital stock decreases. That is to say investment
depends on ¢;.

1.4 Linearization

Around the steady state (K*,¢*):
Ky~ h(g") (K — K*) + K*B (") (g — ") (21)

G ~ —AFrr (K", L") (K, — K*) + [r —2h(q")¢'(h(q")) = *(¢")" (h(a")W' (a"))(a — 4") (22)
Substituting the steady state property that h(q*) = h(1) = 0, we obtain
Ky~ K*1(q")(a: — q") (23)
G~ —AFk (K", L") (K; — K*) +r(q¢; — ¢") (24)
Write the above in a more compact form



where Z;, = (K; — K*,q; — ¢*)" and the coefficient matrix is

oo 0 K*I(q*)
- —AFKK(K*,L*> r

The eigenvalues A\; and A\, satisty that
A1k Ay = det(G) = K*IW(¢*) * AFgg(K*, L") <0 (26)

We conclude that eigenvalues must have opposite signs and they are real numbers thus this
system is saddle path stable.
Solving the eigenvalues explicitly, we have

r £ /12— 4AFg b (¢F) K*
2

A\ =

(27)

Let Ay be the eigenvalue smaller than 0, and Ay larger than 0. The solution to the above
system of differential equation is

th = Kt — K* = \IjlleAlt + \11126)\2t (28)

Zy=q—q¢ = WoreM! 4 Wopet?! (29)

(Recall the result from recitation 1, a two-dimension linear system of differential equation
with two different eigenvalues should have the solution form Z, = Civ;e! + Covee??!, where
C and (5 are constants, v; and vy are eigenvectors, and \; and A\, are eigenvalues. Therefore,
Uy = Ciong, Yo = Civig, Vg = Covg, and Wyy = 021122)

To let the system converge to (K*,¢*), we must have Wiy = Wy = 0 ( just set Co=0 ).
Otherwise, the solution would have a term e*?* going to infinity and TVC will be violated.
Now we are on the saddle path.

To determine Wy, and Wy, we need two conditions. First, the initial K is given

Ko— K* =Wy, (30)

Second, (U1, Way ) is the eigenvector of A;(vy is an eigenvalue, then Cjvy is also an eigenvector
when C # 0),
MV A (K — KY)

Uy = = 31
CERWG) KRG 3
In sum, we have determined all the dynamics of this linearized system analytically.
Additionally, initial ¢ is given by
M(Ky— K*
qO:q*+\1121:q*+—1( . ) (32)

2 External Adjustment Cost

In the above internal adjustment cost model, capital is owned by firms and firms bear the
adjustment cost. Now consider an alternative setting in which final goods producers purchase



capital from capital goods producers. Final goods producers bear no adjustment cost while
capital good producers incur adjustment cost (modeled as a convex cost of production, i.e.
decreasing return to scale production technology). One can think that installation of capital
is done by capital good producers instead of final good producers.

2.1 Model Setup

2.1.1 Capital Goods Firms

To produce I; capital goods, capital goods firms have to incur cost C([;). We assume
the cost function satisfies C'(0) = 0, C'({) > 0 for I > 0, C"(I) > 0 for I > 0 and
lim; o, C'(I) = +00. In short, cost function is convex and marginal cost goes to infinity
when producing infinite capital.

These firms are price takers, and their problem is

I

+oo
max / Pyl — C(I)]dt (33)
0

This is a static problem. It is equivalent to maximize Ppl; — C(I;) at each moment. The

first order condition is
P, =C'(L) (34)

Since C” > 0, Py is a strictly increasing function of I and the reverse is true as well:
I =h(Pr) (35)

with A/(-) > 0. It is a supply function of capital goods.

2.1.2 Final Goods Producers

We assume final goods producers directly buy capital from capital good producers and
they don’t pay adjustment cost.

+o0
% = KmIElXI / e_rt[PtAF(Kt, Lt) - tht - P]t_[t]dt (36)
tyty it J
s.t. .
Kt - It - (SKt (37)
Non-ponzi scheme: tlim e K >0 (38)
—00
Ky is given. (39)

2.2 Solve the Model

We set up the Hamiltonian of final goods producers:

% = G_Tt[PtAF(Kt, Lt) — tht — Pft]t} + >\t(-[t — (SKt) (40)



First order conditions are:

AFp, =w/P (41)
—e "Pp4+XN=0 (42)
e PAFK — M0 = — )\, (43)
TVC : tEeroo MKy =0 (44)
Denote current shadow price ¢, = ")\, then F.O.C.s change to
AFp = w /P, (45)
P =q (46)
Py = (r+6)P— P- AFg (47)
TVC : tLifrnoo e K =0 (48)

Remember we also have the capital accumulation equation, and plugging in the solution of
capital goods producers yields

K, = h(Py) — 0K, (49)

Combining

Py, = (r+06)P;, — P - AFy, (50)

initial condition Ky and TVC lim;_, o e " P K; = 0, we are ready to solve a two-dimension
differential equation system.

2.3

Housing Market Interpretation

One can think of the capital goods producers as firms in construction sector who build
new houses. Final goods producers are real estate agents who will hire labor to provide
housing services.

Capital stock is housing stock and real estate agents buy newly built houses from the
construction sector. Real estate agents are the owners of housing stock.

We can view the newly produced capital goods I; as residential investment. PAF(K, L)
are the rent income of real estate agents. P; is the price of a unit of newly built house.
We take final goods price P as given, but one can have a household side utility function
to derive a demand function for final goods, then P can be endogenized.

Why capital goods production has convex cost? Here is a simple interpretation: since
land supply is limited, building one house on the top of a skyscraper will be more
difficult than building a house on the ground.

Interest rate .
B P+ P-AFgy — 0P

Py

r

(51)



given by equation (50). It is a no-arbitrage condition: return from investing in a unit
of house is equal to the interest rate.

e Rearrange equation (50):
(T+5)Pjt—Pjt=P'AFK (52)

Multiply both sides by e~("t9* and take integral from 0 to +o0c on both sides,
+00
Py = / e~ TP . AR (K, L*)dt (53)
0

The price of a house is equal to the present value of all future rent income from the
house. Notice we have an addtional depreciation rate ¢ in the equation, because in the
setup we assume 6§ # 0.

Remark.You can use similar steps to get qp in the internal adjustment cost model:

oo —rt It 2
Qo = e "[AFk + (f) ©'(
0 ¢

Iy

i (54)

The term ([I(—‘t)zgo’ ([I(—tt) captures the learning by doing benefit from installing capital
today.

2.4 Graphical Solution (Phase Diagram)

Setting K, =0 and Py = 0 leads to

h(P;) = 6K (55)
P AFg(K, LY
Fr= r4+06 (56)

One is a positive relationship between K and P, and the other is a negative relationship.
The steady state is given by the intersection of the above two lines. See Figure 2 for the
phase diagram.






[nvestment Theory (continued)- Neoclassical Production
Functions

Macroeconomic Analysis Recitation 3

Yang Jiao*

1 Comparison of Internal and External Adjustment
Cost Models

Consider a permanent positive productivity shock to both models. See Figure 1 (internal
cost model) and Figure 2 (external cost model). In the external adjustment cost model, long
run ¢ = P} will increase, while in the internal adjustment cost model, steady state ¢* is
fixed at 1.

One may wonder are these two models really different? Adjustment cost is just adjust-
ment cost after all. Note the difference we introduced in these two models: in the external
adjustment cost model, we add depreciation rate of capital, and assume the cost of producing
new capital is C'(I) instead of I(1 + ¢(£)) as in the internal adjustment cost model. Now
the question is whether these two differences in modeling generate the different predictions
as shown in Figure 1 and Figure 2.

In the external adjustment cost model, in steady state, when K* changes, I* = § K* will
change as well since we have depreciation rate § > 0. Then ¢* = P} = C'(I*) will also
change. In order to make ¢* = P; not change with K* (i.e. a flat K, = 0 line), we need
to revise the cost function in the external adjustment cost model so that the marginal cost
of capital goods will not differ when we have a different K*. Here are two ways: 1) let the
marginal cost of new capital goods be a function of I — §K (in steady state [* — 0 K™ will
always be 0). 2) let the marginal cost of new capital goods be a function of é (in steady

state II{ will always be 4).

1.1 Capital Depreciation

Assume in the external adjustment cost model, cost function takes the form C(I) =
C(I — 0K), therefore, replacing depreciated capital costs nothing: C(I*) = C(I* — §K*) =
C'(0) = 0. Resolving the model shows:

Py = C'(I) = C'(I, - 6K, (1)

*Please email me if you find errors or typos to yj2279@columbia.edu. All comments and suggestions are
welcome and appreciated.



Capital accumulation function becomes
Kt - -[t - (SKt - h(Pjt) (2)

In this way, you have a flat K; = 0 schedule: P; = h='(0).

I
1.2 + and /

In the internal adjustment cost model, the cost function is related to capital stock to
capture the learning by doing effect, while in the external adjustment cost, we ignore it.
Now suppose in the external adjustment cost model, we also take into account the learning
by doing effect and assume the margial cost of producing capital goods is a function of %:
g(£). For example, if C(I, K) = I(1+¢(I/K)), we have g(I/K) = % =14+¢(I/K)+
L¢'(I/K). Resolving the external adjustment cost model shows:

Iy
P = e
e = 9( Kt> (3)
The above establishes a relation I
t
— = h(P 4
& = (P ()
Capital accumulation function becomes
K, = I, — 6K, = [h(Py,) — 0] K, (5)

We reach a flat K, = 0 as well: P; = h™1(6).

Conclusion: these two investment models are essentially the same if we revise the cost
function in the external adjustment cost model to eliminate the differences caused by
different modeling strategies in the two models.

Remark. We have discussed the line of K; = 0 for the two models, but what about
the line of ¢; = 0 7 In fact, there is externality that is not internalized. In the external
adjustment cost model, final goods producers don’t take into account that their purchasing
of newly built capital goods can decrease the cost of capital goods producers in the future.
That’s why when you set 6 = 0 and C(I,K) = I(1 4+ ¢(I/K)) in the external adjustment
cost model, you will get a different line for ¢; = 0 when comparing to the internal adjustment
cost model (please check what I am saying is correct).

2 Neoclassical Production Functions Y = F(K, L, A)
2.1 Basic Properties

The production function F' : R? — R is twice continuously differentiable to its three
arguments. A production function is called a neoclassical production function if the following
properties are satistied.



e Constant returns to scale:
FAK,\L,A) = \F(K,L,A) (6)

That is F(K, L, A) is homogeneous of degree one in K and L. Note A is non-rivalry,
so the replication principle doesn’t apply to A.

e Positive and diminishing returns to K and L:

oF oF
ax - a0 (7)
O2F 0%F
oz <0 gz <0 (8)

If we increase the amount of one input, output will increase, but marginal product
will decrease as the input increases.

e Inada Conditions

. OF . oF
Jim 5% = Jmap = (9)
) oF . OF
Jm ox = Am op =0 (10)

Inada conditions can help us nail down interior solutions.

e Essentiality
F(K,0,A)=F(0,L,A) =0 (11)

Therefore, to produce a positive amount of output, a positive amount of each input
is required.

The first three properties imply the last essentiality property, so we don’t need to write
down the last essentiality property. See the following proof of this argument:
Proof. Recall L’ Hopital’s Rule:
If lim, . f(x) = lim,_,. g(x) = 0 or o0 and lim,_,.. / :((3 exists and ¢'(z) # 0 around I which
f(z)

is a small neighborhood of ¢, then lim,_,.. oS lim,_,, f()

()
Apply it to the following: ?

Q

o oY
AL T T A o = i g =0 (12)

The last equality comes from Inada conditions.
Note that by CRS (constant returns to scale)

im ~ — lim F(l,%,A):F(l,O,A) (13)

K—+oo K K—+oc0

which leads to

F(1,0,4) =0 (14)



And F(L,0,A) = L * F(1,0,A) = 0 follows immediately. Similarly, one can prove that
F(0,K,A) =0 as well. =
Examples A constant elasticity of substitution (CES) production function

Y = F(K,L) = (aK*% +bL% )71 (15)
where a > 0, b > and ¢ > 0 are constants. ¢ = —%, where Fx and F, are partial

derivatives.

e When 0 — 400, Y = aK + bL, perfect substitutability

e When ¢ — 0, Y = min{K, L}, perfect complementarity, Leontief. When Y =
F(K,L) = [(aK)% 4 (bL)* )77, and ¢ — 0, we have Y = min{aK,bL}. Note
the slight difference.

e Wheno =1,Y = K*L'"® with a = -2, Cobb-Douglas.

a+b?

We can use L” Hopital’s Rule to show when ¢ — 0 and ¢ — 1 , we are approaching
Leontief production function and Cobb-Douglas production function respectively.

2.2 Constant Returns to Scale and Zero Profit

Euler Theorem Suppose f : RM — R is continuously differentiable and homogeneous
of degree a, i.e.

Vo € RM f(Ax) = \*f(z) (16)
then y
Z agg)xl =af(x) (17)

Proof. Differentiate both sides of equation (11) with respective to A and set A=1. m
For a constant returns to scale production function F(K, L, A), we know o = 1. Apply
Euler Theorem,
FxkK+ FpL=F (18)

A profit maximization firm takes input price R and W and output price P as given and first
order conditions are PFx = R and PF;, = W. Therefore, RK + WL = PF, or firms’ profit
PF — RK — WL = 0. Note the implicit assumption is that firms are price takers of input
and output.

One may wonder that in investment theory, firms are price takers but they do have profits.
The reason is that in investment theory we study, firms are capital good owners themselves
(so they don’t rent capital), and they start with a capital stock Ky > 0.

2.3 Technological Progress

2.3.1 Three Production Function Forms

Three forms of production functions:



e Hicks neutral: Y = A, F (K, L);

e Harrod neutral: Y = F(K, A,L);

e Solow neutral: Y = F(A,K, L).
Cobb-Douglas production function can be written as all of the above three forms.
2.3.2 What Form of Technological Progress?

Suppose there is a production function:

Y, = F(Ky, Ly, Ay), (19)

if

F' exhibits constant returns to scale in K and L

e Resource constraint: K, =Y, — C; — 6K, and saving rate is constant s

Labor grows at a constant rate é—z =n

Capital stock grows at a constant rate % = VK

then the production function must be labor augmenting, i.e. Harrod neutral
Proof.
From the resource constraint

Since the left hand side is a constant v, we immediately conclude that % is a constant.

}/t — F(Bth, AtLt) (21)

Note when B; and A; grow at the same rate, we will go to Hicks neutral case by CRS,
therefore, this form includes all three possible production function forms. .
We additionally assume that technology will grow at a constant rate. Assume that % =z

and % = x. Without loss of generality, we let By = 1 and Ay = 1 so that B, = €** and
A; = e*t. Then

Vi _ F(BiKy, AcLy)

. At Lt
K, Ky

Ly o Lt
= F(B,, A,=%) = B,F(1, = = e*t (1, o2t 2L 292
( ty th) t (JBth) € (76 Kt) ( )

Since labor grows at a constant rate n and capital grows at a constant rate of v, (again, for
simplicity assume Ly =1 and Ky = 1), we get

Y,
?tt = AP (1, e HtnoIt) (23)



Define ¢(-) = F(1,-) to obtain

2 _ ezt@(e(m—z—l—n—v;()t) (24)
Ky
We have proved that % is a constant, and now we discuss two scenarios:
1). If z —z4+n— vk = 0 thus z = yx —n, we need to have z = 0, which means A, grows
at a constant rate and B; is a constant . So the production function is labor augmenting.

2). If x — z+n — yi # 0, we still need to have a[en‘f’(e(z;;"*w)t)] = 0 which implies

©'(X)x —z
e(x) n+z—z—K (25)

where y = et~ Notice that we need to require n + 2 — z — yx is non-zero here.
Solve the above differential equation to reach

©(x) = constant - ' (26)

where « is a constant. Substitute back to the production function to finally write out

AtLt
" B/K,

F(Bth, AtLt) - Bth . F(l Bth

) = B, K( )17 = constant - Kto‘(Lte”t)l_a (27)

where v = %(L_a) This Cobb-Douglas production function also belongs to labor aug-

menting production function.
We then conclude that production function takes the labor augmenting form. m
Remark. We can use other ways to prove the labor augmenting production function.
First, since Y/K is constant and K grows at a constant rate of g, Y will also grow at a
constant rate vy and vy = vx. At time 0 (pick up an arbitrary time 7" should work as well),
the production function is

}/E) = F(K07 L07 AO) (28>

Multiply both sides by €7%!, we obtain
GVKt}/O = F(ethKo, ethLo, Ao) (29)
Y, = F(IK;, e95 L, Ay) (30)

Denote A; = e9x~™* and re-write
th = F<Kta e(,YK_n)tLta AO) = F(Kt7 AtLta AO) = F<Kta AtLt> (31)

where A, = ek~ The above F(K,;, A;L;) is already a labor augmenting production
function.



2.3.3 Kaldor Facts

Kaldor facts about growth:

Per capita output % grows over time, and its growth rate doesn’t tend to diminish.

Physical capital per worker % grows over time

Return of capital R keeps nearly constant

Ratio of physical capital to output % keeps nearly constant

Labor share % and capital share

% are nearly constant

The growth rate of output per worker differs substantially across countries






Growth Model with Exogenous Saving Rate
Macroeconomic Analysis Recitation 4

Yang Jiao*

1 Extensions of Solow-Swan Model
1.1 Solow-Swan Model with Technology Progress

Now we introduce technology progress as well. Assume we have a neoclassical production
function Y = F(K,, A;L;), where technology A; grows at a constant rate v4 and labor L;
grows at n. All else equal as in the Solow-Swan model we studied in class.

A,
L 1
2, =4 (1)
Ly
-t 2
= @)
Define lowercase letter variable z; = Ai(lt/t where X =Y, K.
Y;
= = F(k;,1) = f(k 3
w= = Pk 1) = (k) ©
The last equality is just a definition of f(-).
Capital accumulation equation
K, =1, — 0K, = sY, — 0K, (4)
Divide both sides by K; to obtain '
Ky Y:
gty 5
KK (5)
First,
Ky ke Ky
Second,

Ky kt:&_é_é (7)

k, = 5t
CTAL kKA L

*Please email me if you find errors or typos to yj2279@columbia.edu. All comments and suggestions are
welcome and appreciated.



K, K

— K & tyatn (8)
Substitute equation (6) and (8) to equation (5) to get
k k
R S t>—(6+n+7A) (9)
ky Ky

Note the interpretation of k; or y; is no longer per capita variables. k;A; and 13, A; are
per capita terms instead.

1.2 A Model with Poverty Trap (for your reference)

Suppose the economy has access to two possible technologies,

Yi=AK°L'™® (10)

Yp = BK*L'™™ — bL (11)

where B > A, and b > 0.
In per capita terms, the production functions become

ya = Ak (12)

yp = BE* — b (13)

The economy will compare and decide which technology to use and it will depend on
the level of k. There is a level of capital k = (5%5)"/ such that when k > k, the economy

chooses technology B to produce, otherwise when k < k, the economy chooses technology A

From the Solow-Swan model, we have

k
7 = sfk)/k—(n+9) (14)
Here f(k) = Ak when k < k, and f(k) = Bk® — b when k > k.
It is easy to draw sf(k)/k when k < k, since it is strictly decreasing. However, when
k > k, function h(k) := sf(k)/k = Bk*~' — 2 may not be a monotonic function. There is a

cutoff k = (ﬁ)i such that when k < k, h(k) is decreasing in k, and when k > k, h(k)
is increasing in k.

If k > k, sf(k)/k will first decrease then increase and finally decrease. To determine the
steady state, we also need to plot a horizontal line n + d. One particularly interesting case
is shown in Figure 1. There are three steady states. And two of them are stable. It means
the initial level ky matters for the long run steady state. A country with very little ko will

end up with a steady state of lower output per capita (poverty trap).



If k < k, sf(k)/k will always decrease with k. There is only one stable steady state. See
Figure 2.

1.3 A Model with Physical Capital K and Human Capital H (for
your reference)

Now we introduce both physical capital and human capital into the Slow-Swan model.
Let’s assume a Cobb-Douglas production function:

Y, = K{'H{'(ALy)' "

where A; is technology which grows at rate v4 and L; is labor force which grows at rate n.
Parameters satisfy 0 < o+ 17 < 1.
Divide both sides by A;L;:

Yt = ktah?

There are two possible ways to introduce exogenous saving rates. 1) exogenous saving
rate s for the sum of physical capital and human capital, and the economy will decide how
to allocate between physical capital and human capital 2) exogenous saving rates s and sy,
for physical capital and human capital respectively.

For the first case, the law of motion of the sum of physical and human capital is

k+h=sk®h" — (5 +n+vya)(k + h)

Additionally, households allocate between human capital and physical capital so that the
marginal returns are equalized:

MPK —6=MPH — 9

That is ah = nk. Substitute back to the law of motion equation to eliminate h, we can
get
. nnal_n n
k=s(———)k*™ — (o k
SCLE R — (3 + )

For the second case, the law of motions of physical and human capital are

k= s53k®R" — (6 4+ n +v4)k

h = spk®h" — (6 + 1+ ya)h
Notice that in the second case, we cannot impose the condition that M PK —§ = MPH — 6.
This is because, once we have exogenous saving rates for both physical and human capital,
then given kg, ho, the path for k; and h; are pinned down by the two law of motions. There
is no freedom to adjust k; or h; to equalize marginal returns of physical and human capital.



2 Golden Rule

In the Solow-Swan model, consumption is

¢ = (1—5)f(ky) (15)

In the steady state £* is a function of saving rate s and higher s leads to higher £* thus
higher output per capita f(k*). However, higher saving rate also means smaller fraction of
output per capita will go to consumption. So there is a trade-off here if one wants to achieve
higher consumption. The question is what value of saving rate s can deliver the highest
steady state consumption c*.

We want to maximize the following by choosing s

¢ = (1= 8) [k (s) (16)

In steady state, sf(k*) = (n + 0)k*, therefore, our objective is to maximize

¢ = (1L =s)f[k"(s)] = fIE"(s)] = (n + 6)k"(s) (17)
First order condition: I
] - 0 (18)
As dk;S(S) > 0, we have
f'k*(s)] = (n+9) (19)

Denote the corresponding k* as kg4, saving rate s as sqoia-
f/(kgold) =n -+ 5 (20)

Once we have kgqq, we can use the relationship k*(s) to infer sgq4.
Remark. With Cobb-Douglas production function (capital share ), the above condition
becomes
aky gy =n+0 (21)

and we also know that in the Solow-Swan model, in steady state

sf(kgota) = (1 + 0)kgo1a (22)
i.e.
skgorg = (1 + 6)kgoia (23)

Comparing equation (21) and (22) we conclude that sy,q = o for this special case.

3 Absolute and Conditional Convergence
3.1 Absolute Convergence

In the Solow-Swan model, .
k_ f(k)



So the growth rate % depends on the level of k.

k /
dk k?

This implies higher the level of capital per capita, the slower the growth rate of capi-
tal per capita: poor countries should grow faster than rich countries. Note the underlying
assumption is that poor countries and rich countries share the similar characteristics (pa-
rameters). The hypothesis that poor countries tend to grow faster than rich ones without
conditioning on any other characteristics of economies is called absolute convergence (i.e. a
negative relationship between the level of output per capita and the growth rate of output
per capita).

In the data, when we have a broad set of countries (countries from both poor countries
and rich countries), the hypothesis in fact fails. While if we look at more homogeneous
groups, e.g. only OECD countries or states within U.S., evidence accepts the hypothesis
instead.

3.2 Conditional Convergence

Next we drop the assumption that countries share similar characteristics. We will proceed
with a simple example. Suppose two countries only differ in their saving rates. So they will
also differ in their steady state k*. The country with higher saving rate will have higher k*.
Again the growth rate of capital per capita is

Z:s@—wm) (26)
and in steady state
s% =(0+n) (27)
Substitute equation (27) to equation (26) to eliminate s.
ko f(k)/k

Assume the production function is in Cobb-Douglas form, then

k ko .
7= (6 + n)[(g) — 1] (29)

Then it is clear that the growth rate depends on the distance of k£ to steady state k* (kﬁ
matters). It becomes possible that a richer country can grow faster than a poorer country
as they have different steady states.

Therefore, in order to account for the difference in these two countries’ growth rate, one
has to look at both the current level of k; and the steady state level £* which depends on
country characteristics, i.e. country characteristics matter. After controlling variables that
proxy for differences in steady state positions, we can get a significantly negative relationship



between per capita growth rate and the log of initial real per capita GDP. In short, data
supports the conditional convergence hypothesis.

4 The Speed of Convergence

We have discussed roughly about the speed of convergence. Now we formally define this
concept speed of convergence as
O(k/k)
dlogk
We assume that countries are near to their steady state (in order to use approximations).
We will also adopt Cobb-Douglas production function.

B=- (30)

k
= SARTE = (64 n 4 y4) = ATV — (54 + 94) (31)

Around the steady state

A(k/k) O(sAelo=Dlogk _ (§ 4 4+ ~,)) 1
* = — * — ]_ - A *a 2
b Ologk g Ologk L ( a)sAk (32)

Recall that with technology progress in steady state sAE** ™' = § +n + v4.
r=(1-a)d+n+7) (33)

The above procedures are equivalent (the same thing) to first log-linearize the right hand
side of equation (31) and take the coefficient directly

_O(sAelr Dok — (§ +n 4 v4))
Ologk

= sAk* ' —(6+n) ~

ke (logk—logk™) = —*(logk—logk™)
(34)

Remark. A more general form of log-linearization is the following. Assume we want to
log-linearize a multivariate function y = f(z1, ..., x,) around z*.

Enl

y=f(z1,....,x,) = f(elog(”“), s elog("””)) (35)

Define z; = log(z;), then the first order approximation is

v log(x;) —log(x7)]

(36)

Notice for the left hand side, we didn’t do any thing. In the future (the second half of

this semester), we will do log-linearization on both sides. We are interested in the percentage
deviation of variables from its steady state. You can ignore the following now.

y=flz1,..,xn) (37)

y:f($17...,$n):f(e 7...,6”)’\" ax ‘.’lt ez. . Zaxl



Then

log(y) — log(y Z - w; - [log(w;) — log(x})] (38)
f x17 ey n)
We will come back to this later in the second half of the semester.

5 Some Measurement Notes
5.1 Capital Stock Measurement

Perpetual Inventory Method (PIM) is so far perhaps the most popular way to compute
gross capital stock. In discrete time, capital accumulation is

K= (1-90)K, + 1 (39)
400 '
= Ki=Y (1=08)s (40)
=0

But unfortunately in the data, we don’t have an infinite series of investment.

K, =(1-0)"K, +Z (1= 8)' L iy (41)

How to get the initial capital stock K,?
In neoclassical growth model, under balanced growth path (constant growth rate)

Ky — Ky Iy

deppr = 9K K, K, ( )
Therefore,
I
Ky= "~ 43
°" gapp+0 (43)

But the economy may not be on a balanced growth path, we can use g; instead of ggpp,
it is still an approximation anyway.

I
Ky = 44
’ gr+90 (44)
To obtain g;, we can choose a three-year average or more years’ average.
5.2 Growth Accounting
Assume the production function is
Y, = A KL (45)



Define

Y,
SRt — ﬁ (46)
KLy
Then we get the data of SR.
SR, Y, K Ly
— ==—-—a——(1—a)— 47
SRy, °K, ( Oz)Lt (47)
STy = % is the Solow residual: the growth of output that cannot be accounted by the
growth of capital and labor.
Y, K, Ly
= = — 4+ (1—-a)— 48
T smtagt +(1-a) (45)
or write it in discrete time
Vi—Yi1 SR — SR Ky — Ky Ly — Ly
= + + (1 — o) —F— 49
Yia SR Ky ( ) Ly (49)

This equation can be used to find out the sources of a particular economy’s economic
growth. Alwyn Young (1995, QJE) uses this method (not exactly the same, e.g. they use
a more complicated production function and take human capital into account as well etc.,
but the main idea is similar) to show that the East Asian growth miracles are largely due to
capital accumulation % and increasing labor force participation J%






Endogenous Growth Models
Macroeconomic Analysis Recitation 5

Yang Jiao*

1 A Congestion Model

In class, we learned a growth model with government spending. In that model, production
function is Y; = AL;"*K*G'~®, where G is government spending. In this setup, government
spending is a public good. However, in reality, many government spending is not, such
as highways. Now we introduce a congestion model with a continuum of firms, where the
production function for firm ¢ € [0, 1] is

Y = AKP L f(G/K) (1)

where (G is government spending and K is aggregate capital: K = fol K;di. We assume that
f satisfies f' > 0 and f” < 0.

1.1 Decentralized Economy

Firms’ problem is static as before

Inax AKSLf(G/K) — w, Ly — R Ky (2)

F.O.C:s are
aAKSTVLY Y f(G/K) = R, (3)
(1 = )AKGL " f(G/K) = w, (4)

In equilibrium L = fol L;di as well, and all firms are symmetric, so L;; = L, K;; = K for
iel0,1].
In per capita terms:

O‘Ak?_lf(gt/kt) = Ry (5)

(1 —a)Ak{ f(ge/ k) = wy (6)

Households’ problem is quite standard as in Ramsey model,

*Please email me if you find errors or typos to yj2279@columbia.edu. All comments and suggestions are
welcome and appreciated.



+00 ( )t c%—@ _ 1
ST ———————(t 7
max [ = "
S.t.
dt = TG + Wy — C — NAy — Ty (8)
lim e "a; >0 9)
t——+00
with ag > 0 given. 7; is a lump sum tax in per capita term 7, = f—i
Set up the Hamiltonian
olh
I = ef(ﬂfn)ttl—e + )\t(rtat +wy — ¢ — nay — Tt) (10)
F.O.C.s are
e Pmmie N, =0 (11)
- );t = )\t(rt — n) (12)
lim )\tat =0 (13)
t—+o00
Therefore,
a1
2 T, — 14
L= ) (14)

The rate of return from investing in risk free bond is r; and the rate of return from
investing in physical capital is R; —J. By no arbitrage condition, they are equal

Tt = Rt - 5 (15)
Market clearing condition gives
ay = kt + bt (16>
and bt =0.
Balanced government budget:
or in per capita term
9t =T (18)

We conclude that equation (14) and (15) gives the Euler equation is

& ek (g /) 0 - ) (19)

The law of motion of capital comes from equation (3)(4)(8)(15)

ko = AR f(gi/ ki) — ¢ — (n+ )k — g1 (20)



which is in fact the resource constraint for the economy.

Notice we haven’t chosen the sequence of g; yet to maximize household utility. That’s
going to be a complicated problem. Perhaps what we can do is to let the government set a
constant g and compare steady states to choose an optimal fiscal policy ¢g. For simplicity,
let’s just take g; as exogenous policy.

We are interested in whether the above decentralization problem is socially optimal or if
not efficient, is there too much or too little capital in the decentralized economy.

1.2 Social Planner

Social planner maximizes household utility subject to resource constraint.

oo -0 _q
max/ R GO — (21)
at,ee Jo 1—-4

s.t. resource constraint
ke = Ak;T f(ge/ke) — ¢ — (n+ 0)ke — g4 (22)
From F.O.C.s, we derive Euler equation

¢ 1
= G AR S /k) — GO =5 =) (23
What we find is that the decentralized case doesn’t have the same formula of the Euler
equation as that of the social planner’s problem. The externality comes from the fact that
each individual firm doesn’t consider their capital choice’s congestion effect on other firms,
so they over employ capital: a traditional Tragedy of Commons problem.
To have a rough idea why we think decentralized case will over accumulate capital, we
can assume a common steady state policy ¢ for these two cases. Then we compare the steady
state k, which comes from the Euler equation. For decentralized case, in steady state

aAk* " f(g/k) =0+ p

For social planner, in steady state
AR (g/k) = LI (g/R) + 64 p> 6+ p

Comparing the above two equations, it is easy to verify that decentralized case have higher
steady state k.

Remark. We deliberately choose a lump sum tax in order not to impose additional
externality so that we can isolate the aformentioned externality which firms don’t internize.

2 A Constant R&D Cost Model (Social Planner)

In class, you have learned how to solve a constant R& D cost model in the decentralized
case. Now we move to social planner’s problem and see whether there is any inefficiency



that needs to be corrected in the decentralized economy.
The social planner’s problem is to

“+o00 0179 o 1
max / -t
Ct,Ne, Xt J 1—-0

s.t. resource constraint .
ALliaNtXta = Ct + 77Nt + NtXt
Re-write the resource constraint as
1

Nt — —(ALl_aNtXta - Ct - NtXt)
n

The corresponding Hamiltonian is

O -1 1
% = e—p ﬁ + /\tE(AL _aNtXta - Ct - NtXt)
First order conditions are )
Ay =e P70 -2 =0
n

%X = ALliaNtOéXtail — Nt =0
1 .
%N - At—(ALl_an - Xt) - —)\t
n
We obtain

And finally

C, 10N 171/ 4+ 11
A A A N e R = N
a "o 9{77( (g )) p}

(24)

(25)

(28)

(29)

(30)

(31)

(32)

Notice that in order to fully solve the model, one needs to use consumption growth rate
equation (32) and also the resource constraint equation (26) to pin down the dynamics of

N, and initial Cy, given Ny.

The consumption growth rate in the social planner case is higher than that of the decen-
tralized economy case which you came across in class. The reason is that in the decentralized
case R& D firms have monopoly power, so they under-produce. In order to achieve efficiency,
one can subsidize R& D firms or final good firms. However, although subsidizing R&D cost
can deliver the same growth rate of consumption as in the social planner case, the level of
consumption (that is Cjp) is not optimal. Intuitively, the monopoly power of R& D firms has
not been corrected yet (given the number of intermediate good firms N;). One can check by

employing equation (32) and equation (26).



3 A Rising Cost of R&D model (Decentralized Econ-
omy)

In class, we learned a expanding variety model of growth with constant R& D cost. Now
let’s turn to a setting with increasing cost of R&D: n'(N) > 0. Specifically, let’s assume
that

n(N) = oN? (33)

Free entry condition says
Vi = n(Ny) = Ny (34)

Remark. Free entry condition above holds only when there is positive entry. In general, it
should be a complementary slackness condition Ny[n(N;) — Vi] = 0, N; > 0 and n(N;) > V;.
So if V; is strictly greater than 0, we will have n(NV;) = V;.

Interest rate is

T+ Vt 7r Nt
= = — 35
Tt v GN7 +o N, (35)
Households’ problem is
—+o00 tcg—e o 1
Tt 36
J— (36)
s.t.
Cit = U}tL + riay — Ct (37)
The Euler equation from the above households’ problem is
Ct 1 1 ™ Nt
= (= p) == — — 38
Ct e(rt p) 9<¢th+o-Nt p) ( )

where we have substituted r; from equation (35).

When o = 0, we go back to the case where innovation cost is constant, and this equation
alone can tell us the growth rate of C;. However, now we have to deal with the dynamics of
N, as well.

Note in this model, the asset held by households is the market value of all firms a =
n - N. Cobb-Douglas final good production function means wL = (1 — «)Y. Plug these two
equations and also equation (35) into equation (37) to generate

n(N)N; = Ny + (1 — )Y; — G, (39)
Since Y = AL'"® Zjvzl X5 X5 = ATsqra L and 7 = LAT=1=2qT = LAﬁ(oz —

67

a2)a%(0ne can check that by some manipulation, we can express the above as nNt =
Y; — Cy — Ny X; which is in fact the resource constraint), we obtain

(NN, = Ner + (1 — @)Y, — C, = (1 — a®)ATsaTs LN, — C, (40)



That is )
N w —0 C — g
oSy _Gigonm “
with ¢ = (1 — a2)Aﬁo¢12faaL
Substitute equation (41) to equation (38) to yield

1 1 _
G = 4= = G EN + N = oSN (42)
Equation (41) and (42) define a differential equation system.
To sum up, the main procedure is, first we start from Euler equation and households’
budget constraint, and then we try to substitute variables except C; and V.
We then display the phase diagram. See Figure 1. N™ = (pg(’;‘ﬁ))l/" and N* = (ﬁ)l/".
Notice N™ > N* because of ¢ > .
In this rising cost of R&D setting, there is no long run growth. While with constant
R&D cost, we do have long run growth.
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Suggested Solution-Problem Set 1

Yang Jiao*

1 Cobb Douglas Technology
a).

1. Constant returns to scale
FOAK, AL, A) = AAK)*(AL)"™ = MAK*L*™ = \F(K, L, A)
2. Positive marginal product and diminishing marginal returns
Fre = aAK* 'L > 0

Fr=(1—-a)AK“L™ >0
Frg = ala—1)AK* 2L <0

Frp=—a(l —a)AK*L™ ' <0

Some books also list the negative semi-definite requirement for Hessian matrix. One can
check Cobb-Douglas production function satisfies this property as well since

FrgFrp —Fap =0
3. Inada conditions:

lim F = lim « AK* 'L =
K—0 K—0

lim Fj, = }Jir%(l —a)AK*L™ = 00
—

L—0

lim Fy = lim aAKY 'L =90
K—oo K—oo

lim Fy, = lim (1 —a)AK*L ™ =0

L—o0 L—o0

b).

*Please email me if you find errors or typos to yj2279Qcolumbia.edu
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Set up the Hamiltonian:
% = e_rt(AKtaL%_a — tht — ]t) + /\t(It — 5Kt)
Then the first order conditions are:
H,=0:w = (1 —a)AK}L
G =0:\=e"
Mo =0: =X\ = e AKX ILIY — A6
TVC : lim MK; =0
t—o00

—rt

From )\; = e, we have A\, = —re ™. Combine with the above equation . = 0, we get

r+8=aAK* LI

Therefore, given that labor supply is fixed L; = L, capital is

CYA 1

K= (r+5)1iaL

c).

Define ¢, = €™\, so Ay = e g, — );t = e "(G; — rq;). Then the first order conditions are:
Hy=0:w, = (1 —a)AK] L "
% = O Gy = 1
He=0:—(¢ —rq) = cAK LI — 6
TVC : lim e "¢ K, =0
t—o00
We then have the same formula for capital

O./A 1
Ta],
r+5)

K, = (

d). See Figure 1
e). See Figure 2

f). See Figure 3. But change of I = §K = (%)ﬁ becomes ambiguous after time %,
since it is not a monotonic function of §.
g). The same as f) except that the jump happens at time ;.

2 Accelerator Theory of Investment
a).

Y,
FK:OK?ZZT"i‘é



We can express K as a function of Y

b).
aY;
)
It is consistent with the accelerator theory of investment. Higher growth in output will lead
to higher growth in capital stock which in turn pushes up output growth.
c).
Yes. Within neoclassical production function (and we also assume it is continuously differ-
entiable), it is still true.
We first introduce one mathematical property. If F/(K, L, A) is homogeneous of degree

n (K, L), then Fx and Fj, are homogeneous of degree 5 — 1 in (K, L). The following is the
proof:

=

FONK,\L, A) = \°F(K, L, A)
Differentiate both sides with respect to K:

ANFg(AK, AL, A) = W Fr (K, L, A)

— Fx (MK, AL, A) = N’ 'Fr (K, L, A)

The fact that F'(K, L, A) is a neoclassical production function implies 8 = 1, then F is
homogeneous of degree 0. Employing this property, since F’ K(K ,L,A) =r+ 0, we will also
have Fy (& LA =r+46 Wthh shows a relationship between £ 7 and r +9, A Additionally,
because of Fxr < 0, we know £t 7+ will be a monotonic function of r +4. Note is also going

to be a function of A. Denote this function as h(-,-).

K
= h(4,
I (A,r+9)
Also Y, = F(Ky, L, A) = K,F(1, f( JA) = K F[1,h 7Y (A, r +4), A]. That is, we still have

K, and Y; are proportional thus they satisfy the accelerator theory of investment.

3 Q-Theory Without Learning-by-Doing
a).
Set up the Hamiltonian:
% == B_Tt[F(Kt, Lt) — tht — It(l + 90(],5))] + )\t(]t — 5Kt)
First order conditions are
FL = Wt

L+p+ I = Ne



—)\t = e_TtFK — 6>\t
lim M K; =0
t—o0

b).
Current value ¢, = e"*\;. Re-write the first order conditions:
FL = Wt
l+p+1¢ =¢ (1)

rq — G = Fx — g
lim €7thth =0

t—o00

c).
Equation (1) establishes a relationship between I and ¢: I = h(q) with h(1) = 0. The two
differential equations we have here are:

Kt = It - (5Kt = h(qt) — 5Kt
G = (r+0)q — Fx
Set K; = 0 and ¢, = 0 respectively.

See Figure 4 for the phase diagram.
d).

The steady state ¢* is the solution of

(-t ) = Fe("9 1)

q* > 1 since h(q¢*) = §K* > 0 and h(1) =0, h(-) is an increasing function.

e).

See Figure 4 as well for the dynamics after the interest rate shock. It will shift down
g = 0 scehdule. The steady state ¢* will be smaller. This is because a positive interest rate
shock will raise the opportunity cost of investment (or equivalently to say, the future is more
heavily discounted), therefore, firms will dis-invest, leading to less capital stock in steady
state. Then firms only need to replace less capital by new investment. The less demand for
new investment will drive down capital price (here it is shadow price ¢*).

4 The Baby Boom
i).

Equaton (a) is the demand function for housing. Higher rents lead to lower housing demand.



Equation (b) is a no-arbitrage condition. Returns from investing in housing market is equal
to the return from investing in the risk free bond. Equation (c) is the law of motion of
housing stock: increase in the housing stock equals newly build housing minus depreciation
of existing housing stock.

ii).

From equation (c):

H = p(P)N — 6H

a a
- —=p(P)—-90—= 2
v = eP) — o (2)
Because of h = ]ﬂv’ we can get h = % — ]]Vv—g = % —nh. Substitute it back to equation (2):

h = p(P) — (6 +n)h
Equation (b) tells us

P=rP—R(h)

See Figure 5 for the phase diagram.

iii).

See Figure 5 for the dynamics.

The intuition is in year 1960, due to the expectation that in the future housing demand
will shift up, house price goes up and firms build more houses. When the baby boom arrives,
per capita housing will be dragged down (new houses are built but slower than population
growth, since they understand this baby boom will not last forever). However, when the
baby boom retires, per capita housing stock will go up again. And as a result of this demand
decrease, prices will also go down.

iv).

Once the baby boom retires, from the phase diagram, we know that prices will go down from
2006. In fact, housing prices start to drop earlier than 2006. However, intuitively, it may
drop faster after 2006.

5 Housing Rent Controls

i).
See Figure 6 for the dynamics. Prices will drop, because buying houses to rent is going to
be less profitable.

ii).
Both price and quantity will decline. The rent control will decrease the demand for investing
in buying houses since this investment becomes less profitable.

iii).
Suppose poor people rent houses. Therefore, they care about both rental rate R(h) and the
available supply of h. Initially, rent control will benefit them since housing stock does not
change immediately after the policy but rental price will drop. However, in the long run, the
market adjusts its supply of housing stock, which will increase the rental price. Since the
quantity of housing (demand needs to equal supply) enters into poor people’s utility function,



the decrease in the available housing stock in the market may hurt them eventually. That
is although they would like to consume more housing under cheaper rental price, the supply
of housing may be depressed by the rental control policy.

6 Diminishing or Increasing Returns to Learning-by-
Doing
i).i).iii).
If the firm does not split, the total cost of installing I is Ip(727). If we split the firm into N
identical parts (N > 2), the total cost of installing I is

Y1 I/N I 4
> ) = el

n=1

If p <1, I@(%Nﬁ_l) < [gp(%), so the firm wants to split itself. In fact, the larger N
is, the lower cost of installing new investment.

If =1, Ip(£&NP~1) = Ip(+5), so the firm is indifferent

If 3> 1, Io( NP1 > Ip(+5), so the firm doesn’t want to split.

iv).
Set up the Hamiltonian

1,
% = G_Tt[F(Kt, Lt) — ’l,UtLt — It(l + SO(K—tB))] + )‘t]t
t

First order conditions are

FL = Wt
I, I, I,
M =c¢ rt 1 + L BT et
t [ (P(th) KESO(K{B)]
: I? I
_ -t t / t
_)\t_e [FK+6K]€3+1QP(KE)}
TVC : lim MK, =0
t—o0
Re-write the above with current shadow price ¢;:
FL = Wt
I Ly, I
=1+9(-—5)+—¢(— 3
qt @(KE) KEW(KE) ( )
. [t2 / It
rq — Gt ZFK+5FS@ (K—t@)

TVC : lim e "¢ K; =0
t—00



Equation (3) defines a relationship between ¢ and %:

= hla
with h(1) =0
Finally, we write down the system of differential equations
Kt =K Bh(‘]t)
ha)®

¢ (h(g:))

G =rq — Frx — B—1~

t t Ktl ]
K, = 0 is a flat schedule. As with g: = 0, one can show that j—lq(|(K*,q*) = w < 0.
Qualitatively, the phase diagram (around the steady state) does not depend on whether

B is larger, equal or smaller than 1. See Figure 7 for the phase diagram.

7 Housing

Please refer to your recitation note 2.
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Suggested Solution-Problem Set 2

Yang Jiao*

1 Increasing Savings Rate
a).

% = sfgfkt) —(6+mn)

With Cobb-Douglas production function as specified in the question

k
L SARKT = (0+n)
ke
b).
See Figure 1. There are two stable steady states.

c).

In steady state '
— =sAK* P —(§+n)=0

7|

Then
d+n. 1

SA )=
Substitute the corresponding values to yield £* = 400.

d). Substitute the corresponding values to yield £* = 4900.

e). After receiving the donation, the economy’s capital stock is still below 1000, therefore,
the economy will return to the low steady state.

f). After receiving the donation, the economy’s capital stock is above 1000, therefore,
the economy will converge to the high steady state gradually.

g). Small donations may not be able to push the economy out of their trap since the
economy may need to have a large initial capital stock to converge to a higher steady state.

k= (

2 Diminishing Population Growth Rate
a).

k, 2
— =sAk* — (0 4+n) = —= — (0.08 +
kt S t ( n) \/Ft ( n)

*Please email me if you find errors or typos to yj2279Qcolumbia.edu
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b).c)
See Figure 2. There are two steady states.
d).e)

In steady state
2

— — (0.08 +n) =0
i 0o
When k < 200, n = 0.12, we have k* = 100, and y = Avk* = 100. When k& < 200, n = 0.02,
we have k* = 400, and y = AVE* = 200.
f).
The donation is not able to lift the economy to cross & = 200, therefore, the economy will
return to the low steady state.
g)-
The donation is able to lift the economy to cross k& = 200, therefore, the economy will
converge to the high steady state.

3 Harrod-Domar
a).

See Figure 3.
b).

y = min{ Ak, B}
y/k = min{A, B/k}

ki = smin{ Ak, B} — ok

ke B
= smin{ A, E} -0

f).
See Figure 4. The problem is that there is an excess of capital since in steady state k* > %,
which means Ak* > B. Notice that this economy’s production function is in Leontif form.
In order to produce y = B, the economy doesn’t need to use so much capital. It is going to
be a waste of capital.

g)-
See Figure 5.

%:smin{A,%}—égsA—5<O

The economy will gradually converge to £* = 0.
h).



See Figure 6. When initially &y > %, the economy will converge to k* = % Otherwise, when
ko < %, the economy will stay there.

i).
Yes, In f), there is excess of capital for production. In g), the steady state delivers 0 capital
per capita. In h), steady states are not stable and the economy doesn’t reach its potential
capacity except the point k* = %

4 Inada Or Diminishing Returns
a).
Yes, since

F(AK,\L) = ANK + BO\K)Y*(\L)Y? = \JAK + BK'2L'* = \F(K, L)

b).
Yes, because

8F 1 1 1
o Ay iBK-SIA
ok~ 3 >0

0*F 1 31
ETe = _ZBK 22 <0

c).
No. WhenK—>oo,wegetg—f;—>A7éO
d).

No, since Inada conditions are not fully satisfied.

e).

y= Ak + BVk
f).
i Ak+B B
%:U”T\/E—«Hn) = s+ )= @)
g)-
See Figure 7. There is one stable steady state, and there is no long run growth.
h).

See Figure 8. There is long run growth and in the long run, growth rate converges to
sA—6—n.

i).
sA—(n+9)=0.2>0, the growth rate will converge to 0.2.

j).
No. Let Y = AK + BL, and sA < n+ ¢, then the long run growth rate is zero. (Notice this
production function doesn’t satisfy Inada conditions.)

k).

No. See h). Although diminishing returns to capital is satisfied, we have long run growth.



5 Convexities in the Production Function
Please refer to your recitation note 4: a model with poverty trap. Make sure to move up

and down of the n + ¢ line to discuss all possible cases.
The effective production function is not concave. Large enough donations are possible to
drag the economy out of the trap.
6 Convergence in Solow-Swan with Physical and Hu-
man Capital
a).
Vi = sk — (6 +n) = sele™DIs®) _ (5 4 p)

b).
Since y = k%, we obtain

v, = ayp, = ase@ VIR (5 4 n) = ase’s 198) _ (5 4+ n)

c).

Do the first order approximation.

a—1

vy =0+ as e s logy” (logy —logy™) = (a — 1)(n+ 9)(logy — logy*)

«

Oy

The speed of convergence is §* = —5 = (1 — a)(n +9)
d).
Substitute numbers to yield g* = 0.077

e).

% = s ARTIRT — (5 4-n)

h apn—1

E:shAk R — (6 +n)

f).
y = k*h" implies _ .

v k h
LA = 1
, Ot (1)

From e), we implement the log-linearization

i~ 0+ (a — 1)sp A R log k — log k*] 4 nsp AK** 'h*"[log h — log h*]

Yh = 0+ asp AR log k — log k*] 4 (n — 1)sp AK**h*" ! [log h — log h*]
Substitute steady state properties sy Ak** 'h*" = n+ 4§, Ak**h*"™' = n + 6 to the above



two equations. And then go back to equation (1):
vy = a(a+n—1)(n+06)(log k—log k*)+n(a+n—1)(n+06)(log h—log h*) = (a+n—1)(n+d)(log y—log y*)
So the speed of convergence is

f=(1—-a—mn)(n+46) =0.022

See the textbook page 59, 3 is around 0.015 to 0.03 in the data. The above number
fits well with the data. However, if you doesn’t account for human capital, as in d), you
probably get a too small speed of convergence compared to the data.

g)-

In order to find B, we will run a cross section (different countries) regression of % on o,
where each observation includes a country’s initial log(yo) and a country’s average growth
rate % through years.

Possible econometric issues: 1) Omitted variables issue: one needs to control for country
heterogeneity in order to avoid biased estimates of speed of convergence. 2)Measurement
error: e.g. measurement error in y, and y appears on both sides of the regression (% on
the left and logyy on the right, estimate (X'X)~'X’y will be biased if we have correlated
measurement error for X and y ). It will bias the estimate. 3) Reverse causality: higher
growth leads to higher level of log(yo), which will make the estimate of 8 downward biased
4)One can also cover the importance of accounting for human capital in the discussion.
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Suggested Solution-Problem Set 3

Yang Jiao*

1 Increasing Savings Rate
a).
Set up the Hamiltonian

= —1
I = eiptﬁ + )\t(Akt — Ct — (5]%)

F.O.C.s are
e Plert =\
Arkr =0
b).
The first two conditions imply
G A-d—p
C N 0

The budget constraint is '
kt = (A — 5)kt — Ct

See Figure 1 for phase diagram.

c).

Solving the two equations in b), we have

A*E*pt
Ct = (g€ 0

_ o A—0—py (A—8)t
k —
S A —la—s—p° = TV

We have kg and k7 = 0 to determine ¢y and ).

Co

ko =
P A A=0-)p)

+ 1

CO A—5—p

"7 T 4 el =

*Please email me if you find errors or typos to yj2279@columbia.edu
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Then the solution to ¢ is

o g(A—=0d—p)—(A-9)
07 " E(A=s-p)—(A-OT _ 1

ko

1
ki
el§(A=6—p)—(A-9)T _ 1) 0

v=(1+

No matter whether A —§ > 2(A—&—p)or A—8 < 3(A—6—p), ¢ is decreasing in 7.

When A increases, ¢y will decrease, so that the econoy can take more time to finally reach
the vertical axis.

Now assume A —§ > (A — 8 — p) = 7, which is consistent with the assumption in class.

d). When 7' — oo, we get ¢g — [A — 8§ — 5(A— 0 — p)|ko, » — 0, and k; — T We
go to the AK model with permanent consumption growth.

2 Spending and Taxes in the Neoclassical Model
i).
Set up the Hamiltonian

1-6
-1

= —(p—n)t G
‘ 1—0

+M((L=T7)Ak} — 1, — ¢ — (0 +n)ky + 11)
F.O.C.s are
e’(”’”)tct’a =N
N = (1= 7)dkd™t =5 —n)\,
lim Ak =0
t—o0
ii)
The first two equations above give

Ct

[(1 = 7)aAki™ — p—0)]

Sl

Ct
Additionally, the budget constraint is
k}t =(1—-1)Ak} — 1, —cc — (n+0)ky + 14
Set ¢; = 0 and k.;t = 0 to obtain the two loci
=1 —7)Ak — 71, — (0 +n)ki + 1y

p+o 1
"l

See Figure 2 for phase diagram.
iii).

Both loci will shift. See Figure 3 for dynamics.



iv).
k = 0 schedule will shift down. See Figure 4 for dynamics.
V).
If the government rebates taxes, the law of motion of capital is

k}t = Ak? — Ct — (5—1—71)/{:,5

Change in tax rates will not affect k& = 0 line. The reason is that now when rebating taxes,
the aggregate resource constraint will not be affected by taxes.

So repeat iii), we find that only ¢; = 0 line shift leftward now. Repeat iv), both loci will
not shift.

3 Bicycles
a).
Et:Ak?—Ct—bt—nkt

b).
Set up the Hamiltonian

/b ")~
1—-46

A = e~ dt + M (AkY — by — o — (6 + n)ky + 1)

F.O.C.s are
e B/ b e =
e P18 ()b )b T =\,
_);t = (@Akta_l — n))\t

lim )\tk't =0
t—o00

a_ B
by 1-—0
d).
S _ oAk — p)

e).

Use result from c) to eliminate b; in the capital accumulation equation to yield

. Ct

— nk:t

£).



Let ¢, = 0 and k, = 0 respectively:

_ (P
k_(OZA)
c = B(AKY — nk)

See Figure 5 for phase diagram. There is no long run growth because of the diminishing
returns to scale of capital.

g)-
The Euler equation now shows

by ¢ 1

R

i)
When A > p, there is long run growth.

h).

k}t:Akjg(]_—T)—Ct—nkt

5b1—6)1—9 -1
W = —(p—n)t (Ct t
¢ 1—0

dt + At((]- — T)Ak? — Ct — (5 + n)kt + Vt)

F.O.C.s are
e Bl ) e 0 = A

A = (a(l = 7)AKST —n)\,
lim )\tkt =0
t—o0
j)-
bt = TAICta
1).
The act ensures the choice of bicycles to be consistent with the optimal allocation between

¢; and b; without government policy.
ét 1 a—1
&~ St -k = p)

Ct
h:AW—%—Mt

Now compare with the case without government policy, we have an additional (1 —7) in
the Fuler Equation.

n).
The aformentioned new tax term will shift ¢; = 0 to the left. See Figure 6. We won’t have
long run growth due to the diminishing returns to capital, either.

0).

As long as A(1 — 7) > p, we still have long run growth. But the constant growth rate is



smaller due to the tax.

p).
No. Tax here is distortionary and welfare is decreased. The case without government policy
is in fact equivalent to the social planner problem thus achieves the highest welfare.

q)-
The same as in a). Therefore, r).s).t).u). follow as well.

V).
The proportional tax distorts people’s behavior of saving.

4 Growth and Externalities
i).

aK* LYK =1 4§

a(l — )KL K" = w

1-6 1

H = e_pt—ct _

1_ 0 + )\t(?”tat — Wy — Ct)

First order conditions are
M\ = e Pt
_);t =T\
lim )\tat =0
t—o0

iii).

FI‘OHl a), ]{5 = (1'7;)%.
Euler equation

Cy

[aL"kmet — 5 — p]

Syl

.t = kt04+77L77 — Ct — 6kt

iv).
See Figure 7. There is a steady state which is saddle path stable.
v).
Follow the saddle path to track the dynamics. The growth rate in the long run is 0.
vi).
Not really. The whole economy still display diminishing returns to scale of capital.
vii).
The ¢; = 0 schedule will shift rightward while k, = 0 will shift up. So both k£* and ¢* go up
as 1) increases.
viii).



k* and ¢* go to infinity as a + n approaches 1.
ix).

Firms don’t internalize the externality of their investment on other firms, therefore, they
in fact underinvest relative to the optimal solution.
One can show that the social planner’s problem gives the following Euler equation

1
6

Gt

Cy

(a4 mI? =5~ g = 5[~ 5 —p] > 5[l ~ 5 )

| =

Therefore, social planner is going to enjoy a strictly higher growth rate.
Therefore, a subsidy on capital is possible to achieve the optimality. Impose a propor-
tional subsidy 7; on capital.

Y,
a— +T7 =1+ 0
K, o

Let 7, = 77%, then

Y,
K,
which is the social planner’s first order condition for K. Therefore, this capital subsidy can
implement the social planner solution.

(a+n)—=r+9
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Suggested Solution-Problem Set 4

Yang Jiao*

1 Human Capital
a).

Define z = k + h and set up the Hamiltonian
1-0 _ 4

A O e A

1—9 + /\t(Ak?(Zt - kt)ﬁﬂt“ - ((5 + n)Zt - Ct)

F.O.C.s are
e_(”_")tct_e =\

t
@Atk?_l(zt — kt)’gﬂt# = ﬂAtkta(Z’t — kt)ﬁ_lﬁtu
—Xt = (BAtk?(Zt — kt)ﬁilﬂt“ -0 — n))\t
lim )\tzt =0
t—00

Substitute z; by k; + h; of the above conditions:

e’(p’”)tct’a =\
ahy = Pk
N = (BAKR ! — 6 —n)\
Lim Ay(ke + he) = 0
b).

There is a typo in the question. k should be h.
From a), we have Euler equation

6 1 B
& ARyt )

Ct a
and law of motion of capital

(1+ B/a)k, = (g)wﬁAktaw“ —(0+n)(1+B/a)k —a

Since o + 8+ p < 1, we will have a steady state and the long run growth rate is 0.

*Please email me if you find errors or typos to yj2279@columbia.edu
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c).
See Figure 1.
d). First let h = h and z = k + h. Then set up the Hamiltonian

-1

H = e (Pt
c 1—0

+ )\t(Akf?(Zt — k’t)ﬁ—’—u — (6 + n)Zt — Ct)

Derive F.O.C.s and substitute z by k& + h to yield:

e_(”_”)tct_e =N

ahy = (B + p)k:
=X = ((B+m AR =5 —n)),
lim )\t(k;t -+ ht) =0
t—00
We have Euler equation

¢ 1 B+ 1,0t Btu—
o= gl (= Ey T )

and law of motion of capital

(14 (84wl = (TR A8 (54 m) (14 (8 4 ) ke — c

The social planner problem is not the same as the decentralized case. And one can check
that social planner gives higher steady state consumption and capital.

e).

In decentralized case,

¢ 1 6] _
2 ZJA Mp+B-1 -5
R
which is the growth rate.
f).
For social planner,
¢ 1

&l g

which displays higher growth rate than the decentralized case.

2 R&D Model with Intermediate Capital Goods
a).

N N
max AL'™* > kS, —w L — Y Ry
j=1 j=1
F.O.C.s are v
wy=(1—a)=

L
2



Ry = AL kS
b)
Set up the Hamiltonian
jf = e_rt(aALl_ak?t — Hljt) + ujt[jt
F.O.Cs
efrte — /'th
_M]t — G_TtOéQALl_ak']o-;;l

c).

qjt = eTthu so q = 0.

d).

. (OZQALlfa)%
e r0
So rental rate is also constant by the second equation in a)

. ro
Rjt - E

e).

If n <V, firms will invest in R&D. When there is positive entry of R&D, n = V. Since k

is a constant, we know that I = k = 0.

V = —0k* + / T et Rt = AYO=0) [/ (1-e)gma/1-a) g2/ =) (1/a - 1)
0

and V =n.

Note up to now, we implicitly assume interest rate r; is a constant and we will verify

later.

).

Assume the CIES parameter is o (to distinguish from the above 0).
+o00 l—0o
/ e—ptudt

Cit = th + riay — Ct

s.t.
g).h).
It is quite standard. I directly write down the Euler equation

1 [ALl—ae—aom/a — 1)l
- o nlfa

C/C = ~(r )



+o0 l—o 1
/ €_ptCt1Tdt (3)
0

Ny Ny
NN, + Cy = ALY kS, =) 01,
j=1 j=1

s.t.

kjt - I]t
Set up the Hamiltonian
o= _1 1 Ny Ny Nt
e—pttlet + )\t—(ALl_a Z k;é - Z Qljt - Ot) + Z /vL]tht
n j=1 j=1 j=1
F.O.Csw.rt. C, I, kand N:
A =e PCr°
At
;9 = Hjt

. 1 oo

. AL A
—At = Tkﬁ)\t - #ijt + pjele

Combine the second and third equation to generate i—i

_'/\t

kjt = Al/(l_a)Lal/(l_a)e_l/(l_a)[
At

]—1/(1—04)

For the fourth equation of the F.O.C.s above, notice the last two terms on the right hand
side cancel out. Therefore,

-\ AL
P
The above two equations pin down i—i and kj;.
A
_ M ALlfaaaefa/nlfa
At

The first equation of F.O.C.s still give us the growthr rate of consumption

s 1 _>\ 1 —a, ap—o —a
Ot/Ct:;[A—tt—p]: [AL'= a0~ /n'~* — p]

g



It is larger than the decentralized case, since a® > a®a(l — a)!™* = QQ(ITTO‘PQ)

j)-
Subsidy to the monopolistic R&D firms’ production.

k).
No. Because the marginal cost and marginal benefit of these monopolistic firms are still not
equalized. There is still under provision of R&D firms’ good.

3 R&D and the Human Component of Research
a).

p is subjective discount factor. 6 is the inverse of the elasticity of intertemporal substitution.
b).
Set up the Hamiltonian

1-0

-1
H = G_Ptctl—edt + )\t(rtat + wy — Ct)
F.O0.C.s are
N = e Pt
A
t
c).
Ny
max Y; Zpgt%t wy Ly
j=1
F.O.C.s are v
w = (1—a)-
= (1=
Pt = aALtl_o‘x?t_l
d).

maxp;r; — Iy
pj
0.471
j
The solution is standard constant markup p; = 1/a and z; = o= AV A=) [ profit

T = (1/a — 1)/ A=) AV A=),
e).

where p; = a ALz

Ny
Y, = AL Z x]qz _ Al/(lfa)CKQa/(lfa)LNt
j=1



Labor share is a constant fraction of final output
w L = (1 —-a)Y;

thus
wy = (1 . Q)Al/(l_a)aga/(l_a)Nt

f).
If firm value 7; ftoo e~ Jomduds > w,é, there will be new R&D entry until they are equalized.

g)-
Free entry condition V; = 7; ftoo e~ Jorududs — ¢
h).
In the market asset La; = ¢w;N;. No arbitrage condition means

m; + Vi T N,
Ty = J i = J -+ _t
Vi pwy Ny
It is not constant.

i).

From households problem, we still have Euler equation

ét . 1 1 7Tj Nt

Then we substitute w; from e). to the above equation.

¢ 1 1 i N
P AV L R A A

Another equation comes from
Cit = TriQ¢ + Wy — C
i.e.
at/ay =1+ wefar — crfa

Since we have La; = ¢w; Ny, and then take r; from h). and w; from e)., we will have
another equation with only ¢; and N;.

L

: . 7Tj 1 . B 5
2Ni/N; = [¢(1 — ) A (=a)g2a/(i=a) + L/¢IN; " + N/ Ny Ct¢(1 ) AV ) g2a/ () N,
ie.
NN, = | " FLJGINT ¢ L N2
(1 — a) Al/(-a) q2a/(1-a) t "o(1 — a) A/ (—a)g2a/(i=a)



Substitute the above back to the Euler equation

6 1 1 m
o g(rt —p) = 5(¢(1 ~ ) Al/(—a) g2a/(1=a)

Ty
¢(1 _ a)Al/(l—a)a2a/(1—a)
L 2
o(1 — o) Al/(—a)g2a/(1—a) Ny =p)

N7+

+

L/¢IN; " =«

Let N, = 0,¢, = 0, one can get a solution (N*, ¢*) > 0, which means there is a non-trivial
steady state. Therefore, there is no long run growth.

The intuition is as the economy grows, wage also grows, which increases the cost of R&D.
This rising R&D cost will drag down the growth rate.

j)-
It is not optimal. There is monopoly power of R&D firms. The policy to correct this
distortion is to subsidize the production of intermediate inputs to resolve the under provision
problem of these firms.

Alternative R&D Cost: Remember there is a linear relationship between w and NV,
see e). Now the cost to R&D would be w¢/N, which is again a constant. In this case, we
will have long run growth as the standard model we learned in class.

4 Public Services, Public Investment and Growth

A.i).
The marginal cost of government spending should be the marginal benefit of the government
spending.

MPG =1
le.
(I-a)y/g=1—=7=g/ly=1-qa

A.i.).
In decentralized case, the proportional tax distorts firms behavior. While social planner
internalizes this distortion, individual firms don’t.

B.i.).
p is subjective discount factor. 6 is the inverse of the elasticity of intertemporal substitution.
A larger p means agents weigh less of the future consumption. A larger § means a larger
incentive to smooth consumption across time.

To make # = 1 well defined and correspond to log-utility.

B.ii.).iii).iv). v).
(I solve the problem by picking up ¢, k, g and 7, otherwise, the problem seems very compli-
cated. If one can only pick up ¢, k, g, then one cannot combine the two constraints.)

Define z; = g; + k;. Sum the two budget constraint to get

Z:'t = Ak?htl_a — Ct — (SZt

(Why can we combine the two constraints when we are allowed to pick up 7,7 Intuitively, if
one can adjust 7;, that means one can freely transform physical capital to public service or the
reverse. More formally and strictly, first, combining the two constraints to one constraint will



for sure deliver higher welfare. Second, one can pick up 7 finally such that 7, = g.”;# where
the right hand side variables are given by the solution with combining the two constraints,
which means the economy can in fact achieve the solution with combining the two constraints,
given below. Then we conclude the solution is equivalent by using one combined constraint
or with two constraints once we are allowed to pick up 7;.)

Setup the Hamiltonian

= -1
H = €_ptt1—0 + )\t[Akg(Zt - kt)l_a — Ct — (SZt]
F.O.Cs
e’ptcfe =N\
OéAkta_l(Zt — kt)l_a = (]_ — oz)Akf(zt — l{?t)_a
—ﬁ = (1 — Oé)Ak:ta(Zt — kft)_a — 5

At
and TVC.
Solving the above to yield ag; = (1 — a)k; and Euler equation

1 a) A5

a0 A P

There is long run growth. The economy will immediately jump to agy = (1 — a)kg and
we have a constant growth rate from that point on. After the earthquake, the growth rate
remains but starts from a lower level since consumption is proportional to capital stock.

C.i.).ii).iii).iv).v).vi)

There may be different interpretations about what this question means. Here is my under-
standing. If you have better interpretation, please let me know.

Write down the constraints first

k}t =Ty — ¢ — Oky = (1 - Tt)l_agt_nAk?gtl_a — ¢t — Ok (4)
. ~ gt a a l—«
G = Tely — 0gr = Tt(l{:—t) Ak?t g9y  — dgy (5)

where 7 = (1 — 7)17®¢g™". We solve the equilibrium by choosing c;, ki, g, Tt
Setup the Hamiltonian for the social planner:

1-0 _ 4

C - —Q « (6% —Q
H = e F N[ =) g AR g — o= Ok + ut[n(%) Ak g™ — dg.]
- t
First order conditions are: )
&1, N



A =0=XN(1—a)(l—m7)*(—1)Ak{ gt T+ wAg (7)

M= =N = N (1 — ) AR g, T = 6) (8)
Hy=—tis =M1 —a—=n)(1 = 7)' " Akg, " + p(mA - 8) (9)
In equation (9), substitute A\; by using equation (7) to obtain
i l—a-—

In steady state, 7 is a constant. Therefore, i, grows at a constant rate in steady state.
% =1;A— 0 is also a constant. One can guess that in steady state 7A = ¢ so that there
is a steady state value of g; = ¢g*. Then equation (4), (6) and (8) give a steady state for ¢*

and k*, just as a standard Ramsey model. Note that equation (6) and (8) already show that
in steady state —’\t = p. Go back to equation (7), we know in steady state

A
A Ht
That is, parameter values have to satisfy
l—a—n

p T o (1-—7)A+T7 )

5
where 7 = T

But suppose -=2=2(1 — 7)A+7A > p+ 6, then from the above, we see that cannot have
a steady state featurlng c*, k*, g* and 7. We conclude that in steady state g; grows at a
constant rate not equal to 0.

Equation (4), (6) and (8) effectively describe a standard Ramsey model with constant
growth rate of technology.

l{}t = (1 — T)liagtliainAk'ta — Ct — (Wft (11)
Q¢ 1, N
D SRR AL 12
R vtat) (12)
A.t 11— 1—a— np.oa—1
-y = a(l —71) "%Ag, k" —06 (13)
t

l—a—n

Define B; = g, " , which will grow at a constant rate v = :22=1(7A — ). Denote variable
7y = gk, The above system can be re-written as
t

ey = (1 —7) 7 ARY — & — (6 4 )k (14)
: 1
Ly =s(a(l - ) Ak - p - 0) (15)
Ct 0



Therefore, ky and &, will display a constant steady state while ¢; and k; grow at a rate of ~.
In order to nail down steady state 7, one only needs to go back to equation (7), which
says the growth rate of \;B; is equal to the growth rate of y,g;.
The model will display transitional dynamics. After an earthquake, the economy will
gradually accumulate capital (in terms of k) by reducing consumption. (Intuitively, tax
rate should also decrease in order to quickly recover physical capital stock.)

5 Two Sector Growth
a).

00 1-6
_.C —1
max/ et —dt
0

1—-6
s.t. .
Cy = 14(’&75]@)oakf#y
]i}t = B(l — Ut)kt — (n + (S)k't
b).
Set up the Hamiltonian
tcg_g -1 )
% =e” ﬁ + ,ut[A(utkt)o‘k:t — Ct] + /\t[B(]- — ut)kt — (5](3,5]
F.O.Cs
e = e e’
[I/tOéA(Utk't)ailk'tl;';ﬂ = )\tBkt
_);t = )\tB<]. - Ut) + MtAOé(Utkt>a_1]%Zbut — (5At
and TVC

hm )\tk't =0
t—o00

c).
The steady state growth rate of u, should be 0 because u; € [0, 1], so it cannot have long
run growth rate, i.e. u; has a steady state value u*.

In equilibrium £ = k£, so

Ct = A(Utkt>a]%;p = A(Utkt>akzp

Since u; = u* in steady state,
The growth rate _
afer=(a+V)k/ky

When o + 1 = 1, they are identical.
d).

10



From F.O.C.s in b), we get

i .
Gfer = 5[—/%//% 4
When a4+ 1 = 1, we obtain from the third equation in the F.O.C.s:
);t e
—— =Bl —u") + Aau™*—= —§
N (1—u")+ Aau N

Since \; grows at a constant rate in steady state, then u,/\; has to be a constant from
the equation above, which means they have the same growth rate.

e).

Denote z = ’;\‘—z, so the growth rate of consumption

te = dufec = glosinfin — ol = 51K/ A~ o] = {IBU ) + Aau®z — 8] — p)

Notice that the law of motion of capital in fact gives the steady state growth rate of the
economy.

f).
Additionally, the second equation of F.O.C.s in b) tells us

B
L= aAu*a—l

Substitute the above to the 7. equation and let 7. = 7 to finally solve u*.

And growth rate of consumption and capital follow.

g)-
Social planner takes the externality into consideration. The solution steps are similar to the
above.

Check that the growth rate of social planner should be larger than the decentralized case.

6 Human Capital and Adjustment Costs
a).

+oo
max / e "MAKYH" — Iy — Iy (1 + @)]dt
0

Iy, Iy, H K

s.t. ‘
Ky = Iy — 0 Ky

Hy = Iy — 6y H,

11



lime K >0

t—o00

lim e H > 0

t—00
b).
Set up the Hamiltonian

2
%ze_rt[AKaHn—IK—]H gﬁH]—i‘/\(IK—(;KK)—F,M(]H—&qH)
F.O0.C.s are
e—rt — )\t
1
_rt(l _|_ Cﬁ) — ,Ut
t
X\ = e " AKCTVH — MO
— iy = e—rtnAKaHn—l _ Ht(SH + e—rtC Ht
Lo 2 H?
and TVC
lim \K; =0
t—o00

lim p,Hy =0
t—o0
c).

The current shadow value of physical capital is p; = \;e”"™ = 1. Then the relationship
between K and H follows from the third equation of F.O.C.s.

aA R

K: mHlia
(7“+(5K) t

The current value of human capital is ¢; = 1 + (- IHt By eliminating K, we also have the
following law of motion of ¢,

I? oA 1 atn-1 ¢
;5 = (r+0u)a = nA(- :

G = (r+06u)q —nAKFH] ™ — g
d).
a+n < 1, it is saddle path stable. See Figure 2.
e).f).g).

To describe the behavior of variables, it is recommended to track the dynamics on the phase
diagram and also plot time series for each variable of interest, starting from the steady state.

12






The Neoclassical Growth Model

Macroeconomic Analysis Recitation 6

Yang Jiao*

1 Log-linearization

The idea of log-linearization is to look at the percentage change (log-change) of a vari-
able in response to other variables in terms of percentage change as well around a small
neighborhood of some state (usually steady state).

y=f(x1, .. Tn) (1)

Then first order expansion is

Log(y) — log(y ngfi,_, 5t - llog(a) = log ;)] 2)

Denote log-change as & = log(x) — log(z*), the above becomes

. Lo .. . .
Note the coefficient 8—) cxl = gllg’gg a{ |+ is in fact elasticity.

f( 17
Useful formulas to remember (derived based on the equation above)

a = 0, where a is a constant.

—

ar = T, where a is a constant.

TY=a+9
7% = i, where « is a constant.
— r* vy
THy= ot s
— A vyt

8
I
<
I
I

T* — *I T — *
Y Y

*Please email me if you find errors or typos to yj2279@columbia.edu. All comments and suggestions are
welcome and appreciated.



Examples
(1) Neoclassical production function Y; = A, KN}~

}A/t:At—FOé[A(t—{—(l—OZ)Nt
(2) Resource constraint Y; = C; + I;:

e

I*
Y, =

Y*ét + Wft

(3) Capital accumulation: K;.q = (1 —0)K; + I

. 1—90)K* » I .
t+1:%f(t+ﬁ]t

That is X ) R
Kt+1 - (1 — 5)Kt "‘ 5[t

4) Consumption Euler equation: C; 7 = fR,C..%:
t t+1
_Uét = Rt - Uét-‘rl

which implies

A A 1
Ciy1 — Cr = —Ry
o
where the left hand side is consumption growth rate. Since gross interest rate R =1+ T,
then log R; — log R* = log(1 + r;) — log(1 + 7*) = r, — r*. Therefore,

A A 1
Ct+1 — Ct = —(Tt - T*)
g

2 Neoclassical Growth Model

In this section, we will learn to use log-linearization in a simple neoclassical growth model
without uncertainty. In contrast with what we learned in the first half semester in continuous
time where labor is fixed, now we study in discrete time framework and introduce endogenous
labor supply.

2.1 Model Setup

The problem is setup as the following social planner problem:

+o0
max ) Z Btu(ct, Ly)
t=0

{Ct,L¢,Y1,It, Kt 1,N¢

s.t.
Lt + Nt - 1

Ci+1, =Y,



Kt+1 — (1 - 5)Kt + -[t
Y, = F(Ky, Ny)
0< Ly Ny <10 >0, K10 >0
given Kj.
Utility is an increasing function of consumption C; and leisure L;. The first constraint is
the allocation of aggregate time (which is normalized to 1) between leisure and work. The
second constraint is resource constraint. The third constraint is capital accumulation. The

fourth constraint is production function which shall be neoclassical.
By substituting y,, I;, C; and L;, the above problem can be re-written as

+0o0
YW(F(K, N,) + (1 — 8K, — Ky 1— N,
{Kﬁ?ﬁt}gﬂu( (B, Ne) + (1 = )& = Ko, !

First order conditions w.r.t. K;; and N; give the following equilibrium conditions:

—ue(Cr, 1 = Ny) + B (ue(Crpr, 1 = Neg) [Fie (K1, Neg1) +1—6]) =0 (3)
— UZ(Ot, 1— Nt) + UC(Cta 1-— Nt)Fn(Kt7 Nt) =0 (4)
where
Ct == F(Kt, Nt) + (1 - 5)Kt - KtJrl (5)
The transversality condition is
lim 8%u.(Cr,1— Np)Kry1 =0 (6)
T—4o00

Equation (3) is similar to Euler equation in a decentralized economy except that R,
is substituted by Fj (K11, Nyr1) + 1 — d. It captures the intertemporal tradeoff between
consuming today and invest in the capital good for consumption tomorrow. Equation (4) is
a static tradeoff between consumption good or leisure, where F),(K;, N;) is the opportunity
cost of enjoying leisure instead of produce. Equation (5) is just resource constraint. Finally,
the transversality condition will guarantee the economy is on the saddle path.

2.2 Steady State

In steady state, Ci, I;,Y;, K1, Ny, Ly are all constants. Use * to denote steady state
variables. From equation (3),(4) and (5), we obtain

1
Fu(K*N)=> —1+6

B
* *\ UZ(O*al_N*)
BN = e i= v

C* + 6K* = F(K*, N*)



Those three equations uniquely pin down C*, K* N*. As with other steady state variables
I*,Y* L*, they are just functions of C*, K*, N*.

2.3 Log-linearization

2.3.1 Equation (3)

For equation (3), rewrite it as
U’C(Cta 1 - Nt) = /B (uc(ot—i-h 1- Nt—l—l)[Fk(Kt—i—l) Nt+1) +1- 5])
Then we get

1/8—1+6
1/8

where &, is the elasticity of marginal utility of a with respect to b, evaluated at steady state
(a,b=c or 1) and 1, is the elasticity of marginal product of a with respect to b, evaluated
at steady state (a,b=k or n). For instance, n, = dk’%gﬁmkm ~n+)- Recall why we have
elasticity in the log-linearization.

We can derive further for the above equation to

fccét + gcl1 - Nt = fccét+1 + fcl1 - Nt+1 + [nantJrl + nkkf(tJrl]

N* N* “ ~
gccot é.cl gccct-&—l écl Nt+1 + []- - B(l - 5)] [nant—l-l + T]kth-l—l] (7)

2.3.2 Equation (4)

We then rewrite equation (4) as

Ul(Ct, 1— Nt)

F. (K Ny) = ————m—=
n( ty t) uc(Ct’l—Nt)

which means X R R . R -
Mkt 4+ Nn Ny = §cCr + Eil — Ny — E.Cr — Eal — Ny

that is

* *

N
fccCt + fcl _N* N (8>

Notice that the above equation is all about time ¢ Varlables. This result is not surprising as
it is derived from a static labor supply choice problem.

nnkf(t + nnnNt = élcét - fll 1

2.3.3 Equation (5)

Equation (5) is resource constraint

Ct + Kt+1 - (]_ - 5)Kt — F(Kt, Nt)



Log-linearizing both sides, we obtain

(G K* . (1 —-0)K* » N .

—C+ —Kjpy — ———K; = o K, + ag N,

yr ot e v t = Qpiyy T QpcdVt
where oy = %\(K* N+ and ap = %W](K* ~n+)- One can show under constant
returns to scale for F(K,N), we have ax + o = 1. Denote a = ag. s. = g— and
S; = {/— = 55:. The above equation is equivalent to the following

A S; ~ 1-— 5 S; » ~ ~
SCCt_'_gKH*l_(T)Kt:<1_a>Kt+aNt (9)

2.3.4 First Order Linear System

These three equations contain three variables C , N , K. We also have initial condition KO
and the transversality condition. Note in equation (8), there are only time ¢ variables, so we
can substitute N, (and also Ny,) in equation (7) and (9) by using equation (8). Then we
are left with only variables C and K. It is a linear system, we can write a first order system

Kt+1) (m)
=Wl 10
(Ct—i-l Ct (10
given Ky and TVC has to be satisfied.

Do a decomposition of matrix W: W = PAP~!, where

(M O
=0 ”
One can find usually one eigenvalue satisfies |A;| > 1 and the other eigenvalue satisfies

|A2| < 1 (this is not always true, but in this model, most of the time, you will find so).
Then multiply both sides of equation (11) by P~

_ KtJrl )\1 0 _ f(t
P . = P .
(en) = (0 %) (&)
K, (K,
=P ~ .
(&)=7(&)
Kt-i—l (M0 I:(t _ A0 I:(O
ém BRI c,) L0 /\”1 Co

_ Note that [A\;] > 1, in order to guarantee that TVC is not violated. We must require
Ky = 0. From the deﬁmtlon of Ky, we know it is a linear combination of Ky and C,. Denote

Define

We arrive at



f(o = alf(o + agé’o. Then we get the decision rule:

a1 ~
Co = ——Ky
a2
This logic applies to any time ¢t > 0, so
a1 ~
C,=——K,
a2
As with th since [A(tH = wnf(t + wlgé't and we already have ét = —Z—;R’t, then we get

the decision rule of Kt+1 as a function of Kt. The whole transitional dynamics is solved now:
it corresponds to the saddle path similar to what we learned in the first half of the semester.
Another quick way to get the solution follows undetermined coefficients procedure. We
understand we are trying to solve a linear system so the solution has to satisfy the form
KtH = ¢1Kt and ét = @f(g then we plug these two formulas to equation (10) to obtain

( ¢1 )Ks _ (wn + w12¢2) K,
G291 Wa1 + Waa2
Lastly, comparing coefficients and pick up the solution which satisfies TVC. In order to

return to steady state in order not to violate TVC, we will in fact pick up the solution with
1] < 1.



The Real Business Cycle Model

Macroeconomic Analysis Recitation 7

Yang Jiao*

1 Balanced Growth Preferences

Before we move to real business cycle models, we first would like to know what kind of
preferences on consumption and leisure (or hours worked) are consistent with long run growth
facts, despite that we aim at short run fluctuations. Recall that we proved in recitation 3
that under certain conditions, production function has to be labor-augmented form. We
denote the neoclassical production function as Y; = H(K;, X;N;), where K, is capital, N, is
labor and X, is labor productivity. Suppose growth rate of capital stock vx is equal to the
growth rate of labor productivity vx and NV, is a constant. Then it is easy to verify that
Yy = Yo = Yx = V1 = Vi, denoted as v. Now we will try to derive the functional form for
preference u(C, L).

First, the following Euler equation should hold

uc<Ct7 Lt)
Ue(Cig1, Liy)

where 7; is the interest rate. It satisfies the following equation

=61+ (1)

ry = Hk<Kta NtXt) -0

Note that H is constant returns to scale, so Hy and H, are both homogeneous of degree
0. As K; grows at rate v and N, X; also grows at rate v, we know that r, is a constant.
Therefore, rewrite the Euler equation as

uc(Cy, L) = B(1 + r)uc((1 +7)Cy, L) (2)

Take derivative with respect to Cy, we arrive at
Uee(Cry L) = B(L+1)uee((1 +7)Cy, L) (1 +7) (3)

Divide equation (3)*C} by equation (2), we get

ucc(Cta L)Ct _ ucc<Ct+17 L)Ct+1
Uc(Ot, L) Uc(0t+1, L) '

*Please email me if you find errors or typos to yj2279@columbia.edu. All comments and suggestions are
welcome and appreciated.



It implies that % is a constant, that is

ue(C,L)C
i) " (4)

where o represents a constant number.

Secondly, wage Wy = X, H, (K, X;N;) grows at rate v as well. Since C; also grows at
rate v, we conclude that W; = aC}, where a is a constant number. Labor supply decision
gives the following

N UZ(Ct, L)
Wt - Uc(Ct, L)
Then
Ul(Ct, L) = aC’tuc(C’t, L) (5)
Take derivative with respect to Cy:
ue(Cy, L) = auc(Cy, L) 4+ Craue(Cy, L) (6)

Divide equation (6)*C} by equation (5), we get
ucl(CtvL)Ct -1 + ucc<Ct7L)Ct

UI(Ct, L) - 'U/C(Ct, L)
It implies that
Ud(C, L>C
S
ul(cv L) 7 (7)

Combining equation (4) and (7) to get the following King-Plosser-Rebelo preferences

B Cu(L) o#1
u(C,L)—{ logC+wv(L) o=1

2 Balanced Growth Preferences and Hours Worked

Given that we have King-Plosser-Rebelo preferences, which satisfies long run growth
facts, we also would like to ask whether they are also able to capture short run fluctuations.
Consider a representative worker’s problem

+00
E bu(Cy, L
032, Bo D Fu(Ci L)
s.t. budget constraint

Co+ A =Wi(1 = L) + (1 4+ 1) A,

where A, is asset and r; is return on asset. Note that we have used total hours of a worker
is normalized to 1. Denoting \; as the Lagrangian multiplier of the budget constraint, one
can derive the following

uc(Ctth) =N\



and

UZ(Ct, Lt)

/4
uo(Cy, Ly) !

These two equations deliver
ul(Ct7 Lt) =MW

For instance, if we use the following BGP preference

u(C, L) =log Cy — Vﬁ(l - Lt)H%

with € > 0, the labor supply equation becomes
Nt - 1 - Lt — W;)\;

In a recession, usually hours worked drop a lot. The above equation shows that there
are two forces that can determine hours worked. One is wage, if wage goes down, hours
worked goes down (substitution effect). The other is related to consumption, if consumption
goes down, that is A; goes up, hours worked increases (income effect). The second force
offsets part of hours worked drop, so this BGP preferences can hardly generate realistic
hours worked fluctuations as in the data. GHH preferences are often used in business cycle
studies to address this problem:

u(Cy, Ny) = U(Cy — v(Ny))

One can check that GHH preferences eliminate income effect so that labor supply only moves
with wage. Admittedly, this is not a perfect way to capture labor market dynamics because
in the data real wage doesn’t move much, so even if we are only left with substitution effect
of labor supply, we are not able to generate very volatile hours worked. We will move to
search and match models in the future to address how to generate more volatile labor market
response (by capturing unemployment dynamics as in the data, hours worked dynamics are
largely driven by extensive margin instead of intensive margin.)

3 Balanced Growth Path

In this section, we will dive into how to deal with both long run growth and short run
dynamics. In addition to labor productivity growth, as in your problem set 2, I will also
include investment specific technology progress to keep the framework more general first:

K1 =(1=90)K,+ Vi1 (8)
where V; represents investment specific technology. The production function is Cobb-Douglas
Yi = AK; (X Ny)® (9)

In a closed economy without government spending, the market clearing condition is

Y, =C, + I, (10)



The social planner’s problem is

+00
1 -0)K; — K
max tu(F (K, N, —1—( +,1—N
{KtJrl,Nt};/B (F (K, Ny) v, t)

given K. First order conditions:

UC(Ct7 1-— Nt) |: < Kt+1 _ 1-— 5>:|
Sk Bl 7/ (Cri1, 1= N 1—a)A ¢4 11
V. B uc(Cra 1) | ( ) (Xt+1Nt+1> Vier (11)
B K .
U/l(ct, 1 — Nt) = U/C(Ct,l — Nt)aA(X N ) (12>
tivt

where
(1—-08)K; — Ky

Vi
The first question we face is how to transform the non-stationary variables into stationary

variables. How to reasonable guess the growth rates? We still use v to denote growth rate.
On the balanced growth path (short run dynamics shut down), equation (9) suggests

Cy = AK! (X N)™ +

(13)

(T+9y) = (1 +7x)" (1 +x)"

Equation (8) can be written as

Ki LV,
— 154 2
K, K

which implies I;V; has to grow at the same rate as K;, so

Lty = (L) (1 +w)
and finally equation (10) tells that we can further guess
Ty ="Yc =7r1-

Solving the relationship between growth rates, we have

11—«

I+yw=1+vw=1+y=0+v%)1+w) =

and

Q-

L+ = (1+9x)(1+w)
1—a
Therefore, define S; = X;V, © and re-define variables

Y: Cy I K

=—c=— 0t = =, k11 = —7—.
I S T S T S M T S Vi

We can then verify these re-defined variables when plugged into equation (11) and (12)
indeed eliminate both growing terms X; and V.

From now on, for simplicity, I will only keep X; and disregard the growth of V;. Equation

4



(11), (12) and (13) will be transformed to

ue(c, 1 — Ny) = (1 +vs) (L + ) |ue(cryr, 1 — Niya) ((1 - a)A(ﬁi—i)a +1-— 5>}

k
Ul(cta 1-— Nt) = UC(Ct, 1— Nt)aA(ﬁt)l_
t
and
et = AkITONS 4 (1 — 0k — (14 vx )k

where 5(1 4+ vx)'™? < 1 to make sure that lifetime utility is finite. Note that we have used
the fact that u(C, L) is King-Plosser-Rebelo preferences.

4 Stochastic TFP Shocks

In previous sections, we have investigated deterministic case. In that case, in the long
run, stationary variables reach their steady state. In order to explain short run business
cycles, we introduce uncertainty to the model. Specifically, technology A; is no longer a
constant but instead an AR(1) process

log A; 11 — log A = p(log Ay —log A) + €141

Define a;, = log A; — log A, then
g1 = PGy + €tr1 (].4)

We keep having constant growth rate of labor augmented technology

After introducing uncertainty, the objective function of a social planner needs to include
expectation operator:

max Fy
{Kt+1,Ne}

Zﬂ w(F (K, N+ (1= 0)K, — Ky, 1 — Nt)]

Accordingly, our first order conditions should also carry with expectation operators. In
addition, TFP A is time varying now:

K
UC(Ct, 1-— Nt) = BEt |:Uc(0t+17 1-— Nt+1) ((1 — &)At_i_l(#)_a + 1-— 5):| (15)
t+14 V41
Ul(ot 1-— Nt) =Uu (Ct 1-— Nt)O[At< Kt )1_aXt (16)
) c ’ XtNt
and
Ct - AthliaNta + (1 - 6)Kt - Kt+1 (17)

. . . Ct . KtJrl .
Use stationary variables ¢; = % ki1 = o to re-write the above



k
uc(Ct7 11— Nt) = 5(1 + VS)_UEt Uc(Ct+17 1 - Nt—i—l) ((1 - a)AHl(]\;H )_a +1- 5)}

t+1

k
ul(ct, 1— Nt) = uc(cta 1- Nt)OCAt(Ni)l_a

and
Cy = Atktl—othoz + (1 — 5)kt — (1 + fYX)kt—i-l

Besides, remember we also need to write down exogenous TFP process:

Q41 = P + €441

We will still do log-linearization. The linear system is

. N* ) N By . i
fccct—fcll — N Ny = Et[fcc0t+1—§clmNt+1+(1—ﬁ(1+7X) (1-6))(ars1+aNi 1 —aky1)]
- ~ . N* . . N* .
as + (1 - a)kt - (1 - a)Nt = &G — &y 1 N Ny — Eeelr + fclmNt
~ S; 1 + ~ 1— (5 Si» ~ A
and

A1 = PO + €441

Note once we have used log-linearization to get a linear system. It is enough for us to solve
the model by only using expectation of the exogenous process: F,a;.1 = pa;. This will imply
that the covariance matrix of stochastic shocks (in our case, just o) doesn’t enter policy
rules (certainty equivalence).

The dynamic system is reduced to the following after we eliminate N, by employing the
second equation.

ki ke
Eilagr| =W |
Ctt1 Ct

where
w11 Wi2 W13

wW=|0 p 0

W31 W32 W33

Do a decomposition of matrix W as W = PAP~!, where

A 000
A=10 X O
0 0 As



(Here it is for illustration purpose. It is not always true that W is diagonalizable. But one
can always do Jordan decomposition.) Suppose |A1| > 1, |Ag] < 1 and |A3| < 1 and define

ks ks
-1

ai | = P Qy

ét ét

We then obtain

Fopin M 0 07 [k
Eilaga| =10 A 0] |a
6t+1 0 0 )\3 6t

In order to satisfy TV (', it has to be the case that
k}t - 0

Recall the definition of &, we know k, = bik; + baay + bséy = 0, where [by, b, bs] is the first
row of matrix P~!. The solution gives
. bi. by,
¢t = ——ky — —¢h.
t b3 t b t
Finally, it is easy to solve all other endogenous variables. R
We can also use undetermined coefficients method by writing the solution as ki1 =
o1k + P12a; and ¢ = Po1ky + Pooay such that

o1 D12 ky _ |wi +wizdn Wiz + wizd: ke
021011 P21P12 + P22p| |ay W31 + Wiz Wsz + Wszdaz| |ay

Compare the left and right hand side to solve the coefficients. Pick up the solution that
satisfies TV C.



Labor Market Search and the Real Business Cycle
Model

Macroeconomic Analysis Recitation 8

Yang Jiao*

1 Introduction

In a standard RBC model, it is difficult to replicate large labor market volatility with
reasonable Frisch elasticity that is consistent with micro-level data. Moreover, in that model,
labor supply is voluntary, i.e. there is no involuntary unemployment. Labor market search

model is a popular way in the literature to study unemployment dynamics. We will introduce
it to the standard RBC model.

2 Labor Market Search Model without Capital
2.1 Households

The representative household’s problem is

+oo
Ctgfth Eogﬁt[log Cr — 7IV] (1)
subject to the budget constraint
Ci + qSi41 < (@ + di) St + wi Ny (2)
and law of motion for employment
Ne=(1=&Ne1 + ¢ (1 = Neea) (3)

where C} is consumption, N; labor supply.

S; is the equity share households inherit from last period and they need to pick up their
demand of equity share S;,; in period ¢ (the total supply is fixed and normalized to 1, so in
equilibrium S; = 1). d; is the dividend payment per equity share in period t. ¢; is equity
price after dividend payment (gq; + d; is equity price before dividend payment.) And w, is
wage.

*Please email me if you find errors or typos to yj2279@columbia.edu. All comments and suggestions are
welcome and appreciated.



¢ is a constant that represents the exogenous employment exit probability. ¢; is the
probability that an unemployment worker finds a job.

Denote \; as the Lagrangian multiplier for the budget constraint and V;* as the La-
grangian multiplier for the employment dynamic equation (3). We obtain the following first
order conditions with respect to C}, S;y 1 and Ny:

N @)
@\ = BE A1 (@1 + disr)] (5)
V' ==+ w+ B(1 =& — ) BV (6)
Rewrite equation (5) as
@ = BE; /\:1 (div1 + Gryr) (7)
Iterate forward to arrive at b
q = By ; e Z] di+j (8)

Or equivalently, stock price before dividend payment is

>\ .
t? diyj (9)

+00
Qt‘i‘dt:Etng@] h

That is, the equity price is the summation of discounted dividend payment. Firms’ objective
will be to maximize equity value of the firm.

2.2 Firms

Workers in the firm are divided into two departments. N/ workers are producing good,
while V] are recruiters.
The production function is in linear form.

}/; — AtNty

where A, is aggregate productivity.
Recall that we already derived that stock price (before dividend payment) in period 0 is

+o0o Y
qo + do = EoZﬁj—tdt

Its value to equity holders in terms of utility is Jy = Ao(qo + dp). Therefore, the objective
function of a firm is to maximize Jy. Note that d; = A, N/ —w, (N} + N/). Therefore, firms’



problem is to

+oo
max Jo = Ey Y BAJANY — wi(NY + N])] (10)
NY,NT —
subject to
N{ + Ny = (1= Ny + Ny) + N4 (11)

where ¢ is the aformentioned employment exit probability. pu,; is the probability that a
recruiter can successfully match a new worker.

Denoting JJ* as the Lagrangian multiplier for equation (11), we have the first order
conditions for N/ and N/ are:

i = M(Ar —wy) + B(1 = B (12)
it = —=Xw + B(1 = &+ ) Ev (13)

Combining the above two equation to yield
MNA = ﬂtﬁEt‘]ﬁf—l (14)

The economic interpretation of this equation is that firms allocate recruiters and production
workers such that the foregone production of a recruiter equals to the benefit of getting more
workers and higher expected future profits.

Substitute equation (14) into equation (13),

1—

= (@ ) (15)

2.3 Labor Market Search

In previouse sections, households take job finding probability ¢; as given and firms take
hiring rate p; as given. Now we start to gauge into how these two probabilities are deter-
mined.

Define recruiter-unemployment ratio as

N¢

0, = .
PT1oN,

Assume that p; depends only on 6, so u; = p(6;). The total measure of unemployed
individuals hired by firms in period t is then N/ pu(6;). Therefore, the probability for an

unemployment individual to find a job is ﬂjrvt w(6y), ie.

Gr = ¢(9t) = ‘91&,&(91&)

2.4 Wage Determination

It remains to find a way to nail down wage. There are a range of wages which make both
firms and workers obtain positive surplus. After By assuming Nash bargaining between firms



and workers to divide the joint surplus from the relationship:
Vi =cqUr+ V) (16)

J=0=QU+ V") (17)

where 0 < ¢ < 1 is the bargaining weight for worker. J;* + V," is the total surplus from a
match.

2.5 Market Clearing Conditions

Labor market: Ny = N} + N/
Asset market: S, =1
Goods Market: ¢} =Y,

2.6 Competitive Equilibrium

A competitive equilibrium is defined as a set of sequences {Y;, Ny, V™, J*, 0, } with 0 <
N, 0; < 1 that satisfy
Y, = (1 +0,) AN, — A0,

N1 = (1 =N+ ¢(6,) (1 — Ny)

—— ((1 LS VR wt)

Y, (0;)
Atet n
Y, = ¢(6t)6EtJt+1
|VA— % +B(1—& — 6(6,)E Vi,

¢Jit =1 =V

given exogenous A; and initial N.
Define y; = Aﬁt and w; = T and rewrite the system
Yy = (1 + et)Nt — Qt

Niyr = (1= &N+ ¢(0,)(1 — Ny)
Ji = l ((1 + 1;590 - ?Dt)

Yt Cb(et)

0;

— = ¢(9t)5EtJZL+1
Yt

Vit =—y+ % + B(1 =& — ¢(0,)) E V],
¢y =1-QV"

We immediately see that the solution to labor market N; is irrelevant with technology

4



shock A;. Therefore, this model, TFP shock cannot generate labor market fluctuations at
all!

Later, we first introduce capital good, in that case technology will affect the accumulation
incentives for capital good and since there is no constant returns to scale to labor, labor
market will respond to TFP shock. However, real wage will increase if there is a technology
shock. The high wage makes firms not expand that much employment. Therefore, it is
still hard to generate realistic employment fluctuations. Furthermore, real wages are highly
procyclical, which is at odds with data.

In order to solve the high employment fluctuations puzzle, Hall(2005) and Hagedorn and
Manovskii(2008) try to moderate real wage response so that employment responses will be
large. The first paper relies on wage rigidity assumption and the second paper assigns little
bargaining power to workers.



Monetary Theory: Flexible Price Models

Macroeconomic Analysis Recitation 9

Yang Jiao*

1 The Perils of Taylor Rule

(Exam 2016, Q2) An endowment economy is populated by a representative household
with money in utility preferences

+0o0
U=> B'TogC+ ¢(my)]
t=0

where 0 < 5 < 1, ¢""(m) < 0, lim,, g ¢'(m) = 400 and lim,, ;. ¢'(m) = 0. C}; is consump-
tion and m; = %t is realmoney balance, where M, is nominal money balance and P, nominal
price level.

The representative household’s budget constraint is

(1 +d4—1)bs—1 4+ my—s

C by=Y
t +my + by + 1+7Tt

+ 1t

where Y is the endowment, b, is real holdings of nominal bond, ¢, is the nominal interest rate,
t, = % is real lump-sum transfer from the government to the household and 7; is inflation
rate.

The government runs a balanced budget where they collect seigniorage tax and lump-sum

transfer to household:
my—1

_1+7Tt

The central bank sets money supply m; in order to target the nominal interest rate
according to

my =1

1+i = p(l+m)

where function p(-) is non-decreasing, p(1) = ! and 8p/(1) > 1.
Denoting \; as the Lagrangian multiplier, we obtain the following first order conditions:

=X\ (1)

*Please email me if you find errors or typos to yj2279@columbia.edu. All comments and suggestions are
welcome and appreciated.



§lmy) = A — @)

A= B(1+ Zt)L (3)

From these conditions, the first observation is that nominal interest rate cannot be
negative. Combining equation (2) and (3), we see that if ¢, < 0, then ¢'(m;) < 0, which
is contradictory to the assumption that more real balance gives higher utility. Intuitively, if
nominal interest rate is negative. The household can simply issue bond (whose gross return
is smaller than 1) and store money (whose gross return is 1 and in addition, it provides
utility) to arbitrage.

The market clearing condition says Cy; = Y, therefore, by equation (1), we know )\; is a
constant. Then equation (3) tells

L+ mq = B(1+4r) (4)
The interest rate rules are set by the central bank:
L+ =p(1+m) (5)

The above two lead to
1+ mp = Bp(l+m)

First, 7* = 0 is a steady state. But since i; > 0, so p(1 + m;) > 1, we must have another
steady state, featuring deflation. See Figure 1. We can have at least two steady states.

Notice that the deflation steady state is stable while 7* = 0 steady state is unstable.
This question illustrates by taking into account zero lower bound on nominal interest rate
and doing global analysis, instead of only log-linearizing around 7* = 0 steady state, we can
get quite different solutions and dynamics!

2 Cash In Advance with Interest Rate Target

(Exam 2015, Q2) A representative household preferences on consumption C; and hours
worked H; are given by

+o0o
g 1+kK
;ﬁ[og T g ]
subject to budget constraint
B, B,

M, + 1+ R + T Et =M, 1+ B;_1 + Bt—l +W,_1Hi—1 — Po_1Cy_1 + PT

Mo, Bo, BQ given.

where P, is price level, M, is money, W, is the nominal wage and T" are lump-sum transfers
by the government. B, is a one period government issued bond yielding R > 0. B; is a
one period privately issued bond and the interest rate is R;. Households face a Cash-in-



Advance constraint

Competitive firms produce according to a linear technology

FCy < M,

Yy = H,

Government debt evolves according to

1+ R

In equilibrium, good market clears

and private debt

M
Denote m; = B
written as

subject to

by

max
Ct,ymy,Hy,be,

=PT+ By — (My — M,_y)

Ci=Y,
Bt - 0
= %t, and m, = Pit -— L The household problem can be
+00 ~
t 1 C, — _HlJrn
13,5;5[% e ]

 omy+ b+ by +we  Hy oy —Cyy

my +

-+ — =
1+R 14 R,

Cy <my

].+7Tt

Note that households solve Cy, H; for t > 0, and my, b, l;t for t > 1 as mg, by and l;o are given
for individual household. Denote A\; (t > 1) and & (¢ > 0) as Lagrangian multipliers of the

two constraint.

For ¢t > 1, first order conditions are

/\t+1 1

Co: f——+& ==

t 61+7Tt+1 & C,
A1

me: N =&+ f——mMm

=Gk AT

H.wﬁﬂzfyyﬁ

e I+ 71 !
b - A A

““1+R 1+ T
. A A
B, : t t+1

1+ R, B



For t = 0, first order conditions are

A1
1+7T1

1
00-50—50‘1*5

Wo
Hy : =~Hf
0 51 . THo
Equation (7) and (9) give
R

gt:l—{—R)\t

for t > 1.

Substitute equation (9) and (13) into equation (6) to get

1
A= —
)
for ¢t > 1.
Equation (6) can be re-written as
Hr 1
R _|_ e p—
v ” &t C,
by substituting into equation (8).
Equation (7) can be re-written as
C 1
1=8(1+R)~

Equation (8) can be re-written as

by substituting into equation (8) and (13).
Equation (10) implies

A

Rt == R
by comparing with equation (9).

Since A\; = C% from equation (14), we re-write equation (11) and (12):

1
- — + -
A T Ee.Te)
Wo 1
— — ~HF
l+mC, o

Finally, cash in advance constraint is always binding C; = m, for ¢t > 0.

Cip1 1+ mgq

(11)

(12)

(14)

(15)

(19)

(20)



Government debt evolves as

b1 +my_y

=(1 — T
bt ( +R)( ms + + 1+7Tt

)

Next we proceed to look at firms’ problem whose production function is

}/t - Ht.
Its profit maximization gives
Wt = 1
Market clearing condition tells
Ci=Y:
Then equation (17) is simply
= (1+ R)yC/ " (21)
The above gives
O = () = ()7
_ 1+xk — — ) 14k
" (14 R) Y

for t > 1.
Case 1. Now suppose T'=0 and R = %
Due to the cash in advance constraint, we also have

for t > 1 and thus ); is also a constant. Equation (9) then pins down

7Tt+1zﬁ(1+R)—1:0

for ¢t > 1.
Government debt evolution is
by 1-p B 1 by
b1 =~ + (——= —R)(E) + 1+ R)T = =

In order to satisfy TVC, we have to pick up b; = 0, for t > 1. In particular, by = 0, which
implies

=™

1 By + M,
=(1+R)(—(5) + 0+ ——
1+7r1) ( ) (7) Pt

)




The above two equations have two unknowns F, and 7, so we are able to solve them:

Ve L
P() = [BMO (BO + Mo)] 1tk
Case 2. Now suppose R = % and
PTy = —pB;
with p > 0.
Then the evolution of government debt is
1 —
bt+1 = 5 pbt
We require % > 1, that is p < 1 — 3, so that we can immediately have
bt - O

for all ¢ > 1 in order to satisfy TVC. Note b; = 0 is important to pin down the unique
equilibrium. Otherwise, we only have one equation for P, and m; (from equation (20)),
which will lead to infinite solutions.



[+ T

f»f% [.



Monetary Theory: Sticky Price Models

Macroeconomic Analysis Recitation 10

Yang Jiao*

1 Dixit-Stiglitz Preference

The cost minimization problem for a consumer with Dixit-Stiglitz preference is

Cit

1
0

s.t.
Loy,
co=([ o7
0

This is in fact a static problem (and each period, households face this problem), so one
can omit all the time subscript here. Denote 1 as the Lagrange multiplier of the constraint.
First order condition is

S

1 1
P=ul[ ¢yt
0

which will hold for any i € [0, 1].

_ = ([ — -0
¢, ~ 5/
Rearrange the above equation to get
6—1 0—1
5 = po—1pl—0
Cz' ° = Cj ’ Pj P
10055 _ o7 pio
— P i =00

where price index P is defined as P = [fol Pl’edj]ﬁ.

*Please email me if you find errors or typos to yj2279@columbia.edu. All comments and suggestions are
welcome and appreciated.



Therefore, the demand function for good 7 is
P
Cz’ - C —Z =
G = ()

which leads to
— P,C; = PPC

Integrate both sides from 0 to 1 to finally have the total expenditure
1
/ P,Ci;di = PC
0

This final equation makes it clear why we call P as price index. For example, when we write
down the budget constraint for a household, instead of using fol P, Cdi as the expenditure
on consumption, we can simply use P.Cy.

2 Sticky Price: the Calvo Model

Each period with probability A, a firm can adjust its price. The firm understands that
this price may stay in the future, so he takes into account today’s price’s effect on future
periods.

Suppose the firm sets price Py at time ¢. With probability (1 — A), his price is still Py at
time ¢ + 1. With probability (1 — X)2, his price is still P; at time ¢ + 2 ...With probability
(1 — A\)*, his price is still Py at time ¢ + k... That’s where the following summation comes
from. The firm chooses P;; to maximize the following:

Mgk
Pii

+oo
I%iX;(l — N E] (Pt — MCs4k)Yitin}
S.t.
Yievw = Yt+k(Pit/Pt+k)79

where [P,y — MC;44x]Yiix is nominal profit. M, is the stochastic discount factor.
The constraint is the demand function for firm ¢ product.

Remark. This stochastic discount factor comes from households’ problem. Households
trade the firm’s stock shares. For example, consider the following household problem

+oo 1
76 1+1/5 .
max FE “llog O, — hoted
Ct,ht,qi,t41 t;ﬁ[ &Lt 1_|_€/0 jt ]]

s.t.

1 1 1
Ptct‘f'BtHWLPthH‘f‘Ptﬂ‘F/ Qi1 (Vig—di)di < Bt(1+it)+Kt(1+7“t)Pt+/ VVjthjtd]'"‘/ it Ve i
0 0 0

where g; 441 is the share of stocks of firm ¢ households buy. v;; is firm ¢’s stock price before
paying dividends d.



Denote A; the Lagrange multiplier of the budget constraint. F.O.C. for C}

1
— = P\,

F.O.C. for ¢ 141

Iterate forward to get

A
Vi = ZﬁkEt( X;k dz,t+k>
k=0

Firm stock price is the discounted dividends of the firm. Now substitute A; to have

—+o00
P,C,
Vig = Ey(pf——d; = P, E —d;
! kz—o ¢k P Ciik e+e) tz ' Pt+kCt+k w+k)

Define Mt,t—‘,—k = /Bk

Ct
O then

Firms should maximize its stock price (firm value for equity holders).
What is d; ;4 for each firm? Its nominal profits in each period. Then check the above is
your firm maximiazation objective for the Calvo model (up to the consideration of changing

price probability).

In equilibrium, stock shares should be ¢;; = 1(100%), then we can see that all dividends
fol d;di go to households.

First order condition of the Calvo firm is (substitute the constraint into the objective

function):

i.e.

+00 M. B 9
S = VB 1 gy LYt = 0

Py Py
k=0 +

tt
D> (1= NFE] t; Vil Pi — 9_—1Mci,t+k]} =0 (1)
k=0
. 725 Ao (1= MFE{EEY; MGy}
it —

oo Mtt
;::O(l_ )kE{ LY 2t+k}



Log-linearize the above equation to get (apply several formulas of log-linearization)

Dit = Jio (- A)k Mg’(i* }:ko(omtﬂrk + yiﬁéf MCi 14k — Pitk) _io (1- A)kﬁk Eigmt t+k T+ yz}t[—l—k — Di+k)
= L= APy = ETEPYRE
ie. .
pir = [1 = B(1 = A)] 2[5(1 — M Eimc; pyn
k=0

Notice under flexible price, price p;,,, = mc; 1. Therefore,

+oo
pir = (1= B(1=X)] D _[B1 = NI Ey(pf,11)
k=0
Substitute ¢ by ¢t — j, where 7 =0,1,2, ...:
+o0
pia—j = [1=B1=N] Y B0 =N E (0] jir)
k=0

We can ignore index i, since each firm is subject to the same shock,

+0o0

pe(j) = 1 =B =N]Y_[BO = N By (07 10) (2)

k=0

At time ¢, we know in the economy, A firms set price at time ¢ with price p;(0), A(1 — \)
firms set price at time ¢ with price ps(1), A(1 — X)? firms set price at time ¢ with price p;(2),
etc. Hence

pt—/pztdz AZl—

which implies
pe = Apt(0) + (1 = A)pe— (3)
Equation (2) implies
pe(0) = [1 = B(1 = N]pi + B(1 = N E4[Ei11(pe1(0))]

- p0) = (1= 81~ Nlpi + B0 = NEu(ps: (0) @
Combine equation (3) and (4) to eliminate p;(0):

(1= N+ Ape = AL = B(1 = N]pi + B — NE(1 = Nmorr + Apis]



Substitute flexible price p; = p; + ay; to the above equation:

= BEy (1) + Kys

_ [1=B(=N)]ar
where xk = —=—"—.
Though Calvo model is a tractable and widespread used model in macro literature, there

are many drawbacks of Calvo model compared with data.

e Natural Rate property

In steady state:
(1-p)r

R

T=0T+Ky —y=

It is a non-vertical long run phillip curve, which means you can use long run high
inflation to achieve high real output. In the long run, we would like monetary policy
to be neutral.

e Accelerationist Problem A simple example to illustrate why change in inflation and
real output are negatively correlated by the Calvo model: suppose that the
government announces a disinflation 71 < m(caused by contractionary monetary
shocks), recall that 8 =~ 1 the Phillips curve is

T = Bym + Ky

Ty — M1 = KYg > 0

That is the Calvo model predicts that the correlation between change in inflation and
output is negative.

This is at odds with data.

Remark. Acceleration phenomenon means the positive correlation between real out-
put and change in inflation in the data, i.e. when real output is high, inflation tends
to rise.

e Non Hump-Shape
Iterate forward the Phillips Curve:

+oo
Tt = K Z BkEt(yH-k)
k=0

When the economy gets hit by a negative shock to aggregate demand, and the shock
dies out gradually. Real output also dies out gradually. Then the above Phillips curve
would predict a non-hump shaped path for inflation. This result is not in line with
empirical evidence, where the response of inflation to monetary shocks tends to be
hump-shaped.
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