Exercise 12.1 Solution

We prove by contradiction. Consider that sequences c¢;, diy1, and ki1 satisfy
optimality conditions (12.1) to (12.8) but not the transversality condition (12.9).
If equation (12.9) doesn’t hold and given that d;1 < kqikiy1, we have

NthtJrl - dt+1

Peae A+t 6>0, (1)

which implies that for any € > 0 (we choose a small enough value for € so that
0 —e>0,say, e= g), there exists an integer T' > 0, such that any t > T,

Rt kt+1 - dt+1

Gy 00 2)

Therefore, for t > T, the collateral constraints never bind,

Mt = 07 (3)

Choose an alternative plan (use star * to denote variables under the new
plan) such that k| = k41 for all t > 0, and

¢, when t <T
cf=qc+9, whent =T
¢y, whent >T

where § > 0. This new plan clearly provides higher welfare compared to the old
plan.

We will show for some positive values of §, the new plan is feasible. That
is, di,; derived from the budget constraint, will not violate the collateral con-
straint. Since when ¢t < T, we already have df | = dy11 < Kkqikip1 = kgiky
we only need to focus on the path of debt df, for ¢ > T.

Denote Ac; = ¢f — ¢; and Ady = df — d;. We immediately obtain Ac} = §
from the construction of new path for consumption. Notice that, by the budget
constraint, the following equation holds

Adf = (1+7)[Ac; + Ady] (4)
Since Acy = 0, Adp = 0 and Acy = 0 for t > T, we get Ady; = (1 +7),
Ady ,=6(1+41r)%, ..., Ady, ;= 56(1+7), ..., or equivalently, for any ¢ > T,
Adi = 06(1+ )T
For any t > T,

= Adpyy +dep = 0(1+ 1) T diy
Recall that in equation (2),

dt+1 < Hqtkt+1 — (1 + ’I")t(9 — 6).



Combine the above two formulas to deliver
dipy = 8(1+ 1) b dygr < karkeps — (L4+7)'[0 — e = 6(1+7) 7" H).

Finally, set  —e — (1 4+ 7)" 7+ > 0,ie, 6 < (1 +r)T71 (0 —¢), then dj ; <
kqiki41 = kqi ki, is satisfied.

In conclusion, with 0 < § < (1 + r)771(6 — €), the new plan is feasible and
associated with higher welfare. [



Exercise 12.2 Solution

1. Derive the first-order conditions associated with the household’s
optimization problem.
Sol: The objective is

max Incy + Inco
¢1>0,c2>0,d2,k1

s.t.
F(/{)+d2—d1—01—q(k1—k)20

F(kl)_dQ_CQ =0
dz < Kkqky

Denoting A,  and p as the Lagrangian multipliers of the above 3 constraints,
we write

emax  Incitinea+A[F(k)+da—di—c1—q(k1—k)]+n[F (k1) ~dz2—col+ulrgky —de]

First order conditions are then given by

1

— =\

&1

1

— =y

C2
A—n—p=0

—Aq +nF' (k1) + pukg =0
F(k)+ds—dy —c1 — q(ki —k) =0
F(ki) —dos—ca=0
p(kgki —ds) = 0
p =0
kqky > dao

2. Assume that the aggregate stock of capital is fixed. Derive the
complete set of equilibrium conditions.
Sol: In equilibrium:
ki=k

Therefore, we have the following equilibrium conditions for variables {¢; >
0762 > 07d27 /\7777% Q}

1
=)
C1

1
— =y
C2



A—=n—pu=0
—Aq +nF'(k) + prg =0
Fk)+dy—di—c1 =0

F(k) —dy —c3 =0
w(kgk —ds) =0
u=0
kqk > do

3. Characterize the range of initial debt positions, d;, for which the
collateral constraint does not bind in equilibrium.

Sol: Let p = 0, we obtain A = 7 thus ¢; = ¢co. As ¢y = F(k)+dy — dy
and co = F(k) — do, we derive do = d—21. In order to satisfy a slack collateral
constraint, it is required that

ds < kqk

Substituting capital price ¢ and ds into the above equation, we get
dy < 26F'(k)k
Note that consumption must be positive as well,

_ 4

61262:F(k‘) D)

>0
That is
dy < 2F(k)

Recall that F(k) is concave, 0 < k < 1 and if F(0) = 0, we know that when
k>0,
kE'(k)k < F'(k)k < F(k).

In sum, d; < 2kF’(k)k guarantees that an unconstrained equilibrium exists.
4. Find a sufficient condition on the initial level of debt d;, for which
the economy possesses multiple equilibria, in particular, at least one
equilibrium in which the collateral constraint binds and one equilib-
rium in which it does not.

Sol: Now we turn to binding collateral constraint. First,

1 1 1 1

= — _
K T T & T Fh) +d—di  F(k)—ds

Second, by replacing A, 7 and u, the follwing equation holds,

_aF'®) P (#)

\N— ki

1 1 1

Fk)tda—di “(F(k)errdl - F(k)fd2)
_ (F(k)+dy —dy)F' (k)
- F(k’) — d2 — Kj(dl — 2d2)




It is a function of do. When collateral constraint binds,

(F(k) +do — dy)F'(k)
F(k) - dg - H(dl - 2d2)

LHS = dy = kq(da)k = k=RHS

Take both sides as functions of ds. The left hand side is the 45 degree line and
RHS(%) = xF'(k)k > 4.

Assume the intersection of RHS(dy) with the x-axis is point d, since the
function is continuous, we only need to impose that d > 0, which says

d=d, — F(k)>0

or
dy > F(k)
It is easy to check that d = dy — F(k) < %, given the condition d; <
2kF'(k)k in question 3. Therefore, the condition we need is
F(k) < dy < 25F'(k)k

Notice the above requires x > % given that F'(k) renders concavity.

B do + F(k) — dy ok @s—1)da+ 26— 1)(F(k) — dy)
RHS(2) = K G S F ) —rds*  3n=1 (2n= s 4 F R —rdy

As 2k = 1)(F(k) — d1) — (F(k) — kd1) = (k — 1)(2F (k) — d1) < 0, it means
RHS(ds) is an increasing function of da. So RHS(d3) must cross the 45 degree
line once and the corresponding d; has to be less than %1 and greater than d,
SO CQZF(k)*dQ >Oandc1 :F(k')+d2*d1 :d27d<0

In conclusion, a sufficient condition to this question is
F(k) < dy < 2xF'(k)k

(which implicitly requires k > %)



Exercise 12.3

A (bubble-free) competitive equilibrium is a set of sequences ¢; > 0.d;+1, py > 0
and ¢; > 0 satisfying

+oo

Yt — Ct
— 1
do Z 1 +r) (1)
=0
d
Ct“"dt:yt"*'l:f%r (2)
1.1 w1
[l P sl 3
¢ p(l+r) B Cty1 @)
qt B Yt+1
LR -7 4
Ct[ K] Cirt [gt41 + A ] (4)
pe(kgik — di1) = 0 (5)
diy1 < Kqik (6)
. -t
Jim (147)""g, =0 (7)

with dy given and the exogenous sequences A; and y; = Ak®.

The Steady State

A; = A for all t. Then the output is also constant iy, = y = Ak*. In steady
state ¢; = ¢* > 0, dgpq = d*, and py = p* > 0 and ¢ = ¢* > 0. Equation (3)

implies p* = 1_1H — B, then equation (4) becomes ¢; = m(%-&—l +af). In
steady state capital price is
. pay
1—p0— Kyt

In order to guarantee the above is positive, we need to impose 1 — 5 — ku* > 0,
ie. g < 1=AA4r)
-© 1-B(+r) -

The sequential budget constraint equation (2) gives

* r *
F=y— .
Y 1+7r
Going back to equation (1), we obtain
d* = do.

Since the debt position is constant, the current account satisfies

ca* = 0.



On the other hand, the trade balance is

o
T 14

%

th* =y —c*

The natural debt limit requires ¢* > 0, therefore,

1
do < +7r

Y

The collateral constraint has to be binding since p* > 0, so
paj _ . Pay
1—-08—ku* 1—08—ku*

This steady state requires fairly strong parameter choices (including an
equality.)

do = kq¢*'k =k

Non-existence of the Unconstrained Equilibrium

We now turn to a case where the collateral constraint never binds, so p* = 0.
Equation (3) implies
cir1 =Pl +7)e

The above relationship, combining with the lifetime budget constraint equa-

tion (1) pins down
1+r
co=(1-5) ( , ydo)

thus
a = [BA+7r)'co

which follows a decreasing path. Capital price, derived from equation (4), is

[qt 41 + ay]'

qt 2

:1—|-r

Notice that 1—}” < 1 (if » > 0), so the unique stationary solution is

ay/k
@w=q = /
r

The dynamics of debt is given by equation (2):

div1 = (1+7)(ct —ye +dp)
=(1+r) ([6(1 + 7)o —y + dt)

Divide both sides by (1 + r)!*! to obtain

dt-‘,—l o dt t
A~ 0+ + B co

Y
(1 +7)t



The solution to the above is

(I47r) part (1 +r)k—1
that is,
1 — gttt T+r 147/ 1 \'"
dir1=(1+7)*d -
1= (147) ot 1-0 o r r 1+7 Y

= =y ) e,

Debt is an increasing path. This result is intuitive: with S(1 +r) < 1, the
representative agent would like to consume early, accumulating external debt.
Alternatively, one can get the formula of d;11 by employing

1+7r
r

e = (1-5)(

y —dy).
The trade balance is
thy =y —ct
which is an increasing function of time ¢ and the current account is

dy

ca; =tby —r
¢ t 1+r

In addition, the natural debt limit demands

1
do < +7r

Y

To discipline the collateral constraint so that it is not binding, the following has
to hold for any ¢ > 0,
diy1 < KG'k.

1+r
T

In fact, we know that tlim dir1 = 1y, the condition turns to
— 00

1+7r
LT < kgh
T

which can be simplified to
1+7r < kra

However, when kK < 1 and a < 1 and r > 0, the above condition cannot
hold. We conclude that the unconstrained equilibrium doesn’t exist.



Exercise 9.1

Given tradable consumption ¢’ the demand schedule of nontradables is given
by

Al(CT,CN) = F =p (1)

1

We have
op Ago (T, MY AL (T, eN) — Apa(cT, eN)Ag(cT, eN)
acN A2(cT eN)

Since the aggregator is assumed to be increasing and concave, we know

A1, A2 >0 (2)
Az <0 (3)
By the linearly homogeneous property, we obtain
A=c"A +cNAy — A :A%TNA?
Take derivative w.r.t ¢V to get
Az = A2 Ach— A = _£A22 >0 (4)

Finally, we arrive at

ap A22A1 — A12A2
= <
OcN A3 = (5)

which implies that the demand schedule of non-tradables is downward sloping.

2

Taking derivative w.r.t ¢! in equation (1), the following has to hold

dp Ag1(cT M AL (T eN) — App (el eN) Ag (T, eN)

acT Aq1(cT eN)2

Similar to the above question, the assumption about the consumption aggregator
guarantees that

A1, A2 >0
A1 <0 (6)
Ay >0 (7)



Therefore

Op  AnAr — AnAs

dcT A2 =0 ®)

In other words, the demand schedule shifts up and to the right when ¢’ increases.

3
1 /T
Ao = =14/ =
2 2V e
1 N
A=/
2V c
A2 CT
T AT )
4

Az = [a (") F+(1-a) (CN>17%} g (en)E
Ay 1-a (T ¢
b= A a (CN) (10)
which leads to ( T)
dln | &
Tdmp °
np

So £ is the elasticity of subsititution between tradable goods and nontradable
goods.

Exercise 9.2
Welfare when there is no interest rate change is simply given by

1
1-p
Suppose the interest rate r has an unanticipated decrease to r at time t = 0

and reverts back to r afterwards. We will discuss two scenarios respectively:
downward nominal wage rigidity and flexible wage.

V= Iny” (11)



e In the case of downward nominal wage rigidity, we have the following:

for t =0,
1 r
T T
= 12
G (55 1) (12)
=1 (13)
h():].
and for t > 1
1 r 1+r
T T r
= 14
@ (1+T+1+r1+7“) (14)
1+r\“
N r
= ].
o = (1) (15)
, _ Ltr
t_l—i—r

Welfare under downward rigidity is given by

Viig = Zﬁt (lnctT + lnciv)
t=0

1 r B8 1 r 14+r B8 1+r\“
= Iny' (— +— | +In(1 Iny? = 1 =
ny (1+r+1+r)+n()+1ﬂny ( + )—i— ( )

T+r " 1tri+r) 1= \1¥r

1 1 r 8 1 r 14+r af 1+7r
= Iny” +1 1 = 1 =
1-p ny n(1+r+1+r>+1—6 n<1+r+1+7"1+7‘)+1—6 n<1+r>

The welfare change compared to the no interest rate shock result is

1 r S8 1 r 1l+r aff 1+r
Am’ = Vrig— =1 1 — 1 —
9= Veig=V n(1+r+1+r)+l—ﬁn<1+7“+1+7“1+r>+ Bn( )

1— 1+7r
(16)
Take derivative w.r.t to r
0Aig 1+r 1 a 1
= 1— + —
or 1+r)14+r+r(l4r) rl+4+r
1 rr=r)+a(l+r+r(1+r) (17)
I+r+r(l+r) r(l+r)

The condition for it to be positive is that



r(r—r)
> = 18
R (1+r) (18)
Note that for r around a small neighborhood of r, the above can be easily
satisfied. Therefore, it is going to be welfare decreeasing with the interest
rate shock under downward nominal wage rigidity.

e While in the case of flexible wage. For time ¢t = 0,

1 T
T T
= 19
=Y <1+T+1+r> (19)
=1 (20)
ho=1
and for t > 1
1 r 1+4+r
T T T
= 21
@ =Y <1+r+1+r1+r> (21)
¢ =1 (22)
hy =1

Welfare under flexible wage is given by

Vie = Zﬂt (Ine¢/ +1Inc))

t=0

1 r B 1 r 1l4+r

= Iny” In (1 Iny” =
Y <1+T+1+r>+n()+1—5ny <1+r+1+r1+r

1 1 r B 1 r l4+r

= 1 T 1 1 r
15ny'+n(1+r+1+r>+15n<1+r+1+r1+r

The welfare change compared to no interest rate shock result is

1 r B 1 r l4+r
Apte = Vie—V =1 1 L
fle =l n(1+r+1+r)+1—6n<1+7’+1+r1+r)

(24)

)+

)



Take derivative w.r.t to r

0Afe Br 71—1—7’ 1
o \1=-8 1+7r)1+r+r(l+r)
1+r 1
= (1- 2
< 1+T>1+r+r(1+r) (25)
< 0

We conclude that when r < r, the flexible wage setting is always welfare-
improving.

e The intuition behind the above results is as follows. With downward
nominal wage rigidity, when interest rate drops, individuals expand con-
sumption in tradables and thus demand for non-tradables. This pushes up
nominal wage, but when interest rate reverts back, they decrease their de-
mand for non-tradables, but firms find that they cannot cut down nominal
wages due to the downward nominal wage rigidity, and have to cut employ-
ment. The involuntary unemployment leads to a drop in production (so is
consumption) of non-tradables. There are pecuniary externalities (or de-
mand externalities) here. Individuals don’t take into account the fact that
their expansion in consumption upon good shock is putting the economy
in a high nominal wage, which will later cause involuntary unemployment.

Exercise 9.3

Now assume the nominal wage is rigid in both directions. The equilibrium is
characterized by the following conditions:

e (1+B)re =iy

d
T t+1 T
d, —
Ct =+ t 1—|—Tt ert

N = hg

Wy
P a1
ht S B == 1



hy = min{h?, 1}
Under full wage rigidity, for any ¢
Wy = ayT

Thanks to the property of separability of tradables and non-tradables, the
path for tradables’ consumption will not change: for t =0

G =" (Tt 1) (26)

1+r 147
and for t > 1
1 r 14+r
T T T
P— 2
@4 <1+7“+1+7"1—|—7‘> (27)
Therefore, for t = 0
ho=1 (28)
and for t > 1 ) )
r +r
hy = = 29
t 1+r+1+r1+r (29)

Note that when t > 1 full wage rigidity case gives higher employment
than the downward nominal wage case thus higher non-tradables consumption.
Therefore, full nominal wage rigidity delivers higher welfare. The intuition is
that downward wage rigidity makes the system adjustable when there’s positive
movement, while not fully adjustable in response to negative movements (since
wage can’t decrease as needed). Full wage rigidity helps restrict temporary wage
increase upon a good shock, so when interest rate reverts back it won’t be as
bad as in the case when there was wage increase in previous period in terms of
employment (thus consumption in nontradables).



Exercise 9.12
1

With downward nominal wage rigidity, the family of optimal exchange rate
policy is

Wi—1

w(cf)

€ >

where

w(cy

It will deliver full employment.

With economy starting from the full-employment steady state, the family of
full employment exchange rate policy under downward wage rigidity is written
as

LG SR SD) <A2<ct, (h)))‘l Fi_1(h) O
Ai(cf_y, Feoa(h) \Au(c, Fy () Fi(h)
Similar to downward nominal wage rigidity, under downward price rigidity,
the family of optimal exchange rate policy is

Pt—1

€ = Vp— v
Pp(clh)

where o
p(cz“) _ AQ(Ct 7F(]}))
Ay (cf , F(h))
With economy starting from the full-employment steady state, the family of full
employment exchange rate policy under downward wage rigidity is written as

As(cF ), Froi(R)) <A2<c?,Ft<h>>>‘1
Ar(] Fy(h))

When Fi(h) = F;_1(h) and v = ~,, the two families of optimal exchange
rate policies are the same.

€ > _
LA ()

(2)

2

Exchange rate which stabilizes nominal wage is

WiAi(c], Fy(h)) < Wi—141(c/ 1, Fi1(h)) )
F{(h)Az(cf, Fy(h)) \ F{_y () Az(c[_y, Fr-1(R))

_ W 1A1(Ct,Ft@) ( W_1Ai(cf 1, Fyr-a(R) )
F{(R)Az(cf , Fy(h)) \ F{_1(h)A2(c{_y, Fi-1(h))

Fy(h)) As(ci_y, Fioa(h) FY_ ()

Fy(h)) Ai(c{_y, Fr-1(h)) F{(h)

€t =

h
Al(C
(c

t
T
A2 t



It is included in the family of optimal exchange rate policies.
Similarly, exchange rate that stabilizes nominal price is

P Ay (e, Fi(h)) (Pt 141 (¢, Fie 1(h))>
Ay(cT Fy(h)) Ag(ef 4, Froa1(h))
_ PLaA( Ry (h) <P—1A1(C?—1’Ft—£(}_l)))
As(cf, Fy(h)) As(cf_ 1, Fr—1(h))
Ai(cf, Fi(h)) As(cfy, Fioa(h)
As(cf, Fy(R) Av(cly, Froa(R)

-1

€t

—1

(4)

It is included in the family of optimal exchange rate policies.
When F;(h) = F;_1(h), stabilizing nominal wage is equivalent to stabilizing
nominal price.

3

Suppose there is productivity shock, then Fy(h) # F;_1(h), from the above, we
see that the two families of optimal exchange rate policies are not the same and
stabilizing nominal wage is not equivalent to stabilizing nominal price.

Exercise 9.13

From the question, we obtain:
exogenouse tradable goods: y¥ =10 and y2 = 13.2
exogenouse domestic interest rate: r = 0.1
fixed exchange rate: &, =& =1
foreign price of tradable goods: Pl* = PJ* =
initial wage: Wy = 8.25
labor supply: h =1
production function: y¥ = h® o =0.75
The optimization problem of households can be written as

max InCr+meN +mcf +mcel
ct,cN,cl,cy . dz,hi hy

subject to the budget constraints

&cy +pey

§1y1T+W1h1 + P, +§11 2
E0T + PYCY + &dy = Loyl + Wohs + @y

Denoting A\; and A\g the Lagrangian multiplier of the above two constraints,
we get the first-order conditions:



CI{V = AMp1
Clév = Aap2
A
1+17’ =
cf +pmCY = y{+w1h1+(1)1+1c_lir
CT +p2Cy +dy = y3 + wahy + @

The optimization problem of firm can be written as
II;L?(:{X o, = PN (hf) — W;h
which gives us
W, = PNa ()
Equivalently,
aya—1
w, = pio (hl)
a—1
Wy = Poc (hg)
Finally, market clearing conditions of nontradables:
C = (h)”

Equilibrium characterization



ClT 1 ( )

1
= = A 6
CQT 2 ( )
A= (147X (7)

d
T _ T 2

i =y + Tir (8)
Cy +dy = y3 ()

CT

c3
— = 11
Y o= ng (12)
oy = ng (13)
wp = po (h‘ll)a_1 (14)
wy = pac (hg)a_l (15)
hy < h=1 (16)
hy < h=1 (17)
hy = min{h{, 1} (18)
hy = min{h, 1} (19)
wy > wo (20)
wy = Wi (21)
(wy —wi—1) (e —h) = 0 fort=1,2 (22)

(1)

Equilibrium levels of consumption of tradables can be solved using the first five
conditions, or equivalently

cr = (+nrof
do
CT _ T
1 Yy + Tor
CQT—ng = yg
which gives
dy = 1.1
cr = 11 (23)
T =
cy = 121 (24)



and trade balance

tbl = Yy — CT 71
tbg = yg—C2T: 1.1

(2)

Consider the rest of F.O.C.s and we can derive

cor
h$
%1
hg
wy

w2
hy
ha
hy
ha
wy
)

(wt — wt_l) (ht — B)

For period 1, assume h; = h‘f < 1=h, then

= D1
= D2
1
= po (hﬁl)a
—1
= pa (hS)”
< h=1
< h=1
= min{h{,1}
= min{h,1}
> wo
> w
= 0 fort=1,2
(hl)a—l

> aC] =8.25 = wj

which leads to a contradition against the last slackness condition.

Hence it must be true that
hi =
cN o =

b1
w1

For period 2, assume hy = hd < 1, then

— =

8.25

[\
BN

N DN
O 0o
= = = =

—~ o~ o~
w
(=}



> aCl =9.075 > w

which aso leads to a contradition against the slackness condition.
Therefore, it must be true that

hy = 1 (31)
cy =1 (32)
pr = 121 (33)
wy = 9.075 (34)

(3)

Now study the case that the country interest rate increases to r = 0.32.
First, tradable goods consumption and trade balance in two periods are given
by

dy = 0

crh = 10 (35)
clh = 132 (36)
thy = 0 (37)
thy = 0 (38)

It can be easily verified that the economy cannot be at full employment in
period 1, i.e. h¢ = hy < 1. Then we have

w = wo =825 (39)
mo= a1 (40)
oy = (1(;)0.75 ~ 0.93 (41)
P o= i‘? =10 (12) o ~ 10.74 (42)

It can also be easily verified that the economy should be at full employment
in period 2, i.e. h% = hy = 1. Then we have



hy = 1 (43
oy =1 (44
pp = 132 (45
wy = 9.9 (46

=~
NSNS NN

In summary, downward wage rigidity is binding in period 1 but it is slack in
period 2.

The intuition is as follows. Thanks to the separability of utility function, we
can easily show that the dynamics of tradable goods become steeper after an
increase in interest rate. In other words, households have more incentives to save
by reducing tradables consumption in period 1. The less tradables consumption
means a less demand for nontradables in period one, which forces firm to cut
employmnet, simply because they cannot cut nominal wage as restricted by
downward nominal wage rigidity. But in period 2, due to the increase in tradable
good consumption, the demand for non-tradables increases, which drives up
market equilibrium wage and makes the downward wage rigidity not binding
any more. Thus, the economy reaches full employment in period 2.

(4)

Consider a devaluation to achieve full employment in both periods. Rewrite all
the relevant conditions below after imposing hy = hy =1

cl = m
CzT = P2
wr = po
w2 = p2c

We > Wi 2 W

Therefore, we have the solution that

po= 10 (47)
p2 = 13.2 (48)
w = 75 (49)
w, = 9.9 (50)
Note that w = % by definition, hence we have
& _ @%2@:1.1 (51)
o w; Wo = wy
&2 wy Wa wy
2 = —=—=>—=0.76 52
&1 wa Wi ™ we (52)



In sum, the minimum gross devaluation rate in period 1 is 1.1, while the
minimum gross devaluation in period 2 is about 0.76.

(5)
The less constrained Ramsey problem is written as follows

maxInC] +Inhf +1InCy +1Inh§

subject to

T _

i = y + 11r (53)
C3 +dy = ys (54)

ot

T
wy = a% (56)
Wy> Wi >W (57)
hihe < h (58)

The solution to the less constrained problem is given by (check several possi-
bilities and compare: 1). Wy = Wy, Wa = Wy; 2). Wy = Wy, Wa > Why; 3).
Wi > Wy, Wo = Wy, 4) Wy > Wy, Wa > Wl)

clh =cf =11.38
hi=hy =1

Wi =Wy =8.535 > W

Now we go back to Ramsey problem indexed by 7. Using the following
condition we can solve for optimal 7y

1—7 1 1

TTror ~of
— 7 =-0.32 (59)

It is left to check that all the conditions stated in the original Ramsey
problem are satisfied by the solution above, which is trivial. In summary, if
71 = —0.32, which is a subsidy, the economy is Ramsey optimal and



hi=hy = 1
cN=cl =1
Wi=W, = 8535
ct=cI = 1138

~ o~ —~
DD O O D
w o = O
I — T

Excercise 9.14

1

The optimality problem of the representative household is

oo
max E (AL, N
55, B D PU(ALel )
subject to the budget constraint

dt+1
1 + Tt

C?‘FptCéV—th :ytT‘i‘wtht—Fd?t—F

The first-order conditions are shown below

o=

bt = — Dt = T

Ai(ef ) a \d

Az(cf ) 1—a<0iv>_

A= U (A) AL (el eN) = A = aA; 7 Af (cF) ¢

At
1 —+ Tt
Given that £ = = and (1 +r) = 1 we have

= ﬁEt)\tJrl

At = a(czﬂ)fé

At = Eidn
Therefore, the equilibrium process of tradables is characterized by

(F) § =B (F,) ¢ (64)

Since ¢ = i, the above problem is in fact separable and because there is
no uncertainty in tradable output and interest rate, one can drop the expecta-
tion operator. In addition, we use the assumption that dy = 0, the tradable
consumption can then be shown to be

of =y" (65)



Et Az (cglh B) ' :| |:A2 (CtTa h ’ 7
= > ———F .(h —=—=F, ;(h
€t &, - Y A1(Cf_1,h) t 1( ) Al(ctT,h) t 1( )
Zt—1—Z2t 1-¢
= (e ) ¢ (66)

3

Demand curve:

1

l—a [N\~ 1—a [y \°
— Zt = 67
" (Cf) a (62%? (67

W,
= L e (63)

=

Supply curve:

Pt =

Suppose the economy is at full employment at ¢t = —1 and an increase in
productivity occurs, i.e. zg > z_1, demand curve and supply curve both shift

downwards. Note that (ezt)fé < (e*)”" as ¢ < 1. Under peg, the shift in
suply curve is smaller than the shift in demand curve, leading to involuntary
unemployment. Under the optimal exchange rate policy, a devaluation should
decrease the domestic real wage such that the full employment is obtained again.

4

Following the result in part 2,
1—1
€@ =" (€Zt71*2t) 3

lne = (1 — 2) (zt—1— 2zt) + In~y (69)

The correlation between devaluation rate and productivity growth rate is

El(lne;—Elne)(zr—2z1—1)] _

OlneyOzp—zy_1

corr = 1>0 (70)

As analyzed in part 3, when technology gets increased, household tends to
supply less labor while firm wants to hire more labor. The net effect is a decline
in labor in equilibrium. In order to induce full employment again, the economy
needs devaluation and further reduction of real wage so as to encourage firm’s
hiring of labor. Therefore, the correlation is positive.

10



5

If ¢ > 1, then £ —1 < 0. In this case, the downward shift in the supply curve
exceeds that of demand curve, so that there will be more labor demand from
production side. Recall that it has been assumed that the domestic currency will
remain as strong as possible. Therefore, we could implement an appreciation
to increase the real wage and still achieve full employment. In other words, the
correlation is negative.

El(lne,—Elne)(zr—21-1)] - —1<0 (71)

OlneyOzy—2y_y

corr =

11



Exercise 10.1

Household Problem:

T N)] l1—0o _1

S t 700 t [A(Ct’ct
max leﬂ U(C, 1) = ;ﬂ

I S 1-0

T .N
c; »Cy »dit1,

subject to

d
o 4piel +dp = (=)l +whi )+ (2)
h+1P = h (3)
diyr < d (4)

where A(cT,c) is the consumption bundle and 7; is income tax rate.
Note that given the property of utility function, it is always true that vol-
untary leisure is positive and so

hY < h (5)
Firm Problem:
H}LaX@ = ptF(ht) - (1 - St)wtht (6)

Labor Market:
Suppose firms cannot force workers to work, i.e.

he < i (7)

and nominal wage is downward rigid, i.e.

Wi 2 yWil1 — wy 2> ywi—y (8)

(hi = he) (W = ywi—1) =0 (9)
Equation (8) says if firm’s demand for labor is strictly lower than the supply,
the wage rigidity is binding.
Nontradables Market Clearing:
F(hy) =cY (10)

Government Budget:

sqwihy = Tt(ytT +wihi + ¢4) (11)

Competitive Equilibrium:
We are now ready to write all the optimality conditions below



d
I +d = oyl + - (12)

147

_ AQ (Ct ,F(ht))
Pt = m (13)
pe = (1- St)% (14)
(0 (}_l - h?)ia = M1 —7)wy (15)
he < R (16)
wyg = Ywp-q (17)
dipn < d (18)
Ao = Ui (Ale], F(hy)) Ar (¢], F(hy)) (19)
1 —/i\—trt = BEAt1+ (20)
pe = 0 (21)
pe(digr —d) = 0 (22)
(hi = he) (we —ywe—1) = 0 (23)
stwihy = Tt(ytT +wihg + ¢y) (24)

Pareto optimal allocation

—0

Ae \ _ A
Zﬂt (cF F(ho))]| L) 1

max Z U(C,ly) =

el heydit =0 l1—-0 1—6
(25)
subject to
li+he = h (26)
d
o +dio= yi+ j:;t (27)
dipr <d (28)

The optimality condition to planner’s problem is given by



d
I +d, yl + (29)

1+’I"t
b (h—h)"" = Uy (AL, F(hy)) Ag (T, F(hy)) F' (he) (30)
dipr < d (31)
Xe = Ui (Ale], F(he) Av (¢f s F(he)) (32)
1_/\:” = BEM g1+ (33)
pe =0 (34)
Mt(dt-&-l_d) = 0 (35)

Consider a policy maker who wishes to set the income tax and wage sub-
sidy to achieve Pareto optimality. The optimization problem faced by this policy
maker is to maximize (1) subject to (12) - (24). To see that the Ramsey-optimal
policy supports the Pareto optimal allocation, we transform the optimality con-
ditions under competitive equilibrium into the following:

d
Fvd, = yl'+ 1:2 (36)
Ay (T, F(h
pe = A2 (¢, Flu)) (37)

A1 (Ct 5 (ht))

pe = (1- St)% (38)
w(h=he) " = UL (AW F(b) As (e F(h) 7' (hi39)
hy < hy (40)

wy > ywe_y (41)

diyr < d (42)

A = U (A(cf, F(he)) A1 (¢f ,F () (43)

1 —):Tt = BEi 41+ i (44)

pe = 0 (45)

pe(dir —d) = 0 (46)
(hi = he) (we —ywe—1) = 0 (47)
siwhy = T(yl +wihy + ¢y) (48)

Equations (36), (42)-(46) are identical to (29), (31)-(35). Now set p; to
satisfy (37), wy = yws—1, and then s; to satisfy (38), 7 to satisfy (48). Note
7t < $¢. Therefore, from (39), we know that h} > h;, which satisfies (4). The
above procedures replicate Pareto optimal allocation.



Exercise 10.2

The policy tool is the combination of lump-sum taxes and external debt. Ex-
change rate is fixed.
Household Problem:

max Z BU (A(c], e)) (49)
t=0

subject to budget constraint

C;T + ptciv = y;T + U}tht + ¢t + Tt (50)

where T} is the transfer denominated in foreign currency.

Since household is restricted from borrowing, its problem is equivalent to
maximize utility period by period.
Firm Problem:

H}LaX (bt = ptF(ht) — wtht (51)
Labor Market: ~
hy < h (52)
Wy > YWi_1 (53)
(iL - ht) ("U.)t — ’ywt_l) =0 (54)
Nontradables Market:
F(hy) =N (55)
Government Budget:
diyq
— = di+ T 56
]. —+ Tt t + ¢ ( )
diyr < d (57)

where d;y1 is the external debt position demoninated in foreign currency.
Competitive Equilibrium
We are now ready to write all the optimality conditions below



Cy
Y43

bt

wt

hy

W

diy1

pit (des1 — d)

(;L - ht) (U)t - 'thfl)

dit1
1 + Tt

Consider a policy maker who wishes

IN IV IAN IV I

to

set transfer and external debt to

obtain Pareto optimality. After simple rearrangement, this policy maker is to
maximize household utility subject to (58)-(67).

Eqm(1):
C? —+ dt
As (T, F(h

et 20 o,

Al (Ct ,F(ht))
Wt
ht
7’
diy1
1243 (dt+1 - CD

(B - ht) (wt - ’thfl)

IN IV IN IV I

d

T t+1
t + 1 + Tt

wy

YWe—1

h

0

d

0

0

(68)

(69)

70)
71)
72)
73)
74)

)

(
(
(
(
(
(75

We already know that Ramsey optimal capital control problem described in
section 10.3 is characterized by the following conditions.

Eqm(2):



d

T T t+1

+d + 76
Ct t Yi 147 (76)

A2 (CT7 F(ht))

Ay (], F(hy)) Fihe) = (7)
wy > YW (78)

he < h (79)

deyr < d (80)

(h = hy) (wy —ywi—1) = 0 (81)
Ao = U (A, F(hy))) Ar(ef, F(hy)) (82)

M) _ BE A1 + 83

1+ tA4+1 T Mt (83)

we > 0 (84)

pe (degr —d) = 0 (85)

The solutions to Eqm(1l) and Eqm(2) are also the solution to the less-
constrained problem of Ramsey capital control policy studied in section 10.3
(note we can drop the complementary slackness condition by contradiction).
Thus, the equilibrium real allocation in this setting is identical to the one ob-
tained in section 10.3 under Ramsey optimal control policy.

Excercise 10.3

Consider pre-determined consumption tax as a policy tool. Again exchange rate
is fixed.
Household Problem:

(oo}

max Z,BtU (A(cf, ) (86)

T .N
Cp 5Cy 7dt+1 =0

subject to budget constraint

d
(L+70) (¢f +pecl) +dp = y?+wtht+¢t+1f7{ +T,  (87)
t

d (88)

IA

diy1
Firm Problem:
H}LaX ¢t = ptF(ht) — wtht (89)

Labor Market: Downward wage rigidity must be satisfied and labor supply
cannot exceed the upper bound



ht <h

Wy = YW1

(h = hy) (we — ywi—1) =0

Nontradables Market:

Government Budget:

Ty

where T is the transfer to household denominated in foreign currency.

Competitive Equilibrium:

F(he) = ¢

C
Tt

(C’ir + PtCz]tV)

We are now ready to write and simplify all the optimality conditions below. It
is worth noticing that Ramsey allocation calls for p; = 0 and d;11 < d, hence
we can impose this fact directly. We also write the multiplier \; as a function

nontradables and labor.
Eqm(1):

Cg‘—l—dt

As (], F(hy)) F ()
Ay (I F (b))
hy
Wt
diy1
At
L 147,
1+7r 147f

H
pe(dis1 — d)
(71 — ht) (wt — ’ywt_l)

IV IA

IN
Q)

diyq
v+
+ 7y
Wt
h
YWt—1

U'(A(c), F(he))As(c) F(he))

EBAr1 + i

We already know that Ramsey optimal capital control problem described in
section 10.3 is characterized by the following conditions

Eqm(2):



d
T dy =yl (106)

Az (¢f,F(hy))

A, (czT, Flyy! ()= (107)
he < h (108)

wy > ywi_1 (109)

diyr <d (110)

Moo= UNAWT F(h)As(l F(h))  (111)

: jn 1—=7HN = EBhy1 + (112)

g >0 (113)

pi(depr —d) = (114)

(ﬁ — ht) (wp —ywe—q) = (115)
(116)

Comparing the optimal conditions under two equilibria, it is obvious that
we can set

179 — 147,
t 1+7f
ey o= (-1 (1+7) -1 (117)

By comparing the two sets of equilibrium conditons, the Ramsey consump-
tion tax above is able to replicate solution to optimal capital control problem.



Exercise 13.3

Now the maximization problem is to
€11
max u(c(e))m(e)de
{e(e)d(e)} /eL (ele)m(e)

subject to

c(e) =7+ e—d(e)

/d(e)w(e)de =0

d(e) < min{d(e), k}

The last constraint is equivalent to

d(e) <k

Since the problem is exactly the same as in section 13.3.3, the analysis there
goes through.

Exercise 13.4

We consider the case that 0 < a(j + €”) < €”, which means 127 < eg.
The optimal contract is to

€H

max u(c(e))m(e)de
{0(6),d(€)}/ (c(e)mle)

subject to
(&) =g +e—d(e)
/d(e)w(e)de =0

d(e) < a(y+¢)

The Lagrangian associated with the above problem can be written as:

L= /Z {u(y + e —d(€)) + Md(€) + y(€)[a(y + €) — d(e)]}m(e)de

when the incentive-compatibility constraint does not bind, the argument still
holds as before, we would have 7(¢) vanishes in the first order condition and that
d(e) takes the form of d(€) = d + € and consumption is a constant c¢(e) = § — d.

Then we can prove that if the IC constraint is binding for some €', then it is
binding for all €’ > ¢/. We prove by contradiction. Let ¢’ € (¢/,e"]. Suppose,
the IC constraint is binding for €, so that d(€¢’) = a(y + €'), but is not binding
for €, so that d(¢’) < a(g+ €’). Then

o) =g+ —d") > (1 -a)(g+) > (1 -a)(g+e)=c()



We obtain u'(c(e”)) < u/(c(¢')) and thus y(e”) > ~(¢/) > 0. But since IC
constraint is not binding for €”, we must have y(¢’’) = 0, which is a contradiction.
So there is a cutoff € such that

_f d+ee<e
d(e) = {a(y+e),e> €

We will further show that
1.d>0
2. d(e) =d+é=a(y+e

If the contract is indeed continuous, which means the second condition is satis-
fied, then

L

o:/:(d+e)7r(e)de+/: a(g + ) (e)de

This gives d > 0, then we move on to show continuity.

The optimal contract sets € and d to maximize

[ o= dr@de+ [ ul - )5+ e

L

subject to
H

[(J+ e)m(e)de + / ol + e)r(e)de = 0

L

Differentiate the objective function with respect to € and d and set the result
equal to 0 to get

—/(§ — d)F(€)dd + u(y — d)7(€)de — u((1 — a)(y + €))7 (€)de = 0
Differentiate the constraint to arrive at
F(&)dd + (d + &)m(¢€)dé — oy + é)m(é)de = 0
Combining the two gives
W(F—d)(d+E-a(f+e)+[uf—d) —u((l-a)F+e) =0

Apparently d + € = a(y + €) satisfies the above condition.



Finally, we check the participation constraint by replacing d by (7 + &) — &

H

Oza(gj—l—é)—é—(l—a)/e (e — &)m(e)de

«

7= [ (- omtade

The left hand side ranges from 0 to e/ when € goes from e” to e. Note we
have restricted 2,7y < e By continuity, there is an € that equates left hand
side with right hand side.

l1—«

Exercise 13.5
The incentive compatibility constraint is
w(+e) —m < u(g+e—d(e))

The maximization problem is to

max /EH u(c)m(e)de

c(e),d(e) Jey,

subject to
cle) =y +e—d(e)

[ dtemtere=o

w(y+e) —m < u(y+e—d(e))

The Lagrangian associated with the above problem can be written as:

L= /: {u(g+ e —d(e)) + Ad(e) +~v(€)[u(g+ € — d(e)) + m — u(g + €)] }(e)de

Still, it is easy to check when incentive compatibility constraint does not
bind, we would have 7(¢) vanishes in the first order condition and that d(e)
takes the form of d(e¢) = d + € and consumption is a constant c¢(e) = § — d.

We go on to prove that when IC constraint is not binding for some €', then
for all €’ < €, the IC constraint does not bind, either. This is also proved by
contradiction. Suppose we have € does not bind, but ¢’ € [er,€’) and the IC
constraint is binding

wy+€)—m <u(y+e —d(€))

u(G+€") —m=u(g+ € —d("))
w(+€") —u(@+ e —d(e”) > uy+e) —uy+e —d(e))



We then have that

u(y+ e’ —d(€) —u@m+e —d)) <u@+e’) —uy+e) <0

That is,

u(c(e”)) < ulc(e)),
and then

' (c(e")) > u'(e(€)),
thus

V(") <v(e) =0

which is a contradiction since y(e”) > 0.
Therefore, the optimal contract takes the form of a cutoff strategy

d(e) = d+ee<e
S te—uH(u(@+e) —m)e>e

We will also show that

2. de)=d+e=y+e—u(uy+e) —m)

If the contract is indeed continuous as stated in the second condition, then

. d+ e)m(e)
= /E(d—&— e)m(e)de +

L

0:/6( de—|—[6 (G +e—u "t (u(y+¢€) —m))m(e)de
[ e urt g - m) - (g + ) - (e

EH

:J+/ (™ (u(g + &) —m) —u (u(y + €) — m))m(e)de

This proves that d > 0 since u(-) is an increasing function. Then we proceed to
show continuity.

The optimal contract sets € and d to maximize

H

/: u(y — d)m(e)de + /: (WG + €) — m)m(e)de

L

subject to

_ H

0= /6 (d + €)m(e)de + /f (G4 € —u "t (u(y + €) —m))m(e)de

L



Differentiating the objective function and the constraint shows

—u'(§ — d)F(€)dd + u(y — d)m(€)dé — (u(y + €) — m)m(€)de = 0

(d+&)rm(€)de — (§+ € —u ' (u(g + € — m))w(e)de + F(€)dd = 0

Combining the above two equations, we would have
u(G—d)(d+8) — (F+E—u (G +8) —m)] +uf—d) — (uf+E—m)=0
Apparently, d + € =7 + € — u~ ! (u(g + €) — m) satisfies the above equation.

Finally, we go to check the IC constraint:
€ el
0= / (d+ €)m(€)de + / (G +e—u" (u(y +€) —m))m(e)de
el €
H

= [ amode+ [ @+ eru w0 = m) = (ul + 0~ m)r(e)dle)

L
H

—d+ / (™ (u(g+ &) —m) —u™" (u(F + ) —m))m(e)de

Or equivalently,

H

g=u""(u(y +€ —m)— / (™ (@ +8) —m) —u” (u(f +€) — m))m(e)de

The rlght hand side is increasing m €. When € = €1 the right hand side is
5w (@ + €) — m))( de<fLu (y+e—d())()de—f6H(g+e_
d(e)m(e )de = y When € = ey the rlght hand side is fL uH(u(y + ) —

m))m(e)de = [ u (u(g+e” —d())m(e)de > [ u (u(g+e—d(e))m(e)de =
y. We have proved that the RHS monotomcally increases from some value below

7 to some value above y. By continuity, there is a level of € that will equate
both sides.



