The size of the core in assignment markets*

Yash Kanoria' Daniela Saban? Jay Sethuraman®

Revised: September 2016

(Initial version: October 2015)

Abstract

We consider a two-sided assignment market with agent types and a stochastic structure,
similar to models used in empirical studies. We characterize the size of the core in such
markets. Each agent has a randomly drawn productivity with respect to each type of agent
on the other side. The value generated from a match between a pair of agents is the sum of
the two productivity terms, each of which depends only on the type (but not the identity) of
one of the agents, and a third deterministic term driven by the pair of types. We prove, under
reasonable assumptions, that keeping the number of agent types fixed, the relative size of the
core vanishes rapidly as the number of agents grows. Numerical experiments confirm that the
core is typically small. Our results provide justification for the typical assumption of a unique
core outcome in such markets, that is close to a limit point. Further, our results suggest

that, given market composition, the wages are almost uniquely determined in equilibrium.
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1 Introduction

We study bilateral matching markets, such as marriage, labor, and housing markets, where
participants form partnerships for mutual benefit. The two classic models of matching markets
are the non-transferable utility (NTU) model of Gale and Shapley (1962), where payments are
not allowed between the agents; and the Shapley—Shubik—Becker transferable utility (TU) model
in Shapley and Shubik (1971) and Becker (1973), where monetary transfers are allowed between
arbitrary sets of agents. For each of these models the natural solution concept is that of a stable
outcome, in which there is no pair of agents who would prefer being matched with each other
over their current outcome.

In the TU matching market setting, it is well known that the notion of a stable outcome
coincides with that of a competitive equilibrium. Furthermore, a stable outcome is guaranteed
to exist in any two-sided market, but is generically not unique (Shapley and Shubik 1971).
Therefore, a fundamental question that arises is how big is the core (i.e., the set of stable
matchings) in a given market. This work seeks to characterize the size of the core as a function
of market characteristics.!

The motivation for our study of core size in TU matching markets is twofold. First, it is
of interest to know whether basic market primitives, i.e., the number of agents and the values
of possible matches, are sufficient to determine the outcome of the market, or whether there
is significant ambiguity arising from which equilibrium the market is in. As an example, can
a labor market support higher wages for labor without adding jobs or improving productivity,
just by moving to a different equilibrium? A small core would suggest a negative answer to this
question. Matching platforms such as Upwork, AirBnB, TaskRabbit and others commonly have
a “suggested wage/rate” feature, which is in the nature of a suggestion; i.e., it is not binding
(AirBnB 2015). Such platforms would then not be able to use such a feature to select between

equilibria, since the equilibrium is unique.? Second, the concept of stability is widely used as a

LA small core has been found in special cases of the TU setting as in Gretsky et al. (1992, 1999), Hassidim
and Romm (2015), which we discuss below. In the NTU setting, real markets have almost always been found
to contain a nearly unique stable outcome; see, e.g., Roth and Peranson (1999). A body of theory explains this
phenomenon (Immorlica and Mahdian 2005, Kojima and Pathak 2009, Ashlagi et al. 2016, Holzman and Samet
2013, Azevedo and Leshno 2016).

20ur results extend to the case where transfers are taxed by the platform; cf. Remark 1.



starting point in theoretical and empirical studies in matching markets, which in general require
or assume a nearly unique stable matching in order to facilitate predictions, comparative statics,
and so on. For instance, several papers (Choo and Siow 2006, Galichon and Salanié 2010) make
a continuum limit assumption in TU markets, and in the continuum limit there is a unique
equilibrium. However, there is insufficient theoretical basis to justify such an assumption on the
size of the core. We ask when such an assumption is justified. The core size and other features
of real NTU markets can be studied as the data on ordinal preferences is often available. In TU
matching markets this becomes a harder task given that preferences (i.e., the value generated
by a pair/match) are difficult to observe, which has hindered empirical studies of features like
core size in TU markets, providing additional motivation for a theoretical study of core size.

Our main contribution is to bound the size of the core as a function of the market primitives.
In particular, we characterize the rate at which the core shrinks as a function that depends
primarily on the size of the market. We find that the size of the core in TU matching markets is
typically small. This suggests that online matching platforms have limited ability to redistribute
welfare across agents, without changing the rules of the market. In addition, our findings justify
the continuum limit assumption that is typically made in such markets. Under additional (mild)
assumptions, we find that the core rapidly approaches the unique equilibrium in the continuum
limit.

In particular, we consider the traditional assignment game model of Shapley and Shubik
(1971), consisting of “workers” and “firms”, that can each match with at most one agent on
the other side. To model the different skills of the workers and the different requirements of the
firms, we assume that there are K types of workers and @) types of firms. Matching worker ¢ with
firm j generates a value ®;; (this can be divided between ¢ and j in an arbitrary manner since
transfers are allowed), which we model as a sum of two terms: a term u(-,-) that depends only on
the types of < and j, and a term ; ; that represents the “idiosyncratic” contributions of worker
i to firm j. In our model the u(-,-) is assumed to be fixed, but the 9;; is the sum of two random
variables, the “productivity” of worker 7 with respect to the type of firm j and, symmetrically,
the “productivity” of firm j with respect to the type of worker 7. These productivities are

assumed to be independently drawn from any distribution (satisfying some mild assumptions)



for each (agent, type) pair. In addition to its plausibility, such a generative model for the value
of a match has been used in empirical studies of marriage markets, starting with Choo and Siow
(2006) (see also Chiappori et al. 2015, Galichon and Salanié 2010).

We study the size of the set of stable outcomes for a random market constructed in this way.
Shapley and Shubik (1971) showed that the set of stable outcomes (which is the same as the core)
has a lattice structure, and thus has two extreme stable matchings: the worker optimal stable
match, where each worker earns the maximum possible and each firm the minimum possible in
any stable matching; and the firm optimal stable match, which is the symmetric counterpart.
Also, in all stable outcomes, the matching between workers and firms must be such that social
welfare is maximized. Given these structural properties, our metric for the relative size of the
core is quite natural: we consider the difference between the maximum and minimum total
utility of workers (equivalently, firms) in the core, scaled by the (maximum) social welfare. We
show that if the number of types is fixed, then the core is small and provide bounds on the size
of the core under three different sets of assumptions.

First, we consider productivities drawn from a general distribution satisfying mild condi-
tions.? Our first main result (Theorem 1) establishes a small core under some reasonable as-
sumptions on market structure: specifically, the expected core size is O*(1/{/n) in a market
with n agents, and at most £ = max (K, Q) types of agents on each side (with £ fixed).* We show
that this bound is essentially tight by constructing a sequence of markets such that the core size
is® Q(1/4/n). Thus the core shrinks with market size, and this shrinking is faster when there are
fewer types of agents. Additionally, we obtain a tighter upper bound in the special case with
just one type of employer and more employers than workers (Theorem 2). Our upper bound in
this case improves sharply as the number of additional employers m increases; we establish a
bound of O*(1/(n'/¢m*=1/%)), where ¢ is the number of worker types.

Second, we again consider a fixed set of types, but assume that productivities are drawn

3Namely, we require the support of the distribution to be a (possibly unbounded) interval, and the density to
be continuous and positive everywhere in the support. These requirements are satisfied by the normal, Gumbel,
uniform, and exponential distributions, among others.

TWe write f(n) = O*(g(n)) if there exists r < oo such that f(n) < r(logn)”"g(n) for all n. In words, this
corresponds to the big-O notation where poly-logarithmic factors are also suppressed.

f(n)

| > 0. This corresponds to the standard big-O notation.

5Similarly, we write f(n) = Q(g(n)) if limsup,, , .




from a distribution with unbounded support (Theorem 3), and obtain stronger results. We
show an O*(1/n) bound on core size in this case. We also establish that the core solutions in
the finite market converge to the unique equilibrium in the continuum limit market, bounding
the distance between any core solution and the limit equilibrium by O*(1/4/n). In particular,
this bounds the convergence rate of the (scaled) number of matched pairs belonging to each
pair of types, which is the empirically observed quantity in many settings (transfers are often
not observed, e.g., Choo and Siow 2006), and hence bounds the error that occurs when match
utilities are estimated in empirical studies based on a continuum limit assumption. Both our
bounds are again tight.

To supplement our theoretical findings, we conduct computational experiments (Section 5).
We run simulations with a variety of distributions for the idiosyncratic productivity terms and
also go beyond our theoretical development by allowing the number of agent types to grow.
In a broad range of settings, we find that the core is small, even in relatively small markets.
The only exception we find is the case of productivities following a Pareto distribution, and
a large number of agent types. Overall, our results strongly suggest that the core is small in
practically relevant settings. Our experiments also show that the (scaled) number of matched
pairs belonging to a each pair of types rapidly converge to the appropriate limiting value.

To conclude, we briefly describe the theoretical component of our work. Our model has
the following property (here, think of u(-,-) as being formally incorporated in the worker
productivity): there is a “price” associated with each (worker type, firm type) pair, such that
for every matched pair of agents of these types, the utility of each agent is her productivity
(with respect to the type on the other side), which is “corrected” additively on both sides of
the market (in opposite directions) by the price. Each of our bounds on core size is proved
by showing uniform bounds on variation in type-pair prices across core allocations. A key
component of our analysis is to relate the combinatorial structure of the core to order statistics
of certain independent identically distributed (i.i.d.) random variables (r.v.s). These r.v.s are
one-dimensional projections of point processes in (particular subregions of) the unit hypercube,
where the point processes correspond to the market realization. An analytical challenge that

we face is that the relevant projections as well as the relevant order statistics are themselves a



random function of the market realization. We overcome this via appropriate union bounds. In
our proof of Theorem 3 we further use an order-theoretic approach to control the set of candidate
core solutions (this also yields a limiting characterization of core solutions as market size grows).

Our analysis sheds light on how market structure affects the core and its size.

Related Literature Most of the related literature focuses on the NTU model of Gale and
Shapley (1962). Building on that model, a number of papers establish a small core under various
assumptions such as short preference lists or many unmatched agents (Immorlica and Mahdian
2005, Kojima and Pathak 2009, Kojima et al. 2013, Menzel 2015, Peski 2015), and strongly
correlated preferences (Holzman and Samet 2013, Azevedo and Leshno 2016).° In a recent
paper Ashlagi et al. (2016) show that in a random NTU matching market with long lists and
uncorrelated preferences, even a slight imbalance results in a significant advantage for the short
side of the market and that there is approximately a unique stable matching.” Further, Ashlagi
et al. (2016) find the near uniqueness of the stable matching to be robust to varying correlations
in preferences and other features, suggesting that a small core may be generic in NTU matching
markets.

There is an extensive literature on large assignment games that extends the many structural
properties established by Shapley and Shubik for finite assignment games to a setting in which
the agents form a continuum; see, for example, Gretsky et al. (1992, 1999). Those papers also
show convergence of large finite markets to the continuum limit, including that the core shrinks
to a point. However, unlike in our model, they model the productivity of each partnership as
a deterministic function of the pair of types, with the only randomness being in the number
of agents of each type. The work on assignment games that is most closely related to our
work is a recent preprint of Hassidim and Romm (2015): in their model, all workers (firms)

are a priori identical, and the value of matching worker ¢ to firm j is a random draw from

6 Azevedo and Leshno (2016) consider a fixed number of schools and a growing number of students. One can
think of each school as being replaced with a linearly growing number of agents (equal to the number of seats in
the school) having identical preferences (identical to those of the school), without affecting the core. Hence, we
see Azevedo and Leshno (2016) as implicitly considering preferences that are strongly correlated in a particular
way.

"Our results on a small core in TU markets also hold under a similar “generalized imbalanced” requirement,
which is generically satisfied; cf. Section 3.



a bounded distribution, independently for every pair (i,7). For such a model, they establish
an approximate “law of one price,” i.e., that workers are paid approximately identical salaries
in any core allocation, and that the long side gets almost none of the surplus in unbalanced
markets. By contrast, we work with multiple types of workers and firms, and the value of a
match depends on the types of each agent, and random variables that depend on the identity
of one of the agents and the type (but not the identity) of the other agent. We believe that our
model better captures features of real markets, as it allows for correlations in preferences across
types.

There has been recent work in the operations literature characterizing equilibria in matching
markets. Nguyen (2015) considers bargaining in a network en route to formation of coalitions
(a generalization of matching) and characterizes the stationary equilibria of the game. Alaei
et al. (2016) generalize the Shapley—Shubik model to the case of utilities that are not necessarily
quasilinear in payments. The paper characterizes equilibria, and provides an algorithm for
efficiently computing the extreme equilibria. This work leads to a mechanism for ad auctions that
has good properties even when there is inconsistency in click-through rate estimates. Overall,
the goal of this line of work, including the present paper, is to obtain a refined understanding
of equilibria to enable the design of better marketplaces for matching.

The rest of the paper is organized as follows. We present our model in Section 2 and a
statement of our results in Section 3. An overview of the proof of our main result for general
distributions (Theorem 1) is in Section 4 (the proof is deferred to the appendices). We defer
the proof of Theorems 2 and 3 to the appendices. Numerical experiments complementing our

theoretical findings are described in Section 5. We conclude with a discussion in Section 6.

2 Model Formulation

We consider a two-sided transferable utility matching market with a finite number of agents.
The sides of the market are represented by labor (£) and employers (£). Let ns be the number
of workers in £ and ng be the number of employers in &; we let n := |£] + || denote the size

of the market, i.e., the total number of agents. If ny = ng we say that the market is balanced.



Otherwise, we say that the market is unbalanced. A matching is a mapping M from LU & to
itself such that for every i € £, M (i) € £ U {i}, and for every j € £, M(j) € LU {j}, and for
every 1,7 € LUE, M(i) = j implies M(j) = i. That is, each agent is either matched to one
agent on the other side, or remains unmatched. If M (i) = j # i, we say (i,7) € M. We assume
that the underlying graph is complete; that is, all pairs of agents can potentially be matched.

Each side of the market is partitioned into a finite number of types. We define T, :=
{1,..., K} and Tg := {1',...,Q’} to be the set of types on the labor and employer sides respec-
tively. Let T = T, X T¢ denote the set of pairs of types. For a given type t € T, U7Tg, we denote
by n; the number of agents of type ¢. Finally, 7(a) denotes the type of agent a € L U &; given
a type t and an agent a, we say that a € t if 7(a) = ¢t. In what follows, we typically use ¢ to
denote an individual agent in £, and j to denote an individual agent in .

The value of the match between i and j is denoted ®(7, j). An outcome is a pair (M, ), where
M is a matching between agents in £ and &£, and + is a payoff vector such that v; +v; = ®(3, )
for every pair of matched agents, and +; = 0 for every unmatched agent. That is, the vector
v indicates how the value of a match is divided between the agents involved in the match. In
this paper we shall be concerned with outcomes that are in the core, i.e., outcomes such that no
coalition of players can produce greater value among themselves than the sum of their utilities.
Shapley and Shubik (1971) show that for this matching market model, an outcome (M, ) is in
the core if and only if it is stable, a seemingly weaker condition. An outcome is said to be stable
if no agent prefers not to participate in the matching (because of a negative payoff), and if there
is no blocking pair of agents who can both do better by matching with each other (because the
value they generate by matching with each other exceeds the sum of their current payoffs). Thus,
the stability condition can be mathematically described as v; +v; > ®(i,7) for all i € £ and
j € &, and further v; > 0 for all © € LUE. Furthermore, it is known that the matching M in any
stable outcome must be utility-maximizing; that is, M € argmaxy; ey 22 jyenr (45 5), where
M is the set of all possible matchings. For a given matching M, we refer to Z(m)eM ®(i,7) as

the weight of the matching.®

8 These results are formalized by Shapley and Shubik (1971). They show that the set of stable outcome utilities
is the set of optima of the dual to the maximum-weight matching linear program, implying in particular that the
matching M in a stable outcome must be a maximum-weight matching.



2.1 Structure of ®(i, )

We now impose some structure on the value of matching two agents. Recall that each agent
in our model is associated with a type. These types are used to group agents with similar
characteristics. As an example, consider a labor market consisting of Ph.D. candidates (workers)
and firms. Suppose that the type of a worker is the university and program he is graduating
from, while the type of a firm corresponds to the industry it belongs to (e.g., tech, consulting,
finance).” It is then natural to think that some portion of ® will be determined by the types of
the agents alone; in other words, matching two agents of a certain type will induce some baseline
value. For instance, depending on the curricula of the programs, students at one program might
be better trained for the tech industry than for consulting, while the opposite might hold for
students at another program. However, each worker also has her own characteristics, which
might make her more or less suitable for a particular industry, relative to other workers from
the same program. Similarly, a particular firm may be more or less attractive to workers from
a particular program, relative to other firms in the same industry.'®

To capture both the correlation in preferences between agents of the same type as well
as individual variations, we model the value ®(i,j) of matching i and j as the sum of two
components: a type-type utility term u(7(¢),7(j)), and a match-specific term wzy)’T(j). The
utility term w(7(i),7(j)) depends only on the agents’ types, and allows us to express how well
suited, in general, a worker of type 7(i) is to work in a firm of type 7(j). The match-specific
term @bzy)ﬁ(j ) potentially depends on both the identity of the agents as well as their types, and
captures how useful are i’s individual skills to perform job j. We further assume that ®(i,j) is

additively separable as follows.

7(4)
J

Assumption (Separability). ®(i,7) = u(7(i),7(j4)) + €. ' + nz(j).

The separability assumption states that the match-specific component, ¢Z§-i)’7(j ), is further

additively separable into two terms, 6;(1) and nz(j); each term depends on the identity of one

9More generally, several other relevant characteristics may be included to define a type, such as location and
past experience.

10 An alternative way of thinking about types is in the context of an empirical model. There, types represent
the observable characteristics of the agents (age, sex, location, education level). In addition, agents also have
some unobservable characteristics, captured by allowing for idiosyncratic variations.



agent and only the type of the other agent. In particular, for any fixed employer j and two

(i) _ @)
J

; whenever 7(i) = 7(i’), as the term e depends only

distinct workers 4,7 € £ we have €
on the type of the agents in £. Analogously, the term 7 depends on the individual worker ¢ € L
but only on the type of the firm j € £.

To illustrate the rationale behind the separability assumption, consider our previous example
of a market consisting of Ph.D. candidates and firms. Students in a particular program have their
own idiosyncratic skills; these are captured by the term nz(j ), which indicates how an individual
student 7 is valued by a certain type of industry 7(j), relative to other students of type (7).
Note that all industries of type 7(j) value candidate i equally. Similarly, the productivity terms
(i))

associated with firms (e;'’) capture how attractive that firm is to students emerging from a

J
given program, relative to the other firms of type 7(j). Throughout the paper, we refer to the
term u(7(7),7(j)) as the type-type compatibility, and to the terms 7 and e as the idiosyncratic
productivity terms.

Unless otherwise stated, we model the term u(7(7),7(j)) as a fixed constant, whereas the e
and n terms are modeled as random variables, independent across agent type pairs. We assume
that the distributions of € and 1 terms are supported on a (possibly unbounded) interval, with
positive and continuous density everywhere in the support. The continuum limit of such a
model was first introduced by Choo and Siow (2006), to empirically estimate certain structural
features of marriage markets. The model has since been employed in other contexts in the
empirical literature in matching markets (Galichon and Salanié 2010, Chiappori et al. 2015,
Fox 2008). This model is attractive for both theoretical and empirical work, as it allows for

reasonable correlation in agents’ preferences, and also heterogeneity and idiosyncratic variation

via the random productivities, while still remaining tractable due to a fixed number of types.!

2.2 Preliminaries

We now state some preliminary observations on the structure of the core under the separability

assumption. We start by showing that the payoffs can be expressed more conveniently. For each

HThese features have also been important in facilitating identification (Choo and Siow 2006, Chiappori et al.
2015). A researcher is typically able to observe only the cross-section marriage/matching distribution, namely,
the number of type ¢ agents matched to type t' agents on the other side of the market.



i € L and each type ¢q € Tz, let 7} = u(7(i), q) + n}.

Denote by M (t) the set of agents who are matched to an agent of type ¢. In addition, let U
denote the set of unmatched agents. It is easy to check that the weight of a matching depends
only on the type of partner that each agent is matched to. This implies that the maximum-
weight matching is typically not unique under the separability assumption. However, since the

idiosyncratic productivities are random with non-atomic distributions, the following holds.

Observation 1. With probability 1, the sets U and M(t) for t € Tr U Te are the same under

all mazimum weight matchings. We call this the type-matching.

We take this as the definition of the sets M (¢) and U for our purposes, since in any stable

outcome, the matching is a maximum weight matching; cf. footnote 8.

Proposition 1. Any core solution (M,~) corresponds to a vector o = {aq} € REXQ" sych that

the payoffs can be expressed as:
o v =7 —ayy for alli € L such that 7(i) = k and i € M(q).
o v ="+ ayg for all j € € such that 7(j) = q and j € M (k).
e v, =0 forallicU.

Proposition 1 follows directly from stability. This proposition formalizes the existence of a
single “price” for every type-pair (k,q) that is common across all matched pairs of agents with
those types. In particular, if worker ¢ and firm j of types k and ¢ respectively are matched, the
worker payoff is the type-type compatibility plus her own productivity with type ¢ minus the
price ayg; on the other hand, the firm’s payoff is its productivity with type k plus az,. Note
that this implies that if two firms j” and j” are of the same type and are matched to the same
type, the difference in their utilities must be equal to the difference in their productivities with
respect to that type.

Based on Proposition 1, any core solution can be expressed in terms of the maximum weight
matching M and the vector «. The following proposition states necessary and sufficient condi-

tions for (M, «) to be a core outcome. (The maximum over an empty set is defined as —oc0.)

10



Proposition 2. The following conditions are necessary and sufficient for (M,«) to be a core

solution:

(ST) For every pair of types (k,q), (K',q') € T:

. ~ ! ~ . / ~ / ~
min 77 — 7!+ min e;? — e;? > Qprgy — Qg > max 7 — 74+ max € —e
iek'NM(q’) jEqNM (k) ieknM(q) JEGCOM (k')

.
<

(IR) For every pair of types (k,q) € T :

min e? > —Qpg > max "

jegnM(k) 7 ~ jegnu 77

: ~q ~q

and min 7, > Qk; > max 1; .
icknM(q) T = jeknv "t

We refer the reader to Chiappori et al. (2015, Proposition 1) for a proof. The first set of
conditions (ST) follow from re-expressing the condition imposing the non-existence of a blocking
pair of matched agents; i.e., for every (i,j) € M, we have v; + vy < ®(4,7) for all j € £ and
i+ < ®(i,j) for all ¢ € L. In particular, if the condition for pairs (k,¢) and (K, ¢’) fails
to hold, it means that we can find either (1) a worker i of type k who is matched to a firm in
q (1 € kN M(q)) and a firm j' of type ¢’ matched to an agent in k' such that ¢ and j' would
rather be matched together, or, (2) a worker i’ of type k¥’ who is matched to a firm in ¢’ and
a firm j in ¢ matched to an agent in k such that ¢ and j prefer to be matched together. By
considering the difference between two prices, these conditions state how much a type-pair price
can vary relative to another type-pair price; therefore, these conditions impose bounds on the
relative variation of prices.

The second conditions (IR) follow from combining two facts. The payoffs of matched agents
are non-negative, as otherwise they would rather be unmatched (see Proposition 1); this implies
the left inequalities. The non-existence of a blocking pair involving an unmatched agent, implies
the right inequalities. In particular, note that the right inequality for a type-pair price oy, is
meaningful only if an unmatched agent of type k or ¢ exists. The (IR) conditions constitute
bounds on the absolute variation of type-pair prices. Note that Proposition 2 highlights the

lattice structure of the set of core solutions (Shapley and Shubik 1971).

11



We conclude with a definition of the size of the core, denoted by C. We define C as the
difference between the maximum and minimum total payoff of workers (or firms) among core
outcomes, scaled by the overall social welfare (the total weight of M) in any core outcome.

This can be equivalently stated in terms of the vector a. For each pair of types (k,q) € T,

max i

let af p and aft‘]n be the maximum and minimum possible values of ay, in the core. Defining

max)

am* = (aﬁa")kenge%, note that (M, « is in the core and constitutes the firm-optimal

stable outcome. Similarly, (M, amin) is the worker-optimal stable outcome, where the definition
min min

max

of ™" is analogous to that of o/™®*. The size of the core is defined in terms of « and «

as follows.

Definition 1 (Size of the core). Let M be the unique mazimum weight type-matching. For each
pair of types (k,q) € T, let N(k,q) denote the number of matches between agents of type k and
agents of type q. Then, the size of the core is denoted by C and is defined as

XX, Nk @)l — o
N weight (M)

C

It is worth noting that C is always between 0 and 1. This is because weight(M) is the total

max mi

surplus produced by the match, while \akq — akqn| captures how much the surplus kept by
one side can vary, which in turn is scaled by the number of matches involving agents of such a
type-pair. The stability conditions imply that, for each match, the variation in surplus kept by
each side must always be less than the value of the match.

We conclude this section by noting that the results in the paper can be further generalized.

Remark 1. All of our analysis and bounds extend to a model with tazation of transfers (Jaffe
and Kominers 2014), which captures commissions charged by matching platforms. Think of
the utility of each agent in a matched pair (i,j) as arising from both the sum of a base utility
from participating in the match and the amount received/paid in a transfer payment between
the matched partners. Suppose the base utility is —c(7(i),7(j)) for the worker, whereas the
remaining match value, i.e., ®(i,j) + c(7(i),7(j)), accrues as the base utility to the firm (thus,
all the stochastic variation due to idiosyncratic productivities is in the base utility that accrues to

the firm; the base utility/cost of the worker depends only on the pair of types). Suppose that the

12



matching platform collects a fraction X € [0,1) of the transferred amount as tazes/commission.
Following Jaffe and Kominers (2014), we assume that the base utility is (weakly) negative for
workers, i.e., ¢(k,q) > 0 for all k € Tr,q € Tg, capturing the base cost to a worker of type k
of matching to a firm of type q. This ensures that transfers are only from firms to workers,
making this a so-called “wage market”. Consider any such market Myax. There is a one-to-one
correspondence between the core solutions in Myax and those in a market M with no tazes, the

same set of agents, and modified values from matching pairs of agents'?

i Ac(7 (i), 7(5))

B(i. ) = B(i,j) - =55 VieLl,jek.

The correspondence between core solutions of Miay and M is as follows: the matching is identical
in both markets, firm payoffs are identical in both markets, and the payoffs of workers are a factor
(1 —X) smaller in My relative to M. It follows that the size of the core'® in My is identical

to that in M.

3 Results

We now turn our attention to the main objective of the paper, which is to understand how the
size of the core scales as the market grows. Given the stochastic nature of our model, the size of
the core C is itself a random variable. Therefore, the rest of this section is devoted to studying
how the expected/typical value of C depends on the characteristics of the market. Throughout
this section we keep the number of agent types as well as u( -, ) fixed and allow the number of
agents to grow.

In markets with a finite number of agents there is always a finite number of stability con-
straints. Thus, it is generically possible to marginally modify some payoffs in a core solution
without violating stability and, therefore, the size of the core is strictly positive with proba-

bility one (Shapley and Shubik 1971).14 However, as the size of the market increases (whereas

12The modification can be absorbed in the u(7 (), 7(§)) term, leaving the idiosyncratic productivities unaffected.

3 0ne may define the size of the core in Mia.x as the difference between the maximum and minimum total
payoff of firms in core outcomes (this difference exceeds the corresponding difference for workers), divided by the
weight of M (all stable matchings once again live on M, and weight(M) is again the total payoff of the workers,
employers, and the platform combined).

141n the continuum limit markets as used in the empirical studies (e.g., Choo and Siow 2006, whose model is
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the number of agent types stays the same), the number of stability constraints also increases,
limiting the possible perturbations to the payoffs (cf. Proposition 2). Hence, one would expect
the set of core vectors a to shrink as the market size increases. In this section, we characterize
the rate at which the size of the core shrinks as the size of the market increases, as a function
of the market primitives. In particular, in Section 3.1, we present results for the general case
of productivities drawn independently from any bounded or unbounded distribution satisfying
mild conditions. In Section 3.2, we present stronger results for distributions with (two-sided)

unbounded support, including convergence of the core to a particular limiting point.

3.1 Idiosyncratic productivities with a general distribution

In this section, we consider general distributions F' for the idiosyncratic productivities, that
satisfy the condition that F' is supported on an interval of the form [C}, C,] or (—o0,C,] or
[Cy, 00) for some finite Cy, Cy, and its density f is positive and continuous everywhere on the

support.

One type on each side of the market. We start by considering the simple case of markets
with one type on each side, that is, K = @Q = 1. Given that there is only one type of agent
on each side, the deterministic type-type utility term u = u(7(z), 7(j)) will be the same for all
matches, regardless of the identity of the agents. The value of a match between agents i € L
and j € £ is (4, j) = u+1n; + €, where one may think of n; as representing the quality of worker

i and €; as representing the quality of firm j. Suppose u > 0 is a fixed constant.

Definition. We say f(n) = O*(g(n)) if there exists C < oo such that f(n) < (logn)®g(n) for

alln > 2.
Definition. A sequence of events &, occurs with high probability if lim,,_,~ Pr(&,) = 1.

Remark 2. The size of the core depends on the number of agents on each side of the market.

very similar to ours), there is a unique core solution. Real-world markets, on the other hand, are finite and thus
always have multiple core solutions. Therefore, bounding the size of the core as a function of the market size and
other market primitives may provide some justification for the continuum market assumption.
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e In a balanced market, i.e., when ny = ng, the core is large if F is supported on positive
values. For instance, if F is Uniform(0,1), the above market has C > u/(u + 2) with

probability 1. In particular, we have E[C] = Q(1).

e In any unbalanced market, i.e., ny # ng, there exists f(n) = O*(1/n) such that, with high

probability, we have C < f(n). Also, E[C] = Q(1/n).

In a balanced market, all agents will be matched in a stable solution and, by Proposition 1,
we can describe the size of the core in terms of a single parameter «; by Proposition 2, the
core consists of all @ € [—minjej, w + min; 7;]. In other words, the value w that is part of
®(i,7) for each (7,j) can be split in an arbitrary fashion between employers and workers. On
the other hand, in any unbalanced market, i.e., ny # ng, the core is small and rapidly shrinks
with market size. It turns out that the short side of the market has a significant advantage: if
there are fewer workers than firms, the price « is always negative in the core, and is bounded
as minjepr €; > —a > maxjey €. This observation agrees with some of the existing results for

the non-transferable utility setting (Ashlagi et al. 2016).

Multiple types on both sides of the market. We now consider the general case of K
types of labor and @) types of employers. The following condition generalizes the imbalance
condition to the case of multiple types. The idea is to get rid of the cases that, for certain values

of deterministic type-type utilities u( -, - ), may resemble a balanced problem.!3

Assumption 1 (Generalized Imbalance). For every pair of subsets of types S C Tz and S’ C Te,
we have ), sny # Y ce M. In words, there is no subset of types for which the induced

submarket is balanced.

We highlight that in our setting with fixed K and @ and growing n, “most” markets satisfy
Assumption 1.16
Throughout this section we allow the number of agents to grow, while keeping the number

of types fixed. We limit the way in which the market grows by assuming that there is at least

'>Whenever Assumption 1 is not satisfied, one can construct a market for which E[C] = Q(1), by extending the
reasoning leading to Remark 2.

16 Consider possible vectors A = {(nt)tETCUTg : Zt ng = n} describing the number of agents of each type. Then
O(1/n) fraction of these vectors violate Assumption 1.
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a linear number of agents of each type.
Assumption 2. There exists C > 0 such that for all types t € Ty U Tg, we have ny > Cn.

Under Assumption 2, each type has a comparable number of agents and no type vanishes as

the market increases. We now present our main theorem.

Theorem 1. Consider K > 1 types of labor, and QQ > 1 types of employers. Let the idiosyncratic
productivities be drawn i.i.d. from any fixed distribution F that is supported on an interval of
the form [Cy, Cy] or (—oo, Cy] or [C,00) or (—oo,00) where C; > —oo and C,, < 0o, and whose
density f is strictly positive and continuous everywhere on the support.'"'® Under Assumption 1

and Assumption 2, for a market with n agents we have that

e (Upper Bound) There exists f(n) = O* (nil/maX(K’Q)) such that, with high probability,
we have
max_ [ag™ — of,?qin| < f(n).

(k,q)eT
N(k,q)>0

Also, we have E[C] < f(n).

e (Lower Bound) There ezists a sequence of markets with K types of labor and Q types of

employers such that E[C] = Q (n_l/maX(K’Q))

In words, our main result says that under reasonable conditions, with high probability, the
variation in the type-pair prices is uniformly bounded by O* (nfl/ max(K ’Q)>, which vanishes as
n grows. The same bound holds for E[C]. In addition, this bound is tight in the worst case.
Thus, the core size shrinks to zero as the market grows larger, at a rate that is faster (in the
worst case) if there are fewer types of agents. The proof of Theorem 1 is sketched in Section 4.1;
the complete proof is in Appendices C and D.

As the type-matching is the same across all core solutions, the bound on the type-pair prices

implies that the maximum difference between the utilities of any agent in any two core solutions

7 Thus, allowed distributions include typical continuous distributions such as Gumbel, Gaussian, Pareto, and
uniform.

18We remark that we in fact only need a weaker condition on f, namely, that it is bounded below by a function
that is positive and continuous everywhere in the support, and is non-atomic. Also, F' can be different for different
type pairs.
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—1/max(K.Q) 49 the size of the market increases. Therefore, the fraction of

vanishes at a rate of n
welfare that can flexibly move from workers to firms (and vice versa) in core solutions vanishes.
Overall, Theorem 1 shows that the vector of prices that support a competitive equilibrium (a
core solution) is approximately unique, provided the market is big enough.'® As a result, the
payoff of an agent is roughly the same in all stable solutions.

The upper bound in Theorem 1 can be improved if further constraints are imposed on the
number of types and the imbalance. As an illuminating example, we show that for multiple
worker types, a single employer type, and a type with more employers than workers, the size of

the core can be bounded above by a function that depends on both the size of the market and

the size of the imbalance in the market.

Theorem 2. Let idiosyncratic productivities be drawn i.i.d. from any fized distribution F' that
is supported on an interval of the form [0,C,] or [0,00) where C, < oo, and whose density
f is strictly positive and continuous everywhere on the support.?’ In addition, suppose that
u(k,1) > 0 for all k € Tz. Consider the setting in which K > 2, Q = 1, ng > ng, and let
m =ng —ng. Under Assumption 2, we have, with high probability, that C < O* <n_%m_%>
Also, E[C] < O* (n_%m_%>

For m = O*(1), the bound in Theorem 2 matches that in Theorem 1. However, the bound
here becomes tighter as the imbalance m grows. In fact, for m = ©(n), the core size is bounded
as O*(1/n). It is noteworthy that, under a linear imbalance, the scaling behavior does not
depend on the number of worker types.

A formal proof of Theorem 2 can be found in Appendix E. The idea behind the proof is
to use the unmatched agents and condition (IR) in Proposition 2 (for the employers) to control
absolute variation in one of the «’s, and this control improves as m grows. We separately
control the relative variation of the o’s in the core using condition (ST) in Proposition 2 under
Assumption 2. Combining these we obtain the stated bound on C.

Our results and proofs extend immediately to productivities drawn independently from an

This is similar in spirit to the result obtained by Hassidim and Romm (2015), albeit in a different model
where a single marketwide price emerges.
20 A positive lower limit on the support of F can be absorbed into the u(-,-)’s, and hence this case is covered.
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arbitrary non-atomic distribution supported on a closed interval, with positive density every-

where in the support, where the density is bounded below by some € > 0.

3.2 Idiosyncratic productivities with unbounded support

For our second main result, we require the terms e;(i), nz(j ) to be drawn independently from a
distribution having unbounded support, with positive density everywhere (for instance, Gumbel
and Gaussian distributions will be covered by our analysis here). Again, the distribution may
depend on 7(i) and 7(7), but to ease the burden of notation, we assume that all these terms are
drawn i.i.d. from a single distribution whose density f : (—o0,00) — R is positive everywhere

and continuous.?!

Let F : (—oo0,00) — [0,1] be the corresponding cumulative distribution.
Recall that N(k,q) is the number of agents of type k matched with agents of type ¢, under the
unique core type-matching M.

In the following theorem, we fix the fraction of agents of each type and scale the number of
agents.?? We show that the core prices and the fraction of matches corresponding to a type-pair,
each converge to a unique limit, and we further provide a bound on the rate of convergence.

The second part of the theorem leverages these limit characterizations to bound the size of the

core.

Theorem 3. Fiz K and Q and the distribution F. Also fix the fraction pr > 0 of each agent
type k, where k can be a type of worker or a type of employer. Consider a market with n agents
that includes npy, agents of each type* k, with idiosyncratic productivities drawn i.i.d. from the

distribution F'. We obtain the following bounds as a function of n.

e Limit characterization of a. There exists o* = o*(K,Q,p,F) and corresponding

(I/Zq)(k OeT such that as n — 0o, we have that both o™ and o™ converge (in prob-

ability and almost surely) to o*, and N(k,q)/n — vi, for all (k,q) € T. In fact, with high

2In fact, it is enough for f to be bounded below by a function that is positive everywhere and continuous.

22This scaling is a bit stronger than the one in Assumption 2, as we require the fraction to remain constant
throughout. Note that this is necessary to ensure convergence to a limit point.

2In fact, it is sufficient that the fraction of agents of type k converges to pr as n — oo. If we have
maxkeT,uT: Pk — (# agents of type k)/n| < §, for some §, = o(1), then we obtain bounds of O* (max(1/v/n, d»))
in the first part of the theorem, while Eq. (3) remains unchanged.
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probability, all core outcomes (M, «) satisfy

lo — ™| < O*(1/v/n), (1)

N(k,q)/n —vi,| < O*(1/v/n) for all (k,q) € T . (2)

e Size of the core. With high probability, the size of the core is bounded as

C < O0*(1/n). (3)

See Appendix F for a statement of Theorem 3 with additional technical details and a proof.
The first part of our result (the limit characterization of «) is analogous to the one obtained in
Azevedo and Leshno (2016) for NTU markets. Roughly, the limit point a* is the unique price
vector that clears the limit market, in the sense that for each type pair (k,q), the “demand” of
worker type k for employer type q is equal to the “supply” of employer type g for worker type k
(both demand and supply take a value of v} q). Our analysis takes advantage of the fact that the
limit market satisfies a strong gross substitutes condition on both sides (leading to uniqueness
of the equilibrium price, and allowing it to be computed via tatonnement), whereas the finite n
market also satisfies a weak gross substitutes condition on both sides. We use an order-theoretic
approach along with convergence of the empirical distribution of (type, productivity vector)
among agents to the limiting distribution, to relate the finite n market to the limit market. This
connection leads to the bounds that we obtain.

Theorem 3 has several noteworthy features:

1. The scaling of the bounds with n does not depend on the number of types K and ). The
stronger assumption of F' having full support on (—oo, c0) yields a stronger upper bound
on core size than that in Theorem 1, without the need for Assumption 1 (generalized

imbalance).?*

24The generalized imbalance assumption guarantees that at least one agent is unmatched, which is necessary
for a small core to arise. Here, as F' is unbounded on both sides, some agents will remain unmatched with high
probability for a big enough market.
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2. The bound on core size (the second part of the theorem) is tight if £ has a first moment, as
demonstrated by Example 1 (Appendix A). The idea is that 1/n is the typical (expected)

gap between consecutive order statistics of the idiosyncratic productivities.

3. The first part of the theorem states that the core converges to a limit point (a*,*), and
provides a bound of O*(1/4/n) on the rate of convergence. Again, Example 1 (Appendix A)
shows that this is tight. The idea is that the actual fraction of agents of a particular
type who satisfy some fixed conditions on their idiosyncratic productivities has stochastic

variations of order 1//n.

Past works that establish a small core and show convergence to a limit point, e.g., Gretsky
et al. (1999), Kamecke (1992), are superficially similar. However, the novel feature of
(random) idiosyncratic productivity terms in our model (as well as bounds on the rates of

convergence) makes Theorem 3 significantly more powerful than previous results.

4. Theorem 3 provides a bound on the estimation error in empirical studies of matching. Of-
ten in empirical studies, only N(k, ¢)’s are observed (no cardinal utilities or transfers are
observed), and the goal is to estimate type-type utilities (the u(k, ¢)’s), under suitable as-
sumptions on the idiosyncratic productivities, such as that they follow a standard Gumbel
distribution. The estimation is typically performed using a continuum limit assumption,
as a result of which there is a tractable one-to-one mapping between observed quantities
(N(K, Q) (k)T (Pr)keTzUTe, and the estimated quantities (u(k, q))k,qe7; cf. Choo and
Siow (2006, Eq. (11)). Moreover, this mapping is well behaved (e.g., it is Lipschitz con-
tinuous in both directions at interior points), and so we can immediately use Eq. (2) to

obtain a bound of O*(1/+/n) on the error in the estimate of (u(k,q))x,q)e7-

4 Overview of the proof of Theorem 1

We now present an overview of our proof of Theorem 1. We first discuss the key steps in
establishing the upper bound (the complete proof can be found in Appendix C), and then
sketch the proof of the lower bound in Section 4.2 (completed in Appendix D). Throughout this

section, we assume that there is a unique maximum weight type-matching as per Observation 1;

20



i.e., unique M (t) and U. Recall that N(k, q) is defined as the number of matches between agents
of type k and agents of type ¢ in M.

We start by constructing a graph associated with matching M as follows. Let G(M) be
the bipartite graph whose vertex sets are the types in £ and £, and such that there is an edge
between types k € Tz, ¢ € T¢ if and only if there is an agent of type k matched to an agent of
type ¢ in M, i.e., N(k,q) > 0. We say that G(M) is the type-adjacency graph associated with

matching M. The following lemma states a key fact regarding the structure of G(M).

Lemma 1. Let G(M) be the associated type-adjacency graph. Suppose we mark the vertexr in
G(M) corresponding to type t if and only if at least one agent of type t is unmatched under M.
Then, under Assumption 1 (generalized imbalance), every connected component in G(M) must

contain a marked vertex.

4.1 Overview of the upper bound proof

The intuition for the result is as follows. We start by bounding the type-pair prices associated
with types with at least one unmatched agent. By applying the bounds given by the (IR)
conditions in Proposition 2, we show that the difference between the maximum and minimum
a corresponding to a type-pair price associated with at least one such type is small with high
probability. Using these bounds, we move on to bounding the prices associated with types
with all agents matched. We use the (ST) conditions in Proposition 2, which bound the relative
variation of a type-pair price with respect to other type-pair prices. That such a relative variation
is also small with high probability, taken together with the absolute variation on the types with
unmatched agents, implies the result.

We first establish the result for the case where F is Uniform[0, 1]. The two main challenges
in the proof of this case are as follows. First, we must express the bounds in Proposition 2 as a
function of the market primitives, i.e., market size and number of types. To do so, we re-interpret
the stability conditions as geometric conditions over appropriately defined random regions in
unit hypercubes, as explained in Section 4.1.1. Second, we need to relate the bounds given by
the (IR) constraints to those given by the (ST) constraints, to obtain uniform absolute bounds

on the variation of all type-pair prices. We address this issue in Section 4.1.2; by exploiting
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the combinatorial structure of the problem. Finally, we extend the proof to deal with general
distributions. We show that under appropriate scaling and translation, the bounds obtained
for the uniform case will also hold (within a constant factor) for any general distribution with
positive density in an interval. This is shown in Section 4.1.3

We provide a detailed overview of the proof next.

4.1.1 Geometric interpretation of the stability conditions

We now briefly describe the geometric interpretation of the (IR) and (ST) conditions. This will
allow us to re-express the constraints in Proposition 2 as bounds that depend on the market
primitives.

The intuition is as follows. Once we focus on a single type t, the random productivities of an
agent of type t can be described by a D(t)-dimensional vector within the [0, 1]P®)-hypercube,
where D(t) is the dimension of the productivity vector of agents of type ¢ (i.e., D(t) = K if
t € Te and D(t) = @Q if t € Tz). Furthermore, the location of these points can be described by
a point process in [0,1]°®). Every such hypercube can be partitioned into (at most) D(t) + 1
random regions: one region corresponding to agents matched to each of the D(t) types on the
other side, and pne region corresponding to unmatched agents. For every a vector in the core,
the regions are separated by hyperplanes as per the (ST) and (IR) conditions. Since there
is a unique type-matching with probability one (by Observation 1), each agent (point) must
fall into the same region for all core a’s. Thus, the stability conditions can be interpreted as
geometric conditions in the unitary hypercube, namely, how far we can move the boundaries of
each random region without changing the members of each region. Possible fluctuations in the
boundaries are bounded by the distance between consecutive order statistics of the projections
of points distributed independently in (sub-regions of) the hypercube. We show that the event
where all such distances are bounded by functions in O(f(n)) occurs with high probability, and
thus achieves a bound that depends only on the market primitives. Next, we formally define
some of the regions, random sets, and random variables that will be useful in our analysis,??

and we relate such definitions to the stability constraints as defined in Proposition 2.

25Remaining definitions can be found in Appendix B.
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Consider a type t € T¢. For each employer j with 7(j) = ¢, there is a vector of idiosyncratic
productivities €; distributed uniformly in [0, 1]% and independently across employers. In this
subsection we consider these productivities for a given t. We suppress t in the definitions to
simplify notation (so n here corresponds to n;, and so on). Analogous definitions can be made

fort e 7Tg,.

n
j:lv

Consider n ii.d. points (e;) distributed uniformly in the [0, 1]%-hypercube. Here ¢; =
(ejl-, 632, . EJK> Let Tx = {1,2,..., K} denote the set of dimension indices. Intuitively, for a fixed
type t € T¢ with unmatched agents, one can bound ay; by using condition (IR) in Proposition 2:
min;esnnr (k) e? > —Qu > maXjeinu e;?. To apply this bound, we care just about the projection
onto the k-th coordinate of the points €; with j € M (k) UU. The main analytical challenge
we face is that these relevant subregions (containing sets such as M (k) U U) are themselves a
random function of the market realization, as both M (k) and U are themselves random sets.
We overcome this difficulty by appropriately defining the region R¥(8) := R*(¢, ) (throughout

the rest of this section, the type t is suppressed in the definition of the associated regions, sets,

and random variables?®). Specifically, for § € (0,1/2] and k € K, define

REG) = {z e [0,1)K:2¥ <6 VK €K,k #k}. (4)

By choosing k and § appropriately, we can guarantee that 7@’“(5) only contains points corre-
sponding to agents in M (k) UU. (Intuitively, we can choose ¢ so that the other types are not
attractive enough with such a low productivity.) Once we have done that, it should be easy to
see that min;ecynaz k) ef — max,;einyU ef is upper-bounded by the maximum distance between two
consecutive points in RF (&), when projected onto their k-th coordinate (the corner cases of all

points being in M(k), or in U, turn out to be easy to handle). This becomes precise once we

26While for our purposes we consider the hypercube associated to a given type ¢, the results in this section are
intended more generally as results for random point processes in a hypercube. Thus, types are omitted from the
definitions.
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introduce the set V¥(§) and the random variable V*(5), defined as follows:

VE@S) ={z:z = for {j:e; e RF(O)}} (5)

and V¥(5) = max (Difference between consecutive values in V¥(§) U {0,1}). (6)

Thus, VF(6) C [0,1] is the set of values of the k-th coordinate of the points lying in R¥(§),
and V*(§) € R is the maximum difference between consecutive values in V¥(5) U {0,1}. (As an
example, if V¥(§) = {0.3,0.4,0.8}, the differences between consecutive values in V¥(8) U {0, 1}
are 0.3,0.1,0.4,0.2, resulting in V*(§) = 0.4. Note that V¥(§) is a random and finite set, and
V¥(8) is a random variable.) Therefore, the variation in ay is bounded by V¥(8). One of our
intermediate results is to show that with high probability {max; V*(6) < fi(n, K)}, for some
fi(n, K) = O%(1/nV/E).

To complete the proof overview, note that once the absolute variation of, say, a; has
been bounded, a bound on the absolute variation of a;~ can be obtained by bounding the
relative variation in prices (i.e., the variation in o — ayv) using the (ST) conditions; cf.
Section 4.1.2. Therefore, we need to define additional regions, sets, and variables that will
allow us to apply the (ST) conditions. Such regions will be analogous to those defined above.
However, instead of being a function of a single parameter k, they will be defined as functions
of two parameters ki, ko; this difference is due to the fact that, unlike the (IR) constraints that
focus on a single type-pair, the (ST) constraints bound the variation between two type-pairs.
Since the relationship between these random regions and the «’s is more involved, their definition
and analysis is relegated to Appendix B. However, analogously to the case explained above, we
still care about the difference between (appropriately defined) consecutive order statistics in

these regions.

4.1.2 Using the combinatorial structure of the problem to relate the bounds given

by (IR) and (ST) constraints

We consider some suitably defined “typical” events as discussed in Section 4.1.1, which occur

with high probability in the markets being considered. When these events occur, the possible
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fluctuations in the boundaries of the random regions (see Section 4.1.1) are bounded by functions
in O(f(n)), where f(n) = O* (W), and f(n) agrees with that in the statement of
Theorem 1. Under these events, we show that the variation in the type-pair prices is uniformly
bounded as follows:

max Qlax _ qming gy
(k,q)eTLx%,N(k,q»o, ke k| < I ()

This bound on the type-pair prices, together with the fact that the defined events occur with a
high probability, imply our result.

We divide the proof of the bound on the type-pair prices into two steps. First, note that
types with at least one unmatched agent are “easier” to bound; we use the (IR) conditions
in Proposition 2 to bound the absolute variation of prices « associated with such types. In
particular, for each type t with at least one matched and one unmatched agent, we use the
(IR) conditions to show that maxy. n )0 (ag‘f}x - ozj;n’ti,n) < O* (m) This is done in
Lemma C.2.

It remains to show that the bound holds for prices between types such that all agents are
matched. Unfortunately, as the (IR) conditions in Proposition 2 cannot be applied to such types,
proving the result is not straightforward. Only the (ST) conditions can be used, which provide
only relative bounds on the values of the associated type-prices.

To prove the bounds on the variations of the prices associated with fully matched types, we
use the graph G(M) as defined above. Given a type t € Tz U7g, let the distance d(t) be defined
as the minimum distance in G(M) from ¢ to any marked vertex. By Lemma 1, every unmarked
vertex t must be at a finite distance from a marked one. Furthermore, maxic7,u7: d(t) < K+Q,
regardless of the realization of the graph. Our argument to control the variation in the a’s is by
induction on d(t) starting with d(¢) = 0. The induction base has already been established, as
we showed that the variation in all the relevant o’s associated with marked types (these types
have distance zero) is bounded. Note that these types are those with at least one matched and
one unmatched agent.

In the inductive step, we assume that the bound holds for every a associated with a type

whose distance is d or less; i.e, for every (¢,t') € Tz x Tg¢ such that min(d(t),d(t')) < d, we have
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it — ain’ti,n < OF (W) Then, we use the inductive hypothesis to show that the result
must also hold for all types whose distance is d + 1. By the definition of distance, for every
type t such that d(t) = d 4+ 1, there must exist a type t* such that d(t*) = d and N(t,t*) >
0. Therefore, by our inductive hypothesis, we must have o} — aglgf < O (W)
Separately, we control the relative variation of the a’s associated with type t in the core using
the (ST) conditions; i.e., we show that ay ¢, — a4, for types t1, to with matches to type ¢ can vary
only within a range bounded by O* <m) Combining, we deduce the desired bound on

the variation in all a’s associated with type ¢. This is formally achieved in Lemma C.5.

4.1.3 Extension to general distributions

So far we have given an overview of the proof for the case in which F' is Uniform(0,1). We now
argue that the same bounds can be obtained for any distribution satisfying the conditions in
Theorem 1, via appropriate scalings and translations of productivities and base utilities.

We first show that in any core solution, each type-pair price must lie in a bounded interval

whose extremes are independent of n.

Lemma 2. Fiz K,Q, u’s, and F'. Then under Assumption 2, there exists U = U (K, Q, (Urq)r,q, F) <

oo such that, with high probability, any core outcome (M, «) satisfies

U <oy <U for all k,q. (7)

Lemma 2 is proved in Appendix G.

Recall that in our proof of Theorem 1 for the Uniform(0,1) case, we were able to bound
the variation in type-pair prices by bounding the distances between relevant consecutive or-
der statistics of the productivities and their linear combinations. In particular, we followed
an inductive approach where we first focused on agent types with an unmatched agent and
bounded all the prices corresponding to that type, and then we proceeded inductively to bound
the prices corresponding to types where all agents are matched. Note that when F' is an un-

bounded distribution, the distance between consecutive order statistics might be larger than any
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O*(nl/ max(K ’Q)) function. However, using Lemma 2, it follows that the relevant interval where
realized values matter is

max(Cy, —U), min(Cy, U for ef’s
I [max(Cy, —=U), min( )] ®)

[max(Cy, —U + miny, 4 u(k, q)), min(Cy, U — maxy 4 u(k,q))] for n?’s.

In other words, if we fix a type t € T¢, then we care about the consecutive order statistics of
the €’s that occur in the I-hypercube, and analogously for t € Tz. Now fiuin = inf.cr f(z) > 0;
by assumption, f is positive and continuous, and [ is a compact set. If we suitably translate the
productivity (achieved via an equal and opposite change in u) and then scale utilities down by
|I], we can map I to [0, 1], and the density in [0, 1] is now lower-bounded by fmin|I|. Thus, if the
productivities of type ¢t € T¢ are being considered, we apply this translation to all k € 7., and
then scale all utilities down by |I|. As a result, we obtain that the density of the productivity
vector (€F)rer, for 7(i) =t is lower-bounded uniformly by (fmin|I|)% everywhere in [0, 1]%, and
that this is now the relevant region where realized values matter. Hence, our uniform bounds on
the gaps between consecutive order statistics for the case where F is Uniform(0, 1) suffice.?” The
corresponding bound on order statistics for the original problem is simply |I| times (a constant

factor) larger.

4.2 Proof of the lower bound

Our lower bound follows from the following proposition, proved in Appendix D.

Proposition 3. Consider a sequence of markets (indexed by n) with |Tz| = K types of labor,
with 1 workers of each type, and with a single type 1' of employer, and (K — 1)i+ 1 employers
of this type. (Note that these markets satisfy Assumptions 1 and 2.) Set u(ky, 1) =0 for some

k. € L, and u(k,1') = 3 for all k € L\k,. For this market, we have E[C] = Q*(1/(n'/K)).

The rough intuition for our construction in Proposition 3 is as follows. For our choice of u’s it

is not hard to see that all workers of types different from k, are always matched in the core. One

2TFormally, we divide realized productivity vectors into those that are considered and those that are not. The
density of considered realizations is (fmin|I|)™ in [0,1]¥ and 0 elsewhere; overall, a fraction (fmin|Z|)®™ > 0 of
realizations are considered and hence, w.h.p., Q(n) workers of type k are considered.
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employer j, is matched to a worker of type k.. Suppose vector (ay)re7, is in the core. Given
that all types k # k, are a priori symmetric, we would expect that the ay’s for k # k, are close
to each other (we formalize using Lemma E.4 that they are typically no more than § ~ 1/ Vi
k ks

i€

apart). Assuming this is the case, we can order employers based on X; = maxyy, €
and j, should usually be the employer with the smallest X, since this employer has the largest
productivity with respect to ki, relative to the other types. Now, the X;’s are i.i.d., and a short
calculation establishes that the distance between the first- and second-order statistics of (X);ee
is ©(1/n'/K). This “large” gap between the first two order statistics allows (ay,, (a + 0)kck,)
to remain within the core for a range of values of # € R that has an expected length of ©(1/n!/?)
for K = 2 and ©(1/n'/%) - 0(8) = ©(1/n'/¥) for K > 2, which leads to the stated lower bound
on C.

We remark that the key quantity here, namely, the gap between the first two order statistics
of (Xj)jee, is determined by the tail behavior of the distribution (both the left and right tails)
of the €’s, along with the number of types K. See Section 6 for further discussion.

Note that the construction above can easily be adapted to accommodate Q < K types of
firms.?® If Q > K, we simply swap the roles of workers and firms in our construction, leading to

E[C] = Q*(1/(n'/?)), as needed. Thus, the lower bound in Theorem 1 follows from Proposition

3.

5 Numerical Experiments

In the previous sections, we provided asymptotic bounds on the size of the core. The purpose
of this section is twofold. First, in Section 5.1, we provide simulation results to illustrate our
theoretical results, and study the core behavior in markets with a small number of agents. Sec-
ond, in Section 5.2, we explore what happens when the number of types is allowed to grow. Our
simulation results reveal that the core is indeed small across a wide range of settings, includ-
ing relatively small markets, reinforcing our main conclusion, namely, that typical assignment

markets are likely to have a small core.

28Let each worker type ¢ # 1 have 7 agents each and u(-,q) = —2. These workers are always unmatched,
leaving the core unaffected.
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In our numerical experiments, we find that the core size typically appears to decay at a rate
between ©(1/y/n) and ©(1/n) as the number of agents increases (with at least two types on
each side); in particular, the decay rate is observed to be roughly independent of the number
of types K and faster than the worst-case rate captured by Theorem 1. Note that a core size
of at least 1/n is expected simply from the fact that the distance between an arbitrary pair of
consecutive order statistics for n random variables drawn i.i.d. from some distribution is (1/n)
in expectation, combined with Proposition 2. We find also that, in all the cases we studied, the
core remains small with an increasing number of types, except when idiosyncratic productivities
follow a Pareto distribution, in which case when there is a very large number of types the core

size may no longer be small; see Figure 3.

5.1 Simulation of theoretical results

Our main results state that, if the number of types is fixed and bounded by K, then the core
becomes small as the market size grows. In particular, the core size in a market with n agents
and at most K types on each side is bounded as O*(1/n'/¥) (Theorem 1). In addition, if the
distribution of the idiosyncratic terms is supported on the interval (—oo, +00), the size of the
core is bounded as 1/n and the core solutions converge to a limit point (Theorem 3). We now

numerically investigate finite markets, including relatively small markets.

5.1.1 Illustration of Theorem 1

In Theorem 1 we show that our bound is tight in the worst case by carefully constructing a

/K However, such markets are

specific family of instances whose expected core size is Q*(1/n
unlikely to occur in practice. We are now interested in understanding the size of the core in
more “typical” settings. To that end, we define a typical market with a distribution over the

number of agents of each type as follows.

Definition 2 (Typical market). A typical market is a market of random size defined by the

quadruple (ng,ne,[p1,...,pKl,[r1,...,rql), where [p1,...,pK| (resp. [ri,...,rql) is a list of

positive reals of length K (resp. Q) such that Zfil p; =1 and ZZQ:1 r; = 1, and such that the
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number of agents of type k € K (resp. q € Q) is given by an independent random draw from a

Poisson distribution with mean pyng (resp. rong).

We highlight that the above definition of a typical market is valid regardless of the distribu-
tion used to determine the idiosyncratic productivities. If ny = ne we say that the market is
balanced. Otherwise, we say that the market is unbalanced. Note that even a balanced typical
market is very unlikely to have exactly the same number of agents on each side; the likelihood
of exact balance is O(1//n) and such realizations have a negligible impact on our numerical
results since we are focusing on the median core size across realizations.

We tested the intuition provided by Theorem 1 by simulating typical markets with a varying
number of agents, number of types, and type-type utilities. We consider three types of distribu-
tions for the idiosyncratic productivities: uniform, exponential (right-unbounded with a lighter
tail), and Pareto (right-unbounded with a heavier tail).?? For each set of parameters, we ran
100 trials and reported the median core size over those markets.

To illustrate our findings, in Figure 1 we show the median core size as a function of the number
of agents for balanced markets with a fixed number of types (2 and 5 types on each side), the
same expected number of agents of each type, and all type-type utilities equal to zero. The
idiosyncratic terms were drawn independently from, respectively, a uniform(0,1) distribution,
an exponential distribution with mean 1, and a Pareto distribution with shape parameter a@ = 2
(the choice of scale parameter has no impact on core size). We also added the functions 1/n and
1/4/n to the graph, and used logarithmic scales on both axes to facilitate the comparison with
polynomials of n. In the figure, one observes that the dependence of decay rate on the number
of types is weak, and the decay rate appears to be between 1/4/n and 1/n.

We also simulated the effect of imbalance and changing type-type utilities.?* In our ex-
periments, the core size tends to slightly decrease as the imbalance increases (see Theorem 2).
However, the difference in the core size between balanced and unbalanced typical markets was
not large and the core size was found to always decay at a rate of between 1/4/n and 1/n. Fur-

ther, consistent with our theoretical insights, we find that the values of the type-type utilities

29The Pareto distribution has two parameters: the shape parameter a and the minimum point in the support
Tmin. Given those parameters, the CDF at & > @min is given by 1 — (Zmin)®,
39These results are not explicitly reported for the sake of brevity.
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Figure 1: (Left) Median core size as a function of number of agents, for balanced markets with
two types of agents on each side and both the type-type productivities and idiosyncratic terms
drawn from uniform (U), exponential (E), and Pareto (P) distributions, respectively. The graph
uses logarithmic scales on both axes. The functions 1/n and 1/4/n are added for comparison.
(Right) Core size as a function of number of agents, for balanced markets with five types of
agents on each side.

do not play a significant role in the size of the core.

5.1.2 Illustration of Theorem 3

We now numerically illustrate our result in Theorem 3, using a standard Gumbel as the distri-
bution for the idiosyncratic productivities. This case is particularly important: most empirical
studies using this model assume a fixed number of types and idiosyncratic terms drawn from
a Gumbel distribution (see, e.g., Choo and Siow (2006)). For these experiments, we fixed the
fraction p; of agents of each type t € Ty U T¢ and the type-type utilities, and increased the
number of agents on each side of the market. For each set of parameters, we ran 100 trials and
reported the average distance to the limiting type-type prices a*, the average distance to the
limiting (scaled) number of matches of each type-pair v*, and the median core size. As expected,
the observed decrease in the core size occurs at a rate of approximately 1/n, even when n is
relatively small. We also found that the average distances from the realized «’s and v’s to o*
and v*, respectively, decrease at a rate of 1/4/n, as predicted. Also, as predicted by Theorem 3,
we found that the values of the type-type utilities do not alter the rate of convergence, and this

holds even for small markets (results for different type-type utilities are not reported).
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We consider markets with two and five types on each side. Agents on each side are evenly
distributed across types, but there is an imbalance across sides (we considered 1.2n workers and
n firms). We also set the type-type utilities to be equal to 3.0, for each type pair. In this setting,
all agents on each side are ex-ante symmetric and thus, in the limit, the proportion of agents of
type k that are matched to agents of type q, I/;:q, is the same for all type-pairs. Similarly, the
limiting prices a7, g are equal across all type-pairs. In Figure 2 we illustrate this, by plotting the
median of Averagey, ,(|akq — o, |), the median of Averagey, ,(IN(k,q)/n —vj,|), and the median
size of the core as n increases. We observe that our asymptotic bounds capture the behavior of

the core even in small markets.

5.2 Beyond our theory: Increasing the number of types

Our theoretical results assume that the maximum number of types (K) on each side remains
fixed as the number of agents (n) increases. To conclude this section, we now numerically analyze
what happens if we allow the number of types to increase.

In particular, we fix the number of agents n, and study the behavior of the core when the
number of types K increases. We again show results for the case where the type-type utilities
are drawn independently from the same distribution as the idiosyncratic terms. (We found that
the core size is not sensitive to the distribution of the type-type utility term.) Clearly, the size
of the core (see Definition 1) is bounded by 1. Therefore, it should not be surprising that the
core size as a function of the number of types eventually flattens out. The question is, how much
can the core grow if we allow the number of types to grow, and how many types of agents are
needed before the core stops growing?

If the random productivities are drawn from a uniform distribution, then allowing the number
of types to increase as n increases does not have a significant effect and the core remains small.
This is illustrated by Figure 3, where we consider balanced typical markets with 200 and 400
agents on each side, respectively, and plot the median core size as a function of the number of
types for uniform, exponential, and Pareto distributions. Observe that under both uniform and
exponential distributions, the curve flattens out when K is approximately 30 in each case. On

the other hand, the effect of increasing the number of types for Pareto distributions is significant,
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Figure 2: (Left top) Median distance to o* as a function of the number of workers for markets
with two and five types of agents on each side, idiosyncratic terms drawn from standard Gumbel
distribution, type-pair utilities set to zero, and 1.2 times as many workers as firms. For each
simulation, we compute the distance to o as Average(qu)]ak’q — a*|. When K = 2, we have
a* = 0.132 and, when K =5, a* = 1.026. (Right top) Median distance to v*, where for each
simulation, we compute the distance to v* as Averagey, |V (k,q)/n — v*|. When K = 2, we
have v* = 0.106 and, when K = 5, we have v* = 0.018. (Bottom) Median core size as a function
of the number of workers. All graphs use logarithmic scales on both axes. The functions 1/y/n
and 1/n are added respectively for comparison.

and a “large” core may arise as a result (with core size exceeding 0.1), albeit only when there
is a large number of types (e.g., more than ~ 30 types with 200 agents on each side). As seen
31

in Figure 3, the size of the core does not flatten out even with 100 types per side in this case.

However, such a large number of types would not be expected to occur in practice, and we

310ur intuition for the underlying reason for a large core is as follows: when the number of types exceeds /7,
then most of the matched pairs consist of agents who are especially well suited to each other in terms of their
productivities for each other’s type. This leaves significant leeway for each pair of agents to negotiate the division
of the surplus they generate, even while keeping other agents’ payoffs fixed and retaining stability.
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Figure 3: (Left) Median core size as a function of number of types, for balanced typical markets
with 200 agents on each side and idiosyncratic terms drawn from a uniform distribution (U), an
exponential distribution (E) and a Pareto distribution (P) with shape parameter a = 2. The
graph uses logarithmic scales on both axes. (Right) Median core size as a function of number
of types, for typical markets with 400 agents on each side.

consider our findings here as a confirmation that the core is indeed small under plausible values

for n, K, and Q.

6 Discussion

This paper quantifies the size of the core in matching markets with transfers, as a function of
market characteristics. We considered a model of an assignment market with a fixed number of
types of workers and firms. We modeled the value of a match between a pair of agents as a sum
of a deterministic term determined by the pair of types, and a random component that is the
sum of two terms, each depending on the identity of one of the agents and the type of the other.
Assuming a fixed number of types, we showed that the size of the core is bounded as O*(1/n!/¢),
where each side of the market contains no more than £ types, when the random terms are drawn
from a distribution whose density is strictly positive and continuous everywhere in the (possibly
unbounded) support. This bound holds in the worst case over the number of agents. These
results imply that the vector of prices that support a competitive equilibrium (a core solution)

is approximately uniquely determined, and thus the payoff of an agent is roughly the same in
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all stable solutions.

We provide additional results for the practically relevant case of distributions with support
(—00,00) (including Gumbel and normal): we show a tighter bound of O*(1/n) on the size of
the core, as well as convergence to a unique limit of both the core prices and the fraction of
matches of each type-pair, and bounds of O*(1/y/n) on these rates of convergence.

Using numerical experiments, we show that our small core finding holds across a range of
practically relevant situations.

It would also be interesting to extend our results to many-to-one markets, where employers
can each have more than one opening. We expect that our results regarding the core (also our
proofs) extend to the case where each employer’s capacity is bounded by a constant, and each
employer’s utility is additive across matches.

Another interesting direction is to investigate the role of a marketplace operator (e.g.,
AirBnB, Upwork) in determining the wage/price levels in a decentralized market. Our work
suggests that price recommendations alone may not be a good tool to control prices, since prices
are uniquely determined in equilibrium. However, there are nontrivial search costs in many such
marketplaces. Hence, search engine design and other aspects of the search/recommendation

environment provided by a platform can play a role in modulating prices.
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A Examples supporting Section 3.2

We present an example showing that the bounds in Theorem 3 are tight.

Example 1. Suppose there is one type of worker k and one type of employer q, i.e., K =Q =1
and u(k,q) = 0. Fiz arbitrary F that has a first moment and with density f being positive
and continuous everywhere. Suppose py = 1/2, implying p, = 1 — pr, = 1/2. Then a, = 0 by

symmetry, and the limiting core outcome is one in which workers with n; > 0 match (worker i

37



earns utility n; ), with employers with €; > 0 (employer j earns utility €;). The expected number of
workers withn; > 0 is (1—F(0))n/2 and this is also the expected number of employers with €; > 0.
However, in the n-th market, the number of workers with n; > 0 deviates from its expectation by
order \/n, and similarly for the number of firms with €; > 0, and further, the difference between
these two numbers is A ~ /n. Core a’s are those which lead to exactly the same number of
workers with m; — o > 0 as the number of employers with ¢; + o > 0. Consequently, core a’s
differ from o* = 0 by about A/(nf(0)) ~ 1/y/n (in particular, El|a|] = 1/\/n for any core ),
and the number of matched pairs scaled by n deviates by order 1/\/n from its limiting value of
1/4, i.e., E[[N(1,1)/n—1/4|] = ©(1/y/n). The (expected) size of the core is’% of order 1/n since
all core a’s lie between the same pair of order statistics of n;’s and —e;’s. (We use that F' has

a first moment to obtain that weight(M) = ©(n) whp.)

B Additional definitions and results on point processes in the

unit hypercube

B.1 Additional definitions

Analogously to the definitions of the regions in Section 4.1.1, we define the regions R¥(t) (for
appropriate k) and R**2(t,§) (for appropriate ki, ko) which allow us to apply the conditions
(IR) and (ST) respectively. For consistency, the type t is suppressed in the definition of the

associated regions, sets and random variables (e.g. R¥ := RF(t)). Let

RFE={zec[0,1)5 2" >a" VK £k K ek} (9)

For ki, ko € K, k1 # ko and for ¢ € [0,1/2], define the region

REvk2(8) = {2 € [0,1]5 1 a® > 2% Yk ¢ {ki, ko), ke K, 2% > 6}, (10)

The relationship between these random regions and the «’s is more involved, so the expla-

32Showing this rigorously requires a small (straightforward) argument to get around the dependence between
the realization of productivities, and the relevant order statistics.
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nation is delayed to the proofs. However, and analogously to the case explained about, we still
care about the difference between (appropriately defined) consecutive order statistics in these

regions. To that end, we define:

Vk:{m:xzeé?for{jzejeRk}}, (11)
and VF = max (Difference between consecutive values in VEu{o, 1}); (12)

as well as,
Vik2(§) = {2z =it — € for {j : ¢; € RF72(6)}}, (13)

and VFLR2(§) = max (Difference between consecutive values in YRk (5 U {—1 40, 1}).

(14)

Thus, V¥ C [0,1] is the set of values of the k-th coordinate of the points lying in R*, and
VF € R is the maximum difference between consecutive values in V¥ U {0,1}. Analogously,
VEuk2 © [—1 + §,1] is the set of values of the difference between the k;-th and ko-th coordinate
of points lying in R¥*2 and V¥1/#2 € R is the maximum difference between consecutive values
in YRk g {—146,1}.

Using the above notation, we now define two events that will help us prove the results by
providing us with a bound on the maximum difference between consecutive values in the relevant
regions. Specifically, the events are defined as follows:

_ k k1,ko <
But,0) = {max (max V@), | max | VER(8) < Sl K) (15)

for some fi(ng, K) = O*(l/ng/K) defined in Lemma B.1, 6 € [0,1/2] and where K2 = {(ky, k2) :

ki,ko € K k1 # ko}. (If K = 1, then K@ is the empty set ) in which case we follow the

convention that maxgy[-] = —o0.). In addition,
By(t,0) = { masx VA(t,6) < fo(n) e (16)
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for some fa(ns) = O*(1/n;) defined in Lemma B.2, § € (0,1] and V¥*(¢,6) as defined in Eq. (6).
The proof of all lemmas auxiliary to the proof of Theorem 1 assume that these events (or
some subset of them) occur. As shown by the next result, that assumption does not pose a

problem as these events simultaneously occur with high probability.

Theorem 4. There exists C = C(K,Q) < oo such that, for any § = d(n) € (0,1/2], the event

NteT 0T (Bi(t,8) N Ba(t,0)) occurs with probability at least 1 — C/n.

B.2 Results

Consider the K dimensional unit hypercube [0, 1]K , and the Poisson process of uniform rate n
in this hypercube, leading to N points (¢;)~ ;. (Note that E[N] =n.) Here ¢; = (e}, ¢2,...,€X).
Let K ={1,2,..., K} denote the set of dimension indices.

Let R* be the region defined by Eq. (9), and let V* and V* be as defined by Egs. (11) and
(12) respectively. Similarly, let R*1*¥2(§) be the region defined by Eq. (10), and let V¥1#2(§) and
Vkukz(§) be as defined by Eqgs. (13) and (14) respectively.

The following lemma, key to our proof of Theorem 1, says that with high probability, all

the (V*)’s and the (V*1'#2)’s are no larger than a (deterministic) function3® of n that scales as

O*(1/n/K).

Lemma B.1. Let RF be the region defined by Eq. (9), and let V¥ and V¥ be as defined by
Egs. (11) and (12) respectively. Similarly, let R¥v¥2(5) be the region defined by Eq. (10), and
let VF1#2(8) and VF1F2(8) be as defined by Eqs. (13) and (14) respectively. Fizx K > 1. Then

there exists f(n, K) = O*(1/n'/¥) such that for any § = §(n) € [0,1/2] the following holds: Let

_ k Euk2 5y ) < K 1
By max (r]?ea’%(V ’(kl,ﬁ?écmv ( )) < f(n,K) », (17)

where K2) = {(k1,k2) : ki, ke € K, k1 # ko}. (If K = 1, then K@ is the empty set O in which

33In fact, our proof of Lemma B.1 identifies a bound of (C'logn/n)** where C' = 6K (K — 1), for sufficiently
large n.
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case we follow the convention that maxy[-] = —oc.) We have
Pr(By)>1-1/n.

Proof. Let m = [1/(Clogn/n)"/¥| for some C' < oo that we will choose later, and let A = 1/m.

Note that
A > (Clogn/n)YE. (18)

In our analysis of V¥ (resp. V¥#2) we will divide the interval [0,1] (resp. [~1 + §,1]) into
subintervals of size A each, and show that with large probability, each subinterval contains at
least one value of ¢; € R¥ (resp. eif“ - 6?2 for {i : ¢; € R¥*2}). We will find that the density
of points in V¥ (resp. V¥1*2) is smallest near 0 (resp. —1 + §), but even for the interval [0, A]
(resp. [~1+6, —1+5+A]), the number of points is Poisson with parameter ©(nAX) = O(logn),
allowing us to obtain the desired result for appropriately chosen C.

We first present our formal argument leading to a bound on V¥ followed by a similar

argument leading to a bound on V*1:*2. Let
m—1
BF = () {liA, (i + DAINVF £0}, (19)
i=0

where () is the empty set. Clearly, B¥ = V* < 2A. We now show that for any k € K, we have

Pr(l?“) < 1/n%+2 for appropriately chosen C. Define

; 2 for z € [0,1]
W (z,0) = (20)

0 otherwise.

It is easy to see that V¥ follows a Poisson process with density nh® ~1(-,0). The number of

points in interval [iA, (i + 1)A] is hence Poisson with parameter

(i+1)A
n / W @) de = ((i+ 1) = i)nAR /K > nAR K > Clogn/K
AN
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where we used the lower bound on A in (18). It follows that
Pr([iA, (i + 1)A] N VF = 0) < exp(—Clogn/K) = 1/n°/% < 1/n3,

for C' > 3K. We deduce by union bound over i = 0,1,...,m — 1 and De Morgan’s law on (19)

that

Pr(B*) <m/n* < K3 <1/n?.
Using union bound over k we deduce that
Pr( Ur ﬁ) < K/n? (21)

We now present a similar argument to control V¥1:#2 when K > 2. Let m/ = (1 —§)/A. (To

simplify notation we assume m’ is an integer. The case when it is not an integer can be easily

handled as well.) Let

m—1
Bk = () {[iA, (i + DA N VER £} (22)

i=—m/
where ) is the empty set. Clearly, B¥1F2 = Vkik2 < 9A. We now show that for any ki # ko,
we have Pr(Bkl”“Z) < K(K —1)/n2, for appropriately chosen C. It is easy to see that the two-
k1 ko

dimensional projection (z,y) = (€', €

., €°) of points in RF¥1#2 follows a two-dimensional Poisson

process with density A% ~2(x)I(y € [0,1]), cf. (20). We deduce that values in V¥ follow a one-
dimensional Poisson process with density ng for g = h=2(-,§) * I(€ [~1,0]), where * is the

convolution operator. A short calculation yields

[(z+ 1)Kt =657 /(K —1) for z € [-1+,0)
o(2) = [1— 651 /(K -1) for z € [0,9)

(1—2K-"YH/(K —1) for x € [0, 1]

0 otherwise.
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The number of points in interval [iA, (i + 1)A] is Poisson with parameter

(i+1)A
n/ g(z)dz.
N

Below we bound the value of this parameter for different cases on ¢, obtaining a bound of

(K + 3)logn in each case, for large enough C.

For —m/ < i < 0, the smallest parameter occurs for i = —m/, since g(x) is monotone
increasing in [—1+ 4, 0]. Thus, the Poisson parameter is lower bounded by its value for i = —m/,
which is

n[((0+A)% - %) /K — 5 TA] /(K - 1)

> nAK J(K(K - 1)) > Clogn/(K(K — 1)) > 3logn,

for C > 3K (K — 1), using (18), and (§ + A)K > AKX + KASK—1 + 6K,

For 0 < i < m — m/, the Poisson parameter is
n[l— " A/(K —1) >nA/(2(K - 1)) > nA" /(K (K — 1)) > 3logn,

using 6 > 1/2 and K > 2.

For (m —m') <i < m, the Poisson parameter is
n(A - AR (1405 —ifY/K) /(K —1).

A short calculation allows us to again bound this below by (K + 3)logn (the bound is slack for

K > 2): Note that

A1+ )K= i) < AR (m — (m— 1)) =1 - (1= A)F

< KA - K(K—-1)A?/2+ K(K —1)(K —2)A%/6,

where we used that (14 i) — i is monotone increasing in i for i > 0. Substituting back, we
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obtain that the Poisson parameter is bounded by
n(l — (K —2)A/3)A%/2 > nA?/4

for (K —2)A/3 < 1/2, which occurs for sufficiently large n. Finally, A2 > AKX hence nA?/4 >
nAK /4 > 3logn for C > 12.
Choosing C = 6K (K — 1), in all cases the Poisson parameter is bounded below by 3logn.

It follows that
Pr([iA, (i + 1)A] N VErk2 — 9) < exp(—3logn) = 1/n°.

We deduce by union bound over ¢ and De Morgan’s law on (22) that

Pr(m) <o2m/n® < nVE/n3 <1/n?, (23)
for large enough n. Using union bound over (k1, k2) we deduce that

Pr( Ulks o) BTJ“Z) < K(K —1)/n? (24)
Combining (23) and (24) by union bound and using De Morgan’s law, we deduce that
Pr[( Nk B’f) N (H(MZ) B’“l»’“?)} >1- K?/n?

for large enough n. This implies that for large enough n, with probability at least 1 — K?/n?

we have
k1,k2

max <m]?XVk,maka1’k2> < 2A < 3(Clogn/n)'/5 = 0*(1/n/¥),

implying the main result for large enough n (note that K?/n? < 1/n for large enough n). For
small values of n, we can simply choose f(n,k) large enough to ensure that the bound holds

with sufficient probability. O
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Lemma B.2. For k € K, let R¥(0), V¥(6) and V*(0) be as defined by Eqgs. (4), (5) and (6)
respectively. Fiz K > 1. There exists f(n) = O*(1/n) such that for any ¢ € (0, 1], the following
occurs: Let

By = {maka(é) < f(n)/éKl} . (25)

kek

Then

Pr(By) >1—1/n.

Proof. The values in the set V¥  [0,1] follow a one-dimensional Poisson process with rate
né®=1. Choose f(n) = 6logn/n. If 6logn/(né® 1) > 1 there is nothing to prove, since
maxicx VF(0) < 1 by definition. Hence assume 6logn/(nd®~1) < 1. Divide [0, 1] into intervals
of length A = f(n)/(36%~1) = 3logn/(né%~1) (to simplify notation, we assume 1/A > 2 is an
integer. The argument can easily be adapted to handle né%~!/(3logn) not an integer). The
probability that any particular interval of length A does not contain a point is no more than
exp(—3logn) = 1/n3. The number of intervals of length A is 1/A = né®~1/(3logn) < n for
large enough n. By union bound, with probability at least 1 —1/n?, each A-interval contains at
least one point, implying that V*(§) < 2A = f(n)/05~1 with probability at least 1 — 1/n?, as

required. O

In this section so far we considered the rate n Poisson process in [0,1]% for convenience.
However, the results we proved can easily be transported to the closely related model of n

points distributed i.i.d. uniformly in [0, 1]¥.

Lemma B.3. Consider n points distributed i.i.d. uniformly in [0,1]%. Lemmas B.1 and B.2

hold for this model as well.

Proof. We use a standard coupling argument along with monotonicity of the considered random
variables with respect to additional points. Let P be a rate n/2 Poisson process in [0,1]%. The

N points are distributed i.i.d. uniform [0, 1]¥ conditioned on the value of N. Let B be the event
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N < n. Clearly, B occurs with probability at least 1 — 1/n?. Let U be the process consisting of
n points distributed i.i.d. in [0, 1]K . Conditioned on B, we can couple the process P with the
process U such that for every point in the Poisson process, there is an identically located point
inl.

We now show how to establish Lemma B.2 for process U using such a coupling. Note that
maxgck f/k(é) is monotone non-increasing as we add more points. As such, an upper bound on
this quantity continues to hold if more points are added. For instance, consider maxgeci f/k(é)
Let B’ be the event that

max VE(©O) < f(n/2) /6%

under P. The proof of Lemma B.2 shows that Pr(B’) > 1 — (2/n)%. By union bound on B and
B', we deduce that Pr(BNB') > 1 —5/n> > 1 — 1/n, for large enough n. We deduce, using a
coupling as described above, that with probability at least 1 — 1/n, for process U we have

e VE(8) < f(n) /051

where f(n) = f(n/2), for large enough n. (For small values of n, we can simply choose f(n)
large enough to ensure that the bound holds with sufficient probability.) Thus we have shown
that Lemma B.2 holds for process U.

Lemma B.1 can similarly be established for process U using that

max [ max V¥, max VFR2(g)
kek (k1,k2)eK®@)

is monotone non-increasing as we add more points. O

We now establish another result about n points (e;)7_; distributed i.i.d. uniformly in [0, k.

This result is key to the proof of the tightness of Theorem 1 (Proposition 3).
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For § € [0, 1] let

RFE2(§) = {x € [0,1]5 : 2P > 2F2 — 5 2™ > 2¥VE ¢ {k1, ko) k € K} (26)

Let n*1/#2(§) be the number of points in 7@""1’]”(5).

Lemma B.4. Let B3 be the event that there for all ki, ks € K we have nF1*2 > 1 + n/K. For

§ =d(n) > 1/n%, we have that Bs occurs with high probability.

Proof. A short calculation shows that the volume of RF1:#2(§) is

1 (1-6)K
v K—l(l 7 ) (27)
1 5 62
"kt R-1 2 (28)
140
> " (29)

for § <2/(K(K —1)). Now, the probability of ¢; € RF1F2(6) is exactly v. It follows that nkik2

is distributed as Binomial(n, v). Notice E[n*1¥2] = nv > n(1 + 6)/K. We obtain

Pr(n** < 14+ n/K) < exp{ — Q(n(52)} = exp{— Q(n0'02)} =o(1) (30)
using a standard Chernoff bound (e.g., see Durrett (2010)). Using union bound over pairs ki, ko
we deduce that B3 occurs with probability o(1), i.e., event B3 occurs with high probability. [

We now prove Theorem 4.

Proof of Theorem 4. By invoking Lemma B.1, Lemma B.2 and Lemma B.3, for each ¢ we have

that w.p. at least 1 — n% the event (Bi(t,8) N Ba(t,d)) occurs. As the total number of types is

upper bounded by K + @, we apply an union bound to conclude that w.p. at least 1 — %,
the event (e 72 (Bi(t,8) N Ba(t,6)) occurs. O
C Proof of Theorem 1 upper bound

Proof of Proposition 1. The proposition follows immediately from stability. O
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Throughout the rest of the appendix, we shall use the following characterization of C.

Lemma C.1 (Size of the core). Let M be the unique mazimum weight type-matching. As-
sume Assumption 2, fized type-type compatibilities u(-,-), idiosyncratic productivities being i.i.d.
U(0,1) and that at least one u(-,-) is greater than —2 (otherwise there will no matched agent
pairs). For each pair of types (k,q) € T, let N(k,q) denote the number of matches between
agents of type k and agents of type q. Then, with probability 1 — 1/n, the size of the core C, cf.

Definition 1, is bounded as

o @<Ek > g Nk, ) — aﬁ“!) ‘
Zk Zq N(k,q)
Proof. To prove this lemma, we need to show that the total number of matches >, > N (k,q)
is within a constant factor of the social welfare with probability 1 —1/n. The total social welfare
is bounded above by n(2 + maxu(-,-)) = O(n) and total number of matches is bounded above
by n. We will show that both these quantities are also {2(n) with probability 1 — 1/n, which
will then imply the lemma. Suppose u(k,q) > —2. By Assumption 2, we know that there are

at least C'n agents each of type k and type q. Let 6 = (u(k,q) +2)/3. Let

My = My(8) = {i € ki =13}, (31)
and similarly,

My = My(8) = {jeq: i >1-5}. (32)

Clearly, one can find a matching (not necessarily a stable outcome) consisting min(|My|, |[M,])
pairs, each with one agent from M}, and the other agent from M,,. The weight of every edge/pair
in this matching is at least u(k,q) + 2(1 — 0) = ¢, hence the total weight of the matching is at
least d min(| Mg, |M,|). A standard Chernoff bound yields that |[Mj| > Cnmin(6/2,1) with
probability 1 — 1/n?, and similarly for | M,|. It follows that the total weight of the matching
is at least Cndmin(d/2,1) = Q(n) with probability 1 — 1/n as needed. Since stable outcomes

maximize social welfare it follows that the total social welfare is 2(n) in stable outcomes.
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It remains to bound the number of matches in stable outcomes. We claim that either all
agents in My, are matched or all agents in M, are matched. If not, there is a blocking pair
consisting of an unmatched agent from each set. It follows that there are at least min(|My|, |Mg|)
matched agents in maximum weight matching (the matching in all stable outcomes), and in
particular at least Cnd min(6/2,1) = Q(n) matched pairs under the lower bound obtained above

on |[My| and |M,|. O

The above characterization only differs from the original definition (Definition 1) in that the

size of the core is scaled by the number of matched agents instead of being scaled by the social

welfare. Lemma C.1 allows us to bound C by controlling |aj** — akm;n|.

We now present the complete proof of Theorem 1.

Before moving on to the key lemmas, we introduce some definitions. For every type t €
Te U Te, we define 9(t) as ¥(t) = {k € T : N(k,t) > 0} when t € T¢ and ¥(t) = {q €
Te : N(t,q) > 0} when t € Tz. That is, ¥(¢) is the set of neighbors of ¢ in the graph G(M).
Recall that, given a type t € Tz U T¢ we denote by D(t) the dimension of the idiosyncratic
productivity vector associated to agents of type t. That is, D(t) = K if t € T¢ and D(t) = K if
teTr.

Given a type t € Tz U T¢ we denote by v(t) or simply v, the points in ¢. That is, for each

agent j of type t, we define v; as follows:

€ ift € Tg

nj ifte T,

For a fixed t € Tz UTe and t’ € 9(t), let B be defined as:

— Qg lf te 72‘
B = (33)
Qigyr — U(t, t/) lf te 72

Note that §; can be interpreted as the price that agents of type t pay for matching with type

t'.
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Using the above notation, we can re-write the conditions in Proposition 2 associated to a

fixed type t € T, U T¢ as follows:

(ST) For every k, k' € ¥(t):

. /
min ij — Vj’»“ > Brt — By > max Vf —v.
jetnM (k) jetnM (k')

(IM) For every k € ¥(t):

min  v* > B, > max V¥

jetnM(k) 7 jeqnu 7

As all the v variables are in [0, 1], then the above conditions can be interpreted as geometric

conditions in the [0, 1]°®)-hypercube.

Lemma C.2. Consider the unique maximum weight type-matching M and o type t € Tr N Te.

Let Fi(t) be the event
Fi(t) = {t is marked in G(M) and at least one agent in t is matched}, (34)

that is, t has at least one unmatched and one matched agent. Let the events Bi(t,0) and Ba(t, o)

be as defined by Fqs. (15) and (16) respectively. Under Fi(t) N Bi(t,9) N Ba(t,0), we have

max _ Ini/n < D(t)-1
e (at,t o ) < max (Qfl(nt: D(t)) + 6, fa(ne) /6 ) ;

where fi and fo agree with those in the definitions of events By (t,0) and Ba(t,d) respectively.

The proof of Lemma C.2 is partitioned into two lemmas. Given a core solution (M, a), let

the event D(t, ) be defined as:
D(t,0) ={fr. > Vzei(t)}. (35)

We interpret D(t,d) as the event that all prices seen by type t agents (weakly) exceed 0.

Lemma C.3 below deals with D(¢,0) whereas Lemma C.4 deals with the complement D(¢,0).

Together they imply Lemma C.2.
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Lemma C.3. Consider a core solution (M, «) and a type t. Let the events Fi(t), D(t,0) and
Ba(t,0) be as defined by Egs. (34), (35) and (16) respectively. Under Fi(t) N D(t,d) N Ba(t, ),
we have maxy cy(y) (aﬁ,‘x — af;i,n> < fg(nt)/(SD(t)*l, where fo is as defined in the statement of

Lemma B.2.

Proof. The intuition is that when all prices seen by type t agents (weakly) exceed J, we can
individually bound the variation within the core of each price: For each type k € ¥(t) on the
other side, we consider agents of type ¢ who are not interested in types other than k£ and bound
the gap between consecutive order statistics of 1/]]~C for such agents.

Let D = D(t). Fix k € 9(t) and consider the orthotope R¥ = R¥(t,d) as defined by
Eq. (4). As D(t,6) occurs, i, > § for all z € ¥(t) and therefore R¥ can only contain points

corresponding to agents in M (k)UU. By using the notation introduced above, condition (IM) in

)
Proposition 2 implies: af;** — ag}f“ < minjeinar(r) V]]-C —maxX;jeqgnU V;“. However, min;cinarm) IJJ’»c —
Maxcqnu V]k < ming gk V]]-C R V]]-C < V¥(t,6), where V¥(t,6) is as defined by
Eq. (6). Therefore, for each k € 9(t) we must have o™ — " < V¥(¢,§). Finally, under

Ba(t,6) we have maxyey(y) VE(t,8) < fo(ng) /6P, which completes the result. O

Lemma C.4. Consider a core solution (M,«) and a type t. Let Fi(t) be the event defined

in Eq. (34). Let the event By(t,0) be as defined by Eq. (15), and let the event D(t,d) de-

note the complement of the event defined by FEq. (35). Under Fi(t) N D(t,0) N By(t,0), we
have maxy cy ;) (ag‘ﬁ" - afg,n) < 2fi1(ng, D(t)) + 0, where f1 is as defined in the statement of
Lemma B.1.

Proof. Here at least one price seen by type ¢ is less than 0, since we consider D(t,d). The first
part of our proof controls the variation in the core of the price which is the smallest at a; we
call the corresponding type k*. The second part of our proof controls relative variation in prices
faced by type t, and then uses the control on the price of type k* from the first part to control
prices of other types k # k*.

Suppose t € T¢. Consider the unit hypercube in R¥. For each j € & such that 7(j) = ¢,

let €; € [0,1]% denote the vector of realizations of ef for every k € Tz. By condition (ST) in
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Proposition 2, we can partition the [0, 1]% hypercube into [9(t)| regions such that all the points
e corresponding to agents matched to k € ¥(t) must be contained in the corresponding region.
In particular, for each k € ¥(t), we define Z(k) C [0,1]% to be the region corresponding to type
k, with Z(k) = Opey), weeir €0, 15 : 2, — x> apy — age}. Note that the region Z(k) can
only contain points corresponding to agents matched to k£ or unmatched.
Let k* = argmaxyc7, {ay : k € 9(t)}, and let R¥ = R¥"(¢) be as defined by Eq. (9). By
condition (ST) in Proposition 2, we have that for all k € ¥(t):
k* k* k
J

min € — e;? > Qpp — Qpr > nax €7 — €.
jetnM (k*) j€qNM (k)

As aj—age; < 0 for all k € 9(t), we must have R¥" C Z(k*). Let VF* = V¥ (¢) be as defined
in Eq. (12). We claim that ity — aglig < V**. To see why this holds, consider two separate

cases. First, suppose there is at least one point corresponding to an unmatched agent in R*".

*

By condition (IM) in Proposition 2, we must have N ey (k) e;? > —Qp¢ = MaXjeny e;‘?*.

max mi

. * * * .
Hence, a2 — ol < minjesnar (k) eg’? — max;einy eé‘? < V*" as desired. For the second case,

suppose that all points in R*" correspond to matched agents. As max;einu 6;?* > 0, we must
have o’ — ozgiig < minjeimpr(kr) e;?* < minj g eé‘?* < V¥, as the difference between 0 and the
Min; ¢ ok eg?* is upper bounded by V¥, Therefore, we conclude Ry — agiig <Vk.

Next, we consider the bound for any arbitrary type k € ¥(t). By condition (ST) in Proposi-

tion 2, we have that for all k € 9(¢):

B L min € — e;? > g > aje + max 6? — 6?.
JEtnM (k*) jeqnM (k)
Therefore,
. . . * *
o™ — ot < it — gy + min (eg” - e;“) — max (e’? — e;“)
JEtNM (k*) j€anM (k)

From our previous bound, we have that agiatx—agiif < V*'. We now want an upper bound on

minjemM(k*)(eg?* - e;“) - maxjequ(k)(ef* - e;“) Let R¥*F = REF(1,6) and VF'F = VEF (1) be

* *

as defined by Egs. (10) and (14). We shall show that minjemM(k*)(e;? - eé‘“) —maxjequ(k)(eg‘? -
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ef) < VFE 15, Recall that, under D(t,0), we have § > —aps;.

To that end, note that all points in R** must correspond to agents matched to k* or
matched to k, as the region R*"* cannot contain unmatched agents without violating condition
(IM). Furthermore, as R¥" C Z(k*) and R¥ NR¥"F =£ ), at least one point in R¥"** corresponds
to an agent matched to k*. We now consider two separate cases, depending on whether R*" -
contains at least one point matched to k. First, suppose R** contains at least one point

matched to k. Then, the bound trivially applies as

* * . * * *
min ¢ — € - max e? — ef < min PR, max P - e? < Vk ok,

jetnM(k*) 7 T jetnM(k) JERF kM (k*) 7 T jerktkAMK)
Otherwise, R*¥"** contains only points matched to k*. In that case,

min € —e?— max €; —e;‘? < min € — ¥ — (14 ap) <VFE 44
JENM (k*) j€qnM (k)

as desired. Overall, we have shown that:

max <a,‘§1€ax - a?,;in> < max (Vk*, max (Vk* + VFR 4 6)) .
ke (t) ked(t)

Under B (t,d) we have max (Vk*,maxk Vk*’k> < fi(ng, K), implying

max <Vk*, max (Vk* + VER 4 5)> < 2f1(ne, K) + 9,
ked(t)

as desired.

To conclude, we briefly discuss the changes when t € 7,. Consider the unit hypercube in
R¥. For each j € L such that 7(j) = t, let n; € [0, 1]9 denote the vector of realizations of 7]? for
every q € Te. For each ¢ € 9(t), we define Z(q) C [0,1]9 to be the region corresponding to type
g. The main difference with the case in which ¢ € 7¢ is that we need to define the regions Z(q)

in terms of the 7 instead of . To that end, let By, = ag, — u(k,q). By the (ST) condition in
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Proposition 2, we must have:

!

: ~q' _ =q ~q' _ =q
min L—n >y — Qg > max 1, —1n;
ietnM(q') T 4 1= ietnM(q) T
or equivalently,
; q q q q
min I —n Z 1 — Pt 2 max S — 1.
ictnM(q') n = 2 Py = P ietnM(q) i

By using ( instead of «, the same geometric intuition as before applies. Then, we define
Z(q) = Nyeow), gzafe € 10,1]9 129 — 2y > Byt — By} To select ¢, we just select the one with

smallest (4. The rest of the proof remains the same. O

Proof of Lemma C.2. Lemma C.2 immediately follows from Lemmas C.3 and C.4. 0

Lemma C.5. Consider the unique maximum weight type-matching M and a type t € T N Te.
Let F»(t) be the event

Fa(t) = {all agents in t are matched}.

Let the event Bi(t,0) be as defined by Eq. (15). Under Fa(t) N Bi(t,0), for every t* € ¥(t) we
have maxy ¢y () (aﬁ‘ﬁx - aﬁ?f‘) < (a?‘tﬁx — agltif) + 2f1(ne, D(t)) + 20, where fi agrees with the

one in the definition of By(t,J).

Proof. This proof is similar to the proof of Lemma C.4. Consider a core solution (M, «). Let
D = D(t). Fix a type t* € J(t), and let k* = argmaxycy() Bk We start by showing that, under
Fo(t) N By(t, ), we must have afidx — qlin < (aﬂ‘i’( - aﬁlgf) + fi(ne, D(t)) +26. If k* = t*, the
claim follows trivially. Otherwise, let R¥">'" = R¥ " (¢,6) and V¥ = VE"¥"(¢,§) be as defined
by Egs. (10) and (14). We show that min;csnaz(x+) l/;f‘* —V;f* —MaXjcqnr(t+) V]k* —I/;i* < VFF 45,

To that end, note that all points in R¥*" must correspond to agents matched to k* or
matched to t*, as under Fy(t) all agents in ¢ are matched. Furthermore, by the definition of

k*, RES! must contain a point corresponding to an agent matched to k*. We now consider

two separate cases, depending on whether R¥**" contains at least one point corresponding to
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an agent matched to t*. First, suppose R¥ ! contains at least one point corresponding to an

agent matched to t*. Then,

. * * * * . * * * * * g%
min 1/;C —V§ —  max 1/‘;€ —1/§ < min Rt max V;‘: —1/; < Vk i+
JENM (k*) JENM (t*) FERK T AM (k*) JERF " NM (k)

Otherwise, R¥"*" contains only points matched to k*. In that case,

min (f =)= max ()< min (0 -l 1<V 4y,
JENM (k*) JEtNM (t*) FERKt*

as desired. By condition (ST) in Proposition 2, we must have:

. . . * * * * . K gk
QI _omin < gmax_ amin o oynin o (R ) - max (U —ul) <@l —oin L R 4
th th tt tt , j . j tt tt
jetnM(k*) JEtnM(t*)

Next, consider an arbitrary k € ¥(t) with k # t*, k*. By condition (ST) in Proposition 2, we

must have:

max min max min : k* k k* k
ap™ —op" <o — o'+ min (vi —vY)— max (v —vy).
jetnM (k)" 7 J je€gNM (k) !

Let R¥ % = REVF(1,6) and VFF = VA" (1) be as defined by Egs. (10) and (14). By repeat-

: : k* k k*
ing the same arguments as before, we can show that min;c;qn ) (V] —v5) —maxjennw) (v —

ij) < VKF 426, Hence,

QBAX _ qIin < gmax _ gmin kLR 5 < gmax _ gmin kLT pRLE 4 g,

To conclude, note that
ked(t) ked(t)

ma (o — afi") < (ol — o) +2 <m v) +25 < (OfF™ — afi) 421 (ni, D)+25,

where the last inequality follows from the fact that Bi(t,d) occurs by hypothesis. O

We can now proceed to the proof of the main theorem.
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Proof of Theorem 1 (upper bound). Let n* = mine7,u7; 7. Under Assumption 2, we have that
n* = O(n). Let 6§ = 1/(n*)Y/™>*EQ " For each t € Tz U Tz, let the events Bi(t,8) and
Ba(t,0) be as defined by Egs. (15) and (16) respectively. We start by showing that, under
NeeT,uTs (Bi(t,8) N Ba(t,6)), we must have C < O (W)

To that end, construct the type-adjacency graph G(M) as defined in Section 4. For each
vertex v, we denote by d(v) the minimum distance between v and any marked vertex (that is,
d(v) = 0 if v is marked, d(v) = 1 if v is unmarked and has a marked neighbour, and so on). By
Lemma 1, we know that w.p. 1, each connected component of G(M) must contain at least one
marked vertex, so d(v) is well-defined for all v. Let Cy = {v € C : d(v) = d}, that is Cy is the set
of vertices that are at distance d from a marked vertex. We now show the result by induction in
d. In particular, we show that, under ;7.7 (By(t,8) N Ba(t,6)), for each t € Cy we have that
maXyey(1) (aﬁax — 04?}?“) < ga(n*, max(K, Q)) for some gg(n*, max(K,Q)) = O*(m).

We start by showing that the claim holds for the base case d = 0. For each t € Cp, either all
agents in ¢ are unmatched or at least one agent is matched. In the former case, we can just ignore
type t as it will not contribute to the size of the core. In the latter, we note that w.p.1 the event
Fi(t) as defined in the statement of Lemma C.2 must hold. Therefore, we can apply Lemma C.2
to obtain maxy ey (ainj,‘x - afti,“) < max (2f1 (ng, D(t)) + 0, fg(nt)/(SD(t)_l), where f; and fo

are as defined in the statement of the lemma. To conclude the proof of the base case, let
go(n", max(K, Q)) = max (21 (0", max(K, Q)) + 6, fo(n") /=< KQL)

By the definition of fi, fa, and J, together with Assumption 2, we have go(n*, max(K,Q)) =

O*(m) Therefore, we have shown that, for every t € Cp, we have

a max __ min) < *7 K, .
e (™ — o) < go(n’, max(K, Q)

Now suppose the result holds for all d < d, we want to show it holds for d + 1. Fix
t € Cyqy1. By definition of Cy,1, we have that all agents in ¢ must be matched and therefore
w.p. 1, the event Fa(t) as defined in the statement of Lemma C.5 occurs. Moreover, there

must exist a t* such that the vertex corresponding to ¢* is Cy and ¢* € 9(t). By induction,
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nl/ max(K,Q)

we have that (ag}f" - aﬁin) < gq(n*, max(K,Q)) for gg(n*, max(K,Q)) = O*(—esmor)-
Further, by Lemma C.5, we know that under F»(t)NBi (¢, ), we have maxy ¢y (a?’f}x - af?ti,“) <

(agﬁx - afgf) + 2f1(ng, D(t)) + 20, where By(t,0) as defined by Eq. (17) and f is as defined in

the statement of Lemma B.1. Therefore, by letting gq41(n*, max(K, Q)) = gq(n*, max(K, Q)) +

2f1(n*, max(K, Q)) + 26, we have show that with probability at least 1 — 4L we have

n* ?

max (aﬁax — ag‘jn) < ga+1(n*, max(K, Q)),
ked(t)
with gd+1(n*,maX(K, Q)) = O*(m)

Next, we note that max, d(v) is upper bounded by K + Q. Hence, for every t € T, U
Te, we have maxjcy(y) (aﬁax—aﬁcin) < gr+o(n*,max(K,Q)) for gxio(n*, max(K,Q)) =

O*(m) and therefore

max max (o™ — amin) < grg+o(n*, max(K .
tETAUTgk’Gﬁ(t)( th ) < grq(n’, (K,Q))

To conclude, by Theorem 4 we have that with probability at least 1 — M, the event

n*
NteT:0T (Bi(t,6) N Ba(t,6)) occurs. In all other cases, we just use the fact that the size of the

core is upper-bounded by a constant C' < co. Hence,

2 kg)eTexTe N (ks q) (akmqax — ag;in)

B[] —
Z(k,q)GTngg N(ka q)
< (K +Q)gr+q(n",max(K,Q)) + C(n*Q)
% 1
=0 <m<K>n>
implying the main result for large enough n (note that % — 0*(1/n)). 0O

D Theorem 1 lower bound: Proof of Proposition 3

Again, we make use of the characterization of C in Lemma C.1.
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Proof of Proposition 3. We consider the sequence of markets described in Section 4.2. We re-
mark that the gaps in values of n in the described sequence can easily be filled in, leaving the

core and its size essentially unaffected.??

Claim D.1. For this market, all labor agents of types different from k. will be matched in the

core.

Proof. We know that there is some employer j who is either unmatched or matched to a labor
agent i’ of type k.. Consider any matching where a labor agent i of type k # k, is unmatched.
Now ®(¢',j) = € + 1" <1+ 1 =2, whereas ®(i,j) > u(k, 1) = 3, hence the weight of such a
matching can be increased by instead matching j to ¢. It follows that in any maximum weight
matching, all labor agents with type different from k, are matched. Finally, recall that every

core outcome lives on a maximum weight matching, cf. Proposition 2 O

Among agents i € k,, exactly one agent will be matched, specifically agent i, = arg max;cg, ;.
Let j. be the agent matched to i, (break ties arbitrarily). Recall that core solutions always live
on a maximum weight matching, and in case of multiple maximum weight matchings, the set
of vectors a such that (M, «) is a core solution is the same for any maximum weight matching
M. This allows us to suppress the matching, and talk about a vector « being in the core, cf.

Proposition 2. The (IM) condition in Proposition 2 for the pair of types (ky, 1) are

i, > Q, > Mmax 1, (36)
1€k« \ix

and the slack condition oy, > —e?:. The (IM) conditions for types (k,1) for k # k. are

3+ minn,. > oap > — min €°. 37
ick i, = O =2 jeM(k)6] ( )

The stability conditions are

/

. /
min 6? — 6? >y — g > max ef - 6? , (38)
jeM(k) JjEM(K)
34n the described construction, we have n = (2K — 1)f 4+ 1 for 72 = 1,2,... but intermediate values of n can

be handled by having slightly fewer workers of type k., which leaves our analysis essentially unaffected.
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for all k # k. Tt is easy to see that Eq. (38) with k' = k, implies o < 2 for all k # k.. Hence,
the upper bound in Eq. (37) is slack. Consider the left stability inequality with ¥ = k,. As

Eq.(36) implies ay, > 0, we must have

ap > — min ?— M > min €

jeM(ky 77 T jeMk) ?

implying that the lower bound in (37) is also slack. Thus a vector « is in the core if and only if
conditions (36) and (38) are satisfied.

For simplicity, we start with the special case K = 2, with the two types of labor being k£ and
k.. To obtain intuition, notice that from Eq. (36) we have oy, 720 i probability, and when
we use this together with Eq. (38) we obtain oy 120 9 in probability. (We do not use these

limits in our formal analysis below.) Hence, we focus on Eq. (36) together with

min e¥ — ¥ > ay, —ap > ei — ek (39)

i#i o
where j, = argmin; e? — ef*. Now, X; = ef - e?* are distributed i.i.d. with density UJ0, 1] *

U[—1,0] which is

1—Jz| for|z| <1
flz) = (40)

0 otherwise.

(Note that if we draw 741 samples from this distribution, it is not hard to see that E[(min;.;, X;)—
X;.] = ©(1/V/n).) We lower bound the expected core size as follows: Let X; = e;? - e?*.
Let B be the event that exactly one of the X;’s is in [-1,—1 + 1/v/#], and no X; is in
[~1+1/vA,—1+2/+/A]. Under f the probability of being in [~1,—1 4 1/4/7] is 1/(27) and

the probability of being in [~1 4 1/v/7, —1 + 2/v/7] is 3/(27). It follows that

Pr(B) — (?gi) %(1 “a/i)" = Q(1). (41)

Claim D.2. Consider the case K = 2. Under event B, for any core vector (ay,,ay), for any
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value o, € o, + 1 —2/V7,ap, + 1 — 1/V7], we have that vector (e, ,ak) is in the core. In

particular, C = Q(1/vV7).

Proof. Eq. (39) is satisfied since event B holds. Since, s can take any value in an interval of

length 1/+/7, it follows that C = Q(1/+/#) under B. O

Combining Claim D.2 with Eq. (41), we obtain that E[C] = Q(1/v/7) as desired.

We now construct a similar argument for K > 2, with K = 7.\{k.} being the other labor
types, all of whose agents are matched. It again turns out that oy, 1700 1 in probability, and
when we use this together with Eq. (38) we obtain oy, 7% 9 Yk € K in probability (but we
do not prove or use these limits).

Considering only the dimensions in K (recall || = K — 1 here) of each ¢;, let B3 be the

event as defined in Lemma B.4 with § = 1/n%5%.

Claim D.3. Let k = argmingex o and let k = argmaxyex . Under event Bz, we claim that
ap —a <0 (42)

Proof. From Proposition 2, we know that the set of core «’s is a linear polytope, hence it
is immediate to see that the set of @’s is an interval. Let k = argmingex o and let k =
arg maxyecx 0. Under event Bz, we claim that az —ag < J. We can argue this by contradiction:
Suppose o, — oy, > 9. One can see that all j’s such that ef € RFE(8), of. (26), will be matched
to type k, with the possible exception of j,. Thus, under B3, the number of employers matched

to type k is bounded below by
nE 1> (K=Da+1)/(K-1) >,

which is a contradiction, implying (42). O

The above claim bounds the maximum difference between «’s corresponding to any pair
of types in K. Intuitively, note that all types in K have the same u and therefore the same

distribution for the 0 variables of the agents in such type. Moreover, all types in I have the
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same number of agents. Hence, one would expect the a’s to be equal. While true in the limit, for
each finite n we need to account for the stochastic fluctuations in given realization. Therefore, we
can show that no pair of a’s in IC can differ by more than . The next claim follows immediately

from Claim D.3.

Claim D.4. Let k € IC be an arbitrary type. Under event B3, we claim that

K _ kY < ;
max (e] ej> < Vje Mk) (43)

Proof. By Claim D.3, we have that under Bs, |ay — ag/| < § for all k¥ € ¢K. By the stability
condition in Eq. (38), we have

520%—(1;6126?,—6? Vi e M(k), VK € K.

Therefore, for every j € M (k) we must have § > maxy/ci e;?/ — e;? as desired. O

Next, we focus on the stability conditions involving type k.. For each k € IC, the stability

condition is:

R e > ap —ap, > max . (44)

€ .
Je jeMky 7V

where j, is the employer matched to i,. For each j € &, let X; be defined as X; = (maxjex ef) —
ef The X; are distributed i.i.d. with cumulative distribution F(—1+6) = 6% /K for 0 € [0,1]
(we will not be concerned with the cumulative for positive values). Let B be the event that
exactly one of the X;’s is in [~1,—1 + 1/A'/X] (this will be Xj,), and no X; is in [~1 +
1/aYK -1+ 2/a/K]. Under cumulative F, the probability of being in [—1,—1 + 1/a'/K] is
1/(K#) and the probability of being in [—1 + 1/a'/5, —1+2/a/K] is 2K /(K#). Tt follows that

Pr(B) — (I‘g;) %(1 oK j(Ka))" = Q(1). (45)

Clearly, under B, we must have j, = argminjcg X;. Keeping this in mind, we state and

prove our last claim.
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Claim D.5. Suppose Bs N B occurs. Take any core vector (o, , (ag)kex). Then
{0 e R: (ag,, (g + 0)kexc) is in the core} (46)

is an interval of length at least 1/n'/K — 25 = Q(1/nY%). In particular, C > Q(1/n'/K).

Proof. Define

0=1-2/a"K + 5§ —ap + u,

0=1-1/a"% —ap + o,

We claim that, under Bs N B, we have that «(f) = (ag,, (ax + 0)kex) is in the core for all
6 € [0,0]. To establish this, we need to show that conditions (36) and (38) are satisfied. Since
a belongs to the core, we immediately infer that (36) holds, and also (38) when k. ¢ {k,k'} by

definition of a(f). That leaves us with (44). Now, for any k € K and 0 € [0, ] we have

ak(ﬁ):ak—l—ﬁSa,;—l—ﬁﬁa,;—l—?:l—l/ﬁl/[(%—ak*<e§:—e§*+ak*,

where used the definitions of & and 6, and the fact that B occurs (so 1 — 1/a'/% < ef* - eé‘?*).

This establishes the left inequality in (44). Similarly, for any k& € K we have

p(0) = +0>ap+0 >0 +0=1-2/aK 165+ q,

ks K ks K '
2 € T eR€ T O+ o, 2 €7 — e + oy, Vi € M(k),

where used the definitions of k and 6 for the first two inqualities, and the fact that B occurs (so
1—2/aK > e?* — Maxy/ ek efl, Vj € M(k)). Finally, the last inequality follows from B3 and
Claim D.4 (which implies — maxy i eé‘?/ +6 > —e? for j € M(k)). This establishes the right
inequality in (44). Thus, we have shown that a(f) is in the core for all € [0, 6]. The length of
this interval is 1/a/K — (ap —ag) — 0 > 1/a'/K — 25 = Q(1/A/K), using (42). Therefore, that

E[C] = Q(1/A'K) under B3 N B. O
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Using Lemma B.4 and Eq. (45) we have
Pr(BsnNB) =Q(1).

Combining with the claim above we obtain that E[C] = Q(1/n!/K). O

E Proof of Theorem 2

We start by restating Theorem 2 and discussing the structure of the proof. Recall that we use

the characterization of the size of the core from Lemma C.1.

Theorem (Theorem 2). Let idiosyncratic productivities be drawn i.i.d. from any fized distribu-
tion F that is supported on an interval of the form [0,C,] or [0,00) where C,, < oo, and whose
density f is strictly positive and continuous everywhere on the support.>® In addition, suppose
that u(k,1) > 0 for all k € Tz. Consider the setting in which K > 2, Q =1, ng > n, and let
m = ng — ne. Under Assumption 2, we have, with high probability, that C < O* <11(1KK_1>
nKm
Also, EIC] < O* <11K1)
nKm K

Note that Assumption 1 is automatically satisfied under the hypotheses of the theorem.

As in the proof of Theorem 1, we first prove the result for F' being Uniform(0,1), and
later extend our proof to more general F'. The idea of the proof is as follows. First, we
show a bound on the expectation of minge7, {a!™* — a?in}. In particular, we show that

E |minge7, {o)"®* — afin}} = O* (111(_1> To do so, we note that by condition (IM) in

Proposition 2, we must have

min (aznax - a}fln) < min | min e? — max e? .
k keTr \ jeM (k) jEU

Then, we consider two separate cases to prove the result, depending the size of the imbalance.
When m < log(n), the result is shown in Lemma E.1, which we prove via an upper bound on

minge7, (minjeM(k) 6;“) On the contrary, when m > log(n), the result is shown in Lemma E.4.

351f the lower limit of the support of F' is positive, this can be absorbed into the u’s, hence this case is covered.
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The proof of Lemma E.4 relies mainly on the geometry of a core solution which (roughly) allows
us to first control the largest of the a’s (all a’s must be negative i in the core since some employers
are unmatched, and we control, roughly, the least negative ).

Next, we then show that, for every pair of types k,q € Ty we must have

E| min (¥ —¢?) — max (¥ — ¢
jeM(k>(J ) jeM<q>(J )

<

By Condition (ST) in Proposition 2, this implies that for fixed k, g € T, the expected maximum

variation in oy — a4 in the core is bounded by O* (%)

Finally, we use the bounds in the first two steps to argue that, for every type k € T,

max min * 1
-] (1)

which implies E[C] = O* (11}(_1> This is done in the proof of Theorem 2.

nKm K

max

We now show our bound on E [mink{ak - ag‘i“}} . To that end, let Z = min;cps() e? and
U, = maxjey e;?. By Condition (IM) in Proposition 2, E {mink lapax — a}gnin|] < E[ming{Zy, —
Ui}, and therefore we will focus on bounding E[ming{Z; — Uy }]. As a reminder, we have defined
log(n)
1 K

—. Also, in all lemmas we are working under the assumptions of

m =ng —ng and 6, =
nKm K

the theorem, that is, K > 2,Q = 1, ng > n, and Assumption 2.

Lemma E.1. Suppose m < 6K log(ng). Then, there exists a constant C3 = C3(K) < 0o such

that E |ming{a)"* — akmin}] < 203%'
nKm K

—loe) By Condition (IM) in

Proof. Let Zj, = minjen ) er
nKm K

5o Up = maxjey 6;? and 6, =

Proposition 2, E[ming{a** — a?in}] < E[ming{Z; — Ux}]. As U is a non-negative random

variable, we have E[ming{Z; — Ux}] < E[ming{Z;}]. Therefore,

E[mlgn{aznax — ol <E [mkin{Zk — Uk}] <E {m}jn{Zk}] < O30y, + Pr <mkin Zy > C’36n> ,
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using Z; < 1.
To finish the proof, it suffices to show that Pr (ming Z; > C36,) < C3d,. Hence, our next
step is to bound Pr (ming Z;, > C36,). Now miny Z;, > C30, implies that all j such that ¢; €

[0, C368,]" are unmatched. But there are only m unmatched employers. It follows that

Pr (mkln Zy > Cg5n> < Pr (at most m points in the hypercube [0, C’g(sn]K>

Let X ~ Bin (ng, (Cgén)K) be defined as the number of points, out of ng in total, that fall
in the hypercube [0, Cg&n]K. By assumption, m < 6K log(n) = (C36,)% > (Cslogn/m)X /n >
2K logn® /n > 4(logn)?/n defining C3 > 12K and using K > 2. Further using n < 2ng we

obtain B[X] = ng (C36,)* > (n/2)4(logn)?/n = 2(logn)?. It follows that
Pr (mk}n Zy > 035n> < Pr(X <6Klog(n)) < exp(—Q((logn)?)) <

where the second inequality was obtained by applying the Chernoff bound. Hence, we have

shown that

Efmin{a™ — of™}] < B {m,gn{zk}] < C36, + Pr <m,3“ Z > 035n> < 2053,

which completes the proof. O

We now establish an upper bound for the case in which m > 6K log(ng). For the following
results up to Lemma E.4 we shall assume m > 6K log(ng).

Before we move on, we briefly give some geometric intuition regarding the problem. For

1

each agent j € &, let €; = (¢, ..

. ,e]K ) denote the profile of values assigned by the K types of
agents in £ to agent j. Given our stochastic assumptions, all points €; will be distributed in
the [0, 1] hypercube. Using Proposition 2, we can partition the [0, 1]%-hypercube into K + 1

disjoint regions: K of them containing the n; points corresponding to agents matched to type

kE (1 < k < K), and one region containing all unmatched agents. Furthermore, the region
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containing the unmatched agents is an orthotope3® that has the origin as a vertex. This follows
for the (IM) constraints in Proposition 2.

To that end, let O be the set of K-orthotopes contained in [0, 1]K that have the origin as
a vertex. Suppose R is expanded by the same amount 6 in each coordinate direction. Define
D(R) as the smallest value of 6 such that an additional point €; is contained in the expanded
orthotope. (If one of the side lengths becomes 1 before an additional point is reached, then define
D(R) = 0. This will never occur for R that contains only the unmatched agents.) As usual, let
Zy = minje i) eé‘-“' and Uy, = maxjcy 6?. We want to show that E [mink{Zk — Uk}] < Cs6p, for
some constant C5 = C5(K) < oo. To that end, note that ming{Zy — Ui} is equal to D(R) for
some orthotope R € O. In particular, ming{Z; — Uy} is equal to D(R) when R is the orthotope

that “tightly” contains all the m points in U.

For R € O, let V(R) be defined as the volume of R. In addition, we define |R| to be the
number of points contained in R. We start by showing that, given that m > 6K log(n), an

orthotope in O of volume less than - in extremely unlikely to contain m points.
£

Lemma E.2. Suppose m > 6K log(n). For R € O such that V(R) < 3, we have Pr (IR =m) <

ﬁ, where V(R) denotes the volume and |R| denotes the number of points in R.

Proof. Let X denote number of points in an orthotope in O of volume %. Then, X ~

Bin (ng, ﬁ) We have y = E[X] = m/4. Using a Chernoff bound we have,
Pr(X >m) = Pr(X > 4p) < (3/4Y)™/* < exp(—m/4)

Now m/4 > 6K logn/4 > (K + 1)logn, using K > 2. Substituting back we obtain Pr(X >
m) < exp(—(K + 1)logn) = 1/nf+1. But |X| stochastically dominates |R| since V(R) < ;2.

dng

The result follows. O

Our next step will be to bound Pr (D(R) > 045‘ E) , for R € O and some constant Cy =

C4(K) < oo where FE is the event defined as £ = {|R| =m, V(R) > 72

— 4ng -

36 An orthotope (also called a hyperrectangle or a box) is the generalization of a rectangle for higher dimensions
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Lemma E.3. There exists some constant Cy = C4(K) < oo such that, for all R € O with

og(n)
K-—1 -

V(R) > 2, we have that P (D(R) > Cydp,

= Ing’

|R| = m) < ﬁ, where &, =

;
nKm
Proof. Conditioned on |R| = m, the remaining n,y = ng — m points are distributed uniformly
iid. in the complementary region of volume (1 — V(R)).

Let Fg,s, denote the region swept when R is expanded by C46,, along each coordinate axis.
Clearly, D(R) > C40y, if and only if region Fc,s, contains no points.

Let X denote the number of points in Fi,s,, and let p denote the volume of F¢,s,. Then,
X ~ Bin(ngz,p/(1 — V(R))) and hence stochastically dominates Bin(ng,p)). Note that such a
volume p is at least the volume obtained when expanding the hypercube of side ¢ = ¥ & by

C46,, along each direction and therefore, p > K oK _1)C4<5n. Hence,

P(D(R) > Cy40,) =Pr(X =0) < (1 —p)L < exp {—Q(np)}

m., (j_
< exp{—Q(n(z)(K 1)/KC45n)} = exp{—Q(Cylogn)} < Py e

for appropriate Cy4, where we have used Assumption 2.

Lemma E.4. Suppose m > 6K log(n). Then, there exists a constant Cs5 = C5(K) < oo, such
(n)

that E |ming{aj™* — ag‘i“}] < Cs—2%=r-

log
1
nKm K

%. By Condition (IM) in

nHKLom

Proof. Let Zj = minjen ) e?, U, = maxjey e;? and 40, =

|

Proposition 2, we know that aj*** — aznin < Zj — Up. Then,
E [m}én{a?a" - a}fin}} <E [mkin{Zk - Uk}] .

In addition, ming{Z;— Uy} is equal to D(R) for some orthotope R € O. In particular, ming{Z; —

Uk} is equal to D(R) when R is the orthotope that “tightly” contains all the m points in U.
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Define R = {R € O : |R| =m}. Then,
E [mkin{Zk - Uk}] < E [gg%{D(R)}] .

To bound E [maxReR {D(R)}}, consider the grid that results from dividing each of the K
coordinate axes in the hypercube into intervals of length 1/n. Let A denote that grid. Suppose
we just consider orthotopes in the grid, that is, the orthotopes whose sides are multiples of %
Let Ra ={Re€R: Re A}. Then,

max {D(R)} < max {D(R)} + =
RER ~ RERA n’
and,
1
E D <E D —.
[glg%{ (R)}} < ngggi { (R>}] +—

Hence, we just need a bound for E [maxRERA {D(R)}} Let Vi = {*. Note that D(R) < 1

for all R € O and therefore,

E [gé%}i {D(R)}} < E [Rrg%;i {D(R)}] +Pr (Rrgi& V(R) < V>

where R'A = {R € Ra : V(R) > Vi}. Now, by union bound

Pr(min V(R)<V*> < Z Pr(|R| =m) <nf . 1/nft =1/n.
REAV(R)<V.

using [{R € A: V(R) < Vi}| < |{R € A}| = n¥ and Lemma E.2.

Further,

E [Rrg%i {DR) }} <E [ReAg?I)%{)ZV* {DR)I(|R] =m)}
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Now,

P DR)I(|R| = Cyp,
" | e sl sy, (PEIIR = m)} > C

IN

>~ Pr(|R =m)Pr[D(R) > Cudnl|R| = m)
REA:V(R)>Vi

Z 1. 1/nK+1§nK/nK+1:1/n
ReA:V(R)>Vs

IN

using a union bound and Lemma E.3 to bound the probability of D(R) > C44,,. It follows that

E [ max {D(R)}} < 1-Pr

max  {DR)I(R| = m)} > Cudn| + Ciby = 1/n + Cibn
RER/'A

REA:V(R)>V,

Substituting the individual bounds back, we obtain

= < .
E [%3% {D(R)}] Cybp +2/n < Cs6,,

defining C5 = Cy + 2 and using 1/n < 4y,

Overall,

: max __ . min < ; _ < <
E mkm{ozk ay, }] < E [mkm{Z;C Uk}} < E[%lé%{D(R)}] < Cs0p,

as claimed. O

We now proceed to show that, for every pair of types k,q € T, we have

1
B[ min (¢~ )~ max (& - ef)| < %8
jeM (k) J FEM(q) J ne

for appropriate Co = Cy(K) < oo. This result is shown in Lemma E.7. Along the way, we

establish a couple of intermediate results.

Let 7, = min;e (k) e;? and U, = max;ecy ef. Note that Zy is an upper bound for —ay. By the
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definition of Zj, all the points corresponding agents in M (k) must be contained in the orthotope
[1— Z;,1] x [0,1]5~1. The following proposition establishes that Zj cannot be arbitrarily close

to 1.

Lemma E.5. Given a constant c € R, let the event E. be defined as E. = {max minjc ) e;? <
1 —c}. Then, there exist constants § = 0(K) > 0 and Cs = Cs(K) > 0 such that, for large

enough n, Eg occurs with probability at least 1 — exp (—Cgn).

Proof. Let Z = minjeps(x) e?. The proof follows from the previous observation that all the
points corresponding to agents in M (k) must be contained in the orthotope of volume (1 — Zj).
Let C' < oo be such that Z—i < C. By Assumption 2, such a C' must exist. Furthermore, by
Assumption 2, there must exists C'x € R such that np > Cgn for all £k € 7,. Let ng be the
total number of points in the cube [0, 1]K. Let X denote the number of points out of the ng
ones that fall in the rectangle defined by [1 — @, 1][0,1]5~!. Then, X ~ Bin(ng, #). Suppose we

set 0 < C—K.Then, for large enough n and appropriate Cs > 0 we have
2C

Ckne

Pr(Zy >1—-0) <Pr(X >Cgng) <Pr <X > ) < exp (—2Cn) < (1/K)exp (—Cgn)

where we have used a Chernoff bound, 2ng > n, and exp(—Cgn) < (1/K) for large enough n.

The result follows from a union bound over possible k. O

Remark E.1. Let 0, Eg and Cs be as defined in the statement of Lemma E.5. Define Gy, 4 as
K 0 0 0
Grg=1q2€[0,1]": xkzl—gor:zq21—§ andazr<§f07’alllgr§[{,r7§k7q )

Under event Eg, we must have Gy o € M (k) U M(q).

The above remark follows from Lemma E.5 and the definition of Gy 4. If j : ¢ € Giy

were matched to a type k' ¢ {k,q}, that will contradict maximality of the matching as, by
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swapping the matches of j/ : 7/ € M (k),e?/ = Zj and j, the overall weight of the matching

strictly increases. A similar argument rules out j being unmatched.

Lemma E.6. Let Gy, 4 be as in Remark E.1, and let 0 be as defined in Lemma E.5. Define G;C’q
as follows:

Let VM = {z: o =€' — ¢!

T —€, €G,}, and let

V¥ = max(Difference between consecutive values in V¥ U {—1+6,1—6}).

Then, there exists a function f(n) = O*(1/n) such that Pr (@1) < 1/n where B¥® is the event

that V¥ < f(n).

The proof of Lemma E.6 is omitted as the required analysis is similar to (and much simpler
than) that leading to Lemma B.1. Essentially, V*¢ consists of values taken by ©(n) points
distributed uniformly and independently in [-1 4 6,1 — 6], so, with high probability, no two

consecutive values are separated by more than f(n) = O(logn/n).

In the next lemma we bound the difference between every pair of a’s.

Lemma E.7. Consider types k,q € Ty and let f be as defined in the statement of Lemma E.6.

Under event Eg N B*, in every stable solution we must have that (o — o) < 2f(n) +

(arknax o a;ﬂnin)‘

Proof. We claim that under Fy, we must have oy — oy, varies within a range of no more than
Vk4 within the core, where V¥ is as defined in the statement of Lemma E.6. By Remark E.1,
under event Fp we must have G, C M (k) U M(q), where G}, is as defined in the statement of

Lemma E.6. Suppose that G?{:q contains at least one vertex matched to type k£ and one to type

71



g. Then, by Condition (ST) in Proposition 2 we must have:

g — o)™ — (a, — ap)™™ < min {¥ — 2} — max {& — ¢

(0 = )™ o = o)™ < min (e~ ) = max (=)
< min e — el - max -
- jEM(k;)ﬂG;w{J i jeM(q)ﬁG;w{ i
< Vha

Next, consider the case in which all vertices in G;ﬁq are matched to type k (the analogous
argument follows if they are all matched to type ¢). Under event Ejy, by Condition (IM) in
Proposition 2 we must have 0 < —ap, <1 -6 and 0 < —a; < 1 — 6. Therefore, oy — ay, €
[-1+ 6,1 —6]. In addition, by Condition (ST) in Proposition 2 we must have a; — aj <

min; ey {€f — €]}, However,

_ max __ _ min < _q 1 0
(0 = )™ — (0 — )™ < min {— e} (-140)
< —él 1+6
S ity G-dh—(1+0)
= mln{e feq} (=1+0)
GG/
< VM

It follows that (af®* — o) < 2Vke 4 (afnax — omin) - By definition, under B* we have

Vka < f(n), which completes the proof. O

Finally, we complete the last step of the proof by showing the main theorem.

( )‘amax _ akmm

Proof of Theorem 2. By definition, C = ZkK , where N (k) is defined to be

ne

the number of agents of type k that are matched. For a given instance, let k* = argmin, {a}**

— ozkmi“}.
Let B= FEgnN (ﬁk,q[)’k’q). Note that using Lemmas E.1 and E.6 and a union bound, we obtain
that

Pr(B) <Pr(Eg)+ »_  Pr(B})=0(1/n).
k,qeK:k#q
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By Lemma E.7, under B, for every k € T, we have
ar];lax _ agﬁn < 2f(7’L) + ag}‘ax _ agiin.

Therefore,

EC] < E [a;;aax - agﬁn] +2f(n) + Pr(B) - O(1)

nKm K

. 1
nKEKm K

where the first inequality follows from the above together with using the upperbound of O(1)

<o (“@) 10 (1/n) + O(1/n)

for the core size; the second inequality is obtained by using the bound on E [a}ﬁf”‘ — agim] from

Lemma E.1 for m < 6K log(n) and Lemma E.4 for m > 6K log(n), as well as the definition of
f(n) and Pr(B) = O(1/n) shown above. Finally, we note that each of the steps yields a bound
that holds with high probability (instead of a bound on expected value) if we multiply by an

additional logn factor. This yields that, with high probability,

1
c<or <1 K_1> .
nKEm K

This completes the proof for F' being Uniform(0,1).

Now consider general F satisfying the conditions stated in the theorem. We extend our proof
just as we extended the proof of Theorem 1 to general F'. Lemma 2 gives us a lower bound of
—U < ayy for any core a, whereas we already know that —C, > oy, < 0, since some employers
are unmatched and others are matched. Overall, we know ay, € [—min(U, C,),0]. We scale
utilities down by a factor min(U, C},). Now the density of firm productivities is uniformly lower
bounded in [0, 1], and firm productivities values in [0, 1] are the only relevant ones. Moreover,
Q(n) firms have all productivities lying in [0, 1]. Hence, our bound on the gap between consecu-
tive order statistics and their linear combinations in the unit hypercube implies the same bound

(up to constant factors) for general F', and hence we get the same bound on core size for general
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F  Proof of Theorem 3

In this appendix, we state and prove a more detailed version of Theorem 3.

Theorem 5. Fiz K and Q and a distribution F. Also fix the fraction pyx of each agent type
k, where k can be a type of worker or a type of employer. We draw a market with n agents by
independently drawing the type of each agent, and then independently drawing the idiosyncratic

productivities from the distribution F'. We obtain the following bounds as a function of n.

e Limit characterization of a. There exists o = o*(K, Q, p, F') such that as n — oo, we
have that both o™ and o™ converge (in probability and almost surely) to a*. In fact,

for any hy, = w(1) we have that with high probability, for every core outcome (M, ),

lo = ™| < hn/V/n. (47)

e Size of the core. There exists C = C(K,Q,p, F) < 0o such that with high probability,

the size of the core is bounded as

C <Clogn/n. (48)

We formally establish the claims stated as part of the proof at the end of this appendix.

Proof of Theorem 5. We define a discrete tatonnement operator T : RETQ — RE+Q that takes
a price vector « to an updated price vector Ta in a limit market (we do not formally define the
limit market, but it guides our intuition). The operator T will be monotone, as a result of a
gross substitutes property on both sides of the market. Its fixed point a* will be turn out to be
the limiting core solution. We also define a corresponding operator T,, for the n-th market to
relate core outcomes « in that market to a*. Our approach draws on the order-theoretic/lattice-

theoretic approach that has yielded rich dividends in matching theory (Gale and Shapley 1962,
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Kelso and Crawford 1982, Hatfield and Milgrom 2005) and in the study of equilibrium more
broadly.

We start by defining the “limit” operator T. The idea is that when T acts on a price vector
a to produce an updated price vector Te, it computes each price (Ta)g, as follows: treating all
other prices as given, it computes the limiting “demand curve” Dy, (p) of the number of type k
workers who want to match with type ¢ employers as a function of the price between type-pair
(k,q) (here p is the dummy variable for this price), and the limiting “supply curve” Siq(p) of
the number of type ¢ employers who want to match with type k workers. Then (T, is set to
the value of p at which the demand and supply curves intersect. (There will be a unique such
point, since Dy,(p) will be strictly decreasing in p and Si,(p) will be strictly increasing in p.)

We define

Dutpia) = [ S+ p—ulha) [] P+ any — ulhd) dz (49)
0 q'7#q
(where z serves as a dummy variable for the utility earned by an agent of type k, who finds type

q at price p more attractive to match with than any other type ¢’ at price agy) and

Statvia) =y [ =) T] PG = aw) dz. (50)

K #k

We now suppress the a dependence, simply writing Dy,(p) and Skq(p). It is easy to verify that
Dy4(+) is strictly monotone decreasing and that Sy,(-) is strictly monotone increasing, given
that f(-) is positive everywhere. Further, both Dy,(-) and Si,(-) are positive everywhere, and
limp o0 Dig(+) = 0 and limy,_,_o Skq(-) = 0. Combining, we deduce that there is a unique price
where the demand curve Dy,(-) and the supply curve Si,(-) intersect, and we define (Ta)g, to
be equal to this price.

Strict gross substitutes property on both sides of the limit market: Write o < o’
if g < O‘Z;q for all k € Tz, q € Te, and o < o if at least one of these inequalities is strict. Now
viewing Diq(p;-) as a function of «, it is easy to verify that Dy4(p;-) is monotone increasing

with respect to the defined ordering on a’s (the demand for type ¢ increases if the price of other
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employer types increases); i.e., if a < o, then Dyq(p; ) < Dyq(p; @) for all p. In other words,
the demand from each type of worker satisfies strict gross substitutes. Similarly, Si,(p;-) is
monotone decreasing, by the strict gross substitutes property for each type of employer.

Thus, increasing « causes the demand curve to move up and the supply curve to move down,
and hence it causes the price at which they intersect to move up. It follows that T is monotone

increasing in .
Fact F.8. Ifa </ then Ta X Td/.

We now show existence of a fixed point of T, thereby overcoming the challenge that the set
of possible ’s is not compact. To do this, we show that there is a (large) price P such that with
ap := (P,P,...,P) we have Tap < ap, and another (large negative) price P’ such that with
ap = (P, P’ ..., P") we have Tap = ap:. Then, starting with ap and iteratively applying T,
we get a fixed point o* using monotonicity.

Set all prices to be equal to P. Now P is the only variable. We have

Dia(Piar) =i [ fw = ulh.a)) [ Flw—ulh.q)) do. (51)
q'#q

Note that Dy, (P;ap) is positive everywhere, decreasing in P, and limp_,oc Diq(P;ap) = 0. We

also have that miny , Dy, (P; ap) is positive everywhere, decreasing in P, and

li in Dyq(P; =0.
P Pral i)

Similarly,

Sia(Piar) =y [ fw) [] Fw) do. (52)

k' #k

Note that Siq(P;ap) is positive everywhere, increasing in P and limp_, o Skq(P;ap) = 0. We

also have miny 4 Siq(P; ap) is positive everywhere, increasing in P and

li in Sk, (P; =0.
phim, min Siy(F; ap)
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It follows that for large enough P we have Tap < ap and for small enough P’ we have Tap: =
apr. We deduce that T is a monotone self-mapping of [P/, P]¥*@, and it follows that it has
a fixed point, and that the set of fixed points forms a complete lattice. (A fixed point can
be computed by starting with o and iteratively applying T until convergence.) Combining
this with the fact that any fixed point must balance supply and demand, we obtain uniqueness

(proofs of all claims are at the end of this appendix).
Claim F.1. The operator T has a unique fized point o*.

Consider the fixed point o of T. Let g(n) = hy,/y/n for any h, = w(1). In the argument
below we use h, = v/logn = g(n) = \/logn/n, but this is only an example of a possible h,
that can be used. Define o' by oqu = aj, — g(n) for all k,q and o by akq = ap, + g(n).
We will show that, for appropriate C, there is a core outcome in the n-th market satisfying
a® < o < ", and that all core outcomes are within C'logn/n of o.. Define qu = Dy, (O‘Zq; a*),
and show that N(k,q)/n approaches v}, .

We now define an operator T,, such that its fixed point will capture a core solution in the
n-th market. Analogous to Eq. (51) and Eq. (52), we define demand and supply for the n-the

market to be?”
Dig(pia) = |{i: 7 culk,q) —p+ni > ulk,q) — ary + 773/ for all ¢ # q}| (53)
and
Siq(p; =[{j:7( —q,p+6§2akzq+ef/ for all &' # k}| (54)

for the n-th market. We define (Tpa)r, = inf{p : S’kq(p; a) > ﬁkq(p; a)}. As before, Dy,
is (weakly) monotone decreasing in p and (weakly) monotone increasing in «, whereas Sy, is
(weakly) monotone increasing in p and (weakly) monotone decreasing in «. (The monotonicities

in « constitute a weak gross substitutes property for each type of agent on both sides of the

37To be perfectly precise, we should ensure that each worker counts toward exactly one unit of total demand by
using a mix of strict and weak inequalities in the definition of Dy4, based on the direction in which ties between
g and ¢’ are broken in each case. To make all the details work out, we require agents to break ties in favor of the
type they are matched to under the maximum weight matching M.
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market.) We deduce monotonicity of T,.
Fact F.9. If a </ then T,a < T,d'.
Our next claim implies that T, has a fixed point that lies between a'® and aP.

Claim F.2. With high probability, we have Tpa®™ < o™ and T,o!® = o!P. Hence, T, has a

fized point a satisfying o'® < a < a®P.

The proof of this claim uses the convergence of the empirical distribution of (type, produc-
tivity vector) for agents to the limiting distribution. The main part of the proof is to show
that w.h.p., at prices o'?, the demand is less than the supply for each type pair (whereas the
opposite is true at o!P). This is accomplished by showing that the realized demand (supply) at
o is less (more) than the limiting demand (supply) at o*. In turn, the definition of o™ helps
us show this, because the relative prices of different types are the same as under o, but each
of them is now more expensive relative to remaining unmatched.

It is not hard to show that the fixed points of T correspond to core price vectors.

Claim F.3. Let a be a fized point of T,,. Then (M,«) is a core outcome, where M is the

mazximum weight matching.

Though we don’t need the converse, we remark that it holds: for any core outcome (M, ),
the prices « are a fixed point of T,,.

Combining Claims F.2 and F.3 immediately gives a core solution « close to a*, i.e., the bound
(1) for some core solution. We are also in a position to prove (2), leveraging the following claim

b and

that controls the demand and supply in the n-th market for all price vectors between «
a"P. In particular, the bounds in the claim apply to the core solution «, where ﬁkq(akq; a) =

Sq(arg; @) = N(k, q), thus yielding (2).
Claim F.4. Let v;, = Dyg(aj; o). Then, there ezists f(n) = O*(y/n) such that, with high

probability, for all o'® < a < o™ we have, for all (k,q) € T, that

~

Dkq(akq; O[) - TLVZ;q‘ < f(n) )

Skq(akq§ a) — nVZq\ < f(n).
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For the second part of the theorem (the bound (3)), we prove the following claim, and use it
together with the fact that weight(M) = Q(n) with high probability, which follows from p; > 0

for all k, and f(z) > 0 for all z. The claim also completes the proof of (1) for all core solutions.

Claim F.5. There exists C = C(K,Q, p, f) < oo such that for all k,q we have

; 1
o — afy| < C2EE (55)

The proof of this claim relies on the fact that all core ay,,’s must lie between some consecutive
order statistics of eg’s for workers ¢ who are type k, and are either unmatched or matched to
type q. Further, these order statistics are close together in the vicinity of o, and we already

know that it is sufficient to consider this vicinity. O
We now provide proofs of all the claims above that facilitated our proof of Theorem 5.

Proof of Claim F.1. The set of o € [P’, P]5*+% is a complete sublattice. Since T is a monotone
self-mapping of this set, it has a nonempty set of fixed points that themselves form a complete
lattice. Take the two extreme fixed points o™ (T) and o™ (T). Suppose o/™®(T) = o™ (T).
Fix a price vector a. A direct calculation yields the following intuitive expression for the total

demand from worker type k:

> Dalangi @) = pi (1= [T Flawg = ulk,0))) (56)
q q
Similarly, the total supply from employer type q is
Z Skq(Qkqs @) = pq (1 - HF(_O‘kq)> . (57)
k

k

For ease of notation, we write Dpi®* = > Dyq(ap™(T); *(T)), and so on. It follows from
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a™(T) = o™(T) and Egs. (56) and (57) that
RIS Wl
k q k q
I
k q kg
At any fixed point of T, we know that Dyg = Skq = > ; >°, Dkg = D1 D, Skqe- Hence,

DI DI
k q kE q
=D D DI <Y D S,
k q k q
a contradiction. ]

Proof of Claim F.2. We will use the fact that E[f)kq(p; a)] = nDyy(p; ) for any p and a,
along with concentration bounds, to obtain the claim. We will show that w.h.p., we have

]_A)kq(a};g;aub) < S’kq(a};g;aub) which will immediately imply (T,a")g, < ozzg, ie., Tpa™ <

™. (The proof of T,a® > a® is analogous and we omit it.) The existence of the fixed
point will immediately follow by starting with o"® and iteratively using T,, until (monotone)

convergence to « is obtained.

Note that ﬁkq(a};qb; a"®) is distributed as Binomial(n, Dkq(azz); a"™®)). Tt follows that
Pr[f)kq(a}ig; CkUb) < n(Dkq(a};];; an) +ep)]>1— exp(—QnC%) , (58)
for any ¢ using a standard Chernoff bound. Further, a direct calculation®® gives

g(n)
Dig(hgi @) — Diglafig; a™) = Pk/ fz+ajy —ulk,@) [[ Fz + ajy — ulk,¢)) dz
0 q'#q
Diy(ay3 @) = Dy ™) * ,
2 1 2 . = pkf(akq - U(k, Q)) H F(Oqu/ - U(k, ql))’
q'#q

= lim
n—o0 g(n)

381t is important here that o"P and o* differ by the same amount in each coordinate, meaning that the relative
attractiveness of types on the other side is unchanged.
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using the continuity of f(-) and that lim,,_, g(n) = 0. Define

. min | f (o, —u(k.0)) [] Flogy —ulk.a))]

2 q'#q
Note that nc2 = Q((logn)?). Then, for large enough n, we have
Dyg(agga®) < Dkq(a};g; o™ + ¢, for all k,q .
Substituting in Eq. (58), we obtain
Pr[Dkq(a}cﬂ;; ') < nDyq(aj,; )] > 1 —exp (— Qlogn)) =1—o(1) for all k,q; (59)

i.e., with high probability,

ﬁkq(a};};; o) < nDyq(gy; ") for all k,q .
Using an analogous argument, we establish that with high probability,

gkq(oz};g; aub) > NSkq(gs @) for all k,q.

Now, by definition of o we have Dyg(aj,;a*) = Ske(ag,;a”) for all k,q. We deduce that,

w.h.p.,
S’kq(a}ég; o) > ﬁkq(a}ég; oP) for all k,q,

as needed. O

Proof of Claim F.3. Let a be a fixed point of T,. Then « clears the market up to tie-breaking,
and using the fact that this is a two-sided matching setting, the tie-breaking can be done so as
to obtain a matching M’ such that (M’, «) is a core outcome. This also means that M’ = M,

the maximum weight matching. O
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Proof of Claim F.4. Consider S‘kq(akq, a). Let Smax and ngn be the largest and smallest values,
respectively, of S'kq for « in the specified range. Using the monotonicities of S'kq in its arguments,

we have

Smax Skq(alklzg; Oélb) ,

g = Gy(add ;)

Using the definition (54) of S‘kq, we have that

Shg™ = Sig < (i +7() = a lagy + €51 < g(m)}|

+Z‘{j:T(j):%‘E?_E?I—’—altq_alt’ﬂSg(n)}“ (60)
k'#k

Now,

{j : 7(j) = 4. la, + €] < g(n)}| = Binomial(np,, F(—af,, + g(n)) — F(~aj, — g(n)))

<O0*(vVn),

w.h.p., using that g(n \/1ogn/n. Let Fy be the distribution of the difference between two i.i.d.
draws from F'. The F} is also a distribution with positive and continuous density everywhere in

(—00,00). We can bound each of the other terms in Eq. (60) as

‘{.7 : T(]) =q, ‘E;C - 6;?/ + OéZq - O‘k’q‘ < g(n)}‘
— Binomial(npg, Fi(~af, + s, + g(n)) — Fi(~af, + sy — 9()))

< 0" (Vn).
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Combining, we obtain that, with high probability,

A~

]Icltlzax_gg:]in SO*(\/E)

= | Skq(ahgs @) — Siqlagi )| < O*(Vn) (61)

for all a!® < o < a¥b.
Recall that v;, = Dyl 0) = Sg(aj,;a”) and E[Skq(azq;a*)] = nSkqag ). A

Chernoff bound gives that, with high probability,
|Shq(hgs @) = nvjyy| < O*(Vn). (62)
Combining Eqgs. (61) and (62) yields

|gkq(akq; a) - nVI:q| < O*(\/ﬁ) ) (63)

for all o' < o < a'P.
The proof of the corresponding bound on Dkq(akq; «) is analogous.

O]

Proof of Claim F.5. Having found a core solution « (the fixed point of T,,) that moreover sat-
isfies of? < o < aub, we now use these bounds on « to control the size of the core.

Recall that there is (with probability 1), a unique3’

maximum weight matching M. We focus
on a subset of agents S that are of type k and either matched to type ¢ or unmatched under M.
We show that, w.h.p., the largest value of 7} among i € S\M is within C'logn/n of the smallest
max min

value of ! among ¢ € SN M, yielding the desired bound on |akq — gy

Define

S={i:7(i) = k! <afy—g(n)—ulk,d)Vd #aq}. (64)

If o = o/’ (which holds w.h.p.), we know that no agent in S is matched to ¢’ # ¢. Now, the

39We do not need uniqueness of M to bound the core size, but we use it to simplify the argument.
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likelihood of an agent being in S is

pr || Flaiy —9(n) —ulk,q) = 0.9p; [ Flagy —u(k,q))
q'#q q'#q
for large enough n, using continuity of F' and lim,_,~ g(n) = 0. (Note that we do not need to
reveal 7] to compute whether ¢ € S.) Now divide [, — ulk,q) — 2g9(n), o, — u(k,q) + 2g(n)]

into intervals of length A = (C'/3)logn/n, where

C = 4/ min [pkf(a}iq —u(k,q)) [[ Flagy - U(k,q’))] :
’ q'#q

Using continuity of f(-), we have that

inf z) > 0.9f(ar, —u(k,q)).
fcé[a;’iq—U('aq)—?g(n)7a;’2q—U(k7q)+2g(n)]f( )= 095 (o, *.9)

Using the previous three equations, and independence between membership in a subinterval
and membership in S, it follows that the number of agents in S who belong to any individual

subinterval is Binomial(n, p;) for

> A-09f(af, — ulk,q) - 0.9 [ Flag, — ulk.¢)) > logn/n,
q'#q
and hence each subinterval has at least one agent in S with probability at least 1 — 1/n. We
deduce using a union bound that w.h.p., all subintervals have at least one member of S. Now,
in any core solution, each 4 such that 7; < agq —u(k, ¢) must remain unmatched, and 7; > oy —
u(k,q) must be matched to type ¢. Further, we have that w.h.p., ax, € (o, — g(n), ap, +9(n)).
Considering the subintervals on each side of the one in which az, occurs, since each of them has

at least one agent (who also belongs to S), and considering that M is unique, we deduce that

: logn
max _ min < 3A — C .
|al~cq O‘kq | = n
Using a union bound, we deduce that w.h.p., this holds simultaneously for all k, q. ]
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G Proof of Lemma 2

Proof of Lemma 2. Let (M, o) be a core solution. Suppose aj«q+ = maxy, 4 agq. Consider worker
type ¢*. Since apxg« > agge for all k # k¥, we obtain that each agent 7 of type ¢* has likelihood
at least 1/K of counting toward S‘k*q* = S’k*q* (agrge; @0); see Eq. (54). It follows that w.h.p.,
S’k*q* > (# agents of type ¢*)/K — O*(y/n) > Cn/2, using Assumption 2. At prices «, an agent
of type k* prefers being unmatched to matching with type ¢* with likelihood F'(cv«g+ —u(k*, ¢*)).
Hence, w.h.p., we have ﬁk*q* = bk*q*(ak*q*; a) < (number of agents of type k*)(1 — F'(ogeq+ —
u(k*,q%)))+0*(v/n) < n(l—Flagq —u(k*, ¢*)))+0*(v/n) < Cn/2 if apxg- > U for some U <
oo. (Here we used that limp_,o 1 — F(P — u(k*,¢*)) = 0.) But ﬁk*q* = gk*q*, a contradiction.
It follows that ay«4« < U, and hence ay, < U for all k,g. The lower bound of —U < ay, can be

similarly established. O

85



