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Abstract: We propose and analyze rejection samplers for simulating from
an extended Gamma distribution. This distribution is supported on (0,∞)
and has density proportional to tα−1 exp(−t − 2

√
tγ), where α and γ are

two real parameters with α > 0. The proposed samplers use normal and
Gamma instrumental distributions. We show that when α ≥ 1/2, a suitable
combination of the samplers has acceptance rate at least 0.8 for all γ and
near 1 when |γ| is small or large. When α < 1/2, our optimal acceptance
rates are uniformly close to 1 for γ ≥ 0.
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1. Introduction

This paper treats the problem of drawing random samples from the probability
distribution with density

f(t |α, γ) :=
1

2Z(α, γ)
tα−1 exp

(
−t− 2

√
tγ
)
, t > 0. (1.1)

Here, α > 0 and γ ∈ R are two parameters, and Z(α, γ) is the normalizing
constant; the factor ‘2’ in the denominator is kept for later convenience. This
two-parameter family provides an extension of Gamma distributions in that
f( · |α, 0) defines the Gamma distribution with shape parameter α and scale
parameter 1. Some examples of graphs of f( · |α, γ) are shown in Figure 1.

We begin this introduction by motivating our interest in the extended Gamma
distributions (Section 1.1). Next, we describe the contribution of the paper,
which consists of a rejection sampling algorithm. For α ≥ 1/2, as is the case
in our motivating application, our sampler has an acceptance rate that never
drops below 0.8 and is close to 1 when |γ| is near zero or sufficiently large.
The description of the algorithm is split into two subsections. We first state
three different types of rejection samplers (Section 1.2) and then explain how
they can be combined in an optimal fashion (Section 1.3). This part of the
introduction includes pseudo-code and provides all information necessary for
implementation of our sampler. We conclude the introduction with an outline
of the remainder of the paper (Section 1.4), in which we prove correctness and
analyze the acceptance rates of the rejection samplers we propose and combine.

0
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Fig 1. Graphs of the target density f(t |α, γ) versus t for γ = −1, −1/2, 0, 1/2, and 1, and
α = 1 (Panel 1) and α = 4 (Panel 2).

The remainder also includes a discussion of the case α < 1/2, which our methods
address satisfactorily only for γ ≥ 0.

1.1. Motivation

Our interest in the density from (1.1) is due to its relevance for statistical com-
putation for certain multivariate t-distributions. Let Z be a Gamma random
variable, with Z ∼ Γ(ν/2, ν/2) for a degrees of freedom parameter ν > 0; we
parametrize the density g(x) of Γ(α, β) to be proportional to xα−1e−βx. Suppose
that given Z, the random vector Y is p-variate normal with

(Y |Z) ∼ Np(µ,Σ/Z) (1.2)

for a mean vector µ and a positive definite matrix Σ. Then the (marginal) distri-
bution of Y is the classical multivariate t-distribution with ν degrees of freedom.
Statistical modelling with t-distributions, multivariate or not, is a common ap-
proach when data are heavy-tailed or may contain outliers; compare, e.g., Besag
and Higdon (1999) or Gottardo et al. (2006). Solutions to computational prob-
lems in such models often exploit the above scale mixture representation of the
t-distribution. In particular, it is straightforward to set up a Gibbs sampler be-
cause the conditional distribution of Z given Y is a Gamma distribution. This
fact is also important for EM algorithms (Liu and Rubin, 1995).

The scale mixture that yields the classical multivariate t-distribution involves
a single divisor Z for the entire vector Y. This can be unsuitable when modelling
highly multivariate data that contain outliers in small parts of many observa-
tions. Instead, Finegold and Drton (2011) propose an alternative t-distribution
that is obtained by associating independent Γ(ν/2, ν/2) divisors Z1, . . . , Zp with
the different coordinates of Y = (Y1, . . . , Yp)

>. Defining the diagonal matrix

imsart-ejs ver. 2011/12/06 file: extgamma.tex date: November 4, 2013



Y. Liu et al./Rejection Sampling for an Extended Gamma Distribution 2

D(Z) = diag(Z1, . . . , Zp), the alternative t-distribution is the (marginal) distri-
bution of Y when

(Y |Z) ∼ Np
(
µ,D(Z)

−1/2
Σ D(Z)

−1/2)
. (1.3)

For statistical computation, as in Gibbs sampling for Bayesian inference or in
Monte Carlo EM algorithms, we now need to be able to sample from the con-
ditional distributions of Zi given Y and the remaining divisors Zj , j 6= i. Up
to rescaling Zi by a constant, this conditional distribution is of the extended
Gamma type as defined in (1.1). Similarly, the extended Gamma distribution
arises as a conditional distribution in Finegold and Drton (2012), where a clus-
tering model allows for sharing of Gamma divisors across different coordinates.

Example 1.1. Form the diagonal matrix D(Z) = diag(Z1, Z2, Z2) from two
independent Γ(ν/2, ν/2) random variables Z1, Z2. Let the conditional distribu-
tion of Y = (Y1, Y2, Y3) given (Z1, Z2) be trivariate normal, following (1.3) with
mean vector µ = 0 and inverse covariance matrix

D(Z)
1/2

Σ−1D(Z)
1/2

=

 2Z1

√
Z1Z2 0√

Z1Z2 2Z2 0
0 0 2Z2

 .

Then the conditional density of Z1 given (Y, Z2) = (y1, y2, z2) is proportional
to the function

z1 7→ z
(ν−1)/2
1 exp

[
−z1 ·

(ν
2

+ y2
1

)
−
√
z1 · (y1y2

√
z2)
]
,

and the conditional density of Z2 given (Y, Z1) = (y1, y2, z1) is proportional to

z2 7→ z
ν/2
2 exp

[
−z2 ·

(ν
2

+ y2
2 + y2

3

)
−
√
z2 · (y1y2

√
z1)
]
.

Up to rescaling of z1 and z2, respectively, the two densities have the extended
Gamma form with shape parameter α that is larger than 1/2 and depends on
the degrees of freedom ν as well as the number of coordinates of Y that Z1 or
Z2 were associated to. The second parameter γ can be any real number.

1.2. Three rejection samplers

The contribution of this paper are rejection samplers for the extended Gamma
distributions from (1.1). One advantage of rejection sampling is that it avoids
the need to compute the normalizing constant Z(α, γ) in (1.1). While software
such as Mathematica readily expresses Z(α, γ) in terms of special functions,
evaluating those numerically becomes unreliable when γ or α are of larger mag-
nitude. Similarly, quadrature methods for numerical integration fail to converge
in more extreme cases when Z(α, γ) can be very large or small. These numeri-
cal issues aside, it is also natural to turn to rejection sampling for our problem
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because the state-of-the-art methods for fast sampling from Gamma distribu-
tions are rejection samplers. Throughout the paper we assume that an efficient
routine for drawing from Gamma distributions is available; see Marsaglia and
Tsang (2000) and the older references therein for this (non-trivial) problem.

For a brief review of the principle underlying rejection sampling, consider two
probability densities f and g. If there is a finite constant M such that f(t) ≤
Mg(t) for all t in the domain of f , then we can draw from f by rejection sampling
with g as instrumental distribution. In other words, we generate draws t from g
until one such draw is accepted, where the probability of accepting draw t is
f(t)/[Mg(t)]. The acceptance rate of the sampler, that is, the unconditional
probability of accepting a draw from g, is 1/M ; compare Liu (2008) or Robert
and Casella (2004). Clearly, the smaller M is the larger is the acceptance rate;
the smallest allowable M is

Mopt := sup{ f(t)/g(t) : f(t) > 0 }. (1.4)

We now give three rejection samplers for extended Gamma distributions.
Depending on the parameters α and γ, each sampler selects an optimal instru-
mental distribution from a particular parametric class. Here, optimality refers
to maximizing the acceptance rate 1/Mopt resulting from (1.4).

a) Gamma distributions on original scale. The density f( · |α, 0) defines
the standard Gamma distribution Γ(α, 1). The family {Γ(r, δ) : r, δ > 0} thus
provides natural candidates for instrumental distributions in rejection sampling.
For γ ≤ 0, numerical evaluation of the acceptance rate 1/Mopt(r, δ) for a wide
range of choices of (r, δ) suggests taking the shape parameter to be r = α, for
which the optimal choice of the scale parameter is

δ0(α, γ) :=
γ2 + 2α−

√
γ4 + 4αγ2

2α
=

4α(√
γ2 + 4α+ |γ|

)2 . (1.5)

Similarly, for γ > 0, we take δ = 1 and altough the acceptance rate is maximized

by r0 = θα, where θ is root of function s(θ) = Γ′(θα)
Γ(θα) −2log( (1−θ)α)

γ ). But there is

additional computational cost to get this optimal r and computing f(t)
Mg(t) in the

sampling process. So for simplicity and computational speed, we use Γ(α, 1) for
this case. Pseudo-code for the rejection sampler based on these choices is given
in Algorithm 1. We denote the sampler by S0. Figure 2 graphs the sampler’s
acceptance rate A0(α, γ) for a selection of fixed values of α and for γ of the form
C
√
α for |C| ≤ 4. The sampler works for any α > 0 and is perfect for γ = 0,

but Figure 2 shows that the acceptance rates grow ever smaller as |γ| increases.

Remark. The pseudo-code in Algorithm 1, and the later Algorithms 2 and 3, is
not meant to be an efficient implementation. For instance, it will typically be
beneficial to take logarithms in the acceptance rule.

In order to remedy the problem of decreasing acceptance rates, we consider
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Algorithm 1 (Gamma rejection sampler on original scale: S0)
Input: Parameters α > 0 and γ ∈ R
if γ ≤ 0 then
δ0 ← 4α(√

γ2+4α+|γ|
)2 .

repeat
Generate T ∼ Γ(r, δ0) and U ∼ Uniform(0, 1).

until U < exp(−T (1− δ0)− 2
√
Tγ − α

δ
).

else
repeat

Generate T ∼ Γ(α, 1) and U ∼ Uniform (0, 1).
until U < exp(−2α

√
T ).

end if
Output: Accepted draw T .
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Fig 2. Graphs of the acceptance rate A0(α,C
√
α ) versus C for α = 1/2, 1, 2, 4, 8, and in

the limit as α → ∞, when using Gamma instrumental distributions on the original scale.
See (2.9) for the case α <∞ and (5.22) and (5.29) for the limiting case.
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an alternative approach in which we transform f(t |α, γ) to

h(x |α, γ) :=
1

Z(α, γ)
x2α−1 exp(−x2 − 2γx), x > 0, (1.6)

by the substitution t = x2. A squared draw from h( · |α, γ) follows f( · |α, γ).

b) Normal distributions on square-root scale. For γ → −∞, we can ap-
proximate h( · |α, γ) by a normal density. Therefore, we consider normal distri-
butions as instruments for drawing from h( · |α, γ). This approach works only
for α ≥ 1/2; the supremum Mopt is never finite for α < 1/2. For an optimal
choice of the normal instrument, we may set the variance to σ2

0 = 1/2 and the
mean to

m(α, γ) =


−γ+
√
γ2+4α−2

2 = 2α−1

(γ+
√
γ2+4α−2 )

, if α > 1/2,

max(−γ, 0) if α = 1/2.
(1.7)

Pseudo-code for the resulting sampler SN is given in Algorithm 2. The sampler’s
acceptance rate AN (α, γ) is strictly decreasing in γ; compare Figure 3 which
plots AN together with the acceptance rates of the next sampler we consider.

Algorithm 2 (Normal rejection sampler on square-root scale: SN )

Input: Parameters α ≥ 1/2 and γ ∈ R
if α = 1/2 then
m← max(−γ, 0)

else
m← 2α−1

γ+
√
γ2+4α−2

end if
repeat

Generate X ∼ N (m, 1/2) and U ∼ Uniform(0, 1)
until X > 0 and m2α−1 · U < X2α−1 exp{−2(m+ γ)(X −m)}
Output: Squared accepted draw X2.

c) Gamma distributions on square-root scale. For γ → ∞, the density
h( · |α, γ) can be approximated by a Gamma distribution. In an approach that
works for all α > 0, we use Gamma instruments Γ(r, δ) to sample from h( · |α, γ).
A computer study involving a broad range of α’s and γ’s suggests that in this
setting the best choice of the shape parameter is r = 2α, regardless of the value
of γ. The optimal choice of the scale parameter is then

δ1(α, γ) := γ +
√
γ2 + 4α =

4α√
γ2 + 4α− γ

. (1.8)

Pseudo-code for this sampler SG is given in Algorithm 3. The associated accep-
tance rate AG(α, γ) is strictly increasing in γ and again graphed in Figure 3.
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Algorithm 3 (Gamma rejection sampler on square-root scale: SG)
Input: Parameters α > 0 and γ ∈ R
δ1 ← γ +

√
γ2 + 4α

r ← 2α
repeat

Generate X ∼ Γ(r, δ1) and U ∼Uniform(0,1)
until U < exp(−(X − (δ1/2− γ))2)
Output: Accepted draw X2.
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Fig 3. Graphs of the acceptance rates AN (α,C
√
α ) and AG(α,C

√
α ) versus C for α = 1/2, 1,

2, 4, 8, and in the limit as α→∞, when using normal and Gamma instrumental distributions
on the square-root scale. The AN curves slope downward, the AG curves upward. See (3.12)
and (3.13) for the case α <∞ and (5.5) and (5.12) for the limiting cases.
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1.3. Optimal combination

The Gamma instrumental distributions on the original scale yield high accep-
tance rates when C = γ/

√
α is of small magnitude (Figure 2). Using the square-

root scale works best for C of large magnitude with the Gamma and the normal
instruments yielding large acceptance rates for C positive and C negative, re-
spectively (Figure 3). Recall, however, that normal instruments are applicable
only for α ≥ 1/2. Clearly, it is beneficial to combine all three approaches.

Due to the monotonicity of the acceptance rates as a function of γ, optimal
combination requires determination of two thresholds for γ, one negative and
one positive. Equivalently, we may specify the thresholds in terms of C. Then
sampler S0 is applied when C ∈ (CN ,0−(α),C0+,G(α)), sampler SN when C ≤
CN ,0−(α), and sampler SG when C ≥ C0+,G(α); compare Panel 1 of Figure 4
that shows graphs of all three acceptance rates for the smaller range of |C| ≤ 2.
The thresholds CN ,0−(α) and C0+,G(α) that optimize the acceptance rate can
be precomputed as functions of 1/α on a fine grid from (0, 2]; the graphs of the
functions are shown in Panel 2 of Figure 4. In particular, the thresholds for C
vary only modestly with α. The combination of S0, SN and SG achieves high
acceptance rates uniformly across all values of (α, γ) with α ≥ 1/2. As can be
seen by studying the top two curves in Panel 3 of Figure 4, the acceptance rate
for our algorithm never drops below 0.8. For C close to zero or of moderately
large value, the rate will be close to one; see again Panel 1 of Figure 4.

1.4. Outline of the paper

In the remainder of the paper we first prove correctness of the three rejection
samplers from Section 1.2. The sampler S0 with Gamma instrumental distribu-
tions on the original scale is treated in Section 2. The analysis of this sampler
separates the cases γ > 0 and γ < 0, and we indicate this in our notation
by referring to two samplers S0+ and S0−. The two samplers SN and SG that
use normal and Gamma instruments on the square-root scale are treated in Sec-
tion 3. Next, in Section 4, we give some more details on the optimal combination
of the three samplers S0, SN and SG that was described in Section 1.3.

The optimal combination relies on monotonocity properties of the accep-
tance rates of S0, SN and SG that are suggested by Figures 2 and 3. Section 5
establishes those properties rigorously and quantifies them. Section 6 carries the
analysis further by developing asymptotic expansions for the samplers’ accep-
tance rates A(α, γ). An expansion is given for A(α,C

√
α ) as α tends to infinity

with C held fixed, and also as C tends to infinity with α held fixed.
Section 7 addresses the case α < 1/2. When γ > 0, the acceptance rate of SG

tends to 1 uniformly in γ as α ↓ 0. Unfortunately, when γ < 0, the acceptance
rate of our best sampler falls off quickly as γ increases in magnitude. These
properties are illustrated in Figure 6. Section 8 gives some concluding remarks.
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Fig 4. Panel 1 graphs the acceptance rates AN (α,C
√
α ), AG(α,C

√
α ), and A0(α,C

√
α )

versus C for α = 1/2, 1, 2, 4, 8, and in the limit as α → ∞, using the same dash
patterns as in Figures 2 and 3. For α ≥ 1/2 and (S1,S2) = (SN ,SG), (SN ,S0−), and
(S0+,SG), Panel 2 graphs versus 1/α the number C = CS1,S2 (α) which minimizes the max-
imum of AS1 (α,C

√
α ) and AS2 (α,C

√
α ). Similarly, Panel 3 plots the minimax acceptance

rate AS1,S2 (α) := AS1 (α,CS1,S2 (α)
√
α ) = AS2 (α,CS1,S2 (α)

√
α ) versus 1/α.
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2. Rejection samplers on the original scale

Let G(r, δ) be the Gamma distribution with shape parameter r and mean r/δ,
that is, G(r, δ) has density

g(t | r, δ) :=
δr

Γ(r)
tr−1 exp(−δt), t > 0. (2.1)

Here we consider rejection samplers for f( · |α, γ) with Gamma instrumental
distributions. A computer study involving a broad range of α’s and γ’s suggests
that

M := supt>0

{f(t |α, γ)

g(t | r, δ)

}
= supt>0

( Γ(r)

2Z(α, γ)

tα−r

δr
exp
(
(δ−1)t−2γ

√
t
))

(2.2)

is minimized by taking r = α when γ ≤ 0, whereas when γ ≥ 0, M is mini-
mized by taking δ = 1. Accordingly, in what follows we will only consider those
situations; we will choose the remaining free parameter optimally.

Theorem 2.1. Let α > 0 and γ ∈ R be given. Define f by (1.1) and g by (2.1).
If γ < 0, then it holds for δ ∈ (0,∞) that

M0,−(δ) := supt>0

{f(t |α, γ)

g(t |α, δ)

}
=


Γ(α) exp(γ2/(1− δ))

2Z(α, γ)δα
, if 0 < δ < 1,

∞, if δ ≥ 1;

(2.3)
M0,−(δ) is uniquely minimized by taking δ to be

δ0(α, γ) :=
γ2 + 2α−

√
γ4 + 4αγ2

2α
=

4α(√
γ2 + 4α+ |γ|

)2 ; (2.4)

the minimum is

M0,−(α, γ) :=
Γ(α)

2Z(α, γ)eα

(exp(1/δ)

δ

)α
(2.5)

for δ = δ0(α, δ). If γ > 0, then it holds for r ∈ (0,∞) that

M0,+(r) := supt>0

{f(t |α, γ)

g(t | r, 1)

}
=


Γ(r)

2Z(α, γ)

(α− r
γe

)2(α−r)
, if 0 < r ≤ α,

∞, if r > α,

(2.6)
with the convention that 00 = 1 if r = α; for r ∈ (0, α), the function

s(θ) :=
1

α

d

dθ
log
(
M0,+(θα)

)
=
( d
dr

log Γ(r)
)∣∣∣
r=θα

− 2 log
( (1− θ)α

γ

)
(2.7)

is strictly increasing in θ ∈ (0, 1) with s(0+) = −∞ and s(1−) = ∞; M0,+(r)
is uniquely minimized by taking r = r(α, γ) = θα, where θ = θ(α, γ) is the root
of the equation s(θ) = 0.
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Proof. Suppose first that γ < 0. Ignoring additive constants in t, the logarithm
of f(t |α, γ)/g(t |α, δ) is

L(t) = (δ − 1)t− 2
√
tγ.

For δ ≥ 1, the function L(t) is unbounded above over (0,∞). For δ ∈ (0, 1), the
derivative

dL(t)

dt
= (δ − 1)− γ√

t

is decreasing in t ∈ (0,∞) and equals 0 at t0 = γ2/(1−δ)2. Thus f(t |α, γ)/g(t |α, δ)
is a maximum at t = t0 and (2.3) holds.

For δ ∈ (0, 1), Λ(δ) := log
(
M0,−(δ)

)
has derivative

Λ′(δ) = γ2/(1− δ)2 − α/δ,

Λ′(δ) is strictly increasing in δ ∈ (0, 1), and the quadratic equation Λ′(δ) = 0 has
the root δ0 = δ0(α, γ) given by (2.4). Therefore, M0,−(δ) has a unique minimum
at δ0. Since Λ′(δ0) = 0, we have γ2/(1− δ0) = α(1− δ0)/δ0; thus (2.5) holds.

Next suppose that γ > 0. Here

L(t) := log
(
f(t |α, γ)/g(t | r, 1)

)
= C + (α− r) log(t)− 2γ

√
t

for C = log
(
Γ(r)/(2Z(α, γ))

)
. For r > α, L(t) is unbounded above over (0,∞).

For r = α, supt>0 L(t) = L(0−) = C. For r ∈ (0, α),

L′(t) =
α− r
t
− γ√

t
and L′′(t) = −α− r

t2
+

1

2

γ

t3/2
.

The equation L′(t) = 0 has the unique root t0 = (α− r)2/γ2 and L′′(t0) < 0, so
L(t) is a maximum at t = t0. Thus (2.6) holds, with the usual convention that
00 = 1.

For θ ∈ (0, 1],

Λ(θ) := log
(
M0,+(θα)

)
= − log(2Z(α, γ))+(log Γ)(θα)+2α(1−θ) log

(
(1−θ)c/e

)
for c = α/γ. For θ ∈ (0, 1], the function Λ(θ) is continuous in θ. For θ ∈ (0, 1),

s(θ) :=
1

α
Λ′(θ) = (log Γ)′(θα)− 2 log

(
(1− θ)c

)
,

s′(θ) = α(log Γ)′′(θα) +
2

1− θ
.

Since (log Γ)′′(r) > 0, see (2.89) in Andrews (1985), s is strictly increasing over
(0, 1). Since s(0+) = −∞ and s(1−) = ∞, Λ(θ) has a unique minimum at the
root θ = θ(α, γ) to the equation s(θ) = 0.
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In what follows we let A0(α, γ) be the acceptance rate for the rejection sam-
pler with target density f(· |α, γ) and instrumental distribution G(r, δ) with

r = α, δ = δ0(α, γ), if γ < 0,

r = α, δ = 1, if γ = 0,

r = αθ(α, γ), δ = 1, if γ > 0,

(2.8)

where δ0(α, γ) and θ(α, γ) are as specified in Theorem 2.1. Thus

A0(α, γ) =


A0−(α, γ) :=

2Z(α, γ)eα

Γ(α)

( δ

exp(1/δ)

)α
, if γ < 0,

1, if γ = 0,

A0+(α, γ) :=
2Z(α, γ)

Γ(r)

( γe

α− r

)2(α−r)
, if γ > 0,

(2.9)

where δ = δ0(α, γ) and r = θ(α, γ)α. Note that

lim
γ↑0

δ0(α, γ) = 1 = lim
γ↓0

θ(α, γ) and lim
γ↑0

A0−(α, γ) = A0(α, 0) = lim
γ↓0

A0+(α, γ);

thus the case γ = 0 can be regarded as a limiting form of the case γ < 0, and
also of the case γ > 0. Recall that A0(α,C

√
α ) is plotted versus C for selected

α’s in Figure 2. The plots suggest various properties of A0 — for example,
decay of A0(α,C

√
α ) as C increases in magnitude — which are developed in

Sections 5 and 6. For future reference, we’ll denote the rejection sampler for
γ ≤ 0 by S0− = S0−(α, γ), and the one for γ ≥ 0 by S0+ = S0+(α, γ). Sampler
S0− has acceptance rate A0−, and S0+ has acceptance rate A0+. Panel 1 in
Figure 5 plots θ(α,C

√
α ) versus C for selected increasing α’s. The message

here is that for moderate to large α, θ(α,C
√
α ) is small, except when C is

near 0. Panel 2 in the figure plots

τ(α, γ) := α exp
(
1/(2α)− Γ′(1)/2

)
×
(
1− θ(α, γ)

)
versus γ for selected α’s tending to 0. The message here is that for small α,
τ(α, γ) is about γ, whence θ(α, γ) must be extremely close to 1 and for practical
purposes can be taken to be 1.

3. Rejection samplers on the square-root scale

Recall from (1.6) that

h(x |α, γ) =
1

Z(α, γ)
x2α−1 exp

(
−x2 − 2γx

)
for x > 0 (and for x = 0 when α ≥ 1/2). Let

ϕ(x |µ, σ2) :=
1√

2πσ2
exp
(
− (x− µ)2

2σ2

)
(3.1)
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Fig 5. The rejection sampler S0+(α, γ) uses a Gamma instrumental distribution with shape
parameter r= αθ(α, γ ); see (2.8). Panel 1 graphs θ(α,C

√
α ) versus C for α= 1/2, 1, 2, 4,

8, and in the limit as α→∞; see (5.28). Panel 2 graphs τ(α, γ) :=α exp
(
1/(2α)−Γ′(1)/2

)
×(

1− θ(α, γ)
)
versus γ for α= 1/21, 1/22, . . . , 1/26, and 0, with τ(0, γ) := limα↓0 τ(α, γ) = γ.

be the density of the normal distribution N (µ, σ2) with mean µ and variance σ2.
The next theorem considers rejection samplers with target h( · |α, γ) and normal
instrumental distributions. Since the ratio

R(x) = R(x |α, γ, µ, σ2) :=
h(x |α, γ)

ϕ(x |µ, σ2)
(3.2)

is unbounded above over (0,∞) for α < 1/2, this approach requires α ≥ 1/2. For
such α’s, the following theorem says that the optimal choice of the parameters
of the instrumental normal distribution are µ = m and σ2 = 1/2, where m is the
mode of h( · |α, γ). In particular, the target h( · |α, γ) and the matching normal
have the same mode.

For α > 1/2, the mode of h( · |α, γ) is

m = m(α, γ) =
−γ +

√
γ2 + 4α− 2

2
=

2α− 1

(γ +
√
γ2 + 4α− 2 )

, (3.3)

which is the positive root of the quadratic equation

q(x) = 0 where q(x) := −1

2

d

dx
log
(
h(x |α, γ)

)
= x+ γ − 2α− 1

2x
. (3.4)

For α = 1/2, the mode is

m = m(1/2, γ) = γ− := max(−γ, 0). (3.5)

For α < 1/2, the mode is at 0. Note that m(α, γ) is a decreasing function of γ.
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Theorem 3.1. Let α ≥ 1/2 and γ ∈ R be given. Define h by (1.6), ϕ by (3.1),
m by (3.3) and (3.5), put

MN (µ, σ2) := supx≥0

h(x |α, γ)

ϕ(x |µ, σ2)
, (3.6)

and set σ2
0 := 1/2. Then MN (µ, σ2) is uniquely minimized by taking µ = m and

σ = σ0. Moreover,

MN (m,σ2
0) =

h(m |α, γ)

ϕ(m |m,σ2
0)

=

√
πm2α−1 exp(−m2 − 2γm)

Z(α, γ)
(3.7)

with the convention that m2α−1 = 1 when α = 1/2 and m = 0.

Proof. First consider MN (m,σ2
0). Suppose α > 1/2. The ratio R(x) in (3.2) is

then proportional to

x2α−1 exp(−x2 − 2γx+ (x−m)2).

Hence, the maximum of R(x) is attained at the value of x that maximizes

L(x) = (2α− 1) log(x)− x2 − 2γx+ (x−m)2.

Since α > 1/2, the derivative

L′(x) =
2α− 1

x
− 2x− 2γ + 2(x−m) =

2α− 1

x
− 2γ − 2m

is decreasing in x ∈ (0,∞) and zero at x = m; recall (3.4). Therefore,MN (m,σ2
0) =

R(m).

The same conclusion holds when α = 1/2, since then

L′(x) = −2(γ +m) =

{
0, if γ ≤ 0,

−2γ, if γ > 0.

Thus when γ ≤ 0, L(x) is constant and has a maximum at x = −γ = m, whereas
when γ > 0, L(x) is decreasing in x and has a maximum at x = 0 = m.

Now consider general µ and σ2. If σ2 < 1/2, then MN (µ, σ2) = ∞. If σ2 ≥
1/2,

MN (µ, σ2) ≥ h(m |α, γ)

ϕ(m |µ, σ2)
=

h(m |α, γ)

ϕ(m |m,σ2
0)
× ϕ(m |m,σ2

0)

ϕ(m |µ, σ2)

= MN (m,σ2
0)×

( σ
σ0

)
exp
( (m− µ)2

2σ2

)
≥MN (m,σ2

0).

(3.8)

The final inequality is strict unless σ = σ0 and µ = m.
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The next theorem considers rejection samplers for h( · |α, γ) with Gamma
instrumental distributions. A computer study involving a broad range of α’s
and δ’s suggests that in this setting the best choice of the shape parameter r
for the Gamma distribution is 2α, regardless of the value of γ. Accordingly, the
following theorem just deals with the case r = 2α. Here we don’t need to require
α ≥ 1/2.

Theorem 3.2. Let α > 0 and γ ∈ R be given. Define h by (1.6) and g by (2.1).
Then

MG(δ) := supx>0

h(x |α, γ)

g(x | 2α, δ)
=

Γ(2α)

Z(α, γ)

1

δ2α

({
exp
(
(δ/2− γ)2

)
, if δ/2 ≥ γ

1, otherwise

)
(3.9)

is uniquely maximized by taking δ to be

δ1(α, γ) := γ +
√
γ2 + 4α =

4α√
γ2 + 4α− γ

. (3.10)

Note that it always the case that δ1(α, γ)/2 > γ. Also, when α > 1/2, the
instrumental distribution G

(
2α, δ1(α, γ)

)
has mode (2α − 1)/δ1(α, γ), which is

smaller than the mode of the target h( · |α, γ), recall (3.3), but only slightly so
when α is large.

Proof. The ratio

h(x |α, γ)

g(x | 2α, δ)
=

Γ(2α)

Z(α, γ)δ2α
exp
(
(δ/2− γ)2

)
exp
[
−
(
x− (δ/2− γ)

)2]
is obviously maximized over x ∈ [0,∞) by taking x to be x0 := δ/2−γ if x0 ≥ 0,
and otherwise 0. Therefore (3.9) holds:

L(δ) := log
(
MG(δ)

)
= C − 2α log(δ) +

[
(δ/2− γ) ∨ 0

]2
for C = log

(
Γ(2α)/Z(α, γ)

)
. To make the best choice of δ ∈ (0,∞), put

L•(δ) := C − 2α log(δ) + (δ/2− γ)2.

Since
L′•(δ) = −2α/δ + δ/2− γ, (3.11)

L•(δ) is uniquely minimized over (0,∞) by taking δ to be the root δ1 := δ1(α, γ)
of the equation L′•(δ) = 0. We claim that δ = δ1 also uniquely minimizes L(δ).
That’s obvious when γ ≤ 0, since then L = L•. When γ > 0 it holds because
L(δ) = L•(δ) for δ ≥ 2γ while for δ < 2γ we have L(δ) > L(2γ) = L•(2γ) >
L•(δ1).

In the light of Theorems 3.1 and 3.2, we have two rejection samplers for
h( · |α, γ) with instrumental distributions N (m, 1/2) and G(2α, δ), respectively,
where m = m(α, γ) is given by (3.3) and (3.5) and δ = δ1(α, γ) is given by (3.10).
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For future reference, we’ll denote these rejection samplers by SN = SN (α, γ)
and SG = SG(α, γ), respectively. The corresponding acceptance rates are

AN (α, γ) =
Z(α, γ)√

πm2α−1 exp(−m2 − 2γm)
(3.12)

and

AG(α, γ) =
Z(α, γ)

Γ(2α)

δ2α

exp
(
(δ/2− γ)2

) =
Z(α, γ)

Γ(2α)

δ2α

exp
(
(2α/δ)2

) , (3.13)

the second equality in (3.13) holding because L′•(δ) = 0; recall (3.11). The
Gamma sampler SG is available for all α > 0, but the normal sampler SN only
for α ≥ 1/2. Figure 3 graphs AN and AG in the same manner that A0 is graphed
in Figure 2. We observe that for all α ≥ 1/2, AN (α, γ) is uniformly of practically
useful size when γ ≤ 0 and the same is true for AG(α, γ) when γ ≥ 0.

4. Combining the rejection samplers

Consider the two rejection samplers SN and SG for making a draw from h.
We may combine these two samplers, using in any particular instance the one
with the larger acceptance rate. As Figure 3 suggests, and the analysis in the
following section confirms, for any fixed α ≥ 1/2, as C runs from −∞ to ∞
the acceptance rate for SN (α,C

√
α ) decreases from 1 to 0, while the rate

for SG(α,C
√
α ) increases from 0 to 1. Therefore there is a cut-point CN ,G(α)

such that SN (α,C
√
α ) is more efficient than SG(α,C

√
α ) for C < CN ,G(α),

while the opposite holds for C > CN ,G(α). The cut-point CN ,G(α) is the unique
solution to the equation

1 =
AN (α,C

√
α )

AG(α,C
√
α )

=
Γ(2α) exp

(
(2α/δ)2

)
√
πm2α−1 exp

(
−m2 − 2mC

√
α
)
δ2α

(4.1)

where m = m(α, γ) and δ = δ1(α, γ ); recall (3.3) and (3.10). This equation does
not have a closed form solution, but it is easily solved numerically. The values
of CN ,G(α) are plotted versus 1/α for α ≥ 1/2 in Panel 2 of Figure 4, which
shows that as α runs from 1/2 to ∞, CN ,G(α) increases from about −0.47 to 0.
The combined sampler, call it SN∨G , has acceptance rate

AN∨G(α,C
√
α ) =

{
AN (α,C

√
α ), if C ≤ CN ,G(α),

AG(α,C
√
α ), if C ≥ CN ,G(α).

(4.2)

AN∨G(α,C
√
α ) is smallest at C = CN ,G(α). Panel 3 in Figure 4 graphs the

worst case acceptance rate AN ,G(α) := AN∨G(α,CN ,G(α)
√
α ) versus 1/α for

α ≥ 1/2. The plot shows that as α runs from 1/2 to ∞, AN ,G(α) increases from
a minimum of about 0.68 at α = 1/2 to about 0.71 at α =∞. In fact, it follows
from (5.5) and (5.12) below that CN ,G(∞−) = 0 and AN ,G(∞−) = 1/

√
2. As
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Figure 3 shows, SN∨G is very efficient for moderate and large C’s; in particular,
AN∨G(α,C

√
α ) ≥ 0.957 for all |C| ≥ 3 and all α ≥ 1/2.

The rejection samplers S0− and S0+ for f on the original scale perform well
for the parameter values for which SN∨G performs least well. It is natural then
to combine these three samplers (squaring a draw from SN∨G to get back to
the original scale), using whichever is the more efficient. As Panel 1 in Figure 4
suggests, and the analysis in the following section confirms, for any fixed α ≥
1/2, the most efficient combination of our various rejection samplers uses

SN (α,C
√
α )

S0−(α,C
√
α )

S0+(α,C
√
α )

SG(α,C
√
α )

 for C in


(−∞,CN ,0−(α)]
[CN ,0−(α), 0]
[0,C0+,G(α)]
[C0+,G(α),∞)

 , (4.3)

where CN ,0−(α) is the unique solution C to the equation

1 =
AN (α,C

√
α )

A0−(α,C
√
α )

(4.4)

for C < 0, and similarly C0+,G(α) is the unique solution to the equation

1 =
A0+(α,C

√
α )

AG(α,C
√
α )

(4.5)

for C > 0. As with (4.1), these equations are easily solved numerically, without
having to evaluate Z(α,C

√
α ). Panel 2 in Figure 4 plots CN ,0−(α) and C0+,G(α)

versus 1/α for α ≥ 1/2; the plot shows that CN ,0−(α) is close to −0.7 and
C0+,G(α) is close to 0.7, for all α. Denote the combined rejection sampler (4.3)
by SN∨G∨0. Its acceptance rate is

AN∨G∨0(α,C
√
α ) =

{
AN (α,C

√
α ) ∨A0−(α,C

√
α ), for C ≤ 0,

AG(α,C
√
α ) ∨A0+(α,C

√
α ), for C ≥ 0.

(4.6)

Panel 3 in Figure 4 plots the worst case acceptance rates

AN ,0−(α) := minC<0AN∨G∨0(α,C
√
α ) = AN∨G∨0

(
α,CN ,0−(α)

√
α
)
, (4.7)

A0+,G(α) := minC>0AN∨G∨0(α,C
√
α ) = AN∨G∨0

(
α,C0+,G(α)

√
α
)

(4.8)

versus 1/α for α ≥ 1/2. We see that SN∨G∨0 is always at least 80% efficient, and
at least 81.7% efficient for large α. That CN ,0−(∞−) = −1/

√
2 = −C0+,G(∞−)

and AN ,0−(∞−) =
√

2/3 = A0+,G(∞−) follow from (5.5), (5.12), and (5.36)
below. As Panel 1 in Figure 4 shows, SN∨G∨0 is very efficient for |C| small or
moderate; in particular AN∨G∨0(α,C

√
α ) ≥ 0.95 for |C| ≤ 0.2 and for |C| ≥ 3,

for all α ≥ 1/2.
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Remark 4.1. Suppose S1 and S2 are two rejection samplers for the same target
density t. For i = 1 and 2, let ri be the instrumental distribution for Si, let pi be
the probability with which Si accepts a draw from ri, and let νi be the average
time necessary to make such a draw. Assuming that draws are independent and
identically distributed, the average time it takes Si to produce a draw from t is
then µi := νi/pi. The sampler S1 is more efficient than S2 when µ1 < µ2, that
is, when the p-ratio p1/p2 exceeds the ν-ratio ν1/ν2. The preceding discussion
tacitly assumed that for our various rejection samplers the ν-ratios were unity.
If speed tests on a computer show that this assumption is seriously wrong, it
could be worthwhile adjusting the cut-points CN ,G , CN ,0−, and C0+,G to make
the p-ratios coincide with the corresponding ν-ratios, thereby minimizing the
expected time for the combined rejection sampler to produce a draw.

5. Analysis of the acceptance rates

We now study the acceptance rates A0(α, γ), AN (α, γ), and AG(α, γ), in reverse
order. For real numbers C, put

b = b(C) :=
C +

√
C2 + 4

2
and B = B(C) :=

1

b2 + 1
. (5.1)

Since b′(C) =
(
1 + C/

√
C2 + 4

)
/2 > 0, as C runs from −∞ to ∞, b increases

from 0 to ∞, B decreases from 1 to 0, and the quantity

L(C) := b
√
B = b/

√
b2 + 1 =

√
1−B

in the limiting results (5.5), (5.12), and (5.22) below increases from 0 to 1. Since
b2 − bC − 1 = 0, we have C = b− 1/b. In addition,

b(−C) =
1

b(C)
, B(−C) = 1−B(C), and L(−C) =

√
B(C) =

√
1− L2(C).

(5.2)

5.1. Gamma rejection sampler on the square-root scale

Theorem 5.1. For α > 0 and γ ∈ R, let AG(α, γ) be the acceptance rate defined
by (3.13) with δ = δ1(α, γ) given by (3.10). Let b = b(C) and B = B(C) be as
in (5.1).

(i) For C ∈ R,

AG(α,C
√
α ) = E

(
exp
(
−W

2
α

2b2

))
(5.3)

for

Wα :=
V2α − 2α√

2α
(5.4)

where V2α is a random variable with a G(2α, 1) distribution.
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(ii) For each fixed α, AG(α,C
√
α ) is strictly increasing in C ∈ R, tends to 0

as C ↓ −∞, and tends to 1 as C ↑ ∞.
(iii) For each fixed C,

limα→∞AG(α,C
√
α ) = b

√
B . (5.5)

(iv) Suppose α = 1/2. For C ∈ R,

AG(α,C
√
α ) =

√
2π b eb

2/2−1P [Z ≥ C ] , (5.6)

where Z is a standard normal random variable.

Proof. (i) Recall that δ = δ1(α, γ) = γ +
√
γ2 + 4α. By (3.13),

AG(α, γ) =
Z(α, γ)

Γ(2α)
δ2α exp

(
−(2α)2/δ2

)
=

1

Γ(2α)

∫ ∞
x=0

x2α−1 exp(−x2 − 2γx) δ2α exp
(
−(2α)2/δ2

)
dx

=(x=v/δ)
1

Γ(2α)

∫ ∞
v=0

v2α−1 exp
(
−2v(2α+ δγ)

δ2

)
exp
(
− (v − 2α)2

δ2

)
dv

=(by δ2/2−γδ−2α=0)
1

Γ(2α)

∫ ∞
v=0

v2α−1 exp(−v) exp
(
− (v − 2α)2

δ2

)
dv

= E
(

exp
(
− (V2α − 2α)2

δ2

))
.

Now use the fact that for γ = C
√
α,

δ = (C +
√
C2 + 4)

√
α = 2b

√
α. (5.7)

(ii) This follows from (5.3), the way b(C) varies with C, and the monotone
convergence theorem.

(iii) Recall that here α tends to∞ while C (and so also b and B) remains fixed.
By the central limit theorem, Wα converges in distribution to Z ∼ N (0, 1) as
α → ∞. Since Z2 ∼ G(1/2, 1/2) and since G ∼ G(r, λ) has moment generating
function E(etG) = 1/(1− t/λ)r for t < λ,

limα→∞AG(α,C
√
α ) = E

[
exp
(
−Z2/(2b2)

)]
=

1

(1 + 2/(2b2))1/2
=

b√
1 + b2

.

(5.8)

(iv) Suppose α = 1/2. Then V2α has a standard exponential distribution, so
by (5.3),

AG(α,C
√
α ) =

∫ ∞
0

exp(−v) exp
(
− (v − 1)2

2b2

)
dv

= eb
2/2−1

∫ ∞
0

exp
(
−
(
v − (1− b2)

)2
2b2

)
dy =

√
2π b eb

2/2−1P [Z ≥ C ];

at the last step we used (b2 − 1)/b = b− 1/b = C.
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5.2. Normal rejection sampler on the square-root scale

The next theorem gives properties of AN (α, γ) analogous to those for AG(α, γ) in
the preceding one. We get a nice correspondence between properties by taking γ
to be of the form −C

√
α− 1/2 below, in place of C

√
α in Theorem 5.1; this

correspondence also links Theorems 6.1 and 6.2 below.

Theorem 5.2. For α ≥ 1/2 and γ ∈ R, let AN (α, γ) be the acceptance rate
defined by (3.12) with m = m(α, δ) given by (3.3) and (3.5). Set α• = α•(α) :=
α − 1/2, and let Z be a standard normal random variable. Let b = b(C) and
B = B(C) be as in (5.1).

(i) For α > 1/2 and C ∈ R,

AN (α,−C
√
α• ) = E

(
v(σZ)

)
(5.9)

where

σ2 :=
1

2m2(α,−C√α• )
=

1

2α•b2
(5.10)

and

v(z) =
(
u(z)

)2α•
with u(z) :=

(
(1 + z) exp(−z)

)
1(−1,∞)(z). (5.11)

(ii) For each fixed α > 1/2, AN (α,−C√α• ) is strictly increasing in C ∈ R,
tends to 0 as C ↓ −∞, and tends to 1 as C ↑ ∞.
(iii) For each fixed C ∈ R,

limα→∞AN (α,−C
√
α ) = limα→∞AN (α,−C

√
α• ) = b

√
B . (5.12)

(iv) Suppose α = 1/2. For C ∈ R,

AN (α,C
√
α ) = exp

(
(C+)2/2

)
P [Z ≥ C ] (5.13)

where C+ := max(C, 0). The rate AN (α,C
√
α ) is strictly decreasing in C, tends

to 1 as C → −∞ and tends to 0 as C →∞.

Proof. (i) Writing Z(α, γ) as an integral, we have

AN (α, γ) =

∫ ∞
0

1√
π

( x
m

)2α−1

exp(−x2 − 2γx+m2 + 2γm) dx. (5.14)

Making the substitution x = mz +m and then using that 2m2 + 2γm = 2α− 1
by (3.4), we obtain that

AN (α, γ) =

∫ ∞
−1

m√
π

(1 + z)
2α−1

exp(−m2z2 − 2m2z − 2γmz) dz

=

∫ ∞
−1

[
(1 + z)e−z

]2α−1 m√
π

exp(−m2z2) dz = E
(
v(σZ)

)
(5.15)

for σ2 = 1/(2m2). Now use the fact that for γ = −C√α• ,

m =
−γ +

√
γ2 + 4α− 2

2
=
√
α•

C +
√
C2 + 4

2
=
√
α• b(C). (5.16)
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(ii) The function v(z) is increasing in z for z ∈ (−1, 0] and decreasing in z for
z ∈ [0,∞); moreover v(0) = 1 and lim|z|→∞ v(z) = 0. As C runs from −∞ to∞,
b = b(C) increases from 0 to ∞ so σ decreases from ∞ to 0; by the monotone
convergence theorem, E

(
v(σZ)

)
increases from 0 to 1.

(iii) Recall that here α→∞ while C (and so also b and B) remains fixed. Note
that

log
(
u(z)

)
= −z2/2 + z3/3− z4/4 + · · · (5.17)

for |z| < 1. Thus, as α→∞,

log
(
v(σZ)

)
= 2α• log

(
u(σZ)

)
= −α• σ2Z2

(
1 + o(1)

)
→ −Z2/(2b2);

by the dominated convergence theorem, E
(
v(σZ)

)
→ E

(
exp(−Z2/b2)

)
= b
√
B,

as in (5.8).

(iv) Suppose α = 1/2 and γ ∈ R. The technique of completing the square gives

Z(α, γ) =

∫ ∞
0

exp(−x2 − 2γx) dx =
√
πeγ

2

P [Z ≥
√

2 γ ].

Since m = m(α, γ) = γ−,

AN (α, γ) =
Z(α, γ)√

π exp(−m2 − 2γm)
=

{
P [Z ≥

√
2 γ ], if γ < 0,

Z(α, γ)/
√
π, if γ ≥ 0.

The right-hand side above is clearly strictly decreasing in γ with limits of 1
and 0 at ∓∞. To get (iv) as stated, take γ = C

√
α = C/

√
2 .

5.3. Gamma rejection sampler on the original scale: γ < 0

Now we turn to A0−. The following theorem allows properties of A0− to be
deduced from those of AG . Recall that A0− applies only to negative γ’s.

Theorem 5.3. For α > 0 and γ < 0, let A0−(α, γ) and AG(α, γ) be defined by
(2.9) and (3.13), respectively. For each fixed α, one has

A0−(α, γ)

AG(α, γ)
= ρ(α) := 2

Γ(2α)

Γ(α)

( e

4α

)α
(5.18)

for all γ < 0. Moreover, ρ(α) is a strictly increasing function of α such that

limα↓0 ρ(α) = 1 and limα↑∞ ρ(α) =
√

2. (5.19)

Proof. In the following argument, suppose γ = C
√
α for C < 0. By (2.9) and

(2.4),

A0−(α, γ ) =
2Z(α, γ)eα

Γ(α)

( δ0
exp(1/δ0)

)α
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where

δ0 =
4α(√

γ2 + 4α+ |γ|
)2 =

4(√
C2 + 4 + |C|

)2 = b2

for b = b(C) as in (5.1); at the last step, we used the fact that b(C) = 1/b(|C|).
By (3.13) with γ = C

√
α and formula (5.7) for δ1(α,C

√
α ),

AG(α, γ) =
Z(α, γ)

Γ(2α)
4ααα

( b2

exp(1/b2)

)α
. (5.20)

If follows that (5.18) holds. To show that ρ(α) is strictly increasing in α, we use
the fact that

Ψ(r) :=
d

dr
log
(
Γ(r)

)
= log(r)− 1

r
E
(
p
(V
r

))
(5.21a)

where

V ∼ G(1, 1) and p(t) := 1−
(1

t
− 1

et − 1

)
is strictly increasing in t;

(5.21b)

confer formulas (2.67) and (2.68) in Andrews (1985). This implies that

d

dα
log
(
ρ(α)

)
= 2
[
Ψ(2α)−log(2α)

]
−
[
Ψ(α)−log(α)

]
=

1

α
E
[
p
(V
α

)
−p
( V

2α

)]
> 0.

That ρ(α) → 1 as α ↓ 0 follows from the identity rΓ(r) = Γ(r + 1), and that
ρ(α)→

√
2 as α ↑ ∞ follows from Stirling’s formula.

Here are some consequences of the theorem. First, since ρ(α) > 1 for all
α > 0, for γ < 0 the Gamma rejection sampler on the original scale always
outperforms the one on the square-root scale. Second, as α increases to∞, ρ(α)
increases to

√
2, so AG(α, 0) = 1/ρ(α) decreases to 1/

√
2, as one sees in Figure 3;

moreover by (5.5),

limα→∞A0−(α,C
√
α ) =

√
2 b(C)

√
B(C) (5.22)

for all C ≤ 0. Third, for each fixed α, A0−(α, γ) is strictly increasing in γ ∈
(−∞, 0), with limits 0 and 1 at −∞ and 0, respectively.

5.4. Gamma rejection sampler on the original scale: γ > 0

Finally we take up A0+. Recall that A0+ only applies to positive γ’s. By (2.9),

A0+(α,C
√
α ) =

2Z(α,C
√
α )

Γ(θα(C)α)

( Ce
√
α
(
1− θα(C)

))2α(1−θα(C))

(5.23)

where θα(C) := θ(α, γ) for γ = C
√
α is the unique solution to the equation

sα(θ) = −2 log(C) (5.24)
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with
sα(θ) := (log Γ)′(θα)− log(α)− 2 log(1− θ) (5.25)

for θ ∈ (0, 1). Also for θ ∈ (0, 1), set

s∞(θ) := log(θ)− 2 log(1− θ). (5.26)

Theorem 5.4. For α > 0 and C > 0, let A0+(α,C
√
α ) be the acceptance rate

defined in (5.23) and let θα(C) be the root of the equation (5.24) with sα(θ)
given by (5.25). Let s∞(θ) be defined by (5.26). Let b = b(C) and B = B(C) be
as in (5.1).

(i) For each fixed α, θα(C) is strictly decreasing in C ∈ (0,∞) with limC↓0 θα(C) =
1 and limC↑∞ θα(C) = 0.
(ii) For each fixed C, θα(C) is strictly decreasing in α.
(iii) The solution θ∞(C) to the equation s∞(θ) = −2 log(C) is

θ∞(C) = 1/b2 = B/(1−B) = 1− C/b. (5.27)

(iv) If α tends to ∞, then θα(C) converges to θ∞(C) at rate
(
1 − θ∞(C)

)
×

O(1/α) uniformly for C bounded away from ∞, in the sense that for each fixed
C0 ∈ (0,∞),

sup0<C≤C0

∣∣∣θα(C)− θ∞(C)

1− θ∞(C)

∣∣∣ = O(1/α). (5.28)

(v) For each fixed C,

limα→∞A0+(α,C
√
α ) =

√
2B . (5.29)

Proof. (i) In terms of the function s(θ) in (2.7), sα(θ) = s(θ) − 2 log(C). By
Theorem 2.1, sα(θ) is strictly increasing in θ ∈ (0, 1), with limθ↓0 sα(θ) = −∞
and limθ↑∞ sα(θ) =∞. The claims in (i) follow from this.

(ii) Write sα(θ) as Ψ(r) − log(r) + s∞(θ) where Ψ(r) is the digamma function
(log Γ)′(r) and r = θα. Since Ψ(r)− log(r) is strictly increasing in r by (5.21),
sα(θ) is strictly increasing in α. The claim in (ii) follows from this.

(iii) θ∞(C) ∈ (0, 1) is the unique root θ ∈ (0, 1) of the equation θ/(1 − θ)2 =
1/C2. That root is 1/b2 because 1− 1/b2 = C/b.

(iv) From analysis, Ψ(r) has the asymptotic expansion

Ψ(r) = log(r)− 1/(2r)− 1/(12r2) +O(1/r4) (5.30)

as r →∞; confer (2.74) in Andrews (1985). Consequently as α→∞,

sα(θ) = s∞(θ) +O(1/α)

uniformly for θ ∈ (0, 1) bounded away from 0. Equation (5.28) follows from this,
the identity

0 = −2 log(C)−
(
−2 log(C)

)
= sα

(
θα(C)

)
− s∞

(
θ∞(C)

)
=
[
sα
(
θα(C)

)
− s∞

(
θα(C)

)]
+
[
s∞
(
θα(C)

)
− s∞

(
θ∞(C)

)]
=
[
sα
(
θα(C)

)
− s∞

(
θα(C)

)]
+
(
θα(C)− θ∞(C)

)
s′∞(θ∗)
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where θ∗ is some point between θα(C) and θ∞(C), and the inequality

s′∞(θ∗) =
1

θ∗
+

2

1− θ∗
≥ 2

1− θ∗
≥ 2

1− θ∞(C)
.

(v) We will just sketch the argument; the algebraic manipulations were done by
computer. By (5.23),

log
(
A0+(α,C

√
α )
)

= K − J
(
θα(C)

)
(5.31)

where

K := log
(
2Z(α,C

√
α )
)
,

J(θ) := log
[
Γ(αθ)

(√α (1− θ)
Ce

)2α(1−θ)]
,

and θ = θα(C) is the root of the equation J ′(θ) = 0. We do not have a closed
form expression for θα(C), but from (5.28) we know that θα(C) = θ∞(C) +
O(1/α) as α→∞. By Taylor’s theorem,

J
(
θ∞(C)

)
= J

(
θα(C)

)
+ 1

2J
′′(θ∗)

(
θ∞(C)− θα(C)

)2
for some point θ∗ between θα(C) and θ∞(C). It turns out that J ′′(θ∗) is of
order α, so

J
(
θα(C)

)
= J

(
θ∞(C)

)
+O(1/α) (5.32)

as α→∞. Now write J
(
θ∞(C)

)
as a linear combination of logarithms, approx-

imate log
(
Γ(αθ∞(C))

)
using Stirling’s formula

log
(
Γ(r)

)
= 1

2 log(2π) + r log(r)− r − 1
2 log(r) +O(1/r) as r →∞, (5.33)

use the fact that θ = θ∞(C) is the root of the equation log(θ) − 2 log(θ) =
−2 log(C), and replace log

(
1 − θ∞(C)

)
by log(C) − log(b). The upshot is that

as α→∞,

J
(
θ∞(C)

)
= log(D) +O(1/α) for D :=

√
2π αα−1/2 e−2α (e1/b2/b2)a b . (5.34)

By (5.20) and by (5.33) with r = 2α

K = log
(√

2B
)

+ log(D) + o(1) (5.35)

as α→∞. (The o(1) in (5.35) is actually an O(1/α); see (6.14) below.) Together
with (5.31), (5.32), and (5.34), this gives (5.29).

Panel 1 in Figure 5 illustrates parts (i)-(iv) of the theorem. Together with (5.22)
and (5.2), the identity (5.29) in part (v) implies that

lim
α→∞

A0−(α,−C
√
α ) =

√
2b(−C)

√
B(−C) =

√
2B(C) = lim

α→∞
A0+(α,C

√
α )

(5.36)
for C > 0; Figure 2 illustrates this limiting symmetry about C = 0.
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6. Asymptotic expansions of the acceptance rates

This section gives asymptotic expansions for the acceptance rates AG(α,C
√
α ),

AN (α,C
√
α ), and A0+(α,C

√
α ) as α→∞ with C held fixed, and for the rates

AG(α,C
√
α ) and AN (α,−C

√
α ) as C →∞ with α held fixed. The expansions

sharpen the results from Section 5, and as we explain in more detail below, they
can yield trivial to evaluate and only slightly suboptimal bounds on the ratio
between target and instrumental distribution; recall the opening paragraph of
the introduction for the role of such bounds in rejection sampling.

6.1. Gamma rejection sampler on the square-root scale

Theorem 6.1. Let AG be as in Theorem 5.1, and let b = b(C) and B = B(C)
be as in (5.1).

(i) The last assertion in part (ii) of Theorem 5.1 admits the following sharpen-
ing. Fix α > 0, put r = 2α, and for j = 0, 1, 2, 3 and C ≥ 0 set

A◦G,j(α,C) :=
∑j

i=0
a◦G,i(α)

1

b2i
(6.1)

where

a◦G,0(α) := 1,

a◦G,1(α) := −1

2
,

a◦G,2(α) :=
1

8

(
3 +

6

r

)
,

a◦G,3(α) := − 1

48

(
15 +

130

r
+

120

r2

)
.

(6.2)

Then for each j

R◦G,j(α,C) := A◦G,j(α,C)−AG(α,C
√
α ) = O

( 1

b2j+2

)
as C →∞, (6.3)

R◦G,j(α,C) is positive or negative according as j is even or odd. (6.4)

Moreover, for all α ≥ 10,

supC≥0 b
2j+2

∣∣R◦G,j(α,C)
∣∣ ≤ r◦G,j with

r◦G,0 = .50,

r◦G,1 = .41,

r◦G,2 = 0.45,

r◦G,3 = 0.63.
(6.5)

(ii) Part (iii) of Theorem 5.1 admits the following sharpening. Fix C ∈ R. For
j = 0, 1, 2, set

A•G,j(α,C) := b
√
B
∑j

i=0
a•G,i(C)/(2α)i (6.6)

with

a•G,0(C) := 1, (6.7a)

a•G,1(C) :=
B2(9− 10B)

12
, (6.7b)

a•G,2(C) :=
B3(1540B3 − 3780B2 + 2961B − 720)

288
. (6.7c)
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For all α ≥ 1/2, one has

supC∈R
∣∣A•G,j(α,C)−AG(α,C

√
α )
∣∣ ≤


0.06/(2α), if j = 0,

0.019/(2α)2, if j = 1,

0.014/(2α)3, if j = 2.

(6.8)

Proof. (i) Recall that here C →∞ while α remains fixed. (6.3) and (6.4) follow
from (5.3) and Lemma 6.1 below with Y = W 2

α, Y = [0,∞), F (y) = e−y, q =
n = 4, and δ = 1/(2b2); since Wα = (Vr − r)/

√
r with r = 2α and Vr ∼ G(r, 1),

one has E(Y ) = 1, E(Y 2) = (3r + 6)/r, E(Y 3) = (15r2 + 130r + 120)/r2, and
E(Y 4) <∞. A computer study gave the specific bounds in (6.5).

(ii) Recall that here α tends to ∞ while C remains fixed. The density fWα
of

Wα has an Edgeworth expansion Kolassa (2006)

fWα(x)
.
= Er(x) := ϕ(x)

[
1 +

1√
r

H3(x)

3
+

1

r

(H4(x)

4
+
H6(x)

18

)
+ (6.9)

1

r3/2

(linear combination of
Hj(x) for j = 5, 7, 9

)
+

1

r2

(H6(x)

6
+

47H8(x)

480
+
H10(x)

72
+
H12(x)

1944

)
+ · · ·

]
,

where r = 2α, ϕ is the density of Z ∼ N (0, 1), and Hk is the kth Hermite
polynomial, defined by ϕ(k) = (−1)kϕHk. Since

E
[
H`(Z) exp

(
−Z2/(2b2)

)]
=

{
(−1)k(2k − 1)!! b

√
BBk, if ` = 2k is even,

0, otherwise,

where (2k − 1)!! = (2k − 1) · (2k − 3) · · · 3 · 1, we get the asymptotic expansion

AG(α,C
√
α ) = E

(
−W 2

α/(2b
2)
)

=

∫ ∞
−∞

fWα
(x) exp

(
−x2/(2b2)

)
dx

.
=

∫ ∞
−∞

Er(x) exp
(
−x2/(2b2)

)
dx = b

√
B
[
a•G,0(C)+a•G,1(C)/r+a•G,2(C)/r2+· · ·

]
.

(6.10)

One can use the error bounds for the Edgeworth expansion to show that the
difference between AG(α,C

√
α ) and A•G,j(α,C) is order O(1/rj+1) as r → ∞,

uniformly in C. A computer study gave the specific bounds in (6.8).

We used the following lemma in the proof of Theorem 6.1 and will call on it
again.

Lemma 6.1. Suppose that n is a positive integer, q is a finite number at least n,
Y is a random variable taking values in Y = [0,∞) or R such that E(|Y |q) <∞,
and F : Y → R is a function which has a finite nth derivative at 0, is bounded
on bounded intervals, and satisfies F (y) = O(|y|q) as |y| → ∞. Then

E
(
F (δY )

)
=
∑n−1

i=0

F (i)(0)E(Y i)

i!
δi +O(δn) (6.11)
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as δ ↓ 0. Moreover, if F (n)(y) exists for all y ∈ Y and has a constant sign s
throughout Y, and if either Y = [0,∞) or Y = R and n is even, then the O term
in (6.11) has sign s.

Proof. Define R : Y → R by the equation

F (y) =
∑n−1

i=0

F (i)(0)

i!
yi +R(y).

The assumptions on F imply that there exists a finite constant c such that
|R(y)| ≤ c(|y|n + |y|q) for all y ∈ Y, whence∣∣∣E(F (δY )

)
−
∑n−1

i=0

F (i)(0)E(Y i)

i!
δi
∣∣∣ =

∣∣E(R(δY )
)∣∣ ≤ E(∣∣R(δY )

∣∣)
≤ c
(
δnE(|Y |n) + δqE(|Y |q)

)
= O(δn)

as δ ↓ 0. That establishes (6.11). For the final assertion of the lemma, use
Taylor’s theorem to represent R(y) as F (n)(η)yn/n! for some number η between 0
and y.

Here are some remarks on part (i) of Theorem 6.1. First, for C large and α
bounded away from 0, part (i) implies that AG(α,C

√
α ) depends only slightly

on α; this is what one sees in Figure 3 even for C as small as 2. Second, the
asymptotic expansion for AG(α,C

√
α ) as C → ∞ in (6.3) gives rise to an

asymptotic expansion for Z(α, γ) as γ → ∞, as follows. Fix α. Given γ, set

C = γ/
√
α, write b(C) as γ?/

√
α with γ? := (γ +

√
γ2 + 4α )/2, write the δ

in (3.10) as 2γ?, and then use (3.13) and (6.3) to get

Z(α, γ)

Γ(2α)/(2γ?)2α
e−(α/γ?)2 = AG(α, γ) =

∑j−1

i=0

a◦G,i(α)αi

γ?2i
+O

( 1

γ2j

)
(6.12)

as γ →∞, for j = 1, 2, 3, 4. The classical asymptotic development of Z(α, γ) as
γ →∞ uses

Z(α, γ)

Γ(2α)/(2γ)2α
= E

[
exp
(
− V 2

2α

(2γ)2

)]
=
∑j−1

i=0
(−1)i

(2α)[rise 2i]

22ii!

1

γ2i
+O

( 1

γ2j

)
, (6.13)

where x[rise k] := x(x+1) · · · (x+k−1). It turns out that the expansion in (6.12)
is more accurate — typically considerably so — than the expansion in (6.13).
Indeed, numerical computations show that for given α and j, the ratio of the
O term in (6.12) to the one in (6.13) increases with γ. Thus the supremum of
those ratios equals their limit as γ →∞, which is

a◦G,j(α)αj
/( (2α)[rise 2j]

22jj!

)
.
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This quantity is less than 1 for j = 1, 2, 3, 4 and α > 0; as α→∞ it asymptotes
to
((

2j
j

)
/22j

)
/(αj/j!), which of course is small when α is large.

Here are some remarks bearing on part (ii) of Theorem 6.1. First, the linear
factor 9 − 10B in (6.7b) has a root at B = 9/10, corresponding to b = 1/3
and C = −22/3. So to first order in 1/α, as α increases to ∞, AG(α,C

√
α )

decreases down to b
√
B for C > −22/3, and otherwise increases up to b

√
B ;

this is what one sees in Figure 3. Second, in order to implement the rejection
sampler SG , one needs to compute the quantity M = 1/A := 1/AG(α,C

√
α ).

Since, by (6.8), A > A• := A•G,2(α,C)−0.014/(2α)3, one has M• := 1/A• > M .
By the opening paragraph of the introduction, one can use M• in place of M ;
doing so reduces the acceptance rate from A to A•, but that’s a negligible
decrease. The advantage is that it is trivial to compute M•. A similar remark
applies to the asymptotic expansions we give for the other acceptance rates.
Third, by (5.20), for each fixed C one has

Z(α,C
√
α )

Γ(2α)

4ααα

(exp(1/b2)

b2

)α = AG(α,C
√
α ) = A•G,2(α,C) +O

(
1/α3

)
(6.14)

as α→∞. We will use this in the proof of Theorem 6.3.

6.2. Normal rejection sampler on the square-root scale

Theorem 6.2. Let α, α•, and AN be as in Theorem 5.2. For C ∈ R, let b =
b(C) and B = B(C) be as in (5.1).

(i) The last assertion in part (ii) of Theorem 5.2 admits the following sharpen-
ing. Fix α > 1/2, put r = 2α•, and for j = 0, 1, 2, 3 and C ≥ 0 set

A◦N ,j(α,C) =
∑j

i=0
a◦N ,i(α)

1

b2i
, (6.15)

where, for i = 0, 1, 2, 3,
a◦N ,i(α) := a◦G,i(−α•) (6.16)

with the a◦G,i’s as in (6.2). Then for each j

R◦N ,j(α,C) := A◦N ,j(α,C)−AN (α,−C
√
α• ) = O

( 1

b2j+2

)
(6.17)

as C →∞. Moreover,

supC≥0 b
2j+2

∣∣R◦N ,j(α,C)
∣∣ ≤ r◦N ,j with

r◦N ,0 = .50,

r◦N ,1 = .38,

r◦N ,2 = 0.33,

r◦N ,3 = 0.28.
(6.18)

for all α ≥ 5.
(ii) Part (iii) of Theorem 5.2 admits the following sharpening. Fix C ∈ R. For
j = 0, 1, 2, set

A•N ,j(α,C) := b
√
B
∑j

i=0
a•N ,i(C)/(2α•)

i, (6.19)
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where

a•N ,0(C) := a•G,0(C), a•N ,1(C) := −a•G,1(C), and a•N ,2(C) := a•G,2(C),
(6.20)

with the a•G,i’s as in (6.7). For all α ≥ 2, one has

supC∈R
∣∣A•N ,j(α,C)−AN (α,−C

√
α• )

∣∣ ≤


0.06/(2α•), if j = 0,

0.019/(2α•)
2, if j = 1,

0.014/(2α•)
3, if j = 2.

(6.21)

Proof. (i) Recall that here C →∞ while α remains fixed. The claim in (6.17) fol-
lows from (5.9) and (6.11) with Y = Z, Y = R, F (y) = v(y), q = n = 8, and
δ = σ = 1/(

√
2α• b). We got the derivatives of F at 0 via computer algebra and

then used E(Z2j−1) = 0 and E(Z2j) = (2j − 1)!!. A computer study gave the
specific bounds in (6.21).

(ii) Recall that here α→∞ while C remains fixed. By (5.15) and (5.16),

AN (α,−C
√
α• ) =

√
α• b√
π

∫ ∞
−1

exp
(
2α•w(z)

)
dz (6.22)

where
w(z) = log

(
u(z)

)
− b2z2/2

for u(z) as in (5.11). w(z) has the Taylor expansion

w(z) = −z2/(2B) + z3/3− z4/4 + · · ·

about z = 0, and w(z) is strictly increasing in z for z ∈ [−1, 0] and strictly
decreasing in z for z ∈ [0,∞). Laplace’s method (see, e.g., Section II.1 in Wong
(2001)) gives AN (α,−C

√
α• ) = A•N ,2(α,C) +O(1/(2α•)

3) as α→∞. A com-
puter study gave the explicit error bounds in (6.21).

Part (i) of Theorem 6.2 has implications similar to those of part (i) of Theo-
rem 6.1. First, for large C and α bounded away from 1/2, the acceptance rate
AN (α,−C√α• ) depends only slightly on α; the same is true, but somewhat less
so, for AN (α,−C

√
α ). Second, the asymptotic expansion for AN (α,−C

√
α• ) as

C →∞ in (6.17) gives rise to an asymptotic expansion for Z(α,−γ) as γ →∞,
as follows. Fix α > 1/2. Given γ, set C = γ/

√
α•, write b(C) as γ?/

√
α• here

with γ? := (γ +
√
γ2 + 4α• )/2, write m(α,−γ) as γ? (see (3.3)), note that

γ? − γ = α•/γ
?, and then use (3.12) and (6.17) to get

Z(α,−γ)
√
π (γ?)2α•eγ

2

e−(α•/γ
?)2

= AN (α,−γ) =
∑j−1

i=0

a•G,i(−α•)αi•
γ?2i

+O
( 1

γ2j

)
(6.23)
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as γ → ∞, for j = 1, 2, 3, 4. The classical asymptotic development of Z(α,−γ)
as γ →∞ uses

Z(α,−γ)√
π γ2α•eγ2 = E

[(
1 +

Z

2
√
γ

)2α•
1(−2

√
γ,∞)(Z)

]
=
∑j−1

i=0

(2α•)
[fall 2i]

22ii!

1

γ2i
+O

( 1

γ2j

)
, (6.24)

where x[fall k] := x(x − 1) · · · (x − k + 1). It turns out that for α ≥ 12, the
expansion in (6.23) is more accurate — typically considerably so — than the
expansion in (6.24). Indeed, numerical computations show that for given j =
1, 2, 3, 4 and α ≥ 12, the magnitude of the ratio of the O term in (6.23) to the
one in (6.24) increases with γ. Thus the supremum of those ratios equals their
limit as γ →∞, which is

a◦G,j(−α•)αj•
/( (2α•)

[fall 2j]

22jj!

)
.

This quantity is less than 1 for j = 1, 2, 3, 4 and α ≥ 5.12; as α → ∞ it
asymptotes to

((
2j
j

)
/22j

)
/(αj/j!). The story is more complicated for α < 12,

because in that situation there are pairs (α, j) such that a•G,j(−α•) and/or

(2α•)
[fall 2j] equals 0; the expansion in (6.23) can be considerably less accurate

than the one in (6.24), as well as considerably more accurate.
Here are some remarks on part (ii) of Theorem 6.2. Suppose α > 1/2.

Given C� ∈ R, determine C = C(α,C�) so that C�
√
α = −C√α•; thus

C = −
√
α/α• C�. Then

AN (α,C�
√
α ) = AN (α,−C

√
α• ) (6.25)

.
= b(C)

√
B(C)

[
1 + a•N ,1(C)/(2α•) + a•N ,2(C)/(2α•)

2 + · · ·
]
.

(6.26)

The uniform error bounds in (6.21) apply to the asymptotic expansion (6.26)
because C� and C are one-to-one functions of each other. However, one needs to
bear in mind that in (6.26), C depends on α as well as C�. Expanding the right-
hand side of (6.26) in powers of 1/α gives an asymptotic expansion analogous
to the one in (6.6) for AG(α,C

√
α ):

AN (α,C�
√
α )

.
= b�

√
B�
[
a�N ,0(C�)+a�N ,1(C�)/(2α)+a�N ,2(C�)/(2α)2 + · · ·

]
(6.27)

where

a�N ,0(C�) := 1, (6.28a)

a�N ,1(C�) :=
B�(10B2

� − 21B� + 6)

12
, (6.28b)

a�N ,2(C�) :=
B2
�(1540B4

� − 5460B3
� + 7041B2

� − 3756B� + 612)

288
(6.28c)
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with b� = b�(C�) := b(−C�) and B� = B�(C�) := B(−C�). The expansion
(6.27) is not quite as accurate as (6.26): for α ≥ 2, one has

supC�∈R

∣∣∣∣∣b�√B�
j∑
i=0

a�N ,i(C�)

(2α)i
−AN (α,C�

√
α )

∣∣∣∣∣ ≤


0.146/(2α), if j = 0,

0.078/(2α)2, if j = 1,

0.044/(2α)3, if j = 2.

(6.29)
Nonetheless, (6.27) confirms some features one sees in Figure 3. First of all, there
is symmetry about C = 0 in the limit: limα→∞AN (α,C

√
α ) = b(−C)

√
B(−C) =

limα→∞AG(α,−C
√
α ). Second, the function a�N ,1(C�) is positive for C� to the

left of −0.67 and negative to the right of that point; thus at least to first or-
der, as α ↑ ∞, AN (α,C�

√
α ) decreases down to b�

√
B� for C� < −0.67 and

increases up to that limit for C� > −0.67.

6.3. Gamma rejection sampler on the original scale: γ > 0

Theorem 6.3. Let θα(C), A0+(α,C
√
α ) sα(θ), and s∞(θ) be as in Theo-

rem 5.4. Let b = b(C) and B = B(C) be as in (5.1).

(i) Part (iv) of Theorem 5.4 admits the following sharpening. For j = 0, 1, 2,
set

Tj(α,C) :=
∑j

i=0
τi(C)/(2α)i. (6.30)

with

τ0(C) := 1/b2, (6.31a)

τ1(C) := 1− 2B, (6.31b)

τ2(C) := −(1−B)(1− 2B)(1− 6B2)/(6B). (6.31c)

For j = 0, 1, 2 and for each fixed C0 ∈ (0,∞), one has

sup0<C≤C0

∣∣∣θα(C)− Tj(α,C)

1− θ∞(C)

∣∣∣ = O(1/αj+1) (6.32)

as α→∞. In particular, for all α ≥ 1/2,

sup0<C≤1

∣∣∣θα(C)− Tj(α,C)

1− θ∞(C)

∣∣∣ ≤


0.73/(2α), if j = 0,

0.26/(2α)2, if j = 1,

0.53/(2α)3, if j = 2.

(6.33)

(ii) Part (v) of Theorem 5.4 admits the following sharpening. For j = 0, 1, 2,
set

A•0+,j(α,C) :=
√

2B
∑j

i=0
a•0+,i(C)/(2α)i (6.34)
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with

a•0+,0(C) := 1, (6.35a)

a•0+,1(C) := −(B − 1)(−1 + 2B)(5B2 + 3B − 1)/(12B), (6.35b)

a•0+,2(C) := (−1 + 2B)(15B4 −B − 1)(B − 1)2/(3B) +
(
a•0+,1(C)

)2
. (6.35c)

For j = 0, 1, 2 and for each fixed C0 ∈ (0,∞), one has

sup0<C≤C0

∣∣∣A•0+,j(α,C)−A0+(α,C
√
α )

1− θ∞(C)

∣∣∣ = O(1/αj+1) (6.36)

as α→∞. In particular, for all α ≥ 1/2,

sup0<C≤1

∣∣∣A•0+,j(α,C)−A0+(α,C
√
α )

1− θ∞(C)

∣∣∣ ≤


0.074/(2α), if j = 0,

0.205/(2α)2, if j = 1,

0.132/(2α)3, if j = 2.

(6.37)

Proof. (i) This follows by an elaboration of the argument for part (iv) of The-
orem 5.4. (5.30) implies that as a := 1/(2α) tends to 0,

sα(θ) = s∞(θ)− a/θ − a2/(3θ2) +O(a3) (6.38)

uniformly for θ bounded away from 0. Formally, (6.32) follows from (6.38) via the
usual procedure for inverting an asymptotic expansion. The unboundedness of
the first, second, and third derivatives of s∞(θ) for θ near 1 turns out not to cause
any problems because in the error analysis, each time one of those derivatives
arises, it gets multiplied by a term which is on the order of the reciprocal of the
derivative. A computer study gave the specific bounds in (6.33).

(ii) This follows by an elaboration of the argument for part (v) of Theorem 5.4,
now using

log
(
Γ(r)

)
= 1

2 log(2π)+r log(r)−r− 1
2 log(r)+

1

12r
+O(1/r3) as r →∞. (6.39)

One first argues that J(θα) = Ĵ+O(a3) where Ĵ := J
(
θ∞(C)+aτ1(C)+a2τ2(C)

)
with a = 1/(2α) and τ1(C) and τ2(C) as in (6.31b) and (6.31c). Then one
expands Ĵ in a Taylor series about θ∞(C); since the nth derivative of J is of
order α for n ≥ 2, one needs to take the third order term in the Taylor expansion
into account to get the second order term for the expansion of Ĵ . Finally, one
combines the expansion of Ĵ with that for K coming from (6.14). A computer
study gave the specific numerical bounds in (6.37).

In Panel 1 of Figure 5, θα(C) appears to tend down to θ∞(C) at rate 1/α;
that is what part (i) of the theorem predicts, since the function τ1(C) in (6.31b)
is strictly positive. Part (ii) underlies something one sees in Figure 2. The func-
tion a•0+,1(C) is negative for C ∈ (0, 2/3) but with a minimum value of only
about −0.03, positive and increasing for C > 2/3, and asymptotic to C2/12 as
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Fig 6. The left half of Panel 1 graphs A0−(α, γ) versus γ for α = 1/3, 1/32, . . . , 1/35 and
in the limit as α→ 0; see (2.9) for the case α > 0 and (7.2) for the limiting case. Similarly,
the right half of Panel 1 graphs A0+(α, γ) (the downward sloping curves) and AG(α, γ) (the
upward sloping curves) versus γ; see (2.9) and (3.13) for the case α > 0. Here the limits as
α → 0 are identically 1. Panel 2 graphs

(
1 − A(α, γ)

)
/α versus γ, for the same acceptance

curves as in the right half of Panel 1, using the same dash patterns; see (7.3) and (7.4) for
the limits as α→ 0.

C →∞. Thus to first order, as α increases, A0+(α,C
√
α ) effectively decreases

at rate 1/α, but ever more slowly the larger is C. It is important to bear in mind
that the asymptotic expansions (6.30) for θα(C) and (6.34) for A0+(α,C

√
α )

are not uniform in C ∈ (0,∞). These expansions are based on Stirling’s approx-
imation to Γ(r) for r = θα where for large C, θ = θα(C) tends to be small, on
the order 1/C2; therefore α needs to be at least a moderate multiple of C2 in
order for the expansion to “kick in”.

7. Behavior of the rejection samplers when α < 1/2

Here we augment the analysis in the preceding two sections by exploring how
our various rejection samplers behave as α ↓ 0. Throughout suppose that α ∈
(0, 1/2). The sampler SN is not available in this situation, confer (3.2), but S0−,
S0+, and SG are. Panel 1 in Figure 6 graphs the corresponding acceptance rates
A0− (for γ < 0) and A0+ and AG (for γ > 0).

Throughout this paragraph, suppose γ < 0. By Theorem 5.3, A0−(α, γ)
/

AG(α, γ) = ρ(α) > 1. Accordingly, we have not displayed AG in the left half of
Panel 1. Since limα↓0 ρ(α) = 1, the rates A0−(α, γ) and AG(α, γ) behave the
same in the limit; according to (7.2) below, limα↓0A0−(α, γ) = exp(−γ2). The
situation for γ < 0 is thus disappointing: S0−(α, γ) behaves adequately well
only for γ’s between (say) −1 and 0.

Throughout this paragraph, suppose γ > 0. The situation in this case is much
rosier. Indeed, the inequality AG(α, γ) ≥ AG(α, 0) = 1/ρ(α) implies that as α ↓
0, AG(α, γ) tends to 1 uniformly in γ. Moreover, as Panel 2 in Figure 6 shows,
for all α, AG(α, γ) exceeds A0+(α, γ) except when γ is less than (about) 3/8.
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One could use S0+(α, γ) for γ < 3/8 and SG(α, γ) otherwise. Recall from the
discussion following (2.9) that for small α, say α < 1/32, the quantity M :=
1/A0+(α, γ) is effectively M0,+(α) = Γ(α)/

(
2Z(α, γ)

)
.

Theorem 7.1. (i) Let 2Z(α, γ) be the normalizing constant for the target den-
sity (1.1). For each γ ∈ R, 2Z(α, γ) ∼ Γ(α) as α ↓ 0; more precisely,

lim
α↓0

1

α

(
1− 2Z(α, γ)

Γ(α)

)
= J(γ) :=

∫ ∞
0

exp(−t)
1− exp

(
−2γ
√
t
)

t
dt. (7.1)

(ii) For γ < 0, let A0−(α, γ) be defined by (2.9). One has

limα↓0A0−(α, γ) = exp(−γ2). (7.2)

(iii) For γ > 0, let AG(α, γ) and A0+(α, γ) be defined by (3.13) and (2.9),
respectively. One has

limα→0

(1−AG(α, γ)

α

)
= J(γ) + Γ′(1)− log(4γ2), (7.3)

limα↓0

(1−A0+(α, γ)

α

)
= J(γ). (7.4)

Proof. (i) Since

1

α

(
1−2Z(α, γ)

Γ(α)

)
=

1

Γ(α+ 1)

∫ ∞
0

tαy(t) dt for y(t) := exp(−t)
1− exp

(
−2γ
√
t
)

t

and since
∫∞

0
(1 ∨ t1/4) |y(t)| dt < ∞, (7.1) follows from the dominated conver-

gence theorem.

(ii) According to (2.9) and (2.4),

A0−(α, γ) =
2Z(α, γ)

Γ(α)
eα
( δ

exp(1/δ)

)α
with δ =

4α(√
γ2 + 4α+ |γ|

)2 .
Since δ ∼ α/γ2 as α ↓ 0, (7.2) follows from (7.1).

(iii) First note that for numbers ξ and xα, one has

limα↓0
1− xα
α

= ξ ⇐⇒ limα↓0
log(xα)

α
= −ξ. (7.5)

Now use (3.13) and (3.10) to write

AG(α, γ) =
Z(α, γ)

Γ(2α)

δ2α

exp
(
(2α/δ)2

) =
2Z(α, γ)

Γ(α)
× Γ(1 + α)

Γ(1 + 2α)
× δ2α

exp
(
(2α/δ)2

)
with δ = γ +

√
γ2 + 4α = 2γ +O(α). By (7.1) and (7.5),

log
(
AG(α, γ)

)
= −αJ(γ) + (log Γ)′(1)(α− 2α) + 2α log(2γ) + o(α);
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(7.3) follows from this and (7.5). Next, according to (2.9) and Theorem 2.1,

A0+(α, γ) =
2Z(α, γ)

Γ(α)
× Γ(α)

Γ(αθ)
×
( γe

α(1− θ)

)2α(1−θ)

where θ = θ(α, γ) is the root to the equation s(θ) = 0. As α→ 0,

(1− θ) ∼ γ

α exp(1/(2α))− Γ′(1)/2
,

see Figure 5, so 1− θ → 0 extremely fast. Therefore,

log
(
A0+(α, γ)

)
= log

(
2Z(α, γ)/Γ(α)

)
+ o(α).

Now use (7.1) and (7.5).

8. Conclusion

We proposed rejection samplers that generate draws from the distribution with
density f(· |α, γ), defined in (1.1). The first type of samplers, introduced in
Section 2, use Gamma instrumental distributions to target f(· |α, γ) directly.
However, this approach leads to practically useful acceptance rates only for small
to moderate values of γ. We showed that this problem can be remedied by using
alternative samplers that operate on a square-root scale, targeting the distri-
bution with density h(· |α, γ), defined in (1.6). These alternative samplers use
normal and Gamma distributions as instrumental distributions; recall Section 3.

Ultimately, we suggest combining all of the proposed samplers, as described
in detail in Section 4. To this end, we derived, for any fixed α ≥ 1/2, a partition
of the real line, and the rejection sampler to be used is chosen based upon which
of the intervals contains the parameter γ. As pointed out in Remark 4.1, the
partition is obtained under the not entirely realistic assumption that generat-
ing draws from the different instrumental distributions comes at equal cost. If
the assumption is seriously wrong in the programming environment used, then
experimenting with adjusted partitions could be beneficial.

Finally, as mentioned in the introduction, the case α < 1/2 is not directly
relevant for the problem motivating our work. Nevertheless, the samplers with
Gamma instrumental distributions apply to this case and were analyzed in this
regime in Section 7.
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