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ABSTRACT

This paper studies the workspace of a six-DOF
parallel manipulator of three-PPSR (prismatic-prismatic-
spheric-revolute) type. Itis well recognized that the most
significant drawback of parallel manipulators is their
limited workspace. To develop new parallel mechanisms
with a larger workspace is of interest to additional
applications. The mechanism of the three-PPSR
manipulator and its variations are briefly analyzed first.
‘The workspace is then determined and the effects of joint
limit and limb interference constraints on the workspace
shape and size are studied. The constituent regions of the
workspace corresponding to different classes of
manipulator poses are discussed. It is shown that the
workspace of this parallel manipulator is larger than that
of a comparable Stewart platform especially in the vertical
direction.

INFRODUCTION

In the recent decade, many researchers have shown
interest in parallel mapipulators. Compared with the more
commonly used serial manipulators, the parallel ones have
attractive advantages in accuracy, rigidity, capacity and
load-to-weight ratio. A parallel manipulator consists of a
moving platform, a base plaform and several branches
connecting both platforms through appropriate kinematic
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joints with appropriate actuators. The most well-known
parallel manipulator is the Stewart platform (Stewart,
1965), which has been widely studied. In a Stewart
platform, six bars connecting moving and base platforms
are extensible to control the position and orientation of
the moving platform.

Many different six-DOF parallel manipulators have
been proposed. More recently, a novel paralle]
manipulator is introduced and studied (Tsai and
Tahmasebi, 1993; Tahmasebi and Tsat, 1994a, 1994b).
This mechanism consists of an upper and a lower
platforms and three inextensible limbs. The lower end of
each limb connects through a ball-and-socket joint to an
actuator. The actuator is of a linear stepper type but
capable of moving in both X and y directions
simultaneously on the base platform. The upper end of
cach limb is connected to the moving platform by a
revolute joint. The manipulator is therefore a three-PPSR
mechanism, where P denotes the prismatic pair, S the
spherical pair, and R the revolute pair. The output
motion of the planar linear stepping motors is similar to
that of two cross prismatic pairs on the base platform.
The desired motion of the wpper platform is obtained by
moving the actuators, to which the lower ends of the three
limbs are attached, on the base platform. Besides the
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merits of the general parallel mechanisms over their serial
counterparts mentioned before, this three-PPSR
mechanism has added advantages, including simpler
structure, and higher stiffness. 1t is also less likely for its
limbs to interfere with each other, since it has only three
inextensible instead of six extensible limbs as in a
Stewart platform. r

Tahmasebi and T'sai perceived this mechanism as
being used as a minimanipulator, which can be mounted
between the wrist and the end-effector of a serial
manipulator for error compensation as well as delicate
position and force control. Therefore, the required
workspace is rather small such that the motion of each
actuator is limited within a small circular area on the base
platform when its workspace is considered (Tahmasebi and
Tsai, 1994b). The actuators carrying the limbs, however,
do not have to be so restricted, they can move over the
entire base platform, resulting a much larger workspace.
As aresult, this three-PPSR mechanism can be used as a
stand-alone manipulator. In addition, its special assembly
of kinematic pairs makes it possible to have a much
different and much larger workspace than that of a
comparable Stewart platform. The study of workspace of
a manipulator is one of the fundamental problems in the
design of robot arms. As many researchers have pointed
out, the major drawback of parallel mechanisms is their
limited workspace., This three-PPSR parallel mechanism
can help overcome the limitations of traditional parallel
manipulators and extend the applications of parallel
mechanisms. This paper analyzes the size, shape,
composition, and constraints of the workspace of the
three-PPSR parallel manipulator.

The workspace of parallel manipulators has attracted
the attention of many researchers over the past decade.
Mauch reported work on parallel mechanism workspace
dealt with two-DOF or three-DOF planar and spherical
manipulators. Asada and Ro (1985) analyzed the
workspace of a closed-loop planar two-DOF five-bar
parallel mechanism. Gosselin and Angeles (1989} studied
the workspace of planar and spherical three-DOF
mechanisms. Lee and Shah (1988) demonstrated the
workspace of a spatial three-DOF in-parallel manipulator.

Mouch less work has been reported for the workspace
of six-DOJ? parallel manipulators. Yang and Lee (1984) ,
and Fichter (1986) described the workspace of the six-DOF
parailel manipulators, through a method based on
discretization of the Cartesian space. Gosselin (1990}
used geometric properties to introduce an algorithm for
determining the workspace of the six-DOF Stewart
platform. His result showed that the workspace was the
intersection of six annnlar regions. Masory and Wang
(1992) more systematically studied the workspace of the
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six-DOF Stewart platform. Their report discussed several
constraint conditions for calculating its workspace,
including the region of rotational angle of kinematic pairs
and the interference between any two limbs of the
mechanism. In addition, they analyzed the shape of the
workspace and the relationship between the workspace and
the geometsric parameters of the mechanism. Tahmasebi
and Tsai (1994b) studied the workspace of this new three-
PPSR parallel manipulator, where motion: of each of the
three actuators attached to the lower end of each limb is
limited to a small circular area. This paper is focused on
analyzing the workspace of the three-PPSR parallel
manipulator, In the analysis, limb interference and joint
limitations are considered, and the restrictions on the limb
lower end movement is relaxed. Instead of allowing each
actuator only to move within a small circle, all three
actuators are allowed to move within a much large,
common circle of diameter d (Fig. 1). The composition
of the workspace is also studied by identifying constituent
regions according to different classes of manipulator
poses.

WORKSPACE ANALYSIS

A fixed reference frame OX Y7 is attached to the base
platform as shown in Fig. 1. The origin Ois located at
the centroid of the large circle with diameter ¢ The X and
Y axeslie on the same base platform and the Z axis is
upward perpendicular to the base. The moving reference
frame Guvw is attached to the moving platform. The
point G is located at the centroid of the equilateral
triangle. The u axis is parallel with P,P;, and v axis
passes through point P,. The w axisis perpendicular to
the moving plane.

To determine the workspace of a mechanism, its
direct kinematics is normally needed. Inverse kinematics,
however, has always been applied for this purpose when
parallel mechanisms are concerned, although the inverse
kinematics requires the use of a numerical solution.
Given a pose (position and orientation} of the
manipulator, the reference point of the upper platform
determines an allowable pomt within the workspace, if the
inverse kinematics of the given pose exists under all the
kinematic constraints. By giving a series of poses and
obtaining a series of allowable points of the upper
platform, the workspace forms as the assembly of all the
allowable points.

Inverse Kinematics

The coordinates of point P, in the moving platform
can be calculated via coordinate transformation when the
pose of the upper platform is known. The orientation of
the moving platform is given by Fuler’s angles yaw (8.),
pitch (6,), and roif (6,). The coordinates of center point G
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with respect to the fixed frame are X,, Y,and Z,. The
coordinate transformation matrix is YPR(®8,.9,.0,)=
c0,c0, $050,c0, — 0,50, 0,500, +56,50, x
0,80, 050,58, +¢0,c0, cB,;s0,80, ~s0,¢0, vy,
-0, 50,56, cb,ch, zZ,
0 ] 0 1
M

where $6 = sinP andcO = cos6.

The coordinates of points P,, P,, and £, with respect
to frame Guvw are
P’y =0, m, O)F
P, = (12, -U2)tan30°, 0)F 2
P’ = (172, (1/2tan30°, 0)F
where m = (1/2)cos30°. The coordinates of point P, with
respect to the fixed frame are
P, = YPR(E,, 6,, 9,) (I}J i=1,23 @3

From the geometry of the manipulator shown in Fig.

1, two simultaneous equations can be obtained. The first
equatonis

(xp.i - xr,i)z + (yp.i - Yr,':)2 + (Zp,i —k)z =r @

where constant k is the Z coordinate of point R,. The

subscripts p,i and r,f denote points P, and R,, respectively.

This is the equation for a circle on the base. The second

equation follows from the perpendicularity of vector R;P,

and vector P, ;P;,,. Since the joint at point F; is

revolute, point R, is the intersection of the circle of Eq.

(6) with the plane that contains vector R;P; and is normal

to vector P, P, ,. Thatis, '

PmPnz = (nx ’ny’nz

®)

= (Xp.i+2 X Ypisa “ ¥pineZggan Zp.i+l)
The equation of the plane is given as

N (X — X, )40, (Y, ~¥u)+ nz, -k)=0

©)
Eqgs. (4) and (6) are solved fo1; x,;and Yri

7z
X =[Fkin, + mx + X, +nn,z,

¥ 2 2.2 2.2 2.2
Foa (-k'n), —knl - k’n? +nlr’ +
nyr’ +2knjz,; +2kn)z,; +2kn’z,, —
njz) —nlzl - wz: )*]/[n} + nn’]
2 2 2
Y= [_knynz + nxy;u‘ + Yo +nyu1_zgi
2.2 2.2 2.2 2.2

in (-k*n, —k'n] - k'n] +njr* +

2.2 2 2 2
nt +2knjz ; +2knz, ; +2knz,; —

Y

Q)

0z, - nlz’, — 0z} )*]/[n} + n.n}]

Because Fq. (4) is a second-order polynomial, the x,
and y, ; could have two values. These two values are valid
as long as they satisfy the joint limit and interference

conditions, and are within the allowable footprint space.
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Kinematic Constraints

In determining the workspace of a three-PPSR
manipulator, three types of kinematic constraints are
considered. They are the diameter of the footprint circle,
joint angle limits, and link interference.

Footprint Circle. The positions of the lower ends of all
three limbs need to be inside the footprint circle (Fig. 1),
that is
R, 1<di2 &
where dis the diameter of the footprint circle and R;
denotes the radius vector of point R, with respect to the
origin O.

Joint Angle Constraints. The links are attached to the
upper and lower plates by kinematic pairs which have
physical limits. For instance, a ball joint is theoretically
free to rotate 360° about each of the three orthogonal axes.
In practice, however, its motion is restricted by the joint
physical construction within a relatively small range.
Thus, there is a need to impose the maximum rotational
angle @, for each joint. The rotational angle and its
limitation can be expressed as
6; = cos™ (viowy) / Vil) < 6 &)
where v, is the vector of link /;, and u, is a vector
representing the line which bisects the rotational range of
each kinematic pair with respect to the fixed frame.

Link Interference. Since links have physical dimensions,
interference might oceur. Assume that each link is
cylindrical with a diameter d,, and D the shortest distance
between two adjacent links [, and [,_,, the interference
limitation can be expressed by
d=<D (10)

The shortest distance between the center lines of two
tinks is the length D, of their common normal n,. That
15
D,=n; e PPl (13)
where the unit vector n, of the common normal direction
between two adjacent links [, and/,, ; can be obtained as
o=V XV, )l v, x vl (12)

Note that, the shortest distance between links is not
always equal to the length D, of the common normal. It
could be larger than D,. The shortest distance is the
distance from point P; to the link [,_,, if the intersection
point C; of the link /; and the common normal of the two
links is situated beyond the link /, itself, or the
intersection point M, of the link /, and the perpendicular
line from point F;, ; to link J is situated beyond link £,
itself. The shortest distance is directly the distance
between the two end points P; and P,, ,, if the two
intersection points, M, and A, ;, are both beyond links /,
andl, ;.
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Three lines, including two adjacent links and their
common normal, define two planes. The normals of these

two planes are
BV b e
o, x] b

nxyv (13)
B =3 b ,c
Iﬂi X VH!’ (a: +1 i+1 c|+1>

The equations of the two planes are
a(x-x,)+b(y-y,)+elz-2,)=0 49
aiu(X‘ ‘K.p.h-.l) +bi+1(y - Ynm) + Gy (Z - Zp.i+l) =0

(15)
Aline in 3D space can be represented as
XX Y- ¥ _ETZ;
= = (16)
vxi Vy,i vz.i

The equations of two center lines of two adjacent legs
can be resolved from

i ey S S
Voily = o) - Vyulz—2,:) =0 (18)
Vy.m(x ~ Xpi +1) - Vx.i+[(y - Yp,i+1) =0 (19)
Vz.m(y - yp.i+1) - vy.i+l(z' - me) =0 (20)

where Hqs. 17 and 18 represent the center line of link /,,
and Fqs. 19 and 21 the center line of link 7, ,.

The intersection point C; between line /; and the
common normal is obtained by solving Egs. 15, 17 and
18 simultaneously,

K intoroege,i [aivx.mxp,i + bi(v);i+lxp,i+] + Ve ¥

“Vaint Y pist )+, (vz,ixpm TV Ea T

VyintZpin Va0 + bivy,i+1 TGV,

Y swercepei = a, (vy.i+lxp,i RTINS vx,i+lyp,i+l)
+b, Vyii¥pi TV 0im TV —

VoinZp [V i +bv i +ev,]

yi+
Zig: = AV Xy = Vo K F Y

2,i i+l X, i+izp.i+l )

+b, (voi¥ei — Ve i¥pint T VyiZpin) F

layv, ,,+byv .., tev ]

CvV_7Z .
i X0+l io%i

i z,ipi ¥ i+l

QD
Egqgs. 14, 19 and 20 are solved simuitaneously to
obtain the intersection point C;,; on line i+17.
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X igemept, i1 = [Bi1VniZpinn T Dia(Vy X + Vii¥pia

_Vx.iyp.i) +¢, +1 (Vz.i+lxp.i +V_Z

i xiTp,ix1 -

Vx.izp,i)] a, v, + bi-(-lvy,i +¢0V2ia]

Yintemept,iﬂ = [ai +1(vy.ixp,i+l - vy,ixp,i + Vx,iyp.i)

+bi+lvy.in.i+l +ci+r(vz.i+1yni t ¥y iZpi —

Vyi%gin N, v, + biaVyi +CaVaial

X . —v X . +v Z )

Zinmqu.i+l =[ai+l(vz.i+l pi+l z,ivl T pid i i
+bi+1(vz,i+ly;l‘i+l

ci+lvz,i+lz'p, irl ]',‘[a i+lv % i + bi +1vy,

—V,in¥Ypi t vy.izp.i) +

i +¢ +1 vz,i+1]

22

For the three-PPSR mechanism considered in this
paper, all six links are located between two plates.
Interference is therefore impossible if ch_ b2 Zpi and ZCMZ
ZP:‘-{-I
NUMERICAL CASES & DISCUSSION

The workspace subject to the above-mentioned
constraints is numerically studied. Each link is assumed
to be cylindrical, and the geometric parameters are given
as r= 2.5 units, / = 1.0 units, = 6 units, d; = 0.15 units,
B, e = 73°, O, = 60°, and k = O, where rdenotes the leg
length of F,R,, { the length of each side of the moving
triangle, d the diameter of the footprint circle on the base
platform, & the diameter of the links. 8, ., and 8, are
the allowable maximum angles of rotation for the revolute
joint and the spherical joint, respectively, and constant &
denotes the Z coordinate of point ;.

The three-dimensional workspace is presented in two
graphical forms, i.e., a two-dimensional topview, and a
three-dimensional isometric view of the workspace
boundary without showing the upper and lower portions
of the boundary for viewing convenience. Since the
workspace involves both position and orientation, it has
six dimensions in nature and therefore three invariable
Euler’s angies are specified for each case below. In order
to demonstrate different situations and the effects of
constraints on workspace size and shape, five typical cases
arestudied,

Casel @ {0,,8,,0,}=4{0,0,0}
Case2 : {0,,6,,8 }={20,0,0t
Case3 : {0,.6,,0,}={-20,0,0}
Cased : {0,.6,,8,}={0,20,0}
Case5 : {0,.6,,6,}={20,20,0}

Please note that, since the platform is symmetric
about the v-axis of the moving platforin, the case of {8,
8, 6,3={0° -20°, 0°} will be the same as {6,, G, 8,}=
{0°, 20°, 0°}. In addition, 0, remains zeroin all five
cases because the shape of the workspace will remain the
same for any 6, value. This is in turn because the
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workspace will simply rotate by 0, for any non-zero 6,
value without shape change.

Fig. 2 shows the topview of the workspace for case
1where {0, 8, 6,}={0° 0° 0°}. Fig. 3 includes
isometric views of the practical workspace for cases 1 and
5 where all the kinematic constraints are considered. Itis
seen that the shapes and the structures of the workspaces
of this three-PPSR parallel mechanism are completely
different from that of traditional parallel mechanisms. It
especially allows a larger range of motion in the Z
direction.

It should be pointed out that the actual shape of the
reachable workspace of this parallel manipulator is not
these shown in Fig. 3, where &, has been kept zero.
Since 6, can rotate by 360°, the acmal shape of the
workspace is resulted by rotating the shape shown in Fig.
3 about the Z axis for 360° (Fig. 4). Comparing with a
comparable Stewart platform, which usually has a
workspace in the shape of a mushroom cap, this
workspace has a cylindricat shape and therefore alarger 2
range as well. This will have significance in some
applications.

The workspace is {further examined to understand its
composition. The examination is achieved through
decomposing the workspace into its constituent regions
according to different classes of manipulator poses. The
workspace shown in Fig. 2 (case 1) is nsed as an example.
LetZ = 1.0 for the system, four types of regions which
constitute the workspace can be identified: 1) region that
corresponds to the pose in which one leg points toward
the platform and the other two legs point ontward from
the platform; 2) region that corresponds to the pose in
which two legs point toward the platform while the third
points outward from the platform; 3) region that
corresponds to the pose in which all three legs point
toward the platform; and 4) region that corresponds to the
pose in which all three legs point outward from the
platform. The fourth type of region has no practical effect
on workspace determination since it is always a subset of
the type-3 region. All these regions are plotted in Fig. 5,
where a footprint circle of diameter of 6 units is also
plotted. It is clear that the intersection of these regions
forms an area which is identical to that shown in Fig. 2.
Itis, therefore, clear that they are the constituent regions
of the workspace.

CONCLUSION

in this paper, the workspace of the three-PPSR
manipulator ig analyzed. Itis shown that the workspace
consists of three types of regions, each corresponding to a
class of mapipulator poses. The effects of various
kinematic constraints, inclnding revolute and spherical
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joint limitations and limb tnterference on workspace
structure are numerically explored. In terms of size, the
three-PPSR manipulator has a larger workspace than that
of a comparable Stewart platform. Its actual workspace
assumes a cylindrical shape while a Stewart platform
usually has a mushroom-cap type of workspace which
only allows limited motion in the Z direction.
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(B) CASE 5: {8, 0,, 0,)= {20°, 20°, 0°}
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ABSTRACT

This paper studies the workspace of a six-DOF
parallel manipulator of three-PPSR (prismatic-prismatic-
spheric-revolute) type. Itis well recognized that the most
significant drawback of parallel manipulators is thetr
limited workspace. To develop new parallel mechanisms
with a larger workspace is of interest to additional
applications. The mechanism of the three-PPSR
manipulator and its variations are briefly analyzed first.
The workspace is then determined and the effects of joint
limit and limb interference constraints on the workspace
shape and size are studied. The constituent regions of the
workspace corresponding to different classes of
manipulator poses are discussed. It is shown that the
workspace of this parallel manipulator is larger than that
of a comparable Stewart platform especially in the vertical
direction.

INTRODUCTION

In the recent decade, many researchers have shown
interest in parallel manipulators. Compared with the more
commonly used serial manipulators, the parallel ones have
attractive advantages in accuracy, rigidity, capacity and
load-to-weight ratio. A parallel manipulator consists of a
moving platform, a base platform and several branches
comnecting both platforms through appropriate kinematic
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joints with appropriate actuators. The most well-known
paralilel manipulator is the Stewart platform (Stewart,
1963), which has been widely studied. Ina Stewart
platform, six bars connecting moving and base platforms
are extensible to control the position and orientation of
the moving platform.

Many different six-DOF paralle]l manipulators have
been proposed. More recently, a novel parallel
manipulator is introduced and studied (Tsai and
Tahmasebi, 1993; Tahmasebi and Tsai, 1994a, 1994b).
This mechanism consists of an upper and alower
platforms and three inextensible limbs. The lower end of
each limb connects through a ball-and-socket joint to an
actuator. The actuator is of a linear stepper type but
capable of moving in both x and y directions
simultaneously on the base platform. The upper end of
each limb is connected to the moving platform by a
revolute joint. The manipulator is therefore a three-PPSR
mechanism, where P denotes the prismatic pair, S the
spherical pair, and R the revolute pair. The output
motion of the planar linear stepping motors is similar to
that of two cross prismatic pairs on the base platform.
The desired motion of the upper platform is obtained by
moving the actuators, to which the lower ends of the three
limbs are attached, on the base platform. Besides the
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merits of the general parallel mechanisms over their serial
counterparis mentioned before, this three-PPSR
mechanism has added advantages, including simpler
structure, and higher stiffness. It is also less likely for its
limbs to interfere with each other, since it has only three
inextensible instead of six extensible limbs as in a
Stewart platform.

Tahmasebt and Tsai perceived this mechanism as
being used as a minimanipulator, which can be mounted
between the wrist and the end-effector of a serial
manipulator for error compensation as well as delicate
position and force control. Therefore, the required
workspace is rather small such that the motion of each
actuator is limited within a small circular area on the base
platform when its workspace is considered (Tahmasebi and
Tsai, 1994b). The actuators carrying the limbs, however,
do not have to be so restricted, they can move over the
entire base platform, resulting a much larger workspace.
As a result, this three-PPSR. mechanism can be used as a
stand-alone manipulator. In addition, its special assembly
of kinematic pairs makes it possible to have a much
different and much larger workspace than that of a
comparable Stewart platform. The study of workspace of
a mampulator is one of the fundamental problems in the
design of robot arms. As many researchers have pointed
out , the major drawback of parallel mechanisms is their
limited workspace. This three-PPSR paraliel mechanism
can help overcome the limitations of traditional parallel
manipulators and extend the applications of parallel
mechanisms. This paper analyzes the size, shape,
composition, and constraints of the workspace of the
three-PPSR parallel manipulator.

The workspace of parallel manipulators has attracted
the attention of many researchers over the past decade.
Much reported work on parallel mechanism workspace
dealt with two-DOF or three-DOF planar and spherical
marripulators. Asada and Ro (1985) analyzed the
workspace of a closed-loop planar two-DOF five-bar
parallel mechanism. Gosselin and Angeles (1989) studied
the workspace of planar and spherical three-1DXOF
mechanisms. Lee and Shah (1988) demonstrated the
workspace of a spatial three-DOF in-parallel manipulator.

Much less work has been reported for the workspace
ol $ix-DOF parallel wanipulators. Yang and Lee (1984) ,
and Fichter (1986) described the workspace of the six-DOF
parallel manipufators, through a method based on
discretization of the Cartesian space. Gosselin (1990)
used geometric properties to introduce an algorithm for
determining the workspace of the six-DOF Stewart
platform. His result showed that the workspace was the
intersection of six annular regions. Masory and Wang
(1992) more systematically studied the workspace of the
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six-DOF Stewart platform. Their report discussed several
constraint conditions for calculating its workspace,
including the region of rotational angle of kinematic pairs
and the interference between any two limbs of the
mechanism. In addition, they analyzed the shape of the
workspace and the relationship between the workspace and
the geometric parameters of the mechanism. Tahmasebi
and Tsai (1994b) studied the workspace of this new three-
PPSR parallel manipulator, where motion of each of the
three actuators attached to the lower end of each limb is
limited to a small circular area. This paper is focused on
analyzing the workspace of the three-PPSR parallel
manipulator. In the analysis, limb interference and joint
Limitations are considered, and the restrictions on the limb
lower end movementis relaxed. Instead of allowing each
actuator only to move within a small circle, all three
actuators are allowed to move within a much large,
commeon circle of diameter 4 (Fig. 1). The composition
of the workspace 18 also studied by identifying constituent
regions according to different classes of manipulator
poses.

WORKSPACE ANALYSIS

A fixed reference frame OX YZ is attached to the base
platform as shown in Fig. 1. The origin O1is located at
the centroid of the large circle with diameter d The X and
Y axes lie on the same base platform and the Z axis is
upward perpendicular to the base. The moving reference
frame Guvw is attached to the moving platform. The
point G is located at the centroid of the equilateral
triangle. The u axis is parallel with P,F;, and v axis
passes through point P;. The w axis is perpendicular to
the moving plane.

To determine the workspace of a mechanism, its
direct kinematics is normally needed. Inverse kinematics,
however, has always been applied for this purpose when
parallel mechanisms are concerned, although the inverse
kinematics requires the use of a numerical solution.
Given a pose (position and orientation) of the
manipulator, the reference point of the upper platform
determines an allowable point within the workspace, if the
inverse kinematics of the given pose exists under all the
kinematic constraints. By giving a series of poses and
obtaining a series of allowable points of the upper
platform, the workspace forms as the assembly of all the
allowable points.

Inverse Kinematics

The coordinates of point P, in the moving platform
can be calculated via coordinate transformation when the
pose of the upper platform is known. The orientation of
the moving platform is given by Euler’s angles yaw (8,),
pitch (6,}, and roll (6,). The coordinates of center point G
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with respect to the fixed frame are X, Y, and Z. The
coordinate transformation matrix is YPR(6,,0,,9,.)=

c,c8, s056,c6, -0, Ds6D, +s0,56, x,

0,50, 050,80, +c0,c0, cH,s0,80, —s0,c0, v,

-0, 56,56, cB,c, z,

0 0 0 1
0

where s6 = sin8 and cO = cos0.

The coordinates of points P, P,, and P; with respect
to frame Guvw are
P’ =(0,m, 0)
P, = (112, -(Q/2)tan30°, O)T 2
P, = (1/2, -(/2)tan30°, 0)F
where m = (1/2)cos30°. The coordinates of point F; with
respect to the fixed frame are
P, = YPR(®,, 6,, 6,) (?J i=1,2,3 (3

From the geometry of the manipulator shown in Fig.

1, two simultaneous equations can be obtained. The first
equationis

(xp.i e X:,i)z +(yp,i - Yr,i)2 + (Zp,i _k)2 =1 @

where constant k& is the Z coordinate of point R;. The

subscripts p,i and r,i denote points P, and R;, respectively.

This is the equation for a circle on the base. The second
equation follows from the perpendicularity of vector R.P;
and vector P, P, ,. Since the joint at point F; is
revolute, point R; is the intersection of the circle of Eq.
(6) with the plane that contains vector R;P; and is normal
to vector P, /P;,,. Thatis, ‘
P P, ={n,n,n
(o) o

= (Xp.i+2 T XpisaYpisz T YpisrsBpiaz T Zp,i+1)

The equation of the plane is given as
0, (X, — R 0,y — ¥.o) T2, — k)=0

©

Eqs. (4) and (6) are solved for x, ; and p
X, = [~ko’n, + nixai +na’x,, +nmn,z

ypi pii

T 2.2 2.2 2.2 2.2
Fon, (-K'n, —k'n) —k'n; +n7r" +

2.2 2 2 2
nr +2knz ; +2knz ; +2knz  —

¥
2.2 2.2 2,2 Y45 3 2
nz —nz . -z )1/, +nn]
2 7 Z
Yr,i = [_knynz + nxylzi + npr,i +nynzzni
in (k’nl —k’n’ - Kk*n? +n’r® +
Y z x

2.2 2 2 2
nr +2knz  +2knz ; +2knz -

X

@

2,2 2,2
]17‘2.11.i - D.yZP'i

- 0;z.. )1/} + n,.n}]

Because Eq. (4) is a second-order pelynomial, the x, ;
and y, ; could have two values. These two values are valid
as long as they satisfy the joint limit and interference

conditions, and are within the allowable footprint space.
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Kinematic _Constraints

In determining the workspace of a three-PPSR
manipulator, three types of kinematic constraints are
considered. They are the diameter of the footprint circle,
joint angle limits, and link interference.

Footprint Circle. The positions of the lower ends of all
three limbs need to be inside the footprint circle (Fig. 1),
that is
R, ! < d/2 ®)
where dis the diameter of the footprint circle and R;
denotes the radius vector of point R; with respect to the
origin O.

Joint Angle Constraints. The links are attached to the
upper and lower plates by kinematic pairs which have
physical limits. For instance, a ball joint is theoretically
free to rotate 360° about each of the three orthogonal axes.
In practice, however, its motion is restricted by the joint
physical construction within a relatively small range.
Thus, there is a need to impose the maximum rotational
angle 0, for each joint. The rotational angle and its
limitation can be expressed as
6; = cos” (Vo) / Ivi) < 0, &)
where v, is the vector of link /,, and v, is a vector
representing the line which bisects the rotational range of
each kinematic pair with respect to the fixed frame.

Link Interference. Since links have physical dimensions,

interference might occur. Assume that each link is
cylindrical with a diameter d,, and D the shortest distance

between two adjacent links J; and [, ;, the interference
limitation can be expressed by
d <D (10

The shortest distance between the center lines of two
inks is the length D, of their common normal n,. That
is
D,=hn;ePP, | (13
where the unit vector n; of the common nornmal direction
between two adjacent links I, and [, ; can be obtained as
= (v xv ) vixv (12)

Note that, the shortest distance between links is not
always equal to the length D, of the common normal. It
could be larger than D,. The shortest distance is the
distance from point F, to the link [,_,, if the intersection
point C; of the link /; and the common normal of the two
links is sitnated beyond the link ; itself, or the
intersection point A, of the link /, and the perpendicular
line from point P,,, to link / is sitnated beyond link 7;
itself. The shortest distance is directly the distance
between the two end points P, and P, ,, if the two
intersection points, M, and M, , are both beyond links /;
and/; ;.
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Three lines, including two adjacent links and their
common normal, define two planes. The normals-of these

two planes are
nXv,
v e

(13)
Tt R (U S

Ini X vi+!|

The equations of the two planes are
a, (x— Xp.a)+ b, (y— yp_i)+ c,.(z - zp,i) =0 (14)
"=li+1(x - Xp.i+1) + b.'+1(y - ypi+1) tCa (Z —Zyu 1) =0

(15}

Aline in 3D space can be represented as

X _xp.i y_yaj Z—Zni
in - Vy,i - Vz.i

The equations of two center lines of two adjacent legs

can be resolved from

(16)

vy.i(x —xni)—vxi(y—yp.i):() a7

v,qi(y—yp_,-)— Vy'i(Z"-ZP_,-)=0 (18)

Vy.i+l(x - XpJ+1) - vx.i+](y - Yp.i+1) =0 (19
Val¥ Vo) “Veinlz - 2,0) =0 @0)

where Eqs. 17 and 18 represent the center line of link £,
and Eqgs. 19 and 21 the center line of link [, ,.

The intersection point C; between line /; and the
common normal is obtained by soiving Eqgs. 15, 17 and
18 simul taneously,

K ioept,i = [AiV i Xps + bi("y,mxp,m + Vi ¥p.i

VeomYpin )+ < (vz.sxpm FVinpi T
Vi1 Zp i1 )i /{ai“'x,m + bi"y.m +e.v,;]
) —— fa, (Vy,i+lxp.i - vy.m_xp,m + Vx.i+1yp,i+l)
+b, Vyin¥pi T6 (vz.iyp,i+l + Ve —
vy.i+1Zp.i)]"l[aivx,i+l + bivy.i+1 +ev,l
Lot i [, (vz,ixp.i —V.%a Tt vx,i+lzp.i+i)
+bi(vz.iy;|i — Voi¥aia +vy.i+lzgi+l) +
cv. z Jfav . +bv  +cv ]

i pi i oxi+l iyl i zi
@21
Egs. 14, 19 and 20 are solved simultaneously to
obtain the intersection point C,, ; on line i+/.
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Kigereg, i1 = (8131 Ve i Xp it T Dia (VX + Vii¥oim

_vx.iyp,i)+c'+1(vz.i+lxp.i +V.Z

i mifpirl
VoiZoi ) [ v A bV +C60Y .0
¥ sotocoept, i1 = [anl(vy.ixp.m ViR + vx,eyp,i) '
+bi+1vy.ti.i+i +ci+l(vz.i+lyp.i + VyiZoin —
Vi, sl ] /A, Ve + 0¥y TV a0l

ictercept , i+1 = {ai-rl(vz,i-v—lxp.iﬂ - vz,i+ixp,i +vx.izp,i)

A (Vo ¥pios = Vo Yo T VyiZp) +
ci-t-lvz,iﬂzp. i+l ]/[a i+lvx,i + bi +1 Vy,i + ci +1 vz.i+!]
(22)

For the three-PPSR mechanism considered in this
paper, all six links are located between two plates.
Interference is therefore impossible if ch_ > ZP‘_ and ZCMZ
Zp

i+f

Z

NUMERICAL CASES & DISCUSSION

The workspace subject to the above-mentioned
constraints is numerically studied. Each link is assumed
to be cylindrical, and the geometric parameters are given
as r= 2.5 units, ! = 1.0 units, d= 6 units, d, = 0.15 units,
0, e = 75°, B, e = 60°, and & = 0, where r denotes the leg
length of P.R;, ! the length of each side of the moving
triangle, d the diameter of the footprint circle on the base
platform, ¢, the diameter of the links. 8., and 8, .. are
the allowable maximum angles of rotation for the revolute
joint and the spherical joint, respectively, and constant &
denotes the Z coordinate of point R,.

The three-dimensional workspace is presented in two
graphical forms, i.e., a two-dimensional topview, and a
three-dimensional isometric view of the workspace
boundary without showing the upper and lower portions
of the boundary for viewing convenience. Since the
workspace involves both position and orientation, it has
six dimenstons in nature and therefore three invariable
Euler’s angles are specified for each case below. In order
to demonsirate different situations and the effects of
constraints on workspace size and shape, five typical cases
arestudied,

Casel : {0,,0,,0,}={0,0,0}
Case2 : {0,,0,,6,}={20,0.0}
Case3 : {0,.6,.8,}={-20,0,04
Cased : {0,,0,,0,}={0,20,0}
Case5 : {0,,0,,0,}={20,20,0

Please note that, since the platform is symmetric
about the v-axis of the moving platform, the case of {&,
0,, 6,y=1{0°, -20°, 0°} will be the same as {8, 6,, 6,}=
{0°, 20°, 0°}. In addition, 8, remains zero in afl five
cases because the shape of the workspace will remain the
same for any 8, value. This is in turn because the
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workspace will simply rotate by 8, for any non-zero 8,
value without shape change.

Fig. 2 shows the topview of the workspace for case
1 where {8, 6,, 8,}={0°, 0° 0°}. Fig. 3 includes
isometric views of the practical workspace for cases 1 and
5 where all the kinematic constraints are considered. Itis
seen that the shapes and the structures of the workspaces
of this three-PPSR parallel mechanism are completely
different from that of traditional parallel mechanisms. It
especially allows a larger range of motion in the Z
direction.

It should be pointed out that the actual shape of the
reachable workspace of this paratlel manipulator is not
these shown in Fig. 3, where 6, has been kept zero.
Since 8, can rotate by 360°, the actual shape of the
workspace is resulted by rotating the shape shown in Fig.
3 about the Z axis for 360° (Fig. 4). Comparing with a
comparable Stewart platform, which usually has a
workspace in the shape of a mushroom cap, this
workspace has a cylindrical shape and therefore alarger Z
range as well. This will have significance in some
applications.

The warkspace is further examined to understand its
composition. The examination is achieved through
decomposing the workspace into its constituent regions
according to different classes of manipulator poses. The
workspace shown in Fig. 2 (case 1) is used as an example.
Let Z = 1.0 for the system, four types of regions which
constifute the workspace can be identified: 1) region that
corresponds to the pose in which one leg points toward
the platform and the other two legs point outward from
the platform; 2) region that corresponds to the pose in
which two legs point toward the platform while the third
points outward from the platform; 3) region that
corresponds to the pose in which all three legs point
toward the platform; and 4) region that corresponds to the
pose in which all three legs point outward from the
platform. The fourth type of region has no practical effect
on workspace determination since it is always a subset of
the type-3 region. All these regions are plotted in Fig. 5,
where a footprint circle of diameter of 6 units is also
plotted. It is clear that the intersection of these regions
forms an area which is identical to that shown in Fig. 2.
Itis, therefore, clear that they are the constituent regions
of the workspace.

CONCLUSION

In this paper, the workspace of the three-PPSR
manipulator is analyzed. Itis shown that the workspace
consists of three types of regions, each corresponding toa
class of manipulator poses. The effects of various
kinematic constraints, including revolute and spherical
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joint limitations and limb interference on workspace
structure are aumerically explored. In terms of size, the
three-PPSR manipulator has a larger workspace than that
of a comparable Stewart platform. Its actzal workspace
assumes a cylindrical shape while a Stewart platform
usually has a mushroom-cap type of workspace which
only allows limited motion in the Z direction.
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FIG. 1 THREE-PPSRPARALLELMANIPULATOR.

FIG. 2 TOPVIEW OF WORKSPACE (CASE 1: {8y, 8,, 0,}=
{0°, 0°, 0°})

(AYCASE L: {8, 8,, 0y}={0°, 0°, 0°}
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(BY CASE 5: {8, 0,, 0,}={20°, 20°, 0°}

FIG.3 WORKSPACEBOUNDARY WITHJOINT LIMIT AND
INTERFERENCECONSTRAINTS(THETOPANDBOTTOM
PLATESOFTHEBOUNDARY NOT SHOWNFOR VIEWING

CONVENIENCE)

FIG. 4 ACTUAL WORKSPACEBY REVOLVING THE
BOUNDARY SHOWNIN FIG.3B ABOUT THE Z AXIS FOR
360° (CASE 5)

—at

-2 0 2

HG. 5SINTERSECTION QF THECONSTITUENT REGIONS
FORMS THE WORKSPACE(CASE 1) WITH FOOTPRINT
CIRCLESHOWN
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