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Semiparametric estimation of the within-subject vari-
ation

In this section, we present methods to estimate the population mean and the error
variance function in model (1) nonparmetrically by penalized splines. Assume that

the mean and the error variance function can be approximated by

u(t) = B(t)By, 10g[02(t)] = B, (t)n,

where B),(t) and B, (t) are row vectors of basis functions for the mean and the variance
function with possible different order p, and p,, different number of knots K, and
K,, and 8, and 7 are the associated coefficients. The heteroscedastic variance of the

residual errors can be expressed as
V; = diaglexp(Bo (ti;)n)] =1, m; -
With the above notation, we can rewrite the model (1) as
Y =XiB+ Zibi + €,

where Y; = (yz‘j)jzl,--~,mi7 X; = (xz‘, Bf), Bft = (Bf(tn), T ,Bf(timi))T, B = (ﬁoT, 5§)T7
€Tr; = (Iily s ,JZimi)T, and Zl = (Zﬂ, cee ,Zimi)T. Denote Y;* = Y; — Xzﬂ — Zzb17 we
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define the penalized log-likelihood as

=Y {loglV? RV | + YT (V2RV} 4+ AT B+ A" Py, (A1)
=1

where )\, and )\, are smoothing parameters for the mean and the variance function and
P, and P, are penalty matrices depending on the chosen basis. For example, for the
pu-th order truncated polynomial basis with K|, knots, P, = diag{0,,+1, 1k, } which
implies that (A-1) only penalizes the spline coefficients. Throughout this section, we
use truncated polynomial basis.
For given variance components, we estimate the baseline function by minimizing

l, in (A-1) and the solution takes the form of a ridge estimator as

n n

B=" XIS X, + \diag{0,,, P} XNy,

i=1 =1
where ¥, = Z,DZT + Vi%RiVﬁ. To estimate the covariance matrix of the parametric
random effects D, we use the EM algorithm. To fit the variance function of the within-
subject residual measurement error, since no explicit solution exists for minimizing [,
with respect to 1, we use the Newton-Raphson algorithm. To be specific, we obtain

7 iteratively by

—1
AU+ = ) _ 01, I7® % | 70
onon” on ’

where k index an iteration of the algorithm, and the first and the second derivatives
are easily obtained based on (A-1). The correlation parameters 6 are obtained by
minimizing [, also through a Newton-Raphson algorithm when no explicit solution

exists.

Choosing the smoothing parameters

The smoothing parameters play a crucial role in the estimation procedure. Too small

a penalty will lead to wiggly curves, while too large a penalty will result in flat
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polynomial curves which may lose the characteristic of the functions. Wand (2003)
showed that by specifying spline coefficients of truncated polynomial basis functions
as random effects in a linear mixed effects model, the penalized spline estimate with
the smoothing parameter taken as the ratio of two variance components is identical
to the best linear unbiased predictor (BLUP) obtained from a mixed effects model.
Krivobokova and Kauermann (2007) showed that using the restricted maximized like-
lihood (REML) to estimate smoothing parameter outperforms other methods such
as (generalized) cross-validation or the Akaike information criterion especially when
the error correlation structure is misspecified. Krivobokova et al. (2008) formulated a
hierarchical mixed model to estimate local smoothing parameter to achieve adaptive
penalized spline smoothing. Kauermann and Wegener (2009) proposed to view the
smoothing parameter of a variance function as a parameter and estimate it via max-
imizing the marginal log-likelihood. Here we use a similar likelihood-based strategy
to chose A\, and A,.

Denote X = (X{,-- | X = (X(1), X(2)) where X(y) is the first p, + p, + 1
columns of X and Xy is the remaining K, columns, where p, is the length of the
vector z;;. Denote 8 = (81,53 )7 as the associated parameter vector. Due to the
link of penalized spline likelihood and mixed effect models, we can treat the spline
coefficients (35 as random effects following N (0,¢3,1) (Wand 2003; Krivobokova and
Kauermann 2007). Integrating out the random components b;,i = 1,--- ,n, and (s
results in the marginal likelihood. The smoothing parameter can be obtained via

maximizing the marginal restricted log-likelihood

1 1 _ 1 _
ln (M) = —log|B] = 5 (Y — XoB)'STHY = Xyh) — §1Og|X(7I)E Xl



where ¥ is the marginal covariance of Y, i.e.,

Y = E{Var(Y|b,0B2)} + Var{E(Y|b,52)}

1
= V + Zdiag{D,--- ,D}Z" + A—X(Q)Xg;),
o

1 1 1 1
with V' = diag{V2 R, V}?,--- | Vi2R,V;2 }. Note that here the smoothing parameter
A, appears as a parameter in the covariance matrix X. Applying Newton-Raphson

algorithm, we have

-1
\H(E+)  yx (k) _ Pl (A1) ARE) Ol (Ay) A
1 " a)\zz " 8)\; 1 )

where A7 = 1 /Au. The first and the second derivatives are easy to obtain. Finally,
we obtain /):M = 1/:\\;

We use a similar strategy to choose the smoothing parameter A\, of the variance
function. To be specific, regard the spline coefficients in 7 as random effects and
integrate them out to obtain the marginal log-likelihood

) = o [exp{ ~ 2> on R T RV Y
i=1

1 1
— A Pan+ §log|)\0Pg|+}dn.

Since there is no explicit solution to such an integration, we apply Laplace approxi-

mation to obtain

(o) = =5 oV RV + T (R Y
1
2
P(—5l,) 1 0%,
~ononT  20nonT
been discussed in Wolfinger (1993) and Kauermann and Wegener (2009). Specifically,

1 1
)\aﬁTPaW - §lOg|H| + 510g|)‘apa’+a

with H =

. Laplace approximation of a likelihood function has

we can approximate the marginal log-likelihood function

PR 1 17",
log/exp(l(n))dn ~ (1) — §log| — 1 ()| + const.
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The above approximation has an error of order O(1/n). One important condition to
achieve this approximation rate is that the number of spline bases functions must be
small compared to the sample size n, that is, K < n (Severini 2000; Kauermann et
al. 2009). This condition is satisfied by penalized spline smoothing since the number
of knots is much smaller than the sample size. Denote the right hand side of the
alzove display as Zm()\g) and set its first derivative with respect to A\, to zero, i.e.,
Ol (M) 1 A

1 K
= —— 'Ry — ~tr{H'P, 7 =0, yield

~ 1
Ao = F(ﬁTPgﬁJr tr{H'P,}).

The above formula is used iteratively in conjunction with the estimation of 7.

Proofs of the Theorems 1 and 2

In this section, we prove the theorems stated in section 4. We first state the following
assumptions for the theorems to hold.
A
Define Gg,, = tNTS™'N and Hg,, = Gk, + =D,. Applying the Demmler and
n

Reinsch (1975) decomposition, we have
(NTS™IN)V2D (NTSIN)=12 = UTdiag(S)U, (A-2)
where U is an orthogonal matrix.
Lemma 1. Under the assumption A2 and for the eigenvalues obtained in (A-2),
sp=-=8,=0, s;=n""(j—q%C forj=q+1,--- , K+p+1, (A-3)

where ¢y = c1(1+o0(1)) with ¢1 a constant depending only on q and the design density
and o(1) converges to 0 as n — oo uniformly for ji, < j < jon for any sequences

2
Jin — 00 and jo, = o(n2+1).



Since that the minimum and maximum eigenvalues of the matrix (N7 1 N)~1/2(NT N)1/2
are of the same order, the Theorem 2.2 (2.5d) in Speckman (1985) is applicable.
To prove the main results, we first show the following preliminary results.

Result R1 (Lemma A1 in Zhu et al. 2008)

K+p+1
|G lloe= _max >~ HG bl = 067, (A-4)
<i< o

K+p+1 K+p+1

> Y HCkn—Glil = o). (A-5)

Result (A-5) follows from the assumption A2 (A-15) and Z;ifp N;(t) = 1.
Result R2

| oNTS =5 e = 007) (A6)

Eireg (1)) — su(D)] = o(67*). (A-T)

Result (A-7) follows from Lemma A3 in Zhu et al. (2008) and || G}?n |l=0().
Result R3 (Lemma 6.1 in Cardot 2000)

I Dy o= O(3"72). (A-8)

Lemma 2. Under the assumption A2 (A-15), we have

_1 .. o _1 -
(o max  {Hicn}igl=007) (A-9)
I Hihy = H ™ [loo= 0(07") (A-10)
-1 . = -1 -
g max  {H il =007, (A-11)

Proof. From

_1 A1 _1 _1 _1 _1
Hg, = G2+ EGK?anGK?n)‘lGK?n = G2 U(I + Mdiag(S)) "' UT G2,

= G.(I + Mdiag(S))'GT,



_1
where G, = G AU = (g};)1<ij<x+pr1 and G.GT = G, we have

_1 Kiptl gdgﬂ K+p+1 g2 K+p+1 9;12
el = Z s 2:: L+ s 2:: L+ s
K+p+1
S B, 2o o S O = 067, (A-12)

The first inequality in (A-12) follows from Cauchy-Schwarz inequality, and second in-
equality follows from s; > 0 for i = 1,--- , K+p+1. Therefore, maxi<; j<x4pi1 [{Hg, bijl =
O(671). Applying similar arguments as in Lemma A2 of Claeskens et al. (2009), leads
to

H'— Hi, = H (G — GH{I = Hi (G — G)} HHE,. (A-13)
Combing (A-5) with (A-13), yields (A-11). Result (A-11) follows from (A-10) and
(A-11).

Note for K, = o(1),

I (I+G}n “loo=ll Z G%n ) oo Z | G}n Dy |le= =TT o)

since || Gl 2Dg [loo<I| Gl lloll 2Dg o= O(6716'7292) = O(K,) = o(1). Follow-
ing that || ek, ae=l| Gr(T + Gt 2Dy) " o2l G ol (7 4+ b 2Dg) ! o=
O(671). Thus we can obtain || Hy| — H™ |j= 0(5‘ ) with the assumption A2
(A-14). O

Let s,(-) = N(-)B be the best L., approximation to the function p.
Proof of Theorem 1.

First, we can rewrite
. N A 1~ NTy-1
fit) = fireg(t) — nN( )H,, DGy N %Y,
with fireg(t) = IN(t)G, NTS™'Y. Then we have

ER(t) — (1) = {3,(6) = 10} + {Bline(t) = 5,0} = N OHi DG -NTS (1 = 5, + 5,



Barrow and Smith (1978) showed that s,(t) — u(t) = ba(z,p+ 1) + 0(6?*!). Here the
order of the second term is found in R2 (A-7).
Applying the definition gives s\ (¢) = {N(£)8}@ = N, (t)A,3, with
Ny(t) = {N_pigpr1-a(t), -+, Nicpr1-4(t)}. Noting § = G, (G NTE'N)B = LG, NTE s,

and D, = AgRAq, we can obtain
A A
SN HE, DG NS s, /n = —N(t)HI’(lanﬁ
n

= Avomgsal [ Nomoas - vomgar [N
TL

>/§

Moreover,

b
—%N (t)Hgh AL / N, )"\ (t)dt

_ 2 HOAT / N, (#)7 59 (t)dt — 5N( (G, — H AT / N ()79 (1)t
= b(tZ)——N()(HKln— AT/N () st

Now, we only need to prove that both —2N (¢)(H!, —H™1)AT f; N, (t)7s\?(t)dt and
—AN(t)Hy' DG ENTS ! (u—s,,) are asymptotically ignorable. Note 0 < Nj4(-) <
1, it is easy to show that max{ f N,(t)dt} = O(9). By the characteristic of the func-
tion space, Sup;cyy |s# (t)) = O(1). For the second part of Theorem 4.1, when
u € Wila,b], we can obtain similar result of max{f;7 N,(H)Ts\@(t)dt} = O(5). By
definition, || A, |leo= O(677) (see also Lemma 6.1 of Cardot 2000). Combing the

above results, we have

A b
—EN(t)(H;(}n—H*I)AqT / N,()"s@(t)ydt = o(An'679),

A 1
—ON(OHL DGl NS (= 5,) = o(n~ir ),

Therefore, Efi(t) — u(t) = by(t,p+ 1) + bx(£,2) 4+ 0o(6P™h) + o(An~1677) = O(67T1) +
O(An=1579).



Next consider the variance, that is,

X 1 _ _

N(t
— #{HlGH1 + H[;}n(GK,n — G)H;(}n + H*IG(H;(}H —H

+ (H;(}n — H‘l)GH;(}n}NT(t).

Analogous to the bias, we have %N(t)H;(}n(GK,n - G)HI_(}”NT( ), =N (t )(HI}}” -
NGH ! NT(t) and TN (t)H'G(H .\, —H )N (t) are of the same order o(n~167').

Finally, note that when K, = O(1), o(An"157%) = o((A\/n)Y/?) and o(n~1671) =

o(n~'(\/n)~1/29), This proves the theorem 1. O]

Proof of Theorem 2.

First note from Theorem 1, we have

Ei(t) — u(t) — ba(t) = ba(t, ) _ 0(6") + o(An"1671)
Var(i(1)) ()2

= o(v/nd" /%) +0(An"2677) = o(1).

Therefore, it is sufficient to show that

fu(t) — Ep(t)

miNOl

We can represent

n

i(t) — Ei(t) = N()(NTSTIN + AD) > " SV g Z Te,,

i=1
where Cp; = N(t)(NTEIN + AD,) 1 SFV =1 with S; = (N7 (t;1), -+, NT(t;;m))". To
check the Lindeberg condition, it suffices to show that

maxj<i<n H Cn,i H2

lim = 0.
nvoo Dy || G II?
Rewrite
| Cui I = N'(t )TSTV‘QS*N*( ),
SCu P = ZST V72 N*(t) = N*() ' NTS 2N N*(t),



where N*(t) = (NTS7!N + AD,) !N (¢)T. Since

m K

Amin(NTET2N) > end,  Apaa(SiST) < Zm: T< Z Z Ni(ti;) =m
Jj=
7

j=11=—

Amaw<sgv_2si) S )\max(V_Q) max( 7 ) max )‘max<ST ) = ( )

1<i<n

where A\in(A) and Apq.(A) denote respectively the smallest and largest eigenvalues

for A,

maXi<i<n || Cn,i ||2 maxj<i<n )\max(SZTV72Si) _ 1

2ima 1 Cai 7 7 cno

This proves the theorem. [

Asymptotic properties for P-spline estimator with
truncated polynomial basis

Assumption 1. Let 6; = 7,41 — 7; and 0 = maxo<j<k ;. There exists a constant
M > 0, such that 6/(ming<;j<x ;) < M and § ~ K.

Assumption 2. For any j,l =1,--- ,m,

sup |Qn1(2,y) = Qu(@, y)| = o(K™%),  sup |Qu;(2)—Q;(w)| = oK), (A-14)

z,y€a,b] z€la,b]
Su[p . |Qn,jl(l‘7 y) - le (Iv y)| = O(K_4)7 Sl[lpb] |Qn,](x) - Q]<£L')| - O(K_3)7 (A_15)
mvye a, xe a,

where Q (z,y) = + 200 I(ti; < @ty < y),Quy(x) = 230 I(ti; < x), and
Qji(z,y) and Q;(x) are certain distribution functions with positive continuous density
functions pj(z,y) and p;(x) on [a,b] X [a,b] and [a, b], respectively.
Assumption 3. The number of knots K = o(n).

We now extend the asymptotic properties in section 4.2 to the truncated polyno-
mial basis. With a slight abuse of notation, let B(t) be the pth order truncated poly-

nomial basis with K knots, let B = (B(t11)", -+, B(tpym)")T, let P = diag(0,41, 1)
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and let A\, denote the penalty for the truncated polynomial spline estimator. The
fitted estimator is

i.= B(B'S'B+ \.P)'B'Y.

Since there exists a square and invertible transition matrix L, such that N = BL (de

Boor 2001, Claeskens et al. 2009), we can rewrite the estimator as
fi. = N(NT"ST'N + A, L"PL)'NTY.

Therefore, replacing the penalty term AD, in a B-spline estimator by A\, LT PL yields
an equivalent estimator, fi,. Denote [i.(t) = B(t)(BTS™'B + A\, P)"'BTS7'Y and
Ky = AK 2P+2 /. Applying the asymptotic results obtained in the previous section

to the fi.(t), we have the following theorems.

Theorem A. 1. Under the assumptions A1-A3 and u(-) € CP™a,b], the following
results hold:

1. If Ky = o(1), then

E(f(t)) — p(t) = ba(t,p+ 1) + b3 (t,5) + 0o(6"") + o(An"1677),

Var(i.(6) = -N((G + D)) G(G + 2 Dy)  NT(0) + of(nd) ),

and for K ~ nY®%3) and X = O(n?#+3)) the optimal rate for MSE n~(r+2)/(2p+3)
15 attained by the penalized spline estimator.
2. If K1 = O(1), then
E(i(t)) — p(t) = ba(t,p + 1) + b3(£, ) + 0(PTh) + o((A/n) P/ Py
~ 1 A A
Var(ji.(t)) = —N()(G + —Dg) "'G(G + ~Dy) ' N* (¢) + o(n~'(\/n) "M @),

and for X ~ n?@+3) and K ~ n'/P3) the optimal rate for MSE n~(3»+2)/@r+3) jg

attained by the penalized spline estimator.
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Remark 1. In contrast to the B-spline basis, the optimal rate of convergence for u(t)
estimated by truncated polynomial basis is the same for the small and large number

of knots case. This result also holds for univariate data (Claeskens et al. 2009).

Remark 2. Lin et al. (2004) showed that the asymptotic rate of the MSE of the
qth order smoothing spline is O((\/n)?) + O(n~1FY2\"VCD) Thus when \ =
O(n=%/Ua+1)) the optimal rate is achieved at O(n~*9/U+1)) which corresponds to

the second scenario of the Theorem A.1 with p = 2q — 1.

Theorem A. 2. Assume K*3 ~ n, A\ = O(K?) and h > 0, C > 0, such that
sup; ; Ele;;[**" < C. Then

Bult) = p(t) = bultip + 1) = B3
Var(a. (1)

N(0,1)
mn distribution, as n — 00.

Proofs of Theorems A.1 and A.2.

Note that {N(t)8}® = Y15, Nu(0)8” = S35, I < (87 = 870) + 6
where 8®) is the pth difference of 8 defined in Claeskens et al. (2009). Since the
derivative of an indicator function is a Dirac delta function which integrates to one,

we have
K

b
/ (N (B} V2 = S (BY — B2

j=1
The transition matrix L can be obtained from the equation

K
MBTLTPLE = ATD,B =AY (87 — g )2,
j=1

Rewrite S5 (@(p) - ﬁj@l)Z = B(”)TQTQﬁ(”), with Q as a (K +1) x (K +p+ 1)

J=1\"g

transition matrix. For equidistant knots, S® = 0PV, where V, is a difference

operator matrix defined in Claeskens et al. (2009). It follows that
MATLTPLE = AB® QTQBY = A~ BTVIQTQV,B.
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Table A1l: Average computing time for the first scenario in Simulation IT with 100

replications
(n,m)* (100,10) (100,15) (100,20) (100,30) (150,10) (200,10) (300,10)
Timef 1.42 3.16 7.78 15.72 3.29 7.80 16.31

*

: n is the number of subjects and m is the number of observations per subject.
f: The unit of computing time is minute.

Therefore, i, corresponds to a B-spline estimator with equidistant knots which satis-
fies \, LT PL = ADy = Ao~V QTQV,,. The asymptotic bias, variance and normality
can be obtained, following the arguments in the proof of Theorems 1 and 2 via re-

placing AD, by /\*5*2pVgQTQVp. O

Numerical performance and implementation

The computing time to fit the model by the proposed algorithm depends on the num-
ber of subjects and number of observations per subject. We used scenario 1 in the Sim-
ulation II to assess computational burden. We present the computing time on a Dell
desktop with a 2.67 GHz CPU and 4GB RAM with different configurations of sample
size in Table A1 of this appendix. An example of the R source code of the core func-

tions to fit the model can be found at http://www.columbia.edu/ yw2016 /SemiCovcode.R.
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