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A.1 Connection of penalized splines and mixed effects model

To explore the well-known connection between penalized splines and mixed effects model (Ruppert
et al. 2003, Wand 2003), we write the model (1) in a matrix form. Let n denote the number of
family, let n; denote the number of subjects in the ith family, and let T;; denote the number of
measurements on subject (¢, j). Let Y; denote the vector of trait measurements from all subjects in
family 4, that is, (yijh)j:17...7ni;h:1,...7Tij. Let t; denote the corresponding assessment time points,
and let ¢; denote the corresponding residual effects. Let X; = (z411,- - ,ZEmiTmi)T, and let 1,

denote a vector of n ones. Define the design matrices

Wi - (17t17 7tga(ti_7—l)ia"' a(ti_TM)i)v

Zi = (17 diag(lTin T 1Tmi))7
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and set u; = (a,Yi1,* »Vin;) ", then the model (1) can be expressed as
Y = X+ Win + Ziu; + &, (A1)

where [ is a vector of fixed effects and u; are random effects including family-specific shared
environmental effect and subject-specific polygenic effect, and &; are the residuals. The covariance

structure of the random effects can be expressed as

D; = Cov(u;,ul ) = diag(o?, 2Ki0§),

%

where K is the known kinship matrix with the (h,[) element being the kinship coefficient between
subject (i,h) and (i,1) (i.e., K};). We write the covariance matrix of ¢; in a variance-correlation

form, that is,
E; =V;R;(0)V;, (A.2)

where V; = diag(ci11, -, Oin,T,, ), and R;(0) is the correlation matrix with elements (p(ti;n, tixi; 0))-

Then the covariance matrix for Y; is
Y = Z;D; Z] + E;.

Let ¥ = diag(3q,---,%,), let X = diag(Xy, -+, X,), let W = diag(Wh,--- ,W,), and let ¥ =

(Y- Y,')T. Then the penalized likelihood (6) in a matrix form is
1 1 Ty—1 Ly 7
—510g|2|—§(Y—Xﬁ—W7]) z (Y—Xﬁ—Wn)—i/\n Jn. (A.3)

Here J = diag(04,157) is a penalty matrix implying the spline coefficients 7441, ,mg+m are
penalized. Given variance components ¥, the fixed effects S and 7 can be solved by maximizing
the penalized likelihood (A.3). The solution £, 7} solves
XTy-1x XTy-tw B XTy-ly (A1)
wIs-lx WIS—W + \J n wis-ly | '
Wand (2003) shows that there is a connection of the solution to (A.4) with a linear mixed model

which we now describe. Define the design matrices

B; = (17ti7"' atg)a Ui = ((tl _7_1)3»7"' 7(ti _TM)i)a



and set n* = (ng,--- ,nq)T, n? = (Mg+1,- - 7nq+M)T. Then the mixed effects model yielding

equivalent solution to (6) is

Y; = X+ Bm" + Zui + Un® + ¢, (A.5)

ui ~ N(0,D;), 19~ N(0,00Iy), €~ N(0,02),
In other words, the spline coefficients @ = (Mgt1s -+ s Mg+ )T are modeled as independent random
effects with the same variance and therefore are shrunk towards zero. The smoothing parameter

can be estimated by the ratio of the two variance components, that is,
A= 0'52/0'72;- (A.6)

When using smoothing parameter (A.6), the solution to (A.4) is identical to the best linear unbiased
predictor (BLUP) from the linear mixed model which we described above (Wand 2003). That is, let
M1, ,7q denote the estimates of the fixed coefficients, and let 7g41,--- ,7g4+n denote the BLUP

estimates of the random coefficients. Then the fitted value of the mean function 7 at time ¢;;;, is
A(tijn) = o + Mitije + -+ Ngtiyy, + Mg (tije — 7% - + Agrnr (tije — 7)) (A7)

A.2 Estimating time-varying genetic effect

In this section, we expand the mixed effects model in Appendix A.1 to handle time-varying QTL
genetic effect in model (4). Let g; = (gijlaj)?:l,---,m’ where g;; is the genotype of subject j
from family 7. Let w; = (wijh)j:L...,ni7h:17...,Tij denote the time-varying covariate with varying-

coefficient. Define the design matrices
Cl = (gitiogi - ,tlog),C;f = (Wi, tiow;, -+, tf owy)
and

Fl'=(ti—m)%ogi-,(ti —ma)l o), FZ = ((t; — )4 owi, -+, (8 — 7ar) % o wy),
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where “o 7 denote Hadamard (element by element) product. For given variance components, the

penalized log likelihood (based on the marginal likelihood) of 8,  and £ is

1 1 1 1 1
—Zlog|X| — =S — S\ Jn — = X\o€'JE— = N\360'J6
20g\|27" = gAn = 5l JE = SAs6' 6,



where r =Y — X3 — Wn — S1& — S90, S1 = (C, F') and Sy = (C%, F?). A mixed effects model

similar to (A.5) can be written as

Vi = XiB+Bm" +Cre" + CHOT + Ziuy + U@ + FI¢9 + F209 + &, (A.8)
ui ~ N(0,Dy), 7°~N(0,001n), &9~ N(0,06¢1n), 09~ N(0,051n) &~ N(0,02),
where a% controls smoothness of the baseline function, Jg controls smoothness of the QTL genetic

effect function and o3 controls smoothness of other varying coefficients. Similar to the smoothing
parameter for the baseline function, the smoothing parameter for the genetic effect function can be
estimated as A\; = 02/02, Ay = U?/U?, A3 = o2/a2.

Let fo, e ,éq, éo, . ,9(1 denote the estimates of the fixed coeflicients, and let éqH, e ,éq+M,

Og+1, - 044+ denote the BLUP estimates of the random coefficients. Then the fitted value of the

time-varying genetic function (,4(t) at time t;;3, is
By(tijn) = &0 + Extign + -+ + éqt;?jh + &1 (tijn — )%+ Eqrnmr (tijn — Tar) L, (A.9)
and the estimated other varying-coefficient

O(tijn) = 00 + Ovtign + -+ + OgtLy, + Ogia (tign — 70)% -+ + Oy ar (tijn — 7ar)L (A.10)



