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Abstract In this paper, we study a nonparametric maximum likelihood estimator
(NPMLE) of the survival function based on a semi-Markov model under dependent
censoring. We show that the NPMLE is asymptotically normal and achieves asymp-
totic nonparametric efficiency. We also provide a uniformly consistent estimator of
the corresponding asymptotic covariance function based on an information operator.
The finite-sample performance of the proposed NPMLE is examined with simulation
studies, which show that the NPMLE has smaller mean squared error than the exist-
ing estimators and its corresponding pointwise confidence intervals have reasonable
coverages. A real example is also presented.
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1 Introduction

In survival analysis, the survival function of the failure time is commonly estimated by
the Kaplan-Meier estimator and the Nelson-Aalen estimator. For these two estimators,
a key assumption is that the censoring time and the survival time are independent. It
is challenging to estimate the survival function under dependent censorship (Tsiatis
1975).

In oncology studies, independent dropout yields independent censoring. In addition,
subjects are often censored due to the ending of the study or to the onset of progressive
disease (PD). The study-ending censoring is usually independent of the survival time
while the PD-related censoring might be dependent on the survival time since the PD
could be a precursor of both death and lost of follow-up. In other words, in the presence
of PD, the patients have a much higher risk of death and are more likely to leave the
study. Ignoring such dependence would yield biased and inconsistent estimation of
the survival function. On the other hand, it is possible to improve the estimation if the
dependency information is properly used. Datta et al. (2000) considered nonparametric
estimation using a three-stage irreversible illness–death model.

In the case of dependent censoring, Lee and Tsai (2005) proposed a semi-Markov
model and developed an empirical-type estimator of the survival function. The asymp-
totic variance of their proposed estimator, however, is too complicated to compute. In
this paper, we present a nonparametric maximum likelihood estimator (NPMLE) of
the survival function based on the semi-Markov model. We show that our proposed
NPMLE converges weakly to a Gaussian process and achieves asymptotic efficiency.
In addition, we develop a consistent estimator of its asymptotic covariance function
based on an information operator, which can be easily calculated.

The remainder of the paper is organized as follows. In Sect. 2, we will introduce the
semi-Markov model. In Sect. 3, we will derive the NPMLE of the survival function.
In Sect. 4, we will establish the asymptotic properties of the NPMLE, and construct
a consistent estimator of its asymptotic covariance function based on an information
operator. In Sect. 5, we will present simulation studies and re-analysis of the example
in Lee and Tsai (2005). We will conclude with a short discussion in Sect. 6 and provide
sketches of the proofs of theorems in the Appendix.

2 The semi-Markov model

Let T be the survival time and U be the PD censoring time. The semi-Markov model
proposed by Lee and Tsai (2005) assumes that:

λT|U (t |u) = λ
(0,2)
0 (t) I {t � u} + λ

(1,2)
0 (t − u) I {t > u} , for t, u � 0, (1)

whereλT|U is the conditional hazard function of T given U, I {·} is the indicator function

taking the value 1 if the condition is satisfied and the value 0 otherwise, λ(0,2)
0 and λ

(1,2)
0

are unknown hazard functions for death without PD and death with PD respectively.
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Fig. 1 Transition

Note that the cumulative form of Model (1) is:

ΛT|U (t |u) = Λ
(0,2)
0 (min {t, u}) + Λ

(1,2)
0 (t − u) I {t > u} , for t, u � 0, (2)

and that for any t, u � 0,

ST|U (t |u) =
⎧
⎨

⎩

S(0,2)
0 (t) t � u,

S(0,2)
0 (u) S(1,2)

0 (t − u) t > u,

where Λ
(0,1)
0 ,Λ

(0,2)
0 ,Λ

(1,2)
0 and S(0,1)

0 , S(0,2)
0 , S(1,2)

0 are the corresponding cause
specific cumulative hazard functions and the corresponding cause specific survival
functions for λ

(0,1)
0 , λ

(0,2)
0 and λ

(1,2)
0 , respectively. The superscript values 0, 1, 2 indi-

cate three different states, with 0 being the state of alive without PD, 1 being the state
of alive with PD and 2 being the state of death.

More precisely, Model (1) corresponds to a non-homogeneous semi-Markov
process J with the state space {0, 1, 2}:

J (t) =
⎧
⎨

⎩

0 T > t, U > t (Alive without PD at time t)
1 T > t, U � t (Alive with PD at time t), for t � 0
2 T � t (Died at time t)

.

With this specification, if λ
(0,1)
0 denotes the hazard function of U, i.e. the hazard

function for PD, it can be shown that λ
(0,1)
0 , λ

(0,2)
0 and λ

(1,2)
0 are respectively the cause

specific hazard functions for the transition from state 0 to state 1, state 0 to state 2,
and state 1 to state 2. Figure 1 provides a plot of transition for illustration.

In addition, we use C to denote independent censoring, which is independent of
(T, U). Let X = min {T, C} and Δ = I {T � C}. When X � U, the subject is dead or
censored before PD, i.e., (X,Δ) is observed while U is not. When X > U, PD occurs
before both death and the independent censoring C and so the subject would leave the
study at time U with a probability θ0, i.e., U is observed and (X,Δ) is observed with
probability θ0, where θ0 is an unknown parameter.
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Let V = min {X, U} , R = I {X � U} and ξ be the indicator of observ-
ing (X,Δ). The observed data for a subject is (V, R, ξ, ξX, ξΔ). Throughout the
paper, it is assumed that ξ is conditionally independent of (T, U, C) given R with
P (ξ = 1|R = 1) = 1 and P (ξ = 1|R = 0) = θ0. For a sample of size n, we observe
(Vi , Ri , ξi , ξi Xi , ξiΔi ) , i = 1, . . . , n.

3 Nonparametric maximum likelihood estimation

In general, without additional information, likelihood based estimation is not available
for dependent censoring problems. Using the semi-Markov model specification, it is
possible to develop likelihood based estimation.

Next, we present the likelihood for the unknown parameters:

(
Λ(0,1), Λ(0,2), Λ(1,2), Λ(c), θ

)
,

where Λ(c) is the parameter for Λ
(c)
0 which is the true cumulative hazard function of

C. Note that Λ(c) and θ are nuisance parameters.
Suppose that Λ(0,1), Λ(0,2), Λ(1,2) and Λ(c) are differentiable with corresponding

derivatives: λ(0,1), λ(0,2), λ(1,2) and λ(c). Let S(0,1), S(0,2), S(1,2) and S(c) be the cor-
responding survival functions of Λ(0,1), Λ(0,2), Λ(1,2) and Λ(c). With these notations,
the likelihood of

(
Λ(0,1), Λ(0,2), Λ(1,2), Λ(c), θ

)
can be derived.

For subjects with ξi = 1, (Vi , Xi ,Δi , Ri , ξi ) is observed and its corresponding like-
lihood can be obtained based on the joint distribution of (V, X,Δ, R, ξ). Specifically,
when ξi = 1, Ri = 1 and Δi = 1, the likelihood is:

λ(0,2) (Vi ) S(0,2) (Vi ) S(c) (Vi ) S(0,1) (Vi ) ;

When ξi = 1, Ri = 1 and Δi = 0, the likelihood is:

λ(c) (Vi ) S(c) (Vi ) S(0,2) (Vi ) S(0,1) (Vi ) ;

When ξi = 1, Ri = 0 and Δi = 1, the likelihood is:

λ(1,2) (Xi − Vi ) S(1,2) (Xi − Vi ) S(c) (Xi ) λ(0,1) (Vi ) S(0,1) (Vi ) S(0,2) (Vi ) θ;

When ξi = 1, Ri = 0 and Δi = 0, the likelihood is:

λ(c) (Xi ) S(c) (Xi ) S(1,2) (Xi − Vi ) λ(0,1) (Vi ) S(0,1) (Vi ) S(0,2) (Vi ) θ.

For subjects with ξi = 0, (Vi , Ri , ξi ) is observed and its corresponding likelihood is:

λ(0,1) (Vi ) S(0,1) (Vi ) S(0,2) (Vi ) S(c) (Vi ) (1 − θ) .
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Hence, the likelihood based on the observed data (Vi , Ri , ξi , ξi Xi , ξiΔi ) , i =
1, . . . , n, is proportional to

n∏

i=1

⎡

⎣
[
λ(0,1) (Vi )

](1−Ri ) ∏

y∈[0,Vi )

(
1 − Λ(0,1) (dy)

)
⎤

⎦

×
n∏

i=1

⎡

⎣
[
λ(0,2) (Vi )

]Δi Ri ∏

y∈[0,Vi )

(
1 − Λ(0,2) (dy)

)
⎤

⎦

×
n∏

i=1

⎡

⎣
[
λ(1,2) (Xi − Vi )

]Δi ∏

y∈[0,Xi −Vi )

(
1 − Λ(1,2) (dy)

)
⎤

⎦

ξi (1−Ri )

.

Unfortunately, this function is unbounded from above and the usual maximum like-
lihood estimator (MLE) does not exist when Λ

(0,1)
0 ,Λ

(0,2)
0 and Λ

(1,2)
0 are restricted

to continuous functions. With discretized extensions by allowing Λ
(0,1)
0 ,Λ

(0,2)
0 and

Λ
(1,2)
0 to be discontinuous, the NPMLE is well defined in the sense of Kiefer and

Wolfowitz (1956) and Scholz (1980). Specifically, we assume that Λ
(0,1)
0 ,Λ

(0,2)
0 and

Λ
(1,2)
0 are cadlag, piecewise constant and right continuous with left limits.
To obtain the NPMLE, we rewrite the likelihood function with the discretized

Λ(0,1), Λ(0,2) and Λ(1,2):

Ln

(
Λ(0,1), Λ(0,2), Λ(1,2)

)
= L(0,1)

n

(
Λ(0,1)

)
L(0,2)

n

(
Λ(0,2)

)
L(1,2)

n

(
Λ(1,2)

)
,

where for any cumulative hazard function Λ,

L(0,1)

n (Λ) =
n∏

i=1

⎡

⎣
[
Λ {Vi }

](1−Ri )
∏

y∈[0,Vi )

(1 − Λ(dy))

⎤

⎦ ,

L(0,2)

n (Λ) =
n∏

i=1

⎡

⎣
[
Λ {Vi }

]Δi Ri (1 − Λ {Vi })1−Δi Ri
∏

y∈[0,Vi )

(1 − Λ(dy))

⎤

⎦ ,

L(1,2)

n (Λ)

=
n∏

i=1

⎡

⎣
[
Λ {Xi −Vi }

]Δi (1−Λ {Xi − Vi })1−Δi
∏

y∈[0,Xi−Vi )

(1 − Λ(dy))

⎤

⎦

ξi (1−Ri )

,

with Λ {t} = Λ(t) − Λ(t−) for all t � 0.
It is also assumed that Λ

(0,1)
0 does not share jump points with Λ

(0,2)
0 and Λ

(c)
0 ,

which means that the time of PD censoring occurrence is different from the time of
death or the time of independent censoring. Then, for any cumulative hazard function
Λ,
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log L(0,1)
n (Λ) �

∫ +∞

0
log [Λ {t}] N

(0,1)

n (dt) +
∑

t�0

Y
(0)

n (t+) log [1 − Λ {t}] (3)

�
∫ +∞

0
log

[
Λ̂(0,1)

n {t}
]

N
(0,1)

n (dt) +
∑

t�0

Y
(0)

n (t+) log
[
1 − Λ̂(0,1)

n {t}
]

(4)

= log L(0,1)
n

(
Λ̂(0,1)

n

)
,

log L(0,2)
n (Λ) �

∫ +∞

0
log [Λ {t}] N

(0,2)

n (dt) +
∑

t�0

Y
(0)

n (t+) log [1 − Λ {t}] (5)

�
∫ +∞

0
log

[
Λ̂(0,2)

n {t}
]

N
(0,2)

n (dt) +
∑

t�0

Y
(0)

n (t+) log
[
1 − Λ̂(0,2)

n {t}
]

(6)

= log L(0,2)
n

(
Λ̂(0,2)

n

)
,

log L(1,2)
n (Λ) �

∫ +∞

0
log [Λ {t}] N

(1,2)

n (dt) +
∑

t�0

Y
(1)

n (t+) log [1 − Λ {t}] (7)

�
∫ +∞

0
log

[
Λ̂(1,2)

n {t}
]

N
(1,2)

n (dt) +
∑

t�0

Y
(1)

n (t+) log
[
1 − Λ̂(1,2)

n {t}
]

= log L(1,2)
n

(
Λ̂(1,2)

n

)
, (8)

where for any t � 0,

Y
(0)

n (t) =
n∑

i=1

I {Vi � t} , Y
(1)

n (t) =
n∑

i=1

ξi (1 − Ri ) I {Xi − Vi � t} ,

N
(0,1)

n (t) =
n∑

i=1

(1 − Ri ) I {Vi � t} , N
(0,2)

n (t) =
n∑

i=1

Δi Ri I {Vi � t} ,

N
(1,2)

n (t) =
n∑

i=1

ξiΔi (1 − Ri ) I {Xi − Vi � t} ,

Λ̂(0,1)
n (t) =

∫

[0,t]

(
Y

(0)

n (y)
)−1

I
{
Y

(0)

n (y) > 0
}

N
(0,1)

n (dy) ,

Λ̂(0,2)
n (t) =

∫

[0,t]

(
Y

(0)

n (y)
)−1

I
{
Y

(0)

n (y) > 0
}

N
(0,2)

n (dy) ,

Λ̂(1,2)
n (t) =

∫

[0,t]

(
Y

(1)

n (y)
)−1

I
{
Y

(1)

n (y) > 0
}

N
(1,2)

n (dy) .

The equalities for (3), (5), and (7) hold if and only if Λ is a pure jump function. The
inequalities in (4), (6), and (8) follow from the fact that for any λ ∈ (0, 1) and any
α, β > 0,
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α log λ + β log (1 − λ) � α log (α/(α + β)) + β log (β/(α + β)) .

According to Criteria (B) of Scholz (1980),
(
Λ̂

(0,1)
n , Λ̂

(0,2)
n , Λ̂

(1,2)
n

)
is the NPMLE of

(
Λ

(0,1)
0 ,Λ

(0,2)
0 ,Λ

(1,2)
0

)
, since Ln

(
Λ̂

(0,1)
n , Λ̂

(0,2)
n , Λ̂

(1,2)
n

)
> 0.

Let S0 be the marginal survival function of T. Note that for any t � 0,

S0 (t) = P (T > t) = −
∫

R+
ST|U (t |u) S(0,1)

0 (du)

= S(0,1)
0 (t) S(0,2)

0 (t) −
∫

[0,t]
S(0,2)

0 (u) S(1,2)
0 (t − u) S(0,1)

0 (du) .

Correspondingly, for any t � 0, define

Ŝn (t) = Ŝ(0,1)
n (t) Ŝ(0,2)

n (t) −
∫

[0,t]
Ŝ(0,2)

n (u) Ŝ(1,2)
n (t − u) Ŝ(0,1)

n (du) ,

where for any t � 0,

Ŝ(0,1)
n (t) =

∏

y∈[0,t]

[
1 − Λ̂(0,1)

n (dy)
]
, Ŝ(0,2)

n (t) =
∏

y∈[0,t]

[
1 − Λ̂(0,2)

n (dy)
]
,

Ŝ(1,2)
n (t) =

∏

y∈[0,t]

[
1 − Λ̂(1,2)

n (dy)
]
.

By the invariance property, it follows that
(
Ŝ(0,1)

n , Ŝ(0,2)
n , Ŝ(1,2)

n

)
is the NPMLE of

(
S(0,1)

0 , S(0,2)
0 , S(1,2)

0

)
and Ŝn is the NPMLE of S0.

4 Asymptotic results

In this section, we present the asymptotic properties of the NPMLE.

4.1 Regularity conditions

We list regularity conditions in this subsection.
For any t � 0, define L(0)

0 (t) = S(0,1)
0 (t) S(0,2)

0 (t) S(c)
0 (t) and

L(1)
0 (t) = −θ0S(1,2)

0 (t)
∫

R+
S(0,2)

0 (u) S(c)
0 (u + t) S(0,1)

0 (du) .

The regularity conditions are as follows:

A.1 For a sample of size n, (Ti , Ui , Ci , Xi ,Δi , Vi , Ri , ξi ) , i = 1, . . . , n are n inde-
pendent copies of (T, U, C, X,Δ, V, R, ξ).
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A.2 Model (2) holds with Λ
(1,2)
0 (0) = 0.

A.3 The censoring time C is independent of (T, U).
A.4 The indicator ξ is conditionally independent of (T, U, C) given R, with

P (ξ = 1|R = 1) = 1 and P (ξ = 1|R = 0) = θ0 ∈ (0, 1) .

A.5 There exists τ > 0 such that L(0)
0 (τ−) > 0 and L(1)

0 (τ−) > 0.

A.6 For any t ∈ [0, τ ] ,Λ
(0,1)
0 {t} Λ

(0,2)
0 {t} = Λ

(0,1)
0 {t} Λ

(c)
0 {t} = 0.

Assumption A.1 is commonly satisfied. Assumption A.2 is a technical condition
for model specification. Assumption A.3 indicates that C is independent censoring.
Assumption A.4 assumes that there is a subgroup of the potentially dependent censored
subjects whose (X,Δ) are observed. Assumption A.5 is equivalent to L(0)

0 (0) > 0 and

L(1)
0 (0) > 0. The required τ is generally not unique and could be chosen as large as

possible. Assumption A.6 is a mild technical condition which is weaker than continu-
ity.

4.2 Asymptotic normality

In this subsection, we establish the asymptotic normality and the asymptotic effi-
ciency of the NPMLE estimators. The asymptotic normality is established by
convergence to a tight Gaussian process in the space of uniformly bounded func-
tions on [0, τ ]. Specifically, Ŝn is viewed as a random element in 
∞([0, τ ]), and(
Λ̂

(0,1)
n , Λ̂

(0,2)
n , Λ̂

(1,2)
n

)
and

(
Ŝ(0,1)

n , Ŝ(0,2)
n , Ŝ(1,2)

n

)
are viewed as random elements in


∞
3 ([0, τ ]) = 
∞([0, τ ]) × 
∞([0, τ ]) × 
∞([0, τ ]), where 
∞([0, τ ]) denotes the

space of all uniformly bounded real valued functions defined on [0, τ ] equipped with
the uniform norm. The asymptotic efficiency is shown by convolution theorem.

The first theorem gives the asymptotic normality for
(
Λ̂

(0,1)
n , Λ̂

(0,2)
n , Λ̂

(1,2)
n

)
.

Theorem 1 Under assumptions A.1–A.6,

n1/2
(
Λ̂(0,1)

n − Λ
(0,1)
0 , Λ̂(0,2)

n − Λ
(0,2)
0 , Λ̂(1,2)

n − Λ
(1,2)
0

)

weakly converges to a tight zero-mean Gaussian process in 
∞
3 ([0, τ ]) with covariance

function U0, as n → ∞, where for any t, s ∈ [0, τ ],

U0 (t, s) = diag
(
U (0,1)

0 (t, s) ,U (0,2)
0 (t, s) ,U (1,2)

0 (t, s)
)

,

in which, for any (i, j) ∈ {(0, 1) , (0, 2) , (1, 2)} and any t, s ∈ [0, τ ],

U (i, j)
0 (t, s) =

∫

[0,min{t,s}]

(
L(i)

0 (y−)
)−1 (

1 − Λ
(i, j)
0 {y}

)
Λ

(i, j)
0 (dy) .

The second theorem gives the asymptotic normality for
(
Ŝ(0,1)

n , Ŝ(0,2)
n , Ŝ(1,2)

n

)
.
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Theorem 2 Under assumptions A.1–A.6,

n1/2
(
Ŝ(0,1)

n − S(0,1)
0 , Ŝ(0,2)

n − S(0,2)
0 , Ŝ(1,2)

n − S(1,2)
0

)

weakly converges to a tight zero-mean Gaussian process in 
∞
3 ([0, τ ]) with covariance

function V0, as n → ∞, where for any t, s ∈ [0, τ ],

V0 (t, s) = diag
(
V(0,1)

0 (t, s) ,V(0,2)
0 (t, s) ,V(1,2)

0 (t, s)
)
,

in which, for any (i, j) ∈ {(0, 1) , (0, 2) , (1, 2)} and any t, s ∈ [0, τ ],

V(i, j)
0 (t, s) = S(i, j)

0 (t) S(i, j)
0 (s) W(i, j)

0 (t, s),

W(i, j)
0 (t, s) =

∫

[0,min{t,s}]

(
L

(i)

0 (y−)
)−1 (

1 − Λ
(i, j)
0 {y}

)−1
Λ

(i, j)
0 (dy) .

The next theorem establishes the asymptotic normality for Ŝn .

Theorem 3 Under assumptions A.1–A.6, n1/2(Ŝn − S0) weakly converges to a tight
zero-mean Gaussian process in 
∞([0, τ ]) with covariance function Ω0, as n → ∞,
where for any t, s ∈ [0, τ ],

Ω0 (t, s) = Ω
(0,1)
0 (t, s) + Ω

(0,2)
0 (t, s) + Ω

(1,2)
0 (t, s) ,

Ω
(0,1)
0 (t, s) =

∫

(0,t]

∫

(0,s]
V(0,1)

0 (x−, y−) S(0,2)
0 (dy) S(0,2)

0 (dx)

− S(0,2)
0 (0)

∫

(0,t]

∫

(0,s]
V(0,1)

0 (x−, s − y) S(1,2)
0 (dy) S(0,2)

0 (dx)

− S(0,2)
0 (0)

∫

(0,t]

∫

(0,s]
V(0,1)

0 (t − x, y−) S(0,2)
0 (dy) S(1,2)

0 (dx)

+
[
S(0,2)

0 (0)
]2

∫

(0,t]

∫

(0,s]
V(0,1)

0 (t − x, s − y) S(1,2)
0 (dy) S(1,2)

0 (dx),

Ω
(0,2)
0 (t, s) = S(0,1)

0 (t) S(0,1)
0 (s) V(0,2)

0 (t, s)

− S(0,1)
0 (t)

∫

[0,s]
V(0,2)

0 (t, y) S(1,2)
0 (s − y) S(0,1)

0 (dy)

− S(0,1)
0 (s)

∫

[0,t]
V(0,2)

0 (x, s) S(1,2)
0 (t − x) S(0,1)

0 (dx)

+
∫

[0,t]

∫

[0,s]
V(0,2)

0 (x, y) S(1,2)
0 (t − x) S(1,2)

0 (s − y) S(0,1)
0 (dy) S(0,1)

0 (dx) ,

Ω
(1,2)
0 (t, s) =

∫

[0,t]

∫

[0,s]
V(1,2)

0 (t − x, s − y) S(0,2)
0 (x) S(0,2)

0 (y) S(0,1)
0 (dy) S(0,1)

0 (dx) .

It is worth noting that, although Λ̂
(0,1)
n − Λ

(0,1)
0 , Λ̂

(0,2)
n − Λ

(0,2)
0 and Λ̂

(1,2)
n − Λ

(1,2)
0

themselves are martingales, they do not form a joint martingale, since no common σ -
field is available. Hence, the martingale limit theory cannot be directly used here. The
proof of the above theorems are based on empirical process theory and are provided
in the Appendix.
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4.3 Asymptotic efficiency

In this subsection, we turn to the asymptotic nonparametric efficiency, which is for-
mally defined by the convolution theorem (Theorem VIII.3.1 of Andersen et al. 1993).

We explicitly specify the Hilbert space required by the convolution theorem. Define
H = H

(0,1) × H
(0,2) × H

(1,2), where for (i, j) ∈ {(0, 1) , (0, 2) , (1, 2)},

H
(i, j) =

{

h :
∫

[0,τ ]
[h (y)]2 L(i)

0 (y−)
(

1 − Λ
(i, j)
0 {y}

)−1
Λ

(i, j)
0 (dy) < +∞

}

.

For any g = (
g(0,1), g(0,2), g(1,2)

)
, h = (

h(0,1), h(0,2), h(1,2)
) ∈ H, define

〈g, h〉H =
∑

(i, j)

∫

[0,τ ]
g(i, j) (y) h(i, j) (y) L(i)

0 (y−)
(

1 − Λ
(i, j)
0 {y}

)−1
Λ

(i, j)
0 (dy) ,

where the summation is taken over {(0, 1) , (0, 2) , (1, 2)}. For any h ∈ H, define
‖h‖H = 〈h, h〉1/2

H
. It can be shown that H is a Hilbert space with the inner product

〈·, ·〉H and the norm ‖·‖H.
For any (i, j) ∈ {(0, 1) , (0, 2) , (1, 2)} and any h = (

h(0,1), h(0,2), h(1,2)
) ∈ H,

define

Λ
(i, j)
n,h (t) =

∫

[0,t]

(
1 + n−1/2h(i, j) (y)

)
Λ

(i, j)
0 (dy) ,

the likelihood ratio of
(
Λ

(0,1)
n,h ,Λ

(0,2)
n,h ,Λ

(1,2)
n,h

)
to

(
Λ

(0,1)
0 ,Λ

(0,2)
0 ,Λ

(1,2)
0

)
is:

Rn (h) = R(0,1)
n (h)R(0,2)

n (h)R(1,2)
n (h) ,

where for any h = (
h(0,1), h(0,2), h(1,2)

) ∈ H,

log R(0,1)
n (h) =

n∑

i=1

(1 − Ri ) log
[
1 + n−1/2h(0,1) (Vi )

]

+
n∑

i=1

⎡

⎣log
∏

y∈[0,Vi )

(
1 − Λ

(0,1)
n,h (dy)

)
− log

∏

y∈[0,Vi )

(
1 − Λ

(0,1)
0 (dy)

)
⎤

⎦ ,

log R(0,2)
n (h) =

n∑

i=1

Δi Ri log
[
1 + n−1/2h(0,2) (Vi )

]

+
n∑

i=1

(1 − Δi Ri )
[
log

(
1 − Λ

(0,2)
n,h {Vi }

)
− log

(
1 − Λ

(0,2)
0 {Vi }

)]

+
n∑

i=1

⎡

⎣log
∏

y∈[0,Vi )

(
1 − Λ

(0,2)
n,h (dy)

)
− log

∏

y∈[0,Vi )

(
1 − Λ

(0,2)
0 (dy)

)
⎤

⎦ ,
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log R(1,2)
n (h) =

n∑

i=1

ξi (1 − Ri ) Δi log
[
1 + n−1/2h(1,2) (Xi − Vi )

]

+
n∑

i=1

ξi (1 − Ri ) (1 − Δi ) log
(

1 − Λ
(1,2)
n,h {Xi − Vi }

)

−
n∑

i=1

ξi (1 − Ri ) (1 − Δi ) log
(

1 − Λ
(1,2)
0 {Xi − Vi }

)

+
n∑

i=1

ξi (1 − Ri ) log
∏

y∈[0,Xi −Vi )

(
1 − Λ

(1,2)
n,h (dy)

)

−
n∑

i=1

ξi (1 − Ri ) log
∏

y∈[0,Xi −Vi )

(
1 − Λ

(1,2)
0 (dy)

)
.

Theorem 4 Under assumptions A.1–A.6, for any m > 0, h1, . . . , hm ∈ H,

(log Rn (h1) , . . . , log Rn (hm))

weakly converges to a Gaussian random vector in R
m with mean

−1

2

(
‖h1‖2

H
, . . . , ‖hm‖2

H

)

and covariance matrix

⎛

⎜
⎝

〈h1, h1〉H . . . 〈h1, hm〉H
...

. . .
...

〈hm, h1〉H · · · 〈hm, hm〉H

⎞

⎟
⎠ .

Hence, the information operator I0 : H × H → R is: for any g, h ∈ H,

I0 (g, h) = 〈g, h〉H .

For any h = (
h(0,1), h(0,2), h(1,2)

) ∈ H, define

κ̂n (h)=
∫

[0,τ ]

(
h(0,1) (y) Λ̂(0,1)

n (dy)+h(0,2) (y) Λ̂(0,2)
n (dy)+h(1,2) (y) Λ̂(1,2)

n (dy)
)
.

Note that for any g, h ∈ H, the asymptotic covariance of κ̂n (g) and κ̂n (h) is

∑

(i, j)

∫

[0,τ ]
g(i, j) (y) h(i, j) (y) L(i)

0 (y−)
(

1 − Λ
(i, j)
0 {y}

)−1
Λ

(i, j)
0 (dy) (9)
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and can be interpreted as the “inverse” of the information operator I0, where
the summation is taken over {(0, 1) , (0, 2) , (1, 2)}. The efficiency result for(
Λ̂

(0,1)
n , Λ̂

(0,2)
n , Λ̂

(1,2)
n

)
and Ŝn is stated in the following theorem.

Theorem 5 Under assumptions A.1–A.6,
(
Λ̂

(0,1)
n , Λ̂

(0,2)
n , Λ̂

(1,2)
n

)
and Ŝn are efficient.

The proof of the above theorems are given in the Appendix.

4.4 Asymptotic covariance function estimation

To carry out statistical inference, it is necessary to estimate the asymptotic covari-
ance function. In this subsection, we provide uniform consistent estimators for the
asymptotic covariance functions.

For any g = (
g(0,1), g(0,2), g(1,2)

)
, h = (

h(0,1), h(0,2), h(1,2)
) ∈ H, define

În (g, h) =
∑

(i, j)

∫

[0,τ ]
g(i, j) (y) h(i, j) (y)

(
1 − Λ̂

(i, j)
n {y}

)−1
N

(i, j)
n (dy)

where the summation is taken over {(0, 1) , (0, 2) , (1, 2)}.
For any g = (

g(0,1), g(0,2), g(1,2)
)
, h = (

h(0,1), h(0,2), h(1,2)
) ∈ H, it can be

shown that În (g, h) is the negative second order directional derivative of log Ln at(
Λ̂

(0,1)
n , Λ̂

(0,2)
n , Λ̂

(1,2)
n

)
along the direction

[
Gn, Hn

]
, where

Gn =
(∫

g(0,1)dΛ̂(0,1)
n ,

∫

g(0,2)dΛ̂(0,2)
n ,

∫

g(1,2)dΛ̂(1,2)
n

)

,

Hn =
(∫

h(0,1)dΛ̂(0,1)
n ,

∫

h(0,2)dΛ̂(0,2)
n ,

∫

h(1,2)dΛ̂(1,2)
n

)

.

Since the function Ln plays the role of the likelihood, În should be a reasonable
estimator for I0. The “inverse” operation in (9) leads to an estimator for the asymptotic
covariance function of κ̂n :

∑

(i, j)

∫

[0,τ ]
g(i, j) (y) h(i, j) (y)

(
1 − Λ̂

(i, j)
n {y}

)−1
Y

(0)

n (y) Λ̂
(i, j)
n (dy)

for all g = (
g(0,1), g(0,2), g(1,2)

)
, h = (

h(0,1), h(0,2), h(1,2)
) ∈ H, where the summa-

tion is taken over {(0, 1) , (0, 2) , (1, 2)}.
Hence, the estimators for U0 and V0 are given as follows: for any t, s ∈ [0, τ ],

Ûn (t, s) = diag
(
Û (0,1)

n (t, s) , Û (0,2)
n (t, s) , Û (1,2)

n (t, s)
)

,

V̂n (t, s) = diag
(
V̂(0,1)

n (t, s) , V̂(0,2)
n (t, s) , V̂(1,2)

n (t, s)
)

,
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where for any (i, j) ∈ {(0, 1) , (0, 2) , (1, 2)} and any t, s ∈ [0, τ ],

V̂(i, j)
n (t, s) = Ŝ(i, j)

n (t) Ŝ(i, j)
n (s) Ŵ(i, j)

n (t, s) ,

Û (i, j)
n (t, s) = n

∫

[0,min{t,s}]

(
1 − Λ̂

(i, j)
n {y}

) (
Y

(i)
n (y)

)−1
Λ̂

(i, j)
n (dy) ,

Ŵ(i, j)
n (t, s) = n

∫

[0,min{t,s}]

(
Y

(i)
n (y)

)−1 (
1 − Λ̂

(i, j)
n {y}

)−1
Λ̂

(i, j)
n (dy) .

The estimator for Ω0 is given as Ω̂n : for any t, s ∈ [0, τ ],

Ω̂n (t, s) = Ω̂(0,1)
n (t, s) + Ω̂(0,2)

n (t, s) + Ω̂(1,2)
n (t, s) ,

where for any (i, j) ∈ {(0, 1) , (0, 2) , (1, 2)} and any t, s ∈ [0, τ ],

Ω̂(0,1)
n (t, s) =

∫

(0,t]

∫

(0,s]
V̂(0,1)

n (x−, y−) Ŝ(0,2)
n (dy) Ŝ(0,2)

n (dx)

− Ŝ(0,2)
n (0)

∫

(0,t]

∫

(0,s]
V̂(0,1)

n (x−, s − y) Ŝ(1,2)
n (dy) Ŝ(0,2)

n (dx)

− Ŝ(0,2)
n (0)

∫

(0,t]

∫

(0,s]
V̂(0,1)

n (t − x, y−) Ŝ(0,2)
n (dy) Ŝ(1,2)

n (dx)

+
[
Ŝ(0,2)

n (0)
]2

∫

(0,t]

∫

(0,s]
V̂(0,1)

n (t − x, s − y) Ŝ(1,2)
n (dy) Ŝ(1,2)

n (dx) ,

Ω̂(0,2)
n (t, s)

= Ŝ(0,1)
n (t) Ŝ(0,1)

n (s) V̂(0,2)
n (t, s)

− Ŝ(0,1)
n (t)

∫

[0,s]
V̂(0,2)

n (t, y) Ŝ(1,2)
n (s − y) Ŝ(0,1)

n (dy)

− Ŝ(0,1)
n (s)

∫

[0,t]
V̂(0,2)

n (x, s) Ŝ(1,2)
n (t − x) Ŝ(0,1)

n (dx)

+
∫

[0,t]

∫

[0,s]
V̂(0,2)

n (x, y) Ŝ(1,2)
n (t − x) Ŝ(1,2)

n (s − y) Ŝ(0,1)
n (dy) Ŝ(0,1)

n (dx) ,

Ω̂(1,2)
n (t, s) =

∫

[0,t]

∫

[0,s]
V̂(1,2)

n (t − x, s − y) Ŝ(0,2)
n (x) Ŝ(0,2)

n (y) Ŝ(0,1)
n (dy)

× Ŝ(0,1)
n (dx) .

The following theorem states the uniform consistency for Ûn, V̂n and Ω̂n .

Theorem 6 Under assumptions A.1–A.6, as n → ∞,

sup
t,s∈[0,τ ]

∣
∣
∣Ûn (t, s) − U0 (t, s)

∣
∣
∣ , sup

t,s∈[0,τ ]

∣
∣
∣V̂n (t, s) − V0 (t, s)

∣
∣
∣ ,

sup
t,s∈[0,τ ]

∣
∣
∣Ω̂n (t, s) − Ω0 (t, s)

∣
∣
∣

converge to zero in probability.

The proof of the theorem is given in the Appendix.
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Based on the asymptotic theory and the estimation of the asymptotic covariance
function, various types of inference can be conducted. For example, for any fixed
t0 ∈ [0, τ ], a 95 % pointwise confidence interval can be constructed as:

Ŝn (t0) ± 1.96Ω̂
1/2
n (t0, t0) .

5 Numerical studies

5.1 Simulation studies

Four sets of simulation studies were carried out to examine the finite-sample perfor-
mance of the proposed NPMLE.

In the first and the third sets of the simulation studies, the independent censoring time
C was specified as +∞. In the second and the fourth sets, the independent censoring
time C was generated from a uniform distribution such that P (T � C) = 0.15.

In the first and the second sets of the simulation studies, the PD censoring time
U was generated from Uniform (0, η), while in the third and the fourth sets, the PD
censoring time U was generated from the exponential distribution with hazard rate η.

In all simulation studies, the survival time T was generated as

T =
{

T(1) if T(1) � U
U + T(2) if T(1) > U

,

where T(1) was generated from the exponential distribution with hazard rate 1 and T(2)

was generated from the exponential distribution with hazard rate λ. The parameters
were set to be λ ∈ {1, 2} , P (U < T) ∈ {0.3, 0.7} and θ0 ∈ {0.3, 0.6, 1}. For each
scenario, we generated 1000 samples of size n = 100.

The simulation results were summarized in Tables 1, 2, 3, 4, 5, 6, 7 and 8, which
report the empirical bias (Bias), the empirical standard deviation (Std), the square root
of the empirical mean squared error (sqrt[MSE]) and the average estimated standard
deviation (AES) of the proposed estimator, as well as the empirical coverage rate (CR)
of the corresponding 95 % pointwise confidence interval, at the 0.3th, 0.5th and 0.7th
quantiles of T. The values of Bias, Std, sqrt(MSE) and AES were multiplied by 10,000.
For comparison, the results from the Kaplan–Meier approach were also included in the
tables. In addition, the empirical bias, the empirical standard deviation and the square
root of the empirical mean squared error of Lee and Tsai’s estimator were included
in Tables 1, 2, 5 and 6. Because there is no valid estimator of the variance of Lee and
Tsai’s estimator, the AES and the CR are not reported for the Lee and Tsai’s estimator.
The Lee and Tsai’s estimator was not included in Tables 3, 4, 7 and 8, because it does
not incorporate the additional independent censoring.

For the cases with C = +∞, in which the Lee and Tsai’s approach is applicable,
the proposed NPMLE and the Lee and Tsai’s estimator were nearly unbiased and
consistent. The NPMLE had smaller sqrt(MSE) than the Lee and Tsai’s estimator
for all three quantiles, the improvement ranged from 0.6 to 7.9 %. The coverage of
the 95 % pointwise confidence interval for the proposed NPMLE were close to the
nominal level.

123



Semi-Markov model for dependent censoring

Ta
bl

e
1

Si
m

ul
at

io
n

re
su

lts
w

he
n

C
=

+∞
an

d
U

is
ge

ne
ra

te
d

fr
om

th
e

un
if

or
m

di
st

ri
bu

tio
n

w
ith

P
(T

>
U

)
=

0.
3

λ
θ

τ
L

ee
an

d
T

sa
i’s

es
tim

at
or

K
ap

la
n–

M
ei

er
es

tim
at

or
N

PM
L

E

B
ia

s
St

d
sq

rt
(M

SE
)

B
ia

s
St

d
sq

rt
(M

SE
)

A
E

S
C

R
B

ia
s

St
d

sq
rt

(M
SE

)
A

E
S

C
R

1
0.

3
0.

3
16

.3
22

44
9.

04
9

44
9.

34
6

17
.5

04
45

2.
96

3
45

3.
30

1
46

4.
36

6
0.

94
6

15
.0

95
44

4.
90

0
44

5.
15

6
45

3.
46

5
0.

94
8

1
0.

3
0.

5
20

.9
22

51
4.

70
6

51
5.

13
1

19
.3

02
51

9.
67

2
52

0.
03

0
51

9.
93

2
0.

95
2

18
.8

55
50

7.
43

7
50

7.
78

8
50

8.
85

8
0.

95
0

1
0.

3
0.

7
15

.4
60

49
3.

33
9

49
3.

58
1

4.
20

5
48

3.
33

2
48

3.
35

0
49

7.
77

3
0.

95
4

20
.2

45
48

7.
24

1
48

7.
66

2
51

1.
33

3
0.

96
6

1
0.

6
0.

3
11

.1
45

47
7.

19
0

47
7.

32
0

9.
97

1
48

7.
06

3
48

7.
16

5
46

0.
30

9
0.

93
2

9.
91

1
47

3.
49

3
47

3.
59

6
44

7.
44

7
0.

92
8

1
0.

6
0.

5
11

.6
51

50
5.

17
2

50
5.

30
6

9.
10

5
51

7.
07

9
51

7.
16

0
51

0.
23

5
0.

94
5

10
.3

61
49

7.
35

6
49

7.
46

4
48

9.
32

2
0.

94
2

1
0.

6
0.

7
29

.2
73

47
2.

16
4

47
3.

07
1

30
.3

50
48

6.
64

4
48

7.
58

9
47

9.
24

3
0.

93
5

25
.3

49
46

1.
29

3
46

1.
98

9
46

7.
52

0
0.

94
6

1
1.

0
0.

3
19

.7
00

45
6.

91
4

45
7.

33
9

19
.7

00
45

6.
91

4
45

7.
33

9
45

4.
64

7
0.

94
9

17
.7

16
44

4.
79

7
44

5.
15

0
44

4.
82

5
0.

94
0

1
1.

0
0.

5
−8

.6
00

50
7.

46
8

50
7.

54
1

−8
.6

00
50

7.
46

8
50

7.
54

1
49

7.
40

7
0.

94
7

−9
.6

48
48

1.
70

1
48

1.
79

8
48

0.
68

9
0.

95
3

1
1.

0
0.

7
−9

.1
00

45
7.

68
6

45
7.

77
7

−9
.1

00
45

7.
68

6
45

7.
77

7
45

5.
09

8
0.

94
8

−1
0.

35
2

43
7.

89
8

43
8.

02
0

44
6.

50
6

0.
95

1

2
0.

3
0.

3
9.

37
9

46
7.

48
5

46
7.

57
9

89
.8

51
47

1.
06

5
47

9.
55

8
46

0.
53

3
0.

93
5

12
.2

60
46

4.
08

2
46

4.
24

4
45

3.
54

1
0.

94
4

2
0.

3
0.

5
−3

.4
79

50
7.

63
9

50
7.

65
1

18
3.

35
2

51
0.

94
3

54
2.

84
5

51
8.

39
3

0.
93

2
−2

.9
61

50
2.

95
8

50
2.

96
6

51
2.

86
0

0.
94

6

2
0.

3
0.

7
−1

1.
35

9
48

0.
61

4
48

0.
74

9
28

2.
39

9
50

2.
68

2
57

6.
57

5
50

5.
04

9
0.

92
7

− 1
2.

24
6

47
7.

23
9

47
7.

39
6

51
8.

82
8

0.
96

5

2
0.

6
0.

3
−7

.2
99

45
7.

86
6

45
7.

92
4

36
.8

17
46

3.
47

6
46

4.
93

6
45

9.
00

2
0.

94
0

−5
.3

20
44

8.
09

4
44

8.
12

6
44

6.
42

9
0.

94
3

2
0.

6
0.

5
1.

58
8

52
3.

24
9

52
3.

25
1

10
3.

36
4

53
3.

38
9

54
3.

31
2

50
8.

82
9

0.
93

1
8.

28
9

50
7.

99
1

50
8.

05
9

49
3.

96
1

0.
94

3

2
0.

6
0.

7
−1

6.
65

4
47

8.
81

4
47

9.
10

4
13

3.
20

8
50

4.
19

0
52

1.
49

0
48

1.
33

2
0.

93
5

−1
5.

31
4

46
4.

32
9

46
4.

58
2

48
8.

19
8

0.
96

1

2
1.

0
0.

3
−9

.7
00

44
0.

30
6

44
0.

41
3

−9
.7

00
44

0.
30

6
44

0.
41

3
45

6.
14

9
0.

95
6

−1
0.

12
0

42
6.

25
6

42
6.

37
6

44
3.

49
1

0.
95

2

2
1.

0
0.

5
−1

1.
00

0
47

3.
92

4
47

4.
05

1
−1

1.
00

0
47

3.
92

4
47

4.
05

1
49

7.
74

0
0.

94
9

−8
.2

85
46

0.
14

9
46

0.
22

4
48

5.
97

5
0.

95
7

2
1.

0
0.

7
9.

90
0

44
9.

50
4

44
9.

61
3

9.
90

0
44

9.
50

4
44

9.
61

3
45

6.
03

5
0.

96
0

9.
80

6
43

0.
75

4
43

0.
86

5
47

6.
47

0
0.

97
0

T
he

A
E

S
an

d
th

e
C

R
ar

e
no

tr
ep

or
te

d
fo

rt
he

L
ee

an
d

T
sa

i’s
es

tim
at

or
,s

in
ce

th
e

co
rr

es
po

nd
in

g
va

ri
an

ce
es

tim
at

or
ha

s
no

tb
ee

n
de

ve
lo

pe
d.

T
he

va
lu

es
of

B
ia

s,
St

d,
sq

rt
(M

SE
)

an
d

A
E

S
ha

ve
be

en
m

ul
tip

lie
d

by
10

,0
00

B
ia

s
th

e
em

pi
ri

ca
lb

ia
s,

St
d

th
e

em
pi

ri
ca

ls
ta

nd
ar

d
de

vi
at

io
n,

sq
rt

(M
SE

)
th

e
sq

ua
re

ro
ot

of
th

e
em

pi
ri

ca
lm

ea
n

sq
ua

re
d

er
ro

r,
A

E
S

th
e

av
er

ag
e

es
tim

at
ed

st
an

da
rd

de
vi

at
io

n,
C

R
th

e
em

pi
ri

ca
lc

ov
er

ag
e

ra
te

of
th

e
95

%
co

nfi
de

nc
e

in
te

rv
al

123



Z. Zhao et al.

Ta
bl

e
2

Si
m

ul
at

io
n

re
su

lts
w

he
n

C
=

+∞
an

d
U

is
ge

ne
ra

te
d

fr
om

th
e

un
if

or
m

di
st

ri
bu

tio
n

w
ith

P
(T

>
U

)
=

0.
7

λ
θ

τ
L

ee
an

d
T

sa
i’s

es
tim

at
or

K
ap

la
n–

M
ei

er
es

tim
at

or
N

PM
L

E

B
ia

s
St

d
sq

rt
(M

SE
)

B
ia

s
St

d
sq

rt
(M

SE
)

A
E

S
C

R
B

ia
s

St
d

sq
rt

(M
SE

)
A

E
S

C
R

1
0.

3
0.

3
−1

1.
33

7
49

9.
43

7
49

9.
56

5
−0

.4
96

52
0.

37
7

52
0.

37
7

50
3.

21
0

0.
93

0
−1

4.
57

6
49

2.
27

6
49

2.
49

2
47

4.
69

8
0.

93
2

1
0.

3
0.

5
−3

1.
31

1
65

8.
79

1
65

9.
53

4
−3

3.
69

5
67

5.
06

0
67

5.
90

1
64

4.
22

2
0.

92
5

−3
0.

85
0

64
7.

77
4

64
8.

50
8

63
1.

55
2

0.
93

9

1
0.

3
0.

7
−2

.8
28

71
6.

86
6

71
6.

87
1

0.
97

3
76

0.
75

2
76

0.
75

3
72

8.
59

2
0.

91
8

−3
.8

02
71

0.
68

3
71

0.
69

4
69

7.
28

8
0.

92
0

1
0.

6
0.

3
4.

24
2

44
2.

55
3

44
2.

57
4

1.
27

2
46

9.
83

6
46

9.
83

8
48

0.
90

6
0.

94
6

2.
31

5
41

8.
69

3
41

8.
69

9
43

7.
04

7
0.

95
9

1
0.

6
0.

5
5.

56
5

52
5.

02
9

52
5.

05
9

3.
81

3
55

8.
60

5
55

8.
61

8
56

2.
14

0
0.

95
0

4.
55

9
49

6.
98

5
49

7.
00

6
51

1.
49

1
0.

95
2

1
0.

6
0.

7
−5

.0
90

53
1.

37
9

53
1.

40
4

−6
.2

85
56

0.
95

6
56

0.
99

1
55

6.
61

6
0.

94
6

−5
.8

14
51

0.
06

0
51

0.
09

3
52

1.
13

1
0.

95
1

1
1.

0
0.

3
1.

90
0

46
7.

80
9

46
7.

81
3

1.
90

0
46

7.
80

9
46

7.
81

3
45

5.
30

1
0.

94
1

−9
.3

90
43

0.
11

9
43

0.
22

1
42

0.
91

8
0.

93
2

1
1.

0
0.

5
−2

.1
00

48
9.

12
7

48
9.

13
1

−2
.1

00
48

9.
12

7
48

9.
13

1
49

7.
59

2
0.

94
5

−5
.5

47
44

7.
85

2
44

7.
88

6
45

4.
72

2
0.

95
0

1
1.

0
0.

7
−6

.2
00

44
8.

98
0

44
9.

02
3

−6
.2

00
44

8.
98

0
44

9.
02

3
45

5.
33

6
0.

95
0

−6
.6

42
41

4.
76

9
41

4.
82

2
42

7.
75

8
0.

95
6

2
0.

3
0.

3
− 5

.3
62

49
5.

12
9

49
5.

15
8

24
5.

67
6

49
9.

34
1

55
6.

50
6

48
3.

08
7

0.
89

5
−5

.0
22

47
9.

78
2

47
9.

80
8

46
7.

54
5

0.
94

5

2
0.

3
0.

5
12

.0
71

60
2.

64
3

60
2.

76
3

51
3.

09
3

59
5.

94
7

78
6.

39
5

59
3.

46
2

0.
85

1
8.

18
5

58
9.

27
2

58
9.

32
9

58
1.

01
7

0.
93

5

2
0.

3
0.

7
1.

22
2

64
5.

52
9

64
5.

53
0

46
6.

95
8

73
9.

82
9

87
4.

86
9

72
1.

41
8

0.
88

1
6.

17
8

63
4.

23
2

63
4.

26
2

62
3.

75
7

0.
93

2

2
0.

6
0.

3
7.

97
9

46
0.

88
5

46
0.

95
4

13
8.

65
8

47
4.

63
5

49
4.

47
4

47
0.

68
7

0.
93

1
16

.0
16

43
8.

84
1

43
9.

13
3

42
8.

77
7

0.
94

3

2
0.

6
0.

5
11

.8
27

52
7.

47
0

52
7.

60
3

24
7.

35
4

56
3.

28
9

61
5.

20
6

54
6.

35
4

0.
91

4
11

.5
81

49
4.

98
4

49
5.

12
0

49
1.

47
1

0.
95

0

2
0.

6
0.

7
−6

.3
85

51
1.

51
7

51
1.

55
7

19
3.

05
0

56
6.

86
2

59
8.

83
3

55
9.

22
2

0.
93

8
−1

.4
12

48
5.

32
7

48
5.

32
9

47
9.

42
5

0.
94

4

2
1.

0
0.

3
−8

.2
00

45
7.

62
7

45
7.

70
0

−8
.2

00
45

7.
62

7
45

7.
70

0
45

5.
86

5
0.

95
3

−1
5.

55
7

40
9.

85
4

41
0.

14
9

41
3.

33
2

0.
95

6

2
1.

0
0.

5
−2

3.
80

0
48

3.
32

9
48

3.
91

5
−2

3.
80

0
48

3.
32

9
48

3.
91

5
49

7.
64

5
0.

95
6

−2
4.

95
3

43
6.

14
2

43
6.

85
6

44
9.

68
5

0.
95

8

2
1.

0
0.

7
−1

4.
80

0
44

5.
84

7
44

6.
09

3
−1

4.
80

0
44

5.
84

7
44

6.
09

3
45

4.
98

4
0.

96
0

−1
8.

72
0

39
2.

81
6

39
3.

26
1

40
6.

23
3

0.
95

1

T
he

A
E

S
an

d
th

e
C

R
ar

e
no

tr
ep

or
te

d
fo

rt
he

L
ee

an
d

T
sa

i’s
es

tim
at

or
,s

in
ce

th
e

co
rr

es
po

nd
in

g
va

ri
an

ce
es

tim
at

or
ha

s
no

tb
ee

n
de

ve
lo

pe
d.

T
he

va
lu

es
of

B
ia

s,
St

d,
sq

rt
(M

SE
)

an
d

A
E

S
ha

ve
be

en
m

ul
tip

lie
d

by
10

,0
00

B
ia

s
th

e
em

pi
ri

ca
lb

ia
s,

St
d

th
e

em
pi

ri
ca

ls
ta

nd
ar

d
de

vi
at

io
n,

sq
rt

(M
SE

)
th

e
sq

ua
re

ro
ot

of
th

e
em

pi
ri

ca
lm

ea
n

sq
ua

re
d

er
ro

r,
A

E
S

th
e

av
er

ag
e

es
tim

at
ed

st
an

da
rd

de
vi

at
io

n,
C

R
th

e
em

pi
ri

ca
lc

ov
er

ag
e

ra
te

of
th

e
95

%
co

nfi
de

nc
e

in
te

rv
al

123



Semi-Markov model for dependent censoring
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Semi-Markov model for dependent censoring

Ta
bl

e
5

Si
m

ul
at

io
n

re
su

lts
w

he
n

C
=

+∞
an

d
U

is
ge

ne
ra

te
d

fr
om

th
e

ex
po

ne
nt

ia
ld

is
tr

ib
ut

io
n

w
ith

P
(T

>
U

)
=

0.
3

λ
θ

τ
L

ee
an

d
T

sa
i’s

es
tim

at
or

K
ap

la
n–

M
ei

er
es

tim
at

or
N

PM
L

E

B
ia

s
St

d
sq

rt
(M

SE
)

B
ia

s
St

d
sq

rt
(M

SE
)

A
E

S
C

R
B

ia
s

St
d

sq
rt

(M
SE

)
A

E
S

C
R

1
0.

3
0.

3
10

.2
96

45
6.

82
0

45
6.

93
6

11
.2

47
46

9.
84

7
46

9.
98

1
46

8.
01

8
0.

94
1

10
.4

42
45

0.
53

8
45

0.
65

9
45

6.
57

4
0.

94
4

1
0.

3
0.

5
4.

64
5

52
2.

23
3

52
2.

25
4

10
.9

06
52

7.
33

8
52

7.
45

1
52

6.
66

2
0.

95
5

3.
85

2
51

7.
10

5
51

7.
12

0
52

1.
40

5
0.

95
3

1
0.

3
0.

7
−2

.2
88

51
3.

83
3

51
3.

83
8

−2
.4

56
50

3.
66

5
50

3.
67

1
50

5.
22

6
0.

94
3

−3
.6

13
51

0.
71

1
51

0.
72

4
52

9.
39

6
0.

95
2

1
0.

6
0.

3
21

.8
91

46
4.

16
0

46
4.

67
6

19
.8

99
47

0.
59

3
47

1.
01

4
46

1.
64

3
0.

94
0

20
.4

07
45

7.
76

2
45

8.
21

6
44

6.
71

8
0.

94
2

1
0.

6
0.

5
14

.2
51

49
5.

72
1

49
5.

92
5

14
.5

96
50

3.
02

3
50

3.
23

5
51

3.
28

8
0.

95
1

12
.5

13
48

9.
97

5
49

0.
13

5
49

2.
02

7
0.

94
7

1
0.

6
0.

7
−0

.2
30

47
5.

15
5

47
5.

15
5

0.
28

6
48

2.
68

3
48

2.
68

3
48

1.
63

2
0.

94
4

1.
16

8
46

4.
45

6
46

4.
45

7
47

3.
89

4
0.

95
4

1
1.

0
0.

3
19

.8
00

45
6.

15
4

45
6.

58
3

19
.8

00
45

6.
15

4
45

6.
58

3
45

4.
66

5
0.

95
8

19
.1

56
44

6.
73

0
44

7.
14

1
44

2.
64

0
0.

95
2

1
1.

0
0.

5
5.

60
0

48
5.

49
4

48
5.

52
6

5.
60

0
48

5.
49

4
48

5.
52

6
49

7.
62

8
0.

94
7

4.
39

3
46

9.
21

6
46

9.
23

6
47

9.
71

0
0.

94
4

1
1.

0
0.

7
6.

20
0

45
3.

59
4

45
3.

63
6

6.
20

0
45

3.
59

4
45

3.
63

6
45

5.
83

8
0.

95
6

7.
41

5
42

9.
56

6
42

9.
63

0
44

8.
33

9
0.

96
3

2
0.

3
0.

3
18

.7
62

44
0.

77
3

44
1.

17
2

11
6.

41
8

44
7.

94
4

46
2.

82
5

46
2.

36
0

0.
93

8
19

.2
15

43
3.

32
1

43
3.

74
7

45
6.

42
6

0.
95

3

2
0.

3
0.

5
2.

86
2

51
4.

29
7

51
4.

30
5

22
2.

34
4

51
1.

42
0

55
7.

66
2

52
3.

40
4

0.
93

4
2.

15
9

50
8.

52
3

50
8.

52
7

52
2.

42
8

0.
95

0

2
0.

3
0.

7
−1

.4
47

49
6.

16
3

49
6.

16
5

31
8.

35
0

50
6.

28
9

59
8.

05
9

51
2.

73
5

0.
91

5
−3

.1
42

48
9.

41
2

48
9.

42
2

52
6.

00
6

0.
96

1

2
0.

6
0.

3
−1

2.
46

6
45

4.
92

0
45

5.
09

1
43

.2
13

46
0.

47
9

46
2.

50
2

46
0.

51
8

0.
93

4
−1

5.
99

6
43

8.
64

8
43

8.
93

9
44

6.
45

4
0.

94
4

2
0.

6
0.

5
−8

.3
63

50
3.

87
6

50
3.

94
5

11
3.

09
3

51
3.

39
8

52
5.

70
7

51
2.

08
0

0.
94

3
−1

0.
43

5
48

8.
75

4
48

8.
86

5
49

6.
81

8
0.

95
5

2
0.

6
0.

7
−0

.6
68

47
2.

41
4

47
2.

41
4

16
7.

72
5

49
8.

62
0

52
6.

07
4

48
6.

20
2

0.
94

3
−1

.0
17

45
8.

36
9

45
8.

37
1

49
1.

47
0

0.
97

1

2
1.

0
0.

3
−2

2.
60

0
45

7.
66

7
45

8.
22

4
−2

2.
60

0
45

7.
66

7
45

8.
22

4
45

6.
49

3
0.

94
8

−1
8.

26
7

44
0.

06
3

44
0.

44
2

44
1.

27
8

0.
93

9

2
1.

0
0.

5
−2

2.
50

0
51

7.
35

0
51

7.
83

9
−2

2.
50

0
51

7.
35

0
51

7.
83

9
49

7.
29

8
0.

94
1

−1
6.

42
2

48
9.

00
6

48
9.

28
2

48
4.

95
6

0.
94

4

2
1.

0
0.

7
1.

40
0

45
2.

75
1

45
2.

75
3

1.
40

0
45

2.
75

1
45

2.
75

3
45

5.
62

6
0.

95
1

−2
.1

16
43

5.
38

7
43

5.
39

2
47

6.
52

3
0.

95
5

T
he

A
E

S
an

d
th

e
C

R
ar

e
no

tr
ep

or
te

d
fo

rt
he

L
ee

an
d

T
sa

i’s
es

tim
at

or
,s

in
ce

th
e

co
rr

es
po

nd
in

g
va

ri
an

ce
es

tim
at

or
ha

s
no

tb
ee

n
de

ve
lo

pe
d.

T
he

va
lu

es
of

B
ia

s,
St

d,
sq

rt
(M

SE
)

an
d

A
E

S
ha

ve
be

en
m

ul
tip

lie
d

by
10

,0
00

B
ia

s
th

e
em

pi
ri

ca
lb

ia
s,

St
d

th
e

em
pi

ri
ca

ls
ta

nd
ar

d
de

vi
at

io
n,

sq
rt

(M
SE

)
th

e
sq

ua
re

ro
ot

of
th

e
em

pi
ri

ca
lm

ea
n

sq
ua

re
d

er
ro

r,
A

E
S

th
e

av
er

ag
e

es
tim

at
ed

st
an

da
rd

de
vi

at
io

n,
C

R
th

e
em

pi
ri

ca
lc

ov
er

ag
e

ra
te

of
th

e
95

%
co

nfi
de

nc
e

in
te

rv
al

123



Z. Zhao et al.

Ta
bl

e
6

Si
m

ul
at

io
n

re
su

lts
w

he
n

C
=

+∞
an

d
U

is
ge

ne
ra

te
d

fr
om

th
e

ex
po

ne
nt

ia
ld

is
tr

ib
ut

io
n

w
ith

P
(T

>
U

)
=

0.
7

λ
θ

τ
L

ee
an

d
T

sa
i’s

es
tim

at
or

K
ap

la
n–

M
ei

er
es

tim
at

or
N

PM
L

E

B
ia

s
St

d
sq

rt
(M

SE
)

B
ia

s
St

d
sq

rt
(M

SE
)

A
E

S
C

R
B

ia
s

St
d

sq
rt

(M
SE

)
A

E
S

C
R

1
0.

3
0.

3
−5

.2
25

53
8.

63
2

53
8.

65
7

−3
.8

18
55

0.
36

1
55

0.
37

4
52

6.
10

3
0.

93
5

−4
.2

02
52

4.
80

9
52

4.
82

5
50

7.
76

9
0.

93
6

1
0.

3
0.

5
24

.4
38

68
5.

97
5

68
6.

41
0

29
.8

37
67

2.
75

9
67

3.
42

0
64

9.
39

2
0.

93
2

22
.8

35
67

7.
26

0
67

7.
64

5
65

5.
72

9
0.

93
1

1
0.

3
0.

7
20

.9
86

71
0.

00
8

71
0.

31
8

35
.8

36
70

1.
71

1
70

2.
62

6
68

3.
78

2
0.

93
3

14
.4

05
70

3.
19

5
70

3.
34

3
68

5.
00

9
0.

92
8

1
0.

6
0.

3
0.

79
3

45
8.

25
2

45
8.

25
3

−0
.8

23
47

9.
78

2
47

9.
78

3
49

0.
88

8
0.

95
6

0.
68

0
43

5.
08

4
43

5.
08

5
44

5.
07

1
0.

95
6

1
0.

6
0.

5
−1

7.
91

9
53

6.
53

3
53

6.
83

2
−1

9.
71

3
56

0.
27

8
56

0.
62

5
56

6.
15

9
0.

93
9

−1
8.

49
9

51
4.

16
9

51
4.

50
1

52
1.

04
7

0.
94

6

1
0.

6
0.

7
−1

7.
08

8
52

6.
25

4
52

6.
53

2
−1

3.
20

9
55

3.
73

7
55

3.
89

4
54

5.
97

4
0.

92
9

−1
5.

80
0

50
5.

71
9

50
5.

96
6

51
6.

21
9

0.
94

6

1
1.

0
0.

3
−1

7.
50

0
45

0.
74

0
45

1.
08

0
−1

7.
50

0
45

0.
74

0
45

1.
08

0
45

6.
36

7
0.

95
6

−1
2.

88
3

41
3.

69
8

41
3.

89
9

41
7.

69
7

0.
96

0

1
1.

0
0.

5
−1

1.
10

0
48

4.
33

6
48

4.
46

3
−1

1.
10

0
48

4.
33

6
48

4.
46

3
49

7.
63

8
0.

94
5

−1
6.

01
4

44
5.

98
1

44
6.

26
8

45
7.

36
5

0.
95

9

1
1.

0
0.

7
−1

3.
40

0
44

3.
30

2
44

3.
50

5
−1

3.
40

0
44

3.
30

2
44

3.
50

5
45

5.
08

3
0.

95
7

−1
0.

79
6

41
1.

69
7

41
1.

83
9

43
0.

60
1

0.
95

5

2
0.

3
0.

3
−2

4.
21

2
52

3.
87

7
52

4.
43

7
28

9.
56

1
50

3.
13

8
58

0.
51

1
49

7.
89

2
0.

88
1

−2
3.

85
4

50
9.

65
0

51
0.

20
8

49
8.

87
0

0.
93

4

2
0.

3
0.

5
−2

4.
45

0
61

8.
91

1
61

9.
39

3
50

3.
50

2
61

2.
36

1
79

2.
78

0
61

2.
97

6
0.

85
4

−1
8.

98
7

60
6.

85
0

60
7.

14
7

61
3.

80
8

0.
94

5

2
0.

3
0.

7
−1

4.
46

7
62

2.
93

3
62

3.
10

1
59

8.
47

0
67

8.
10

3
90

4.
42

8
66

6.
90

6
0.

85
6

−1
2.

68
4

61
4.

45
8

61
4.

58
8

61
9.

21
8

0.
93

9

2
0.

6
0.

3
−5

.6
20

44
7.

09
0

44
7.

12
5

15
3.

85
3

46
5.

54
2

49
0.

30
7

47
8.

63
4

0.
92

9
4.

35
8

42
2.

67
3

42
2.

69
5

43
5.

39
6

0.
94

6

2
0.

6
0.

5
0.

12
0

51
1.

50
4

51
1.

50
4

25
9.

43
5

54
0.

60
0

59
9.

62
9

55
4.

79
2

0.
92

6
1.

10
1

48
9.

88
8

48
9.

88
9

50
3.

87
1

0.
96

4

2
0.

6
0.

7
−3

.5
14

49
8.

03
6

49
8.

04
8

26
6.

24
8

54
2.

17
2

60
4.

01
8

54
9.

81
9

0.
93

0
−1

0.
18

1
46

9.
89

3
47

0.
00

4
48

8.
70

9
0.

95
5

2
1.

0
0.

3
21

.6
00

46
9.

16
3

46
9.

66
0

21
.6

00
46

9.
16

3
46

9.
66

0
45

4.
39

0
0.

94
2

21
.1

38
41

7.
59

7
41

8.
13

2
40

6.
46

1
0.

93
3

2
1.

0
0.

5
31

.4
00

50
1.

48
3

50
2.

46
5

31
.4

00
50

1.
48

3
50

2.
46

5
49

7.
45

9
0.

93
8

23
.5

07
45

5.
78

2
45

6.
38

8
45

1.
00

1
0.

94
3

2
1.

0
0.

7
6.

10
0

45
7.

32
0

45
7.

36
1

6.
10

0
45

7.
32

0
45

7.
36

1
45

5.
78

2
0.

95
4

15
.7

01
42

1.
12

1
42

1.
41

4
42

4.
77

1
0.

95
5

T
he

A
E

S
an

d
th

e
C

R
ar

e
no

tr
ep

or
te

d
fo

rt
he

L
ee

an
d

T
sa

i’s
es

tim
at

or
,s

in
ce

th
e

co
rr

es
po

nd
in

g
va

ri
an

ce
es

tim
at

or
ha

s
no

tb
ee

n
de

ve
lo

pe
d.

T
he

va
lu

es
of

B
ia

s,
St

d,
sq

rt
(M

SE
)

an
d

A
E

S
ha

ve
be

en
m

ul
tip

lie
d

by
10

,0
00

B
ia

s
th

e
em

pi
ri

ca
lb

ia
s,

St
d

th
e

em
pi

ri
ca

ls
ta

nd
ar

d
de

vi
at

io
n,

sq
rt

(M
SE

)
th

e
sq

ua
re

ro
ot

of
th

e
em

pi
ri

ca
lm

ea
n

sq
ua

re
d

er
ro

r,
A

E
S

th
e

av
er

ag
e

es
tim

at
ed

st
an

da
rd

de
vi

at
io

n,
C

R
th

e
em

pi
ri

ca
lc

ov
er

ag
e

ra
te

of
th

e
95

%
co

nfi
de

nc
e

in
te

rv
al

123



Semi-Markov model for dependent censoring
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Semi-Markov model for dependent censoring
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Fig. 2 Kaplan–Meier estimate and NPMLE

For the cases with λ = 1 when T was independent of U and the cases with θ = 1
when (X,Δ) was fully observed, the Kaplan–Meier estimator was nearly unbiased
and consistent and the corresponding 95 % confidence intervals provided reasonable
coverage rates; the proposed NPMLE and the Lee and Tsai’s estimator were also
nearly unbiased and consistent, and the coverage rate of the proposed 95 % confidence
intervals were close to the nominal level. Nevertheless, the proposed NPMLE had
smaller sqrt(MSE) than the Kaplan–Meier estimator.

For the cases with λ = 2 and θ < 1, the Kaplan–Meier estimator had larger bias
and appeared inconsistent, while the other two estimators performed well.

5.2 An example

We illustrate our method with the data from a clinical trial of lung cancer conducted by
the Eastern Cooperative Oncology Group, which was initially analyzed by Lagakos
and Williams (1978). The data were also used by Lee and Wolfe (1998) and Lee and
Tsai (2005) for the illustration of their methods. The complete data can be found in
Lee and Tsai (2005). The study consists of 61 patients with inoperable carcinoma of
the lung who were treated with the drug cyclophosphamide. Among the 61 patients,
28 patients experienced metastatic disease or a significant increase in the size of their
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Fig. 3 Lee and Tsai’s estimator and NPMLE

primary lesion, which are certain types of PD. In addition, Lee and Tsai (2005) did
a pseudo second stage sampling, in which they selected 10 of these 28 patients as a
random sample and pretended that the death time of the rest of the 18 patients were
unknown.

For illustration, we also pretended that these 18 patients’ death time were unknown.
We treated the 10 selected patients as if they did not leave the study while the rest of the
18 did. Figure 2 shows the NPMLE and its pointwise 95 % confidence intervals along
with the Kaplan–Meier estimator and its pointwise 95 % confidence intervals and the
empirical distribution based on the complete data. Figure 3 presents the NPMLE and
its pointwise 95 % confidence intervals along with the Lee and Tsai’s estimator and
the empirical distribution based on the complete data.

Figure 2 clearly shows that the Kaplan–Meier estimator is very different from the
empirical distribution, and far away from the other estimators. Figures 2 and 3 show
that both NPMLE and the Lee and Tsai’s estimator are very close to the empirical
distribution. The proposed pointwise 95 % confidence interval contains the Lee and
Tsai’s estimator and the empirical distribution.

6 Discussion

In oncology studies, in addition to the usual independent censoring, the censoring
caused by the PD is a certain type of dependent censoring. In this paper, we have
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adopted the semi-Markov model provided by Lee and Tsai (2005) with an additional
independent censoring and studied the NPMLE of the cause specific cumulative hazard
functions and the marginal survival function, where we have shown the asymptotic
normality of the NPMLE in the space of uniformly bounded functions and established
its asymptotic efficiency. We have also developed uniformly consistent estimators for
the covariance function based on the information operator.

A limitation of the model (1) is that it assumes that the risk of death after disease
progression only depends on the time since progression, but not the duration of the
progression. The limitation could be addressed by regression type models with the
inclusion of the time to progression as a covariate. It is of interest to develop diagnostic
methods for the model and to investigate regression type models in future studies.

Acknowledgments The research is supported by the National Natural Science Foundation of China
(11271081) and the Student Growth Fund Scholarship of School of Management, Fudan University.

Appendix

Preliminary

Lemmas 1 and 2 provide related Donsker properties.

Lemma 1 The classes {(x, δ) �→δI {x � t} : t � 0} and {(x, δ) �→δI {x � t} : t � 0}
are Donsker classes of functions on R+ × {0, 1}.

Proof Combining Lemma 2.6.15 and Lemma 2.6.18(iii, vi) of Vaart and Wellner
(1996), it can be shown that {(x, δ) �→ δI {x � t} : t � 0} and {(x, δ) �→ δI {x � t} :
t � 0} are VC-classes on R+ ×{0, 1}. By Theorem 2.6.8 of Vaart and Wellner (1996),
they are Donsker classes, where the measurability conditions could be verified via the
denseness of the rational numbers. 	


Lemma 2 Let η be a positive real number and Λ be a nondecreasing cadlag function

on [0, η]. The class
{
(x, δ) �→ ∫ t

0 δI {x � y} Λ(dy) : t ∈ [0, η]
}

is a Donsker class

of functions on R+ × {0, 1}.

Proof The result is easy to see by combining Example 2.6.21 and Example 2.10.8 of
Vaart and Wellner (1996). 	


Lemma 3 Let η be a positive real number and BV ([0, η]) be the space of all cadlag
functions defined on [0, η] whose total variation are bounded by 2. For any (F, G, H) ∈
BV ([0, η]) × BV ([0, η]) × BV ([0, η]) and any t ∈ [0, η], let

φ (F, G, H) [t] = F (t) G (t) −
∫

[0,t]
G (u) H (t − u) F (du) .
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For any F0, G0, H0 ∈ BV ([0, η]) , φ is Hadamard differentiable at (F0, G0, H0) with
derivative φ′(F0, G0, H0), where for any t ∈ [0, η],

φ′ (β0) [β] [t] = F0 (t) G (t) + F (t) G0 (t) −
∫

[0,t]
G0 (x) H0 (t − x) F (dx)

−
∫

[0,t]
G0 (x) H (t − x) F0 (dx) −

∫

[0,t]
G (x) H0 (t − x) F0 (dx) ,

where β = (F, G, H) and β0 = (F0, G0, H0).

Proof Let F0, G0, H0, F, G, H ∈ BV ([0, η]) , {(Fm, Gm, Hm) : m ∈ N} be a
sequence converging to (F, G, H) in BV ([0, η]) × BV ([0, η]) × BV ([0, η]) and
{hm : m ∈ N} be a sequence of real numbers converging to 0.

Denote β0 = (F0, G0, H0) and βm = β0 + hm(F, G, H).
Note that for any t ∈ [0, η] , φ(βm)[t] = φ(β0)[t] + hmΓm(t) + h2

mWm(t), where

Γm (t) = F0 (t) Gm (t) + Fm (t) G0 (t) −
∫

[0,t]
G0 (x) H0 (t − x) Fm (dx)

−
∫

[0,t]
G0 (x) Hm (t − x) F0 (dx) −

∫

[0,t]
Gm (x) H0 (t − x) F0 (dx) ,

Wm (t) = Fm (t) Gm (t) −
∫

[0,t]
H0 (t − x) Gm (x) Fm (dx)

−
∫

[0,t]
G0 (x) Hm (t − x) Fm (dx) −

∫

[0,t]
Gm (x) Hm (t − x) F0 (dx)

− hm

∫

[0,t]
Gm (x) Hm (t − x) Fm (dx) .

For any t ∈ [0, η], let

Γ0 (t) = F0 (t) G (t) + F (t) G0 (t) −
∫

[0,t]
G0 (x) H0 (t − x) F (dx)

−
∫

[0,t]
G0 (x) H (t − x) F0 (dx) −

∫

[0,t]
G (x) H0 (t − x) F0 (dx) .

Note that for any t ∈ [0, η] , |Wm(t)| � 28 + 8hm and

|Γm (t) − Γ0 (t)| � 6 sup
s∈[0,η]

|Fm (s) − F (s)| + 6 sup
s∈[0,η]

|Gm (s) − G (s)|
+ 4 sup

s∈[0,η]
|Hm (s) − H (s)| .

Hence, as m → ∞, supt∈[0,η] |Wm(t)| = O(1) and supt∈[0,η] |Γm(t)−Γ0(t)| = o(1).
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Therefore, φ is Hadamard differentiable at β0 and for any t ∈ [0, η],

φ′ (β0) [β] [t] = F0 (t) G (t) + F (t) G0 (t) −
∫

[0,t]
G0 (x) H0 (t − x) F (dx)

−
∫

[0,t]
G0 (x) H (t − x) F0 (dx) −

∫

[0,t]
G (x) H0 (t − x) F0 (dx) ,

where β = (F, G, H). 	


Proof of Theorems 1 to 3

For any (i, j) ∈ {(0, 1) , (0, 2) , (1, 2)} and any t � 0, define

M
(i, j)
n (t) = N

(i, j)
n (t) −

∫

[0,t]
Y

(i)
n (y) Λ

(i, j)
0 (dy) .

Proof Combining Theorem 2.10.6 of Vaart and Wellner (1996) with Lemmas 1 and
2, it can be shown that, as n → ∞,

n−1/2
(
M

(0,1)

n , M
(0,2)

n , M
(1,2)

n , Y
(0)

n − EY
(0)

n , Y
(1)

n − EY
(1)

n

)

weakly converges to a tight zero mean Gaussian process in


∞
5 ([0, τ ]) = 
∞ ([0, τ ]) × 
∞ ([0, τ ]) × 
∞ ([0, τ ]) × 
∞ ([0, τ ]) × 
∞ ([0, τ ]) .

Combining this with Lemma 3.9.17, Lemma 3.9.25, and Theorem 3.9.4 of Vaart and
Wellner (1996), for any (i, j) ∈ {(0, 1) , (0, 2) , (1, 2)},

sup
t∈[0,τ ]

∣
∣
∣
∣Λ̂

(i, j)
n (t) − Λ

(i, j)
0 (t) −

∫

[0,t]

(
L(i)

0 (y−)
)−1

n−1M
(i, j)
n (dy)

∣
∣
∣
∣ = op

(
n−1/2) ,

(10)

By the continuity and the linearity of the integral operator, as n → ∞,

n1/2
(
Λ̂(0,1)

n − Λ
(0,1)
0 , Λ̂(0,2)

n − Λ
(0,2)
0 , Λ̂(1,2)

n − Λ
(1,2)
0

)

weakly converges to a tight Gaussian process in 
∞
3 ([0, τ ]) with covariance function

U0.
By Lemma 3.9.30 and Theorem 3.9.4 of Vaart and Wellner (1996), as n → ∞,

n1/2
(
Ŝ(0,1)

n − S(0,1)
0 , Ŝ(0,2)

n − S(0,2)
0 , Ŝ(1,2)

n − S(1,2)
0

)

weakly converges to a tight Gaussian process in 
∞
3 ([0, τ ]) with covariance function

V0.
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Combining Lemma 3 with Theorem 3.9.4 of Vaart and Wellner (1996),

sup
t∈[0,τ ]

∣
∣
∣Ŝn (t) − S0 (t) − φ′ (β0)

[
β̂n − β0

]
[t]

∣
∣
∣ = op

(
n−1/2

)
,

where β0 =
(
S(0,1)

0 , S(0,2)
0 , S(1,2)

0

)
and β̂n =

(
Ŝ(0,1)

n , Ŝ(0,2)
n , Ŝ(1,2)

n

)
.

Therefore, as n → ∞, n1/2(Ŝn − S0) weakly converges to a tight zero mean
Gaussian process in 
∞ ([0, τ ]) with covariance function Ω0. 	


Proof of Theorems 4 and 5

Proof To obtain the efficiency, we will verify the conditions of Theorem VIII.3.2 and
Theorem VIII.3.3 of Andersen et al. (1993).

First, we verify the local asymptotic normality (LAN) Assumption (Assumption
VIII.3.1 of Andersen et al. 1993).

By the Taylor expansion, it is easy to show that for any h = (h(0,1), h(0,2), h(1,2)) ∈
H,

log Rn (h) = S(0,1)
n (h) + S(0,2)

n (h) + S(1,2)
n (h) − 1

2
‖h‖2

H
+ op (1) , (11)

where for any (i, j) ∈ {(0, 1) , (0, 2) , (1, 2)} and any h = (h(0,1), h(0,2), h(1,2)) ∈ H,

S(i, j)
n (h) = n−1/2

∫

[0,τ ]
h(i, j) (y)

(
1 − Λ

(i, j)
0 {y}

)−1
M

(i, j)
n (dy) .

Hence, for any m ∈ N
+ and any h1, . . . , hm ∈ H,

(log Rn (h1) , . . . , log Rn (hm))

weakly converges to a Gaussian random vector in R
m with mean

−1

2
(‖h1‖H , . . . , ‖hm‖H)

and covariance matrix

⎛

⎜
⎝

〈h1, h1〉H . . . 〈h1, hm〉H
...

. . .
...

〈hm, h1〉H · · · 〈hm, hm〉H

⎞

⎟
⎠ .

Next, we verify the Differentiability Assumption (Assumption VIII.3.2 of Andersen
et al. 1993).
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For any (i, j) ∈ {(0, 1) , (0, 2) , (1, 2)}, any h = (h(0,1), h(0,2), h(1,2)) ∈ H, any
t ∈ [0, τ ],

n1/2
(
Λ

(i, j)
n,h (t) − Λ

(i, j)
0 (t)

)
=

∫

[0,t]
h(i, j) (y) Λ

(i, j)
0 (dy) .

Note that, for any (i, j) ∈ {(0, 1) , (0, 2) , (1, 2)}, any h = (h(0,1), h(0,2), h(1,2)) ∈ H,
and any t ∈ [0, τ ],

∣
∣
∣
∣

∫

[0,t]
h(i, j) (y) Λ

(i, j)
0 (dy)

∣
∣
∣
∣ � ‖h‖H Λ

(i, j)
0 (τ )

(
L(i)

0 (τ−)
)−1

.

Hence, the Differentiability Assumption is verified.

Next, we show that
(
Λ̂

(0,1)
n , Λ̂

(0,2)
n , Λ̂

(1,2)
n

)
is regular.

Recall the weak convergence of the log-likelihood ratio log Rn (h). The continuity
follows from the Le Cam’s third Lemma and the weak convergence can be shown via
similar arguments in the previous subsection. Hence, the regularity follows.

It remains to check Equation (8.3.5) of Andersen et al. (1993) for each coordinate.
For any t ∈ [0, τ ], define

γ
(0,1)
t =

(
ϕ

(0,1)
t , 0, 0

)
, γ

(0,2)
t =

(
0, ϕ

(0,2)
t , 0

)
, γ

(1,2)
t =

(
0, 0, ϕ

(1,2)
t

)

where for any (i, j) ∈ {(0, 1) , (0, 2) , (1, 2)} and any s ∈ [0, τ ],

ϕ
(i, j)
t (s) = I {s � t} L(i)

0 (s−)−1
(

1 − Λ
(i, j)
0 {y}

)
.

By (10) and (11), for any (i, j) ∈ {(0, 1) , (0, 2) , (1, 2)} and any t ∈ [0, τ ],

Λ̂
(i, j)
n (t) − Λ

(i, j)
0 (t) − n−1/2

(

log Rn

(
γ

(i, j)
t

)
+ 1

2
‖h‖2

H

)

= op

(
n−1/2

)
.

Therefore, combining all the above results with Theorem VIII.3.2 and Theorem

VIII.3.3 of Andersen et al. (1993), it follows that
(
Λ̂

(0,1)
n , Λ̂

(0,2)
n , Λ̂

(1,2)
n

)
is asymp-

totically efficient.
Combining Theorem VIII.3.4 of Andersen et al. (1993) with Lemma 3, the effi-

ciency of Ŝn follows. 	
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