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Abstract.  We propose a fast algorithm for solving the 1-regularized minimization problem min ;o rn  kxkj + kAx bk%
for recovering sparse solutions to an undetermined system o f linear equations Ax = b. The algorithm is divided into two stages
that are performed repeatedly. In the rst stage a rst-orde r iterative method called \shrinkage" yields an estimate of  the
subset of components of x likely to be nonzero in an optimal solution. Restricting the decision variables x to this subset and
xing their signs at their current values reduces the  “1-norm kxkj to a linear function of x. The resulting subspace problem,
which involves the minimization of a smaller and smooth quad ratic function, is solved in the second phase. Our code FPC_AS
embeds this basic two-stage algorithm in a continuation (ho motopy) approach by assigning a decreasing sequence of valu es to

. This code exhibits state-of-the-art performance both int erms of its speed and its ability to recover sparse signals. | t can
even recover signals that are not as sparse as required by cur rent compressive sensing theory.
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1. Introduction. Frequently, the dominant information in an image or signal is much \sparser" than
the image or signal itself under a proper representation. The fundamental principal ofthe emerging tech-
nology of compressive sensingCS) is that a K -sparse signalx 2 R" can be recovered from relatively few
incomplete measurements= Ax for a carefully chosenA 2 R™ " by solving the "o-minimization problem

(1.1) min kxkg subject to Ax = b;
X2R"

where kxko := jfi;x; 6 0gj, K m  n (often K m n). Moreover, Candes, Romberg and Tao
[12, 13, 14], Donoho [21] and their colleagues have shown that, under some reasbieaconditions onx and
A, the sparsest solutionx of problem (1.1) can be found by solving the basis pursuit (BP) problem

1.2) ryiRn kxk; subjectto Ax = b:
X n

For more information on compressive sensing, see [21, 55, 60, 61, 52, 86, 38, 40, 39, 65].

Greedy algorithms have been proposed to recover the solutior of problem (1.1) when the data satisfy
certain conditions, such as, the restricted isometry property [14]. These algrithms include Orthogonal
Matching Pursuit (OMP) [42, 54], Stagewise OMP (StOMP) [22], CoSaMP [45] Subspace Pursuit (SP) [16],
and many other variants. These algorithms, by and large, involve soling a sequence of subspace optimization
problems of the form

(1.3) min kAT x7 bk3: subject to x; =0; 8i 62T;
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where T is an index set of the components ok. Starting from T = ; and x = 0, OMP iteratively adds to
T the index of the largest component of the current gradientg(x) of %kAx bk3 and solves (1.3) to obtain
a new point x. StOMP adds those indices (usually more than one) at each iteration that correspondo the
components ofg(x) whose magnitudes exceed a threshold. Rather than being a monotonically growing index
set as in OMP and StOMP, at each iteration of CoSaMP and SP the index sefT is a union of the indices
of the K most signi cant components of the current point x and the K most signi cant components of the
gradient g(x).

Closely related to the convex optimization problem (1.2) is the;-regularized minimization problem

(1.4) min - (x) = kxky + %kAx bk3;

where > 0. The theory for penalty functions implies that the solution of the quadratic penalty function
(1.4) goes to the solution of (1.2) as goes to zero. It has been shown in [66] that (1.2) is equivalent to
a ";-regularized problem of the form (1.4) for a suitable choice ob (which is di erent from the bin (1.4)).
Furthermore, if the measurements are contaminated with noise, i.e., b= Ax+ , or x is only approximately
sparse, namely, it contains a small number of components with magnitudes sigmiantly larger than those of
the remaining components which are not necessarily zero, then problem (1.4) is a m@rappropriate model
than (1.2). Another related problem is the LASSO problem, i.e.,

(1.5) min kAx  bk3 ;s.tikxky  t;
X2 R"

which is equivalent to (1.4) for an appropriate choice of the parametert.

Problems (1.2), (1.4) and (1.5) are all convex optimization problems. Mreover, (1.2) can easily be
transformed into a linear programming (LP) problem and (1.4) and (1.5) canbe transformed into quadratic
programming (QP) problems and these problems can be solved by standard LP and QP mlebds. However,
computational challenges arise from the following facts. First, real-wold applications are invariably large-
scale. For example, the decision variable corresponding to a 1024024 image has over a million variables.
Second,A is generally dense. Third, real-time or near real-time processing is required in soneapplications.
Consequently, algorithms requiring matrix decompositions or factorizatons are not practical. On the other
hand, the measurement matricesA that arise in applications often correspond to partial transform matrices
(e.g., discrete Fourier and cosine transforms), for which fast matrix-vecor multiplications (e.g., FFT and
DCT) are available. Moreover, the sparsity of the solutions presents a uniqueopportunity for achieving
relatively fast convergence with a rst-order method. These features make the developent of e cient
optimization algorithms for compressive sensing applications an interestig research area. Examples of such
algorithms include, shrinkage-based algorithms [28, 48, 19, 3, 23, 24, 134, 33, 63, 58, 49], the interior-point
algorithm *;_"5 [37], SPGL1 [59] for the LASSO problem, the spectral gradient projection methodGPSR
[29] and the xed-point continuation method FPC [34] for the ;-regularized problem (1.4), and the gradient
method in [46] for minimizing the more general functionJ (x) + H (x), where J is non-smooth,H is smooth,
and both are convex.

In this paper, we propose a two-stage algorithm for compressive sensing b on solving problem (1.4)
by combining the good features of both greedy algorithms and convex optimizatio approaches. While the
greedy algorithms (OMP and its variants) take advantage of the sparsit/ structure via minimizing a sequence
of subspace problems (1.3), they require some prior information, like the cardiality K of the sparse solution.
In contrast, the convex optimization approaches mentioned in the previous paragaph do not require any prior
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information, but do not fully use the sparsity of the solution. Hence, our basic idea $ to use some iterations
of a convex optimization approach to generate the working sefl for a subspace optimization problem similar
to (1.3). First, a rst-order method based on shrinkage is applied to obtain an approximate solution of (1.4)
and identify a working set. Then a second-order method is applied to solve a smooth pblem (subspace
optimization) de ned by the working set starting from the approximate solutio n. These two operations are
then repeated until the solution satis es approximate optimality conditions f or problem (1.4). Embedding
the basic two-stage algorithm in a continuation (homotopy) approach by assigning a decreasing sequence of
values to , our algorithm exhibits state-of-the-art performance both in terms of its speed and its ability
to recover sparse signals. In fact it can even recover signals that are not as spa as required by current
compressive sensing theory.

The purpose of shrinkage in our algorithm is two-fold, providing a good inital point and identifying
a new working set for subspace optimization. Although subspace optimization is useth GPSR [29] and
FPC [34], it is performed only once by these algorithms as a post-processingtep (and referred to as de-
biasing). Our method is also signi cantly di erent from the greedy algorithms m entioned earlier in terms
of the formulation of the subspace optimization problem and the way the workingset T for that problem is
chosen at each iteration using no prior information about the sparsity of he solution.

The rest of this paper is organized as follows. In section 2, we introduce anbatract framework for our
two-stage algorithm. In section 3, we discuss the shrinkage phase, a nonmomte line search method and
an exact line search method. In section 4, we state the formulation of the sulpgce optimization problem,
present criteria for starting the subspace optimization phase and discuss methods ffachoosing the active
set. Our continuation strategy is described in section 5 and the complete algottm is presented in section
6. Finally, numerical results on an extensive collection of problems arisingn compressive sensing, including
several very challenging \pathological" problems, are presented in section 7 to deanstrate the robustness
and e ciency of our algorithm.

2. Overview of the algorithm. Our primary goal is to obtain a solution of the ~g-minimization
problem (1.1) by solving the ";-regularized problem (1.4) using an active set method. Active set methods
have been extensively studied in nonlinear programming. Compared with interior pint methods, active set
methods are more robust and better able to take advantage of warm starts47, 51]. Our active set algorithm
works as follows: a rst-order method is used to de ne an active set, and then a secondrder method is used
to explore a subspace problem based on this active set. These two operations areriated until convergence
criteria are satis ed. Examples of other active set methods that follow this framework include those in which
gradient projection and conjugate gradient methods are combined to solve problemsithh bound constraints
or linear constraints [44, 7, 43, 8, 31] and those that combine linear and quadtic programming approaches
to solve general nonlinear programming problems [9, 10]. In our approach, shririge is used to identify an
active set in the rst stage and a smooth subproblem, which is much easier to hand, is formulated and
solved in the second stage. We brie y describe the motivation underlying our approde and introduce an
abstract form of our algorithm in this section.

For convenience of notation let
1 2
f(x):= EkAx bk and g(x):=r f(x):

For x;y 2 R", let x y denote the component-wise product oix andy, i.e., (X y)i = Xjy;. Giveny 2 R"
3



and 2 R, shrinkage is de ned as

(2.1) S(y; ):=sgn(y) maxfiyj ; 0g;

which is the unique minimizer of the function kxk; + %kx yk3. Given a point x¥, our iterative shrinkage
procedure generates a new point

(22) Xk+l =S Xk g k; :

where g¢ := g(x¥) and > 0. The iteration (2.2) has been independently proposed by di erent groups of
researchers in various contexts [3, 19, 23, 24, 28, 34, 48]. One appealirgature, which has been proved
in [34], is that it yields the support and the signs of the optimal solution x of (1.4) in a nite number of
iterations under suitable conditions; that is, there exists a numberk such that sgnx¥)  sgn(x ) (following
the convention sgn(0) = 0) for all k k. Convergence of (2.2) under suitable conditions on and the Hessian

r 2f has been studied in [15, 18, 34]. The locaj-linear convergence proved in [34] depends on properties of
the reduced Hessian of (x) restricted to the support of x . Various modi cations and enhancements have
been applied to (2.2), which has also been generalized to certain other nonsmooth funghs; see [25, 6, 29, 63].

The rst stage of our approach is based on the iterative shrinkage scheme (2). Once a \good" approx-
imate solution x¥ of the *;-regularized problem (1.4) is obtained from (2.2), the set of indices corresponding
to the zero and nearly zero components ok* (i.e., jxkj X, where * 2 (0;1)), is selected as a working set.
In the second stage, a subspace optimization problem is formed by xing the componeatin this working
set to zero and approximating the “;-norm kxk; by a smooth function. For several possibilities, see [26]. In
this paper, we simply use a linear approximationc” x, where the components of the xed vectorc are taken
as the signs of the components ok¥ sincejxij = sgn(x;)x;. Simple bound constraints can be imposed so
that ¢;x; 0. The choice of a practical termination criteria to judge whether the solution obtained from
shrinkage is \good" enough is critical, since the estimate in [34] of the stepseeded to identify the support
and the signs of the nonzero components of depends on the exact solutionx which is unknown. We will
present some e ective rules and explain the motivation underlying them in Section 4.

Instead of solving problem (1.4) directly from scratch, we use a continuatio (homotopy) procedure to
solve a sequence of problembx , :=argminy,rn ,(X)g, Where o > 1 > >, using the solution
(or approximate solution) x . as the initial estimate of the solution to the next problem. It has been
shown empirically in [32] that using the basic shrinkage scheme (2.2) to obia eachx , in a continuation
strategy is far superior to applying the basic shrinkage scheme to (1.4) dectly. Experiments in [59, 63]
have further con rmed the e ectiveness of continuation. Therefore, we embed our two-stag algorithm in a
continuation procedure. Allowing the parameter to be chosen dynamically and incorprating a line search
in each shrinkage step results in the following abstract algorithm, Algaithm 1.

We note that shrinkage provides a strategy similar to those used by greedy aliyithms to select the setT
based on information aboutx and the gradient g(x) in problem (1.4). This connection is most obvious if we
look at a shrinkage step right after greedy algorithms perform the subspacemimization step (1.3). Assume
that xk* is generated by subspace optimization (1.3) with an index seff. The optimality conditions for
(1.3) are A%, (Ar«xXl  b) = 0, which implies that the gradient g** = (O;gi_t)? Substituting g¢* and
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Algorithm 1 : An Abstract Active Set Algorithm

Initialization: Choosex?, .

for k=0;1, until convergence do
s1 Shrinkage phaseSelect a parameter ¥ and compute a directiond S (xk kgt | k) xk.
Do a line search to obtain a step size , and set the new pointxk*1  xX+ | dX.
s2 if certain conditions are met then

L Sub-optimization: Determine an active set based uporx*! .

xk+t the solution of the subspace optimization problem over the active set.

| Compute k41

xk* = (X-kr+k ;0)> into the shrinkage operator, we obtain

8

< k+ LK+ . . . K.
(2.3) XK =g gkt gkee o sgnix; ) max(jxij o« 0); if i 2 T;

sgn(gFymax(jo Kt ki 0); ifi2TC

Hence, shrinkage selects indices corresponding to components in the previous working set TX whose
magnitudes are larger than the threshold y and indices corresponding to components of the gradient in
the complement of TX whose magnitudes are larger than , .

3. The shrinkage phase. We now describe the rst stage of our algorithm. In the xed point method
in [32], the parameter in (2.2) is xed so that the xed-point iteration is a contraction at every it eration.
Since a bad value of usually slows down the rate of convergence, we choose dynamically to improve
the performance of shrinkage. We also incorporate a line search scheme to gaatee global convergence.
The theoretical properties of our algorithm, including global convergence,R-linear convergence and the
identi cation of the active set after a nite number of steps are studied in a companion paper [62].

Our line search scheme is based on properties of the search direction determined by sikage (2.1) and
(2.2). Let d* := d( )(x¥) denote this direction, i.e.,

(3.1) d ()= x" x5 x*=S(x g )

forx 2 R", > 0and > 0. Since shrinkage (2.1) is the solution of the non-smooth unconstrained
minimization problem minyore kxkg + %kx yk3, and the latter is equivalent to the smooth constrained
problem

min %kx yks+ ; subjectto (x; )2 = f(x; )jkxky g
we can obtain from the optimality conditions for latter problem that
(3.2) (St ) X7y S(x N+ ( kS (x; )k)) O

forall x 2 R"and (y; )2 and > 0 [62]. Substituting x g for x, x for y and kxk; for and setting
= in (3.2), we obtain

(Sx g ) (x g)(x S(x g N+ (kxki kS (x g; ki) O
5



which gives
> + 1 2.
(3.3) g d+ (kx"ky k xki) —kdks;

after rearranging terms. An alternative derivation of (3.3) is given in Lemma 2.1 in [57].

We can also reformulate (1.4) as
(3.4) minf (x)+ ; subjectto(x; )2 ;
whose rst-order optimality conditions for a stationary point x are
(3.5) rf(x)x x)+ ( kxk) O foral(x; )2 ;

since = kx k;. Hence, d“ is similar to a gradient projection direction for solving (3.4), and should
have many properties of the latter. In particular, it has been shown in [57, €] that for any x 2 R" and
0< < 1,

(3.6) dJ)(x)=0

if and only if X is a stationary point for (1.4).

Since in our method is not chosen to ensure contraction, a backtracking line search is necessary
to guarantee global convergence. Consequently, at each iteration, we compute the riepoint as xk*1 =
x¥+ d¢ where = "and 0< < 1 are constants andh is the smallest integer that satis es the
Armijo-like condition

(3.7) x+ "d) ce+ Nk
Here Cy is a reference value with respect to the previous values °; ; g, and
(3.8) Koz (g d+ kx*ky  kxfky O

From (3.3) and the convexity of the “;-norm, it is easy to show that there exists a (backtracking) step size
that satis es (3.7) with CK = (xX). Such a line search method is monotone since (x**') < (x¥).
Instead of using it, we use a nonmonotone line search method based on a strategyopiosed in [67] (see
algorithm \NMLS" (Algorithm 2)). In this method, the reference value Cy in the Armijo-like condition
(3.7) is taken as a convex combination of the previous value o€, ; and the function value  (x¥), and as
the iterations proceed the weight onCy is increased. For further information on nonmonotone line search
methods, see [17, 30, 53].

In [62], we show that there exists a step size satisfying the Armijo-likecondition (3.7) for Cx generated in
Algorithm \NMLS". Therefore, every iteration of algorithm \NMLS" is well  de ned. From that algorithm,
we have

(3.9) (x*1) Ck Ci 1 Co= (xX%:

We also prove that Algorithm \NMLS" converges. Speci cally, let L be the level setL := fx 2 R":  (x)
6



Algorithm 2 : Nonmonotone Line Search Algorithm (NMLS)

Initialization: Choose a starting guesx®, and parameters 0< < 1,0< < 1, and

0< m< m<1.SetCo= (x%,Qp=1,and k=0.

while \not converge" do
Computing a search directionChoose a koL Setdk = S(xk kgt k) xk.
Selecting a step sizeSetx**! = x* + d, where = M and hy is the smallest integer such
that ¢ satis es the non-monotone Armijo-like condition (3.7).
Update: SetQus1 = Qr+1, Crs1 =( QuCrk+  (X**1))=Qs1. Setk k+1

(x%) g and € be the set of points ofx 2 R" whose distance toL is at most sup, kd“k < 1 . Assuming that
f (x) is bounded from below onl€ and r f is Lipschitz continuous on I€, we prove that the sequence x¥g is
globally convergent in the sense that lim,; kd“k = 0. It is also proved that the sequencefxXg is at least
R-linearly convergent under some mild assumptions.

We now specify a strategy, which is based on the Barzilai-Borwein method (BB [2], for choosing the
parameter X. The shrinkage iteration (2.2) rst takes a gradient descent step with step sze * along the
negative gradient direction g¢ of the smooth function f (x), and then applies the shrink operator S( ; ) to
accommodate the nonsmooth termkxki. Hence, it is natural to choose ¥ based on the functionf (x) alone.
Let

The BB step is de ned so that it corresponds to premultiplying the negative gradient by a multiple of identity
that has a quasi-Newton property; speci cally,

(3.10) I Coll M - S Collo I

(Sk 1)> yk 1 (yk 1)> yk 1°
To avoid the parameter being either too small or too large, we take

(3.11) K=maxf m;minf ¥BB 1 Lggor X =maxf n;minf “BB 2. \ gg

where 0< m < 1 are xed parameters. We should point out that the idea of using the BB step
in compressive sensing has also appeared in [64, 35]. However, Algorithm NMiLS" only requires that ¥ be
bounded and other strategies could easily be adopted.

3.1. An exact line search.  An exact line search is possible if () is a piecewise quadratic function.
We want to solve

(3.12) min (x+ d):

kx + d kq + }kA(x+ d) bk3:
2[0:1] 2

1
kc+ d ks + e 2+ + 03

where ¢; = kAdk3, c; = (Ad)” (Ax b) and c3 = kAx k3. The break points of (x+ d)aref | =
xi=d;di 60;i=1; ;ng. Since 2 [0;1], we select those ; 2 [0; 1] and sort these points together with
7



0 and 1 as

(3.13) ©=0< @< < ( p<l= (y
For each interval [ (1); (+1y]for1=0; ; the function (x+ d)is a smooth quadratic function of
Let the minimizer of the function determined by the interval [ (y; (1+1)] be denoted by (). Then () is

the optimal solution of (3.12) if (y 2 [ (); @+ ]. Hence, we only have to search each interval to obtain
the optimal solution of (3.12). This algorithm is outlined in Algorit hm 3.

Algorithm 3 : An exact line search algorithm for solving (3.12)

Initialization: Compute ¢; = kAdk3, ¢; = (Ad)” (Ax  b). Compute ; = x;=d for d; 6 0 and sort
the ; such that (3.13) is satis ed.
for i = ; ;1do

Computex':x+ (i 1)dandx“:x+ (i)d
Setl'=fi:xj p0andx{ pOgandl"="fi:xj Oandx! 0g

Compute = ( ;5 v 0 g1 di)and = (c+ )=q.
if a0 iy then return  and exit the loop.
Return =  suchthati =argmin=;. - (x+ d).

In our algorithm, we perform an exact line search if the Armijo-like condition (3.7) is not satis ed with
a unit step size, but we still update the parametersQg.+; and Cy.1 for the next iteration. Such a hybrid
method works well in practice.

4. The subspace optimization phase. We begin by introducing some notation. The active set is
denoted by A(x) and the inactive set (or support) is denoted by | (x), i.e.,

(4.2) AX):=fi2fl, ;ngjjxjj=0gandl (x):=fi2fl, ;ngjjxij> 0g:
The active set is further subdivided into two sets
(4.2) A (x)=Tfi2AX)jjg(x)i< gandAo(x):= fi 2A(X)jjg(x)] o

If x is an optimal solution of (1.4) andi 2 Ay(x ), then jg(x )j = . The problem (1.4) is said to be
degenerateat x if Ag(x ) 8 ;. The components ofx in Ag(x) are called degenerate while those i (x )
are called nondegenerate.

We now show that the iterative shrinkage scheme (2.2) essentially reduces to aragient projection
method for solving a subspace minimization problem after su ciently many iterations. Suppose thatf (x)
is a twice di erentiable convex function and the eigenvalues of its Hessian are uformly bounded. Let X
be the set of optimal solutions of (1.4). It has been shown in [34] that thereexists a vector

8

5: : maxfx; :x2 X g> 0;
4.3) gi§:+ : minfxj : x2 X g< 0;

2[ ; 1, otherwise;
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suchthatg(x ) g forall x 2 X andX isincluded in the orthant
=fx2R": sgn(g)x; 0;i2fl, ;ngg

where sgri (t) = 1if t 0 and sgrf (t) = 1, otherwise. Assume thatxX is generated by the iterative
shrinkage scheme (2.2) with

(4.4) k2 (0;2= max);

where max := maximum eigenvalue of r 2f (x) < 1 . Then the support and the sign of the optimal solution

can be identi ed after a nite number of steps, i.e., x =0for i 2A (x )andsgnx¥ *g“)=sgn(x; *g)

fori 2 T := 1(x)[A o(x) for k large enough [34]. Let ; be the subset of  with respect to the

index setT and P _ be the orthogonal projection onto ;. Consequently, fork large enough, the iterative
shrinkage scheme (2.2) e ectively works only onl and can be shown to equal the gradient projection method
Xk =P (xk  kr (x¥)) for solving the subspace minimization problem

(4.5) n"!(in (X):= (gr)” x1 + f(X); subjecttoxr 2 ;andx; =0;8 2A (x):

Our subspace optimization approach is partially motivated by our belief that a second-order type method
might be faster than the iterative shrinkage scheme for solving (4.5).Although ¥ generated by Algorithm
\NMLS" might not satisfy (4.4), shrinkage is still able to identify t he nondegenerate component& (x )
after a nite number of steps under mild conditions [62]. When A(xX) is a good estimate of the true
active set A(x ), we de ne subspace optimization as follows. Sincgx;j = sgn(x;)xi, sgn;) = ¢ and
sgn(x;) = sgn(g ) fori 21 (x ), we approximate sgnf; ) by sgn(x¥) and replace (x) in (4.5) by a smooth
function

(4.6) Co(x)i= 0 sgn(Ee)T Xk + F(X):

We require that each x; either has the same sign axk or is zero, i.e.,x is required to be in the set
(4.7) (x¥):= x2R":sgnik)x; 0;i 21 (xX)and x; =0;i 2 A(x¥)

Therefore, our subspace optimization problem is

(4.8) min' (x) s.t. x 2 ( xX);

which can be solved by a limited-memory quasi-Newton method for problems withsimple bound constraints
(L-BFGS-B) [68]. In our implementations, we also consider subspace optimizatio without the bound con-
straints, i.e.,
(4.9) min ' (x); st x; =0;8i 2 A (x¥):

X n
This is essentially an unconstrained minimization problem which can be solvedya linear conjugate gradient
method or a limited-memory quasi-Newton method.

We switch to the subspace optimization phase if for some xed constants > 0 and ; 4 2 (0; 1) either
9



one of the two conditions

K 1ok

kg| (Xk)k . Ky: k
(4.10) k(" Dk, > and k(a(X)j )i xya oxyKa g max(kxk; 1)
(4.11) et max( S D)

is satis ed during the shrinkage phase. The justi cation for tests (4.10) and (4.11) is based on the convergence
properties of Algorithm \NMLS". On the one hand, we want to start subspace optimization as soon as
possible; on the other hand, we want the active set that de nes the subspace optimizatiorproblem to be
as accurate as possible. If there is at least one nonzero componentxn, then kg, k sincejg;j = for
i 21 from the optimality conditions. Suppose the sequencédx*g generated by the rst stage converges to an
optimal solution x of (1.4); then g(x¥) convergesg(x ) and kd¢ “)(x¥)k, converges to zero from (3.6). Hence,
the quantity * 1kg,‘<(xk)(xk)k:kd( “ M (xk 1)k, converges to in nity and the rst part of condition (4.10) will
be satis ed after a nite number of iterations. However, the quantity K 1kg|k(xk)(xk)k=kd( “ D (xK Yk,
cannot tell us whether the current point x* is nearly optimal or not. Hence, we also check the second
condition in (4.10) in which k(jg(x*)j ), (x")[A o(xx)K1 s @ measure of optimality (see subsection 4.1). If it
happens that the shrinkage phase converges slowly and cannot make su cient progresdtar a large number
of iterations, the relative change of the objective function value between twoconsecutive iterations usually
will be small. Hence, satisfaction of condition (4.11) indicates that Algaithm \NMLS" is stagnating.
Suppose subspace optimization starts from the poinixk. Clearly, ' (x¥) = (x¥) from the de nition
of ' (x). We denote the (approximate) solution of the subspace optimization problem (48) by xk*! . Since
subspace optimization will not cause a zero component i (x*) to become nonzero and (xk*1) | (xX),
it follows that

e E AT L e H e B LD I o O R Ot

Hence, if we use a decent method to solve (4.8xk*! will satisfy ' (xk*1) ' (x¥), and we can guarantee
that there exists at least a sub-sequence generated by the abstract Algorithm 1 that corerges. We terminate
subspace optimization if the norm of the projected gradientP «(r ' (x<*1)) is small or the relative change
of the objective function value between two consecutive iterations is small.

If the active sets provided to two subspace optimizations are identical, we refeto this as acycle. Itis
hard to detect a cycle in practice unless we store all of the support sets that have beesupplied to subspace
optimization. However, it is easy to check if there is a cycle between two consecutvsubspace optimizations.
In such a case, we do not start a second subspace optimization and continue doing thierative shrinkage.

4.1. ldenti cation of the active set and measures of optimality. The e ciency of our active
set algorithm depends how fast and how well the active set is identi ed. Assume that thesequencef xXg
converges tox . Then there exists a nite number k > 0 so that for all k > k, sgn(xX) = sgn(x; ) for all
i21 (x )andjxKj< foralli2 A(x),if0< < minfjx;j;8 21 (x )g. The true nonzero components that
are not too small in magnitude can easily be identi ed. However, the true zero compnents may be nonzero
after many iterations in practice. Hence, the size of the subspace optimization proleim which equals the size
of the support | (x¥) can be quite large. One approach is to replace the active seh(x¥) and the support
I (x¥) by the sets

(4.12) AN, )= fi2fL ngjix’) kg 1 (XK k)= fi2f1 ngjixi> kg
10



where | > 0.

The threshold ¢ in (4.12) can be simply set to a number , that is approximately equal to the machine
accuracy. We now present some criteria for checking optimality which can also ® used to choose the value
of . Let A(x*; ) be divided into two sets

(4.13) A (XN )= fi2A Wiigi< gandAg(x ;5 W)= fi2AXS Wiig o
Then the value
(4.14) 50 ) = KAET Dk o sk oK

is a measure of the violation of the rst-order optimality conditions (4.3), since (x ;; 0) = O follows

from the fact that jg;j = fori 2 Ao(x ;; 0). Suppose thatx satises (4.3). Then the complementary
conditions x; (jg; ] )=0;8 2f1, ;ngalso have to be satis ed. Hence,
(4.15) K= (g )k

provides a measure of the violation of the complementary conditions at the poinxX.

To calculate i, we use an identi cation functions

q__
(4.16) X% )= (XK )+ K

proposed in [27] for nonlinear programming that is based on the amount that thecurrent iterate x* violates
the optimality conditions for (1.4). Speci cally, we set the threshold  initially to o = n, and then update
it as

(4.17) ker =min max o (X0 W) m (kx¥tke=n ;

where 0< , < 1. Note that, inequality +1 k x¥**ky=n ensure thatl (x**1; 1) 6 ;.

Since the cardinality of the estimate of the support jl (x¥; )j can be greater thanm, we check if
il (xX; «)j m before doing subspace optimization. Ifl (x*; ¢)j>m, we set | to be jx(y j and recalculate
the set! (x¥; ), where X(y Iis the component ofxk with the -th largest magnitude and 1 m.

5. The continuation (homotopy) strategy. A continuation (homotopy) procedure sets up an easy
problem and gradually transforms it into the original one, creating a path of lutions that converges to the
solution of the original problem. Solving the intermediate problems usually ischeaper and this path often
provides a good initial point for solving the original problem. Hence, the perbrmance of the basic iterative
shrinkage iteration (2.2) can be improved by this strategy. However, weonly follow this path inexactly due
to the computational cost.

We now describe in detail our method for updating . First, we check whether the zero vectorO
satis es the rst-order optimality conditions (4.3) or not. If the inequality kg(0)k; holds, the zero
vector is a stationary point. Otherwise, the initial ¢ is chosen to be 1kg(0)k; , where 0< ; < 1. For
each intermediate value of , our algorithm needs only to compute x( ) approximately before decreasing

. Speci cally, at the end of iteration k, the next parameter .1 is set to a value smaller than | if for
11



« 2 (0;1) the point x* satis es the scaled condition
(5.1) (5 k) x max(kxko; 1)

which implies that x* is a good estimate of the solution of the problem migorn  (x). If x¥ is a solution
to the subspace optimization problem, we update y.+; even if the condition (5.1) does not hold. A heuristic
strategy for this update is to set

k+1 = 1KOa(xk: . K1 s

since by (4.3) the norm kga (x«)ki converges to a number less than or equal to as xX converges to a
stationary point x . A xed fractional reduction of | is also enforced to make sure that continuation will
terminate after a nite number of steps. Since the parameter should not be less than , we use in our
algorithm the updating formula

(5.2 k+1 =max( 1 min(Kga «xx: . Kt i k) )

6. The complete algorithm and default parameter values. The complete pseudo-code for our
algorithm FPC.AS ( xed-point continuation active set) is presented in Algorithm 4 below. FPCAS uses
around a dozen parameters, the values of only a few of which are critical to its carergence and performance.
The threshold ,, =10 9 is used to calculate , in (4.12). The index for the hard truncation is = m=2.
It is generally ne to use these default values for , and for most CS problems. However, in order to
improve the performance of FPCAS on relatively easy CS problems, one can let,, be as large as one
thousandth of the smallest magnitude of the nonzero entries of the solution and beslightly more than the
number of nonzeros in the solution if the quantities or their approximate valuesare known. The values of
parameters related to the activation of subspace optimization are also crital to the performance of FPCAS.
We found that FPCAS is generally e cient with the values =10 and , = 10. The factor to reduce the
weight ¢ in continuation is 3 = 0:1. The following parameter values are important but less critical. The
parameter values for the nonmonotone line search, =0:85and =10 3, are taken from [67]. The maximal
and minimal values of the step size for shrinkage are set to,, = 10 4 and \ = 103, respectively. The
termination rules are (x**1:; ) or (xX**1:: « max(kx**1 k;1). The second inequality is
especially useful when the magnitude of the solution is large. Default values for, ; 4 are 10 ¢, 10 12
and 10 8, respectively, for noiseless data. We also terminat&PC_AS if the relative change of the objective
function value between two consecutive iterations corresponding to the nal is smaller than ¢ =10 2°.

7. Numerical Results. In order to demonstrate the e ectiveness of the active-set algorithmFPC_AS
(version 1.1), we tested it on three di erent sets of problems and compared it wih the state-of-the-art codes
FPC (version 2.0) [34], spgbp in the software packageSPGL1 (version 1.5) [4], and CPLEX [36] with a
MATLAB interface [1].

In subsection 7.1, we comparé-PC_ASto FPC, spgbp, and CPLEX for solving the basis pursuit problem
(1.2) on a set of \pathological" problems with large dynamic ranges. We noe that we are able to solve these
problems using CPLEX because they are \small". Three CPLEX solvers are testedthey include the primal
simplex method cplexpp, the dual simplex method cplexdp, and the barrier method cplexip, all of which
were applied to a linear programming formulation of (1.2). In subsection 72, FPC.AS is compared tospgbp
on various types of synthetic compressive sensing problemsFPC and CPLEX are not included in this

12



Algorithm 4 : FPC.AS Algorithm

S1

S2
S3

S4

S5
S6

S7

S8

Initialization: Set > 0. Choosex?® and set parameters < ,, < y <1,0< < 1, >0,
;x5 f59>0, >1,0< < 1,0< ;<1, ,>1,1 m. Setlgp = ;. Set o= 1kg(O)ky .
SetCo=  (x%9,Qo=1,and o= n.

for k=0;1; do

begin n n 00
(Sk 1)> sk 1

Compute a step size for shrinkag€et K =max  ,;min FOsyr i M

Compute a search direction by shrinkagget xk*1 = S(xk  Kg¢;  ¥)and dk = xk*1  xk,
Do a line searchCompute = (gf)> d“ + | (kx**1k; k x¥k;) and set | = 1.
if (xX**)>Cyx+  Xthen
L Compute  =argmin ,ig.q; Kkkx*+ d*ky+ f(x+ d*)orselect | satisfying the
non-monotone Armijo conditions (3.7).
Setxk*t = xk+ | d¥
SetQus1 = Qi +1, Crsx =( QCr+  (X*™))=Qusz.
Compute measures of optimality:
Calculate the setsl (x**1; ) and A(x¥*1; ) by (4.12). Update the threshold .1 by
(4.17).
it (xKr ) or (x**1:: )y max(kx**1 k; 1) then return the solution
Check rules for doing subspace optimization:
if 1sp=1(xk*1; ) then
| setdosub="false"

k k+1

ok
else if 'éxil;'k) > and (X1 k) gmax(kxk*1k; 1) then
| setdosub="true". Set = , .

i k+l k
else if L ! ¢ then setdo.sub=" true".

k
A c kLG
max(j ki <0t
else setdo_sub=" false".

end
Do Sub-optimization:
if \do-sub" = \true" then

if jl (x**1; ¢)j>m then do hard truncation:

Set « = jx{;*] and recalculate the setl (x***; ), where x{;* is the component with
the -th largest magnitude of x**1.

Setlgp = 1 (X**1; ).

Solve the subspace optimization problem (4.9) or (4.8) to obtain a solutiorx**1 .
it (Y ) or (x*1;: ) xmax(kx¥*1k;1) then return the solution
Do continuation:
it (XY k) x max(kxK*ttk; 1) or \do-sub" = \true") and ¢ > then

Compute k+1 =max( 1 min(kga (xx+ ;. Hki 5 «); ). Set = .
B Set Cy4+1 = (Xk+1), Q+1 = 1.
else Set k41 = «.

comparison because they take too long to solve all problems. In subsection 7.BPCAS is compared to
spgbp and FPC on the problem of recovering real medical images. It is important to point outthat these
comparisons are not meant to be a rigorous assessment of the performancettoé solvers tested, as this would
require very careful handling of subtle details such as parameter tuning and comparablestmination criteria,

and would be outside the scope of this paper. In addition, a comparison can quitk be out of date since
the solvers are continuously improved. The purpose of these comparisons is to demstrate that FPCAS is

a practical solver for compressive sensing problems.
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Our comparison used three di erent versions of FPC.AS: FPC AS_CG { the default version that uses
the linear conjugate gradient method (CG) to solve the unconstrained subspace optinziation problem (4.9),
FPC.AS_LB { which uses the limited-memory quasi-Newton method (L-BFGS) to solve (4.9),FPC.AS BD {
which uses L-BFGS-B [68] through the MATLAB wrapper [50] to solve the bound congrained subspace
optimization problem (4.8). The default storage number, an important parameter of L-BFGS and L-BFGS-
B, is set to 5 and the maximum number of iterations for each call is 50. Other ctiical parameters of all
solvers are reported in each subsection because they vary with the type of prodain. We note however, that
all of our numerical results for FPC_AS were obtained with all parameters set at their default values except
for , and . The main parts of FPCAS , FPC, and spgbp were written in MATLAB, and all tests
described in this section were performed on a Dell Precision 670 workstatowith an Intel Xeon 3.4GHZ
CPU and 6GB of RAM running Linux (2.6.9) and MATLAB 7.3.0.

We measured performance by CPU time, relative error, the ;-norm of the recovered solution, the™ ;-
norm of the residual, the number of matrix-vector products, as well as the di erence beween the number of
nonzeros in the recovered and exact solutions. In the tables in this section, \CPU" denas CPU seconds,
\rel.err" denotes the relative error between the recovered solutionx and the exact sparsest solutionx, i.e.,
rel.err = kixlfk, kxk; denotes the ;-norm of the recovered solutionx, krk, := kAx bk denotes thel,-norm
of the residual, and nMat denotes the total number matrix-vector products involving A or A>. We also use
\nnzx" to denote the number of nonzeros in x which we estimate (as in [5]) by the minimum cardinality of

a subset of the components ok that account for 99:5% of kxky, i.e.,

C ) - )
(7.2) nnzx:=min j j: jXij > 0:99%xk; =min k: Xyl 0:99%xk;
i2 i=0
where x(;) is the i-th largest element of x in magnitude, i.e., jXq)] J X(mJ. This measure is used

because solvers often return solutions with the tiny but nonzero entries that can beegarded as zero. In
order to compare the supports ofx and x, we rst remove tiny entries of x by setting all of its entries with a
magnitude smaller than G1jxy,]j to zero, wherex,, is the smallest entry ofx in magnitude, and then compute
the quantities \sgn", \miss" and \over", where \sgn":= jfi;Xx;x; < Ogj denotes the number of corresponding
entries of x and x that are both nonzero but have opposite signs, \miss" :=jfi;x; = 0;x; 6 0gj denotes
the number of zero entries inx with a corresponding nonzero entry inx, and \over":= jfi;x; 6 0;x; =0gj
denotes the number of nonzero entries inx with a corresponding zero entry inx. If x matchesx in term of
support and sign, the values of \sgn", \miss" and \over" should all be zero.

7.1. Recoverability for some \pathological" problems. In order to demonstrate the robustness of
FPC.AS we tested it on a set of small-scale, \pathological" problems. Only the perfornance of FPC AS.CG
is reported because=PC AS LB and FPC AS BD performed similarly. The rst test set includes four prob-
lems CaltechTestl, CaltechTest2, CaltechTest3 and CaltechTest4 [11], whitare \pathological" because the
magnitudes of the nonzero entries of the exact solution lie in a large range, i.e., the largest magnitudes
are signi cantly larger than the smallest magnitudes. The characteristics ofthese problems are summarized
in Table 7.1, in which the last column gives the distinct orders of magnitudesO; of the nonzeros entries in
X, as well as the number of elementdN; of x that are of order of magnitude O; in the form of (O;; N;) pairs.
For example, for the problem CaltechTest3, \(10 *;31); (10 °;1)" means that there are thirty-one entries
in x with a magnitude of 10 ! and one entry with a magnitude of 10 6. Such \pathological" problems
are exaggerations of a large number of realistic problems in which the sigls have both large and small
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Table 7.1
Problem information

Problem n m K (magnitude, num. of elements on this level)
CaltechTestl 512 | 128 | 38 (10°;33), (1,5)
CaltechTest2 512 | 128 | 37 (10°;32), (1;5)
CaltechTest3 512 | 128 | 32 (10 1;31), (10 5;1)
CaltechTest4 512 | 102 | 26 (10%;13), (1;12), (10 Z%;1)

Ameth6Xmeth2K150 1024 | 512 | 150 (1;150)
Ameth6Xmeth2K151 1024 | 512 | 151 (1;151)

Fig. 7.1 . Recovered solutions of \Ameth6Xmeth2K150"
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entries. The second test set includes two problems Ameth6Xmeth2K150 and Ameth6Xmeth2K151Prob-
lem \Ameth6Xmeth2K150" is obtained by xing the rst nonzero component of the signal x in problem
\Ameth6Xmeth2K151" to zero. These two problems are di cult because the numbers of nonzeo elements
in their solutions are around the limit of where the lp-minimization problem (1.1) is equivalent to the basis
pursuit problem (1.2). The coe cient matrix A here is the partial discrete cosine transform (DCT) matrix
whosem rows were chosen randomly from then n DCT matrix.

We compared the results fromFPC.AS_CGwith the results from the solver FPCand the solverspgbp. We
set the termination criteria su ciently small for each solver. Speci cally, w e set the parametersctol = 10 1°,
gtol =10 8 and mxitr =2 10* for FPC, the parametersbpTol= 10 19, optTol=10 1° decTol=10 1
and iteration = 10* for spgbp and the parameters =10 °, =10 ' and , =10 % for FPCASCG
All other parameters of each solver were set to their default values. The terminatin criteria are not directly
comparable due to the dierent formulations of the problems used by the solvers, but v believe that on
average the chosen criteria foFPC_AS_CGiis tighter than those of the other two solvers.

A summary of the computational results for all of the six problems is presentedn Table 7.2. From
that table, the superiority of FPCAS_CGis obvious on this set of problems. For the rst ve problems, the
solutions of the basis pursuit problem (1.2) are the same as the sparsest signa if we trust the solutions
obtained by CPLEX. It is interesting that FPC.AS_CGis faster than the three variants of CPLEX on all of
the rst ve problems with all four codes achieving comparable accuracy. This is mostobvious on problem
\Ameth6Xmeth2K150", on which FPC.AS_CG exhibited an approximately 30-fold improvement in terms
of CPU time over the fastest variant cplexdp of CPLEX. FPCAS.CG also performs signi cantly better
than FPC and spgbp in terms of both CPU time and the total number of matrix-vector products on t hese
problems. Both FPC and spgbp failed to identify the sparsest solution of \Ameth6Xmeth2K150" and the
corresponding recovered solutions are depicted in Figure 7.1. Adjusting other paramets of FPC and spgbp

might give better results, but that is outside the scope of this paper.
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Table 7.2
Computational results for the di cult problems. The matric es A are constructed explicitly by the command \dctmtx" of
MATLAB for all of the solvers.

Problem solver CPU(sec.) rel.err kxki krkz nMat nnzx | (sgn,miss,over)
CaltechTestl FPC_AS_CG 0.105 5.04e-12 | 3.300e+06 | 1.67e-09 | 441 33 0,0, 0)
FPC 12.048 3.09e-06 | 3.300e+06 | 1.78e-01 | 40001 33 0, 0, 18)
spg-bp 11.552 3.34e-06 | 3.300e+06 | 3.63e-03 | 29733 33 (0, 0, 29)
cplex_pp 0.245 5.10e-12 | 3.300e+06 | 8.87e-10 33 0,0,0)
cplex.dp 0.302 5.52e-12 | 3.300e+06 | 1.04e-08 33 0,0,0)
cplex.ip 0.778 5.18e-12 | 3.300e+06 | 5.34e-09 33 0, 0, 0)
CaltechTest2 FPC_AS_CG 0.102 7.44e-14 | 3.200e+06 | 1.75e-09 | 322 32 0,0,0)
FPC 12.204 8.57e-08 | 3.200e+06 | 9.56e-03 | 40001 32 0, 0,0)
spg-bp 11.227 8.47e-10 | 3.200e+06 | 3.71e-06 | 29238 32 0, 0,0)
cplex_pp 0.258 1.91e-13 | 3.200e+06 | 7.05e-10 32 0,0,0)
cplex.dp 0.245 2.27e-13 | 3.200e+06 | 4.68e-09 32 0,0, 0)
cplex.ip 0.857 3.79e-13 | 3.200e+06 | 6.95e-10 32 0, 0, 0)
CaltechTest3 FPC_AS_CG 0.067 1.51e-09 | 6.200e+00 | 1.26e-09 | 249 31 0,0,0)
FPC 11.471 3.54e-05 | 6.200e+00 | 9.18e-06 | 40001 31 (0, 1, 46)
spg-bp 6.685 4.31e-09 | 6.200e+00 | 9.99e-11 | 17346 31 0, 0,0)
cplex_pp 0.217 4.56e-09 | 6.200e+00 | 1.21e-13 31 0, 0, 0)
cplex.dp 0.175 4.56e-09 | 6.200e+00 | 1.45e-13 31 0,0,0)
cplexip 0.547 4.56e-09 | 6.200e+00 | 1.47e-13 31 0,0, 0)
CaltechTest4 FPC_AS_CG 0.131 5.75e-13 | 1.300e+05 | 3.51e-09 | 498 13 0,0,0)
FPC 11.255 1.60e-07 | 1.300e+05 | 1.11e-03 | 40001 13 0, 0,0)
spg-bp 8.330 3.77e-12 | 1.300e+05 | 3.81e-10 | 22824 13 0, 0,0)
cplex_pp 0.141 1.24e-13 | 1.300e+05 | 3.28e-11 13 0, 0,0)
cplex.dp 0.182 2.82e-13 | 1.300e+05 | 3.13e-11 13 0,0,0)
cplex.ip 0.548 2.64e-13 | 1.300e+05 | 3.96e-11 13 0, 0, 0)
Ameth6Xmeth2K150 FPC_AS_CG 0.362 7.25e-10 | 1.500e+02 | 2.26e-09 | 448 150 0,0, 0)
FPC 60.765 4.84e-01 | 1.414e+02 | 3.42e-01 | 40001 | 424 (0, 1, 170)
spg-bp 50.670 4.29e-01 | 1.500e+02 | 5.34e-03 | 29346 | 452 (0, 0, 167)
cplex_pp 19.815 1.02e-12 | 1.500e+02 | 1.30e-12 150 0, 0, 0)
cplex.dp 11.053 9.70e-13 | 1.500e+02 | 1.41e-12 150 0,0, 0)
cplex.ip 22.062 2.73e-12 | 1.500e+02 | 3.62e-12 150 0, 0, 0)
Ameth6Xmeth2K151 FPC_AS_CG 0.377 7.45e-10 | 1.510e+02 | 2.27e-09 | 446 151 0,0,0)
FPC 61.872 4.77e-01 | 1.487e+02 | 8.74e-02 | 40001 | 451 (0, 1, 181)
spg-bp 52.293 4.86e-01 | 1.508e+02 | 4.68e-03 | 29704 | 461 (0, 1, 190)
cplexpp 19.536 4.85e-01 | 1.509e+02 | 9.40e-14 460 (0, 1, 189)
cplex.dp 11.828 4.85e-01 | 1.509e+02 | 9.40e-14 460 (0, 1, 189)
cplex.ip 23.398 4.85e-01 | 1.509e+02 | 9.40e-14 460 (0, 1, 189)

The solutions obtained by CPLEX in Table 7.2 show that the solution of the bads pursuit version
(1.2) of problem \Ameth6Xmeth2K151" is not sparse. The minimum objective function value obtained by
all CPLEX variants was 150:9 implying that the minimal objective value of (1.2) is 150:9. This is pretty
close to but not equal to the cardinality 151 of the sparse solutionx. Hence the equivalence between (1.1)
and (1.2) does not hold for this example. This partly explains why it is dicult to recover the solution to
\Ameth6Xmeth2K150" since there is only one element in the original signalsx of these two examples that is
di erent. However, FPC AS_CGis able to nd the sparse solution successfully because of the hard truncation
that is applied before subspace optimization if the iterate is not sparse. SincEPC_AS_CGwill eventually fail
to recover a sparse solution if the exact minimum of theo-minimization problem is not sparse, we investigate
the recoverability success ofFPC. AS_CG and cplexpp with respect to Gaussian sparse signals and zero-one
sparse signals, by using a partial DCT matrix with n = 256 and m = 128. Figure 7.2 depicts the empirical
frequency of exact reconstruction. The numerical values on thex-axis denote the sparsity levelK , while
the numerical values on they-axis represent the reconstruction rate, i.e., the fraction of 500 instances that
are recovered with a relative error less than 102. From the gure, we observe that for Gaussian signals,
FPC.AS.CG was able to continue recovering sparse signals even after the equivalence between the and
*1-minimization problems started to break down as cplex started to nd non-sparse salitions. We will further
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Fig. 7.2 . Reconstruction rate ( 500 replications): m =128, n = 256
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sparse solution until K 41, while the comparison start to fail to reconstruct the signal when K  29.

with cplex_pp indicates that the equivalence between
the "o and "1 minimization problems begins to break
down when K 35.

explain this phenomenon in Remark 7.1.

Remark 7.1. The solution of the " ;-regularized problem(1.4) should be close to the minimizer of the BP
problem (1.2) if is small enough from the theory of penalty functions. Howevedue to the hard truncation
in Step S7 of Algorithm 4, FPCAS can return a di erent solution than a minimizer of (1.2) when the
latter is not su ciently sparse, as is demonstrated by the lasg problem in Table 7.2. We introduced this hard
truncation heuristic based on two observations from our exgriments. First, this strategy can make FPCAS
run signi cantly faster on problems with sparse solutions. Second, it frequently enhances the algorithm's
ability in recovering sparse signals even after the equivahce between o- and ";-optimizations no longer
holds, as is demonstrated by Figure 7.2(a).

7.2. Quality of Compressed Sensing Reconstruction. In this subsection, we evaluate the suit-
ability of FPC_AS for compressive sensing on some randomly generated problems. Given the dimensidn o
the signal n, the number of observationsm and the number of nonzerosK , we generated a random matrix
A and a random vectorx as follows. First, the type of matrix A was chosen from:

Type 1. Gaussian matrix whose elements are generated from i.i.d normal distribuons N (0O; 1);
Type 2: Orthogonalized Gaussian matrix whose rows were orthogonalized using a QR decomgition;
Type 3: Bernoulli matrix whose elements are generated from & 1 distribution;
Type 4. Hadamard matrix H which is a matrix of 1's and -1's whose columns are orthogonal;
Type 5: Partial discrete cosine transform matrix.
We randomly selectedm rows from these matrices to construct the matrix A. To avoid potential numerical
issues, we scaled the matrixA constructed from matrices of types 1, 3 and 4 by the largest eigenvalue of
AA~ . To generate the signalx, we rst generated the support by randomly selecting K indices between 1
and n, and then assigned a value tak; for eachi in the support by one of the following eleven methods:
Type 1: a normally distributed random variable (Gaussian signal);
Type 2. a uniformly distributed random variable in (-1,1);
Type 3: one (zero-one signal);
Type 4: the sign of a normally distributed random variable;
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Table 7.3
Robustness results for the exact data

Solver nMat ( 10%) [ krkp (10 ®) [ relerr ( 10 )
num.  per. num. per. num. per.
FPC_AS_CG 329 99.70 330 100.00 329 99.70
FPC_AS_LB 328 99.39 330 100.00 329 99.70
FPC_AS_BD 295 89.39 330 100.00 327 99.09
spg.bp 171 5182 | 320 96.97 | 264 80.00

Type 5,6,7,8: Type 1, 2, 3, 4 scaled by 18, respectively

Type 9: Type 4 but half of the elements in the support are scaled by 19;

Type 10: a signal x with power-law decaying entries (also known as compressible sparse signalshose
components satisfyjxjj ¢ i P, where we takec, = 10°% and p=1:5.

Type 11: a signal x with exponentially decaying entries whose components satisfyxij ¢, e P', where
we takec, =1 and p=0:005.

Finally, the observation bwas computed ash= Ax. The matrices of types 1, 2, 3 and 4 were stored explicitly
and we tested signals with three di erent sizesn = 219; 211: 212 The matrices of type 5 were stored implicitly
and we tested signals with three di erent sizesn = 210; 212; 215 Gijven n, we set the number of observations
m = n=2 and the number of nonzeroK =round( m) for =0:2 and 03. The above procedure gave us a
total of 330 problems.

Since spgbp has been proved to be robust in many di erent applications [5], we continue to corpare
FPC.AS with spgbp in this subsection. We set the parametersopTol= 10 &, optTol =10 & and decTol=
10 8 for spgbp and the parameters =10 °, =10 2 and 4 =10 ' for the three variants of FPCAS.
All other parameters of each solver were set to their default values.

We present several statistics on robustness of these solvers in the Table 7.8 the second column, we
present the number (num.) and percentage (per.) of the problems that were solved whin 1000 matrix-vector
products by each solver. We present the number and percentage of problems for whiclhe norms of the
computed residual were less than 10° and the relative errors between the solutionx and the exact sparsest
solution x were less than 108, in the third and fourth column, respectively. The active-set algorithms
required less matrix-vector products to achieve a higher reconstruction rate tharspgbp on average.

We now illustrate the numerical results using the performance pro les as proposeih [20]. These pro les
provide a way to graphically present the comparison of the quantitiest,.s, such as the number of iterations
or required CPU time, obtained for each problemp and each solvers. De ne r,s to be the ratio between
the quantity t,s obtained on problem p by solver s over the lowest such quantity obtained by any of the
solvers on problemp, i.e.,

t
p;s
Mpis =

minftys 11 s nsg’

Whenever solvers fails to solve problemp, the ratio rps is set to in nity or some su ciently large number.
Then

number of problems where log(rp:s)
total number of problems

s( )=

is the fraction of the test problems that were solved by solvers within a factor 2 1 of the performance
obtained by the best solver. The performance plots present ¢ for each solvers as a function of .
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Table 7.4
Robustness results for the noisy data

Solver nMat ( 10%) [ krkp (10 %) [ relerr (10 ?)
num.  per. num. per. num. per.
FPC_AS_CG 327 99.09 283 85.76 278 84.24
FPC_AS_LB 309 93.64 301 91.21 278 84.24
FPC_AS_BD 291 88.18 309 93.64 280 84.85
Spg.bp 193 5848 | 194 5879 | 246 7455

A performance plot for the CPU time is presented in Figure 7.3(a). All three variants of the active-
set algorithm appear to be faster thanspgbp. A performance plot for the total number of matrix-vector
products involving A or A~ is presented in 7.3(b). The variant FPC_AS_CG requires overall fewer matrix-
vector products for the given test set. Figure 7.3(c) presents a performance ploof the “;-norm kxk; achieved
by each solver. It shows that the objective function values obtained by all foursolvers are essentially identical.
Figure 7.3(d) compares thel,-norms of the residualkrk, obtained by the solvers. Figure 7.3(e) presents a
comparison of the ratio of the number of nonzero components recovered over the numbef the nonzero
components in the sparsest solution. Here, as in Figure 7.3(c), there appears be no discernable di erence
between these solvers. The relative error between the recovered solution and the etaolution is depicted in
Figure 7.3(f). On this measure,FPC AS. CGand FPC AS BD seem to perform better than the other solvers.

Since real problems usually are corrupted by noise, we tested the recoverability of elacolver on the
same data set after adding Gaussian noise. Speci cally, we let

b= A(xX+ 1)+ 2

where ; and , are vectors whose elements are i.i.d distributed adl (0; ?) and N (0; 2), respectively. Here
1=10 ®and , =10 3. In this test, we required less accurate solutions of problem (1.4) due to the noés
We set the parametersbpTol= 10 4, optTol = 10 4 and decTol= 10 * for spgbp and the parameters
=10 9, =10 ® and 4, = 10 2 for the three variants of FPC.AS. Our computational results are

summarized in Table 7.4 which displays similar patterns to Table 7.3. We pesent the performance pro les
in Figure 7.4 which show that the active-set family took less CPU time and &wer matrix-vector products to

obtain smaller residuals and relative errors. In particular, FPC.AS_ BD seems to be the most robust in the
sense that it obtained solutions with the smallest relative error.

Finally, we present some statistics on the performance of the thre&PC_AS variants. For each problem,
let \nSubOpt" denote the number of sub-optimizations and \nCont" denote the number of contin uations
called by the active-set algorithm. The mean and standard deviation of \nSubOpt" and \nCont" over all of
the randomly generated problems are reported in the second and third columns of Table.3, respectively.
The average number of continuations is approximately 4 and 6 in the exact caserna in the noisy case,
respectively, for all variants. The average number of subspace optimizatios is greater than the average
number of continuations. The percentages of the matrix-vector products spent on arious tasks in the
shrinkage and subspace optimization stages, are also presented. The mean andrstard deviation of these
percentages for the two stages are reported in the fourth and fth columns of Tdle 7.5, respectively. It is
obvious that most of the matrix-vector products are spent on solving subspace imization in the exact
case. Since the solutions of problems with noisy data may not be sparse, a highly acate solution of the
“1-regularized problem might not be better than an approximate solution with a low accuracy. Hence, how
to choose a proper termination rule is an important issue.
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Fig. 7.3 . Performance pro les for exact data
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We conclude this subsection with some comments and observations, based on Figure8 @and 7.4, Tables
7.2,7.3,7.4and 7.5.

1. The three variants of FPC_AS performed very robustly and e ciently on the set of randomly gen-
erated compressive sensing problems described in this papdfPC AS_CGwas the fastest variant in
terms of CPU time and matrix-vector products while FPC.AS_BD was more robust thanFPC AS_CG
in terms of relative errors. This shows that restricting the signs of the sdution in the subspace op-
timization problem by adding the bound constraints in (4.8) might be helpful.
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Fig. 7.4 . Performance pro le for noisy data
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2. The conjugate gradient method (CG) can be less e cient if the columns selected fronthe matrix A
in the subspace optimization problem are or almost are linearly dependent. This kid of potentially
ill-conditioned system might cause trouble to the CG method. (We should point outthat the function
\PCG" in MATLAB (version 2008a or earlier) computes two matrix-vector pr oducts at each iteration
while only one of such product is needed. This bug has been corrected in our implementation of
\CG"))

3. The iterative shrinkage scheme is able to identify the signs of the componés of x fairly quickly for
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Table 7.5
Statistics of the variants of FPC_AS

Exact data
Solver nSubOpt nCont nMat in Shrinkage (per.) nMat in Sub-Opt (per.)
mean std. | mean std. | mean std. mean std.
FPCASCG | 366 212 | 337 2.08 | 0.39 0.06 0.61 0.07
FPC_AS_LB 398 253 | 357 217 | 0.38 0.08 0.61 0.08
FPC.ASBD | 495 371 | 383 215 | 0.36 0.12 0.64 0.13
Noisy data
Solver nSubOpt nCont nMat in Shrinkage (per.) nMat in Sub-Opt (per.)
mean std. | mean std. | mean std. mean std.
FPC.ASCG | 649 440 | 6.19 183 | 0.57 0.12 0.43 0.12
FPC_AS_LB 793 843 | 6.34 191 | 059 0.12 0.41 0.13
FPC_AS_BD 6.16 428 | 585 157 | 0.37 0.10 0.63 0.10

a xed  but it can take a lot of iterations to recover their magnitudes. On the contrary, subspace
optimization depends on a good active set and is able to recover the magnitude of the fairly well
by applying second-order methods. Our active-set algorithms combines the good features didse
two di erent schemes.

4. From our limited numerical experience, FPCAS performs better than the xed-point solver FPC
[33]. It also performs better than some other solvers like the projected gdient solver GPSR [29]
and the interior-point algorithm “;_"s [37] on the test problems in this paper. A comparison with
greedy algorithms would also be very interesting. We did not include these compasbns to keep the
length of the paper within bounds.

7.3. Realistic Examples.  In this subsection, we demonstrate the e ciency of FPC_AS_CGfor solving
the I;-regularized problem on six images: a Shepp-Logan phantom available through the Mk&tb Image
Processing Toolbox, and ve medical images (three MRI's and two CT scans) in he public domain. These
signals have relatively sparse representations in Haar wavelets; that ighere exists anx 2 R" such that
z= Wx foratruesignalz 2 R", whereW 2 R" " is the Haar wavelet basis andx is approximately sparse.
The measurements are constructed ab= Az, where A 2 R™ " is the partial discrete cosine transformation
and the number of observationsm = n with = m=n = 0:25;0:50;0:75. We then obtain approximate
wavelet coe cients x of z by solving the *;-regularized problem (1.4) with A = AW and =10 3. Finally,
we complete the recovery by computingz’= Wx. We compared FPCAS with FPC and spgbp. Sincex is
not really sparse and is corrupted by noise, we use a relative large terminain criteria. We use the default
parameters for FPC and the parametersbpTol= 10 3, optTol =10 2 and decTol= 10 3 for spgbp. For
FPCASCG we set the tolerances = 10 3, , = 10 ® and the maximal iteration number for subspace
optimization to 10. The reconstruction results are summarized in Table 7.6.In this table, the relative error
is that between the true image z and the recovered imagez” FPC.AS_CG is considerably faster than FPC
and spgbp in terms of CPU time and the number of matrix-vector products to achieve comparadle relative
errors except on \phantom" with = 0:75 (although it is still faster). The reconstructed images obtained
by FPCAS_CG are depicted in Figure 7.5. In each row of Figure 7.5, the rst image is the aginal image
with a caption stating its resolution. The second, third and fourth are recoveredimages with respect to

=0:25;0:5; 0:75, respectively, together with a caption stating the relative errors betweerthe true image z
and the recovered imagez”

8. Conclusions. A two stage active-set algorithm with continuation for the ";-norm regularized op-
timization is presented and tested. It starts with an easier problem and strakegically applies a decreasing
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Table 7.6
Statistics of recovering medical images

Problem FPC spg-bp FPC_AS_CG

CPU nMat rel.err CPU nMat rel.err CPU nMat rel.err
ct _thighs 0.25 | 45.78 403 5.7e-02 | 70.49 433 6.4e-02 | 16.30 130 5.9e-02
ct_thighs 0.50 | 31.34 263 9.8e-03 | 71.21 394 1.0e-02 | 15.63 120 1.0e-02
ct_thighs 0.75 | 17.60 147 3.2e-03 | 39.14 210 3.0e-03 | 11.28 81 3.9e-03
ct_thorax 0.25 | 50.80 451 7.2e-02 | 79.86 494 7.5e-02 | 18.28 142 7.1e-02
ct_thorax 0.50 | 37.06 315 1.9e-02 | 70.75 391 1.9e-02 | 16.63 126 2.0e-02
ct_thorax 0.75 | 23.55 195 6.0e-03 | 60.98 325 6.2e-03 | 16.08 116 7.3e-03

mri _abdomen | 0.25 | 10.36 531 1.9e-01 | 18.64 606 2.1e-01| 2.77 146 1.9e-01

mri _.abdomen | 0.50 8.28 417 9.7e-02 | 17.93 519 9.7e-02 | 2.26 124 9.0e-02

mri _abdomen | 0.75 | 4.80 233 3.9e-02 | 11.74 322 4.0e-02 | 2.07 110 4.5e-02
mri _brain 0.25 | 46.98 417 7.3e-02 | 98.50 606 7.8e-02 | 17.46 136 7.1e-02
mri _brain 0.50 | 38.02 325 2.8e-02 | 72.28 400 3.0e-02 | 14.87 116 3.0e-02
mri _brain 0.75 | 21.18 175 7.9e-03 | 65.19 336 8.3e-03 | 18.81 141 7.8e-03
mri _pelvis 0.25 | 11.88 613 1.5e-01 | 15.26 501 1.5e-01| 2.52 138 1.4e-01
mri _pelvis 0.50 | 7.22 379 7.3e-02 | 10.94 327 7.4e-02 | 2.58 134 7.5e-02
mri _pelvis 0.75 | 4.01 205 2.7e-02 | 9.14 258 3.1e-02 | 2.33 112 4.8e-02
phantom 0.25 | 3.47 799 3.6e-01 | 4.41 586 3.8e-01| 1.04 136 3.6e-01
phantom 0.50 | 2.23 569 1.5e-01| 3.72 506 1.6e-01| 0.62 126 1.6e-01
phantom 0.75 | 1.06 259 2.7e-03 | 1.46 236 2.4e-03 | 0.58 116 4.1e-03

sequence of weights i to the “;-norm term in the objective to gradually transform this easier problem to the
given, more di cult problem with the prescribed regularization weight . Shrinkage is performed iteratively
until the support of the current point becomes a good estimate to the support ofthe solution corresponding
to the current weight. This estimate is used to de ne a subset of the solution domainover which a smaller
subspace optimization problem is solved to yield a relatively accurate point. Usually, after only a small
number of subproblems, a solution of high accuracy can be obtained. At each iteratio of shrinkage in the
rst stage, a search direction is generated along with an automatically adjusing step-size parameter , and
either an exact or an inexact line search is carried out to guarantee global convgence. In the second stage,
the subspace optimization problem has a simple objective and may include bound constirgs to restrict the
signs of decision variables. The numerical results presented in section 7 demondieahe e ectiveness of the
algorithm for solving compressive sensing problems of varying di culties.

In [62], we present a convergence analysis for the algorithm.
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