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Abstract. We present a line search multigrid method for solving discretized versions of general unconstrained infinite
dimensional optimization problems. At each iteration on each level, the algorithm computes either a “direct search” direction
on the current level or a “recursive search” direction from coarser level models. Introducing a new condition that must be
satisfied by a backtracking line search procedure, the “recursive search” direction is guaranteed to be a descent direction.
Global convergence is proved under fairly minimal requirements on the minimization method used at all grid levels. Using a
limited memory BFGS quasi-Newton method to produce the “direct search” direction, preliminary numerical experiments show

that our line search multigrid approach is promising.
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1. Introduction. Infinite dimensional optimization problems are a major source of large-scale finite
dimensional optimization problems [14, 31]. Since in most cases it is not possible to obtain explicit solutions
for these problems, they are usually solved numerically either by an “optimize-then-discretize” strategy,
or a “discretize-then-optimize” strategy. In an “optimize-then-discretize” approach, one first derives the
optimization method in an infinite dimensional space and then discretizes the objective functional and any
subproblem that must be solved at each step of the method. In a “discretize-then-optimize” approach, the
infinite dimensional problem is first discretized to obtain a standard nonlinear programming problem in a
finite dimensional space, and then one solves this problem by a nonlinear programming algorithm. In this
paper, we follow the “discretize-then-optimize” strategy and propose a new multigrid optimization approach

to solve the discretized version of

(1.1) min  F(x),
where F is a mapping from an infinite-dimensional space V to R.

The computational cost of solving problem (1.1) using a very fine discretization directly is expensive.
Fortunately, a hierarchy of discretized problems ranging from a fairly coarse discretization level to the fine
discretization level can be constructed so that the corresponding solutions have similar structures and the
problems on the coarser levels are easier to solve than those on the finer levels. The philosophy of multigrid
algorithms is to use information from coarser levels to produce new trial points for problems on the finer
grids. A simple multigrid method is the technique of mesh refinement [38], where the discretized problems
are solved in turn from the coarsest level to the finest level and the starting point at each level other than
the coarsest is obtained by prolongating the solution obtained at the previous (i.e., next coarser) level.
Multigrid methods [8, 10, 11, 23, 29, 38, 40, 41] have been used very successfully to solve linear elliptic
partial differential equations (PDEs). In this approach, coarser grid corrections are recursively imbedded
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in an iterative process, in combination with so called “relaxation” or “smoothing” steps, to accelerate the
convergence on the target grid. Several extensions of the multigrid approach to nonlinear PDEs have been
proposed and extensively studied. One such extension, usually referred to as global linearization [24, 38|, uses
the multigrid method within Newton’s method for nonlinear equations to solve the system of linear equations
that provides the Newton step at each iteration. Another extension, referred to as local linearization, special
cases of which are the full approximation scheme (FAS) [9, 38] and the closely related nonlinear multigrid
method (NMGM) [23, 38], applies the multigrid methodology directly to the original system of nonlinear
equations and its corresponding system of nonlinear residual equations. A combination of global and local
linearization is studied in [42] and a projection multilevel method is proposed for quasilinear elliptic PDEs

in [27, 28, 30], where the system of nonlinear equations is reformulated as a least-squares problem.

Multigrid methods for infinite dimensional optimization problems have also received considerable atten-
tion [1, 2, 3, 5, 6, 15, 37]. However, until recently the essential thrust of these methods has been based on
employing multigrid methods for solving the nonlinear equations derived from the optimality conditions for
either the original problem (1.1) or its discretized version. In a new approach, Nash [25] (see also [26, 33])
proposed a multigrid optimization framework for solving convex infinite dimensional optimization problems.
A proof of the global convergence of Nash’s method was given in [4]. This proof requires that at least one
iteration of the optimization algorithm that is used at each level be performed either before going to or after
returning from a coarser level during a multigrid cycle. These iterations are similar to prior smoothing or
post smoothing steps in multigrid methods for PDEs. Expanding on Nash’s approach, Gratton, Sartenaer
and Toint [18, 19, 20] proposed a recursive trust region method that converges even for nonconvex prob-
lems to a first-order optimal point without doing such smoothing steps at each multigrid cycle. Alternative

convergence results of the recursive trust region method under different assumptions were presented in [22].

In this paper, we propose an easily implementable line search multigrid optimization method under
Nash’s framework. Our algorithm depends on some “basic” iterative method, such as the steepest descent
method, Newton’s method or a quasi-Newton method, and uses coarser grid steps recursively to accelerate
the speed of the basic iterative scheme. The basic iterative method is used only when the coarser grid
steps cannot satisfy certain criteria. By introducing an additional condition to a backtracking line search
procedure, the step generated from the coarser levels is guaranteed to be a descent direction at the current
level. We prove global convergence of our line search method without requiring it to take any “smoothing”
steps in each multigrid cycle as do multigrid algorithms for PDEs. In our algorithm, smoothing steps are
direct search steps of the basic method that are required to be taken before or after a recursive step. We
also prove that the convergence rate is at least R-linear in the strictly convex case. Using a limited memory
quasi-Newton method (L-BFGS) as the basic iterative scheme, our multigrid method is able to solve very
large scale problems efficiently. Our use of L-BFGS is different from its use in the multi-secant multigrid

L-BFGS method in [21] since we do not derive the secant equation based on the multilevel structure.

This paper is organized as follows. In section 2.1, an easily implementable coarser level model is intro-
duced and a line search multigrid optimization framework is proposed. Our line search procedure for the
multigrid method for solving unconstrained nonconvex problems is developed in Section 2.2. Proofs of global
convergence and R-linear convergence for uniformly convex problems are presented in section 3.1. Global
convergence for general nonconvex functions is proved in section 3.2. In section 4, we discuss some techniques
to enhance our mulitigrid method, including different ways to generate direct search directions and the use

of a so-called full multigrid approach. Finally, preliminary numerical results are given in Section 5.

We adopt the following notation in this paper: for = fi(zer), and Ve g = Vfi(ze ). Here x4y is a
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vector, where the first subscript ¢ denotes the discretization level of the multigrid and the second subscript k
denotes the iteration count. If a vector has only one subscript, as for example x,, the subscript £ either refers
to the level of the multigrid, and thus x, itself is a vector or it refers the fact that x, is the /th component
of the vector z. When it is not clear from the context, we will point out the specific meaning. N is reserved

for the index of the finest level and N for the coarsest level.
2. A Line Search Multigrid Method.

2.1. A Framework for Multigrid Optimization. Let V,; be a standard finite element space for ¥V
with the basis {(ﬁgj )}?il at grid level ¢, where n, is the dimension of V,. In our framework, for consecutive
coarser levels, we choose nested spaces, so that Vx, C -+ C Un—1 C Un C V. Given x4 € V, there exists
a vector xy = (xél), e ,a:y”))T € R™ such that x, = Zyil a;gj)qééj). Defining the discrete functional f;, as
fe(ze) := F(x¢), the discretized version of problem (1.1) on level ¢ is min,, f¢(z¢). The main goal of this

paper is to design a multigrid method for the finest level problem:
(2.1) IIzlll\IIl In(zN).

Define R, to be the restriction operator from level £ to level £ — 1 and P, to be the prolongation operator
from level £/ — 1 to level £. As in standard multigrid methods, we assume that:

ASSUMPTION 2.1. The prolongation operator Py and the restriction operator Ry satisfy:
(2.2) 0Py =R).

For simplicity, we take op = 1, which does not affect our convergence analysis.

Line search algorithms iteratively generate a descent search direction and then search along this direction
for a point at which the objective function is suitably reduced. Specifically, starting from the point z,j on
level ¢, a line search algorithm determines the next point as z¢ 11 = x¢ i + v,k de i, Where dy i, is the search
direction and gy is the step size. Our multigrid algorithm based on Nash’s method [33, 25] alternates
between two kinds of search directions, a “direct search” direction, which is generated on the current level,
and a “recursive search” direction, which is generated from steps taken at coarser levels. The construction of
these search directions depends on a “basic” iterative scheme, such as the steepest descent method, Newton’s
method or a quasi-Newton method, on a single level. As we will see later, most of the computational cost
of constructing a recursive direction comes from this basic iterative scheme. To ensure convergence and
efficiency, some degree of coherence between the problem at each level and the problem at the next coarser
level must be enforced. Hence, the objective function at the coarse level ¢ — 1 is not simply the discretized

function fy—1(x¢—1) , but rather:

(2.3) Vo1 (Te—1) = foo1(@e—1) — (ve—1) "1,

where vy_1 = V fr_1,0 — Rege,r and we have used the notation that ger = Ve, = Vps(x k). Furthermore,
if we define vy = 0, the model (2.3) can be naturally extended to all levels since the uppermost level model
problem is exactly problem (2.1). Also, since the function model 1,_; depends on the point z,j at the
next finer level ¢, it is different for different points. To simplify our notation, we omit this dependence of
Ye—1(-)’s on xyk, hopefully, without introducing any confusion. The same is true for all other quantities
such as derivatives of the coarse level function 1,_1. Actually, the function (2.3) is a generalization of the

coarse-grid correction equation of the FAS scheme [38] in the context of optimization. This can be seen by
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noting the equivalence between the residual equation in the FAS scheme and the gradient of (2.3).
If a “recursive search” direction is chosen, we first move to the next coarser level £ — 1 with an initial
point x¢_1,0 = Ryxe). Next we compute the minimizer (or approximate minimizer) x,_; ;~ of the coarse

level problem ming, , ¢—1(z¢—1), where ¥,_; is defined by (2.3) and the cumulative direction

i1

(2.4) o1+ = Tp_1,3+ — Ty—1,0 = E ay—1,ide—1,
i=0

where a1 ; and d,—1; are the step size and search direction, respectively, for the ith iteration on level £ — 1.
Here each search direction dy—q; from z,_1,; to £¢_q ;41 for ¢ =0,--- ,7* — 1 is also computed recursively
whenever possible. Then we prolongate the direction cjg,l’i* on level £ — 1 back to level ¢ to obtain the

recursive search direction
(25) dg,k = Pgd[_Li*.

The following lemma gives some properties of this recursive scheme.
LEMMA 2.2. If the minimization on the coarse level £ — 1 starts from the initial point xo—1.0 = Rexe s
and stops at x¢—1 i+, and the recursive direction is defined as dgr, = Pydo—1,+, where dp—1 i+ = Tg—1,4+—T¢—1,0,

then the problems of the two consecutive levels £ and £ — 1 are first-order coherent in the sense that
(2.6) go-10=Roger, (der) ger = (de—1.+) go_1.0-

Suppose fo_1(xe—1) is a convex function and Ye_1(x—14+) < e—1(xe—1,0), then dyy is a descent direction;

that is (de k)" ger < 0. Moreover, the directional derivative (dgy)" gox satisfies

(2.7) ~(dek) " ger > Ve—1,0 — Vo1,

Proof. The first part of (2.6) comes from the fact that

Ge—1,0 = V1,0 —=vi—1 = Vfr10—Vfi—10+ Riger = Rege -

This together with (2.5) and (2.2) and our assumption that oy = 1, implies that
(dew) " gor = (Pedp—1.+) " goe = (do—1.6+)  Regese = (do—1.4+) " ge—1.0-

If fo—1(ze—1) is convex, then so is 1p_1(xy—1); hence

(2.8) Vo1 (To—1,4+) > Vo—1(Te—1,0) + (To—10+ — Te—10) " Ge—1.0-

Hence we conclude from (2.4) that inequality (2.7) holds. Then from the fact that ¥y_1(z¢—1,i+) < Ye—1(zs-1,0),
it follows that (d}_l)ng,1,0 <0.0

REMARK 2.3. Lemma 2.2 shows that the coarser model y_1(x¢—1) defined by (2.3) is a first-order
approzimation to the finer model v¥¢(xp). The property (2.6) is essential for our line search procedure to
construct a descent direction from steps taken on coarser levels. It is also possible to design a second-order

coherent model using information about the Hessian. The requirement (2.6) on the function for_1(xe—1) is
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not restrictive; even fy_1(x¢—1) := 0 is possible. However, we use the discretization fo(xz¢) of the continuous
function on each level £ as this is a natural choice. Although Lemma 2.2 shows that the recursive direction
de defined by (2.5) is a descent direction for convex problems, this is not the case in general for nonconvex
problems.

We now specify conditions for when to choose a direct search direction on the current level. Specifically,

dy 1 is computed directly on level £ if

(2.9) [ Regerll < Ellgerll or [|Regerll < e

holds, where & € (0, min(1, ming ||Re||) and €, € (0,1) is the tolerance on the first-order optimality conditions
on level £. The reason for this is that R,g¢; may be zero while gy 1 is not if gy lies in the null space of Ry;
hence the current iterate appears to be a stationary point for 1,1 whereas it is not for 1),. These conditions
were first used in the multigrid algorithm proposed in [19, 20, 18]. We also compute the search direction dy j
directly if the current point xj, is very close to the point &, at which the last recursive step on level ¢ was
initialized (i.e., if ||z¢x — Ze|| < €4|Zel|, where €, € (0,1)) as long as the algorithm has performed less than
K4 consecutive direct search steps. The motivation for the first part of these conditions is that doing a new
recursive step at this point will yield a result that is similar to what was obtained on the last recursive step.
Many unconstrained optimization algorithms can be used to compute a direct search direction. In
particular, we are able to prove global convergence if this direction satisfies the following condition:
CONDITION 2.4. The step direction dyj, satisfies

(2.10) dekll < Bollge.r

| and — (des) " 9o > nollgenll’,

where Bp and np are positive constants.
We now state our line search multigrid method formally as Algorithm 1. We will present our line search

procedure for choosing the step size ay j in subsection 2.2.

Algorithm 1 xp = MLS(¢, 24,0, §e0)
Step 1. Set k,ep(f = Ng, -+ ,N),€,,§ € (0,1). Set integers K and K, with 0 < K4 < K. Set ¢ =0, &, = inf.
Step 2. Ir £ < N, compute vp = V fr0 — §e,0, set ge,o = Gr,0;
ELSE set v, = 0 and compute g¢0 = V fr 0.
Step 3. ForR £ =0,1,2,---
3.1. IF ||gek]l < e or IF £ < N and k > K,
RETURN solution xg j;
3.2. Ir £ = No or |[Rege|l < Kllgekll or [[Regerll < €¢ or (both [[zge — &l < €]/ Z¢]| and ¢ < Kq)
-Direct Search Direction Computation.
Compute a descent search direction dg ; on the current level. Set ¢ = ¢+ 1.
ELSE
-Recursive Search Direction Computation.
Call g1+ = MLS({—1, Ry i, Rege ) to return a solution (or approximate solution) z,_1
of “ming, | ¥r—1(xe—1)".
Compute dy j, = Pg(jg_l,i* = Py(xp—1,+ — Rezer). Set ¢ =0 and &, = x¢ .
3.3. Call a line search procedure to obtain a step size ay .
3.4. Set xyp py1 = Top + g pder. IF g < € and £ < N, RETURN solution zg k1.

REMARK 2.5. If a recursive step is taken, then the condition ||Rege k| > £llgex|| always holds (see Step
3.2 in Algorithm 1). We note that the recursive routine MLS(-,-,-) terminates if either the norm of the
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gradient at the current iterate is smaller than some prescribed tolerance €p for the level £ on which it is
operating or the total number of iterations (direct or recursive) performed on that level exceeds some upper
bound K. Routine MLS(-,-,-) is also terminated if the acceptable step size ap) < &, where £ is a small
constant, since this is an indication that it may not continue to make significant progress on the current

level.

2.2. A New Line Search Procedure. Several approaches can be used to make sure that the recursive
search direction is a descent direction. One method is to modify the coarse level function ¢,_; by adding an

additional quadratic term \p_1||z¢—1 — 2¢—1,0/|3 so that the function

(2.11) Vo1 = Yo—1 + N—1]|Te—1 — Te—1,0|l3,

is convex, where A\,_; is a sufficiently large parameter. Then solving the convex problem min,, 1@;_1
provides a descent direction. It is difficult however to choose an appropriate parameter A;_1. An alternative
(and related) approach is the recursive trust region method proposed in [20, 18] in which each subproblem
is solved subject to a trust region constraint. The trust region ball is shrunk iteratively until the recursive
search direction provides a sufficient reduction in the objective function on the finer level £. Essentially, this
is equivalent to using (2.11), but with an automatic mechanism for determining an appropriate Ay_;. This
strategy may be expensive, especially on levels with a lot of variables, since the entire minimization sequence,
as well as the computations on the coarser levels for recursive steps, will be discarded if the solution of the
trust region subproblem does not yield a sufficient reduction in the model function.

We now describe our line search procedure based on a backtracking line search scheme [35, 36]. We
choose two constants p; and ps such that 0 < p; < % and 1 — p; < po < 1. If £ is the finest level, we require
that the step size oy along dy j satisfies the Armijo condition

(2.12) Voo s + arpder) < Yok + praer(ger)  de.

If ¢ is any level other than the finest level, we require that the step size ay ) along dy ) also satisfies the

condition

(2.13) Ye(won + qorder) > 1heo + p297 o(Tek + aorder — Tep),

in addition to the Armijo condition (2.12).

Note that condition (2.13) is similar to the Goldstein rule if £ = 0 and p2 = 1 — py, i.e., on the first
step in a minimization sequence at level £. However, its use here is very different. In the Goldstein rule,
the inequality is based on the starting point of the current step on level £ and ensures that the step is not
too small. Here it is based on the initial point in the current minimization sequence on level ¢ (i.e., at
the start of a recursive step taken at level £ + 1) and it ensures that the decrease in the first order Taylor
series approximation to t,(-) obtained by taking the step z; x+1 — %, is at least as great as 1/po times the
decrease in 9g(-) (i-e., Yo k+1 — Pe0). It then follows that the first-order coherence relation (2.6) that the
above statement also holds on level £ + 1. Specifically, the following lemma tells us that if condition (2.13)
holds for all steps on level £ — 1 during a recursive search step on level ¢, then the latter is a descent step on
level /.

LEMMA 2.6. Suppose that a recursive search direction is computed by Algorithm 1 at x¢y on level 0. If

conditions (2.12) and (2.13) hold on the coarse level £ — 1 from iteration i = 0 to i*, then the recursive step
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dﬁc = Pyd;_1,;, where dp—1; = To—1,; — To—1,0, 15 a descent direction, and in particular,

(2.14) —(ge,k)Tdﬁ > py t(Ye—1,0 — Ye—1,0)-

Proof. Since on level £ — 1 condition (2.13) can be rewritten as

(2.15) Yo—1(xo—1,4) > Ye—1,0+ [729;_170676—1,1'7

and 92—_1,067@—1,1‘ = (Rggg7k)TC%_1,i = ngPg(L_Li, it follows that the direction déz,)c = chﬂ_m satisfies (2.14).
0

To select a step size ay ) that satisfies these conditions, we use a traditional backtracking scheme in
Algorithm 2.

Algorithm 2 Backtracking Line Search

Step 1. Given o, > 0, 0 < p; < % and 1 —p; < ps <1 (1—p1 < p2 <1 in the nonconvex case). Let
a0 = a,. Set t = 0.

Step 2. If (¢ = N and condition (2.12) is satisfied) or if (¢ < N and both conditions (2.13) and (2.12) are
satisfied), RETURN ay ), = alt).

Step 3. Set o't = 7o) where 7 € (0,1). Set t =t + 1 and go to Step 2.

The existence of a step size satisfying the Armijo condition (2.12) for a descent direction follows from
the differentiability of i, and the fact that dzkgé,k < 0. Hence, the pure backtracking phase in Algorithm 2
when ¢ = N is well defined. We now prove that there exists a step size that satisfies both conditions (2.12)
and (2.13) when ¢ < N.

LEMMA 2.7. Suppose £ < N and ¢(xg) is continuously differentiable. Let dgy be a descent direction at
xep (i€, (ggyo)—rdg’k < 0), and assume that v, is bounded below along the ray {x, ) + adpy|a > 0} for all
k>0. Then if 0 < p1 < % and 1 —py1 < pg < 1, there exist intervals of step lengths satisfying both conditions
(2.12) and (2.13) for all k > 0.

Proof. Since yi(a) = Yy(ze ) + adgy) is bounded below for all & > 0 and since 0 < p; < %, the line
tp(a) = Yo + plagzkdg,k must intersect the graph of yi(a) at least once, since for small enough « > 0,
ti(a) lies above yi (), i.e., tp(a) > yr(a). Let & > 0 be the smallest value of o where this occurs. Define

the term

de
(2.16) bo.k = Vo0 + p29i o(Tek — Te0),

then condition (2.13) can be rewritten as

(2.17) Ve(@e g + oo des) > bok + Qo pp2gl odek-

If k = 0, then ¥y = ¢r . The line to(a) = be0 + p2c(ge0) " deo lies below the line to() since p; < % <
1—p1 < p2 <1 but above y(a) for small enough a > 0. Therefore, the line #y(c) must intersect the graph of
yo() at least once. Let o be the the smallest value of « where this occurs. Clearly, 0 < o/ < @ and (¢, @]

is an interval in which both conditions hold.

Suppose the lemma holds for iteration k£ — 1. We now prove that it also holds for iteration k. Since
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F1G. 2.1. An illustration of the line search procedure. If gp o = gl} o, then the acceptable interval is [0, as). If geo = 94%0’
then the acceptable interval is [0, a2) U (a4, as]. If goo = g?’o, then the acceptable interval is [0, 1)

bk + p2a(gi o) "o U (e + ady )
Pek

- -
- —
- —
- —
- —

: Yok + pragy de
|

|
bex + pz‘la(gZo)sz,k

/
bo i &

]
] ~ | 1
Qg Q3 S Q4 Qs

bek + p2c(g} o) "ok

condition (2.13) is satisfied at iteration (¢, k — 1), we obtain that

Yo = Vo(Tg -1+ app—1der—1)
T
> oo+ p2geo(Ter—1 + ark—1der—1 — Te0)

= ¢€,k7

which implies that there is an interval [0,a”’) with o/ > 0 (&’/ = oo is possible), in which the line
tr(a) = bok —|—Oépggzodg,k lies below the graph of yx(«) no matter what the slope geT,odf,k of t1(a) is. If t(c)
intersects yx () at least once with the smallest intersecting value 0 < o < «, then [0,a”) is an interval in
which both conditions hold. Otherwise, the line 5 () lies below yx(a) in [0, ), and this interval satisfies

the requirement. Figure 2.1 illustrates several possible cases. O

We note that if step sizes at level £ — 1 are chosen to satisfy commonly used line search conditions such

as the Armijo-Wolfe conditions, the direction dyj may not be a descent direction.

3. Convergence Analysis. Throughout this section, we define
(3.1) @i=max{l, _max [Pl _max R} < oo,

and adopt some concepts and notation from [19, 20, 18]. We shall refer to the kth iteration on level ¢ as
iteration (¢, k). We define the iteration (¢, k) as the predecessor of a minimization sequence that consists of
all successive iterations on and below level £ — 1 until a return is made to level ¢. For iteration (¢, k), we
define the set

(3.2) R(4,k) :={(j,t) | iteration (j,t) occurs within iteration (¢,k)}
and the deepest level in R(4, k) by

3.3 €7k = 1
(3.3) p(4, k) Gon,
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We denote the subset of iterations (j,t) € R(¢, k) for which d;, is a direct search direction by
(3.4) DL, k) :={(j,t) € R({, k) | dj; is a direct search direction}.
We also denote the Hessian of ¢y by Gy = V2ty 1, = V(20 1).

3.1. Uniformly Convex Problems. In this subsection, we consider Algorithm 1 with po = 1 under
the following:

ASSUMPTION 3.1. fo(x) is twice continuously differentiable and uniformly convex; that is, there erist
constants 0 < xy < My < 0o such that

(3.5) xelldl3 < d"V2fi(z)d < Mo||d|f3, Vd e R,

forallx € {z | fi(ze) < fe(xeo)}. Moreover, let x = ming{x,}, M = max,{M,}.

Since () differs from fo(z) only by a linear term, Assumption 3.1 also holds for 1y(z). The following
lemma shows that when pa = 1, condition (2.13) or equivalently (2.15) is always satisfied under Assumption
3.1.

LEMMA 3.2. Suppose ¢(x) satisfies Assumption 8.1. Then for any x¢r # ¢, condition (2.13) is
always satisfied and Algorithm 2 is the traditional Armijo backtracking line search procedure.

Proof. Since v,(x) satisfies Assumption 3.1 and x¢ # ¢,

2

\Te) Z Yo T Gpo\Te — Lo ST — Te,0
Yelwe) = Yoo + 970 )+ 51 |

> Pu0 + g0 o(Te — Te0),

which implies that condition (2.15) is always satisfied. O

The following theorem shows that the step size generated by the backtracking line search procedure is
bounded below.

THEOREM 3.3. Suppose that 1, € C1, Vb, is Lipschitz continuous with Lipschitz constant Ly, p1 € (0,1)

and dy . is a descent direction at x4 . Then the Armijo condition (2.12) is satisfied for all o € [0, @], where
2(p1—1)d] nge.k

a= Tollde vl and the step size generated by the backtracking Algorithm 2 terminates with
||kl
27(p1 — 1)d} 90k
3.6 min | «a,, A <o <o,
(39) < T L denl ’

where T is the step size reduction parameter in Algorithm 2.
Proof. 1. Since V1) is Lipschitz continuous, it follows from Taylor’s theorem (Theorem 1.2.22 in [36])
that

1
Voo s + ade) < Yok + gl ydes + §L2042||d£,k||2~
Then for all a € [0, @], we obtain
Voo s + ader) < Yok + gl wdes + a(pr — 1)g/ pde g,

which implies that the Armijo condition (2.12) is satisfied for such a.
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2. Clearly, the initial step size o, is an upper bound on the step size . Since according to Lemma
3.2 only the Armijo condition (2.12) plays a role in Algorithm 2, the line search will terminate as soon as
aygr < a. If the initial step size o, satisfies the Armijo condition, then a1 = a,. If not, there is an iteration,
say the tth, such that a® > a > a**1). Then ay; = a1 = 7a(Y) > 7&. Combining these two cases gives
the required result. O

The following lemmas give some useful properties of convex functions.

LEMMA 3.4. ([86]: Lemma 5.3.4) Suppose fo(x), and hence ¢¥y(x), satisfy Assumption 8.1.
1 If Yu(y) < ¢pu(x), then

(3.7) IVe(@)l = 5 lly - ]l
2. For all x,
(38) Sla =" < (o) = ela) < CITG@)IP,

where x* is the unique minimizer of v¥g(x).

LEMMA 3.5. ([36]: Theorem 2.5.8) Suppose vy(x) satisfies Assumption 3.1. If a is a step size that
satisfies the Armijo condition (2.12) along a descent direction d, then the decrease of v¥¢(x) satisfies e(x) —
ez + ad) > c1]|ad||? with ¢ = —2X—

14/ M/x "
We will also make use of the following inequality.
LEMMA 3.6. Let dy,ds,- - ,dy be vectors in R™. Then Zf:l 1d;]1> > ]| Z?:l djl?.

Proof. We prove this lemma by induction on k. The result is trivial if £ = 1. Suppose the inequality is

true for k£ — 1; we now prove that it is also true for k.

k 1 k 1 k—1 1 k—1 k—1
ST = D dslP = I Sl = o | 1Yl el 2 Sy |
j=1 j=1 j=1 j=1 j=1

1 1 k-l k—1
= e Il =Dl =2 [ Yo | de | =0,
=1 o

where the last inequality comes from the Cauchy-Schwartz inequality and the fact that %a2 + eb? > 2ab for

arbitrary scalars a and b and € > 0. This proves the lemma. O
We now derive a lower bound on the step size for any search direction.

LEMMA 3.7. Suppose Condition 2.4 is satisfied by all direct search steps and Assumption 3.1 holds.
Then the step size aj > ap for (j,t) € D({, k) and oy > ag for (j,t) € R(L, k)\D(L, k), where

: 27(1 = p1)np . 27¢1(1 — p1)
Qp = INin | &, M7ﬁ2 , a7 = Iin | &), W ,
D

and K, specified in Algorithm 1, is the maximum number of iterations of the minimization sequence at level
7 — 1. Therefore,

(3.9 oy > o = min{ap, az}
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for any (4, t) € R(¢, k).

Proof. 1. Since 1), satisfies Assumption 3.1, it follows from Theorem 3.3 that the step size

27(p1 — 1)thgj t
(3.10) oy > min | «,, =
! T Md;l3

since the Lipschitz constant L, can be taken to be M.

2. If iteration (j,t) € D(4, k) satisfies Condition 2.4, then it can be verified directly from (3.10) that

Q¢ Z ap.
3. Now consider iteration (j,t) € R(¢, k)\D(¢, k). From inequality (2.7), it follows that

~(dje) g7 = Wj-1,0 = Vjor,in.
Since the sequence {¢;_1;} is monotonically decreasing, the reduction of the function value satisfies
i*—1
Yj—1,0 = Vj—1,+ 2 Z Yj—1k = Vj—1,k+1-

k=0

Since ;1 is uniformly convex, it follows from Lemma 3.5 that

Vi—1k — Vj—1kr1 > allog_rrdi—1xl?

Using Lemma 3.6 and the fact that the total number of iterations at level £ — 1 is less than K, we have

i1

1 C1 | %
(3.11) —(dj1) " gj > eyl > i akdioakl® > §||dj—1||2 >
k=0

C1
slldje

|2
Kw ’

where the last inequality comes from the fact that d;; is a prolongation of dj_; and
1j.oll = 125 5o | < NP5l ([ dG || < |y ]I-
Therefore, combining (3.10) and (3.11), we obtain «;; > oz which completes the proof. 0

REMARK 3.8. We have shown in Lemma 2.2 that the recursive search direction is a descent direction.
Therefore, for the convex case, the backtracking Algorithm 2 can be replaced by other line search procedures
and Algorithm 1 still works. For example, the Armijo- Wolfe conditions require that oy i satisfies condition

(2.12) as well as the curvature condition

(3.12) (Vou(zen + aprder)) " dor > po(ger) der,

where 0 < p1 < po < 1 are the two controlling parameters. In this case, using the uniform convexity of 1y,

we have

aj Ml|d; ol > (dje) T [Vebe(je + ajadye) — Vibe(xia)] = —(1 = p2)(g5.0) " dj
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for any iteration (j,t) € R({, k). Hence, the step size o4 is bounded below by:

(g5.0) Tdjil

. > (- )
(3.13) aji > (1—p2) M2

_ (A=p2)np _ c(l—p2)
= TmpE YT T TMRw?

Therefore, Lemma 3.7 holds with the constants ap

The following lemma shows that if the direct search directions satisfy Condition 2.4, the recursive steps

satisfy properties that will enable us to prove convergence of our multigrid method.

LEMMA 3.9. Suppose iteration (j,t) € R(£,k)\D(¢, k) and Condition 2.4 is satisfied by all direct search
directions. Let p be the deepest level in R(j,t) such that

(3.14) 9p,0 = Rpy19py10 =+ = Rpy1--- R;gjq-

Then under Assumption 3.1, for any iteration (q,k) = (¢q,0), where p < q < j, and for iteration (q,k) = (4,1),

we have

(3.15) cos(fg,x) = 0g—p and — (dq,k)qu,k 2 anp”gq-,k”?’

where O, is the angle between dgy and the steepest descent direction —gqk, 0q—p = X0q—p and n; =
(a*p1ﬁ2)z77@.

Proof. 1. We will prove (3.15) for (¢,k) = (q,0), where p < ¢ < j, by induction on ¢. First, let us

consider iteration (p + 1,0) which is computed recursively. From inequality (2.7), it follows that

(3.16) ~(dp+1,0) " Gp11,0 = Vpo — Vpiv = Ypo — Yp1 = —.001(dpo) | Gp.os

where the last inequality comes from the Armijo condition (2.12) for iteration (p,0). Since (p,0) is computed
directly, —(dp.0) " gp.0 > npllgp.0ll3- From (3.14) and the first condition in (2.9), we obtain

5

(3.17) 950113 = 1 Bp+19p+1.0l13 = £2[lgp+1.,0

Combining all of these facts together, we get

—(dp+1,0)T9p+1,o > Oz*Plff277D||gp+1,0||g»

which proves the second inequality of (3.15) for ¢ = p+1. From Lemma 3.4, we obtain ||g,+1,0ll2 > 5 ||dp+1,0ll,
which completes the proof of the first inequality of (3.15).

Now, suppose (3.15) holds for p < ¢ < j — 1; we prove that (3.15) also holds for ¢ + 1. Similar to the

case ¢ = p+ 1, we have

—(dq+1_’0)—rgq+1,0 > T/)q,o - T/Jq,i* > 'l/Jq,O - ¢q,1 > —plaq’o(dq,o)—l—gq,o
> pra’ (a*mfi2)q7p 11 |94.017

q—p

> pra* (1) ok ||ggr10l”

= 77q+1—;vH9q+1,0||2a

since relationship (3.17) also holds with p replaced by ¢. Using Lemma 3.4 again, we obtain (3.15).
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2. For iteration (j,t), inequality (3.15) holds by simply repeating, in an analogous fashion, the above

proof:
—(dj) " gj0 = Vi-10 = Vim0 = Pj—10 = Yie1 = —prajo10(dj-10)  gj-1,0
« j—p—1
> pra* (o p1s®)" " npllgi 1ol
> 1j-pllgj.el*-
0

We can now prove that the minimization sequence generated by Algorithm 1 on the finest level is globally
convergent whereas the minimization sequences on all other coarser levels are either globally convergent or
stop after at most K steps.

THEOREM 3.10. Suppose Condition 2./ is satisfied by all direct search directions. Then under Assump-
tion 3.1 the iterative sequence {xn} generated by Algorithm 1 at the finest level converges to the unique
minimizer of fx(zx).

Proof. The step size an  at the uppermost level is bounded from below by a constant a* > 0 from

Lemma 3.7. From the Armijo condition (2.12), we have

.
YNk — YN k+1 = —ONkP1AN LIN k-

Therefore, since by Assumption 3.1 ¢(+) is bounded below, limg_. dg,ngak = 0. From Lemma 3.9, we have

—dY Nk > ollgn el

for some constant . This shows that
(3.18) Jim [V ()| =0

holds, since V fx(2n,x) = gnk (recall that vy = 0). The uniqueness of the minimizer follows from the strict
convexity of fy(zn) in Assumption 3.1. O

We now prove R-linear convergence.

THEOREM 3.11. Suppose Condition 2.4 is satisfied by all direct search directions. Assume that the
iterative sequence {xN k} generated by Algorithm 1 at the uppermost level converges to the unique minimizer
X of fn(zn) and that Assumption 3.1 holds. Then the rate of convergence is at least R-linear.

Proof. Again from Condition 2.4 and Lemma 3.9, we have
(3.19) f(engpt) — fn(ang) < —a*nnl|V (e |2
From the second inequality of (3.8) in Lemma 3.4, we get ||V fx(znk)||? > x (fn(2nk) — fn(2%)). Hence,
fN(ﬂCN,kH) - fN(xN,k) < —a'nNx (fN(mN,k> — fn(2X))

where 0 < a*nnx < 1 can be verified straightforwardly. By subtracting fx(x%) from both sides of the above

inequality, we have:

In(@N k1) = f(ey) < (1= a®nnx) (fn(@ne) — f(ey)) -
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From the first inequality of (3.8) in Lemma 3.4, we obtain that fx(zn k) — fx(2) = ¥ llone — 2% ]|>. Hence,

N

lon s — 2t < ﬁ(mm,w = (et
< ﬁ(l _ om0} U @ns) — f(@i)?

2 *
<4/ (@ =a"nx)
X

COROLLARY 3.12. For any € > 0, after at most 7 = 28Un@EN0)=IN@I)D jyorqtions, where 0 < ¢ =

. log(1/c)
1 — X&IN < 1, we have fx(znk) — fr(zy) < e

ol

(fx(ano) — fn(@R))?.

Proof. With the help of inequality (3.19) and from the standard convergence analysis for convex functions

[7], we have the result immediately. O

3.2. General Nonconvex Problems. In this subsection, we prove that Algorithm 1 is globally con-

vergent when applied to general differentiable functions if the search parameter ps in (2.13) satisfies
(3.20) I—p1<p2<1,

and we replace Assumption 3.1 by the following:
ASSUMPTION 3.13.
1. The level set Dy = {x¢ : Yo(xs) < p(xe0)} is bounded.

2. The objective function 1y is continuously differentiable and the gradient Vi, is Lipschitz continuous,

i.e., there exists a constant L > 0 such that

(3.21) IVYe(we) = Vo (Ze)|| < Lllwe — Zel|, for all z¢, ¢ € Dy.
This assumption implies that there is a positive constant v such that
(3.22) IVe(ze)|| < 7, for all z, € Dy.

The following lemma shows that the norm of the search direction is uniformly bounded from above.

LEMMA 3.14. Suppose Assumption 3.18 holds and Condition 2.4 is satisfied by all direct search direc-
tions. Then, for all iterations (j,t) € R(¢, k), we have

(3.23) ¢l

S ijp'YﬁD;

where ¢; = max((wa,K), 1) and p := p({,k) is the deepest level in R({,k) defined by (3.3). Therefore,
djell <7 = (n-noVPOp-

Proof. 1. If iteration (j,t) € D(, k), we obtain [|d; || < Bpllg;.|l < v8p from Condition 2.4 and (3.22).
Hence, the inequality (3.23) is proved since ¢;_, > 1.

2. Now consider iteration (j,t) € R({,k)\D(¢, k). We prove (3.23) by induction on the levels ¢ =
p+1,---,j. Since there is no recursive step on level p in the minimization sequence initialized by iteration

(p+ 1,t) for any ¢, the total number of iterations at level p is less than K and the step size «y, ; generated
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by Algorithm 2 is always bounded from above by «,, we obtain

L% -
T — T —

ldp1el = 1Ppsa (D aprdpi)| < way Y Nyl < wa,KyBp < Giyfp
k=0 k=0

which proves (3.23) for ¢ = p+ 1. Suppose (3.23) is true for ¢ — 1 > p. As above, we have

7= i*—
lldg.ell = ||Pq(z ag—1,kdg—1,1)| < @, Z ldg—1,kll < @a,K{g—1-p7BD < G4—p7Pp,
k=0 k=0
since wa,K(y—1—p < (4—p. This completes the proof.

LEMMA 3.15. Suppose Assumption 3.13 holds. The step size ay o on the first iteration of each mini-

mization sequence on level ¢, is bounded below by

—(1 = p2)g/ ode.o

3.24 Qo >
(3.24) 00 Tldeo]?

If doo is a direct search direction satisfying Condition 2.4, then
1—

Qpo > ap = Lﬂ%

Proof. Since condition (2.13) is satisfied at the first iteration,

Ye(ze,0 + a0deo) > Voo + p204z,ogzode,o-

From the mean-value theorem, we have

V(w00 + arodeo) — Yoo = aeoVbe(xeo + 0deo) " de o,

where 0 € [0, ay,0]. Combining these facts, we obtain Ve (zeo + edgvo)-rd[yo > pggzodg’o, hence,

V(o0 + 0deo) T deo — g/ 0deo > (p2 — 1)g/ gdeo-
Since V1) is Lipschitz continuous by Assumption 3.13 and gs0 1= V)¢(xr,0), we obtain

OL|deol® > (p2 — 1)ggodeo-

_ T
Therefore, ago > % proving (3.24). Using the inequalities (2.10) of Condition 2.4 immediately
gives (3.25). O
The following lemma shows that the directional derivative along a recursive search direction and the
step size are bounded from below by the norm of the gradient raised to some finite power.
LEMMA 3.16. Suppose iteration (j,t) € R(€,k)\D(¢, k) and Condition 2.4 is satisfied by all direct search
directions and Assumption 3.13 holds. Let p be the deepest level in R(j,t) such that

(3.26) 9p0 = Rpt19p+10 ="+ = Rpy1--- Rjgje-
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is satisfied. Then for any iteration (q,k) = (¢,0), where p < ¢ < j, and for iteration (¢, k) = (j,t), we have

9i—1_1q B o i
(3.27) oo (0= YT (0 prapmpr®U g, 12)?
: nggq,k = sz 527&,2 ’
and if ¢ <N,
2i—1_1 2i—1 _ . i—1
(3.28) o k>>(P1>‘ )(1fw)( (o2 prapmpr?U =P g, |)?
R = P2 L :)721, )
and if ¢ =N,
(27‘,—171) 1 2(j—p) o\ i1
: pi(1l —p2) 27(1 — p1)(py prapnpr™ P |lg;4(*)
(3.29) Qg > min (am <p2L> 2 T j 7

where 1 = q — p.

Proof. 1. We prove this lemma by induction on the level ¢q. First, let us consider iteration (g, k) :=
(p+ 1,0). From inequality (2.14) and Condition 2.4, it follows that

- - T
_d;+1,09p+1,0 > Py 1(¢p,0 —Yp1) = —py lplap,Odp,ogp,O
> p3 ' praonpl|gpoll®

> py tprapnpr?d TP |g; 4|

which proves inequality (3.27). If p + 1 < N, the line search is the modified backtracking procedure. It

follows from Lemma 3.15 that the step size apy1,0 is bounded from below

T
—dp+1,ogp+1,o

> (1 —
o 2 (L= p2) =

From Lemma 3.14, we obtain

) p1apnprU =) |l g; 4|
paLA?

api1,0 > (1= p2

7

which proves inequality (3.28).

2. Now suppose inequalities (3.27) and (3.28) hold for p < ¢ < j — 1; we prove that they also hold for
g+ 1. As in the case of ¢ = p+ 1, we have

—dg 1090410 2 P53 (g0 — Vg1) = —p3  p10g.0dy 0940
9i—1_1 gi—1 B . i1
>m(my ’C—my ) (03 propnpr?0 P g;e]2)?

T p2 \p2 L 7%
2i—=1_1 _ . i—1
(o= )\ Y (03 prapnps P g;]1)?
p2L 7% -2
2i-1) , — - i
_ (1 =p2) Y (03 prapnpr?U—P)||g?)?
paL o |

Using Lemmas 3.14 and 3.15 again, we obtain inequality (3.28).
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3. There are two cases for iteration (j,¢). If j < N, then inequalities (3.27) and (3.28) hold by simply
repeating, in an analogous fashion, the above proof. If j = N, inequality (3.27) still holds but inequality
(3.28) has to be modified since the line search now is the traditional backtracking procedure. It follows from

Lemma 3.3 that the step size satisfies

. 27(p1 — 1)d] 95,0
G =M\ TG )
75

which provides the required result. O

REMARK 3.17. The techniques for proving Lemmas 3.9 and 3.16 are similar, i.e., both only depend
on the very first iteration of each minimization sequence on the coarser levels. While the step sizes can be
bounded from below by a constant in the uniformly convex case, the step size of the first iteration of each
minimization sequence on the coarser levels can only be bounded from below by the norm of gradient raised
to some finite power in the general case.

We now establish the global convergence of Algorithm 1.

THEOREM 3.18. Suppose Condition 2.4 is satisfied by all direct search directions and Assumption 3.18
holds. Then in Algorithm 1 at the uppermost level

limy oo |V fn(2x,0)[] = 0.

Proof. From the same reasoning as in the proof of Theorem 3.10, we obtain
(3.30) Jim an kdy x9Nk = 0,

from the Armijo condition (2.12) and the boundedness of the function ¥n on the level set Dy. From

Condition 2.4 and Lemma 3.16, it follows that each iteration satisfies

I [

(3.31) —ax kdN 9Nk > OllgN ok

9

where o is a positive constant and the order i can only be selected from a finite set of integers {21, 22, ...  2N=No+1}1/
whether or not the direction dy i is a direct search direction or a recursive search direction. Combining (3.30)
and (3.31), we obtain limg_,o ||V fx(zn k)| = 0, since V fx(zn,k) = gnk (recall that vy = 0). O

4. Practical Issues. In this section, we discuss different ways to generate direct search directions and
how to apply the full multigrid method, which is used to enhance the performance of the multigrid method

for solving PDEs, to our optimization context.

4.1. The Direct Search Direction. We first discuss the role that direct search steps play as “smoothers”.
The role of “smoothing” has been extensively discussed in multigrid methods for PDEs. Basically, smooth-
ing steps smooth the residual on the fine level and the coarse grid correction steps damp the error on the
coarse levels. In geometric multigrid methods, which fix the coarsening and adjust the smoother, an error
erk =T — 2, (z; denotes the exact solution on level £) is said to be “smooth” if it can be approximated
on some predefined coarser level. In algebraic multigrid methods, which fix the smoother and adjust the
coarsening, the error e, is said to be “smooth” if it is slow to converge with respect to the smoothing

operator, i.e., it has to be approximated by means of a coarser level in order to speed up convergence (see
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section A.3 in [38] for a detailed discussion). A standard proof of convergence of multigid methods for PDEs
requires that the coarse grid correction and the smoothing operator cooperate with each other so that the

spectral radius p of a certain matrix is strictly less than one. As a consequence, the error ey is reduced

proportionally at the rate p, i.e., |les x| < pllec,r—1ll, for all iterates k. For example, some algebraic multigrid
methods require that the smoothing operator Sy produces a sufficient reduction in the error e, that is,

[ISeer.i|| should be sufficiently smaller than |leg || ((A.3.7) in [38]).

Our multigrid optimization framework follows the geometric multigrid framework. We refer to direct
search steps in our method as “smoothing steps” if they must be taken before or after a recursive step. Such
steps act as a kind of “smoothing” operator, although the term “smoothing” is misleading in the context
of optimization. A local convergence analysis which includes proving that |les k|| < pllesx—1] for all iterates
k sufficiently large enough might be possible for a carefully chosen direct search method under suitable
assumptions. However, we only focus on the global convergence of our multigrid method in this paper and
our analysis does not depend on these “extra” smoothing steps. One natural and practical requirement for
a “smoothing” step is that they result in a “sufficient” decrease in the objective function value [3, 39]. Since
it is hard to provide a theoretical justification for the impact of smoothing steps on the performance of our
algorithm on different levels, we provide instead empirical evidence of this impact by depicting the evolution

of the objective function value and the norm of the gradient for the problems tested in section 5.

4.1.1. Newton Type Step Directions. Exact Newton steps as well as inexact Newton steps gen-
erated by the linear conjugate gradient method (CG) method satisfy Condition 2.4 [39] for strictly convex
problems. For nonconvex problems at iteration (¢, k), if the Hessian Gy j, is not positive definite, a modified
Newton method [35, 36] can be used to generate a descent direction. In particular, one can add a term E to
the Hessian Gy j so that é&k =Gy + Eg 1 = 0. The additive term Ey j can be taken as a diagonal matrix
tekle, where g > 0 and I, is the identity matrix. If the term FEjpj is chosen large enough so that the
smallest eigenvalue of C:'&k is uniformly bounded from below and if we assume that the norm ||(~}'zkH <M,
ie., éf,k is uniformly bounded from above, then Condition 2.4 is satisfied. Another way of choosing Ey x
is to use a modified Cholesky factorization approach [17, 16]. If the condition number number of é&k is

uniformly bounded, i.e.,
(4.1) IGekll IGELN < 0,

then dy ), = —é;;g&k is a descent direction and the angle 0y ;, between d j, and the steepest descent direction

—ge,k is bounded away from /2 since

|ngdl,k

42 COS@ =
(4.2) Oer) = Torells Tdeall

1
> —.
9

If (4.2) holds, we can also prove Theorem 3.18 even though Condition 2.4 might not hold. Assuming that

Assumption 3.13 holds and |G| < M, from the fact ||Az| > |jz||/|| A~} for any invertible matrix A, we

obtain

~_ 1 ~
(4.3) —dg wgek = 1G4 2 90kl = 90 kl?/ NGkl = lgel®/M.
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If the backtracking line search procedure is used, it follows from Lemma 3.3 that

27(py — 1)dy g0 i
0.k
Ly||dg 113 ok

_aé,kdzkgé,k > —min (apa
This, together with (4.2) and (4.3), gives

. 27(1 —p1)

T 2

—agkdy k9o > Min (Q/J/M7 L,0° llge,rll”

Therefore, the first step in the proof of Lemma 3.16 can also go through except with different constants.

Similar results can be obtained for the Goldstein rule.

4.1.2. Quasi-Newton Step Directions: L-BFGS. Using a modified Newton method to compute a
direct search direction is not appropriate if the Hessian cannot be computed at a reasonable cost. Quasi-
Newton methods are also expensive since the approximation to the Hessian has to be stored explicitly.
However, the limited memory BFGS (L-BFGS) method only requires a few vectors to represent this approx-
imation implicitly. These vectors are updated using information from only the most recent iterations no
matter whether they are direct search steps or recursive search steps. Therefore, the L-BFGS method can
be seamlessly integrated into our multigrid method. For a descriptions of the L-BFGS method based on a
recursive formula and a compact representation of inverse BFGS matrices, we refer the reader to [35, 12].

According to the way coarser level problems (2.3) are constructed, all coarser level models on the same
level differ only by the additive term —v/ x,. Since there may be more than one minimization sequence
on a particular level, information stored for the L-BFGS method from a previous minimization sequence
can be used to accelerate the convergence of the current minimization sequence. A minimization sequence
ends whenever the method goes to the next finer level, since the additive term —wv,z, changes when the
method returns to the current level. Another strategy is to combine an inexact Newton method with the
L-BFGS method. Specifically, the L-BFGS method can be used to build an approximation of the inverse of
the Hessian at each iteration, and this approximate inverse Hessian can be provided as a preconditioner to
the preconditioned linear conjugate gradient method in an inexact Newton method. Since Newton’s method
performs well when the iterates are close to an optimal solution, one can alternate between L-BFGS and
the inexact Newton method, especially when L-BFGS stagnates. Further discussion of this kind of hybrid
strategy can be found in [32].

4.2, Full Multigrid Method. The basic multigrid method solves problem (2.1) by calling an =
MLS(N,zN,0,0). Since starting from a good initial point usually reduces the total number iterations re-
quired, the idea underlying the “full multigrid method” is the use of the multilevel approach itself to provide
a good initial point. Suppose we start at a level £ = Ng where the discretized problem is very easily solved.
Algorithm 1 is applied to the discretized problem at level £ to obtain a solution z, ;+ and we interpolate this
solution to the next finer level £+ 1 as an initial approximation. This process is repeated over and over until

we reach the uppermost level. The detailed algorithm is described in Algorithm 3.

5. Numerical Tests. In this section, we demonstrate the effectiveness of our multigrid approach by
comparing different versions of it with other methods such as Newton’s method, limited memory BFGS
and mesh refinement on two problems. The standard L-BFGS method applied at the finest level without
recourse to coarse level computations is denoted by L-BFGS. Similarly, Newton’s method on the finest level

using Cholesky factorization to solve the system of linear equations is denoted by NT-FACT. The mesh
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Algorithm 3 Full Multigrid Method FMLS
Step 1. Set an initial approximation zn, .o
Step 2. FOrR £ =Ng,Ng+1,---,N
2.1. Call zp = MLS({,24,,0) starting with .0, i.e., apply multigrid Algorithm 1 to solve the dis-
cretized problem ming,, fo(z¢) on level ¢
2.2. If £ < N, prolongate z, to obtain an initial point x¢41,0 on level £+ 1.

refinement technique where the discretized problems are solved in turn from the coarsest level to the finest
level using the standard L-BFGS method is denoted by MR-LBFGS. Algorithm 1 using the steps of the L-
BFGS method as the direct-search direction is denoted by MLS-LBFGS. The full multigrid Algorithm 3 using
the L-BFGS method is denoted by FMLS-LBFGS. Similarly, the full multigrid Algorithm 3 using Newton’s
method and the linear CG method or the linear multigrid method to solve the system of linear equations at
each Newton step is denoted by FMLS-CG or FMLS-LMG, respectively. The variant FMLS-LMG can be
viewed as an extension of the classical nonlinear multigrid method following a global linearization approach.
Preliminary computational testing indicated that doing one smoothing step improved performance, although
our convergence results do not require that smoothing steps be taken. (When we specify that a particular
version of Algorithm 1 or 3 does k smoothing steps, we mean that before considering doing a recursive step,

the algorithm first takes k direct search steps.)

For practical considerations, we terminated all algorithms if the iterations stagnated, that is,

O,k — Yk _ _
(5.1) maxszgﬂ 1@}2 ’:” 0 <107 or (|ex — zo s < 10 9 and £ = N).

The initial point in all algorithms was taken to be the zero vector. For the multigrid Algorithm 1, we set
k=10"" ¢=10""/5"" ¢ =10"", £=10""% Kq=5 p=10"° po=1-p,

and K = 10 on all levels other than the finest. The line search method for choosing a step size was adapted
from Algorithm A6.3.1 in [13], which is based on interpolation combined with backtracking. The upper
bound on the number of gradient and step difference pairs stored by the L-BFGS method was set to 5. We
terminated the linear CG method in FMLS-CG once the norm of the residual was less than 1073|g, x||. We
used cubic interpolation in Step 2.2 of Algorithm 3. All codes were written in MATLAB (Release 7.3.0),
and all experiments were performed on a Dell Precision 670 workstation with an Intel Xeon 3.4GHZ CPU
and 6GB of RAM.

5.1. Nonlinear PDE. Consider the variational problem

(5.2) min F(u(z,y)) = / %\Vu(w,yﬂ2 — Mu(z, y)er@y) — @Yy gz y)u(z,y) dedy, u=0 on L,

Q
where A = 10, Q@ = [0,1] x [0,1] and v = (971'2 + Ael@—2*)sin(3my)) (12 _ 33) 4 6z — 2) sin(3my). The
variational problem (5.2) corresponds to the nonlinear PDE: —Au + Aue =« in Q, given u = 0 on 99 [24].

We discretized 2 at level ¢ as a square grid

.. def P . . z. .
(53) Qé:{(zv.]) = (mlayj) | Ii:?’wﬁayj:]wg7lzo717“' 7”[;]:()717"' 7”?}7
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TABLE 5.1
Summary of computational costs for Problem 5.2

NT-FACT on level 10 L-BFGS on level 10
¢ nfe nge g™ CPU L nfe nge g™ CPU
10 6 4 4.3e-08 154.19 | 10 1018 1001 9.6e-05 1986.93
MR-LBFGS MLS-LBFGS FMLS-LBFGS FMLS-LMG | FMLS-CG
level 10 level 8 level 9 level 10 level 8 level 10 level 10 level 10
¢ |nfe nge|nfe nge nv|nfe nge nv|nfe nge nv|nfe nge nv|nfe nge nv|nfe nge nv|nfe nge nv
3 |18 17|78 71 0[32 28 0|21 20 0|74 70 0|74 70 0|23 13 0|50 28 O
4 |32 29116 99 17|61 53 9|67 53 649 40 7|49 40 7|6 4 1|44 25 3
5 |43 40 (123 100 17|103 87 112|109 95 15|27 23 3 (27 23 3|3 2 0|20 12 2
6 |42 40|96 77 11[118 95 18190 154 23|17 15 1|17 15 1|3 2 0|6 4 1
7 |47 46|50 38 7 [90 72 11|194 152 27| 6 5 16 5 1|3 2 0|7 4 0
8 1 123 18 4|51 33 7123 8 17/1 1 o1 1 o011 1 o1 1 O
9 1 1 21 16 3|74 44 8 1 1 o1 1 o1 1 O
10 1 1 25 18 4 1 1 0] 1 1 01 1 0
llg*]l| 3.1e-06 5.26e-06 9.76e-06 9.68e-06 8.8e-06 3.0e-06 2.9e-06 3.1e-06
CPU 2.42 4.69 16.19 82.89 0.70 1.61 1.53 2.44

where, we took nf = nj = 2¢ yielding a mesh with widths wf = 1/n¢ and w{ = 1/n}, and we discretized
the term Vu in objective functional using the forward finite difference operator du. Hence, the discretized

version of F in (5.2) was

f=wiel Y §|\(5u)z‘,j||2 = A (ui; — 1) = it

i,j=0,- n%—1

In our test problems the grid spacing was set to 272 at the coarsest level £ = 3 and to 2710 at the finest

level ¢ = 10, which gave 9 x 9 and 1024 x 1024 grids, respectively. We used the nine-point prolongation

Wfl(%%, i=0:2:nf,j=0:2:n,
%ug_l(%,%l -1)+ %ug_l(%,%), i=0:2:nf,j=1:2:n) -1,
(Pewe-1)(3,§) =  Sue1 (L = 1,2) + 2up (5, ), i=1:2:nf—1,j=0:2:n},
Jue (B =15 — 1) 4 Juea (5 - 1, 5+
Tue1 (B 5 — 1) + Jue (55, ), i=1:2:nf—1j=1:2:n—1,

and Ry = 1P, similar to multigrid methods for PDEs [23, 38, 40].

In Tables 5.1-5.2, we summarize the computational costs of the various methods on this and one other
problem. We use “¢” to indicate the level, and “nfe” and “nge” to denote the total numbers of function and
gradient evaluations at that level, respectively. We define a cycle as the iterations between two consecutive
recursive steps and denote the total number of cycles on each level by “nv”’. We also report the total
CPU time measured in seconds and the accuracy attained, which is measured by the Euclidean-norm of the
gradient ||g*|| at the final iteration.

From Table 5.1, we can see that L-BFGS is not efficient. For example, it terminated after 1018 func-
tion evaulations and 1986.93 seconds with ||g*|| = 9.6e-5 on level 10. For MLS-LBFGS, the numbers of
function/gradient evaluations on the finest level are smaller than those on the coarser levels and they are
almost the same when MLS-LBFGS is applied to levels 8, 9 and 10, respectively. However, MLS-LBFGS
took a lot of iterations on the coarser levels. One reason is that the recursive steps cannot provide sufficient

improvements since the first-order model is not good when the solution is far away from the optimal solution.
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F1G. 5.1. Performance plots for Problem (5.2) running at the finest level £ = 10. The first row corresponds to MLS-LBFGS
and the second row corresponds to FMLS-LBFGS. The objective function values are depicted in (b) and (e). The logs (base
10) of the norms of the gradients are depicted in (c) and (f). Recursive steps are marked by o and direct search steps are
marked by *.
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By using MLS-LBFGS as an approach to obtain a better initial point, the full multigrid algorithm FMLS-
LBFGS performed better. The results in Table 5.1 for FMLS-LBFGS applied to level 10 also includes all
information when FMLS-LBFGS was applied to level 9 since once FMLS-LBFGS reached level 10, it never
returned to any coarser level. FMLS-LBFGS required less function and gradient evaluations on the finer
levels than MR-LBFGS. This is most obvious on level 7, on which FMLS-LBFGS exhibited an approximately
8-fold improvement in terms of the number of function and gradient evaluations over MR-LBFGS. Therefore,
FMLS-LBFGS consumed less CPU time than MR-LBFGS, even though FMLS-LBFGS took more iterations
on the coarser levels than MR-LBFGS.

To illustrate the multilevel behavior of the MLS-LBFGS method, we plot the level versus iteration
history for it in Figures 5.1 (a). To see the performance of L-BFGS as a direct search direction and as a
smoothing approach, we show the evolutions of the objective function values in Figure 5.1 (b) and the norm
of the gradients using a base 10 logarithmic scale in Figure 5.1 (c). Similar plots for FMLS-LBFGS are
depicted in Figures 5.1 (d), (e) and (f). In particular, for function values or gradients, we plot all of the
sequences from level 4 to level 10 in one figure and differentiate different sequences on different levels by

dashed vertical lines.
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TABLE 5.2
Summary of computational costs for Problem 5.4

L-BFGS on level 10
¢ nfe nge g™l CPU
10 191 169 3.8e-02 662.79
MR-LBFGS MLS-LBFGS FMLS-LBFGS
level 10 level 8 level 9 level 10 level 8 level 9 level 10
¢ |nfe nge |nfe nge nv|nfe nge nv|nfe nge nv|nfe nge nv|nfe nge nv|nfe nge nv
3 13 12 28 24 0|11 8 O| 7 4 0|8 79 0|8 79 0|8 79 O
4 43 37 70 54 9 (35 28 3|32 23 2 |140 116 16142 118 16|142 118 16
5 157 152 |118 97 13|82 70 9 |67 57 9 |137 115 17143 120 18143 120 18
6 406 391 122 95 16|128 106 16 (121 102 16107 87 114|123 101 16 (126 103 16
7 1426 417 93 65 101|162 132 22159 134 20|80 63 10|111 87 14126 101 15
8 1239 228 54 43 6 140 101 17|188 146 2238 30 4|73 56 9 |101 79 14
9 |172 168 78 67 10(139 103 17 28 20 3|58 42 7
10 32 29 101 76 11 22 15 2
Mgl 1.3e-02 7.41e-04 1.23¢-03 5.00e-04 1.7e-04 7.0e-04 1.1e-03
CPU 347.77 15.00 94.13 436.26 13.38 38.85 122.03

5.2. A nonconvex variational problem. Consider the variational problem

. 1 2 2 2
5.4 min f(u,7)=/ﬂmv(w7y) + (u(z,y) —uo(,y))” + (Au(z,y) — v(z,y)u(x,y))” dz dy,

st.  u(z,y) =0 and y(x,y) = 0 on 99,

where = [0, 1] x [0, 1], and ug(z,y) = sin(67x) sin(27y). We discretized the domain 2 at level ¢ according
to (5.3) and the term Au was discretized using the standard nine-point finite difference operator §2u. Hence,

the discretized version of F in (5.4) was

x 1 2
f=wiv] ) m%?,j + (wig — (u0)ig)? + ((0%w)ij — vijuig)”

§,j=0,-- ,n

where u; j = 0 for (i,j) ¢ €. The derivatives with respect to u; ; contain terms with coefficient 1/(w¥)?
whose magnitude is of order 107 when ¢ = 10 (since w§ = w?). Hence, numerical difficulties can arise since
a small change of v and v can lead to a large change in the gradient of f resulting in very small steps being

taken.

Since problem (5.4) is nonconvex, we did not test Newton’s method NT-FACT and the multigrid methods
FMLS-LMG and FMLS-CG. From Table 5.2, we can see that MR-LBFGS, MLS-LBFGS and FMLS-LBFGS
are faster and more accurate than L-BFGS applied to level 10. The termination rule (5.1) was activated
in all of these cases which partly illustrates the ill-posedness of problem (5.4). FMLS-LBFGS required
less function and gradient evaluations on the finer levels than MR-LBFGS. This is most obvious on level
9, on which FMLS-LBFGS exhibited an approximately 6-fold improvement in terms of the number of the
function and gradient evaluations over MR-LBFGS. Therefore, FMLS-LBFGS consumed less CPU time
than MR-LBFGS. Finally, the level versus iteration history, the evolution of the objective function values
and the evolution of the norms of the gradients in a base 10 logarithmic scale with for MLS-LBFGS and
FMLS-LBFGS are depicted in Figure 5.2.

REMARK 5.1. A proper discretization scheme is critical for robustness and efficiency in solving infinite-
dimensional minimization problems. For example, while the analytical solution of a one-dimensional convection-

diffusion equation is smooth, numerical difficulties can arise since central finite difference of this equation
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F1G. 5.2. Performance plots for Problem (5.4) running at the finest level £ = 10. The first row corresponds to MLS-LBFGS
and the second row corresponds to FMLS-LBFGS. The objective function values are depicted in (b) and (e). The logs (base
10) of the norms of the gradients are depicted in (c) and (f). Recursive steps are marked by o and direct search steps are
marked by *.
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can lead to a highly oscillating discretized solution (section 7.1 in [38]). Suppose that the minima {x;} of
the discretizations of problem (1.1) converge. A discretization scheme might not be suitable if the restriction
of xy is not a good approximation of xy_1 or the prolongation of xy_1 is not close to xy, in particular, on a
fine level £.

REMARK 5.2. [t is well known that L-BFGS can converge slowly on highly ill-conditioned problems
(section 9.1 in [35]). The computational results for problems 5.2 and 5.4 show that the performance of L-
BFGS is improved when it is incorporated within in our multigrid framework. Figures 5.1 and 5.2 show that
the gradient norm is not monotone decreasing. However, the gradient norm is usually substantially reduced
within a few steps after a large increase. Further discussion on the behavior of the gradient morm in the
steepest descent method and L-BFGS can be found in [34).

6. Discussion. In this paper, we present a new line search multigrid algorithm for general nonconvex
unconstrained problems. The algorithm takes as many recursive steps as possible to accelerate the overall
computational speed. By imposing a new condition on a modified backtracking line search procedure, the
recursive step is guaranteed to be a descent direction. Our multigrid algorithm has been implemented using
the limited memory BFGS method to compute direct search directions. Although this method has not yet
been shown to converge in theory, it exhibits excellent computational efficiency. Our future work includes

developing a direct search direction that is able to utilize historical information more effectively and extending
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our algorithmic framework to optimization problems with constraints.
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