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Abstract. We present a line search multigrid method for solving discretized versions of general unconstrained infinite

dimensional optimization problems. At each iteration on each level, the algorithm computes either a “direct search” direction

on the current level or a “recursive search” direction from coarser level models. Introducing a new condition that must be

satisfied by a backtracking line search procedure, the “recursive search” direction is guaranteed to be a descent direction.

Global convergence is proved under fairly minimal requirements on the minimization method used at all grid levels. Using a

limited memory BFGS quasi-Newton method to produce the “direct search” direction, preliminary numerical experiments show

that our line search multigrid approach is promising.
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1. Introduction. Infinite dimensional optimization problems are a major source of large-scale finite

dimensional optimization problems [14, 31]. Since in most cases it is not possible to obtain explicit solutions

for these problems, they are usually solved numerically either by an “optimize-then-discretize” strategy,

or a “discretize-then-optimize” strategy. In an “optimize-then-discretize” approach, one first derives the

optimization method in an infinite dimensional space and then discretizes the objective functional and any

subproblem that must be solved at each step of the method. In a “discretize-then-optimize” approach, the

infinite dimensional problem is first discretized to obtain a standard nonlinear programming problem in a

finite dimensional space, and then one solves this problem by a nonlinear programming algorithm. In this

paper, we follow the “discretize-then-optimize” strategy and propose a new multigrid optimization approach

to solve the discretized version of

(1.1) min
x∈V

F(x),

where F is a mapping from an infinite-dimensional space V to R.

The computational cost of solving problem (1.1) using a very fine discretization directly is expensive.

Fortunately, a hierarchy of discretized problems ranging from a fairly coarse discretization level to the fine

discretization level can be constructed so that the corresponding solutions have similar structures and the

problems on the coarser levels are easier to solve than those on the finer levels. The philosophy of multigrid

algorithms is to use information from coarser levels to produce new trial points for problems on the finer

grids. A simple multigrid method is the technique of mesh refinement [38], where the discretized problems

are solved in turn from the coarsest level to the finest level and the starting point at each level other than

the coarsest is obtained by prolongating the solution obtained at the previous (i.e., next coarser) level.

Multigrid methods [8, 10, 11, 23, 29, 38, 40, 41] have been used very successfully to solve linear elliptic

partial differential equations (PDEs). In this approach, coarser grid corrections are recursively imbedded
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in an iterative process, in combination with so called “relaxation” or “smoothing” steps, to accelerate the

convergence on the target grid. Several extensions of the multigrid approach to nonlinear PDEs have been

proposed and extensively studied. One such extension, usually referred to as global linearization [24, 38], uses

the multigrid method within Newton’s method for nonlinear equations to solve the system of linear equations

that provides the Newton step at each iteration. Another extension, referred to as local linearization, special

cases of which are the full approximation scheme (FAS) [9, 38] and the closely related nonlinear multigrid

method (NMGM) [23, 38], applies the multigrid methodology directly to the original system of nonlinear

equations and its corresponding system of nonlinear residual equations. A combination of global and local

linearization is studied in [42] and a projection multilevel method is proposed for quasilinear elliptic PDEs

in [27, 28, 30], where the system of nonlinear equations is reformulated as a least-squares problem.

Multigrid methods for infinite dimensional optimization problems have also received considerable atten-

tion [1, 2, 3, 5, 6, 15, 37]. However, until recently the essential thrust of these methods has been based on

employing multigrid methods for solving the nonlinear equations derived from the optimality conditions for

either the original problem (1.1) or its discretized version. In a new approach, Nash [25] (see also [26, 33])

proposed a multigrid optimization framework for solving convex infinite dimensional optimization problems.

A proof of the global convergence of Nash’s method was given in [4]. This proof requires that at least one

iteration of the optimization algorithm that is used at each level be performed either before going to or after

returning from a coarser level during a multigrid cycle. These iterations are similar to prior smoothing or

post smoothing steps in multigrid methods for PDEs. Expanding on Nash’s approach, Gratton, Sartenaer

and Toint [18, 19, 20] proposed a recursive trust region method that converges even for nonconvex prob-

lems to a first-order optimal point without doing such smoothing steps at each multigrid cycle. Alternative

convergence results of the recursive trust region method under different assumptions were presented in [22].

In this paper, we propose an easily implementable line search multigrid optimization method under

Nash’s framework. Our algorithm depends on some “basic” iterative method, such as the steepest descent

method, Newton’s method or a quasi-Newton method, and uses coarser grid steps recursively to accelerate

the speed of the basic iterative scheme. The basic iterative method is used only when the coarser grid

steps cannot satisfy certain criteria. By introducing an additional condition to a backtracking line search

procedure, the step generated from the coarser levels is guaranteed to be a descent direction at the current

level. We prove global convergence of our line search method without requiring it to take any “smoothing”

steps in each multigrid cycle as do multigrid algorithms for PDEs. In our algorithm, smoothing steps are

direct search steps of the basic method that are required to be taken before or after a recursive step. We

also prove that the convergence rate is at least R-linear in the strictly convex case. Using a limited memory

quasi-Newton method (L-BFGS) as the basic iterative scheme, our multigrid method is able to solve very

large scale problems efficiently. Our use of L-BFGS is different from its use in the multi-secant multigrid

L-BFGS method in [21] since we do not derive the secant equation based on the multilevel structure.

This paper is organized as follows. In section 2.1, an easily implementable coarser level model is intro-

duced and a line search multigrid optimization framework is proposed. Our line search procedure for the

multigrid method for solving unconstrained nonconvex problems is developed in Section 2.2. Proofs of global

convergence and R-linear convergence for uniformly convex problems are presented in section 3.1. Global

convergence for general nonconvex functions is proved in section 3.2. In section 4, we discuss some techniques

to enhance our mulitigrid method, including different ways to generate direct search directions and the use

of a so-called full multigrid approach. Finally, preliminary numerical results are given in Section 5.

We adopt the following notation in this paper: fℓ,k := fℓ(xℓ,k), and ∇fℓ,k := ∇fℓ(xℓ,k). Here xℓ,k is a
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vector, where the first subscript ℓ denotes the discretization level of the multigrid and the second subscript k

denotes the iteration count. If a vector has only one subscript, as for example xℓ, the subscript ℓ either refers

to the level of the multigrid, and thus xℓ itself is a vector or it refers the fact that xℓ is the ℓth component

of the vector x. When it is not clear from the context, we will point out the specific meaning. N is reserved

for the index of the finest level and N0 for the coarsest level.

2. A Line Search Multigrid Method.

2.1. A Framework for Multigrid Optimization. Let Vℓ be a standard finite element space for V
with the basis {φ(j)

ℓ }nℓ

j=1 at grid level ℓ, where nℓ is the dimension of Vℓ. In our framework, for consecutive

coarser levels, we choose nested spaces, so that VN0
⊂ · · · ⊂ VN−1 ⊂ VN ⊂ V. Given xℓ ∈ Vℓ, there exists

a vector xℓ = (x
(1)
ℓ , · · · , x(nℓ)

ℓ )⊤ ∈ R
nℓ such that xℓ =

∑nℓ

j=1 x
(j)
ℓ φ

(j)
ℓ . Defining the discrete functional fℓ as

fℓ(xℓ) := F(xℓ), the discretized version of problem (1.1) on level ℓ is minxℓ
fℓ(xℓ). The main goal of this

paper is to design a multigrid method for the finest level problem:

(2.1) min
xN

fN(xN).

Define Rℓ to be the restriction operator from level ℓ to level ℓ− 1 and Pℓ to be the prolongation operator

from level ℓ− 1 to level ℓ. As in standard multigrid methods, we assume that:

Assumption 2.1. The prolongation operator Pℓ and the restriction operator Rℓ satisfy:

(2.2) σℓPℓ = R⊤
ℓ .

For simplicity, we take σℓ = 1, which does not affect our convergence analysis.

Line search algorithms iteratively generate a descent search direction and then search along this direction

for a point at which the objective function is suitably reduced. Specifically, starting from the point xℓ,k on

level ℓ, a line search algorithm determines the next point as xℓ,k+1 = xℓ,k +αℓ,kdℓ,k, where dℓ,k is the search

direction and αℓ,k is the step size. Our multigrid algorithm based on Nash’s method [33, 25] alternates

between two kinds of search directions, a “direct search” direction, which is generated on the current level,

and a “recursive search” direction, which is generated from steps taken at coarser levels. The construction of

these search directions depends on a “basic” iterative scheme, such as the steepest descent method, Newton’s

method or a quasi-Newton method, on a single level. As we will see later, most of the computational cost

of constructing a recursive direction comes from this basic iterative scheme. To ensure convergence and

efficiency, some degree of coherence between the problem at each level and the problem at the next coarser

level must be enforced. Hence, the objective function at the coarse level ℓ− 1 is not simply the discretized

function fℓ−1(xℓ−1) , but rather:

(2.3) ψℓ−1(xℓ−1) = fℓ−1(xℓ−1) − (vℓ−1)
⊤xℓ−1,

where vℓ−1 = ∇fℓ−1,0 −Rℓgℓ,k and we have used the notation that gℓ,k = ∇ψℓ,k = ∇ψℓ(xℓ,k). Furthermore,

if we define vN = 0, the model (2.3) can be naturally extended to all levels since the uppermost level model

problem is exactly problem (2.1). Also, since the function model ψℓ−1 depends on the point xℓ,k at the

next finer level ℓ, it is different for different points. To simplify our notation, we omit this dependence of

ψℓ−1(·)’s on xℓ,k, hopefully, without introducing any confusion. The same is true for all other quantities

such as derivatives of the coarse level function ψℓ−1. Actually, the function (2.3) is a generalization of the

coarse-grid correction equation of the FAS scheme [38] in the context of optimization. This can be seen by
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noting the equivalence between the residual equation in the FAS scheme and the gradient of (2.3).

If a “recursive search” direction is chosen, we first move to the next coarser level ℓ− 1 with an initial

point xℓ−1,0 = Rℓxℓ,k. Next we compute the minimizer (or approximate minimizer) xℓ−1,i∗ of the coarse

level problem minxℓ−1
ψℓ−1(xℓ−1), where ψℓ−1 is defined by (2.3) and the cumulative direction

(2.4) d̃ℓ−1,i∗ = xℓ−1,i∗ − xℓ−1,0 =
i∗−1∑

i=0

αℓ−1,idℓ−1,i,

where αℓ−1,i and dℓ−1,i are the step size and search direction, respectively, for the ith iteration on level ℓ− 1.

Here each search direction dℓ−1,i from xℓ−1,i to xℓ−1,i+1 for i = 0, · · · , i∗ − 1 is also computed recursively

whenever possible. Then we prolongate the direction d̃ℓ−1,i∗ on level ℓ− 1 back to level ℓ to obtain the

recursive search direction

(2.5) dℓ,k = Pℓd̃ℓ−1,i∗ .

The following lemma gives some properties of this recursive scheme.

Lemma 2.2. If the minimization on the coarse level ℓ− 1 starts from the initial point xℓ−1,0 = Rℓxℓ,k

and stops at xℓ−1,i∗ , and the recursive direction is defined as dℓ,k = Pℓd̃ℓ−1,i∗ , where d̃ℓ−1,i∗ = xℓ−1,i∗−xℓ−1,0,

then the problems of the two consecutive levels ℓ and ℓ− 1 are first-order coherent in the sense that

(2.6) gℓ−1,0 = Rℓgℓ,k, (dℓ,k)⊤gℓ,k = (d̃ℓ−1,i∗)
⊤gℓ−1,0.

Suppose fℓ−1(xℓ−1) is a convex function and ψℓ−1(xℓ−1,i∗) < ψℓ−1(xℓ−1,0), then dℓ,k is a descent direction;

that is (dℓ,k)⊤gℓ,k < 0. Moreover, the directional derivative (dℓ,k)⊤gℓ,k satisfies

(2.7) −(dℓ,k)⊤gℓ,k ≥ ψℓ−1,0 − ψℓ−1,i∗ .

Proof. The first part of (2.6) comes from the fact that

gℓ−1,0 = ∇fℓ−1,0 − vℓ−1 = ∇fℓ−1,0 −∇fℓ−1,0 +Rℓgℓ,k = Rℓgℓ,k.

This together with (2.5) and (2.2) and our assumption that σℓ = 1, implies that

(dℓ,k)⊤gℓ,k = (Pℓd̃ℓ−1,i∗)
⊤gℓ,k = (d̃ℓ−1,i∗)

⊤Rℓgℓ,k = (d̃ℓ−1,i∗)
⊤gℓ−1,0.

If fℓ−1(xℓ−1) is convex, then so is ψℓ−1(xℓ−1); hence

(2.8) ψℓ−1(xℓ−1,i∗) ≥ ψℓ−1(xℓ−1,0) + (xℓ−1,i∗ − xℓ−1,0)
⊤gℓ−1,0.

Hence we conclude from (2.4) that inequality (2.7) holds. Then from the fact that ψℓ−1(xℓ−1,i∗) < ψℓ−1(xℓ−1,0),

it follows that (d∗ℓ−1)
⊤gℓ−1,0 < 0.

Remark 2.3. Lemma 2.2 shows that the coarser model ψℓ−1(xℓ−1) defined by (2.3) is a first-order

approximation to the finer model ψℓ(xℓ). The property (2.6) is essential for our line search procedure to

construct a descent direction from steps taken on coarser levels. It is also possible to design a second-order

coherent model using information about the Hessian. The requirement (2.6) on the function fℓ−1(xℓ−1) is
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not restrictive; even fℓ−1(xℓ−1) := 0 is possible. However, we use the discretization fℓ(xℓ) of the continuous

function on each level ℓ as this is a natural choice. Although Lemma 2.2 shows that the recursive direction

dℓ,k defined by (2.5) is a descent direction for convex problems, this is not the case in general for nonconvex

problems.

We now specify conditions for when to choose a direct search direction on the current level. Specifically,

dℓ,k is computed directly on level ℓ if

(2.9) ‖Rℓgℓ,k‖ < κ‖gℓ,k‖ or ‖Rℓgℓ,k‖ < ǫℓ

holds, where κ ∈ (0,min(1,minℓ ‖Rℓ‖) and ǫℓ ∈ (0, 1) is the tolerance on the first-order optimality conditions

on level ℓ. The reason for this is that Rℓgℓ,k may be zero while gℓ,k is not if gℓ,k lies in the null space of Rℓ;

hence the current iterate appears to be a stationary point for ψℓ−1 whereas it is not for ψℓ. These conditions

were first used in the multigrid algorithm proposed in [19, 20, 18]. We also compute the search direction dℓ,k

directly if the current point xℓ,k is very close to the point x̃ℓ at which the last recursive step on level ℓ was

initialized (i.e., if ‖xℓ,k − x̃ℓ‖ < ǫx‖x̃ℓ‖, where ǫx ∈ (0, 1)) as long as the algorithm has performed less than

Kd consecutive direct search steps. The motivation for the first part of these conditions is that doing a new

recursive step at this point will yield a result that is similar to what was obtained on the last recursive step.

Many unconstrained optimization algorithms can be used to compute a direct search direction. In

particular, we are able to prove global convergence if this direction satisfies the following condition:

Condition 2.4. The step direction dℓ,k satisfies

(2.10) ‖dℓ,k‖ ≤ βD‖gℓ,k‖ and − (dℓ,k)⊤gℓ,k ≥ ηD‖gℓ,k‖2,

where βD and ηD are positive constants.

We now state our line search multigrid method formally as Algorithm 1. We will present our line search

procedure for choosing the step size αℓ,k in subsection 2.2.

Algorithm 1 xℓ = MLS(ℓ, xℓ,0, g̃ℓ,0)

Step 1. Set κ, ǫℓ(ℓ = N0, · · · ,N), ǫx, ξ ∈ (0, 1). Set integers K and Kd with 0 < Kd < K. Set q = 0, x̃ℓ = inf.

Step 2. If ℓ < N, compute vℓ = ∇fℓ,0 − g̃ℓ,0, set gℓ,0 = g̃ℓ,0;
Else set vℓ = 0 and compute gℓ,0 = ∇fℓ,0.

Step 3. For k = 0, 1, 2, · · ·
3.1. If ‖gℓ,k‖ ≤ ǫℓ or if ℓ < N and k ≥ K,

Return solution xℓ,k;

3.2. If ℓ = N0 or ‖Rℓgℓ,k‖ < κ‖gℓ,k‖ or ‖Rℓgℓ,k‖ < ǫℓ or (both ‖xℓ,k − x̃ℓ‖ < ǫx‖x̃ℓ‖ and q < Kd)

-Direct Search Direction Computation.

Compute a descent search direction dℓ,k on the current level. Set q = q + 1.

Else

-Recursive Search Direction Computation.

Call xℓ−1,i∗ = MLS(ℓ−1, Rℓxℓ,k, Rℓgℓ,k) to return a solution (or approximate solution) xℓ−1,i∗

of “minxℓ−1
ψℓ−1(xℓ−1)”.

Compute dℓ,k = Pℓd̃ℓ−1,i∗ = Pℓ(xℓ−1,i∗ −Rℓxℓ,k). Set q = 0 and x̃ℓ = xℓ,k.

3.3. Call a line search procedure to obtain a step size αℓ,k.

3.4. Set xℓ,k+1 = xℓ,k + αℓ,kdℓ,k. If αℓ,k ≤ ξ and ℓ < N, Return solution xℓ,k+1.

Remark 2.5. If a recursive step is taken, then the condition ‖Rℓgℓ,k‖ ≥ κ‖gℓ,k‖ always holds (see Step

3.2 in Algorithm 1). We note that the recursive routine MLS(·, ·, ·) terminates if either the norm of the
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gradient at the current iterate is smaller than some prescribed tolerance ǫℓ for the level ℓ on which it is

operating or the total number of iterations (direct or recursive) performed on that level exceeds some upper

bound K. Routine MLS(·, ·, ·) is also terminated if the acceptable step size αℓ,k < ξ, where ξ is a small

constant, since this is an indication that it may not continue to make significant progress on the current

level.

2.2. A New Line Search Procedure. Several approaches can be used to make sure that the recursive

search direction is a descent direction. One method is to modify the coarse level function ψℓ−1 by adding an

additional quadratic term λℓ−1‖xℓ−1 − xℓ−1,0‖2
2 so that the function

(2.11) ψ̂ℓ−1 = ψℓ−1 + λℓ−1‖xℓ−1 − xℓ−1,0‖2
2,

is convex, where λℓ−1 is a sufficiently large parameter. Then solving the convex problem minxℓ−1
ψ̂ℓ−1

provides a descent direction. It is difficult however to choose an appropriate parameter λℓ−1. An alternative

(and related) approach is the recursive trust region method proposed in [20, 18] in which each subproblem

is solved subject to a trust region constraint. The trust region ball is shrunk iteratively until the recursive

search direction provides a sufficient reduction in the objective function on the finer level ℓ. Essentially, this

is equivalent to using (2.11), but with an automatic mechanism for determining an appropriate λℓ−1. This

strategy may be expensive, especially on levels with a lot of variables, since the entire minimization sequence,

as well as the computations on the coarser levels for recursive steps, will be discarded if the solution of the

trust region subproblem does not yield a sufficient reduction in the model function.

We now describe our line search procedure based on a backtracking line search scheme [35, 36]. We

choose two constants ρ1 and ρ2 such that 0 < ρ1 <
1
2 and 1− ρ1 ≤ ρ2 ≤ 1. If ℓ is the finest level, we require

that the step size αℓ,k along dℓ,k satisfies the Armijo condition

(2.12) ψℓ(xℓ,k + αℓ,kdℓ,k) ≤ ψℓ,k + ρ1αℓ,k(gℓ,k)⊤dℓ,k.

If ℓ is any level other than the finest level, we require that the step size αℓ,k along dℓ,k also satisfies the

condition

(2.13) ψℓ(xℓ,k + αℓ,kdℓ,k) > ψℓ,0 + ρ2g
⊤
ℓ,0(xℓ,k + αℓ,kdℓ,k − xℓ,0),

in addition to the Armijo condition (2.12).

Note that condition (2.13) is similar to the Goldstein rule if k = 0 and ρ2 = 1 − ρ1, i.e., on the first

step in a minimization sequence at level ℓ. However, its use here is very different. In the Goldstein rule,

the inequality is based on the starting point of the current step on level ℓ and ensures that the step is not

too small. Here it is based on the initial point in the current minimization sequence on level ℓ (i.e., at

the start of a recursive step taken at level ℓ + 1) and it ensures that the decrease in the first order Taylor

series approximation to ψℓ(·) obtained by taking the step xℓ,k+1 − xℓ,0 is at least as great as 1/ρ2 times the

decrease in ψℓ(·) (i.e., ψℓ,k+1 − ψℓ,0). It then follows that the first-order coherence relation (2.6) that the

above statement also holds on level ℓ + 1. Specifically, the following lemma tells us that if condition (2.13)

holds for all steps on level ℓ− 1 during a recursive search step on level ℓ, then the latter is a descent step on

level ℓ.

Lemma 2.6. Suppose that a recursive search direction is computed by Algorithm 1 at xℓ,k on level ℓ. If

conditions (2.12) and (2.13) hold on the coarse level ℓ− 1 from iteration i = 0 to i∗, then the recursive step
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d
(i)
ℓ,k = Pℓd̃ℓ−1,i, where d̃ℓ−1,i = xℓ−1,i − xℓ−1,0, is a descent direction, and in particular,

(2.14) −(gℓ,k)⊤d
(i)
ℓ,k > ρ−1

2 (ψℓ−1,0 − ψℓ−1,i).

Proof. Since on level ℓ− 1 condition (2.13) can be rewritten as

(2.15) ψℓ−1(xℓ−1,i) > ψℓ−1,0 + ρ2g
⊤
ℓ−1,0d̃ℓ−1,i,

and g⊤ℓ−1,0d̃ℓ−1,i = (Rℓgℓ,k)⊤d̃ℓ−1,i = g⊤ℓ,kPℓd̃ℓ−1,i, it follows that the direction d
(i)
ℓ,k = Pℓd̃ℓ−1,i satisfies (2.14).

To select a step size αℓ,k that satisfies these conditions, we use a traditional backtracking scheme in

Algorithm 2.

Algorithm 2 Backtracking Line Search

Step 1. Given αρ > 0, 0 < ρ1 <
1
2 and 1 − ρ1 ≤ ρ2 ≤ 1 (1 − ρ1 ≤ ρ2 < 1 in the nonconvex case). Let

α(0) = αρ. Set t = 0.

Step 2. If (ℓ = N and condition (2.12) is satisfied) or if (ℓ < N and both conditions (2.13) and (2.12) are
satisfied), Return αℓ,k = α(t).

Step 3. Set α(t+1) = τα(t), where τ ∈ (0, 1). Set t = t+ 1 and go to Step 2.

The existence of a step size satisfying the Armijo condition (2.12) for a descent direction follows from

the differentiability of ψℓ and the fact that d⊤ℓ,kgℓ,k < 0. Hence, the pure backtracking phase in Algorithm 2

when ℓ = N is well defined. We now prove that there exists a step size that satisfies both conditions (2.12)

and (2.13) when ℓ < N.

Lemma 2.7. Suppose ℓ < N and ψℓ(xℓ) is continuously differentiable. Let dℓ,k be a descent direction at

xℓ,k (i.e., (gℓ,0)
⊤dℓ,k < 0), and assume that ψℓ is bounded below along the ray {xℓ,k + αdℓ,k |α > 0} for all

k ≥ 0. Then if 0 < ρ1 <
1
2 and 1−ρ1 ≤ ρ2 ≤ 1, there exist intervals of step lengths satisfying both conditions

(2.12) and (2.13) for all k ≥ 0.

Proof. Since yk(α) = ψℓ(xℓ,k + αdℓ,k) is bounded below for all α > 0 and since 0 < ρ1 <
1
2 , the line

tk(α) = ψℓ,k + ρ1αg
⊤
ℓ,kdℓ,k must intersect the graph of yk(α) at least once, since for small enough α > 0,

tk(α) lies above yk(α), i.e., tk(α) > yk(α). Let ᾱ > 0 be the smallest value of α where this occurs. Define

the term

(2.16) φℓ,k
def
= ψℓ,0 + ρ2g

⊤
ℓ,0(xℓ,k − xℓ,0),

then condition (2.13) can be rewritten as

(2.17) ψℓ(xℓ,k + αℓ,kdℓ,k) > φℓ,k + αℓ,kρ2g
⊤
ℓ,0dℓ,k.

If k = 0, then ψℓ,k = φℓ,k. The line t̂0(α) = ψℓ,0 + ρ2α(gℓ,0)
⊤dℓ,0 lies below the line t0(α) since ρ1 <

1
2 <

1−ρ1 ≤ ρ2 ≤ 1 but above y(α) for small enough α > 0. Therefore, the line t̂0(α) must intersect the graph of

y0(α) at least once. Let α′ be the the smallest value of α where this occurs. Clearly, 0 < α′ < ᾱ and (α′, ᾱ]

is an interval in which both conditions hold.

Suppose the lemma holds for iteration k − 1. We now prove that it also holds for iteration k. Since
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Fig. 2.1. An illustration of the line search procedure. If gℓ,0 = g1
ℓ,0

, then the acceptable interval is [0, α5). If gℓ,0 = g2
ℓ,0

,

then the acceptable interval is [0, α2) ∪ (α4, α5]. If gℓ,0 = g3
ℓ,0

, then the acceptable interval is [0, α1)

ψh(xℓ,k + αdℓ,k)

ψℓ,k

α5

φℓ,k

α1 α4α2

ψℓ,k + ρ1αg
⊤
ℓ,kdℓ,k

φℓ,k + ρ2α(g2
ℓ,0)

⊤dℓ,k

φℓ,k + ρ2α(g3
ℓ,0)

⊤dℓ,k

α3

φℓ,k + ρ2α(g1
ℓ,0)

⊤dℓ,k

condition (2.13) is satisfied at iteration (ℓ, k − 1), we obtain that

ψℓ,k = ψℓ(xℓ,k−1 + αℓ,k−1dℓ,k−1)

> ψℓ,0 + ρ2g
⊤
ℓ,0(xℓ,k−1 + αℓ,k−1dℓ,k−1 − xℓ,0)

= φℓ,k,

which implies that there is an interval [0, α′′′) with α′′′ > 0 (α′′′ = ∞ is possible), in which the line

t̂k(α) = φℓ,k +αρ2g
⊤
ℓ,0dℓ,k lies below the graph of yk(α) no matter what the slope g⊤ℓ,0dℓ,k of t̂k(α) is. If t̂k(α)

intersects yk(α) at least once with the smallest intersecting value 0 < α′′ < α, then [0, α′′) is an interval in

which both conditions hold. Otherwise, the line t̂k(α) lies below yk(α) in [0, α), and this interval satisfies

the requirement. Figure 2.1 illustrates several possible cases.

We note that if step sizes at level ℓ− 1 are chosen to satisfy commonly used line search conditions such

as the Armijo-Wolfe conditions, the direction dℓ,k may not be a descent direction.

3. Convergence Analysis. Throughout this section, we define

(3.1) ̟ := max{1, max
i=N0,··· ,N

‖Pi‖, max
i=N0,··· ,N

‖Ri‖} <∞,

and adopt some concepts and notation from [19, 20, 18]. We shall refer to the kth iteration on level ℓ as

iteration (ℓ, k). We define the iteration (ℓ, k) as the predecessor of a minimization sequence that consists of

all successive iterations on and below level ℓ − 1 until a return is made to level ℓ. For iteration (ℓ, k), we

define the set

(3.2) R(ℓ, k) := {(j, t) | iteration (j, t) occurs within iteration (ℓ, k)}

and the deepest level in R(ℓ, k) by

(3.3) p(ℓ, k) := min
(j,t)∈R(ℓ,k)

j
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We denote the subset of iterations (j, t) ∈ R(ℓ, k) for which dj,t is a direct search direction by

(3.4) D(ℓ, k) := {(j, t) ∈ R(ℓ, k) | dj,t is a direct search direction}.

We also denote the Hessian of ψℓ by Gℓ,k = ∇2ψℓ,k = ∇2ψℓ(xℓ,k).

3.1. Uniformly Convex Problems. In this subsection, we consider Algorithm 1 with ρ2 = 1 under

the following:

Assumption 3.1. fℓ(x) is twice continuously differentiable and uniformly convex; that is, there exist

constants 0 < χℓ < Mℓ <∞ such that

(3.5) χℓ‖d‖2
2 ≤ d⊤∇2fℓ(x)d ≤Mℓ‖d‖2

2, ∀d ∈ ℜnℓ ,

for all x ∈ {x | fℓ(xℓ) ≤ fℓ(xℓ,0)}. Moreover, let χ = minℓ{χℓ},M = maxℓ{Mℓ}.
Since ψℓ(x) differs from fℓ(x) only by a linear term, Assumption 3.1 also holds for ψℓ(x). The following

lemma shows that when ρ2 = 1, condition (2.13) or equivalently (2.15) is always satisfied under Assumption

3.1.

Lemma 3.2. Suppose ψℓ(x) satisfies Assumption 3.1. Then for any xℓ,k 6= xℓ,0, condition (2.13) is

always satisfied and Algorithm 2 is the traditional Armijo backtracking line search procedure.

Proof. Since ψℓ(x) satisfies Assumption 3.1 and xℓ 6= xℓ,0,

ψℓ(xℓ) ≥ ψℓ,0 + g⊤ℓ,0(xℓ − xℓ,0) +
χ

2
‖xℓ − xℓ,0‖2

> ψℓ,0 + g⊤ℓ,0(xℓ − xℓ,0),

which implies that condition (2.15) is always satisfied.

The following theorem shows that the step size generated by the backtracking line search procedure is

bounded below.

Theorem 3.3. Suppose that ψℓ ∈ C1, ∇ψℓ is Lipschitz continuous with Lipschitz constant Lℓ, ρ1 ∈ (0, 1)

and dℓ,k is a descent direction at xℓ,k. Then the Armijo condition (2.12) is satisfied for all α ∈ [0, α̂], where

α̂ =
2(ρ1−1)d⊤

ℓ,kgℓ,k

Lℓ‖dℓ,k‖2
2

and the step size generated by the backtracking Algorithm 2 terminates with

(3.6) min

(
αρ,

2τ(ρ1 − 1)d⊤ℓ,kgℓ,k

Lℓ‖dℓ,k‖2
2

)
≤ αℓ,k ≤ αρ,

where τ is the step size reduction parameter in Algorithm 2.

Proof. 1. Since ∇ψℓ is Lipschitz continuous, it follows from Taylor’s theorem (Theorem 1.2.22 in [36])

that

ψℓ(xℓ,k + αdℓ,k) ≤ ψℓ,k + αg⊤ℓ,kdℓ,k +
1

2
Lℓα

2‖dℓ,k‖2.

Then for all α ∈ [0, α̂], we obtain

ψℓ(xℓ,k + αdℓ,k) ≤ ψℓ,k + αg⊤ℓ,kdℓ,k + α(ρ1 − 1)g⊤ℓ,kdℓ,k,

which implies that the Armijo condition (2.12) is satisfied for such α.
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2. Clearly, the initial step size αρ is an upper bound on the step size αℓ,k. Since according to Lemma

3.2 only the Armijo condition (2.12) plays a role in Algorithm 2, the line search will terminate as soon as

αℓ,k ≤ α̂. If the initial step size αρ satisfies the Armijo condition, then αℓ,k = αρ. If not, there is an iteration,

say the tth, such that α(t) > α̂ ≥ α(t+1). Then αℓ,k = α(t+1) = τα(t) > τα̂. Combining these two cases gives

the required result.

The following lemmas give some useful properties of convex functions.

Lemma 3.4. ([36]: Lemma 5.3.4) Suppose fℓ(x), and hence ψℓ(x), satisfy Assumption 3.1.

1. If ψℓ(y) ≤ ψℓ(x), then

(3.7) ‖∇ψℓ(x)‖ ≥ χ

2
‖y − x‖.

2. For all x,

(3.8)
χ

2
‖x− x∗‖2 ≤ ψℓ(x) − ψℓ(x

∗) ≤ 1

χ
‖∇ψℓ(x)‖2,

where x∗ is the unique minimizer of ψℓ(x).

Lemma 3.5. ([36]: Theorem 2.5.8) Suppose ψℓ(x) satisfies Assumption 3.1. If α is a step size that

satisfies the Armijo condition (2.12) along a descent direction d, then the decrease of ψℓ(x) satisfies ψℓ(x)−
ψℓ(x+ αd) ≥ c1‖αd‖2 with c1 = ρ1χ

1+
√

M/χ
.

We will also make use of the following inequality.

Lemma 3.6. Let d1, d2, · · · , dk be vectors in R
n. Then

∑k
j=1 ‖dj‖2 ≥ 1

k‖
∑k

j=1 dj‖2.

Proof. We prove this lemma by induction on k. The result is trivial if k = 1. Suppose the inequality is

true for k − 1; we now prove that it is also true for k.

k∑

j=1

‖dj‖2 − 1

k
‖

k∑

j=1

dj‖2 ≥ 1

k − 1
‖

k−1∑

j=1

dj‖2 + ‖dk‖2 − 1

k


‖

k−1∑

j=1

dj‖2 + ‖dk‖2 + 2




k−1∑

j=1

dj




⊤

dk




=
1

k




1

k − 1
‖

k−1∑

j=1

dj‖2 + (k − 1)‖dk‖2 − 2




k−1∑

j=1

dj




⊤

dk


 ≥ 0,

where the last inequality comes from the Cauchy-Schwartz inequality and the fact that 1
ǫa

2 + ǫb2 ≥ 2ab for

arbitrary scalars a and b and ǫ > 0. This proves the lemma.

We now derive a lower bound on the step size for any search direction.

Lemma 3.7. Suppose Condition 2.4 is satisfied by all direct search steps and Assumption 3.1 holds.

Then the step size αj,t ≥ αD for (j, t) ∈ D(ℓ, k) and αj,t ≥ αI for (j, t) ∈ R(ℓ, k)\D(ℓ, k), where

αD = min

(
αρ,

2τ(1 − ρ1)ηD
Mβ2

D

)
, αI = min

(
αρ,

2τc1(1 − ρ1)

MK̟2

)
,

and K, specified in Algorithm 1, is the maximum number of iterations of the minimization sequence at level

j − 1. Therefore,

(3.9) αj,t ≥ α∗ = min{αD, αI}
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for any (j, t) ∈ R(ℓ, k).

Proof. 1. Since ψℓ satisfies Assumption 3.1, it follows from Theorem 3.3 that the step size

(3.10) αj,t ≥ min

(
αρ,

2τ(ρ1 − 1)d⊤j,tgj,t

M‖dj,t‖2
2

)
,

since the Lipschitz constant Lℓ can be taken to be M .

2. If iteration (j, t) ∈ D(ℓ, k) satisfies Condition 2.4, then it can be verified directly from (3.10) that

αj,t ≥ αD.

3. Now consider iteration (j, t) ∈ R(ℓ, k)\D(ℓ, k). From inequality (2.7), it follows that

−(dj,t)
⊤gj,t ≥ ψj−1,0 − ψj−1,i∗ .

Since the sequence {ψj−1,i} is monotonically decreasing, the reduction of the function value satisfies

ψj−1,0 − ψj−1,i∗ ≥
i∗−1∑

k=0

ψj−1,k − ψj−1,k+1.

Since ψj−1 is uniformly convex, it follows from Lemma 3.5 that

ψj−1,k − ψj−1,k+1 ≥ c1‖αj−1,kdj−1,k‖2.

Using Lemma 3.6 and the fact that the total number of iterations at level ℓ− 1 is less than K, we have

(3.11) −(dj,t)
⊤gj,t ≥ c1

1

i∗
‖

i∗−1∑

k=0

αj−1,kdj−1,k‖2 ≥ c1
K
‖d∗j−1‖2 ≥ c1

K̟2
‖dj,t‖2,

where the last inequality comes from the fact that dj,t is a prolongation of d∗j−1 and

‖dj,t‖ = ‖Pjd
∗
j−1‖ ≤ ‖Pj‖ ‖d∗j−1‖ ≤ ̟‖d∗j−1‖.

Therefore, combining (3.10) and (3.11), we obtain αj,t ≥ αI which completes the proof.

Remark 3.8. We have shown in Lemma 2.2 that the recursive search direction is a descent direction.

Therefore, for the convex case, the backtracking Algorithm 2 can be replaced by other line search procedures

and Algorithm 1 still works. For example, the Armijo-Wolfe conditions require that αℓ,k satisfies condition

(2.12) as well as the curvature condition

(∇ψℓ(xℓ,k + αℓ,kdℓ,k))⊤dℓ,k ≥ ρ2(gℓ,k)⊤dℓ,k,(3.12)

where 0 < ρ1 < ρ2 < 1 are the two controlling parameters. In this case, using the uniform convexity of ψℓ,

we have

αj,tM‖dj,t‖2 ≥ (dj,t)
⊤[∇ψℓ(xj,t + αj,tdj,t) −∇ψℓ(xj,t)] ≥ −(1 − ρ2)(gj,t)

⊤dj,t
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for any iteration (j, t) ∈ R(ℓ, k). Hence, the step size αj,t is bounded below by:

(3.13) αj,t ≥ (1 − ρ2)
|(gj,t)

⊤dj,t|
M‖dj,t‖2

.

Therefore, Lemma 3.7 holds with the constants αD = (1−ρ2)ηD

Mβ2
D

, αI = c1(1−ρ2)
MK̟2 .

The following lemma shows that if the direct search directions satisfy Condition 2.4, the recursive steps

satisfy properties that will enable us to prove convergence of our multigrid method.

Lemma 3.9. Suppose iteration (j, t) ∈ R(ℓ, k)\D(ℓ, k) and Condition 2.4 is satisfied by all direct search

directions. Let p be the deepest level in R(j, t) such that

(3.14) gp,0 = Rp+1gp+1,0 = · · · = Rp+1 · · ·Rjgj,t.

Then under Assumption 3.1, for any iteration (q, k) = (q, 0), where p < q < j, and for iteration (q, k) = (j, t),

we have

(3.15) cos(θq,k) ≥ δq−p and − (dq,k)⊤gq,k ≥ ηq−p‖gq,k‖2,

where θq,k is the angle between dq,k and the steepest descent direction −gq,k, δq−p = χ
2 ηq−p and ηi =(

α∗ρ1κ
2
)i
ηD.

Proof. 1. We will prove (3.15) for (q, k) = (q, 0), where p < q < j, by induction on q. First, let us

consider iteration (p+ 1, 0) which is computed recursively. From inequality (2.7), it follows that

(3.16) −(dp+1,0)
⊤gp+1,0 ≥ ψp,0 − ψp,i∗ ≥ ψp,0 − ψp,1 ≥ −αp,0ρ1(dp,0)

⊤gp,0,

where the last inequality comes from the Armijo condition (2.12) for iteration (p, 0). Since (p, 0) is computed

directly, −(dp,0)
⊤gp,0 ≥ ηD‖gp,0‖2

2. From (3.14) and the first condition in (2.9), we obtain

(3.17) ‖gp,0‖2
2 = ‖Rp+1gp+1,0‖2

2 ≥ κ2‖gp+1,0‖2
2.

Combining all of these facts together, we get

−(dp+1,0)
⊤gp+1,0 ≥ α∗ρ1κ

2ηD‖gp+1,0‖2
2,

which proves the second inequality of (3.15) for q = p+1. From Lemma 3.4, we obtain ‖gp+1,0‖2 ≥ χ
2 ‖dp+1,0‖,

which completes the proof of the first inequality of (3.15).

Now, suppose (3.15) holds for p < q < j − 1; we prove that (3.15) also holds for q + 1. Similar to the

case q = p+ 1, we have

−(dq+1,0)
⊤gq+1,0 ≥ ψq,0 − ψq,i∗ ≥ ψq,0 − ψq,1 ≥ −ρ1αq,0(dq,0)

⊤gq,0

≥ ρ1α
∗
(
α∗ρ1κ

2
)q−p

ηD‖gq,0‖2

≥ ρ1α
∗
(
α∗ρ1κ

2
)q−p

ηDκ
2‖gq+1,0‖2

= ηq+1−p‖gq+1,0‖2,

since relationship (3.17) also holds with p replaced by q. Using Lemma 3.4 again, we obtain (3.15).
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2. For iteration (j, t), inequality (3.15) holds by simply repeating, in an analogous fashion, the above

proof:

−(dj,t)
⊤gj,t ≥ ψj−1,0 − ψj−1,i∗ ≥ ψj−1,0 − ψj−t,1 ≥ −ρ1αj−1,0(dj−1,0)

⊤gj−1,0

≥ ρ1α
∗
(
α∗ρ1κ

2
)j−p−1

ηD‖gj−1,0‖2

≥ ηj−p‖gj,t‖2.

We can now prove that the minimization sequence generated by Algorithm 1 on the finest level is globally

convergent whereas the minimization sequences on all other coarser levels are either globally convergent or

stop after at most K steps.

Theorem 3.10. Suppose Condition 2.4 is satisfied by all direct search directions. Then under Assump-

tion 3.1 the iterative sequence {xN,k} generated by Algorithm 1 at the finest level converges to the unique

minimizer of fN(xN).

Proof. The step size αN,k at the uppermost level is bounded from below by a constant α∗ > 0 from

Lemma 3.7. From the Armijo condition (2.12), we have

ψN,k − ψN,k+1 ≥ −αN,kρ1d
⊤
N,kgN,k.

Therefore, since by Assumption 3.1 ψ(·) is bounded below, limk→∞ d⊤N,kgN,k = 0. From Lemma 3.9, we have

−d⊤N,kgN,k ≥ σ‖gN,k‖2

for some constant σ. This shows that

(3.18) lim
k→∞

‖∇fN(xN,k)‖ = 0

holds, since ∇fN(xN,k) = gN,k (recall that vN = 0). The uniqueness of the minimizer follows from the strict

convexity of fN(xN) in Assumption 3.1.

We now prove R-linear convergence.

Theorem 3.11. Suppose Condition 2.4 is satisfied by all direct search directions. Assume that the

iterative sequence {xN,k} generated by Algorithm 1 at the uppermost level converges to the unique minimizer

x∗N of fN(xN) and that Assumption 3.1 holds. Then the rate of convergence is at least R-linear.

Proof. Again from Condition 2.4 and Lemma 3.9, we have

(3.19) fN(xN,k+1) − fN(xN,k) ≤ −α∗ηN‖∇fN(xN,k)‖2.

From the second inequality of (3.8) in Lemma 3.4, we get ‖∇fN(xN,k)‖2 ≥ χ (fN(xN,k) − fN(x∗N)). Hence,

fN(xN,k+1) − fN(xN,k) ≤ −α∗ηNχ (fN(xN,k) − fN(x∗N)) ,

where 0 < α∗ηNχ < 1 can be verified straightforwardly. By subtracting fN(x∗N) from both sides of the above

inequality, we have:

fN(xN,k+1) − fN(x∗N) ≤ (1 − α∗ηNχ) (fN(xN,k) − fN(x∗N)) .



14 ZAIWEN WEN AND DONALD GOLDFARB

From the first inequality of (3.8) in Lemma 3.4, we obtain that fN(xN,k)− fN(x∗N) ≥ χ
2 ‖xN,k −x∗N‖2. Hence,

‖xN,k − x∗N‖ ≤
√

2

χ
(fN(xN,k) − fN(x∗N))

1
2

≤
√

2

χ
(1 − α∗ηNχ)

1
2 (fN(xN,k−1) − fN(x∗N))

1
2

≤
√

2

χ
(1 − α∗ηNχ)

k
2 (fN(xN,0) − fN(x∗N))

1
2 .

Corollary 3.12. For any ǫ > 0, after at most τ =
log((fN(xN,0)−fN(x∗

N))/ǫ)
log(1/c) iterations, where 0 < c =

1 − χα∗ηN

2 < 1, we have fN(xN,k) − fN(x∗N) ≤ ǫ.

Proof. With the help of inequality (3.19) and from the standard convergence analysis for convex functions

[7], we have the result immediately.

3.2. General Nonconvex Problems. In this subsection, we prove that Algorithm 1 is globally con-

vergent when applied to general differentiable functions if the search parameter ρ2 in (2.13) satisfies

(3.20) 1 − ρ1 ≤ ρ2 < 1,

and we replace Assumption 3.1 by the following:

Assumption 3.13.

1. The level set Dℓ = {xℓ : ψℓ(xℓ) ≤ ψℓ(xℓ,0)} is bounded.

2. The objective function ψℓ is continuously differentiable and the gradient ∇ψℓ is Lipschitz continuous,

i.e., there exists a constant L > 0 such that

(3.21) ‖∇ψℓ(xℓ) −∇ψℓ(x̃ℓ)‖ ≤ L‖xℓ − x̃ℓ‖, for all xℓ, x̃ℓ ∈ Dℓ.

This assumption implies that there is a positive constant γ such that

(3.22) ‖∇ψℓ(xℓ)‖ ≤ γ, for all xℓ ∈ Dℓ.

The following lemma shows that the norm of the search direction is uniformly bounded from above.

Lemma 3.14. Suppose Assumption 3.13 holds and Condition 2.4 is satisfied by all direct search direc-

tions. Then, for all iterations (j, t) ∈ R(ℓ, k), we have

(3.23) ‖dj,t‖ ≤ ζj−pγβD,

where ζi = max((̟αρK)i, 1) and p := p(ℓ, k) is the deepest level in R(ℓ, k) defined by (3.3). Therefore,

‖dj,t‖ ≤ γ̃ := ζN−N0
γβD.

Proof. 1. If iteration (j, t) ∈ D(ℓ, k), we obtain ‖dj,t‖ ≤ βD‖gj,t‖ ≤ γβD from Condition 2.4 and (3.22).

Hence, the inequality (3.23) is proved since ζj−p ≥ 1.

2. Now consider iteration (j, t) ∈ R(ℓ, k)\D(ℓ, k). We prove (3.23) by induction on the levels q =

p+ 1, · · · , j. Since there is no recursive step on level p in the minimization sequence initialized by iteration

(p + 1, t) for any t, the total number of iterations at level p is less than K and the step size αp,k generated



A LINE SEARCH MULTIGRID METHOD 15

by Algorithm 2 is always bounded from above by αρ, we obtain

‖dp+1,t‖ = ‖Pp+1(

i∗−1∑

k=0

αp,kdp,k)‖ ≤ ̟αρ

i∗−1∑

k=0

‖dp,k‖ ≤ ̟αρKγβD ≤ ζ1γβD

which proves (3.23) for q = p+ 1. Suppose (3.23) is true for q − 1 ≥ p. As above, we have

‖dq,t‖ = ‖Pq(

i∗−1∑

k=0

αq−1,kdq−1,k)‖ ≤ ̟αρ

i∗−1∑

k=0

‖dq−1,k‖ ≤ ̟αρKζq−1−pγβD ≤ ζq−pγβD,

since ̟αρKζq−1−p ≤ ζq−p. This completes the proof.

Lemma 3.15. Suppose Assumption 3.13 holds. The step size αℓ,0 on the first iteration of each mini-

mization sequence on level ℓ, is bounded below by

(3.24) αℓ,0 >
−(1 − ρ2)g

⊤
ℓ,0dℓ,0

L‖dℓ,0‖2
.

If dℓ,0 is a direct search direction satisfying Condition 2.4, then

(3.25) αℓ,0 > αD =
(1 − ρ2)ηD

Lβ2
D

.

Proof. Since condition (2.13) is satisfied at the first iteration,

ψℓ(xℓ,0 + αℓ,0dℓ,0) > ψℓ,0 + ρ2αℓ,0g
⊤
ℓ,0dℓ,0.

From the mean-value theorem, we have

ψℓ(xℓ,0 + αℓ,0dℓ,0) − ψℓ,0 = αℓ,0∇ψℓ(xℓ,0 + θdℓ,0)
⊤dℓ,0,

where θ ∈ [0, αℓ,0]. Combining these facts, we obtain ∇ψℓ(xℓ,0 + θdℓ,0)
⊤dℓ,0 > ρ2g

⊤
ℓ,0dℓ,0, hence,

∇ψℓ(xℓ,0 + θdℓ,0)
⊤dℓ,0 − g⊤ℓ,0dℓ,0 > (ρ2 − 1)g⊤ℓ,0dℓ,0.

Since ∇ψℓ is Lipschitz continuous by Assumption 3.13 and gℓ,0 := ∇ψℓ(xℓ,0), we obtain

θL‖dℓ,0‖2 > (ρ2 − 1)g⊤ℓ,0dℓ,0.

Therefore, αℓ,0 ≥ (ρ2−1)g⊤

ℓ,0dℓ,0

L‖dℓ,0‖2 proving (3.24). Using the inequalities (2.10) of Condition 2.4 immediately

gives (3.25).

The following lemma shows that the directional derivative along a recursive search direction and the

step size are bounded from below by the norm of the gradient raised to some finite power.

Lemma 3.16. Suppose iteration (j, t) ∈ R(ℓ, k)\D(ℓ, k) and Condition 2.4 is satisfied by all direct search

directions and Assumption 3.13 holds. Let p be the deepest level in R(j, t) such that

(3.26) gp,0 = Rp+1gp+1,0 = · · · = Rp+1 · · ·Rjgj,t.
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is satisfied. Then for any iteration (q, k) = (q, 0), where p < q < j, and for iteration (q, k) = (j, t), we have

(3.27) −d⊤q,kgq,k ≥
(
ρ1(1 − ρ2)

ρ2L

)(2i−1−1)
(ρ−1

2 ρ1αDηDκ
2(j−p)‖gj,t‖2)2

i−1

γ̃2i−2
,

and if q < N,

(3.28) αq,k ≥
(
ρ1

ρ2

)(2i−1−1)(
1 − ρ2

L

)(2i−1)
(ρ−1

2 ρ1αDηDκ
2(j−p)‖gj,t‖2)2

i−1

γ̃2i ,

and if q = N,

(3.29) αq,k ≥ min

(
αρ,

(
ρ1(1 − ρ2)

ρ2L

)(2i−1−1)
2τ(1 − ρ1)(ρ

−1
2 ρ1αDηDκ

2(j−p)‖gj,t‖2)2
i−1

Lγ̃2i

)
,

where i = q − p.

Proof. 1. We prove this lemma by induction on the level q. First, let us consider iteration (q, k) :=

(p+ 1, 0). From inequality (2.14) and Condition 2.4, it follows that

−d⊤p+1,0gp+1,0 ≥ ρ−1
2 (ψp,0 − ψp,1) ≥ −ρ−1

2 ρ1αp,0d
⊤
p,0gp,0

≥ ρ−1
2 ρ1αDηD‖gp,0‖2

≥ ρ−1
2 ρ1αDηDκ

2(j−p)‖gj,t‖2

which proves inequality (3.27). If p + 1 < N, the line search is the modified backtracking procedure. It

follows from Lemma 3.15 that the step size αp+1,0 is bounded from below

αp+1,0 ≥ (1 − ρ2)
−d⊤p+1,0gp+1,0

L‖dp+1,0‖2
.

From Lemma 3.14, we obtain

αp+1,0 ≥ (1 − ρ2)
ρ1αDηDκ

2(j−p)‖gj,t‖2

ρ2Lγ̃2
,

which proves inequality (3.28).

2. Now suppose inequalities (3.27) and (3.28) hold for p < q < j − 1; we prove that they also hold for

q + 1. As in the case of q = p+ 1, we have

−d⊤q+1,0gq+1,0 ≥ ρ−1
2 (ψq,0 − ψq,1) ≥ −ρ−1

2 ρ1αq,0d
⊤
q,0gq,0

≥ ρ1

ρ2

(
ρ1

ρ2

)(2i−1−1)(
1 − ρ2

L

)(2i−1)
(ρ−1

2 ρ1αDηDκ
2(j−p)‖gj,t‖2)2

i−1

γ̃2i

·
(
ρ1(1 − ρ2)

ρ2L

)(2i−1−1)
(ρ−1

2 ρ1αDηDκ
2(j−p)‖gj,t‖2)2

i−1

γ̃2i−2

=

(
ρ1(1 − ρ2)

ρ2L

)(2i−1)
(ρ−1

2 ρ1αDηDκ
2(j−p)‖gj,t‖2)2

i

γ̃2i+1−2
.

Using Lemmas 3.14 and 3.15 again, we obtain inequality (3.28).
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3. There are two cases for iteration (j, t). If j < N, then inequalities (3.27) and (3.28) hold by simply

repeating, in an analogous fashion, the above proof. If j = N, inequality (3.27) still holds but inequality

(3.28) has to be modified since the line search now is the traditional backtracking procedure. It follows from

Lemma 3.3 that the step size satisfies

αj,t ≥ min

(
αρ,

2τ(ρ1 − 1)d⊤j,tgj,t

L‖dj,t‖2
2

)
,

which provides the required result.

Remark 3.17. The techniques for proving Lemmas 3.9 and 3.16 are similar, i.e., both only depend

on the very first iteration of each minimization sequence on the coarser levels. While the step sizes can be

bounded from below by a constant in the uniformly convex case, the step size of the first iteration of each

minimization sequence on the coarser levels can only be bounded from below by the norm of gradient raised

to some finite power in the general case.

We now establish the global convergence of Algorithm 1.

Theorem 3.18. Suppose Condition 2.4 is satisfied by all direct search directions and Assumption 3.13

holds. Then in Algorithm 1 at the uppermost level

limk→∞‖∇fN(xN,k)‖ = 0.

Proof. From the same reasoning as in the proof of Theorem 3.10, we obtain

(3.30) lim
k→∞

αN,kd
⊤
N,kgN,k = 0,

from the Armijo condition (2.12) and the boundedness of the function ψN on the level set DN. From

Condition 2.4 and Lemma 3.16, it follows that each iteration satisfies

(3.31) −αN,kd
⊤
N,kgN,k ≥ σ‖gN,k‖i,

where σ is a positive constant and the order i can only be selected from a finite set of integers {21, 22, · · · , 2N−N0+1},
whether or not the direction dN,k is a direct search direction or a recursive search direction. Combining (3.30)

and (3.31), we obtain limk→∞‖∇fN(xN,k)‖ = 0, since ∇fN(xN,k) = gN,k (recall that vN = 0).

4. Practical Issues. In this section, we discuss different ways to generate direct search directions and

how to apply the full multigrid method, which is used to enhance the performance of the multigrid method

for solving PDEs, to our optimization context.

4.1. The Direct Search Direction. We first discuss the role that direct search steps play as “smoothers”.

The role of “smoothing” has been extensively discussed in multigrid methods for PDEs. Basically, smooth-

ing steps smooth the residual on the fine level and the coarse grid correction steps damp the error on the

coarse levels. In geometric multigrid methods, which fix the coarsening and adjust the smoother, an error

eℓ,k := xℓ,k − x∗ℓ (x∗ℓ denotes the exact solution on level ℓ) is said to be “smooth” if it can be approximated

on some predefined coarser level. In algebraic multigrid methods, which fix the smoother and adjust the

coarsening, the error eℓ,k is said to be “smooth” if it is slow to converge with respect to the smoothing

operator, i.e., it has to be approximated by means of a coarser level in order to speed up convergence (see
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section A.3 in [38] for a detailed discussion). A standard proof of convergence of multigid methods for PDEs

requires that the coarse grid correction and the smoothing operator cooperate with each other so that the

spectral radius ρ of a certain matrix is strictly less than one. As a consequence, the error eℓ,k is reduced

proportionally at the rate ρ, i.e., ‖eℓ,k‖ ≤ ρ‖eℓ,k−1‖, for all iterates k. For example, some algebraic multigrid

methods require that the smoothing operator Sℓ produces a sufficient reduction in the error eℓ,k, that is,

‖Sℓeℓ,k‖ should be sufficiently smaller than ‖eℓ,k‖ ((A.3.7) in [38]).

Our multigrid optimization framework follows the geometric multigrid framework. We refer to direct

search steps in our method as “smoothing steps” if they must be taken before or after a recursive step. Such

steps act as a kind of “smoothing” operator, although the term “smoothing” is misleading in the context

of optimization. A local convergence analysis which includes proving that ‖eℓ,k‖ ≤ ρ‖eℓ,k−1‖ for all iterates

k sufficiently large enough might be possible for a carefully chosen direct search method under suitable

assumptions. However, we only focus on the global convergence of our multigrid method in this paper and

our analysis does not depend on these “extra” smoothing steps. One natural and practical requirement for

a “smoothing” step is that they result in a “sufficient” decrease in the objective function value [3, 39]. Since

it is hard to provide a theoretical justification for the impact of smoothing steps on the performance of our

algorithm on different levels, we provide instead empirical evidence of this impact by depicting the evolution

of the objective function value and the norm of the gradient for the problems tested in section 5.

4.1.1. Newton Type Step Directions. Exact Newton steps as well as inexact Newton steps gen-

erated by the linear conjugate gradient method (CG) method satisfy Condition 2.4 [39] for strictly convex

problems. For nonconvex problems at iteration (ℓ, k), if the Hessian Gℓ,k is not positive definite, a modified

Newton method [35, 36] can be used to generate a descent direction. In particular, one can add a term E to

the Hessian Gℓ,k so that G̃ℓ,k = Gℓ,k + Eℓ,k ≻ 0. The additive term Eℓ,k can be taken as a diagonal matrix

µℓ,kIℓ, where µℓ,k > 0 and Iℓ is the identity matrix. If the term Eℓ,k is chosen large enough so that the

smallest eigenvalue of G̃ℓ,k is uniformly bounded from below and if we assume that the norm ‖G̃ℓ,k‖ ≤ M ,

i.e., G̃ℓ,k is uniformly bounded from above, then Condition 2.4 is satisfied. Another way of choosing Eℓ,k

is to use a modified Cholesky factorization approach [17, 16]. If the condition number number of G̃ℓ,k is

uniformly bounded, i.e.,

(4.1) ‖G̃ℓ,k‖ ‖G̃−1
ℓ,k‖ ≤ ϑ,

then dℓ,k = −G̃−1
ℓ,kgℓ,k is a descent direction and the angle θℓ,k between dℓ,k and the steepest descent direction

−gℓ,k is bounded away from π/2 since

(4.2) cos(θℓ,k) =
|g⊤ℓ,kdℓ,k|

‖gℓ,k‖2 ‖dℓ,k‖2
≥ 1

ϑ
.

If (4.2) holds, we can also prove Theorem 3.18 even though Condition 2.4 might not hold. Assuming that

Assumption 3.13 holds and ‖G̃ℓ,k‖ ≤ M , from the fact ‖Ax‖ ≥ ‖x‖/‖A−1‖ for any invertible matrix A, we

obtain

(4.3) −d⊤ℓ,kgℓ,k = ‖G̃− 1
2

ℓ,k gℓ,k‖2 ≥ ‖gℓ,k‖2/‖G̃ℓ,k‖ ≥ ‖gℓ,k‖2/M.
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If the backtracking line search procedure is used, it follows from Lemma 3.3 that

−αℓ,kd
⊤
ℓ,kgℓ,k ≥ −min

(
αρ,

2τ(ρ1 − 1)d⊤ℓ,kgℓ,k

Lℓ‖dℓ,k‖2
2

)
d⊤ℓ,kgℓ,k.

This, together with (4.2) and (4.3), gives

−αℓ,kd
⊤
ℓ,kgℓ,k ≥ min

(
αρ/M,

2τ(1 − ρ1)

Lℓϑ2

)
‖gℓ,k‖2.

Therefore, the first step in the proof of Lemma 3.16 can also go through except with different constants.

Similar results can be obtained for the Goldstein rule.

4.1.2. Quasi-Newton Step Directions: L-BFGS. Using a modified Newton method to compute a

direct search direction is not appropriate if the Hessian cannot be computed at a reasonable cost. Quasi-

Newton methods are also expensive since the approximation to the Hessian has to be stored explicitly.

However, the limited memory BFGS (L-BFGS) method only requires a few vectors to represent this approx-

imation implicitly. These vectors are updated using information from only the most recent iterations no

matter whether they are direct search steps or recursive search steps. Therefore, the L-BFGS method can

be seamlessly integrated into our multigrid method. For a descriptions of the L-BFGS method based on a

recursive formula and a compact representation of inverse BFGS matrices, we refer the reader to [35, 12].

According to the way coarser level problems (2.3) are constructed, all coarser level models on the same

level differ only by the additive term −v⊤ℓ xℓ. Since there may be more than one minimization sequence

on a particular level, information stored for the L-BFGS method from a previous minimization sequence

can be used to accelerate the convergence of the current minimization sequence. A minimization sequence

ends whenever the method goes to the next finer level, since the additive term −v⊤ℓ xℓ changes when the

method returns to the current level. Another strategy is to combine an inexact Newton method with the

L-BFGS method. Specifically, the L-BFGS method can be used to build an approximation of the inverse of

the Hessian at each iteration, and this approximate inverse Hessian can be provided as a preconditioner to

the preconditioned linear conjugate gradient method in an inexact Newton method. Since Newton’s method

performs well when the iterates are close to an optimal solution, one can alternate between L-BFGS and

the inexact Newton method, especially when L-BFGS stagnates. Further discussion of this kind of hybrid

strategy can be found in [32].

4.2. Full Multigrid Method. The basic multigrid method solves problem (2.1) by calling xN,i∗ =

MLS(N, xN,0, 0). Since starting from a good initial point usually reduces the total number iterations re-

quired, the idea underlying the “full multigrid method” is the use of the multilevel approach itself to provide

a good initial point. Suppose we start at a level ℓ = N0 where the discretized problem is very easily solved.

Algorithm 1 is applied to the discretized problem at level ℓ to obtain a solution xℓ,i∗ and we interpolate this

solution to the next finer level ℓ+1 as an initial approximation. This process is repeated over and over until

we reach the uppermost level. The detailed algorithm is described in Algorithm 3.

5. Numerical Tests. In this section, we demonstrate the effectiveness of our multigrid approach by

comparing different versions of it with other methods such as Newton’s method, limited memory BFGS

and mesh refinement on two problems. The standard L-BFGS method applied at the finest level without

recourse to coarse level computations is denoted by L-BFGS. Similarly, Newton’s method on the finest level

using Cholesky factorization to solve the system of linear equations is denoted by NT-FACT. The mesh
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Algorithm 3 Full Multigrid Method FMLS

Step 1. Set an initial approximation xN0,0

Step 2. For ℓ = N0,N0 + 1, · · · ,N
2.1. Call xℓ = MLS(ℓ, xℓ,0, 0) starting with xℓ,0, i.e., apply multigrid Algorithm 1 to solve the dis-

cretized problem minxℓ
fℓ(xℓ) on level ℓ

2.2. If ℓ < N, prolongate xℓ to obtain an initial point xℓ+1,0 on level ℓ+ 1.

refinement technique where the discretized problems are solved in turn from the coarsest level to the finest

level using the standard L-BFGS method is denoted by MR-LBFGS. Algorithm 1 using the steps of the L-

BFGS method as the direct-search direction is denoted by MLS-LBFGS. The full multigrid Algorithm 3 using

the L-BFGS method is denoted by FMLS-LBFGS. Similarly, the full multigrid Algorithm 3 using Newton’s

method and the linear CG method or the linear multigrid method to solve the system of linear equations at

each Newton step is denoted by FMLS-CG or FMLS-LMG, respectively. The variant FMLS-LMG can be

viewed as an extension of the classical nonlinear multigrid method following a global linearization approach.

Preliminary computational testing indicated that doing one smoothing step improved performance, although

our convergence results do not require that smoothing steps be taken. (When we specify that a particular

version of Algorithm 1 or 3 does k smoothing steps, we mean that before considering doing a recursive step,

the algorithm first takes k direct search steps.)

For practical considerations, we terminated all algorithms if the iterations stagnated, that is,

(5.1)
ψℓ,k − ψℓ,k+1

max(|ψℓ,k|, |ψℓ,k+1|, 1)
≤ 10−14 or (‖xℓ,k − xℓ,k+1‖ < 10−9 and ℓ = N).

The initial point in all algorithms was taken to be the zero vector. For the multigrid Algorithm 1, we set

κ = 10−1, ǫℓ = 10−5/5N−ℓ, ǫx = 10−1, ξ = 10−16, Kd = 5, ρ1 = 10−3, ρ2 = 1 − ρ1,

and K = 10 on all levels other than the finest. The line search method for choosing a step size was adapted

from Algorithm A6.3.1 in [13], which is based on interpolation combined with backtracking. The upper

bound on the number of gradient and step difference pairs stored by the L-BFGS method was set to 5. We

terminated the linear CG method in FMLS-CG once the norm of the residual was less than 10−3‖gℓ,k‖. We

used cubic interpolation in Step 2.2 of Algorithm 3. All codes were written in MATLAB (Release 7.3.0),

and all experiments were performed on a Dell Precision 670 workstation with an Intel Xeon 3.4GHZ CPU

and 6GB of RAM.

5.1. Nonlinear PDE. Consider the variational problem

(5.2) min
u

F(u(x, y)) =

∫

Ω

1

2
|∇u(x, y)|2 − λ(u(x, y)eu(x,y) − eu(x,y)) − γ(x, y)u(x, y) dx dy, u = 0 on ∂Ω,

where λ = 10, Ω = [0, 1] × [0, 1] and γ =
(
9π2 + λe((x

2−x3) sin(3πy))(x2 − x3) + 6x− 2
)

sin(3πy). The

variational problem (5.2) corresponds to the nonlinear PDE: −∆u+ λueu = γ in Ω, given u = 0 on ∂Ω [24].

We discretized Ω at level ℓ as a square grid

(5.3) Ωℓ = {(i, j) def
= (xi, yj) | xi = iωx

ℓ , yj = jωy
ℓ , i = 0, 1, · · · , nx

ℓ ; j = 0, 1, · · · , ny
ℓ},
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Table 5.1

Summary of computational costs for Problem 5.2

NT-FACT on level 10 L-BFGS on level 10
ℓ nfe nge ||g∗|| CPU ℓ nfe nge ||g∗|| CPU
10 6 4 4.3e-08 154.19 10 1018 1001 9.6e-05 1986.93

MR-LBFGS MLS-LBFGS FMLS-LBFGS FMLS-LMG FMLS-CG
level 10 level 8 level 9 level 10 level 8 level 10 level 10 level 10

ℓ nfe nge nfe nge nv nfe nge nv nfe nge nv nfe nge nv nfe nge nv nfe nge nv nfe nge nv
3 18 17 78 71 0 32 28 0 21 20 0 74 70 0 74 70 0 23 13 0 50 28 0
4 32 29 116 99 17 61 53 9 67 53 6 49 40 7 49 40 7 6 4 1 44 25 3
5 43 40 123 100 17 103 87 12 109 95 15 27 23 3 27 23 3 3 2 0 20 12 2
6 42 40 96 77 11 118 95 18 190 154 23 17 15 1 17 15 1 3 2 0 6 4 1
7 47 46 50 38 7 90 72 11 194 152 27 6 5 1 6 5 1 3 2 0 7 4 0
8 1 1 23 18 4 51 33 7 123 88 17 1 1 0 1 1 0 1 1 0 1 1 0
9 1 1 21 16 3 74 44 8 1 1 0 1 1 0 1 1 0
10 1 1 25 18 4 1 1 0 1 1 0 1 1 0

||g∗|| 3.1e-06 5.26e-06 9.76e-06 9.68e-06 8.8e-06 3.0e-06 2.9e-06 3.1e-06
CPU 2.42 4.69 16.19 82.89 0.70 1.61 1.53 2.44

where, we took nx
ℓ = ny

ℓ = 2ℓ yielding a mesh with widths ωx
ℓ = 1/nx

ℓ and ωy
ℓ = 1/ny

ℓ , and we discretized

the term ∇u in objective functional using the forward finite difference operator δu. Hence, the discretized

version of F in (5.2) was

f = ωx
ℓ ω

y
ℓ

∑

i,j=0,··· ,nx
ℓ
−1

1

2
‖(δu)i,j‖2 − λeui,j (ui,j − 1) − γi,jui,j .

In our test problems the grid spacing was set to 2−3 at the coarsest level ℓ = 3 and to 2−10 at the finest

level ℓ = 10, which gave 9 × 9 and 1024 × 1024 grids, respectively. We used the nine-point prolongation

(Pℓuℓ−1)(i, j) =





uℓ−1(
i
2 ,

j
2 ), i = 0 : 2 : nx

ℓ , j = 0 : 2 : ny
ℓ ,

1
2uℓ−1(

i
2 ,

j+1
2 − 1) + 1

2uℓ−1(
i
2 ,

j+1
2 ), i = 0 : 2 : nx

ℓ , j = 1 : 2 : ny
ℓ − 1,

1
2uℓ−1(

i+1
2 − 1, j

2 ) + 1
2uℓ−1(

i+1
2 , j

2 ), i = 1 : 2 : nx
ℓ − 1, j = 0 : 2 : ny

ℓ ,

1
4uℓ−1(

i+1
2 − 1, j+1

2 − 1) + 1
4uℓ−1(

i+1
2 − 1, j+1

2 )+

1
4uℓ−1(

i+1
2 , j+1

2 − 1) + 1
4uℓ−1(

i+1
2 , j+1

2 ), i = 1 : 2 : nx
ℓ − 1, j = 1 : 2 : ny

ℓ − 1,

and Rℓ = 1
4P

⊤
ℓ similar to multigrid methods for PDEs [23, 38, 40].

In Tables 5.1-5.2, we summarize the computational costs of the various methods on this and one other

problem. We use “ℓ” to indicate the level, and “nfe” and “nge” to denote the total numbers of function and

gradient evaluations at that level, respectively. We define a cycle as the iterations between two consecutive

recursive steps and denote the total number of cycles on each level by “nv”. We also report the total

CPU time measured in seconds and the accuracy attained, which is measured by the Euclidean-norm of the

gradient ‖g∗‖ at the final iteration.

From Table 5.1, we can see that L-BFGS is not efficient. For example, it terminated after 1018 func-

tion evaulations and 1986.93 seconds with ‖g∗‖ = 9.6e-5 on level 10. For MLS-LBFGS, the numbers of

function/gradient evaluations on the finest level are smaller than those on the coarser levels and they are

almost the same when MLS-LBFGS is applied to levels 8, 9 and 10, respectively. However, MLS-LBFGS

took a lot of iterations on the coarser levels. One reason is that the recursive steps cannot provide sufficient

improvements since the first-order model is not good when the solution is far away from the optimal solution.
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Fig. 5.1. Performance plots for Problem (5.2) running at the finest level ℓ = 10. The first row corresponds to MLS-LBFGS
and the second row corresponds to FMLS-LBFGS. The objective function values are depicted in (b) and (e). The logs (base
10) of the norms of the gradients are depicted in (c) and (f). Recursive steps are marked by o and direct search steps are
marked by ∗.
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(f) log(‖∇ψℓ,k‖), ℓ = 4, · · · , 10

By using MLS-LBFGS as an approach to obtain a better initial point, the full multigrid algorithm FMLS-

LBFGS performed better. The results in Table 5.1 for FMLS-LBFGS applied to level 10 also includes all

information when FMLS-LBFGS was applied to level 9 since once FMLS-LBFGS reached level 10, it never

returned to any coarser level. FMLS-LBFGS required less function and gradient evaluations on the finer

levels than MR-LBFGS. This is most obvious on level 7, on which FMLS-LBFGS exhibited an approximately

8-fold improvement in terms of the number of function and gradient evaluations over MR-LBFGS. Therefore,

FMLS-LBFGS consumed less CPU time than MR-LBFGS, even though FMLS-LBFGS took more iterations

on the coarser levels than MR-LBFGS.

To illustrate the multilevel behavior of the MLS-LBFGS method, we plot the level versus iteration

history for it in Figures 5.1 (a). To see the performance of L-BFGS as a direct search direction and as a

smoothing approach, we show the evolutions of the objective function values in Figure 5.1 (b) and the norm

of the gradients using a base 10 logarithmic scale in Figure 5.1 (c). Similar plots for FMLS-LBFGS are

depicted in Figures 5.1 (d), (e) and (f). In particular, for function values or gradients, we plot all of the

sequences from level 4 to level 10 in one figure and differentiate different sequences on different levels by

dashed vertical lines.
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Table 5.2

Summary of computational costs for Problem 5.4

L-BFGS on level 10
ℓ nfe nge ||g∗|| CPU
10 191 169 3.8e-02 662.79

MR-LBFGS MLS-LBFGS FMLS-LBFGS
level 10 level 8 level 9 level 10 level 8 level 9 level 10

ℓ nfe nge nfe nge nv nfe nge nv nfe nge nv nfe nge nv nfe nge nv nfe nge nv
3 13 12 28 24 0 11 8 0 7 4 0 86 79 0 86 79 0 86 79 0
4 43 37 70 54 9 35 28 3 32 23 2 140 116 16 142 118 16 142 118 16
5 157 152 118 97 13 82 70 9 67 57 9 137 115 17 143 120 18 143 120 18
6 406 391 122 95 16 128 106 16 121 102 16 107 87 14 123 101 16 126 103 16
7 426 417 93 65 10 162 132 22 159 134 20 80 63 10 111 87 14 126 101 15
8 239 228 54 43 6 140 101 17 188 146 22 38 30 4 73 56 9 101 79 14
9 172 168 78 67 10 139 103 17 28 20 3 58 42 7
10 32 29 101 76 11 22 15 2

||g∗|| 1.3e-02 7.41e-04 1.23e-03 5.00e-04 1.7e-04 7.0e-04 1.1e-03
CPU 347.77 15.00 94.13 436.26 13.38 38.85 122.03

5.2. A nonconvex variational problem. Consider the variational problem

(5.4)





min
u,γ

F(u, γ) =

∫

Ω

1

1000
γ(x, y)2 + (u(x, y) − u0(x, y))

2 + (∆u(x, y) − γ(x, y)u(x, y))2 dx dy,

s.t. u(x, y) = 0 and γ(x, y) = 0 on ∂Ω,

where Ω = [0, 1] × [0, 1], and u0(x, y) = sin(6πx) sin(2πy). We discretized the domain Ω at level ℓ according

to (5.3) and the term ∆u was discretized using the standard nine-point finite difference operator δ2u. Hence,

the discretized version of F in (5.4) was

f = ωx
ℓ ω

y
ℓ

∑

i,j=0,··· ,nx
ℓ

1

1000
γ2

i,j + (ui,j − (u0)i,j)
2 +

(
(δ2u)i,j − γi,jui,j

)2
,

where ui,j = 0 for (i, j) /∈ Ωℓ. The derivatives with respect to ui,j contain terms with coefficient 1/(ωx
ℓ )2

whose magnitude is of order 107 when ℓ = 10 (since ωx
ℓ = ωy

ℓ ). Hence, numerical difficulties can arise since

a small change of u and γ can lead to a large change in the gradient of f resulting in very small steps being

taken.

Since problem (5.4) is nonconvex, we did not test Newton’s method NT-FACT and the multigrid methods

FMLS-LMG and FMLS-CG. From Table 5.2, we can see that MR-LBFGS, MLS-LBFGS and FMLS-LBFGS

are faster and more accurate than L-BFGS applied to level 10. The termination rule (5.1) was activated

in all of these cases which partly illustrates the ill-posedness of problem (5.4). FMLS-LBFGS required

less function and gradient evaluations on the finer levels than MR-LBFGS. This is most obvious on level

9, on which FMLS-LBFGS exhibited an approximately 6-fold improvement in terms of the number of the

function and gradient evaluations over MR-LBFGS. Therefore, FMLS-LBFGS consumed less CPU time

than MR-LBFGS. Finally, the level versus iteration history, the evolution of the objective function values

and the evolution of the norms of the gradients in a base 10 logarithmic scale with for MLS-LBFGS and

FMLS-LBFGS are depicted in Figure 5.2.

Remark 5.1. A proper discretization scheme is critical for robustness and efficiency in solving infinite-

dimensional minimization problems. For example, while the analytical solution of a one-dimensional convection-

diffusion equation is smooth, numerical difficulties can arise since central finite difference of this equation
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Fig. 5.2. Performance plots for Problem (5.4) running at the finest level ℓ = 10. The first row corresponds to MLS-LBFGS
and the second row corresponds to FMLS-LBFGS. The objective function values are depicted in (b) and (e). The logs (base
10) of the norms of the gradients are depicted in (c) and (f). Recursive steps are marked by o and direct search steps are
marked by ∗.
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can lead to a highly oscillating discretized solution (section 7.1 in [38]). Suppose that the minima {xℓ} of

the discretizations of problem (1.1) converge. A discretization scheme might not be suitable if the restriction

of xℓ is not a good approximation of xℓ−1 or the prolongation of xℓ−1 is not close to xℓ, in particular, on a

fine level ℓ.

Remark 5.2. It is well known that L-BFGS can converge slowly on highly ill-conditioned problems

(section 9.1 in [35]). The computational results for problems 5.2 and 5.4 show that the performance of L-

BFGS is improved when it is incorporated within in our multigrid framework. Figures 5.1 and 5.2 show that

the gradient norm is not monotone decreasing. However, the gradient norm is usually substantially reduced

within a few steps after a large increase. Further discussion on the behavior of the gradient norm in the

steepest descent method and L-BFGS can be found in [34].

6. Discussion. In this paper, we present a new line search multigrid algorithm for general nonconvex

unconstrained problems. The algorithm takes as many recursive steps as possible to accelerate the overall

computational speed. By imposing a new condition on a modified backtracking line search procedure, the

recursive step is guaranteed to be a descent direction. Our multigrid algorithm has been implemented using

the limited memory BFGS method to compute direct search directions. Although this method has not yet

been shown to converge in theory, it exhibits excellent computational efficiency. Our future work includes

developing a direct search direction that is able to utilize historical information more effectively and extending
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our algorithmic framework to optimization problems with constraints.

Acknowledgements.. We want to thank Philippe L. Toint for his comments on the manuscript and

for stimulating discussions on multigrid optimization. The authors are grateful to two anonymous referees

for their detailed and valuable comments and suggestions.

REFERENCES

[1] U. M. Ascher and E. Haber, A multigrid method for distributed parameter estimation problems, Electron. Trans. Numer.

Anal., 15 (2003), pp. 1–17 (electronic). Tenth Copper Mountain Conference on Multigrid Methods (Copper Mountain,

CO, 2001).

[2] M. Benzi, E. Haber, and L. Hanson, Multilevel algorithms for large-scale interior point methods in bound constrained

optimization, tech. rep., Department of Mathematics and Computer Science, Emory University, 2006.

[3] A. Borz̀ı, Multilevel methods in optimization with partial differential equations. Lecture notes, Insitut für Mathematik

und Wissenschaftliches Rechnen, Karl-Franzens-Universität Graz.

[4] , On the convergence of the mg/opt method, in Proceedings GAMM Annual Meeting, no. 5, 2005, pp. 735–736.

[5] A. Borz̀ı and K. Kunisch, A multigrid scheme for elliptic constrained optimal control problems, Comput. Optim. Appl.,

31 (2005), pp. 309–333.

[6] , A globalization strategy for the multigrid solution of elliptic optimal control problems, Optim. Methods Softw., 21

(2006), pp. 445–459.

[7] S. Boyd and L. Vandenberghe, Convex optimization, Cambridge University Press, Cambridge, 2004.

[8] J. H. Bramble, Multigrid methods, vol. 294 of Pitman Research Notes in Mathematics Series, Longman Scientific &

Technical, Harlow, 1993.

[9] A. Brandt, Multi-level adaptive solutions to boundary-value problems, Math. Comp., 31 (1977), pp. 333–390.

[10] , Multigrid techniques: 1984 guide with applications to fluid dynamics, vol. 85 of GMD-Studien [GMD Studies],

Gesellschaft für Mathematik und Datenverarbeitung mbH, St. Augustin, 1984.

[11] W. L. Briggs, V. E. Henson, and S. F. McCormick, A multigrid tutorial, Society for Industrial and Applied Mathe-

matics (SIAM), Philadelphia, PA, second ed., 2000.

[12] R. H. Byrd, J. Nocedal, and R. B. Schnabel, Representations of quasi-Newton matrices and their use in limited

memory methods, Math. Programming, 63 (1994), pp. 129–156.

[13] J. E. Dennis, Jr. and R. B. Schnabel, Numerical methods for unconstrained optimization and nonlinear equations,

Prentice Hall Series in Computational Mathematics, Prentice Hall Inc., Englewood Cliffs, NJ, 1983.
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