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APPENDIX 

Interpretation of the Light Scattering from Long Rods 
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When unpolarized incident light of wavelength h is scattered from solutious contain- 
ing macromolecules consisting of optically isotropic segments, the total intensity 
of the light scattered into the angle 0, regardless of the final polarization of the 
scattered light, is, in the Rayleigh-Qans limit (Landau & Lifshitz, 1960), 

I(q) = cBl?+(l + CO82 @X(q), (Al) 

where c is the number concentration of macromolecules, k = 2alh is the wave number 
of the incident light, 6 is the scattering angle, S(q) is the macromolecular scattering 
factor about which we shall soon have more to say and B is a constant. 

642) 

where V is the scattering volume, E, is the amplitude of the incident light wave, 
R, is the distance of the detector from the scattering volume and E’ is the dielectric 
constant of the medium. B is thus seen to be a factor independent of angle, which 
can be essentially fixed in a sequence of measurements. It should be noted that k4 
gives rise to a XV4 dependence of the intensity. 

The quantity q that appears in equation (Al) is the magnitude of the Bragg 
vector : 

q = (47&i) sin 46, (A3) 

where p is the refractive index of the scattering medium. Thus in an unpolarized 
scattering experiment the scattered intensity depends on 0 explicitly through the 
factor (1 + cos2 8) and implicitly through the dependence of X(q) on q. 

In the light-scattering experiments reported in the main text, the turbidity, h, 
is measured, where 

h = vpy -I!??- J- dQl(q), 
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where d&3 is an element of solid angle. This is proportional to the total intensity 
scattered into all scattering angles. 

To evaluate h we must determine the scattering factor X(q), which is by definition 
(Kerker, 1969) : 

Wd = (Ii~la,ex~(iq~9)lai, (A5) 

where uj and rj are, respectively, the polarizability and position of the jth segment 
of the macromolecule and q is a vector whose magnitude is 4 and whose direction 
is (k - k’) where i? and &’ are, respectively, unit vectors pointing in the directions 
of the incident and scattered light. 

In the subsequent discussion we adopt the following model of the miorotubule: 

(a) A tubule is a rigid rod consisting of optically isotropic segments of identical 
polarizability (a, = ~~ for all j values) distributed uniformly along the rod axis. 

(b) The thickness of a tubule is small compared to the wavelength of the incident 
light and compared with the length of the rod, L. 

(c) The tubules are randomly oriented and the solutions are monodisperse. 

As a consequence, X(q) can be expressed as 

fqq) = 4lwq; L), (43) 

where X(q; L) is the well known structure factor of a uniform rigid rod of length L 
(Holtzer, 1955). For our purposes it is convenient to use a different explicit form of 
8(p;L) than is usually used. This is 

fJ(p;L) = JwQ& - -m (A7) 
where 

d&,(1 - X)*) = f:,dWWdQd - X)sW, (A8) 
and where 

j,(z) E sin x/z 

Q,, E (Zrrp/X)L/d~ 

x E cos e 

Y = (uq)/Tl, 

u being a unit vector specifying the rod axis. Q,, depends on (L/h) which is large in 
this case. X depends on the scattering angle 0, and Y is the cosine of the angle between 
the rod axis u and q. The integral over Y arises from an average over a uniform 
distribution of rod orientations. 

Substitution of equations (Al), (A6) and (A7) into equation (A4) gives 

GW 
where 

H(Q,) = Qo4 6, d.W + XWQ,(l - X)% WO) 

where the subscript L indicates the dependence of h, on L. 
One important consequence of equation (AlO) is that in the limit where the tubule 

is very long compared with h, f& > 1 and therefore in equation (AlO) H(Q,) varies 
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asymptotically as Qo3. This means that the turbidity is inversely proportional to 
h3 rather than to the usual X4 observed in Rayleigh scattering. In Figure (Al) we 
plot the apparent exponent, 

of (l/X) versus ln(Qo -I). Note that large values of In&,-l correspond to wavelengths 
(h) large compared to L, whereas negative values of lnQ,-1 correspond to small h 
values compared to L. In the former case m - 4, whereas in the latter case m - 3. 
Thus a measurement of h, versus the wavelength X defines the limit at which one is 
working, and may in fact be used t.o determine the approximate length of the rod. 

Another important result is seen in Figure (A2), where H(Q,)/Qo2 is plotted versus 
Q,. For sufficiently large Q. values this function is a linear function of Q,,, or better 
yet L. Since h, is directly proportional to cH(Qo)/Qo2, with a proportionality constant 
independent of L, it follows that the turbidity is directly proportional to CL, or 
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FIG. Al The relation between the apparent exponent eqn (All) m s (d In H(Q,)/d In Qo) of 
l/x, as a function of ln(&O-l). 

FIG. AZ. The variation of H(&O)/&oz versus Q,,, where H(&,,)/4j02 is defined in eqn (AlO). 
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concomitantly to the total number, N, of monomeric units in the tubule solution, 
i.e. 

hccN 

This is the result which is crucial to the analysis described in the main text. 
The macromolecular solutions are rarely monodisperse. In the case ofpolydispersity 

we must average h, over a distribution of lengths. This does not change any of the 
above conclusions provided that the macromolecules present are sufliciently long 
compared to A. 

In conclusion, we should like to emphasize that these calculations were carried out 
in the Rayleigh-Gans limit and are restricted to the requirements of that limit. 
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