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Multicanonical jump walking: A method for efficiently sampling rough
energy landscapes

Huafeng Xu and B. J. Berne
Department of Chemistry and Center for Biomolecular Simulation, Columbia University, 3000 Broadway,
New York, New York 10027

~Received 5 January 1999; accepted 4 March 1999!

The multicanonical sampling and jump walking methods are combined to provide a new, effective
means of overcoming quasiergodicity in Monte Carlo simulations. In this new method,
configurations generated during a long multicanonical sampling are stored infrequently and a
modified jump walking procedure is implemented using this set of configurations to sample phase
space at low temperature. Multicanonical jump walking, as this new method is called, is compared
with regular jump walking and with straight multicanonical ensemble sampling on two systems: a
one-dimensional random potential and an Ar13 cluster. It is shown that for the same number of MC
steps, the multicanonical jump walking method more efficiently samples the phase space than either
the regular jump walking or the pure multicanonical ensemble sampling method. ©1999
American Institute of Physics.@S0021-9606~99!51920-X#
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I. INTRODUCTION

In the study of protein folding,1,2 first-order phase tran
sition phenomena in clusters3,4 and spin glasses,5–7 potential
energy minima are often separated by high energy barr
which are exponentially suppressed because of the Bo
mann factor. Consequently, in a simulation of finite leng
the high energy barriers will be crossed very rarely. T
system can get trapped in some of the local energy ba
and the sampling method fails to sample large regions of
thermally accessible phase space. For this reason ordi
sampling methods are often quasiergodic.8 Considerable ef-
fort has been devoted to address the quasiergodicity prob
in the past decade, and a variety of powerful methods h
been proposed to circumvent the local energy trap.~For a
recent review, see Ref. 9! Frantz et al. have invented the
jump walking4 ~J-walking! method. In this method, which
we will call the canonical J-walk method, the normal Mon
Carlo simulation is infrequently interrupted by attempts
jump into configurations sampled at a higher temperatu
Since quasiergodicity is not a problem at a sufficiently h
temperature, the jumps can lead the system to travel betw
local energy minima and more efficiently sample the ph
space. Another attempt to reduce quasiergodicity is the m
ticanonical ensemble method,10 invented by Berget al., and
the equivalent entropic sampling method,11 independently in-
vented by J. Lee. In the multicanonical method, the sys
performs a random walk in the one-dimensional ene
space, and the sampled configurations are uniformly dist
uted in energy, leading to more frequent barrier crossin
The canonical distribution can be reconstructed by usin
reweighting of the multicanonical results.

The canonical J-walk method and the multicanoni
sampling method represent significant progress toward
ducing the quasiergodic problems. Nonetheless, these
methods have certain attendant problems. The canon
J-walk method depends on jumping into configurations g
10290021-9606/99/110(21)/10299/8/$15.00
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erated at a high enough temperature to circumvent qua
godicity. But the configurations at the high temperature te
to have high energies, and attempts to jump into such c
figurations from low temperature configurations~therefore
normally with low energies! are often rejected. If the differ-
ence between the high and low temperatures becomes la
the attempts are rejected most of the time, and this met
will become inefficient. To avoid this, the J-walk is som
times implemented in several temperature stages to as
reasonable jump acceptance rate. This, however, enta
large extra computational cost. In multicanonical ensem
sampling, on the other hand, a single run can provide in
mation for a whole range of temperatures. One drawbac
multicanonical sampling, as is partially shown in this wor
is that the low energy end is not sufficiently sampled, res
ing in poor statistics at low temperatures. In addition, sin
the configurations are uniformly distributed over a wide e
ergy range, one must generate a large number of config
tions to obtain good statistics on the states accessible in
narrower energy range of a finite temperature canonical
tribution.

In this work we devise a multicanonical J-walk metho
that bypasses the need to use several temperature stag
the canonical J-walk method. In this new method a low te
perature MC walk is interrupted by attempts to accept c
figurations generated in a multicanonical MC walk. The a
ceptance probability for these attempted moves
constructed in such a way as to guarantee detailed bal
and to generate the correct low temperature Boltzmann
tribution. In this paper we test the multicanonical J-wa
~MJW! method on a one-dimensional rugged random pot
tial to demonstrate its validity. Then a comparative study
the new method with canonical jump walking~CJW! and
pure multicanonical ensemble sampling is carried out on
Ar13 cluster.
9 © 1999 American Institute of Physics
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II. METHODS

A. Canonical jump walking „CJW…

In one variant of the canonical jump walking schem
~CJW! proposed by Frantzet al.,4 a standard Metropolis
sampling is first carried out at a sufficiently high temperat
TJ51/kBbJ , high enough to reduce the quasiergodic
problem. This sampling is run for a large number of M
steps~e.g., 107 steps!, and configurations are stored in a
external file infrequently~e.g., every 1000 steps!. Then a
Metropolis sampling is carried out at the desired low te
peratureT51/kBb. With probability PJ , the Metropolis
sampling at low temperature is interrupted by attempts
randomly jump into one of the configurations stored dur
the preceding sampling at high temperature. Since the st
high temperature configurations are distributed accordin
the Boltzmann factor exp(2bJV)/ZJ where ZJ

5*dNre2bJV(r ) is the canonical partition function atTJ , the
MC sampling distribution of the configurations to be jump
into is thus

GJ~r 8ur !5
exp~2bJV~r 8!!

ZJ
. ~1!

Since the aim is to sample states at the low temperature
detailed balance condition,

accJ~r 8ur !GJ~r 8ur !r~r !5accJ~r ur 8!GJ~r ur 8!r~r 8!, ~2!

where accJ(r 8ur ) is the acceptance probability for the jum
r→r 8, andr(r )5exp(2bV(r ))/Z is the Boltzmann distribu-
tion at the low temperature, leads to the acceptance prob
ity for the jumping attempts

accJ~r 8ur !5min~1,qJ~r 8ur !!, ~3!

where

qJ~r 8ur !5
GJ~r ur 8!r~r 8!

GJ~r 8ur !r~r !
5exp$~bJ2b!@V~r 8!2V~r !#%.

This acceptance criterion will thus generate the desired
temperature distribution. One of the problems encountere
the CJW method is that for the jumps to be accepted wit
reasonable acceptance probability, the energy distributio
low and high temperatures must have adequate overlap.
this reason, multiple temperature stages are often require
CJW.

B. Multicanonical ensemble

The energy distribution in the canonical ensemble~con-
stant temperature! is

PC~E;b!}V~E!exp~2bE!. ~4!

This is a narrow distribution at low temperatures, since
density of statesV(E) increases with energy rapidly but a
low temperature the Boltzmann factor exp(2bE) quickly
drops to zero. Therefore, in a canonical Monte Carlo sim
lation, very high energy and very low energy configuratio
are rarely sampled, and if energy minima are separated
high barriers, this leads to quasiergodicity.
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The multicanonical~mu! ensemble,10,12 on the other
hand, is defined by the condition that its energy probabi
distribution function,Pmu(E), is constant throughout a cer
tain energy range so that,

Pmu~E!}V~E!wmu~E!5constant. ~5!

This implies that the multicanonical weight factor is

wmu~E!}V21~E!. ~6!

wmu(E), however, is not knowna priori, and needs to be
estimated via iterated numerical simulations. An effect
approach to estimating the multicanonical weight factor, a
the approach followed in this paper, is given in detail
Okamotoet al.12

In the following we summarize the essential ideas. T
multicanonical weight factor can be written in the for
wmu(E)5exp(2S(E)) whereS(E)5 ln(V(E)) is the microca-
nonical entropy of the system with energyE. A canonical
Monte Carlo simulation at a sufficiently high temperatu
T051/kBb0 is first performed. The energy histogra
H (0)(E) is constructed during the sampling, which is propo
tional to the sampled canonical energy distribution

H (0)~E!}V~E!exp~2b0E!. ~7!

Based on the determinedH (0)(E), estimates of the entropy

S(0)~E!5 ln~V~E!!5 ln~H (0)~E!!1b0E1const, ~8!

and the weight factor,

wmu
(0)~E!5exp~2S(0)~E!!, ~9!

are made. The constant inS(E) can be taken to be zero sinc
in a Monte Carlo simulation only the ratio of weight facto
matters. Once this first estimate of the weight factorwmu

(0)(E)
has been determined, a new Monte Carlo simulation is p
formed to sample states with this distribution. The energ
of these sampled states are then used to construct an en
histogramH (1)(E). This histogram can now be expressed

H (1)~E!}V~E!wmu
(0)~E!, ~10!

from which the following new estimates of the entropy a
the weight factor can be made:

S(1)~E!5 ln~V~E!!

5 ln~H (1)~E!!2 ln~wmu
(0)~E!!

5 ln~H (1)~E!!1S(0)~E!, ~11!

and

wmu
(1)~E!5exp~2S(1)~E!!. ~12!

This new weight factor is then used to carry out anoth
simulation and the procedure is iterated until the obtain
energy histogramH(E) is reasonably flat within certain
range. In each iteration, the weight factor is updated by

S(k)~E!5S(k21)~E!1 ln~H (k)~E!!, ~13!

and

wmu
(k)~E!5exp~2S(k)~E!!, ~14!

whereH (k)(E) is the energy histogram in thekth simulation.
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Oncewmu(E) has been obtained, one can devise a Mo
Carlo procedure for sampling the phase space with a m
canonical distribution. Essentially, multicanonical ensem
sampling generates a random walk in the one-dimensio
energy space, and energies within a certain prescribed r
are sampled with equal probability. High energy configu
tions are now sampled amply and barrier crossing cease
be a rare event, thus reducing quasiergodic behavior.
canonical average of any propertyA can be computed from
the multicanonical sampling by using umbrella sampling
that

^A&5
*dNrA~r !e2bV(r )

*dNre2bV(r )

5 K A~r !
e2bV(r )

wmu~V~r !!L
mu
Y K e2bV(r )

wmu~V~r !!L
mu

, ~15!

where ^¯&mu denotes the average over the multicanoni
distribution,wmu(V(r )).

One problem with the multicanonical sampling conce
the convergence of the simulation. When the estimated d
sity of statesV(E) ~or the reciprocal of the weight facto
1/wmu(E)! differs too much from its correct value, then th
updated weight factor according to Eqs.~13! and ~14! can
change either too much or too little in a certain configu
tional region in an iteration. Consequently the estima
weight factor will oscillate instead of steadily approachi
the exact function. Interestingly, Hao and Scheraga13 have
used jump walking method to overcome this problem in m
ticanonical sampling.

Another problem with multicanonical sampling, as
shown in this work, is that it fails to sample the low ener
range sufficiently. Therefore, it gives inadequate statistic
low temperatures.

C. Multicanonical jump walking „MJW…

Because the multicanonical ensemble generates an
ergy distribution that is uniform throughout a certain ener
range, this energy distribution should adequately overlap
canonical energy distribution at many temperatures~see Fig.
3!. Thus, in principal, multicanonical ensemble sampling c
be used in a jump walking scheme in place of the cos
multiple temperature stages often required in canonical ju
walking. In this approach, configurations sampled from
multicanonical distribution are stored and a standard can
cal MC walk at the desired low temperature is interrupted
trial moves to these stored multicanonical configuratio
Because a whole energy range is covered, this multican
cal jump walking scheme should reduce the quasiergodi
efficiently while avoiding the costly multistage temperatu
runs of canonical jump walking. We thus expect that t
new scheme will lead to considerable savings in CPU ti
over the CJW method.

In this new multicanonical jump walking~MJW!
method, the multicanonical weight factorwmu(E) is first es-
timated via a set of iterations as outlined in Sec. II B. A lo
production run is then carried out with the obtained weig
factor. During the long sampling, configurations and th
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corresponding energies are stored infrequently~e.g., every
1000 MC steps!. A canonical Monte Carlo sampling run a
the desired temperature is interrupted with probabilityPJ by
attempts to jump into one of the previously stored multic
nonical configurations~randomly selected from the set!. The
sampling distribution for the jumps is then

GJ~r 8ur !5
wmu~V~r 8!!

Zmu
, ~16!

where Zmu5*dEV(E)wmu(E) is the partition function for
the multicanonical ensemble. To satisfy the detailed bala
in Eq. ~2!, the jumps are accepted with the probability

accJ~r 8ur !5min$1,qMJ~r 8ur !%, ~17!

where

qMJ~r 8ur !5exp~b~V~r !2V~r 8!!!
wmu~V~r !!

wmu~V~r 8!!
.

III. RESULTS AND DISCUSSION

In the following, we apply the multicanonical jum
walking method to two extensively studied systems, the
random potential and the Ar13 cluster, and we compare th
results with those of the canonical jump walking method a
the pure multicanonical ensemble method.

A. One-dimensional random potential

The one-dimensional random potential8 is defined by a
Fourier sum of sine waves

V~x!5 (
n51

N

Cn sinS 2npx

L D . ~18!

The coefficientsCn are generated randomly on@21,1#. In
our study,N520 andL54.0. The potential surface is show
in Fig. 1. The choice of units are arbitrary. Here units a
chosen such that the Boltzmann constantkB51.0 and ther-
modynamic properties at temperatureT50.1 are determined
This model is useful for testing methods because it is p

FIG. 1. The one-dimensional random potential surface@cf. Eq. ~18!# used in
the simulations is given in the top plate. The exact configurational distr
tion function,r(x)5exp(2bV(x))/Z, at T50.1 is given in the bottom plate
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sible to calculate the thermodynamic properties correspo
ing to this potential exactly. The one-dimensional potentia
useful as a test that each of the methods gives the co
results.

1. Canonical jump walking (CJW)

In canonical jump walking~CJW! on this potential sur-
face it is necessary to choose a J-walk temperature oTJ

53.0 to assure ergodicity. In this one-dimensional mo
there is sufficient overlap between the energy distribution
this high temperature and the very low temperatureT
50.1) so that CJW with only one stage will suffice. Th
overlap is due to the fact that the density of states of
one-dimensional system is pathological, in that it does
increase rapidly with energy. To demonstrate the powe
the new MJW method it will be necessary to study multi
mensional systems as we do in the next subsection. Ne
theless, it is still of some interest to compare the methods
a system which can be calculated exactly.

The CJW run was done as follows: A Metropolis sa
pling was carried out atTJ53.0 for 200 000 steps, and con
figurations were stored every 20 steps. Then a Metrop
walk was carried out at the temperatureT50.1 and with
probability PJ50.03 an attempt was made to move the lo
temperature walker to one of the saved configurations of
high temperature walker. This attempt was accepted or
jected with the probability given in Eq.~3!. The density dis-
tribution r(x)5e2bV(x)/Z and its deviation from the exac
values were computed. The deviation in the density distri
tion is defined here as8

x5E dx@r~x!2rexact~x!#2. ~19!

2. Multicanonical sampling and multicanonical jump
walking (MJW)

The multicanonical weight factorwmu(E) was computed
via five iterations, with 100 000 MC steps in each iteratio
In the first iteration a completely random sampling was us
The weight factor determined in this run was then used in
following pure multicanonical sampling and then in multic
nonical jump walking~MJW!. A production run of 200 000
steps was carried out. In pure multicanonical sampling,
canonical distribution forT50.1 was reconstructed by th
following reweighting formula,

rC~x;b!}rmu~x!
e2bV(x)

wmu~V~x!!
, ~20!

and thermodynamic quantities were computed using
~15!. In the MJW production run, configurations were stor
every 20 steps~a total of 10 000 configurations were store!
and a Metropolis sampling atT50.1 was carried out, punc
tuated by attempted jumps with probabilityPJ50.03 to these
stored configurations, which were accepted or rejected w
the probability given in Eq.~17!.

3. Results for the one-dimensional system

The results for the random potential using the three
ferent methods are presented in Fig. 2. It can be seen tha
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density distributions computed by the three methods all c
verge to the exact values. The two jump walking metho
~MJW and CJW! converge faster and yield more accura
distributions than pure multicanonical sampling. This is b
cause both jump walking methods sample the energy sp
with the actual Boltzmann distribution, while the pure mu
ticanonical ensemble method samples all energies with e
probability and the Boltzmann distribution is reconstruct
by reweighting. As a result, the jump walking methods ha
better statistics in the thermally important regions than
pure multicanonical sampling method. This advantage
jump walking methods~both MJW and CJW! becomes even
more pronounced as the size of the system gets larger, as
be shown in the next section.

B. Ar 13 cluster

‘‘Phase transitions’’ in atomic clusters have been exte
sively studied by computer simulation.14,15 Quasiergodicity
due to large energy barriers has been a troublesome pro
in Monte Carlo studies of cluster melting, a fact which h
led to controversy concerning the solid–liquid transition
small rare gas clusters.15,16 A good example is the cluste
Ar13.17,18 Another problem in the study of small clusters
that thermodynamic properties of finite systems differ in d
ferent ensembles. Doyeet al. addressed such differences b
tween microcanonical and canonical ensembles in their st
of small Lennard-Jones clusters.19,20 In this paper, we calcu-
late the canonical thermodynamic properties, and the t
perature we use is the canonical temperature.

In what follows, the potential energy of the cluster
taken to be the pairwise additive Lennard-Jones potentia

V~r !54«F S s

r D 12

2S s

r D 6G , ~21!

with «5119.4 K and s53.45 Å for argon.21 Following
Straub,22 to eliminate the translational and rotational degre
of freedom, the first atom is fixed at the origin of the coo

FIG. 2. The decay of the square deviationx of Eq. ~19! as a function of the
number of Monte Carlo steps for the one-dimensional random poten
shown in Fig. 1. The MC steps in the two jump walking methods are st
in the Metropolis samplings atT50.1, while the MC steps in the pure
multicanonical sampling are steps in the production run.
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dinate system, a second one is constrained to move a
x-axis, and a third one is constrained to move onxy-plane.
To prevent the cluster from evaporating, a spherical, p
fectly reflecting wall is imposed at radius 4s from the origin.

1. Canonical jump walking (CJW)

Canonical jump walking~CJW! was implemented using
four temperature stages, starting at 50 K to assure ergod
and descending at 10 K intervals to 20 K. At each of the
temperatures the Metropolis sampling was interrupted by
tempts to jump into configurations at the next higher te
perature stage as described in Sec. II A. At each stage,
figurations were stored every 1000 MC steps to dimin
correlation. The necessity of using multiple temperat
stages in the CJW method can be understood by lookin
Fig 3. For the jumps to be accepted with a reasonable ac
tance probability, the energy distribution at low and hi
temperatures must have adequate overlap. In the stud
Ar13, we see that sufficient overlap exists only for tempe
tures no more than 10 K apart. Thus to simulate the syste
T520 K, we have to adopt a multistage scheme, star
from 50 K to assure ergodicity, and running CJW at 40,
and finally 20 K. This becomes increasingly expensive as
system gets larger and the canonical energy distribution
relatively narrower, entailing more and more intermedi
stages. In addition, since in a simulation of finite length
obtained distribution is only an approximation of the tr
distribution and there’s always some statistic error, the er
will accumulate through the temperature stages, comprom
ing the accuracy of the simulation.

After the configurations were stored at the four tempe
ture stages, a Metropolis sampling was carried out at e
temperature from 2.5 to 50.0 K at 2.5 K intervals, interrup
with probability PJ50.1 by attempts to jump into the con
figurations stored at the next higher temperature stage.~i.e.,
in sampling temperatures<20.0 K, the jumps were at

FIG. 3. Histograms of the energy distribution function of Ar13. The histo-
grams are obtained from multicanonical jump walking simulations. The l
dashed line is the multicanonical energy distribution obtained on the bas
five iterations as described in the text. The multicanonical distribution
roughly flat over most of the energy range and overlaps significantly w
canonical distributions at the five temperatures shown. Note that the
very little overlap between the energy distributions at temperatures m
than 10 K apart.
ng
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tempted into configurations stored at 20.0 K, for tempe
tures in the 20.0–30.0 K range, the jumps were attemp
into configurations stored at 30.0 K, etc.! At each tempera-
ture, a random initial configuration was used. The syst
was first thermalized for 100 000 steps and then the ther
dynamic quantities were computed in the following 200 0
MC steps.

2. Multicanonical sampling and multicanonical jump
walking (MJW)

The multicanonical weight factorwmu(E) was deter-
mined from five iterations~see Sec. II B.! with 2 000 000 MC
steps in each iteration, and then a long production run us
this weight factor was carried out. In the pure multicanoni
ensemble simulation, thermodynamic quantities were ca
lated using Eq.~15! during the production run. In multica
nonical jump walking~MJW!, configurations were stored ev
ery 1000 MC steps during the multicanonical ensem
production run, then a Metropolis MC sampling at desir
temperatures was interrupted with probabilityPJ50.1 by at-
tempted jumps into a randomly chosen configuration of
stored set, and this new configuration was accepted with
probability given in Eq.~17!. As in the CJW simulation, the
system was initialized randomly, thermalized for 100 0
steps, and the thermodynamic data were accumulated in
following 200 000 steps.

3. Results

In order to compare the performance of the three me
ods, we first implemented each method with the same n
ber of total MC steps. In CJW, we used 12 500 000 MC st
with configurations stored every 1000 steps at each temp
ture stage. Since four stages were used, the total numb
MC steps was 50 000 000. In MJW, the weight factor w
calculated via five iterations with 2 000 000 MC steps in ea
iteration, then a production run of 40 000 000 MC steps w
carried out and configurations were stored every 1000 st
Therefore the total number of MC steps involved was a
50 000 000. In both jump walking methods, a Metropo
sampling of 300 000 MC steps was implemented and th
modynamic quantities calculated for each temperature fr
2.5 to 50 K at 2.5 K intervals, so that a total number
6 000 000 MC steps were required for the accumulation
the thermodynamic data after the configurations had b
stored. Therefore in CJW and MJW, the total number of M
steps used for generating stored configurations and for
culating thermodynamic quantities was 56 000 000. In p
multicanonical sampling, the weight factor was estimated
five iterations with 2 000 000 MC steps in each iteration fo
total of 10 000 000 and a production run of 50 000 000 M
steps was carried out during which the thermodynamic qu
tities were accumulated. Therefore the total number of M
steps used for the pure multicanonical sampling w
60 000 000, approximately the same as the number of s
in CJW and MJW.

The average energy and heat capacity of Ar13 and their
standard deviations were calculated from 20 parallel simu
tions. Figures 4 and 5 show the caloric curve and heat
pacity curve of Ar13 obtained by the three methods. Th
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three methods agree fairly well, except that the pure mu
canonical simulation fails to yield results at temperatures
low 7.5 K. ~There is no data point for the pure multicanon
cal curve at temperatures lower than 7.5 K.! This is because
when reweighting using Eq.~15! at very low temperature
e2bE becomes too small and leads to numerical underflo
The pure multicanonical sampling results deviate sligh
from the other two at low temperatures, while the CJW
sults differ from the other two in the transition region~25–40
K!. This suggests that MJW gives the most consistent res
over the whole temperature range. The standard deviation
average energy and heat capacity are used as measures

FIG. 4. The caloric curve of Ar13. The energies are expressed in reduc
unit E/«. It can be seen that overall the three methods give consis
results. But pure multicanonical sampling results deviate from the other
at low temperatures, while CJW results differ from the other two in
transition region. This suggests that MJW gives the most consistent re
over all the temperature range. The same number of total MC steps
used in each method.

FIG. 5. The heat capacity curve for Ar13. The results obtained from the
three methods agree reasonably well. But pure multicanonical samplin
sults deviate from the other two at low temperatures, while CJW res
differ from the other two in the transition region, suggesting that MJW gi
the most consistent result over all the temperature range studied.
i-
-
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y
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lts
of

f the

precision of each method and are presented in Fig. 6 and
7. It can be seen that for the same number of total MC ste
the new MJW method gives the best precision of the thr
MJW and CJW have similar precision at low temperatur
but in the transition region MJW gives much better precis
than CJW. On the other hand, the pure multicanonical s
pling gives as good precision as MJW in the transition
gion, but behaves very poorly at low temperatures. The r
son for this is that the pure multicanonical sampling samp
energies within a certain range with roughly equal proba
ity, but at the two ends of the range, the probability dro
precipitously. Therefore at low energies,~correspondingly at
low temperatures,! very few configurations are sampled, r

nt
o

lts
re

e-
ts
s

FIG. 6. The standard deviation in the average energy of Ar13. s(E)
5A^E2&2^E&2. The deviation is calculated from 20 parallel simulations.
can be seen that for the same number of total MC steps MJW gives the
precision of the three. CJW behaves poorly in the transition region w
pure multicanonical sampling is very inaccurate at low temperatures.

FIG. 7. The standard deviation in the heat capacity of Ar13. s(Cv)
5A^Cv2&2^Cv&2. The deviation is calculated from 20 parallel simulation
It can be seen that for the same number of total MC steps MJW gives
best precision of the three. CJW behaves poorly in the transition re
while pure multicanonical sampling is inaccurate at low temperatures.
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sulting in poor statistics. The energy histograms in Fig
show that pure multicanonical sampling fails to cover a s
nificant part of the canonical distribution atT57.5 K, caus-
ing low accuracy at this temperature. In MJW, on the ot
hand, an individual Metropolis sampling of configuratio
coupled with jumps to the states generated by the mult
nonical sampling is carried out at every temperature, the
fore a large number of configurations are sampled and am
statistics is achieved. From this we can see that for the M
method to give accurate results, it is enough that the mu
canonical distribution overlaps with part of the canonical d
tribution at the temperature in question, while for pure m
ticanonical sampling to give accurate results, t
multicanonical distribution must cover the whole range
the canonical distribution. Therefore MJW is advantage
over pure multicanonical sampling, especially at low te
peratures.

Having established the fact that for the same numbe
MC steps MJW gives the highest precision of the three me
ods, we further compared the CJW and MJW methods
determining the number of steps required to obtain ess
tially the same accuracy for these two methods. For this p
pose, we used 40 000 000 MC steps at each tempera
stage in CJW for storing the high temperature canonical c
figurations and only 10 000 000 MC steps in the product
run in MJW to store multicanonical configurations. In th
case six times more total MC steps were used in CJW tha
MJW. The thermodynamic quantities and their standard
viations were calculated from 20 parallel simulations. T
standard deviation in heat capacity is used as the measu
compare the precision of each method and is presente
Fig. 8. CJW and MJW have comparable precision in t
case, but CJW costs six times more than MJW for the sys
of Ar13.

In comparing the CPU time for the three different me
ods we note that MJW and CJW involve writing extern
files when a configuration is stored~1 out of 1000 MC steps

FIG. 8. The standard deviation in the heat capacity of Ar13. Six times more
total MC steps were used in CJW than in MJW. In this case, CJW and M
give comparable precision.
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in our study! and reading external files when a jump is a
cepted~1 out of about 30 steps on average!, whereas pure
multicanonical sampling does not require this. This add
file I/O overhead, however, is quite small and thus for t
same number of configurations generated, pure multican
cal sampling does not cost noticeably less than MJW or C
method. Moreover, the file I/O overhead only scales asN,
whereN is the size of the system, while the cost of each M
step scales asNa with a>1 for most systems. Therefor
MJW is more advantageous for large systems than pure m
ticanonical sampling.

In fact, as the number of atoms in the system increa
the advantage of MJW over the other two methods sho
become more pronounced. As the system is made larger
density of statesV(E) increases more rapidly with energ
E, leading to a relatively narrower peak in energy distrib
tion. This may lead to the necessity of employing more te
perature stages in CJW and is expected to yield poorer
tistics for each temperature in pure multicanonic
simulation. MJW, on the other hand, should be immune fr
such problems because~a! there is always sufficient overla
between the multicanonical distribution and the canoni
distribution at any temperature, therefore adequate jump
cess ratio, and thus good ergodicity, are assured;~b! indi-
vidual sampling at each temperature generates a large n
ber of configurations to give enough statistics. As a res
MJW should always have good accuracy at all temperatu
A comparative study of these three methods using C
times and various ergodic measures is being performed
larger systems such as peptides.

IV. CONCLUSION

A multicanonical jump walking~MJW! method based on
combining jump walking and multicanonical ensemble sa
pling methods has been introduced and tested on two sim
systems: a one-dimensional random potential and an A13

cluster. This new method was compared with pure multi
nonical sampling and with canonical jump walking~CJW!
methods for sampling rugged energy landscapes. These l
two methods have already proved very useful for lessen
quasiergodicity in the sampling of configurations on rou
energy landscapes. In this paper we show that multicanon
sampling very inefficiently samples the low energy config
rations which contribute so prominently at low temperatur
CJW on the other hand often requires the use of many t
perature stages to sample the low temperature distributi
In this paper we show that the new MJW method, whi
only requires two stage sampling, one using multicanon
sampling and the other at the desired temperature, gives
ter precision than either the canonical jump walking~CJW!
method or pure multicanonical ensemble sampling at
same cost. The advantage of the new MJW method over
CJW method arises from the fact that there is a large ove
in the energy distribution of the multicanonical ensemble a
the canonical ensemble at any temperature. The M
method is better than pure multicanonical sampling beca
it samples each temperature individually and therefore
better statistics. We can conclude from this paper that
MJW method provides a very promising alternative to t
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other methods for the sampling of configurations on rou
energy landscapes. It remains to demonstrate this conclu
on systems of current interest like peptides and proteins
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