Columbia University
Department of Physics
QUALIFYING EXAMINATION
Monday, January 11, 2010
3:10 PM - 5:10 PM

Electromagnetism
Section 2.

Two hours are permitted for the completion of this section of the examination.
Choose 4 problems out of the 5 included in this section. Remember to hand in only
the 4 problems of your choice (if by mistake you hand in 5 problems, the highest
scoring problem grade will be dropped). Apportion your time carefully.

Use separate answer booklet(s) for each question. Clearly mark on the answer
booklet(s) which question you are answering (e.g., Section 2 (Electromagnetism),
Question 2; Section 2 (Electromagnetism), Question 6; etc.)

Do NOT write your name on your answer booklets. Instead clearly indicate your
Exam Letter Code.

You may refer to the single handwritten note sheet on 8 1/2x11” paper (double-sided)
you have prepared on Electromagnetism. The note sheet cannot leave the exam
room once the exam has begun. This note sheet must be handed in at the end of
today’s exam. Please include your Exam Letter Code on your note sheet. No other
extraneous papers or books are premitted.

Simple calculators are permitted. However, the use of calculators for storing and/or
recovering formulae or constants is NOT permitted.

Questions should be directed to the proctor.
Good luck!!
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1. Consider a rigid, ideally conducting sphere of radius R, with total charge equal to zero.
The sphere rotates with angular velocity ﬁ; QR < c. Suppose a dipole magnetic field
threads the sphere. The dipole is centered on the center of the sphere. The dipole moment
ii is given; it is aligned with Q.

(a) What voltage is induced between the equator and the poles of the sphere?

(b) Find the charge density p(r,#) established inside the sphere. Here r and @ are spher-
ical coordinates: r is the distance from the center and @ is the polar angle measured
from the rotational axis.

(c) Find the electric field outside the sphere.

Hint: any axisymmetric solution of V2@ = 0 that vanishes at infinity has the following
form in spherical coordinates r, 8, ¢

3cos?h—1

> —n—1
O(r,0) = Zan (%) P,(cos @), [Ph=1, Pp=cosl, P, = 5 .

n=0
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2. A positive point charge ¢ is fixed 1 cm above a horizontal, grounded conducting z-y plane.
An equal negative charge —q can be moved along the perpendicular dropped from ¢ to
the plane.

(a) Where should —¢ be placed for the total force on it to be zero?

(b) Taking the distance between g and the plane equal to b, and the distance from —g to
the plane equal to be a, what is the surface charge density, o{z,y), on the conductor?
Express your answer in terms of a, b, ¢,  and y. '
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3. Consider an infinitely long, grounded conducting cylinder, of radius a, which is introduced

into a uniform electric field Eo The axis of the cylinder is perpendicular to EO
(a) Find an expression for the external potential after inscrtion of the cylinder.

(b) Find an expression for the surface charge induced on the cylinder.
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4. A perpendicularly incident beam of right circularly polarized light is reflected by an ideal
stationary mirror. Show that the reflected beam is left circularly polarized.
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5. A magnetic monopole is a hypothetical particle that is a source for a Coulomb magnetic

field A
— . gr
B=s
(a) Consider a particle with mass m and electric charge g that is moving in the magnetic
field of a static magnetic monopole. Show that the usual expression for angular mo-
mentum, T x (m¥) is not conserved, but that there is a conserved angular momentum
of the form

-

L =7 x (mv)+f.
Determine £.

(b) An electric charge ¢ and a magnetic charge g with fixed positions are located a
distance D apart. The combined fields of these charges have a nonzero angular
momentum.

i. Show that the magnitude of this angular momentum does not depend on the
distance D.

ii. Determine the magnitude and direction of the angular momentum.

The integral

d =
/0 Y —2ay+ 12 1-a
may be useful.
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E&M:

Consider a rigid, ideally conductmg sphere of radius R with total charge equal to zero. The sphere
rotates with angular velocity Q R < c. Suppose a dipole magnetic field threads the sphere. The
dipole is centered on the center of the sphere. The dipole moment f is given; it is aligned with §}.

(a) What voltage is induced between the equator and the poles of the sphere?

(b) Find the charge density p(r, ) established inside the sphere. Here r and 6 are spherical coordinates:
7 is the distance from the center and 6 is the polar angle measured from the rotational axis.

(c) Find the electric field outside the sphere. Hint: any axisymmetric solution of V2® = 0 that vanishes
at infinity has the following form in spherical coordinates r, 8, ¢

ool -n~1 2

3 -1

8(r,0)= 3" a (%) Pufeost),  [Ro=1, Pi=coss, =071 1
n=0

Solution:

(a) Electric field in the frame co-rotating with the sphere vanishes inside the ideal conductor: E' = 0.

In the static lab frame, electric field is induced by rotation Tyt =  x

= = ToexB _ Qrsing
E=E’—vr°t:B=— rscm & x B, @)

where €, is the unit vector in the ¢-direction of the spherical coordinate system r,6,¢. The dipole

magnetic field is given by

gzgfzM&:ﬂs(uosaé‘,Jrsineég), (3)

where €, and €j are the unit vectors in the r and 6 directions. Substitution of (2) to (1) gives

E:u—g;sine(sinaé}—2coseé'a), r < R.
cr

Since V x E = —-c"lag/at = 0, the electric field is potential, E=-Vo.
0 0
P : _ B
@(R, 0) — @(R, 0) = —/0 EngG = —cﬁA sin 26 df = 'cﬁsnl 6. (4)

The potential difference between the equator and the poles is ®(R, 7/2) — ®(R,0) = uQY/cR>.
(b) )
V-E 1

4 47r2sind

1Ay

[0-(r2 sin 0 E,) + B (r sin 0Ey)| = - 53

(2 cos? 0 — sin? 0) .

(c) Potential @ satisfies Laplace equation V2® = 0 at 7 > R and has the form (1). The boundary
condition for ® at r = R is given by eq. (4). Since sin?8 = (2/3)(Py — P,), the boundary condition
expanded in Legendre polynomials reads

M- o s e

The boundary condition selects the two non-zero a, (n = 0,2) ineq. (1). However, since the total charge
of the sphere is zero, the monopole contribution must vanish, ap = 0 [it implies ®(R, 0) = —2u/3cR).
Thus, one finds at r > R

2 109 QR?
—22;91;2 P5(cos 9), E. = _92 #QR ———(3cos 6 — 1), Ey = ____6 _pR sin 26,
cr crt

O(R,0) = [<I>(R 0) +

(r,0) = or r 00 et
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Problem

A positive point charge ¢ is fixed 1 cm above a horizontal, grounded
conducting plane. An equal negative charge —g can be moved along the
perpendicular dropped from ¢ to the plane. Where should —¢ be placed for
the total force on it to be zero? Taking the distance between ¢ and the plane
equal to b, and the distance from —q to the plane equal to a, what is the
surface charge density on the conductor?
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#3: A perpendicularly incident beam of right circularly polarized light is
reflected by a stationary mirror. Show that the reflected beam is left circularly
polarized.
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E&M problem
A magnetic monopole is a hypothetical particle that is a source for a
Coulomb magnetic field

=% M

a) Consider a particle with mass m and electric charge ¢ that is moving
in the magnetic field of a static magnetic monopole. Show that the usual
expression for angular momentum, r X (mv) is not conserved, but that there
is a conserved angular momentum of the form

L=rx(mv)+f (2)

Determine f.

b) An electric charge ¢ and a magnetic charge g with fixed positions are
located a distance D apart. The combined fields of these charges have a
nonzero angular momentum. (i) Show that the magnitude of this angular
momentum does not depend on the distance D. (ii) Determine the magnitude
and direction of the angular momentum. The integral

d -
/0 4 (y2—2ay+1)32 1-a (3)

may be useful.
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