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Left and right inverse

a matrix inverse has come up several times so far — we now make its meaning precise

® in general, matrices do not commute: AX # XA

® in contrast, for scalars, the multiplicative inverse is straight forward to define

1 1
a-b=1 <= b=—- and a= -
a b

® for matrices, two types of inverse are possible:

XA=1 and AX =1
—_—— —_——
X isa X isa

left inverse right inverse

® A may have neither, one, or both types of inverse

® if A€ F™X™, then a left or right inverse must have dimension n X m
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Linear independence

recall (p.3-18), the vectors vi,v2,...,vn € R™ are linearly independent iff
Av1 + Aovg + ...+ Agvp =0 — AM=X=...= A, =0
® in matrix notation, let A = [v1 v2 ... vp], if {v;}7_, are linearly independent

Az =0 > =0
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Linear independence

recall (p.3-18), the vectors vi,v2,...,vn € R™ are linearly independent iff
AMvr+Xovas+ ...+ Ao =0 = A =Xd=...=X, =0
® in matrix notation, let A = [v1 v2 ... vp], if {v;}7_, are linearly independent

Az =0 > =0

Independence-dimension inequality (see p.3-20)

If the set of vectors v1,...,v, € R™ are linearly independent, then n < m.

® an m X n matrix with linearly independent columns then m > n (must be tall)

® an m X n matrix with linearly independent rows then m < n (must be wide)
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CA=1

Left invertibility

given an m X n matrix A, suppose CA = I, then A must be tall (or square), and have
independent columns
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CA=1

Left invertibility

given an m X n matrix A, suppose CA = I, then A must be tall (or square), and have
independent columns

to see this:
® to have independent columns, A must be tall or square (ind-dim inequality)

® suppose Az = 0, left multiply by C' gives
0=C(Az)=(CA)z=Iz ==z

thus z; = 0 are the only coefficients of the columns that gives 0,,

the converse is also true: a left inverse exists, iff the columns are linearly independent
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AB=1

Right invertibility

given an m X n matrix A, if AB = I, then A must be wide (or square), and have have
independent rows
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AB=1

Right invertibility

given an m X n matrix A, if AB = I, then A must be wide (or square), and have have
independent rows

to see this we do not need to develop a new set of results, it follows from

® A must be square or wide to have a right inverse

® if AB =1 then BTAT = (because BT AT = (AB)T =1I)
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Inverse

if A has a left and a right inverse, i.e., XA =1 and AY =1, then X =Y

XA=1I Ay =1 = X=X(AY)=(XA)Y =Y

® the matrix X = Y is called the inverse of A, denoted A~

® the inverse is unique

® A is said to be invertible or non-singular if A~ exists

° (A—l)—l = A

® invertible matrices must be square (tall: no right inverse, wide: no left inverse)

® it is always true that A=1A = AA"1 =1

6-6



Examples

® diagonal matrix

—1 1
2 2
4 - _1
1 4
1 3
® unstructured matrix
1 -2 37°* 1 0 —20 —10
0o 2 2 = —| —¢ 5 -2
-3 -4 —4 30 6 10 2
® permutation matrix
00 1 07" o1 0 0
1 000 _|oo o0 1
000 1| “ |1t o o0 0
01 0 0 00 1 0
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® |eft inverse

BA =CA =1, both B and C are left inverses of A

® inverse of a transpose

(ATY=1 = (A™1) often written as A~T

® inverse of a product
(AB)"!=B71a!
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2 x 2 matrix inverse

for this special case, there is a manageable closed-form solution:

a b]7' 1 d —b
c d T ad—bc | —c a

® recall that ad — bc is the determinant

® clearly if ad — bc = 0 then the matrix is singular
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Systems of linear equations

linear independence has clear implications for linear systems

® a set of m linear equations with n unknowns

a1121 +ai2x2 + ...+ ann = b1
a2171 +ager2 + ... +apmTn = b2
Am1T1 + Aam2T2 + ... + AmnTn = bm

® in matrix form: Ax = b with A € R™*" 2 € R", and b € R™
® can replace R with C and nothing changes

® from p.6-3, if A is wide, the columns are linearly dependent, and
Ax =0

has non-trivial solutions



Portfolio allocation

an investor must choose how to allocate money among several assets
each asset has returns that vary under different market conditions.

pick weights z (how much to invest in each asset) to meet a desired portfolio return b

consider n assets and m possible market scenarios

Scenario Stock Bond Real Estate

1 (bull) 010  0.02 0.04
2 (bear) -0.05 0.03 0.06
3 (stable)  0.08 0.01 0.03

model as a linear system Ax = b:

0.10  0.02 0.04
A= ]-0.05 0.03 0.06
0.08 0.01 0.03

Tstock b1
s *=| Tbond |, b= |b2
ZTreal estate bs



Interpretation

® A;j: return of asset j in scenario i (as a %)
® z;: fraction of portfolio invested in asset j

® p;: portfolio return in scenario %



Interpretation

® A;j: return of asset j in scenario i (as a %)
® z;: fraction of portfolio invested in asset j

® p;: portfolio return in scenario %

Matrix-vector multiplication

given data A and portfolio weight x, b = Az produces returns given each market
condition



Interpretation

® A;j: return of asset j in scenario i (as a %)
® z;: fraction of portfolio invested in asset j

® p;: portfolio return in scenario %

Matrix-vector multiplication

given data A and portfolio weight x, b = Az produces returns given each market
condition

Solving Az = b for z

determine portfolio weight to generate returns b under m market scenarios

0.10 0.02 0.04 Tstock 0.06
—0.05 0.03 0.06 Tbond | = [0.02
0.08 0.01 0.03| |Zreal estate 0.04

solution given by z = [0.4 0.3 0.3]T



Solution via a right inverse

consider the set of linear equations Az = b, with AB = I, then

® A must be square or wide

® for any n-vector b, x = Bb satisfies Ax = b, to see this:

Az = A(Bb) = (AB)b = Ib = b

Conclusion

if A is wide and has linearly independent rows, then Az = b has a solution for any b



Solution via a left inverse

consider the set of linear equations Az = b, with CA = I, then

® A must be square or tall

® multiplying Az = b on the left by C gives
Cb = C(Az) = (CA)x = Iz = =

so x = Cb is a solution to Ax = b

Conclusion

when A is tall, x = Cb is the unique solution to Az = b, if A(Cb) # b, then there is
no solution



Solutions to square systems

Theorem:

Consider a system with n equations and n variables, Az = b, if A~ exists, then
z=A"1b,

and the solution is unique.

Proof

@ the solution exists because A~! is a right inverse of A (p.6-13)

@ the solution is unique because A~ is a left inverse of A (p.6-14)

this leads to the obvious question: when is a square matrix invertible?



Nonsingular matrices

Theorem

Let A be a square matrix. The following properties are equivalent:
©® A is left invertible
® A has linearly independent columns
©® A is right invertible

© A has linearly independent rows

a square matrix with these properties is invertible or nonsingular



Proof

Proof strategy

H = 2 = 6 = ¢ = O
1) =@

® already shown this this for all tall and square matrices on p. 6-4



Proof

Proof strategy

H = 2 = 6 = ¢ = O
1) =@

® already shown this this for all tall and square matrices on p. 6-4

2= Q)
® let A=[a1 a2 ... ap], by assumption columns are linearly independent
@® thus, a1,...,an from a basis for R™ so all vectors in R™ can be expressed as a

linear combination of the columns of A
© specifically, e; = Ab; for some vector b;, define
B:[b1 by ... bn}

© B satisfies
AB = [Aby Aby ... Abyl=le1e2 ... en] =1



3) =4
® apply transpose to arguments to (1) = (2)
4) =@

® apply transpose to arguments to (2) = (3)



Example

Gram matrix

for an m X n matrix A with columns ay,...,an, the associated Gram matrix is
(a1,a1) A{ar,a2) ... {a1,an)
(a2,a1) (az,a2) ... (a2,an)
A*A =
(an,a1) (an,a2) ... (an,an)

® the Gram matrix is nonsingular iff the columns of A are linearly independent



Invertibility and eigenvalues

Corollary

Let A be an n X n matrix with eigenvalues and vectors Av; = A\jv;, fori =1,...

If \; =0 for any i, then A is singular.
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Invertibility and eigenvalues
Corollary

Let A be an n X n matrix with eigenvalues and vectors Av; = A\jv;, fori =1,...,n.
If \; =0 for any i, then A is singular.

Proof.
® from the theorem on p.6-16, A must have linearly independent columns
® from p.6-3 if A does not have linearly independent columns then
Ar =0 <<= =0 (1)

® assume \; = 0, then (1) holds with z = v;.
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Invertibility and eigenvalues
Corollary

Let A be an n X n matrix with eigenvalues and vectors Av; = A\jv;, fori =1,...,n.
If \; =0 for any i, then A is singular.

Proof.

® from the theorem on p.6-16, A must have linearly independent columns

® from p.6-3 if A does not have linearly independent columns then

Ar =0 <<= =0 (1)
® assume \; = 0, then (1) holds with z = v;.
O
Alternative proof
Proof.
® if X is an eigenvalue then det(A — X\;) =0
@ for A = 0 this gives det(A) =0
® if det(A) = 0 then A is singular
O
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Matrices with orthonormal columns

recall, a set of n-vectors v1, ..., vy is orthonormal if
® ||villa=1fori=1,...,k

® all the vectors are mutually orthogonal

o f1 ifi=j
”“’J_{o if i #

Example

the set of vectors

1 1 1| L 1t
v = — 0|, va=z| V2|, w=2]| —v2
V2| _4 2 1 2 1

are orthonormal
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sets of orthonormal vectors are linearly independent

® consider the orthonormal set a1, ...,a; and assume

k
D aiBi=0
i=1
® take the inner product of both sides of the inequality with some a;

0=al(Bra1+ ...+ Brax)

Bi(afar) + ... Bx(al ay)

= £

® i.e., the only linear combination of the elements {a;} that gives zero is 8; = 0



Matrices with orthonormal columns

strangely, there is no name for matrices with orthonormal columns

A= [al as ... an] , a;'s mutually orthonormal

e if A€ R™*™ then m > n (tall)

® the Gram matrix AT A = I, this has several implications:

length preservation

Azl = /(A2)T(Az) = (/2T (AT A)e = a2

inner product preservation

(Az)T (Ay) = 2T (AT Ay = 2Ty
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Orthonormal summary

if A has the form
A= [al az ... an] , a;'s mutually orthonormal

then
® A is tall or square
® A has linearly independent columns

® A has a left inverse, i.e., BA = I, moreover

ATA=T
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Orthogonal matrices

a real square matrix, A, is called orthogonal if it has orthonormal columns

® orthogonal matrices are nonsingular (follows from p. 6-16)

® from the Gram matrix property, it has a left inverse given by its transpose

A€R™™ and {a;} orthogonal = ATA=1 «— 44T =

® it is thus clear that AT = A1

T
—  a 1

ai | ... | an =



Examples

Permutation matrices

® map the vector = (6,3,2,0) to y = (3,0,2,6)

6-26



Examples

Permutation matrices
® map the vector = (6,3,2,0) to y = (3,0,2,6)

® using the notation from p.4-21: m = (2,4,3,1), then & — Pz =y, with
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OO O
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Examples

Permutation matrices
® map the vector = (6,3,2,0) to y = (3,0,2,6)

® using the notation from p.4-21: m = (2,4,3,1), then & — Pz =y, with

= o oo
OO O
o= OO
o OO

® clearly ||ps||2 =1 for all 4, p; L p; for i # j, and pZTpi =1

® to recover x = (6,3,2,0) from y = (3,0,2,6)

r = Py = PTy with P~ '= = pT

oo ~=Oo
[ =]
o= OO
OO O



Examples

rotation matrices
consider the matrix R that rotates a vector counterclockwise in the R? plane

cosf —sinf

k= sin 0 cos 6

e RTR =T follows from cos2 6§ +sin? 0 = 1



Examples

rotation matrices
consider the matrix R that rotates a vector counterclockwise in the R? plane

cosf —sinf
sin 0 cos 6

e RTR =T follows from cos2 6§ +sin? 0 = 1

R=

Products of orthogonal matrices

let Ay,..., Ay all be orthogonal matrices with the same dimensions, then the product
A=A1As .. Ay

is also orthogonal

ATA = (AT .. AT AT)(A1 Aa ... Ap)
N !
I
= (AT .. AT)(As ... Ap)



Solving an orthogonal system of equations

if Ais an n X n matrix with orthogonal columns, then the solution of

Az =b

z=A"1b=ATb

® the algorithm for solving the system of equations consists of transposing A and
performing a matrix-vector multiply on the result

® requires 2n? floating-point operations (more on this later)
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Further topics

® pseudo-inverse

® projection onto the range of a matrix

® orthogonal decomposition of a vector
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