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Motivation

Single-agent model-free optimal control
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Motivation
Multi-agent LQR design

Homogeneous

X1 = Ax X, + Byu; t>0
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Multi-agent LQR design
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Multi-agent LQR design
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Don't fully exploit the parallelism
in the distributed computation

Source of staleness:

o Network latency

* Bandwidth constraints
o Memory overhead

® Packet loss

o Local computation



Motivation
Multi-agent LQR design
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Challenges and Goals
Asynchronous LQR design

Asynchronous
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Challenges and Goals
Asynchronous LQR design

Asynchronous Example: (heterogeneity and staleness)
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Question: Can an asynchronous algorithm produce a controller that is near-optimal,
even in the presence of staleness and heterogeneous system dynamics?



Challenges and Goals
Asynchronous LQR design

Asynchronous
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Consider a discrete LTI dynamical system

Xt(jzl = A(i)Xt(i) + BM ugi), t=0,1,2,... (sys-dyn)

where xéi) € R™ and ugi) € R™.



Linear Quadratic Regulator (LQR)

Objective

Consider a discrete LTI dynamical system

Xt(jzl = A(i)Xt(i) + B(i)ugi), t=0,1,2,... (sys-dyn)
where xt( ) € R™ and ug ) e R,

LQR Objective: Design a controller K7 (ugi) = —K,-*xt(i)) that solves

o0

Z (@0 + KTROK) )

=0

K = argmingccr T (K

subject to (sys-dyn).
Stabilizing set: () = {K | p(A) — BOK) < 1}



Linear Quadratic Regulator (LQR)

Policy Gradient LQR

Global convergence despite of the non-convexity* of 7()(K) [FGKM,ICML 2018],
Initial Stabilizing Controller: Ky € K(/)

Controllability: (A(), B()) is controllable

* Non-convex for ny > 3.



Linear Quadratic Regulator (LQR)

Policy Gradient LQR

Global convergence despite of the non-convexity* of 7()(K) [FGKM,ICML 2018],
Initial Stabilizing Controller: Ky € K(/)

Controllability: (A(), B()) is controllable
Knp1 = Ko — VI (K,), for ne {0,1,...,N -1},

TN (Ky) — TO(KF) < e,

after N = O(log(1/¢)) iterations

* Non-convex for ny > 3.



Linear Quadratic Regulator (LQR)

Policy Gradient LQR

Zeroth-order Estimation: K,.1 = K, — n@j(")(K,,)

Z’”: nenu(T(K + U)) — TO(K = UN) U,

Zo(m, r, K)—>Vj 2

9

I=1

m (number of trajectories), r (smoothing radius) and [|U/||F = r.

K,U;, xo Simulator {xsu )
=L, —

(dynamics) (environment) \Y%
(cost)

Zerotl/l\-order TIO®)



Linear Quadratic Regulator (LQR)

Policy Gradient LQR

Zeroth-order Estimation: K,.1 = K, — n@j(")(K,,)

WK+ U) = TO(K = U))Y,
2mr?

9

z20(m, r, K) — V.7 Z”X”“
=1

m (number of trajectories), r (smoothing radius) and ||U)||F = r.

Estimation Error*: Suppose m = O(1/€?) and r = O(e), it holds that
IVTO(K) = VTO(K)| < e,

with high probability.

* Bernstein matrix inequality (Tropp (2012)).



Multi-Agent Heterogeneous LQR design

Objective

Consider M distinct systems (sys-dyn) with different LQR objectives, i.e.,
Objective: K* := argminj g {j(K) = Z,"il T (K)} ,

K* should stabilize each (sys-dyn) and on average minimize their LQR objectives
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Heterogeneity: mix||A(i) — AU)|| < eq — same for ep, eg and g
i#]



Multi-Agent Heterogeneous LQR design

Objective

Consider M distinct systems (sys-dyn) with different LQR objectives, i.e.,
Objective: K* := argminj g {j(K) = Z,"il T (K)} ,
K* should stabilize each (sys-dyn) and on average minimize their LQR objectives

Heterogeneity: mix||A(i) — AU)|| < ea — same for e, eq and g
i#)

Stabilizing sub-level set: SO :={K | 7O(K) - JO(K") < (T (Ko) — TD(K*))},




Multi-Agent Heterogeneous LQR design

Gradient heterogeneity

Gradient Heterogeneity: [TZAW, L4DC 2024] For any two distinct systems with dif-
ferent LQR objectives, and given a stabilizing controller K € S. It holds that,

IVTIN(K) = VIDK)|? < feas €, €@, €R) = eher  (grad-het)



Multi-Agent Heterogeneous LQR design

Gradient heterogeneity

Gradient Heterogeneity: [TZAW, L4DC 2024] For any two distinct systems with dif-
ferent LQR objectives, and given a stabilizing controller K € S. It holds that,

IVTIO(K) = VTIU(K)|]? < fea, €8, €0, €R) = che:  (grad-het)
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Asynchronous Policy Gradient LQR

Asynchronous updates

VIORK o) VIPKicesw) VI Kicop) VI Kioayin)

/ straggler system

— — bs S~ —
K,r1 =K, - % Zs:l V'-T(S)(Kn—rs(n))

Bounded staleness: 75(n) < Tmax € N denotes the staleness in the controller that
system s € [bs| possesses when locally estimating its policy gradient at step n



Asynchronous Policy Gradient LQR

Algorithm

Input: KoeS, N, n, m, r, bs
Initialize: K; = Ko Vi € [M] and V + 0 (1)
Iteration and batch counters: s=n=20

In parallel: compute and send @,— = Z0(Kj, r,m)
to the server Vi € [M] (2)

While n < N
Server accumulates V =V + V;, s+=1
If s = bs then
Rn+1 = Rn - b%ﬁ (3)
Send K11 to the idle systems (4)

\.

Output: Ky




Asynchronous Policy Gradient LQR

Interplay between heterogeneity and staleness

Controlling the staleness effect: E||K, — K, ..

(n)||2

heterogeneity + staleness

10



Asynchronous Policy Gradient LQR

Interplay between heterogeneity and staleness

Controlling the staleness effect: E|K,

n—1

- anr;(n)

B[Ry~ ool < w32 E[[Ria —

I=n—7i(n)

I

|
|
|
|
|
I
|
|
heterogeneity *

heterogeneity + staleness

10



Asynchronous Policy Gradient LQR

Interplay between heterogeneity and staleness

Controlling the staleness effect: E| K, — R,,,Ti(,,)||2
n—1

IEHkn_RnfT,-(n)H2 < Tmax Z EHRH-I - KIH2

I=n—7i(n)

E HRH—I - RIH2 < 7727-max0 <€h<at'|'ﬂ“—-‘:||v'j(i)(Rn)||2)>'<

Kfe——————k* K3 K

heterogeneity + staleness

* See proof of Lemma 4.
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Asynchronous Policy Gradient LQR

Interplay between heterogeneity and staleness

Controlling the staleness effect: E|K,

n—1
Kn T,'(n)H2 < Tmax Z E HRH-I

I=n—7i(n)

E | Kn —

E HRH—I - R/H2 < 7727-max0 <€het+E||vk7(i)(Rn

* See proof of Lemma 4.

- Kill
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< Tlmaxthet 4203 ||V T (K
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Main Results

Convergence guarantees - ergodic convergence rate

Goal: Control % Zn’v;olEHVj(R,,ﬂF — find a stationary solution

e Initial stabilizing controller: Ky € S

en=20 (\/%> and r sufficiently small
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Main Results

Convergence guarantees - ergodic convergence rate

Goal: Control ,{,Z EHVJ(K )||?> — find a stationary solution

e Initial stabilizing controller: Ky € S

en=20 (\/%> and r sufficiently small

1 N1 Ao €h T2 €
—N"E|V 2<0 +— + max“)
N p || ‘-7( )HF— <\/N7bs \/Nibs N

11



Main Results

Convergence guarantees - optimality gap

Goal: Control E [7W)(Ky) — T (K¥*)] — system-specific optimality gap
e Initial stabilizing controller: Ky € S

en=20 (1/7,?/5) and r sufficiently small
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Main Results

Convergence guarantees - optimality gap

Goal: Control E [7W)(Ky) — T (K¥*)] — system-specific optimality gap

e Initial stabilizing controller: Ky € S

en=20 (1/7,?1/;}3() and r sufficiently small
E|7O(Rn) - TOK)| <0 (VA + eher)

o Ay = E[TO(Ko) - TR, e =1~ % € (0,1)
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Main Results

Convergence guarantees - optimality gap

Goal: Control E [7W)(Ky) — T (K¥*)] — system-specific optimality gap
e Initial stabilizing controller: Ky € S

en=20 (1/7,?1/;}3() and r sufficiently small

E [70(Rn) ~ TO(K)] < 0 (VA + e
o AY =E[7O(Ko) — TO(K")], c =1~ 3 € (0,1)

Within the number of iterations in the order of N = O (T%i Iog(l/e)) we have

B j(i)(RN) _ j(")(K,-*)} < O (€+ €het)
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Main Results

Convergence guarantees - optimality gap

Within the number of iterations in the order of N = O (Tri/azx Iog(l/e)) we have

E j(i)(RN) _ j(f)(Ki*)} < O (€+ €het)

w/o staleness = = = with staleness

12



Main Results

Stability guarantees

Goal: Show that K,, € S for any iteration n € {0, 1,

e Initial stabilizing controller: Ky € S

® chet and r sufficiently small and n = (9(1/7;?1/3%()

N1}
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Numerical Validation

Asynchronous vs synchronous updates

M = 100 heterogeneous systems with n, = 4 states and n, = 2 inputs

—— Asynchronous LQR
—~1.2 —— Synchronous LQR

0 200 400 600 800 1000 1200 0 20 40 60
Wall clock counter Iterations (n)

(left) Trmax = 20, by = 20



Numerical Validation

Convergence - batch size and heterogeneity

)

1

TP (Kn) = JPK

0 20 40 60 80 100
Iterations (n)

(left) Tmax = 1, (right) Tmax =5, bs = 20
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—— (ea=5,65=15,60=4,eg=3) x 1073
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Conclusions

@ We studied the problem of learning linear quadratic regulators from heterogeneous
systems with asynchronous policy gradient updates

@ The proposed asynchronous aggregation fully exploits the parallelism in the dis-
tributed computation while alleviating the impact of straggler systems

@ We provided local and global convergence guarantees, i.e.,

N-1

1 =0 AO €het i Ehet)
— 3 E|VI(KnlIF <0 + + =
n 2 FIVIHalie < <\/W VNG TN

E [j(i)(RN) _ ju)(K,.*)} < O(e+ pet), With N =0 (rr?/fx Iog(l/e)>

o We also showed that K, € S for any iteration n € {0,1,..., N — 1}
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