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Linear Quadratic Regulator (LQR)
Objective

Consider a discrete LTI dynamical system

x
(i)
t+1 = A(i)x

(i)
t + B(i)u

(i)
t , t = 0, 1, 2, . . . (sys-dyn)

where x
(i)
t ∈ Rnx and u

(i)
t ∈ Rnu .
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Consider a discrete LTI dynamical system

x
(i)
t+1 = A(i)x

(i)
t + B(i)u

(i)
t , t = 0, 1, 2, . . . (sys-dyn)

where x
(i)
t ∈ Rnx and u

(i)
t ∈ Rnu .

LQR Objective: Design a controller K ⋆
i (u(i)t = −K ⋆

i x
(i)
t ) that solves

K ⋆
i = argminK∈K(i)J (i)(K ) = E

[ ∞∑
t=0

x
(i)⊤
t

(
Q(i) + K⊤R(i)K

)
x
(i)
t

]
,

subject to (sys-dyn).

Stabilizing set: K(i) = {K | ρ(A(i) − B(i)K ) < 1}
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Linear Quadratic Regulator (LQR)
Policy Gradient LQR

Global convergence despite of the non-convexity∗ of J (i)(K ) [FGKM,ICML 2018],

Initial Stabilizing Controller: K0 ∈ K(i)

Controllability: (A(i),B(i)) is controllable

∗ Non-convex for nx ≥ 3.
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Linear Quadratic Regulator (LQR)
Policy Gradient LQR

Global convergence despite of the non-convexity∗ of J (i)(K ) [FGKM,ICML 2018],

Initial Stabilizing Controller: K0 ∈ K(i)

Controllability: (A(i),B(i)) is controllable

Kn+1 = Kn − η∇̂J (i)(Kn), for n ∈ {0, 1, . . . ,N − 1},

J (i)(KN)− J (i)(K ⋆
i ) ≤ ϵ,

after N = O(log(1/ϵ)) iterations

∗ Non-convex for nx ≥ 3.
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Linear Quadratic Regulator (LQR)
Policy Gradient LQR

Zeroth-order Estimation: Kn+1 = Kn − η∇̂J (i)(Kn)

ZO(m, r ,K )→ ∇̂J (i)(K ) :=
m∑
l=1

nxnu(J (i)(K + Ul)− J (i)(K − Ul))Ul

2mr2 ,

m (number of trajectories), r (smoothing radius) and ∥Ul∥F = r .
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Linear Quadratic Regulator (LQR)
Policy Gradient LQR

Zeroth-order Estimation: Kn+1 = Kn − η∇̂J (i)(Kn)

ZO(m, r ,K )→ ∇̂J (i)(K ) :=
m∑
l=1

nxnu(J (i)(K + Ul)− J (i)(K − Ul))Ul

2mr2 ,

m (number of trajectories), r (smoothing radius) and ∥Ul∥F = r .

Estimation Error∗: Suppose m = O(1/ϵ2) and r = O(ϵ), it holds that

∥∇J (i)(K )− ∇̂J (i)(K )∥ ≤ ϵ,

with high probability.

∗ Bernstein matrix inequality (Tropp (2012)).
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Multi-Agent Heterogeneous LQR design
Objective

Consider M distinct systems (sys-dyn) with different LQR objectives, i.e.,

Objective: K̄ ⋆ := argminK∈S

{
J̄ (K ) := 1

M

∑M
i=1 J (i) (K )

}
,

K̄ ⋆ should stabilize each (sys-dyn) and on average minimize their LQR objectives
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Multi-Agent Heterogeneous LQR design
Objective

Consider M distinct systems (sys-dyn) with different LQR objectives, i.e.,

Objective: K̄ ⋆ := argminK∈S

{
J̄ (K ) := 1

M

∑M
i=1 J (i) (K )

}
,

K̄ ⋆ should stabilize each (sys-dyn) and on average minimize their LQR objectives

Heterogeneity: max
i ̸=j
∥A(i) − A(j)∥ ≤ ϵA → same for ϵB , ϵQ and ϵR

Stabilizing sub-level set: S(i) :=
{
K | J (i)(K )− J (i)(K⋆

i ) ≤ γ(J (i)(K0)− J (i)(K⋆
i ))

}
,
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Multi-Agent Heterogeneous LQR design
Gradient heterogeneity

Gradient Heterogeneity: [TZAW, L4DC 2024] For any two distinct systems with dif-
ferent LQR objectives, and given a stabilizing controller K ∈ S. It holds that,

∥∇J (i)(K )−∇J (j)(K )∥2 ≤ f (ϵA, ϵB , ϵQ , ϵR) = ϵhet (grad-het)
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Asynchronous Policy Gradient LQR
Asynchronous updates

Bounded staleness: τs(n) ≤ τmax ∈ N denotes the staleness in the controller that
system s ∈ [bs ] possesses when locally estimating its policy gradient at step n 8



Asynchronous Policy Gradient LQR
Algorithm

Input: K̄0 ∈ S, N, η, m, r , bs
Initialize: Ki = K̄0 ∀i ∈ [M] and ∇ ← 0 (1)
Iteration and batch counters: s = n = 0

In parallel: compute and send ∇̂i = ZO(Ki , r ,m)
to the server ∀i ∈ [M] (2)

While n < N
Server accumulates ∇ = ∇+∇i , s+=1
If s = bs then
K̄n+1 = K̄n − η

bs
∇ (3)

Send K̄n+1 to the idle systems (4)

Output: K̄N
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Asynchronous Policy Gradient LQR
Interplay between heterogeneity and staleness

Controlling the staleness effect: E∥K̄n − K̄n−τi (n)∥
2

E
∥∥K̄n − K̄n−τi (n)

∥∥2 ≤ τmax

n−1∑
l=n−τi (n)

E
∥∥K̄l+1 − K̄l

∥∥2

E
∥∥K̄l+1 − K̄l

∥∥2 ≤ η2τmaxO
(
ϵhet+E∥∇J (i)(K̄n)∥2

)∗
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Controlling the staleness effect: E∥K̄n − K̄n−τi (n)∥
2

E
∥∥K̄n − K̄n−τi (n)

∥∥2 ≤ τmax

n−1∑
l=n−τi (n)

E
∥∥K̄l+1 − K̄l

∥∥2

E
∥∥K̄l+1 − K̄l

∥∥2 ≤ η2τmaxO
(
ϵhet+E∥∇J (i)(K̄n)∥2

)∗

1
N

N−1∑
n=0

E
∥∥K̄n − K̄n−τi (n)

∥∥2
≲

η2τ3
maxϵhet

bs
+ η2τ3

maxE∥∇J̄ (K̄n)∥2

∗ See proof of Lemma 4.
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Main Results
Convergence guarantees - ergodic convergence rate

Goal: Control 1
N

∑N−1
n=0 E∥∇J̄ (K̄n)∥2 → find a stationary solution

• Initial stabilizing controller: K̄0 ∈ S

• η = O
(√

bs
N

)
and r sufficiently small
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Goal: Control 1
N

∑N−1
n=0 E∥∇J̄ (K̄n)∥2 → find a stationary solution

• Initial stabilizing controller: K̄0 ∈ S

• η = O
(√

bs
N

)
and r sufficiently small

1
N

N−1∑
n=0

E∥∇J̄ (K̄n)∥2F ≤ O
(

∆̄0√
Nbs

+
ϵhet√
Nbs

+
τ2
maxϵhet

N

)
• ∆̄0 = E[J̄ (K̄0)− J̄ (K̄ ⋆)] → initial optimality gap

O
(
τ2
maxϵhet
N

)
→ staleness effect becomes negligible when N ≫ bs
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Main Results
Convergence guarantees - optimality gap

Goal: Control E
[
J (i)(K̄N)− J (i)(K ⋆

i )
]
→ system-specific optimality gap

• Initial stabilizing controller: K̄0 ∈ S

• η = O
(
1/τ3/2

max

)
and r sufficiently small
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(
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)
and r sufficiently small

E
[
J (i)(K̄N)− J (i)(K ⋆

i )
]
≤ O

(
cN∆

(i)
0 + ϵhet

)
• ∆(i)

0 = E[J (i)(K̄0)− J (i)(K̄ ⋆)], c = 1− ηλ
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i )
]
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• η = O
(
1/τ3/2

max

)
and r sufficiently small

E
[
J (i)(K̄N)− J (i)(K ⋆

i )
]
≤ O

(
cN∆

(i)
0 + ϵhet

)
• ∆(i)

0 = E[J (i)(K̄0)− J (i)(K̄ ⋆)], c = 1− ηλ
4 ∈ (0, 1)

Within the number of iterations in the order of N = O
(
τ

3/2
max log(1/ϵ)

)
we have

E
[
J (i)(K̄N)− J (i)(K ⋆

i )
]
≤ O (ϵ+ ϵhet)
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Main Results
Stability guarantees

Goal: Show that K̄n ∈ S for any iteration n ∈ {0, 1, . . . ,N − 1}

• Initial stabilizing controller: K̄0 ∈ S

• ϵhet and r sufficiently small and η = O(1/τ3/2
max)
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Numerical Validation
Asynchronous vs synchronous updates

M = 100 heterogeneous systems with nx = 4 states and nu = 2 inputs

(left) τmax = 20, bs = 20
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Numerical Validation
Convergence - batch size and heterogeneity

(left) τmax = 1, (right) τmax = 5, bs = 20
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Conclusions

We studied the problem of learning linear quadratic regulators from heterogeneous
systems with asynchronous policy gradient updates

The proposed asynchronous aggregation fully exploits the parallelism in the dis-
tributed computation while alleviating the impact of straggler systems

We provided local and global convergence guarantees, i.e.,

1
N

N−1∑
n=0

E∥∇J̄ (K̄n)∥2F ≤ O
(

∆̄0√
Nbs

+
ϵhet√
Nbs

+
τ2
maxϵhet

N

)

E
[
J (i)(K̄N)− J (i)(K ⋆

i )
]
≤ O (ϵ+ ϵhet) , with N = O

(
τ

3/2
max log(1/ϵ)

)

We also showed that K̄n ∈ S for any iteration n ∈ {0, 1, . . . ,N − 1}
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