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ABSTRACT

This paper establishes the consistency of the estimated common break point in panel data. Consistency
is obtainable even when a regime contains a single observation, making it possible to quickly identify the
onset of a new regime. We also propose a new framework for developing the limiting distribution for the
estimated break point, and show how to construct confidence intervals. The least squares method is used
for estimating breaks in means and the quasi-maximum likelihood (QML) method is used to estimate
breaks in means and in variances. QML is shown to be more efficient than the least squares even if there
is no change in the variances.
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1. Introduction

This paper studies the problem of structural changes for panel
data, in which there are N series (variables), and each series has T
observations. It is assumed that a change has taken place in each
series at an unknown common point, referred to as the common
break point. This paper focuses on the statistical properties of the
estimated break point when N is large.

Common breaks in panel data are wide spread phenomena. For
example, a credit crunch or debt crisis may affect every company’s
stock returns, and an oil price shock may impact every country’s
output. A tax policy change may alter each firm’s investment in-
centive. A fad or fashion can influence a large section of the so-
ciety. Likewise, an emergence of new technology, a discovery of
a new medicine, and an enaction of new governmental program
have their own consequences on people or other entities. While
it may be difficult to identify a break point with a single series,
it should be, intuitively, much easier to locate the common break
point using a number of series together. In this paper, we explore
the panel data approach to the estimation of break point.

In comparison to the vast literature on change point for univari-
ate series, the corresponding literature for panel data is quite small.
Joseph and Wolfson (1992, 1993) are the early researchers who laid
the groundwork in this area. They proposed a random break model
in which each series has its own break point; across the N series,
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the break points are assumed to be independent and identically
distributed (iid). They showed that the common distribution of the
iid break points can be consistently estimated. Under the random
break model, the likelihood function is similar to that of mixture
distributions and the maximum likelihood estimators are obtained
via EM algorithm. The present paper departs from theirs in several
directions.

First, motivated by some concrete economic problems, we focus
on the common break situation, in which all series have the same
break point. Theoretically, common break is a more restrictive
assumption than the random breaks of Joseph and Wolfson (1993).
Nevertheless, when break points are indeed common, as a result of
common shocks or policy shift affecting every individual, imposing
the constraint gives a more precise estimation. Computationally,
common break model is much simpler. Furthermore, even if each
series has its own break point, the common break method can be
considered as estimating the mean of the random break points,
which can be useful.

Second, the maximum likelihood estimation of Joseph and
Wolfson (1993) assumes that the pre-break data for all series are
sampled from a single distribution F; and the post-break data from
another single distribution F,. For panel data, this appears to be
a restricted assumption. In the case of a break in a time series
mean, this would imply that the pre-break mean j¢;; and the post-
break mean uj, for the ith series do not depend on i, and, of
course, neither does the magnitude of break p;; — ;1. The present
paper allows heterogeneous means, which are important for some
practical applications. For example, the effect of an oil price shock
on economic growth varies from country to country, depending on
whether an economy is oil importing or exporting as well as on
an economy’s extent of oil consumption. The magnitude of change


http://www.elsevier.com/locate/jeconom
http://www.elsevier.com/locate/jeconom
mailto:jb3064@columbia.edu
http://dx.doi.org/10.1016/j.jeconom.2009.10.020

J. Bai/ Journal of Econometrics 157 (2010) 78-92 79

in the mean growth rate uj, — w1 depends on i and it can be
positive for some countries and negative for some others. From
the statistical point of view, the heterogeneous values for (141, ti2)
create a truly incidental parameter problem for large N panel data.
Nevertheless, even with the presence of incidental parameters,
we establish consistency of the break point estimator. In addition,
we consider least squares estimation, requiring no distributional
assumptions except existence of some moments.

Third, in terms of the theoretical proofs, Joseph and Wolfson
(1993) provided an indirect proof by verifying the five assumptions
of Kiefer and Wolfowitz (1956). In this paper, under the common
break setup, we provide an elementary, self-contained, and yet
rigorous proof for consistency, without assuming a compact
parameter space as required by Kiefer and Wolfowitz.

Fourth, Joseph and Wolfson (1993) considered the case of fixed
T. We consider both fixed T and T going to infinity. When T —
00, and if the common break point kg is allowed to take on any
integer value in [1,T — 1], it becomes more difficult to locate
the break point, in this case, we show that consistency requires
T/N — 0. If the conventional assumption that ky = [T7] (0 <
T < 1)is imposed, T/N — 0 is not needed, and N — o0
is sufficient. A large T helps identity the break point, and indeed,
we show that the break point can be consistently estimated even
with small (converging to zero) magnitude of breaks. Whether or
not ko is restricted, an unbounded T requires a separate argument
for consistency. This is due to, among other things, the following
fact: the maximum of any fixed number of random variables is
stochastically bounded (0,(1)), but the maximum of unbounded
number of random variables diverges, in general, as the number of
random variables going to infinity.

Finally, we propose a new framework to formulate the limiting
distribution. This new framework is suitable under the common
break assumption, and it overcomes a number of limitations asso-
ciated with univariate data. Based on the limiting distribution, we
show how to construct confidence intervals for the true common
break point.

The random break model of Joseph and Wolfson (1993) is ex-
tended to autoregressive models by Joseph et al. (1996). A Bayesian
framework was considered by Joseph et al. (1997). Application
oriented Bayesian models (medical) were studied by Skates et al.
(2001), and Jackson and Sharples (2004). More recently, Emerson
and Kao (2001, 2002) and Wachter and Tzavalis (2004a,b) devel-
oped test statistics for break points in panel data. In this paper, we
provide a systematic treatment of panel data change point prob-
lem from the perspective of classical inference. The focus is on the
estimation of the break point given its existence.

For panel data, the number of series N can be much larger than
the number of observations T. For microeconomic data, N usually
represents the number of firms or the number of individuals, and T
is the number of years. For example, the Panel Study of Income Dy-
namics (PSID) data have thousands of families, but the number of
observations over time is about 40. For macroeconomic data, N and
T are usually comparable in size, e.g., the number of countries and
number of years with complete GDP data. Therefore, in developing
the asymptotic theory, the limit is taken as the number of series
goes to infinity. The number of observations T is fixed or going to
infinity as well.

Panel data approach to the change point problem offers an in-
teresting and unique perspective that is not shared by a univariate
or fixed N approach. In a univariate case, the break point cannot
be consistently estimated, no matter how large is the sample. We
show that in panel data it is possible to obtain consistent estimates,
as the number of series going to infinity. In a univariate setting, it
is impossible to identify the break point when a regime has a sin-
gle observation, because the change can easily be mistaken as an
unusual realization of the disturbance term. With the assistance of

the panel data, we show that consistency is attainable even when
aregime has a single observation. This property is especially useful
when the objective is to locate as quickly as possible the onset of
a new regime or the turning point, without the need of waiting for
many observations from the new regime.

2. The model

To highlight the main idea, we shall consider a simple mean
shift model.

Yi = un+er, t=1,2,...,ko
Yi = upter, t=ko+1,...,T (1)
i=1,2,...,N

where E(e;;) = 0 for all i and t. In this model, each series has a
break point at kg, where kg is unknown. The pre-break mean of
Yic is wi; and post-break mean is ;. The difference wp — Wi
represents the magnitude of break, which can be either random
or nonrandom, and is assumed to be independent of error process
eir. In addition, E(uin — pin)> < M for all i. We refer to T as
the number of observations or sample size, and refer to N as the
number of variables or the number of series. For panel data, N is
usually large relative to T. This common break model in panel data
is called “fixed t model” by Joseph and Wolfson (1992). Note that
ko = T implies no break in the sample. Thus the maximum value
for kg is T — 1, assuming existence of a break.

We consider two cases with respect to the size T; the first case
corresponds to a fixed T, and ko can take on any value from 1 to
T—1without restriction. The second case assumes T grows without
bound. For the latter, the break point kj is assumed to be bounded
away from 1 and T such that

ko = [T'L'o]

with 7o € (0, 1) so that k is a positive fraction of the total sample
size, where [x] represents the integer part of x. This is a conven-
tional assumption in the change point literature, see, e.g., Cs6rgé
and Horvath (1997). In terms of consistency, this assumption is
removable in the panel data setting, as long as T/N — 0, see
Remark 3 in Appendix for a proof. However, for our second con-
sistency theorem and for the limiting distribution, this condition
is needed and thus it is maintained throughout. To avoid technical
niceties, we simply assume ko = Tty. Again, for fixed T, no such a
restriction is necessary.

We assume the error process e;; is stationarity in the time di-
mension. More specifically,

Assumption 1. e; = Y ) aeicj, & ~ (0, o) are iid over t;

ij|aU-| < M for all i. In addition, e; are independent over i.

Leto? = E(e}) = 02()_; az). We assume there is no change in
the variance. If a shift in the variance also occurs, it is more efficient
to estimate simultaneously the break in variance and the break in
mean. When a break in variance exists but is ignored, the estimated
break in mean, while consistent, will have a nonsymmetric limiting
distribution. Bai (1997b) discusses nonsymmetric distribution due
to nonconstant variance or nonstationary regressors. Changes in
variance will be analyzed in Section 5.

Assumption 1 assumes e; are cross-sectionally independent.
This assumption can be relaxed without affecting the consistency
result. Cross-sectional independence is mainly used for the term
N-123"N e, to be 0,(1) (for consistency) and to have the cen-
tral limit theorem (for limiting distribution). Clearly, central limit
theorem still holds under cross-sectional correlation, provided that
the correlation is weak.

With respect to the size of breaks, it seems reasonable to as-

sume a positive limit for lim infy_, o % Zfil (iz — min)? > 0.This
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would be the case if the magnitude of breaks t;, — u;; are iid ran-
dom variables with positive variance. However, we shall assume a
weaker condition:

Assumption 2.

N

Jim N2 Z(lﬁz — in)* = oo. 2)
i=

The sum is divided by N'/? instead of N. The condition does not

require every series to have a break.

3. Least squares estimation of the break point

For a given k suchthat 1 < k < T — 1, define

_ 1 k
Yii = % Z Yie
=1

T

so that Yj; and Yj, are estimators for w;; and u;,, respectively.
Their dependence on k is suppressed for notational simplicity. They
are biased estimators unless k = ky. This biased property when
k # ko in fact helps identity the true break point. Define the sum
of squared residuals for the ith equation as

k T
Srk) =Y (Y —Ya)> + D (Vi — Vio)?
t=1 t=k+1
k=1,2,...,T—1.Wedefine Sir(k) = > |_, (Vi — Y;)* fork =T,
where Y; is the whole sample mean. In this way, S;r (k) is defined
forevery k = 1, ..., T. The total sum of squared residuals across
all equations is defined as

N
SSR(k) = Y _ S (k).
i=1

The least squares estimator for kg in the panel data model is defined
as
k= argmin SSR(k).
1<k<T—1
This estimator is straightforward to compute.

An alternative procedure is to estimate the break point series by
series and then take the average over the N estimates. This method
is not recommended because it does not guarantee consistency. If
a portion of series are not subject to breaks, the estimated break
points for these series can take on any value. Averaging those val-
ues will not give the correct answer since they do not necessarily
fluctuates around kg, particularly when kg is near the boundary.

When N = 1 (a univariate series), it is well known that

k = ko 4 0,(1) (3)
so that the difference between k and true break point ko is

stochastically bounded. For a fixed T, such a statement is not
helpful because T is bounded and k — kg is always bounded. When
T — oo, the statement of (3) is quite strong. It implies that

T =1+0,(T")

where T = IAc/T. So in terms of the fraction of the sample size, 7 is
T-consistent for 7. Nevertheless, k itself is not consistent for kg in
univariate framework.

For panel data, however, much stronger statements can be
made. We shall prove the following result:

Theorem 3.1. For model (1), assume Assumptions 1 and 2 hold. Then
under either fixed T or unbounded T,

lim P(k = ko) = 1.
N—oo

To access the theoretical result numerically, we report some
Monte Carlo simulations. Attention is given to the effect of N on
the precision of estimated k. We generate data based on model (1),
withT = 10, ko = 5,and N = 1, 10, 20, 100. The actual levels of
Wip and w1 are not essential, it is the difference w;; — i1 that mat-
ters. This difference is generated as having a uniform distribution
on the interval (-2, 2),

,LL,'Z_/.L,']’\'U(_Z,Z), i:]727"'5N'

The disturbances e;; are iid standard normal N (0, 1).

Fig. 1 displays four histograms for the estimated break points,
with each corresponding to a different value of N. It is clear that
the precision of k improves markedly as N increases. With a single
series (N = 1), it is difficult to estimate the break point. With
N = 100, the break point is estimated precisely (100% of precision).

More importantly, even when a regime has a single observation,
the break point can still be estimated precisely. For example, with
ko = 9, the second regime has a single observation given T = 10.
Fig. 2 shows the histograms of k when ko = 9. The assertion that
precise estimation is obtained as N increases holds for every kg in
between 1 and T — 1. This conforms with Theorem 3.1 since the
theorem does not impose any restriction on k.

Theorem 3.1 states that the estimated break point kis consistent
for ko under condition (2), i.e, N™Y23N  (ui — wi)? grows
unbounded as N increases. The consistency holds whether T is
bounded or unbounded. We now show that condition (2) can be
weakened to

N
. 2
Jim ;(Miz — win)? = oo. (4)

It is clear that (2) implies (4); the latter does not require a rate
at which the sum diverges to infinity. As a cost to the weaker
condition, we have to assume T is larger than N such that

log(log(T))
T

as T and N going to infinity. This restricts the relative rate at which
T and N diverge. Intuitively, this means that with more observa-
tions, one can detect faint signals.

-0 (5)

Theorem 3.2. Under Assumption 1, (4) and (5), we have

lim P(k=ko) = 1.
N, T—o0

In summary, under Assumption 2, consistency is possible for either
fixed T or large T. Under (4), T must be large to obtain consistency.

4. Limiting distribution

In the previous section, we showed that P(IA< = ko) — 1,im-
plying a degenerate limiting distribution for k. In practice, either
due to too small magnitude of breaks or due to the finiteness of N,
we cannot expect k to coincide with ko. It is therefore of interest

to study the distribution of k. Limiting distributions can be used to
construct confidence intervals for the true break point.
In the univariate case, there are two frameworks for developing

the limiting distribution of k. For concreteness, consider a
univariate series

t=1,2,...,ko
t=k0+l,...,T.

Yo = 1 + e,
Ye = o + e,

The first framework assumes the magnitude of break |, — 1] is
fixed and the second assumes |4, — 1| depends on T such that
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vr = |y — 1| converges to zero as T — oo. Under fixed pu, — 1,
the limiting distribution is given by

~

k— ko -2 argmax,V(0) (6)
where V(0) = 0 and

0
V() = (ua — p)*I€] = 22 — 1) Y s,
s=—(+1
=-1,-2,....

¢
V(O = (2 = )*0 = 2(uz — ) ) e €=1.2,...

s=1

see Bhattacharya (1994). The above assumes e; is strictly
stationary, although independence is not necessary. If e, is not
ko+¢

strictly stationary, then Zf:] es must be replaced by > %) . ; e

and Y0, e replaced by Zfik()%,ﬂ e, see Bai (1997a,b).

In addition to the strict stationarity requirement, another re-
stricted feature of the distribution is its dependence on the under-
lying distribution of e;. Different distributions for the disturbances
e; imply different distributions for k— ko. For the limiting distribu-
tion to be useful, one must know the distribution of e;.

The second framework assumes v; = u; — w7 — 0 and
Tv? — oo. The limiting distribution is

2 /o?)(k — ko) LN argmin[—|r| + 2W(r)] (7)

where o2 is the long run variance of e;, that is, the spectral density
at frequency zero multiplied by 277; W (r) is a two-sided Brownian
motion on the real line. More specifically W(0) = 0 and W(r) =
Wi(r) forr > 0,and W(r) = W,(—r) forr < 0, where W; and
W, are two independent Brownian motions on [0, c0); See Picard
(1985), Yao (1987), or Bai (1994) for e, being a linear process.

The second framework implies that k— ko diverges to infinity
as T — oo because v% goes to zero and the product v% (IA< — ko) has
a non-degenerate distribution.

These limitations associated with a univariate series can be
overcome under panel data. Below we introduce a new framework
for developing the limiting theory. Under the new framework,
we show that the limiting distribution does not depend on the
underlying distribution of e;;, nor on the strict stationarity of e;,
nor on the divergence ofk — ko.

We shall assume T is unbounded, as in the previous section.
Thus limits are taken as N and T both go to infinity. For fixed T,
the limiting distribution will depend on the exact location of ko,
and it also has more complicated expression. We therefore focus
on the case of unbounded T in the limit.

Recall that as long as Ay = ZL(Miz — ui1)? = oo, we have
P(IA< = ko) — 1, implying a degenerate distribution. To obtain
a non-degenerate distribution, we assume limy_, Zf’: 1 (i —
wi1)? = A > 0 for some A < oo. Roughly speaking, this implies
that the magnitude of break in each equation is small. For fixed N,
the sum Ay is always bounded. So a bounded limit provides a good
approximation for panel data with not too large N.

To derive the limiting distribution, we make the following
specific assumption:

N
Wiz — pin = N™'2A;, with Nli—>n<]>o ;(Miz — win)?

1K,
Nll_)ngON;Ai =1 (8)

where A; is uniformly bounded, or in the case of stochastic A;, its
variance is uniformly bounded. In addition, we assume

N N
1
. 2 29 1: 2 2
Nll_pgo ,E:] [(ni2 — uin)7o7] = Nll_gr;o N §=1 Aol = ¢. 9)
Note that ¢ = 021 when o = o for all i.

Lemma 4.1. Under Assumption 1, (5) and (8), we have

~

k — ko = Op(])

The O,(1) in the lemma is genuine in the sense that it is not 0,(1).

Thus, due to small magnitude of breaks, k does not collapse to ko,
leading to a non-degenerate distribution. Nevertheless, this lemma
says that the break point can be estimated well because T = IA</T
is still T consistent for ;.

Unlike the univariate case, even though k— ko = 0,(1), the lim-
iting distribution will not depend on the underlying distribution of
e;;. We state the limiting distribution in the following theorem.

Theorem 4.2. Assume e;; are uncorrelated over t. Under conditions
(5),(8)and (9),as N, T — oo,

k— ko - argmin[ 105 +2o W(E)] (10)
4

where W (0) = 0 and

0
W)= Y Z, t=-1,-2,...
s=—{+1

V4
W)=Yz, £=12...
s=1

andZs,s =...—2,—1,0,1, 2, ...areiid standard normal random
variables.

The key distinction between the limiting distribution in
Theorem 4.2 and the limiting distribution in (6) is that the random
variables Z; are standard normal random variables instead of the
disturbances of the regression. The normality of Z; is due to the
central limit theorem applied to cross-sectional regression errors.
In the above theorem, the e;; are assumed to be uncorrelated over t.
Under serial correlation for e;, the theorem continues to hold,
except that the normal random variables Z; will be correlated. In
order to derive or simulate the probability distribution for the
limiting random variable, the correlation coefficients pp, =
E(ZsZs11) are needed. For fixed T, it may be difficult to estimate
those coefficients. But for simple parametric processes such that
e = pei_1 + i, panel data techniques as described in Arellano
(2003) and Hsiao (2003) can be used to consistently estimate p
even for fixed T. However, under fixed T, the two-sided random
walk (defined on a bounded set) will be nonsymmetric implying a
nonsymmetric limiting distribution for k.

For given A and ¢, we can easily simulate the distribution on the
right hand side (10). From the simulated distribution, confidence
intervals on kg can also be constructed. Also note that A and ¢ can
be estimated consistently. In what follows, we shall provide a more
practical way of constructing confidence intervals. We only need to
simulate a standard distribution for . = 1and ¢ = 1. For all other
values of A and ¢, a simple transformation is sufficient. Given the
critical values reported below, no further simulation is needed for
applied researchers.

The W (£) in the limit is a two-sided and discrete-time Gaussian
random walk, quite analogous to the continuous-time Gaussian
random walk (Brownian motion) in (7). For a moment, assume that
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Table 1
o Coverage rate and the length of confidence intervals (T = 100).
N
o Distribution of e; N Coverage rate Median length of CI
90% 95% 99% 90% 95% 99%
IS N(, 1) 1 0.635 0.719 0.812 25 39 70
o 5 0.829 0.886 0.954 9 13 23
10 0.900 0.932 0.979 5 7 13
15 0.937 0.968 0.989 5 7 9
2 “‘_’ _ 20 0.949 0.983 0.994 3 5 7
@0 o
é X(25) 1 0.647 0.722 0.815 25 39 69
5 0.824 0.885 0.944 9 13 23
=) 10 0.905 0.941 0.979 5 9 13
S ] 15 0.933 0.963 0.989 5 5 9
20 0.942 0.959 0.986 3 5 7
© t(s) 1 0.646 0.713 0.800 25 39 69
g n 5 0.830 0.883 0.927 9 13 23
10 0.904 0.947 0.978 5 7 13
15 0.939 0.967 0.989 5 5 9
o 20 0.935 0.968 0.988 3 5 7
o 4
S

[ T T T 1
-40 -20 0 20 40

Fig. 3. The distribution of argmin,[[¢| + 2W (¢)], where W (¢) is a two-sided
Gaussian random walk (¢ = ..., =2, —1,0, 1, 2, ...). The distribution is obtained
from simulation via 100,000 repetitions.

£ takes on continuous values and W (£) is a Brownian motion, then
by a simple change in variable, the right hand side of (10) is equal in
distribution to (¢/A%)argmin,[|£| + 2W (£)]. Then we can rewrite
(10) as

A2/ (k — ko) =5 argznin[l@l +2W(£)]. (11)
The above can be rewritten as

An(k — ko) -5 arg?lin[lﬁl +2W(£)] (12)
where

N 2
[Z(Hiz - Mi1)2:|

i=1

Ay = T —

Y (i — pin)?of

i=1

because Ay — A?/¢ in view of (8) and (9). In the special case that
o? = o foralli, Ay is simplified to Ay = 3N | (i, — pin)?/o.

However, ¢ only takes on integer values, and W (€) is a random
walk, the change in variable argument does not hold exactly so that
(12) is only an approximation. Nevertheless, the approximation
holds well because a Gaussian random walk and a Brownian
motion (evaluated at integer time) have the same distribution. The
quality of the approximation is also confirmed by Monte Carlo
simulations.

Let £* = argmin,{|£| + 2W (£)}. The distribution of £* is free
from unknown parameters and is easily simulated, see Fig. 3, which
is obtained from 100,000 repetitions. This discrete density func-
tion quite resembles the continuous density function of the ran-
dom variable in (7). This is not surprising because, as mentioned
earlier, a Gaussian random walk and a Brownian motion (evalu-
ated at integer time) have the same distribution. From the simu-
lated distribution, it is found that

P(|¢*| < 7) ~ 0.90
P(J¢*| < 11) ~0.95
P(|¢*| < 20) ~ 0.99.

Using (12), the 90% confidence interval for kg is constructed as

[k — floor(7/Ay), k + ceiling(7/Ay)] (13)

where floor(x) is the largest integer smaller than or equal to x, and
ceiling(x) is the smallest integer larger than or equal to x; AN is
an estimate of Ay, obtained by replacing unknown parameters by
their estimated values. We prove in Appendix that

Ay = Ay + 0p(1) (14)

thus replacing Ay by fA\N has no asymptotic effect on the confidence
intervals. Replacing the value 7 in the confidence interval (13) by
11 and 20 will give rise to the 95% and 99% confidence intervals,
respectively.

Monte Carlo simulation. To examine the coverage probability of the
confidence intervals based on (13), we simulate observations from
model (1) with T = 100, ko = 50, and a number of different values
of N. The disturbances e;; are generated as iid for all i and t with
three different distributions, namely, normal N (0, 1), chi-square
)(25), and the student t distribution (5. The last two distributions
aliows us to see the effect of skewness and heavy-tailedness on the
coverage probability.

The estimator k is invariant to the actual levels of Wip and pi;
only the difference tj; — i1 matters. We generate the magnitude
of break as uniform random variables such that

Mg —ppp ~o-U(=1,1), i=1,2,...,N

where o is the standard deviation of the disturbances, i.e., 62 =
E(e2).These are small levels of breaks relative to the error variance.
From a single series, it would be very difficult to accurately
estimate the break point for this magnitude of break.

To construct confidence intervals, we estimate Ay as follows.
In each repetition, we estimate the break point k first. We then
estimate u;; and p;, based on the pre-break and post-break sample
means using k as the break point. Then Ay is estimated by Ay =
Z,N:]([Liz — fui1)?/62, where 62 is the estimated error variance
defined as 6> = YN, 3°1_ &2 /(NT — 2N).

Table 1 presents the coverage rates (frequencies) from 5000
repetitions. The first column lists the distribution types, the second
column gives the values on N = 1, 5, 10, 15, 20. The next three
columns provide the coverage rates based on the confidence inter-
vals in (13) (with 7 replaced by 11 and 20 for the 95% and 99% con-
fidence intervals). The last three columns are the median length of
the confidence intervals.

Upon inspecting the table, three conclusions can be drawn.
First, as N increases, the length of the confidence interval becomes
tighter, reflecting more precise estimation of kg (see the last three
columns). Even with narrower confidence intervals, the coverage
rate increases as N gets larger. The interval is widest for N = 1with
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poor coverage rate. Due to the use of “floor” and “ceiling” functions,
the shortest confidence interval (by construction) would contain
three integers (IA< -1, IAc, k + 1). If we round 7/AN to the nearest
integer instead of using the floor and ceiling functions, then the
shortest confidence interval would contain a single element {I?}.
This would be the case under large magnitude of breaks (more pre-
cisely, when 7/12\,\, is less than 0.5). We did not consider such inter-
vals. Second, as N increases, say no smaller than 15, the coverage
rate in general exceeds the nominal rate. This is consistent with the
theory which predicts k— ko converges to zero under fixed magni-
tude of breaks. While ideally, one may want to see the actual cov-
erage rates being close to their nominal counterparts, it might be
desirable to have the coverage rate higher than the theoretical one.
It is more assuring to have conservative confidence intervals but
not at the expense of widening the intervals. In our case, as N in-
creases (not reported) the coverage rates will increase to 1. Finally,
skewness and heavy-tailedness do not seem to adversely affect the
confidence intervals, as shown in the second and third panel of
Table 1, as predicted by the theory.

Determining which series had undergone a change. Our assumptions
do not require each series to have a break. It is therefore of interest
to determine which series had in fact undergone a structural break.
For this purpose, the standard Chow test (Chow, 1960) computed at
the estimated common break and the associated chi-square critical
values are applicable, provided that the test is performed series
by series. To see this, consider testing whether there is a break
in the first series. Under large N, the estimated common break
can be viewed as exogenous given, i.e., independent of the first
series since the contribution from the first series to the estimated
break point is asymptotically negligible as N — oc. Because for
each exogenous given break point, the Chow test has a chi-square
limiting distribution, the usual chi-square critical values are usable.
Alternatively, one can estimate the common break point with the
rest of N — 1 series, and compute the Chow test for the first series
by splitting the sample at the estimated break point. The predictive
Chow test can be used if one of the regimes does not contain
enough observations, a relevant case for multiple regressions.

5. Extension: Common breaks in variances

5.1. Model and estimation

Consider
Yi = pun+oune, t=1,2,...,ko
Yi = up+opng, t=k+1,...,T (15)

i=12,...,N

where E(n;;) = 0, var(n;) = 1, and for each i, n; is a linear process
such that Nit = Zjo:oo b,‘j&‘,',[_j, with Eit iid (0, ]), ZJO=01]|bU| < 00,
and var (i) = Y ;b = 1.In addition, E (&) is bounded, and
ko = [Tto], 70 € (0, 1).

We assume either ui; # Wi or o7 # ojpp. For ease of analysis,
we shall assume that o;; and oy, are uniformly bounded above and
bounded away from zero. That is, there exista > 0and A < o©
such thata < aii < A(k = 1, 2). To estimate the break point, we
use the quasi-maximum likelihood method (QML) by treating n;

as if they were iid normal N(0, 1). Let
1< _ 1 < .
Gio = L Y e =Ya)?, G300 = —— > (Y —¥)’.
t=1 t=k+1
The QML objective function for series i is equal to
k log 62 (k) + (T — k) log 6 (k)

multiplied by —1/2. For a single series, the break point is estimated
by minimizing the above objective function, as discussed in Bai
(2000, p. 335). For N independent series, the objective function
becomes

N N

Unr(k) =k Y " log 63 (k) + (T — k) Y _ log 63 (k). (16)
i=1 i=1

The break point estimator is defined as k = argmin, Uyt (k). To

study the property of k, we need to make an assumption about
the magnitude of breaks. In case of no breaks in means, consistent
estimation of the break point relies on breaks in variances. Let

fx) =x—1—log(x),
Function f (x) is monotonically decreasing on (0, 1] and monotoni-
cally increasing on [1, 0o), thereby achieving its unique minimum
atx = 1with f(1) = 0 and f(x) > 0 for x # 1. Note that 02 # o3
if and only if f (63 /03) > 0. The required condition for consistent
estimation of the break point is (in the absence of mean breaks)

x > 0.

N
Jim ;f(o,%/o,é) = 0. (17)

Analogous to (4), this condition does not require a rate of
divergence. If it is assumed that |0 /03 — 1| > c for all i, then

SN f(a?/02) = ciN (for some c; > 0)so that it increases at rate
N. Condition (17) is much weaker. This weak condition, however,
requires the sample size T to go to infinity for asymptotic theory.
Unless normality is assumed, the fixed T framework appears to
be very complicated even assuming Y 1 , f (62 /a3) to be of O(N).
Thus we leave the fixed T analysis as an open research problem,
and assume T is larger than N such that (5) hold.

Consistent estimation of the break point requires either breaks
in variance as described by (17) or breaks in mean as described
by (4), i.e.,

N
li 1 — Wiz)? = 00. 18
NLH;O ;(Ml] i) oo (18)
Now we are ready to state the main result

Theorem 5.1. Assume that model (15) and assumption (5) hold. Then
under either (17) or (18), we have, as N, T — oo,

P(k =ko) — 1.

Therefore, in presence of either mean breaks or variance breaks
(or both), the break point is consistently estimable. In presence of
breaks in variance only, consistent estimation of the break point
is possible if QML method is used. The least squares method in
previous sections is not designed to estimate breaks in variance,
and will not give consistent estimation unless mean breaks exist.

5.2. Limiting distribution

The usefulness of limiting distributions is explained in early
sections. That motivation remains pertinent here and will not be
repeated. To derive the limiting distribution, we use the framework
in which the magnitude of breaks is small. For breaks in variance,
we assume d; = (03 /03) — 1 — 0 so that o1 and oy, collapse
to a common value as N — oo. We shall denote this common
value by 5. Theorem 5.1 shows that as long as Y , f (02 /o 2) —
00, a degenerate limiting distribution is assured. To obtain a non-
degenerate limiting distribution, this limit must be bounded. We

assume d; = ﬁ&- with §; satisfying

1 N
— Zéf — w, say
N =
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for some w > 0.Then f(o?/03) = f(1+d;) = 27'd? + 0(d?) =
27'N~18? + O(N~3/2). This implies

1
Zf(al]/ 12) =5 252 + 0(1) - Ew
i=1

Similarly, we let ity — mip = N~/2 A; such that

N N
1

D (it — p)*/of = N Y Alo? — >0, say.

i=1 i=1

Finally, let « be the fourth cumulant of »;. Having defined the

parameters w, 7, and x, we are ready to state the limiting

distribution.

Theorem 5.2. For small magnitudes of breaks described by T and w,
if each of n; and nl-zt — 1is a serially uncorrelated sequence, then

k—ky -5 argmin[ [2](t 4+ 27 w) + 2/T W1 (£)
¢

+V(+ D00

where both W1 (£) and W, (£) are two-sided Gaussian random walks,
having the same form as the W ({) defined in Theorem 4.2; { =
,—2,—1,0,1,2,....

Two special cases are of interest. In the absence of breaks in
variance, w = 0, we have

Corollary 5.3. Under assumptions of Theorem 5.2 and no breaks in
variance,

k— ko LN argmin[ et + 2ﬁW1(£)].
¢

Analogous to (11), a variable transformation will lead to r(IAc —
ko) — argminz[ [€]+2W, (E)] =4 ¢* where “=%" means equal in

distribution, and £* is defined earlier. Again, this result holds only
approximately since W is not a continuous-time Brownian motion.

In view that 7 is the limit of By = Zl (it — pi2)?/o?, we have

By(k — ko) -2 ¢*.

The limit remains valid when By is estimated by replacing i1,
Uiz, oiz by their estimates. Recall that the least squares estima-
tor has the same limit except that By is replaced by Ay, see (12).
By the Cauchy-Schwarz inequality, Ay < By. This implies that
the QML is more efficient than the least squares. In the absence of
cross-sectional heteroskedasticity (i.e., oiz = o2 for all i), the least
squares method and QML are equivalent. With heteroskedasticity,
efficiency gain arises from the fact that QML is asymptotically us-
ing the criterion ZL ai_ZSiT (k), which is the GLS criterion. See the
proof in the Appendix. Thus QML down weights more noisy series.
Clearly, the GLS criterion itself is infeasible since 012 is not observ-
able. But a feasible GLS, a two-step procedure, is readily available.
The first step uses the least squares method to get k. From this k, we
estimate the variance 67 = (T — 2)7 'S (k). We then reestimate

the break point with the feasible GLS criterion YN | 6,725;r (k). It
can be shown that the feasible GLS is asymptotically equivalent to
QML.

It is interesting to note that when changes in variances are also
present, if the following weighted least squares (WLS) criterion is

used to estimate the break in means, WLS(k) = Giz ’[‘Zl(Yn —
i1

_11)2 Zt =k+1 (Yl[ -
be known for simplicity, then the estimator for kg is not necessar-
ily consistent, while both the least squares and QML will be con-
sistent. Consider, for example, i, = 2ui1 and o, = 203 WLS is

Y»)2, where o;y and o, are assumed to

equivalent to dividing the subsample [k, T] by 2. Upon the division,
there is no break in either the mean or variance, at least evaluated
at k = ko. For this particular example, QML will work well since
breaks exist in both means and variances.

Another special case of Theorem 5.2 is that there are no breaks
in mean but only breaks in variance. This gives T = 0, and we have

Corollary 5.4. Under the assumptions of Theorem 5.2 and absence of
mean breaks,

k— ko - argmin[ 1027w + (2 + 2)o WZ(E)].
£

Again a variable transformation shows that K%(IA( — ko) LN
argmin,[ |£| + 2W,(£)] =" £*. In view o is the limit of 2 Z?':]f

(03 /03), we have

[" +2 Zf(‘fn/%)} (k — ko) 2> ¢*.

It can be shown that the same limit is obtained when k and oy
are replaced by their consistent estimates & and 672 2 (k= 1,2)
This result can be used to construct confidence intervals. Under
normality of n;, the fourth cumulant « = 0. In addition, with
small changes, >N | f(c2/02) =27 SN d? 4 o(1) with d; =
02 /o2 — 1,0 that 271 3N | d?(k — ko) converges to the same
limiting distribution. This expression is analogous to Corollary 7
of Bai (2000) for the case of N = 1.

Remark 1. The two Gaussian random walks W; and W, in The-
orem 5.2 will be independent if E(’??t) = 0. They will also be
independent if the magnitude of breaks in mean and the magni-
tude of breaks in variance are orthogonal across i in the sense that

Y[ — pp)/aill(0f — 03) /0?1 = N7 3 (Ai/oi)d; — 0.
This follows because the normal random variables that make up
the two random walks are the limits of N—1/2 Zf’zl (Ai/o)ni and
N-123"N _ 8i(n> — 1), respectively. The limits are independent
if E(nft) = 0orN! Z?;](A,»/ai)é,» — 0; see further details in
Appendix.

Remark 2. When W; and W, are independent, 2./t W;(£) +
V(K +2)wW,(£) has the same distribution as [41 + (¢ +
D]PW () = 2[t + 2 + «)w/4*W (L), where W (L) is a
two-sided Gaussian random walk. Therefore, we can rewrite the
limiting distribution as

k — ko LN argmin[ 12/t + 27 w)
[

12+ 2+ K)a)/4]1/2W(Z)].

To allow dependence between W; and W,. Let u3 = E(U?f) and

assume Y, [(uin— i) /0ill(07 —03) /o] = N7' 31 (Ai/ o)
— 7. We show in Appendix that

k — ko LN argmin[ le)(t +27'w)
¢

) +K)a)/4+/L37T]]/2W(€)]. (19)
A change in variable implies the following approximation
(t + 27 'w)?
T+ Q4+ Kk)w/d+ usmw

The case of w3 = 0 has a similar form as Corollary 3 in Bai (2000)
with fixed N but allowing correlations across i for 1;; (VAR system).
But there, the Gaussian random walk is replaced by a continuous-
time Brownian motion.

(k — ko) =% ¢*.
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6. Discussion: Multiple breaks

Using panel data is particularly suitable for estimating multi-
ple breaks. With multiple breaks, regime span is short, making
it difficult to identity the breaks with a single series. As demon-
strated in previous sections, with panel data, a break point can be
consistently estimated even if a regime contains a single obser-
vation. In this section, we discuss how to estimate multiple com-
mon break points. Consider the model with m breaks occurring at
K, KD, ... KO

t=1,2,...,k,
0 0
t=k+1,...,k,

Yie = pin + e,
Yie = uip + ey,

Yie = Uim+1 + i, t:k(,)n‘i‘ 1,...,T.

There are two estimating procedures: simultaneous approach
and one-at-a-time approach. The former estimates all the break
points simultaneously. This method is discussed in Bai and Perron
(1998, 2003). Here we elaborate the one-at-a-time approach of Bai
(1997a). This method is computationally simple. A researcher with
a least squares routine is able to estimate multiple breaks one by
one. The number of least squares required is a linear function of the
sample size T.

Suppose that the number of breaks, m (m > 1), is given. Despite
multiple breaks, the one-at-a-time approach proceeds as if there
were just a single break. Thus the objective function is identical to
the SSR(k) defined in Section 3. Let IA<1 be the point that minimizes
SSR(k). This IA<1 is not necessarily estimating k?. However, it is con-
sistent for one of true break points. Which one it is being estimated
depends on which true break point gives the largest reduction in
the sum of squared residuals. This in turn depends on the mag-
nitudes of breaks and regime spans, see Bai (1997a). Once the first
break is obtained, we split the sample at the estimated break point,
resulting in two subsamples. We then estimate a single break point
in each of the subsamples, but only one of them is retained as our
second estimator. The one that gives a larger reduction in the sum
of squared residuals is kept. Denote the resulting estimator as ko I
122 < IA<1 (the retained estimator is from the first subsample) we re-
label them (switching the subscripts) so that IA<1 < IA<2. If m = 2, the
procedure is stopped, and it can be shown that IA<j is consistent for
k](.’ (G = 1,2).If m > 2, we need to estimate the third break point
from the resulting three subsamples separated by the break points
(121, IA<2). Again, a single break point is estimated for each of the sub-
samples, and the one that achieves the largest reduction in the sum
of squared residuals is retained as our estimate for the third break
point. The procedure is repeated until m breaks are obtained.

In practice, the number of breaks, m, is unknown. In the above
one-at-a-time approach, a test for existence of break point can
be applied to each subsample before estimating a break point.
Alternatively, one may use information criteria such as AIC and BIC
to determine the number of breaks, see Bai and Perron (2003) and
the references therein. However, for panel data, the corresponding
criteria are not well understood. Our preliminary analysis shows
that, under fixed T, the AIC criterion is consistent and the BIC is
not, contrary to conventional wisdom. The latter is consistent if T
is large. Further investigation is called for.

7. Concluding remarks

This paper develops some statistical theory for common breaks
in panel data. Some unique properties for the estimated break
point are derived. For example, a break point can be consistently
estimated even when a regime contains a single observation. This

property is appealing when the objective is to locate as quickly as
possible the onset of a new regime or the turning point, without
the need of waiting for many observations from the new regime.
Asymptotic theory is developed as N — oo with T either fixed
or growing to infinity. We also propose a new framework for
developing the limiting distribution for the estimated break point
and we show how to use the limiting distribution to construct
confidence intervals. Both the least squares method and the quasi-
maximum likelihood method (QML) are studied. The QML method
can consistently estimate the break points occurring in either
means or variances. In general, QML is more efficient than the least
squares method even in the absence of breaks in variances.
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Appendix
We first establish a number of preliminary results, which are

concerned with properties of the sum of squared residuals as k
varies in [1, T]. Define

1 1 &
UNT(k) = ESSR(k) = m E S,’T(k).
i=1

Lemma A.1. For bounded or unbounded T,

1
sup |Unr(k) —EUNr(K)| =0, | — | .
1§k5pT| wr (k) It (K)| p(m>

This lemma says that the deviation of Uny (k) from its expected
value is small uniformly in k. We next argue that the expected value
of Unr (k) attains its unique minimum at kq.

Proof of Lemma A.1. Due to symmetry, it is sufficient to consider
the case of k < kq. For k < ko,

k
- 1
Yii = puin + % Zeih
t=1

Y Ik )+ — XT:
o = . o — [l e;
i2 Mi1 T —k Mi2 Mi1 T —k o it

ko—k
T—k

1 T
o — L . R E ei.
(Mll sz) + ui2 + T—k ol it

Each of the two alternative expressions for Y, will be used later.
Introduce

1< 1 <
e = — E eit, ep = E e;
il k L it i2 T _k it

t=k+1

their dependence on k is suppressed. Furthermore, let

Qi = T;ko(lliz — Ki1), by = u(Mn — Ki2)-
T—k T—k
It follows that
Yin = uin + e
Yo = win + ai + @
= Wiz + by + ep.
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By the definition of S;r (k), we have

Sr(k) = Z(en — &)’ + Z (e — ay — p)?

t=k+1
+ Z (eir — bix — €)”.
t=ko+1
Note that for k = ko, the sum Zl;‘):k 41 1s defined to be zero.

Expanding and combining terms, we have

Sir(k) = Z(en — &)’ + Z (eic — &)’

t=k+1

~+ (ko — k)a,-k + (T — ko)bik
ko T
—2ay Y (e — ) — 2by Y (ex — En).
t=k+1 t=ko+1

The first two expressions on the right can be written as

T
Z(ett - ell) + Z (eir — 612) Ze,z[ — ké”
t=1

t=k+1
Combining terms and summing over i, we obtain

(T — k)el2

SSR(k) = (ko — k) Z @ + (T — k) Z b2,

> kepy — i(r — k)&,

i=1 i=1

N

2. -

=1 t=1

ko

N
—2 Zazk Z (elt - 612) -2 Z bl’( Z (ezt - 912) (20)

i=1  t=k+1 t=ko+1

Diving SSR(k) by NT, and then subtracting its expected value, we
obtain

;] NT
Unr (k) — EUnr (k) = NT Z Z(eizt - Eeizt)

i=1 t=1

N N
_ _ 1 _ _
Zk[eizl —Eei]— N7 Z(T — k)[e5, — Ees]

N ko
I Z Z lk(el[ - 3,2) - Z Z blk(el[ - 612)
i=1 t=k+1 i=1 t=kp+1

From |ag| < |miz — wil and [bg| < (ko/(T — ko)|uiz — wirl),
and a;, and by, are independent of e;, the last two terms are each
Op ([NT]~'/?). The first term on the right hand side is Op ([NT]~'/?)
by assumptions on e;. It remains to consider the middle terms.
Now

N
(NT)™' > " kleh —E@)]=T""'N"*n;

i=1

where
= % ;[(}k ;e“)z - E(% ;e”)z]'

The assumption on e; implies that E(n,)> < M for all k. Thus

max;<k<r |nk| is bounded by 0, (T'/?). This implies that N~1/2T

is bounded by O,([NT]~'/2) uniformly in k. Similarly, (NT)™!
SN (T — k)[3, — Ee3] = 0,(INT]~'/) uniformly in k. This com-
pletes the proof of Lemma A.1. O

Lemma A.2. Forall k € [1, T], the expected value of Ut (k) satisfies
EUnr (k) — EUnr (ko) > AnNC|k — kol/(NT)

where Ay = Y, (itiz — ui1)? and for some C > 0.

Proof of Lemma A.2. Again, by symmetry, it is sufficient to
consider k < ko. Note k&% = k™'(3_+_, ex)?> and (T — k)&% =

(ZZ:,M eir)?/(T — k). In addition, ay, = by, = 0 for k = ko. Thus
from (20), we have

Unr (k) — Unr (ko) = (ko — k)

Z bzk

Z ay + (T — ko)

ko

L[ 1G]

1 ; T )2 1 T 2
T ; [ <r—rzc;1 “) - T —ko <t—kzo;r1 elt) :|
Zatk Z €it — szk Z it
t=k+1 t=ko+1

Z[(ko — l)ay + (T — ko)bu]en-

i=1

All terms on the right hand side have zero mean except the first
two terms, which are nonnegative. Thus

.
E[Unr (k)] — E[Unr (ko)1 = (ko — k)ﬁ Z aj,

— ko
= (ko — )( k) 7 Z(Mzz 1ir)*.

For the case of k > kg, the above inequality holds with (T —kg) /(T —
k) replaced by ko /k. Note that (T—kg) /(T—k) > (1—ko/T) = 1—19
fork < ko and ko/k > ko/T = 7 for k > ko, Thus, the lemma is
proved for C = min[(1 — 10)%, t2]. O

Remark 3. When T is fixed, no restriction on kg is imposed so C
can take on the minimum value 1/T when kg = 1orky =T — 1.
Since T is fixed, this minimum value is still a fixed positive number
(limits are taken as N — oo only). For the case of T — o0, in
view of kg = [Tto] or simply kg = T1p (to avoid the niceties),
C = min[(1 — t0)?, 7¢] is a fixed number. In either case, C can
be treated as a fixed constant. Even for the case T — o0, we can
remove the requirement of kg = Ttg so that a regime can have a
single observation, and C can take on the value 1/T.In this case, we
would require condition N~! ZL(M“ — uip)? > ¢ > Oinstead
of (2) to obtain |IA< — ko| — 0. This simply follows from (21) with
C = 1/T, we have

|12—ko|s(—)3/2[ Z(m w] 0, -0

if T/N — 0.In summary, even if T — 00, we can still allow a
regime to contain a single observation provided that N is much
larger than T and N™' 3" (iuin — j1ip)? = ¢ > 0.

By Lemma A.1, Uyt (k) is uniformly closed to its expected value,
and by Lemma A.2, the expected value has a unique minimum at
ko, it is thus reasonable to expect that Uyt (k) achieves its minimum
close to kq. This is the essence for the argument of Theorem 3.1. We
now provide a formal proof of the theorem.
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Proof of Theorem 3.1. First note that k = argmin,SSR(k) =
argmin, Unr (k). Adding and subtracting,
Unr (k) — Unr (ko) = Unr (k) — EUnr (k) — [Unr (ko) — EUnr (ko)]
+ EUnr (k) — EUnr (ko)
> —2 sup |Unr(j) — EUnr ()| + EUnr (k) — EUnr (ko)
1<j<T
> —2 sup |Unr(j) — EUnr ()| + AnClk — ko|/(NT).
1<j<T

The last inequality follows from Lemma A.2. The above inequality
holds for each k € [1, T] and particularly, it holds for k. Noting that
Uy (k) — Unr (ko) < 0, we have

lk — kol < 223"CTU(NT) sup |Unr() — EUnr ()|
1<j<T
N -1
= 207 N2 Y (a2 = i?] 0p(D) (21)
i=1

the last expression follows from Lemma A.1.

Case 1: T is fixed. For this case, |IA< — kol -2, 0follows immediately
from (21) and Nl/z[zg‘lzl(uiz —uHI'" - 0,asN — oo by
assumption (2).

Case 2: T is unbounded. From (21),
lk — ko| = 0,(~/T).

It follows that for any given § > 0, |IA< — ko| < 6T for all large T,
with probability tending to 1. Because kg = [T1p] and 0 < 79 < 1,
there exists an > 0 such that

P(k e nT, (1 —mT]) — 1
as T tends to infinity. That is
P(keD) > 1

where D = {k; nT <k < (1—n)T}.
Define the set D(kg) = D \ {ko} so that D(kg) excludes ko from
D. Then
P(k # ko) = P(k ¢ D) + P(k € D, k % ko)
= P(k & D) + P(k € D(ko)).

By definition, UNT(IAc) < Upr(ko). So a necessary condition for

ke D(ko) is mingepky) Unr (k) — Unr (ko) < 0. But this event has

a probability tending to zero by Lemma A.3, which implies that
P(k € D(kg)) — 0. Thus

P(k # ko) = P(k & D) + P(k € D(ko)) — O.

This completes the proof of Theorem 3.1. O

Lemma A.3. Let D(kg) be as defined in the proof of Theorem 3.1, as
N, T — oo,

P( min Uyr(k) —

keD(kg)

UNT(kO) < O) — 0.

This lemma says Uy (k) cannot achieve its minimum when k # ko.

Proof of Lemma A.3. From Unr(k) = SSR(k)/(NT), the lemma is
equivalent to
o) Sl

It is again sufficient to consider k < ko due to symmetry. Multi-
plying NT on each side of Unr(k) — Unr (ko) (see the proof of the

P(ke?féiko [SSR(k) _ SSR(ko)] >

previous lemma), we have

N N
SSR(k) — SSR(ko) = (ko — k) Y _ a% + (T — ko) Y _ b},

i=1 i=1
ko
5]
N 1 T 2 1 ! 2
[ e ]

N ko
_Zzalk Z it _zzblk Z it
t=k+1 t=ko+1
N
2> l(ko — k)i + (T — ko)bixei. (22)
i=1

Consider each term on the right hand side. For the first term,

N
(o~ 03 % = Gy — (-2 Z(u,z—m
i=1

and (T — ko) /(T — k) > (T —ky)/T = 1—19 > Ofork < ko.
Thus the first term is no smaller than (kg — k)(1 — 79)%+/Ndy,
where dy = N72YN (i — i) By (2), dy — oo. We
next show all other terms are either nonnegative and can be ig-
nored or dominated by the first term with the largest term being
of (ko — k)+/NO,(1) so that SSR(k) — SSR(ko) — +00.

The second term on the right is nonnegative and can be ignored.
For k € D, k satisfies k > nT. This is, k must be a positive fraction

of the sample size. Therefore, k(Z[ 1e,[) = 0,(1) uniformly in

k € D by the invariance principle. From E (thl eir)* = of forall
k, adding and subtracting terms, the third term can be rewritten as

e () o]

Yl -]}

The two expressions inside the braces are each 0,(1). Thus the
third term is of «/Nop(l). Similarly, the fourth term on the right
of hand side is \/NOp(l). Next,

ZZa,k e = 20k~ VN[ > (» Wie"f)]

t=k+1 t=k+1

which is (kg — l<)Wop(1), where 0,(1) is uniformink < ko — 1.
The sixth term

2;17,,( Z

t=ko+1

[ T — ke f Z Z(”zz Mn)e,r]

t=ko+1 i=

which is (ko — k)v/NO,(T~"/2) in view of (T — ko)/(T — k) < 1
for k < ko. The last term is equal to, noting that (kg — k)ax =
(T — ko)bi,

4 Z(k0 — k)ayei = 4(ko

i=1

|: _k\/» Z Z(MIZ ﬂzl)ett]

t=k+1 i=1



J. Bai/ Journal of Econometrics 157 (2010) 78-92 89

which is (ko —k)~/NO,(T~"/?) uniformly in k < ko.In summary, all
terms are dominated by the first term, which diverges to positive
infinity for k # ko. This completes the proof of Lemma A.3. O

Lemma A.4. Under assumptions of Theorem 3.2, Lemma A.3 still
holds. That is,

P( min Uyr(k) — Unr (ko) < O) — 0,
keD(kg)

where D(kg) is defined in the proof of Theorem 3.1.

Proof of Lemma A.4. The proof is similar to but more delicate
than that of Lemma A.3. The first term on the right hand side of (22)
is

T
(kg — k) ( T

where Ay = Z?’:l(un — uiz)*> — oo by assumption. We next ar-
gue that all other terms are either dominated by the first term or
are nonnegative and can be ignored. The second term is nonnega-
tive and is thus ignored. For the third term, rewrite

—k 2 N
— ,f) Y (i — i) = (ko — K)(1 = 10)*An (23)
i=1

ko

1 k 2 1 2
(Sa) (3

t=1

- (2

_ko—k 1 (Ze‘)z
ko ko—k\57, )

Summing over i, we have

ko ~/N = =1
N1& 1 ko )

- Z E—— Z eir . (24)
ko N = (V ko —k 5,

We shall argue each expression inside the braces is 0,(1).Fork € D,
k > Tn and so the first expression has uniformly bounded (in k)
summands, thus it can be written as (N/ko)O,(1) = 0,(1) be-
cause N/[Ttp] — 0. For the second expression in the braces,
the summand is uniformly bounded in k, and it has zero mean if

e;r are uncorrelated over t. For serially correlated ey, let &y =

’[‘:1 eir Zf"zkﬂ e;i. Lemma 11 of Bai (1997a) shows that y;, =

E (&) are uniformly bounded in k. Also, y;, are uniformly bounded
in i by Assumption 1. Thus, there exists y such that |yx| < y.
Adding and subtracting terms,

-2 Z \/F ko élt k= (ézt Kk — Vik)

+N~ 172 Z Vik

N—1/2
Z \/Fko

The first term on the right hand side is 0,(1) because the sum-
mands are all 0, (1) random variables and have zero mean. The sec-
ond term is bounded by y /N /kq because |y;| < 1 =<1
for kg # k. In summary, the second expression inside the braces of
(23)is Op(+/N/ko) + Op(N /ko), which is op(1).

For the last expression inside the braces, the summand is
uniformly bounded by 2log(log(T)) (as k varies from 1 to kq)
due to the law of iterated logarithm, so the last expression is
Op(log(log(T)))N/Ttg = o0p(1) by (5). Therefore (24) is (ko —
k)o,(1), and thus is dominated by the first term in (23). Similarly,
the fourth term is (ko — k)0, (1). Next consider the fifth term.

1 O
zalk 3° o =to -0 (T8 ) o 2
t=k+1 0 — K ST
N
X [Z(ufz —un)en] (25)
i=1

Note (T — ko)/(T — k) < 1.Denote n; = ZL](N:‘Z — i1)ei, by
the Hajek-Renyi inequality (see Bai, 1994), for some C < oo, and
forany § > 0,

K
p( 20: e > SAN) o YarGn)

242
k<ko— 1k0 k 5 8%2Ay

2N G2
82N

N
Y (niz — pin)’of
iz

=3 Cs57C=5"C>0 (26)
N N

because Ay — 0o by assumption (4), where 62 = max; 0 < oo.

Thus the fifth term is dominated by (ko — k)3 Ay for arbitrary small
8, thus is dominated by the first term, see (23).

The remaining three terms are all smaller magnitude. They are
in the order of (ky — k)Ay0,(T~1/?), thus dominated by the first
term. This completes the proof. O

Proof of Theorem 3.2. From (21), we have

A N _1
k= kol <27 OND)'2[ Y (ko = in)*] 0p(D.
i=1

Divide T on each side,

< zc—1(¥)m[ﬁjwiz — 2] o) o0 @7)
i=1

either because (N/T) — 0 by assumption (5) or because Ay =
Zﬁi](u“ — uip)? goes to infinity by assumption (4). Thus for the
same set D defined in the proof of Theorem 3.1, we have

i% ko

T T

P(k e D) — 1.

The rest of proof is the same as that of Theorem 3.1, except that we
invoke Lemma A4 instead of Lemma A.3. O

Proof of Lemma 4.1. The proof is similar to the that of Theo-

rem 3.2. By (27), |T — 7| LN 0, thus for the same set D as in
the proof of Theorem 3.2,

P(k € D) — 1.

Lemma 4.1 is equivalent to the statement that for every ¢ > 0,
there exists M > 0 such that

P(lk — ko| > M) < .



90 J. Bai/ Journal of Econometrics 157 (2010) 78-92

Thus it is sufficient to show for any § > 0, there existsan M < oo
such that

P( min  SSR(k) — SSR(ko) < 0) <e
keD,|k—ko|>M

for all large N, T satisfying (5). We show this by showing SSR(k) —
SSR(kg) > Ofork € D and |k — kg| > M. Again, we focus on the
case of k < ko. When k < kg, SSR(k) — SSR(kg) is given by (22).
Similar to the previous lemmas, we show that the first term on the
right hand side of (22) dominates all other terms for k < kg — M
and for large M. The first term is no smaller than, see (23)

(ko — k)(1 — 79)*An

whichis O(1) by not o(1) because Ay — A > 0 by assumption. The
second term is nonnegative and can be ignored. The third and the
fourth term are shown to be (ko —k)0,(1) in the proof of Lemma A.4
and are thus dominated by the first term. Consider the fifth term,
which is given by (25). Using similar argument as in (26), for any
given small § > 0, by the Hajek and Renyi inequality, for some
C < o0,

Var(n,)
P( > 5 )

k<k0 y ko k [;] nt N M3222

N 2.2

Up — in)%o;

l:Zl( i2 I’Ll]) i 6’2)\,[\] 62

= ——C<—Mc=_" C<e
M6AZ M2 M&%hy

as long as M is large. Thus the fifth term is dominated by (ko —
k)6 Xy, thus dominated by the first term. The remaining terms are
all (ko —k)An0,(T~1/?) and thus dominated by the first term. Since
the first term is positive and dominates all other terms, SSR(k) —
SSR(kg) is positive. This complete the proof of Lemma 4.1. O

Proof of Theorem 4.2. We examine the behavior of SSR(k) —
SSR(kg) for |k — ko| on bounded set because Lemma 4.1 shows
that |IA< — kol is Op(1). For the terms on the right hand side of (22),
The previous lemma shows that the first and the fifth terms are
(ko — k)O,(1) and all other terms are (ko — k)o,(1). Now the first
term is

N
(ko — k) Y (pia — pin)’
i=1

plus an negligible term because (T — ko) /(T —k) — 1fork—ko =
Op(1). Similarly, the fifth term is equal to the following plus an
negligible term

-2 Z I:Z(IMZ M!l)elr] =-2 Z N~1/2 ZA it

t=k+1" i= t=k+1
O
= -2,/ ¢N Z (N71/2 Z w,‘el'[)
t=k+1 i=1
where
A,’ Ai

wi: =

v ON LN 172
NE%%
j:

By assumption (9), ¢y = %Z}N A% > ¢, and
N=V23N wiey — Z, where Z; is N(0, 1). ThlS follows from the
central limit theorem as N — oo and Var(N~'2 Y | wie) = 1.

Thus the limit of the fifth term is 2¢'/2 Y\, . Z, (note Z, and —Z,
have the same distribution). In summary, for k < ko,

kg
SSR(K) — SSR(ke) —> (ko — )1 +2¢"2 Y .
t=k+1

Similarly for k > ko, we can show that

k
SSR(k) — SSR(ko) —> (k — ko) + 22 Y .
t=ko+1

This is equivalent to the statement of Theorem 4.2. O

Proof of (14). Consider the numerator of Ay. We shall show
N N

D (i = i) =Y (i — pin)* + 0p(1). (28)
i=1 i=1

Fromk = ko+-0,(1),itis easy to show that the asymptotic behavior

of fLip — [Li1 is not affected by assuming k is equal to ko. With k being
ko, we have
’(0
Miz — Mi1 = Kiz — Kil + "k A a eir — Zen
+1

Thus

N N N N
D (= pi)* = (e — pi)® + Y (2 — )&+ Y&
i=1 i=1 i=1 i=1

k
where & = ﬁ ZtT:k0+1 e — % 2, ei. From kg = [T,
we have & = 0,(T~"/?) and &* = 0,(T~") for each i. It follows

that ) €2 = (N/T)§ YL (TE®) = O0,(N/T) = o,(1) by
condition (5). Next, by (8)

N .
Z(Miz — piné = T_l/ziN Z Ai(VT&)
p i1

= 0,(T""%) = 0,(1).

This proves (28). Similarly, for the denominator of Ay, we can show
N N

Z(ﬁiz — )6t = Z(Miz — uin)’of +0p(1).

i=1 i=1

Combining results, we obtain Ay = Ay + op(1). O

Proof of Theorem 5.1. Subtract from the objective function (16)
of the following term

N N
ko Y logo + (T — ko) Y _logo

i=1 i=1

we obtain a “centered” objective function

k Z log 62 (k) + (T — k) Z log 63 (k)

i=1

N
(T —ko) Y _logo). (29)

i=1

N
—ko Y logoy; —
i=1

This does not alter k since the subtracted term does not depend on
k When context is clear, we simply write 63 for 63 (k) and 63 for
63 (k). From

~2

klog 62 — kologo? = klog (0
il

) + (k — ko) log aﬂ, and



J. Bai/ Journal of Econometrics 157 (2010) 78-92 91

~2
(T — k)log 63 — (T — ko) log o3 = (T — k) log (‘%)
i2
— (k — ko) log o5

the centered objective function can be rewritten as

N ’\2 6_2 02
Z |:k log < ) + (T — k) log ( ) (ko — k) log ( )} .
i=1 Un ‘7:2 Uzz

For any given N, it is known that k = ko + Op(l) see Bai et al.
(1998) and Bai (2000). This implies that 62 = o2 + 0,(T~1/?).
From log(1 + x) = x + O(x?) for x = o(1), we have

’\2 2 2
10g( ):quop(T ).

011 Gi]

The first term on the right hand side is 0,(T~'/2), thereby domi-
nates the last term. Thus we can ignore the Op, (T~1) term and write
log(63/0f) ~ 6%/oj — 1. Similarly log(63/03) ~ 65/05 — 1.
Thus the objective function can be approximated by

N
> (k63 /of + (T = k)63 /0 — T — (ke — k) log(o} /03)] . (30)
i=1

It is noted in passing that if o;; = o, for all i, the last term is zero;
the remaining term coincides with the generalized least squares
objective function Zf’: 1 oi_ZSiT (k). This means that QML is asymp-
totically equivalent to GLS in absence of breaks in variance.

Again by symmetry, we only consider the case of k < kg, and
show that the objective function cannot achieve its minimum for
k < ko. We first prove the theorem for the simple case in which
there are no mean parameters thus no mean breaks. That is, we
first consider the model Y;; = ojn; fort < ko and Yy = o097t
fort > ko. Fork < ko Then 62(k) = 021 "¢, 2, and 63 (k) =

ilk
k P
Oi1 2[0 k+1 771[ T =% Z[ Ko+1 i+ It follows that

N
Z [k6i1/0it + (T — k)65 /03]
i=1
k ko T
2 1 2
=2 | D 2wt
i=1 Lt=1 12 t=k+1 t=ko+1

Subtract from the objective function the term "X | ", 2 so
that (30) becomes

N ko N
V= "di Y =D+ ko — kY fFO+d) (31)
i=1  t=k+1 i=1

where d; = 0/03 — 1. Note that f(1 + d;) = f(o/03) with
fx) = x — 1 — log(x). Clearly, V(ko) = 0. We shall show that
for any k < ko, the above objective function diverges to infinity as
N — o0 so that its minimum cannot be achieved at a point other
than kq. Because the second term on the right hand side diverges
to infinity by assumption, it is sufficient to show the first term is
dominated by the second term. Divide V (k) by ko — k,

vV (k)
ko — k

= Zdak + Zm +d) =Gk, say

i=1

where &, = ﬁ Z’[":kﬂ (n2—1). The variables & have zero mean
and are independent over i. In addition, var (&) < M foralliand k,
for some M < oo. By assumption, ZIN:]f(l + d;j) — o0. To show

G(k) — oo with probability tending to 1, it is sufficient to show
that the first term of G(k) is dominated by the second, i.e.,

N
> dig
i=1 p
—> 0.

N
Y f(+dy)
=1

But the variance of above is bounded by

d

=

Il
-

M (32)

N 2"
|:Zf(1 + di)]
i=1

It suffices to show this variance goes to zero. Consider the case in
which d; is small for all i so that f(1 + d;) = 1d? + o(d?). Write

ay = Zfi]f(l + d;). Thus

N
> d;
i=1

M=

d;

1
= =—0(1)—>0
ay

Il
-

N 2 N
[Zf(l + di):| ay Y_[27'd? + o(d?)]
i=1 i=1
because ay — oo by assumption. Next consider the case in which
all d; are large such that |d;| > c. We shall assume d; is bounded
above such that |d;] < C (this in fact is not necessary, but other-
wise, technical niceties are needed and they do not provide any
further insight). The numerator of (32) is O(N), and the denom-
inator is O(N?) because f(1 + d;) > c¢; for all i. It follows that
(32) goes to zero. Next suppose that some d; are small and some
are large. Choose ¢ € (0, 1) such that for |d;| < c, the expansion
f(1+d) =271d? +o(d?) > 37'd? holds. Let A = {i; |d;] < c}and
B = {i; |d;| > c}. Let N, be the number of elements in B. For i € B,
f( +d;) > cq for some c¢; > 0. Then

N
>d Do df + N C ;
i=1 icA
_— < — | ———— | = —0(1) —> 0.
N 2= ay | 371 Zdlz + Nocq an M
[Zf(l + di):| ieA
i=1

In the above, the term inside the brackets is O(1). This proves the
theorem for the case of no mean parameters.
Next consider the existence of breaks in both mean and variance

parameters. From the definition of 6;;(k)(k = 1, 2), the objective
function (30) is equal to (ignore the term —T),

I ESNE

i=1 11t1

Yin)? +— Z (Yie — Yp)?

12 t=k+1

— (ko — k) log(a /oé):l. (33)

Again, it is sufficient to consider the case of k < kg by symmetry.
In view of k = ko + O,(1), we only need to consider those k such
that |k — ko[ is bounded. Together with ko = [T o], 70 € (0, 1), we
have Yi; = uiy + 0,(T""2) and Y, = up + 0,(T~Y/?). Thus
Yie — Yir = Yie — wir + (s — Yin) = oumie — (Yir — 1an)
= oumic + 0p(T~"?), fort <k;
Yie — Yoo = Yie — pir + (iin — Ki2) = (Yo — pi)
= ounie + (it — i2) — Yo — ti2)
= oqnic + (i1 — fiz) + Op(T™2),
Yie = Yo = Yie — o — (Yo — pi2) = onpnie — (Yo — iz)
= onnic +0,(T™V?), fort > ky.

fork+1 <t <kp;
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Plug in these expressions into (33), and ignore expressions involv-
ing 0,(T~!) because they are dominated by the remaining terms,
we can rewrite (33) as

1
— Z oiNie + Kin — Mzz]

i=1Lt=1 gxzt =k+1
T
+ > ui — (ko — k) log(o}; /a,.g)]. (34)
t=ko+1

Expanding the middle term, and subtracting > 1, >°/_, 12, the
above can be rewritten as

Hl(g ) 5o

i=1 t=k+1

(Mtl Hi2) Z Nit

t=k+1

1
+ — (ko — k) (1in — pi)* — (ko — k) log(ay /aé)]

Oiz
ko
Z—ai > n,t+(ko—k>2a (35)
O (S5
N ko N
+Y d Y =D+ ko—k) > f(1+d) (36)
i=1 t=k+1 i=1

where a; = (i1 — i2) /o and d; = (03 /o 3) — 1.Eq.(35) is due to
breaks in mean, and Eq. (36) is due to breaks in variance. The latter
is already analyzed, see (31). The same argument will show that
the first term in (35) is dominated by the second term, for k < kg
and under (18). This means that for k < ko, (35) diverges to infin-
ity, thus the objective function cannot achieve its minimum. This
completes the proof of Theorem 5.1. O

Proof of Theorem 5.2. We need to derive the limits of (35) and
(36). By the definition of a;, YN ;@ = YN (uin — pip)?/oh =
15 A%/} — . By the definition of d;, d; = (071 /0p —
D(on/on + 1), we have oj1/0p, = 1+ di/(1 + oy/on) =
1 4+ O(N~12) because d; = O(N~'/?). Thus (oi;/op)a; = a; +
a;0(N~1?) = aq; + O(N~1). It follows that

N N
Ji1
Z %ai Nit = Zai Nit + 0p(1)

im1 o2 im1
N d
N2 Z(Ai/aiz)nit — J7Z
p

where Z; is N(0, 1) by the central limit theory. We have used the
fact that n;; are zero mean and unit variance random variables and
are independent over i, and N~' Y . A?/o;, — . Thus (35)
converges in distribution for each fixed k to 2,/7 Y12, 1 Ze+ (ko —
k), for k < ko. Similarly, for k > ko and by symmetry, the limit is
2T Zf:koﬂ Z; + (k— ko). Renaming k — ko = £, the limit can be
written as 2./t W1 (£) + |€|t, where W, (£) is a two-sided Gaussian
random walk.

To derive the limit of (36) notice that for small d;, f(1 +
d) = 27'd? + 0(d?) = 27 'N~'8? + O(N~3/?). Thus Y , f(1 +
d) = 27'N! Z,N:l 82 + O(N"2) — 271w by assumption.
Next, YN di(n2 — 1) = N~V23N_ 8(n2 — 1). The variance
of §;(n7 — 1) is equal to §?(x + 2). By the central limit theorem,
N-125N 52 — 1) -5 J(k + Dwz;, where Z; is N(O 1.
Thus for k < ko, the limit of (36) is v/(k + 2)@ Y\° w12 +

(ko — k)2~ 'w. Combining with the case of k > ko, the 11m1t can
be rewritten as v/(k + 2)oW,(£) + |€|2 'w, where £ = k — ko,

and W, (£) is a two-sided Gaussian random walk. Adding up the
limits of (35) and (36) leads to Theorem 5.2.
LetZy = N=Y2 Y"1 (Ai/ow)nic and Z, = N~V 30 8i(nf —

1). The above analysis shows Zy; —d> J/TZ; and Zye —d>
[(x + 2)w]?ZF. The variables Zy, and Z, are asymptotically
independent if E(nf[) 0, or N7! ZINZI(AI-/GQ)& — 0. This
follows from E(Zy;:Zy,) — Oin either case,as N — oo. This verifies
the claim in Remark 1. To prove (19) in Remark 2, let u3 and 7
be defined there. Then (Zy;, Z3,)" converges jointly to a bivariate
normal vector with covariance matrix

T UsTT
M3 (K + 2w |’

Thus 2Zy; + Z, LN 2[t + (k + 2)w/4 + psm ]2z}, where Z;
is N(0, 1). The nonrandom component Y , > + >, f(1 + d;)
in (35) and (36) has a limit 7 + 27w, as argued earlier. Combining
the results we obtain (19). O
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