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Abstract

Queuing network control is essential for managing congestion in job-processing systems such
as service systems, communication networks, and manufacturing processes. Despite growing
interest in applying reinforcement learning (RL) techniques, queueing network control poses
distinct challenges, including high stochasticity, large state and action spaces, and lack of stabil-
ity. To tackle these challenges, we propose a scalable framework for policy optimization based
on differentiable discrete event simulation. Our main insight is that by implementing a well-
designed smoothing technique for discrete event dynamics, we can compute PATHWISE policy
gradients for large-scale queueing networks using auto-differentiation software (e.g., Tensor-
flow, PyTorch) and GPU parallelization. Through extensive empirical experiments, we observe
that our policy gradient estimators are several orders of magnitude more accurate than typical
REINFORCE-based estimators. In addition, We propose a new policy architecture, which dras-
tically improves stability while maintaining the flexibility of neural-network policies. In a wide
variety of scheduling and admission control tasks, we demonstrate that training control policies
with pathwise gradients leads to a 50-1000x improvement in sample efficiency over state-of-the-
art RL methods. Unlike prior tailored approaches to queueing, our methods can flexibly handle
realistic scenarios, including systems operating in non-stationary environments and those with
non-exponential interarrival/service times.

1 Introduction

Queuing models are a powerful modeling tool to conduct performance analysis and optimize op-
erational policies in diverse applications such as service systems (e.g., call centers [1], healthcare
delivery systems [6], ride-sharing platforms [9], etc), computer and communication systems [45, 76],
manufacturing systems [86], and financial systems (e.g., limit order books [24]). Standard tools for
queuing control analysis involve establishing structural properties of the underlying Markov deci-
sion process (MDP) or leveraging analytically more tractable approximations such as fluid [28, 18]
or diffusion approximations [47, 89, 48, 68]. These analytical results often give rise to simple control
policies that are easy to implement and interpret. However, these policies only work under restric-
tive modeling assumptions and can be highly sub-optimal outside of these settings. Moreover,
deriving a good policy for a given queuing network model requires substantial queuing expertise
and can be theoretically challenging.

Recent advances in reinforcement learning (RL) have spurred growing interest in applying learn-
ing methodologies to solve queuing control problems, which benefit from increased data and com-
putational resources [26, 98, 64]. These algorithms hold significant potential for generating effec-
tive controls for complex, industrial-scale networks encountered in real-world applications, which
typically fall outside the scope of theoretical analysis. However, standard model-free RL algo-
rithms [84, 82, 72] often under-perform in queuing control, even when compared to simple queuing
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Figure 1. Improvements in sample efficiency of our proposed PATHWISE policy gradient estimator
over a standard model-free RL estimator, REINFORCE. (Left) Samples of policy gradient estimators
for a parameterized MaxPressure policy in a criss-cross network with traffic intensity = 0:9 (see
Example 3). Each draw of the REINFORCE estimator is averaged over B = 10° trajectories and is
equipped with a value function baseline, which is fitted using 10° state transitions. The PATHWISE
estimator uses only a single trajectory, and no value function. Despite using less data, it is more
closely aligned with the true gradient. (Right) Average cosine similarity (higher is better) of policy
gradient estimators with the true policy gradient (see (10) for more details) across different levels
of traffic intensity for the criss-cross network. For REINFORCE, we plot the cosine similarity of
the estimator under different batch sizes B = 1;:;;10*. We see that the efficiency advantages of
PATHWISE, with only 1 trajectory, are greater under higher traffic intensities, even outperforming
REINFORCE with a value function baseline and B = 10* trajectories.

policies [78, 64], unless proper modifications are made. This under-performance is primarily due
to the unique challenges posed by queuing networks, including (1) high stochasticity of the tra-
jectories, (2) large state and action spaces, and (3) lack of stability guarantees under sub-optimal
policies [26]. For example, when applying policy gradient methods, typical policy gradient estima-
tors based on coarse feedback from the environment (observed costs) suffer prohibitive error due
to high variability (see, e.g., the REINFORCE estimators in Figure 1).

To tackle the challenges in applying off-the-shelf RL solutions for queuing control, we propose
a new scalable framework for policy optimization that incorporates domain-specific queuing knowl-
edge. Our main algorithmic insight is that queueing networks possess key structural properties
that allow for several orders of magnitude more accurate gradient estimation. By leveraging the
fact that the dynamics of discrete event simulations of queuing networks are governed by observed
exogenous randomness (interarrival and service times), we propose a differentiable discrete event
simulation framework. This framework enables the computation of a PATHWISE gradient of a
performance objective (e.g., cumulative holding cost) with respect to actions.

Our proposed gradient estimator, denoted as the PATHWISE estimator, can then be used to
efficiently optimize the parameters of a control policy through stochastic gradient descent (SGD).
By utilizing the known structure of queuing network dynamics, our approach provides finer-grained
feedback on the sensitivity of the performance objective to any action taken along the sample path.
This offers an infinitesimal counterfactual analysis: how the performance metric would change if
the scheduling action were slightly perturbed. Rather than relying on analytic prowess to compute
these gradients, we utilize the rapid advancements in scalable auto-differentiation libraries such
as PyTorch [77] to efficiently compute gradients over a single sample path or a batch of sample
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Figure 2. (Left) Pseudo-code of a single gradient step of our proposed PATHWISE estimator.
Computing the estimator requires only a few lines of code to compute the cost incurred by the
policy. Once this cost is calculated, the sample path gradient is computed automatically via reverse-
mode auto-differentiation. Unlike standard methods such as infinitesimal perturbation analysis or
likelihood-ratio estimation, we can apply the same code for any network without any bespoke modifi-
cations. Unlike model-free gradient estimators like REINFORCE, our method does not need a separate
value function fitting step, managing a replay buffer, feature/return normalization, generalized ad-
vantage estimation, etc., as it has a low variance without any modification. (Right) A sample path
of the total queue length (light blue) for a multi-class queuing network (see Example 2) under a
randomized priority scheduling policy. Along the path, we display the gradients (dark blue) com-
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paths. Our proposed approach supports very general control policies, including neural network
policies, which have the potential to improve with more data and computational resources. Notably,
our method seamlessly handles large-scale queuing networks and large batches of data via GPU
parallelization. Unlike off-the-shelf RL solutions whose performance is exceedingly sensitive to
implementation details [56, 58], our method is easy to implement (see e.g., Figure 2) and requires
minimal effort for parameter tuning.

Across a range of queueing networks, we empirically observe that our PATHWISE estimator
substantially improves the sample efficiency and stability of learning algorithms for queuing network
control while preserving the flexibility of learning approaches. In Figure 1, we preview our main
empirical findings which show that PATHWISE gradients lead to a 50-1000x improvement in sample
efficiency over model-free policy gradient estimators (e.g., REINFORCE [101]). Buoyed by the
promising empirical results, we provide several theoretical insights explaining the observed efficiency
gains.

Our proposed approach draws inspiration from gradient estimation strategies developed in
the stochastic modeling and simulation literature, particularly infinitesimal perturbation analy-
sis (IPA) [35, 52, 60]. While IPA has been shown to provide efficient gradient estimators for
specific small-scale queuing models (e.g., the G=G=1 queue), it is well-known that unbiased IPA
estimates cannot be obtained for general multi-class queuing networks due to non-differentiability
of the sample path [15, 32, 33]. Our framework overcomes this limitation by proposing a novel
smoothing technique based on insights from fluid models/approximations for queues and tools from
the machine learning (ML) literature. To the best of our knowledge, our method is the first to



provide a gradient estimation framework capable of handling very general and large-scale queuing
networks and various control policies. Our modeling approach is based on discrete-event simulation
models, and as a result, it can accommodate non-stationary and non-Markovian inter-arrival and
service times, requiring only samples instead of knowledge of the underlying distributions.

Our second contribution is a simple yet powerful modi cation to the control policy architecture.

It has been widely observed that training a standard RL algorithm, such as proximal policy opti-
mization [84] (PPO), may fail to converge due to instabilities arising from training with random
initialization. To address this issue, researchers have proposed either switching to a stabilizing
policy when instability occurs [64] or imitating (behavior cloning) a stabilizing policy at the be-
ginning [26]. However, both methods limit policy exibility and introduce additional complexity

in the training process. We identify a key source of the problem: generic policy parameteriza-
tions (e.g., neural network policies) do not enforce work conservation, leading to scenarios where
even optimized policies often assign servers to empty queues. To address this, we propose a mod-
i cation to standard policy parameterizations in deep reinforcement learning, which we refer to
as the "work-conserving softmax’. This modi cation is compatible with standard reinforcement
learning algorithms and automatically guarantees work conservation. Although work conservation
does not always guarantee stability, we empirically observe across many scenarios that it e ec-
tively eliminates instability in the training process, even when starting from a randomly initialized
neural network policy. This modi cation not only complements our gradient estimator but is also
compatible with other model-free RL approaches. We nd that while PPO without any modi ca-
tions fails to stabilize large queuing networks and leads to runaway queue lengths, PPO with the
work-conserving softmax remains stable from random initialization and can learn better scheduling
policies than traditional queuing policies.

Since rigorous empirical validation forms the basis of algorithmic progress, we provide a thor-
ough empirical validation of the e ectiveness of the di erentiable discrete event simulator for queu-
ing network control. We construct a wide variety of benchmark control problems, ranging from
learning the ¢ -rule in a simple multi-class queue to scheduling and admission control in large-scale
networks. Across the board, we nd that our proposed PATHWISE gradient estimator achieves
signi cant improvements in sample e ciency over model-free alternatives, which translate to down-
stream improvements in optimization performance.

In a careful empirical study across 10,800 parameter settings, we nd that for94.5% of these
settings our proposedPATHWISE gradient estimator computed along a single sample path
achieves greater estimation quality thanREINFORCEwith 1000x more data (see section 5.1).

In a scheduling task in multi-class queues, gradient descent witiPATHWISE gradient estima-
tor better approximates the optimal policy (the ¢ -rule) and achieves a smaller average cost
than REINFORCEwith a value function baseline and1000x more data (see section 5.2).

In an admission control task, optimizing the bu er sizes with PATHWISE gradient estimator
achieves smaller costs than randomized nite di erences (SPSA [88]) with1000x more data,
particularly for higher-dimensional problem instances (see section 5.3).

For large-scale scheduling problems, policy gradient withPATHWISE gradient estimator and
work-conserving softmax policy architecture achieves a smaller long-run average holding cost
than traditional queuing policies and state-of-the-art RL methods such asPPO, which use
50x more data (see section 7). Performance gains are greater for larger networks with non-
exponential noise.



These order-of-magnitude improvements in sample e ciency translate to improved computational
e ciency when drawing trajectories from a simulator and improved data e ciency if samples of
event times are collected from a real-world system.

Overall, these results indicate that one can achieve signi cant improvements in sample e ciency
by incorporating the speci ¢ structure of queuing networks, which is under-utilized by model-free
reinforcement learning methods. In section 8, we investigate thiM=M=1 queue as a theoretical case
study and show that even with an optimal baseline, REINFORCEhas a sub-optimally large variance
under heavy tra c compared to a pathwise policy gradient estimator. This analysis identi es some
of the statistical limitations of REINFORCE and illustrates that a better understanding of the
transition dynamics, rather than narrowly estimating the value-function or Q-function, can deliver
large improvements in statistical e ciency. Given the scarcity of theoretical results comparing the
statistical e ciency of di erent policy gradient estimators, this result may be of broader interest.

Our broad aim with this work is to illustrate a new paradigm for combining the deep, struc-
tural knowledge of queuing networks developed in the stochastic modeling literature with learn-
ing and data-driven approaches. Rather than either choosing traditional queuing policies, which
can be e ective for certain queueing control problems but do not improve with data, or choos-
ing model-free reinforcement learning methods, which learn from data but do not leverage known
structure, our framework o ers a favorable midpoint: we leverage structural insights to extract
much more informative feedback from the environment, which can nonetheless be used to optimize
black-box policies and improve reliability. Beyond queuing networks, our algorithmic insight pro-
vides a general-purpose tool for computing gradients in general discrete-event dynamical systems.
Considering the widespread use of discrete-event simulators with popular modeling tools such as
AnyLogic [94] or Simio [87] and open-source alternatives such as SimPy [69], the tools developed in
this work can potentially be applied to policy optimization problems in broader industrial contexts.

The organization of this paper is as follows. In section 2, we discuss connections with related
work. In section 3, we introduce the discrete-event dynamical system model for queuing networks.
In section 4, we introduce our framework for gradient estimation. In section 5, we perform a
careful empirical study of our proposed gradient estimator, across estimation and optimization
tasks. In section 6, we discuss the instability issue in queuing control problems and our proposed
modi cation to the policy architecture to address this. In section 7, we empirically investigate the
performance of our proposed pathwise gradient estimation and work-conserving policy architecture
in optimizing scheduling policies for large-scale networks. In section 8, we discuss thd=M=1
gueue as a theoretical case study concerning the statistical e ciency o0REINFORCEcompared to
PATHWISE estimators. Finally, section 9 concludes the paper and discusses extensions.

2 Related Work

We discuss connections to related work in queuing theory, reinforcement learning, and gradient
estimation in machine learning and operations research.

Scheduling in Queuing Networks Scheduling is a long-studied control task in the queuing
literature for managing queues with multiple classes of jobs [48, 70]. Standard policies developed in
the literature include static priority policies such as the ¢ -rule [25], threshold policies [80], policies
derived from uid approximations [7, 20, 71], including discrete review policies [46, 67], policies
that have good stability properties such as MaxWeight [89] and MaxPressure [27]. Many of these



policies satisfy desirable properties such as throughput optimality [93, 5], or cost minimization [25,
68] for certain networks and/or in certain asymptotic regimes. In our work, we aim to leverage some
of the theoretical insights developed in this literature to design reinforcement learning algorithms
that can learn faster and with less data than model-free RL alternatives. We also use some of the
standard policies as benchmark policies when validating the performance of ol PATHWISE policy
gradient algorithm.

Reinforcement Learning in Queueing Network Control Our research connects with the
literature on developing reinforcement learning algorithms for queuing network control problems [73,
85, 79, 26, 64, 100, 78]. These works apply standard model-free RL techniques (e.@-learning,
PPQO, value iteration, etc.) but introduce novel modi cations to address the unique challenges in
gueuing network control problems. Our work di ers in that we propose an entirely new methodology
for learning from the environment based on di erentiable discrete event simulation, which is distinct
from all model-free RL methods. The works [85, 64, 26, 78] observe that RL algorithms tend to
be unstable and propose xes to address this, such as introducing a Lyapunov function into the
rewards, or behavior cloning of a stable policy for initialization. In our work, we propose a simple
modi cation to the policy network architecture, denoted as the work-conserving softmaxas it is
designed to ensure work-conservation. We nd empirically that work-conserving softmaxensures
stability with even randomly initialized neural network policies. In our empirical experiments,
we primarily compare our methodology with the PPO algorithm developed in [26]. In particular,
we construct a PPO baseline with the same hyper-parameters, neural network architecture, and
variance reduction techniques as in [26], although with our policy architecture modi cation that
improves stability.

Di erentiable Simulation in RL and Operations Research While di erentiable simulation

is a well-studied paradigm for control problems in physics and robotics [50, 55, 90, 53, 81], it has
only recently been explored for large-scale operations research problems. For instance, [66, 2] study
inventory control problems and train a neural network using direct back-propagation of the cost,
as sample paths of the inventory levels are continuous and di erentiable in the actions. In our
work, we study control problems for queuing networks, which are discrete and non-di erentiable,
preventing the direct application of such methods. To address this, we develop a novel framework for
computing pathwise derivatives for these non-di erentiable systems, which proves highly e ective
for training control policies. Another line of work, including [3, 4], proposes di erentiable agent-
based simulators based on di erentiable relaxations. While these relaxations have shown strong
performance in optimization tasks, they also introduce unpredictable discrepancies with the original
dynamics. We introduce tailored di erentiable relaxations in the back-propagation process only,
ensuring that the forward simulation remains true to the original dynamics.

Gradient Estimation in Machine Learning Gradient estimation [74] is an important sub- eld

of the machine learning literature, with applications in probabilistic modeling [61, 59] and reinforce-
ment learning [101, 92]. There are two standard strategies for computing stochastic gradients [74].
The rst is the score-function estimator or REINFORCE[101, 92], which only requires the ability
to compute the gradient of log-likelihood but can have high variance [44]. Another strategy is the
reparameterization trick [61], which involves decomposing the random variable into the stochastic-
ity and the parameter of interest, and then taking a pathwise derivative under the realization of



the stochasticity. Gradient estimators based on the reparameterization trick can have much smaller
variance [74], but can only be applied in special cases (e.g. Gaussian random variables) that enable
this decomposition. Our methodology makes a novel observation that for queuing networks, the
structure of discrete-event dynamical systems gives rise to the reparameterization trick. Neverthe-
less, the function of interest is non-di erentiable, so standard methods cannot be applied. As a
result, our framework also connects with the literature on gradient estimation for discrete random
variables [59, 65, 11, 96]. In particular, to properly smooth the non-di erentiability of the event
selection mechanism, we employ the straight-through trick [11], which has been previously used in
applications such as discrete representation learning [97]. Our work involves a novel application of
this technique for discrete-event systems, and we nd that this is crucial for reducing bias when
smoothing over long time horizons.

Gradient Estimation in Operations Research There is extensive literature on gradient esti-
mation for stochastic systems [35, 36, 39, 14, 33], some with direct application to queuing optimiza-
tion [63, 42, 33]. In nitesimal Perturbation Analysis (IPA) [35, 52, 60] is a standard framework
for constructing pathwise gradient estimators, which takes derivatives through stochastic recur-
sions that represent the dynamics of the system. While IPA has been applied successfully to some
speci ¢ queuing networks and discrete-event environments more broadly [91], standard IPA tech-
niques cannot be applied to general queuing networks control problems, as has been observed in [15].
There has been much research on outlining su cient conditions under which IPA is valid, such as
the commuting condition in [35, 36] or the perturbation conditions in [14], but these conditions
do not hold in general. Several extensions to IPA have been proposed, but these alternatives re-
quire knowing the exact characteristics of the sampling distributions and bespoke analysis of event
paths [33, 32]. Generalized likelihood-ratio estimation [39] is another popular gradient estimation
framework, which leverages an explicit Markovian formulation of state transitions to estimate pa-
rameter sensitivities. However, this requires knowledge of the distributions of stochastic inputs,
and even with this knowledge, it may be di cult to characterize the exact Markov transition kernel
of the system. Finally, nite di erences [31] and nite perturbation analysis [52, 15] are powerful
methods, particularly when aided with common random numbers [41, 38], as it requires minimal
knowledge about the system. However, it has been observed that performance can scale poorly with
problem dimension [37, 41], and we also observe this in an admission control task (see Section 5.3).
Our contribution is proposing a novel, general-purpose framework for computing pathwise gra-
dients through careful smoothing, which only requires samples of random input (e.g., interarrival
times and service times) rather than knowledge of their distributions. Given the negative results
about the applicability of IPA for general queuing network control problems (e.g., general queuing
network model and scheduling policies), we introduce bias through smoothing to achieve generality.
It has been observed in [29] that biased IPA surrogates can be surprisingly e ective in simulation
optimization tasks such as ambulance base location selection. Our extensive empirical results con-
rm this observation and illustrate that while there is some bias, it is very small in practice, even
over long time horizons & 10° steps).

3 Discrete-Event Dynamical System Model for Queuing Networks

We describe multi-class queuing networks as discrete-event dynamical systems. This is di erent
from the standard Markov chain representation, which is only applicable when inter-arrival and



service times are exponentially distributed. To accommodate more general event-time distributions,
the system description not only involves the queue lengths, but also auxiliary information such as
residual inter-arrival times and workloads. Surprisingly, this more detailed system description leads
to a novel gradient estimation strategy (discussed in Section 4) for policy optimization.

We rst provide a brief overview of the basic scheduling problem. We then describe the discrete-
event dynamics of multi-class queuing networks in detail and illustrate with a couple of well-
known examples. While queuing networks have been treated as members of a more general class
of Generalized Semi-Markov Processes (GSMPs) that re ect the discrete-event structure of these
systems [40], we introduce a new set of notations tailored for queuing networks to elaborate on some
of their special structures. In particular, we represent the discrete event dynamics via matrix-vector
notation that maps directly to its implementation in auto-di erentiation frameworks, allowing for
the di erentiable simulation of large-scale queueing networks through GPU parallelization.

3.1 The Scheduling Problem

A multi-class queuing network consists ofn queues andm servers. The core state variable is the
gueue lengths associated with each queue, denoted a$t) 2 N7, which evolves over continuous
time. As a discrete-event dynamical system, the state also includes auxiliary data denoted as
z(t)| consisting of residual inter-arrival times and workloads at time t|which determines state
transitions but are typically not visible to the controller.

The goal of the controller is to route jobs to servers, represented by an assignment matrix
u2f0;1g™ ", to manage congestion. More concretely, the problem is to derive a policy (x),
which only depends on the observed queue lengths and selects scheduling actions, to minimize the
integral of some instantaneous costs(x; u). A typical instantaneous cost is a linear holding/waiting
cost:

c(x;u)= h”x

for some vectorh 2 R}. The objective is to nd a policy that minimizes the cumulative cost
over a time horizon: Z

min E c(x(t); (x(t))dt : Q)
0

Optimizing a continuous time objective can be di cult and may require an expensive discretization
procedure. However, discrete-event dynamical systems are more structured in thad(t) is piecewise
constant and is only updated when anevent occurs. For the multi-class queuing networks, events
are either arrivals to the network or job completions, i.e., a server nishes processing a job.

It is then su cient to sample the system only when an event occurs, and we can approximate
the continuous-time objective with a performance objective in the discrete-event system oveN

events, "
v ( ¥ 1 #)

min Jn( )= E c(Xk; (Xk)) k+1 2)
k=0
where xy is the queue lengths after thekth event update. ., is an inter-event time that measures
the time between thekth and (k +1)th event, and N is chosen such that the time of theN th event,
a random variable denoted asty, is \close" to T.
The dynamics of queuing networks are highly stochastic, with large variations across trajectories.
Randomness in the system is driven by the random arrival times of jobs and the random workloads



(service requirements) of these jobs. We let;y = f igl\; denote a single realization, or “trace', of
these random variables over the horizon o events. We can then view the expected cost (2) more
explicitly as a policy cost averaged over traces. In addition, we focus on a parameterized family of
policiesf : 2 g, for some RY, in order to optimize (2) e ciently. In this case, we utilize
the following shorthand Jy ( ; 1:n) for the policy cost over a single trace andly ( ) for the average
policy cost under , which leads to the parameterized control problem:
( "y 1 #)
mn Iv()=EQ(; )= E  ox () ke (3)
k=0

We now turn to describe the structure of the transition dynamics of multi-class queuing networks,
to elaborate how scheduling actions a ect the queue lengths.

3.2 System Description

Recall that the multi-class queuing network consists ofn queues andm servers, where each queue
is associated with a job class, and di erent servers can be of di erent compatibilities with various
job classes. Recall thatx(t) 2 N7 denotes the lengths of the queues at time& 2 R.. The
gueue lengthsx(t) are updated by one of two types of events: job arrivals or job completions.
Although the process evolves in continuous time, it is su cient to track the system only when
an event occurs. We letk 2 N. count the kth event in the system, and let ty denote the time
immediately after the kth event occurs. By doing so, we arrive at a discrete-time representation
of the system. Given that we do not assume event times are exponential, the queue lengths
alone are not a Markovian descriptor of the system. Instead, we must consider aaugmented
state sx = (Xk;Z), where xx 2 N} is the vector of queue lengths and z, = ( 2;wg);2 R2" is
an auxiliary state vector that includes residual inter-arrival times if = f k‘}j gj”:1 2 RT and
residual workloads — wy = fw; gi; 2 R} of the "top-of-queue’ jobs in each queue. The auxiliary
state variables determine the sequence of events.

More explicitly, for each queuej 2 [n], the residual inter-arrival time QJ- keeps track of the
time remaining until the next arrival to queue j occurs. Immediately after an arrival to queuej
occurs, the next inter-arrival time is drawn from a probability distribution FjA. When a job arrives
to queuej, it comes with a workload (service requirement) drawn from a distribution FjS. We
allow the distributions FJ-A'S and Fjs's to vary with time, i.e., the interarrival times and service
requirements can be time-varying. For notational simplicity, we will not explicitly denote the time
dependence here. We refer to the residual workload at timey of the top-of-queue job in queue
j aswy;, which speci es how much work must be done before the job completion. A job is only
processed if it is routed to a serveli 2 [m], in which case the server processes the job at a constant
service rate j 2 R+. We referto 2 RT " as the matrix of service rates. Under this scheduling
decision, theresidual processing time , i.e., the amount of time required to process the job, is

kS;j = Wk = ij -

The augmented statesy is a valid Markovian descriptor of the system and we now describe the
corresponding transition function f such that

Sk+1 = F(Sk;Uk; Kk+1)s
where uy is an action taken by the controller and .1 contains external randomness arising from

new inter-arrival times or workloads drawn from FjA's or Fjs‘s depending on the event type.

9



Figure 3. One step of the dynamics for the criss-cross network (see Example 3 and Figure 13).
There are 3 queues and 2 servers. Beginning with queue-lengtiig = (3; 1;4) and workloadswy, the
action uy assigns server 1 to queue 3 and server 2 to queue 2. The workloads of the selected queues
are highlighted in light green. As a result, the valid events are arrivals to queue 1 and queue 3 (queue

2 has no external arrivals) and job completions for queue 2 and queue 3 (queue 1 cannot experience
any job completions because no server is assigned). The arrival event to queue 1 has the minimum
residual time (highlighted in red) so it is the next event, and ey.; is a one-hot vector indicating this.
Since an arrival occurred, the queue-lengths are updated asx+1 = (4;1;4).

The transition is based on the next event, which is the event with the minimum residual time.
The controller in uences the transitions through the processing times, by deciding which jobs get
routed to which servers. We focus on scheduling problems where the space of contrdlsare feasible
assignments of servers to queues. Let, 2 R" denote ann-dimensional vector consisting of all

ones. The action space is,
n 0
U= u2f0;1g™ ":ulp,=1m;;u=1u M ; 4)

whereM 2 f 0;1g™ " is the topology of the network, which indicates which job class can be served
by which server. Following existing works on scheduling in queuing networks [70], we consider
networks for which each job class has exactly 1 compatible server.

P
Assumption A.  For every queuej, there is 1 compatible server, i.e., =, Mj =1.

Given an action u, the residual processing time iswy;; = j whenuj =1and 1 whenuj =0.
This can be written compactly as
Wiij - Wkij

S ] - — .
L H > 0
i=1 Uij i diag (u> )j;

K;j

(5)

wherediag (u> ) 2 R" " extracts the diagonal entries of the matrix u> 2 R" ",

As a result, at time ty the residual event times « 2 R?" consists of the residual inter-arrival
and processing times,

k(5 ©)=( ¢diag (ug ) twk)

We emphasize that ¢ depends on the actionu. The core operation in the transition dynamics is
the event selection mechanism. The next event is the one with the minimum residual time in .
We de ne g1 2 f 0;1g°" to be a one-hot vector representing theargminof | { the position of the
minimum in  :

e+ (zi;ux)  argmin( ) 2 f 0; 1g>" (Event Select)

10



ex+1 (Zk; uk) indicates the type of the (k + 1)th event. In particular, if the minimum residual event

time is a residual inter-arrival time, then the next event is an arrival to the system. If it is a
residual job processing time, then the next event is a job completion. We denote, ,, to be the
inter-event time , which is equal to the minimum residual time:

ke1 (Zk;uk) =min f g (Event Time)

k+1 (Zk; Uy) is the time between the kth and (k + 1)th event, i.e. tx+p .

After the job is processed by a server, it either leaves the system or proceeds to another queue.
Let R 2 R" " denote the routing matrix , where the jth column, R; details the change in the
gueue lengths when a job in clas§ nishes service. For example, for a tandem queue with two
queues, the routing matrix is

1 0
1 1

indicating that when a job in the rst queue completes service, it leaves its own queue and joins
the second queue. When a job in the second queue completes service, it leaves the system.
We de ne the event matrix D as a block matrix of the form

D=[1In R

R =

wherel, isthe n n identity matrix. The event matrix determines the update to the queue lengths,
depending on which event took place. In particular, when the k + 1)th event occurs, the update
to the queue lengths is

Xk+1 = Xk + De€ys1 (Zk; Uk) (Queue Update)

Intuitively, the queue length of queue | increases by 1 when the next event is a clagsjob arrival;
the queue lengths update according taR; when the next event is a queug job completion.
The updates to the auxiliary state z, = ( ;wg) 2 R2" is typically given by

RS In Thet e (Aux Update)
Wi+1 Wi k1 diag (uy ) W1 L
I {Z } | {z }
reduce residual times draw new times / workloads

where is the element-wise product andTy+1 = Tk gj":1 2 R" are new inter-arrival times
Tk+1) FjA and Wis1 = fWisg gy 2 R" are workloads Wy ; Fjs. Intuitively, after
an event occurs, we reduce the residual inter-arrival times by the inter-event time. We reduce
workloads by the amount of work applied to the job, i.e., the inter-event time multiplied by the
service rate of the allocated server. Finally, if an arrival occurred we draw a new inter-arrival time;

if a job was completed, we draw a new workload for the top-of-queue job (if the queue is non-empty).

There are two boundary cases that make the update
slightly di erent from (Aux Update). First, if a new job
arrives at an empty queuej (either an external arrival
or a transition from a job completion), we also need to
update wi+1;; to W41 . Second, if a queug job comple-

tion leaves an empty queue behind, we setv1j = 1, Figure 4: M=M=1 queue.
indicating that no completions can occur for an empty
queue.
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Let y denote exogenous noise in the environment, which consists of the sampled inter-arrival
times and workloads for resetting the time of a completed event,

k= (T; Wy) 2 R2™:

We nally arrive at the stated goal of describing the transition dynamics of sx = ( Xk; zx) in terms of
a function f (sk; uk; k+1). Notably, all the stochasticity is captured by ('s, which are independent
of the states and actions.

It is worth mentioning a few features of this discrete-event representation.

While auxiliary data z, = ( @;wk) is necessary forsy = (Xg;zk) to be a valid Markovian
system descriptor, this information is typically not available to the controller. We assume the
controller only observes the queue lengths, i.e., the control policy only depends onxy.

The representation can exibly accommodate non-stationary and non-exponential event-time
distributions, i.e., FjA‘s and FjS‘s can be general and time-varying.

This model enables purely data-driven simulation, as it only requires samples of the event
times . One does not need to know the event time distributionstA's and Fjs's to simulate
the system if data of these event times are available.

The matrix-vector representation enables GPU parallelism, which can greatly speed up the
simulation of large-scale networks.

As we will explain later, this representation enables new gradient estimation strategies.

Queuing Network Examples As a concrete illustration, we show how a few well-known queuing
networks are described as discrete-event dynamical systems.

Example 1: The M=M=1 queue (see Figure 4) with arrival rate > 0 and service rate

features a single queua = 1 and a single serverm = 1, and exponentially distributed inter-arrival
times and workloads, i.e.,Tx ~ Exp( ) and W¢  Exp(1) respectively. The network topology is

M = [1], the service rate is , and the routing matrix is R =[ 1], indicating that jobs leave the
system after service completion. The scheduling policy is work-conserving, the server always serves
the queue when it is non-empty, i.e.ux = 1fxx > 0g. The state update is,

Xt = Xkt 1017 e
_ . A. S _ ; A. Wi cqn2
= arg min : = arg min — 2f0;1
€+1 g kv K g k 1fxy > Og g
k+l = min If\; kS
A A 1 T
k+1 — k + k+1 .
Wic+1 W kt1  1fxy > Og Wi+1 B

Example 2: The multi-class singer-server queue features ann queues and a single server
m = 1 (see Figure 5). While the inter-arrival times and workloads, i.e., (Tx;Wk)'s are usually
exponentially distributed, they can also follow other distributions. The network topology is M =
[1;:::;1]12 R, the service rates are =[ 1;:::; n], and the routing matrixis R =[ 1;::; 1]2 R",
indicating that jobs leave the system after service completion. A well-known scheduling policy for
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this system is thec -rule, a static priority rule. Let h = (hy;::;;hy) 2 R" denote the holding costs.
The ¢ -rule sets
ux = argmaxh; j1fxj > Ogg 2 f0; 1g":
j2[n]
The state update is,

>
Xke1 = Xkt 1 1, €k+1

Wi Wy -
_ ; A.... A. S... s _ ; A ... A k1 ... Wkn
B+l =argmin 95 s )N e Targming eyl e Uer Tl
) n n
— i A... A.S....S
kel =MD 550 kns K9 kn
A A
k+1 - k 1 1n + Tk+1 sl
Wi+1 Wk Uk W1

Example 3: The criss-cross network [49] featuresn = 3 queues andm = 2 servers (see
Figure 13). External jobs arrive to queues 1 and 3. The rst server can serve queues 1 and 3 with
service rates 11 and 13 respectively, while the second server is dedicated to serving queue 2 with
service rate . After jobs from queue 1 are processed, they are routed to queue 2; jobs from
queues 2 and 3 exit the system after service completion. The inter-arrival times and workloads,
i.e., (Tx; Wk)'s, can follow general distributions. The network topology M, service rate matrix, and
the routing matrix R are:

2 10 o°
m= 01 - 1 0 1. p_44 1 05
010 0 2 O o o 1

Harrison and Wein [49] develop a work-conserving threshold policy for this system. For a threshold
a2 N., server 1 prioritizes jobs in queue 1 if the number of jobs in queue 2 is beloa. Otherwise,
it prioritizes queue 3. This gives the scheduling action

Ugi1 = 1fXk2  ag, Uk22 =1fXyk2> 09 U1z =(1  Uk11)1f X3 > Og;
and the transition dynamics

Xk+1 = Xkt 13 R &+
Wi:r . Wk o Wk

_ - A.7.A.S.S.S _ : A.q. A.
B+l TAGMIN jei 15 s K1 k2 ke TaAIMING i1 5 i, , 1
11Uk;11 22Uk;22  13Uk;13
R A.1.A.S.S.S
k1 =MIn i1 sl 210 K2 ks
A A
k+1 k 13 . Tk

. €x+1 -
Wic+1 W k1 diag (uy ) Wi+ *

Here, 2, =1 since queue 2 has no external arrivals.

4 Gradient Estimation

In this section, we introduce our proposed approach for estimating the gradient of the objective (3),
r In (). We start with a brief discussion of existing methods for gradient estimation, including their
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advantages and limitations. We then outline the main challenges for computing pathwise derivatives
in multi-class queuing networks, and introduce our strategy for overcoming these challenges. Finally,
we formally de ne our gradient estimation framework and discuss its computational and statistical
properties. Later in section 5, we perform a comprehensive empirical study and nd that our
gradient estimation framework is able to overcome many of the limitations of existing methods in
that (1) it is capable of estimating gradients for general queuing networks, (2) it provides stable
gradient estimations over very long horizons ¢ 10° steps), (3) it provides greater estimation
accuracy than model-free policy gradient methods with 1000x less data, and (4) when applying
to policy optimization, it drastically improves the performance of the policy gradient algorithm for
various scheduling and admission control tasks.
Our goal is to optimize the parameterized control problem (3).
A standard optimization algorithm is (stochastic) gradient descent,
which has been considered for policy optimization and reinforce-
ment learning [92, 8]. The core challenge for estimating policy gra-
dientr Jy( ) =1 E[J( ; 1.n)] from sample paths of the queuing
network is that the sample path cost J(; i1.n) is in general not
di erentiable in . As a consequence, one cannot change the order
of di erentiation and expectation, i.e.,

rdn()=r ERNC; 1n)1 6 Elr InC; )]s

where r In( ; 1:n) IS not even well-de ned. The non-

di erentiability of these discrete-event dynamical systems emerges
from two sources. First, actionsu;.y are discrete scheduling decisions, and small perturbations in
the policy can result in large changes in the scheduling decisions produced by the policy. Second,
the actions a ect the dynamics through the event times. The ordering of events is based on the
“argmin of the residual event times, which is not di erentiable.

In the stochastic simulation literature, there are two popular methods for gradient estimation:
in nitesimal perturbation analysis (IPA) and generalized likelihood ratio  (LR) gradient
estimation. To illustrate, consider abstractly and with a little abuse of notation a system following
the dynamicssg+1 = f(sk; ; «k+1), Wheresg 2 R is the state, 2 R is the parameter of interest, g
iS exogenous stochastic noise, anfd is a di erentiable function. Then, the IPA estimator computes
a sample-path derivative estimator by constructing a derivative processDy = @g=@ via the
recursion:

Figure 5. Multi-class,
single-server queue.

Diss = gf (3 ken)+ @@;f (s : k1) Di (IPA)

Likelihood-ratio gradient estimation on the other hand uses knowledge of the distribution of  to
form the gradient estimator. Suppose thatsk is a Markov chain for which the transition kernel is
parameterized by , i.e.,sk+1 P (jsk). Fora xed o, let

Qk 1 :
@ _ @ _ @ __j=1 P (sj+1is)
= = = = h = O :
@E [5] @E oSk = B SI(@Lk( ) where Li() V}(:]_lpo(sj+1jsj)

This allows one to obtain the following gradient estimator:

Kt 8p (s41]s)

Dk = Sk -
=1 Po(Sinls)

Lk( ); wheresj«1 p,(]Sj); 8] k: (LR)
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Despite their popularity, there are limitations to applying these methods to general multi-class
qgueuing networks. While IPA has been proven e cient for simple queuing models, such as the
G=G=1 queue through the Lindley recursion, it is well-known that unbiased IPA estimates cannot
be obtained for general queuing networks [15, 32, 33]. The implementation of LR gradient estima-
tion hinges on precise knowledge of the system's Markovian transition kernel [39]. This requires
knowledge of the inter-arrival time and workload distributions, and even with this knowledge, it is
non-trivial to specify the transition kernel of the queue lengths and residual event times in generic
systems. Modi cations to IPA [32, 33] also require precise knowledge of event time distributions
and often involve analyzing speci c ordering of events which must be done on a case-by-case basis.
As a result, none of these methods can reliably provide gradient estimation for complex queuing
networks under general scheduling policies and with possibly unknown inter-arrival and service time
distributions. Yet, the ability to handle such instances is important to solve large-scale problems
arising in many applications.

Due to the challenges discussed above, existing reinforcement learning (RL) approaches for
gueueing network control mainly rely on model-free gradient estimators, utilizing either theREINFORCE
estimator and/or Q-function estimation. As we will discuss shortly, these methods do not leverage
the structural properties of queuing networks and may be highly sample-ine cient, e.g., requiring
a prohibitively large sample for gradient estimation.

To address the challenges discussed above, we propose a novel gradient estimation framework
that can handle general, large-scale multi-class queuing networks under any di erentiable scheduling
policy, requiring only samples of the event times rather than knowledge of their distributions.
Most importantly, our approach streamlines the process of gradient estimation, leveraging auto-
di erentiation libraries such as PyTorch [77] or Jax [13] to automatically compute gradients, rather
than constructing these gradients in a bespoke manner for each network as is required for IPA or
LR. As shown in Figure 2, computing a gradient in our framework requires only a few lines of
code. To the best of our knowledge, this is the rst scalable alternative to model-free methods for
gradient estimation in queuing networks.

4.1 The standard approach: the = REINFORCEestimator

Considering the lack of di erentiability in most reinforcement learning environments, the standard
approach for gradient estimation developed in model-free RL is the score-function o0REINFORCE
estimator [101, 92]. This serves as the basis for modern policy gradient algorithms such as Trust-
Region Policy Optimization (TRPO) [82] or Proximal Policy Optimization (PPO) [84]. As a result,
it o ers a useful and popular baseline to compare our proposed method with.

The core idea behind theREINFORCEestimator is to introduce a randomized policy  and dif-
ferentiate through the action probabilities induced by the policy. Under mild regularity conditions
on and c(Xg; Uk), the following expression holds for the policy gradient:

"’X 1oy 1 ! #
rdn()=E C(Xk;Uk) ka1 T log  (UijXt) ;
t=0 k=t
which leads to the following policy gradient estimator:
X1 X1 !
PRINC; 1n) = CXiGUK) gy T log  (Ugx): (REINFORCE
t=0 k=t
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While being unbiased, the REINFORCEestimator is known toPhave a very high variance [99].
The variance arises from two sources. First, the cumulative cost |- " c(xk;Uk) ., can be very
noisy, as has been observed for queuing networks [26]. Second, as the policy converges to the
optimal policy, the score functionr log (ujx;) can grow large, magnifying the variance in the
cost term. Practical implementations involve many algorithmic add-ons to reduce variance, e.g.,
adding a “baseline' term [99] which is usually (an estimate of) the value functiorv (x),

I
o N 1o 1 ' .
0 In(C; 1N) = C(Xk;Uk) ka1 V. (Xk) r log (utjxy): (BASELINB
t=0 k=t

These algorithmic add-ons have led to the increased complexity of existing policy gradient imple-
mentations [57] and the outsized importance of various hyperparameters [56]. It has even been
observed that seemingly small implementation \tricks" can have a large impact on performance,
even more so than the choice of the algorithm itself [30].

4.2  Our approach: Di erentiable Discrete-Event Simulation

We can view the state trajectory as a repeated composition of the transition functionsg+; =

f (sk; Uk; k+1), Which is a ected by exogenous noise 1.y, i.€., stochastic inter-arrival and service
times. If the transition function were di erentiable with respect to the actions ug, then under
any xed trace 1.y, one could compute asample-pathderivative of the costJ( ; 1.n) using auto-
di erentiation frameworks such as PyTorch [77] or Jax [13]. Auto-di erentiation software computes
gradients e ciently using the chain rule. To illustrate, given a sample path of states, actions, and
noise (Sg; Uk; k+1)|':‘=01, we can calculate the gradient ofsz with respect to u; via

@5 _ @5@5 _ @f(sz;uz; 3) @(sy;U1; 2),
@y @s@u @s @y

This computation is streamlined through a technique known as backpropagation, or reverse-mode
auto-di erentiation. The algorithm involves two steps. The rst step, known as the forward pass
evaluates the main function or performance metric (in the example,s;'s) and records the partial
derivatives of all intermediate states relative to their inputs (e.g. @s=@4u). This step constructs
a computational graph, which outlines the dependencies among variables. The second step is
a backward pass which traverses the computational graph in reverse. It sequentially multiplies
and accumulates partial derivatives using the chain rule, propagating these derivatives backward
through the graph until the gradient concerning the initial input (in this example, u;) is calculated.
Due to this design, gradients of functions involving nested compositions can be computed in a time
that is linear in the number of compositions. By systematically applying the chain rule in reverse,
auto-di erentiation avoids the redundancy and computational overhead typically associated with
numeric di erentiation methods.

However, as mentioned before, the dynamics do not have a meaningful derivative due to the
non-di erentiability of actions and the argminoperation which selects the next event based on the
minimum residual event time. Yet if we can utilize suitably di erentiable surrogates, it would be
possible to compute meaningful approximate sample-path derivatives using auto-di erentiation.
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4.2.1 Capacity sharing relaxation

First, we address the non-di erentiability of the action space. Recall that ux 2 f0;1g™ " are
scheduling decisions, which assign jobs to servers. Sinog lies in a discrete space, a small change
in the policy parameters can produce a jump in the actions. To alleviate this, we consider the
transportation polytope as a continuous relaxation of the original action space (4):
n 0
U= u2[01™ ":ulp=1m;15u=1u M (6)

The set of extreme points ofU coincide with the original, integral action spaceU. For a fractional
action ux 2 U, we can interpret it as servers splitting their capacity among multiple job classes
motivated by the uid approximation of queues [19]. As a relaxation, it allows servers to serve
multiple jobs simultaneously. The e ective service rate for each job class is equal to the fraction of
the capacity allocated to the job class multiplied by the corresponding service rate.

As a result, instead of considering stochastic policies over discrete actions, we approach this
problem as acontinuous control problem and considerdeterministic policies over continuous ac-
tions, i.e., the fractional scheduling decisions. Under this relaxation, the processing times are
di erentiable in the (fractional) scheduling decision. Finally, it is worth mentioning that we only
use this relaxation when training policies. For policy evaluation, we enforce that actions are integral
scheduling decisions inJ. To do so, we treat the fractional action as a probability distribution and
use it to sample a discrete action.

De nition 1.  Under the capacitpg sharing relaxation , the service rate for queuej under the
routing decisionu2 Uis  y; M, jj uj . Thus, given workloadw;, the processing time of the
job will be
s-p W = Wi : )
: im Ui diag (U™ )jj

Note that this is identical to the original de nition of the processing times in (5). The only
di erence is that we now allow fractional routing actions, under which a server can serve multiple
jobs at the same time.

For a concrete example, consider a single servar compatible with two job classes 1 and 2
with service rates i1 = 9 and ;2 = 15 respectively. Suppose it splits its capacity between job
classes 1 and 2 according toij; = 1=3 and uj> = 2=3. Then for residual workloadsw; and w», the
corresponding processing times are; = w1=3 and 25 = w,=10. If uj; = 0 and uj2 = 1 instead,
then the corresponding processing times are$ = w;=0=1 and 3 = w,=15.

4.2.2 Dierentiable event selection
To determine the next event type, the argminoperation selects the next event based on the minimum

residual event time. This operation does not give a meaningful gradient.

Pitfalls of “naive' smoothing In order to compute gradients of the sample path, we need to
smooth the argmin operation. There are multiple ways to do this. A naive approach is to directly
replace argmin with a di erentiable surrogate. One such popular surrogate issoftmin. With some
inverse temperature > 0, softmin applied to the vector of residual event times 2 R2" returns
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Figure 6. Failure modes of “naive' smoothing. (Left) Comparison of sample paths under the
original dynamics and direct smoothing with = 1 and = 1000. Criss-cross network under a
randomized backpressure policy with identical event times in each path, folN = 200 steps. Even
under high inverse temperature = 1000, the trajectory veers o from the original trajectory after
only a hundred steps. (Right) Comparison of average cosine similarity (higher is better) of gradient
estimators using direct smoothing with 2 f 0:2;0:5;1; 2; 10g for the criss-cross network under a
randomized MaxWeight policy for N = 1000 steps. The gradient estimators either su er from high
bias or high variance and are unable to achieve a high cosine similarity with the true gradient.

a vector in R?", which we use to replace the event selection operatioBy.1 :
&+1 = softmin ( ) where softmin ( )j =e I= e & (Direct Smoothing)

As 1 , softmin converges toargmin Thus, one may expect that for large , softmin would
give a reliable di erentiable surrogate.

However, queuing networks involve a unique challenge for this approach: one typically considers
very long trajectories when evaluating performance in queuing networks, as one is often interested
in long-run average or steady-state behavior. Thus, even if one sets to be very large to closely
approximate argmin the smoothing nonetheless results in “unphysical’, real-valued queue lengths
instead of integral ones, and small discrepancies can accumulate over these long horizons and lead
to entirely di erent sample paths. This can be observed concretely in the left panel of Figure 6,
which displays the sample paths of the total queueing length processes for a criss-cross queueing
network (in Example 3) under the original dynamic and under direct smoothing, using the same
inter-arrival and service times. We observe that when setting the inverse temperature =1, the
sample path under direct smoothing is completely di erent from the original one, even though all
of the stochastic inputs are the same. Even when setting a very high inverse temperature, i.e.,

= 1000, for which softmin is almost identical to argmin the trajectory veers o after only a
hundred steps.

This can greatly a ect the quality of the gradient estimation. We observe in the right panel
of Figure 6 that across a range of inverse temperatures, the average cosine similarity between the
surrogate gradient and the true gradient (de ned in (10)) are all somewhat low. In the same plot,
we also show the average cosine similarity between our proposed gradient estimator, which we will
discuss shortly, and the true gradient. Our proposed approach substantially improves the gradient
estimation accuracy, i.e., the average cosine similarity is close to 1, and as we will show later, it
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does so across a wide range of inverse temperatures.

Our approach: “straight-through' estimation The failure of the direct smoothing approach
highlights the importance of preserving the original dynamics, as errors can quickly build up even if
the di erentiable surrogate is only slightly o . We propose a simple but crucial adjustment to the
direct smoothing approach, which leads to huge improvements in the quality of gradient estimation.

Instead of replacing the argmin operation with softmin when generating the sample path, we
preserve the original dynamics as is, and only replace the Jacobian @rgminwith the Jacobian of
softmin  when we query gradients. In short, we introduce a gradient operatorlb such that

e+1 = argmin( g); Ibek+1 = r softmin ( ): (8)

where r is respect to the input . This is known as the “straight-through' trick in the machine
learning literature and is a standard approach for computing approximate gradients in discrete
environments [11, 97]. To the best of our knowledge, this is the rst application of this gradient
estimation strategy for discrete-event dynamical systems. Using this strategy, we can use the chain
rule to compute gradients of performance metrics that depend on the event selection. Consider any
di erentiable function g of ec1,

Pg(e1) = @(ﬁ<+11)'bek+lr K= @)

+1)
@p: @p1
In contrast, direct smoothing involves the derivative @ (ex+1)=@x+1 where ex+; = softmin ( ).
Evaluating the gradient of g at g(ex+1) is a cause of additional bias.

With these relaxations, the transition function of the system is di erentiable. We can now
compute a gradient of the sample path costJy( ; 1.n), using the chain rule on the transition
functions. Given a sample path of statessy = ( xk; zk), actions ux = (Xx), and ¢ =( Tx; W), the
pathwise gradient of the sample path cost isJy ( ; 1:.n) With respect to an action uy is,

2

3
X
Uk C(ék; ng +

current cost t=k+1

r softmin ( y)r «

Py In(; 1n) = I’

4[ xC(Xg;u) + 1 u{%(xt;ut)r Xt (Xt?":’r u Xt

future costs

The gradient consists of the sensitivity of the current cost with respect to the action as well the
sensitivity of future costs via the current action's impact on future states. The policy gradient with
respect to can then be computed as

X
PINC an) = Py N an) ro(x): (PATHWISE)
k=1 uk= (k)
As a result of the straight-through trick, we do not alter the event selection operatione's and thus
the state trajectory fxygh-, is unchanged.
We refer to the gradient estimator (PATHWISE) as the PATHWISE policy gradient estima-

tor . Although this formula involves iterated products of several gradient expressions, these can be
computed e ciently through reverse-mode auto-di erentiation using libraries such as PyTorch [77]
or Jax [13] with O(N) time complexity in the time horizon N. This time complexity is of the
same order as the forward pass, i.e., generating the sample path itself, and is equivalent to the time
complexity of REINFORCE The policy gradient algorithm with PATHWISE gradient is summa-
rized in Algorithm 1. In Section 5, we perform a careful empirical comparison ofPATHWISE and
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Algorithm 1 PATHWISE Policy Gradient (PathPGQ

1. Input: Policy , Number of lterates T, horizon N, trace 1.y, Step-size > O.
2: for eacht2 1;:::;T do
3 Compute In(; 1n)=  Reg OXki  (XK)) yuq from trace 1.

4. Compute gradient ® Jn( ; 1n) via (PATHWISE)
5 Update policy parameters,

t+1 t P In(; 1N)

6: end for

7: return

REINFORCE and nd that PATHWISE can lead to orders of magnitude improvements in sample

e ciency.
It is important to re-emphasize that when computing the gradient, we evaluate the policy
di erently than we would for REINFORCE Instead of drawing a random discrete actionuy (%),

we use the probabilities output by the policy directly as a fractional routing matrix in U,

REINFORCE uy (Xk); ug 2U
PATHWISE: ux = (Xx); ug 2 U:

However, this is only for gradient computation. When we evaluate the policy, we drawug (Xk)-

Bias-variance trade-o for inverse temperature: One-step analysis The inverse temper-
ature is a key hyperparameter that determines the delity of the softmin approximation to
argmin The choice of poses a bias-variance trade-o, with a higher leading to a smaller bias
but a higher variance and a smaller incurring a higher bias but a lower variance.

In general, it is di cult to assess the bias since we often do not know the true gradient. However,
for some simple examples, we can evaluate the true gradient explicitly. We next analyze the gradient
of the one-step transition of the M=M=1 queue with respect to the service rate ,

r E[xk+1 Xx]=r E[Dex+s1]=Tr = 2( " )2:

This permits an exact calculation of the mean and variance of our proposed pathwise gradient
estimator. Although we can derive analytical expressions for these quantities, we present the
leading order asymptotics as ! 1  for conciseness of presentation. While it is straightforward
to see that almost surely softmin ( ) ! argmin( ) as !'1 , it is much less clear whether the
gradient converges, i.e., whetheE[r softmin ( )] !'r E[argmin )]. Sinceargminhas a gradient of
zero almost everywhere, the expectation and gradient operators cannot be interchanged. Instead,
we analyze the expectations directly using properties of the exponential distribution.

Theorem 1. Let © (xws1 Xx) = P Deys; denote the PATHWISE gradient estimator of the
one-step transition of the M=M=1 queue with respectto . For xx 1,as !1
2 ( 2 2 +2 )

E[Ib Dek+1] r  E[Deys1]= 2 6( + )2 to ? ;
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Figure 7. Bias-variance trade-o for inverse temperature . (Left) Bias and variance of pathwise
gradient estimator across a range of inverse temperatures for the one-step Changetb (Xk+1  Xk)
compared to true gradientr E[xx+1 Xx] = r ——. Blue line species the theoretical values for
the bias and variance. (Right) Average cosine similarity (see (10) for the de nition) of PATHWISE
policy gradients with the true gradient for a randomized max-weight policy (see (9)) in a 6-class
reentrant network (see Figure 13) across a range of inverse temperatures computed from a single
trajectory B =1 for N = 1000 steps. True gradient is computed by averagingREINFORCEover 16
trajectories. PATHWISE gradient has almost a perfect cosine similarity 1 across a wide range of
inverse temperatures.

Var(P Deysp) = (1)2 +0( ):

See section B.1 for the proof. As !'1 , the bias is O(1= 2) while the variance is O( ). This
means that one can signi cantly reduce the bias with only a moderate size of . The left panel
of Figure 7 shows the bias-variance trade-o ofo (Xk+1  Xk) for various inverse temperatures .
The blue line is based on the analytical expression for the bias-variance trade-o curve. We observe
that with the inverse temperature 2 [0:5; 2], both the bias and the variance are reasonably small.

Corollary 1. Suppose we compute the sample average Bfiid samples of @ k+1, Which are
denoted asP Dex+1:, 1 =1;:::; K. In particular, the estimator takes the form Bi iB:1 o De+1 i
The choice of that minimizes the mean-squared error (MSE) of the estimator is = O(B'™)
and MSE( )= O(B ).

The PATHWISE estimator provides a more statistically e cient trade-o than other alterna-
tives. As an example, a standard gradient estimator is the nite-di erence estimator in which one
evaluates the one-step transition at hand + h for some smallh 2 (0;1 ), and the estimator
is constructed as

1% Degui( +h) Deway( h),

B _, 2h

where Deg41-i( + h)'s are iid samples ofDey4+1 ( + h). If we seth =1= | it is well-known that
the bias scales a(1= 2) while the variance scales a€( 2). The choice of that minimizes the
MSEis = O(B'®)and MSE( )= O(B ).

While this analysis is restricted to the one-step transition of the M=M=1 queue, these insights
hold for more general systems and control problems. The right panel of Figure 7 displays the
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average cosine similarity (de ned in (10)) between thePATHWISE gradient estimator and the true
gradient for a policy gradient task in a 6-class reentrant network across di erent congestion levels
and for di erent inverse temperatures. We observe that for a wide range of inverse temperatures,

2 f 0:2;0:5;1; 2g, the estimator has near-perfect similarity with the true gradient, while a very
large inverse temperature su ers due to high variance. This indicates that while there is a bias-
variance trade-o, the performance of the PATHWISE gradient estimator is not sensitive to the
choice of the inverse temperature within a reasonable range. In our numerical experiments, we nd
that one can get good performance using the same inverse temperature across di erent settings
without the need to tune it for each setting.

5 Empirical Evaluation of the PATHWISE Gradients

In the previous section, we introduced thePATHWISE gradient estimator for computing gradients
of queuing performance metrics with respect to routing actions or routing policy parameters. In
this section, we study the statistical properties of these gradient estimators and their e cacy
in downstream policy optimization tasks. We useREINFORCEas the baseline gradient estimator.
First, in section 5.1 we empirically study the estimation quality across a range of queuing networks,
tra c intensities, and policies. After that, in section 5.2, we investigate their performance in a
scheduling task: learning thec rule in a multi-class queuing network. Finally, we demonstrate the
applicability of our framework beyond scheduling: we investigate the performance of thATHWISE
gradient estimator for admission control tasks in section 5.3.

5.1 Gradient Estimation E ciency

In general, it is challenging to theoretically compare the statistical properties of di erent gradient
estimators, and very few results exist for systems beyond thei=M=1 queue (see section 8 for
a theoretical comparison betweenREINFORCEand PATHWISE for the M=M=1 queue). For this
reason, we focus on numerical experiments across a range of environments and queuing policies
typically considered in the queuing literature. Speci cally, we will be comparing the statistical
properties of PATHWISE estimator with the baseline estimator REINFORCE While PATHWISE
introduces bias into the estimation, we nd in our experiments that this bias is small in practice
and remains small even over long time horizons. At the same time, thePATHWISE estimator
delivers dramatic reductions in variance, achieving greater accuracy with a single trajectory than
REINFORCEwith 103 trajectories.

First, recall that a policy (x) maps queue-lengthsx to assignment between servers and queues,
represented by anm n matrix in U (allowing for fractional routing matrices). We visit three
classical queuing policies: priority policies [25], MaxWeight [93], and MaxPressure [27]. Each
of these methods selects the routing that solves an optimization problem. This means that the
routing generated by the policy is deterministic given the state and is not di erentiable in the
policy parameters. In order to apply either REINFORCEor the PATHWISE gradient estimator to
compute a policy gradient, we require di erentiable surrogates of these policies. To this end, we
de ne softened and parameterized variants of these policies, denoted as soft prioritysPR), soft
MaxWeight (sMW), and soft MaxPressure 6MP),

SPR(x)i = softmax j i);  SMW(x)i = softmax( jx; i);  SMP(x)i = softmax(  R(x))i)

(9)
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Figure 8. Comparison of estimation quality between PATHWISE and REINFORCEacross several
settings. We perform this comparison for 3 policies (soft MaxPressure, soft MaxWeight, soft Priority
in (9)), 9 network settings, and 4 levels of tra c intensity for each network. For each cell, we randomly
draw 100 parameters 2 R". For each parameter, we estimate the true gradient by averaging
the REINFORCEestimator over 1¢° trajectories (with horizon N = 1000). We then compute the
PATHWISE estimator with B = 1 trajectory along with the REINFORCEestimator averaged across
B = 1000 trajectories. In each instance, we draw 100 samples of these estimators to estimasam,
i.e., the average cosine similarity with the true gradient. In total, we perform this comparison
across 10800 parameters. We nd that across all of these diverse settingsPATHWISE delivers much
higher delity to the true gradient, in many cases achieving an average cosine similarity close to the
maximum value of 1, despite using orders of magnitude less data, whereas the cosine similarity of
REINFORCEremains around 02-0:6 even with 1000 trajectories.

where 2 R are a vector of costs/weights for each queue, denotes the matrix of service rates with
i 2 RT denoting the service rates associated with server. The operation refers to element-
wise multiplicationpand the softmax operation maps a vectora 2 R" into a set of probabilities
softmaxa); = e¥=" [, e¥.
We are interested in identifying the parameter thst minimizes long-run gverage holding cost

wherec(x;u) = h>x. We use the objectivedy( )= E ’Q‘Zol C(Xk;  (Xk)) ks1 WhereN is alarge

enough number to approximate the long-run performance, and the goal of the gradient estimation
is to estimate r Jy( ).

We consider the following environments, which appear throughout our computational experi-
ments and serve as standard benchmarks for control policies in multi-class queuing networks. We
describe the network structure in detail in Figure 13.

" Criss-cross: The network introduced in Example 3 (see Figure 13 (c)).

" Re-entrant 1 ( n classes): We consider a family of multi-class re-entrant networks with
a varying number of classes, which was studied in [12, 26]. The network is composed of
several layers and each layer has 3 queues. Jobs processed in one layer are sent to the next
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layer. Arrivals to the system come to queues 1 and 3 in the rst layer while queue 2 receives
re-entered jobs from the last layer (see Figure 13 (a) for a two-layer example).

Re-entrant 2 ( n classes): We consider another family of re-entrant network architecture
that was studied in [12]. It also consists of multiple layers with 3 queues in each layer. It
di ers from the Re-entrant 1 environment in that only queue 1 receive external arrivals while
queues 2 and 3 receive re-entered jobs from the last layer (see Figure 13 (b) for a two-layer
example).

For a gradient estimator ¢, the main performance metric we evaluate issim()), which is the
expected cosine similarity with the ground-truth gradient,

hg;r In( )i
kakkr In ( )k

where the expectationE is over randomness ing? The higher the similarity is, the more aligned
¢ is to the direction of r Jy( ). This metric incorporates both bias and variance of the gradient
estimator. If the gradient estimator is unbiased but has a high variance, then each individual
realization of ¢ is likely to have low correlation with the true gradient, so the average cosine
similarity will be small even if E[g] = r Jn( ). At the same time, if the gradient estimator has
a low variance but a high bias, then thesim(¢)) could still be small if cos(E[¢];r In( )) is small.
We focus on this metric, because it directly determines how informative the gradient estimates
are when applying various gradient descent algorithms. For our experiments, we evaluate (a close
approximation of) the ground-truth gradient r Jy( ) by using the unbiased REINFORCEgradient
estimator over exceedingly many trajectories (in our case, 10trajectories).

We compare the similarity of PATHWISE with that of REINFORCE We denoteB as the number
of trajectories we use to calculate eaciPATHWISE or REINFORCEgradient estimator.

simi§) E[cos(g;r In( )= E 2[ 1] (10)

hs

1 1 b

g o) Ffne )= g PR (11
PATHWISE with B=1 | {z 22 }

REINFORCE with B trajectories

We compute the PATHWISE gradient with only B = 1 trajectory, while REINFORCEgradient is
calculated usingB = 102 trajectories. For each policy and setting, we compute these gradients for
100 di erent randomly generated values of , which are drawn from a Lognorma(0; 1) distribution
(as the parameters must be positive in these policies). In total, we compare the gradients in
10; 080 unigue parameter settings, and each gradient estimator is computed 100 times to evaluate
the average cosine similarity. When computing the policy gradient, we consider a time horizon of
N =102 steps.

Figure 8 compares the PATHWISE estimator with B = 1 trajectory with the REINFORCE
estimator averaged overB = 102 trajectories. For the REINFORCEestimator, costs are computed
with a discount factor = 0:999, as using a lower discount rate introduced signi cant bias in
the estimation. For PATHWISE, we use an inverse temperature = 1 for the softmin relaxation
across all settings. Each cell in Figure 8 corresponds to a (policy, network, tra c-intensity) and
the cell value is the average expected cosine similarity of the estimator averaged across the 100
randomly drawn values. We observe that across these diverse settings, tHRATHWISE estimator
consistently has a much higher average cosine similarity with the true gradient despite using only
a single trajectory. In fact, for 94.5% of the 10,800 parameter settings PATHWISE has a higher
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average cosine similarity with 99% con dence thanREINFORCEwith B = 1000 trajectories. In
most cases, the cosine similarity oPATHWISE is close to 1, indicating almost perfect alignment
with the true gradient even under high congestion. REINFORCEon the other hand su ers greatly
from high variance. Overall, this demonstrates that PATHWISE is able to deliver greater estimation
accuracy with an order of magnitude fewer samples.

5.2 Learning the c rule

Given the strong improvements in estimation e ciency, we turn to evaluate how these translate
to a downstream optimization task. In single-server multi-class queues, it is well-known that the
¢ -rule minimizes the long-run average holding cost [25]. We assess whether gradient descent with
the REINFORCEor PATHWISE gradients is capable of converging to thec -rule, without knowing
the holding costsh or and only using feedback from the environment. Despite its simplicity,
it has been observed in prior work that this is a di cult learning task, particularly under heavy
tra c [95].

We revisit the soft priority policy mentioned before, but with only the parameters 2 R", i.e.,

SPR(x); = softmax ;) (12)

We also modify the policy to ensure that it is work-conserving, i.e., not assigning the server to an
empty queue (see section 6 for further discussion).

We consider a family of multi-class single-server queues witth queues. Holding costs are
identically h; = 1. Inter-arrival and service times are exponentially distributed, the service rates
are 1 =1+ j,forzsome > 0, and the arrival rates are identical j = and are set such that
the tra c intensity j":l - = for some 2 (0;1). Note that in this case, the ¢ -rule prioritizes
queues with higher indicesj . We consider a grid of gap sizes 2 f 1:0; 0:5; 0:1; 0:05; 0:01g to adjust
the di culty of the problem; the smaller is, the harder it is to learn.

We compare PATHWISE with B =1 trajectory and REINFORCEwith B = 100 trajectories for
trajectories of N = 1000 steps. In order to isolate the e ect of the gradient estimator from the
optimization scheme, for both estimators we use an identical stochastic gradient descent scheme
with normalized gradients (as these two estimators may dier by a scale factor). That is, for
gradient estimator ¢, the update under step-size is

- 9.
t+1 t kgk

We run T gradient descent steps for each gradient estimator. To allow for the fact that di erent
estimators may have di erent performances across di erent step sizes, we consider a grid of step sizes

2 £ 0:01;0:1;0:5;1:0g. Gradient normalization may prevent convergence, so we use the averaged
iterate 1 for T. We then evaluate the long-run average holding cost under a strict priority policy
determined by t,i.e., _(X)i = argmax ;.

The left panel of Figure 9 displays the values of + after T = 50 gradient iterates for PATHWISE
and REINFORCEwith n =5, =0:1, and = 0:99. We observe that while PATHWISE sorts the
gueues in the correct order (it should be increasing with the queue index)REINFORCEeven with
B = 100 trajectories fails to prioritize queues with a higher ¢ index. Remarkably, we observe in
the right panel of the same gure that PATHWISE with just a single trajectory achieves a lower
average holding cost thanREINFORCEuniformly across various step sizes and di culty levels,
whereas the performance oREINFORCEvaries greatly depending on the step size. This indicates
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Figure 9. Learning the ¢ rule. (Left) Averaged iterate of the policy parameters after 50 gradient
steps with PATHWISE (B = 1) and REINFORCEB = 100) gradients for a 5-class queue with tra c
intensity = 0:99 and gap-size = 0:1. The scores obtained byPATHWISE are increasing in the
gueue index, which matches the ordering of thec index in this instance. The scores obtained by
REINFORCEdo not achieve the correct ordering despite using more trajectories. (Right) Average
holding cost of the average iterate after 20 steps of gradient descent in a 10-class queue witls 0:95.
This gure reports the results averaged over 50 separate runs of gradient descent, across a grid of
step-sizes (denoted as ). Remarkably, the optimization performance of the PATHWISE estimator is
highly similar across step-sizes, andiniformly outperforms REINFORCEwith di erent step-sizes

that the improvements in gradient e ciency/accuracy of PATHWISE make it more robust to the
step-size hyper-parameter. It is also worth mentioning that when gap size becomes smaller, it
is more di cult to learn. At the same time, since 1j's are more similar to each other, the cost
di erence between di erent priority rules also diminishes.

5.3 Admission Control

While we focus mainly on scheduling tasks in this work, our gradient estimation framework can
also be applied to admission control, which is another fundamental queuing control task [75, 21,
22, 34, 62]. To manage congestion, the queuing network may reject new arrivals to the network
if the queue lengths are above certain thresholds. The admission or bu er control problem is to
select these thresholds to balance the trade-o between managing congestion and ensuring su cient
resource utilization.

Under xed buer sizes L = fLjgl;, new arrivals to queuej are blocked ifx; = Lj. As a
result, the state update is modi ed as follows,

Xk+1 = minfx, + Deg+1;L0: (13)

While a small L can greatly reduce congestion, it can impede the system throughput. To account
for this, we introduce a cost for rejecting an arrival to the network. Let ox 2 f 0; 1g" denote whether
an arrival is over owed, i.e., an arrival is blocked because the bu er is full,

Ok+1 = Deg+r 1fxg + Degs1 > L g (14)

Given a xed routing policy, the control task is to choose the bu er sizes L to minimize the holding
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Figure 10. Gradient descent with PATHWISE for admission control tasks. (Left) Iterates of sign
gradient descent with the PATHWISE estimator for the bu er size of an M=M=1 queue with holding
costh = 1 and over ow cost b = 100. Starting from Lo = 1, the iterates quickly converge to the
optimal level of L = 14. (Right) bu er sizes obtained by sign gradient descent with the PATHWISE
estimator for a 2 queue 1 server network with holding costh = 1 and over ow cost b= 20. Starting
from Lo = (1;1), the iterates quickly converge to the basin of the loss surface.

and over ow costs:

g 1

IN(L; an) = (7XK) ker + B O (15)

k=0
Similar to the routing control problem, despite the fact that over ow is discrete, our gradient
estimation framework is capable of computing aPATHWISE gradient of the cost with respect to
the bu er sizes, which we denote asbLJN (L; 1.n), i.e., we can evaluate gradients at integral values
of the bu er size and use this to perform updates. Since the bu er sizes must be integral, we update
the bu er sizes via sign gradient descent to preserve integrality:

Liss = Ly sign BLIN(L; 1n) (16)

Learning for admission control has been studied in the queuing and simulation literature [16,
17, 51, 23]. While exact gradient methods are possible in uid models [16, 17], the standard
approach for discrete queuing models is nite perturbation analysis [51], given the discrete nature
of the bu er sizes. Randomized nite-di erences, which is also known as Simultaneous Perturbation
Stochastic Approximation (SPSA) [88, 31], is a popular optimization method for discrete search
problems. This method forms a nite-di erences gradient through a random perturbation. Let

Rademachdn; 1=2) 2 f 1;1g" be a random n-dimensional vector where each component is
an independentRademacherandom variable, taking values inf 1;1g with equal probability. For
each perturbation , we evaluate the objective atL e, In(L+ 5 1n)and Iy (L ;LN
using the same sample path for both evaluations to reduce variance. For improved performance,
we average the gradient across a batch d8 perturbations, i.e., ® for b=1;::;B, drawing a new
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sample path gb,)\, for each perturbation. The batch SPSA gradient is

. 1% 1 b b
IbEPSA’BJN(L): o 5 In(L+ O gl)\l Jn (L (. g:r)u) (0). a7
b=1

We update the bu er sizes L according to the same sign gradient descent algorithm as in (16).

In comparison with existing works in the queuing literature (e.g. [75, 22, 34]), which derive
analytical results for simple single-class or multi-class queues, we consider admission control tasks
for large, re-entrant networks with multiple job classes. Each job class has its own bu er, resulting
in a high-dimensional optimization problem in large networks. Moreover, the bu er size for one
job class a ects downstream congestion due to the re-entrant nature of the networks. For our
experiments, we x the scheduling policy to be the soft priority policy SPR(x) in (12) due to its
simplicity and strong performance in our environments. We emphasize however that our framework
can be applied to bu er control tasks under any di erentiable routing policy, including neural
network policies. For each gradient estimator, we performT = 100 iterations of sign gradient
descent, and each gradient estimator is computed from trajectories of lengtitN = 1000. For SPSA,
we consider batch sizes oB = f10;100 1000y whereas we computePATHWISE with only B =1
trajectory. When evaluating the performance, we calculate the long-run average cost with the
bu er size determined by the last iterate with a longer horizon N = 104 and over 100 trajectories.
We also average the results across 50 runs of sign gradient descent.

The left panel of Figure 10 displays iterates of the sign gradient descent algorithm wittPATHWISE
for the M=M=1 queue with holding costh = 1 and over ow cost b = 100. We observe that sign
gradient descent with PATHWISE (computed over a horizon ofN = 1000 steps) quickly reaches the
optimal bu er size of L = 14 and remains there, oscillating betweenL = 14 and 15. The right
panel shows the iterates for a simple 2-class queue with 1 serven,= 1, and b= 20 under a soft
priority policy. We again observe that sign gradient descent with PATHWISE quickly converges to
a near-optimal set of bu er sizes.

To see how the estimator performs in larger-scale problems, we consider the Re-entrant 1 and
Re-entrant 2 networks introduced in Section 5.1 with varying number of job classes (i.e., varying
number of layers). Figure 11 compares the last iterate performance of SPSA anBATHWISE for
these two families of queuing networks with instances ranging from 6-classes to 21-classes. Holding
costs areh = 1 and over ow costs are b= 1000 for all queues. We observe thatPATHWISE with
only a single trajectory is able to outperform SPSA with B = 1000 trajectories for larger networks.
Sign gradient descent using SPSA with onlyB = 10 trajectories is much less stable, with several of
the iterations reaching a sub-optimal set of bu er sizes that assignL; = 0 to several queues. This
illustrates the well-known fact that for high-dimensional control problems, zeroth-order methods
like SPSA must sample many more trajectories to cover the policy space and their performance can
scale sub-optimally in the dimension. YetPATHWISE, which is an approximate rst-order gradient
estimator, exhibits much better scalability with dimension and is able to optimize the bu er sizes
with much less data.

6 Policy Parameterization

While our gradient estimation framework o ers a sample-e cient alternative for learning from the
environment, there is another practical issue that degrades the performance of learning algorithms
for queuing network control: instability. Standard model-free RL algorithms are based on the
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Figure 11. Last iterate performance of PATHWISE ( = 1) and SPSA [88] on admission control for
re-entrant networks. (Left) Average cost of the last iterate of sign gradient descent (100 iterations)
for the Re-entrant 1 networks, across di erent numbers of job classes. While SPSA averaged across
B =100 trajectories achieves good performance, using a smaller batdB = 10 leads to instabilities
that lead to much higher costs. PATHWISE with only 1 trajectory is able to consistently achieve a
smaller cost, especially for larger networks. (Right) Average cost of the last iterate of sign gradient
descent (100 iterations) for the Re-entrant 2 networks. Even withB = 1000 trajectories, SPSA is
unable to e ectively optimize the bu er sizes for larger networks, reaching the same cost as SPSA with
B = 10. This illustrates that the performance of nite-di erence methods such as SPSA degrade in
higher-dimensional problems, wherea®ATHWISE performs well in these larger instances using much
less data.

“tabula rasa’' principle, which aims to search over a general and unstructured policy class in order
to nd an optimal policy. However, it has been observed that this approach may be unsuitable
for queuing network control. Due to the lack of structure, the policies visited by the algorithm
often fail to stabilize the network, which prevents the algorithm from learning and improving. As
a result, researchers have proposed structural modi cations to ensure stability, including behavior
cloning of a stabilizing policy to nd a good initialization [26], switching to a stabilizing policy if the
gueue lengths exceed some nite thresholds [64], or modifying the costs to be stability-aware [78].

We investigate the source of instability in various queuing scheduling problems and nd a possi-
ble explanation. We note that many policies obtained by model-free RL algorithms are notwork-
conserving and often allocate servers to empty queues. A scheduling policy is work-conserving if
it always keeps the server(s) busy when there are compatible jobs waiting to be served. Standard
policies such as thec -rule, MaxPressure, and MaxWeight are all work-conserving, which partly
explains their success in stabilizing complex networks. We treat work conservation as an “inductive
bias' and consider a simple modi cation to the policy architecture that guarantees this property
without sacri cing the exibility of the policy class.

The de-facto approach for parameterizing policies in deep reinforcement learning is to consider
a function  (x), which belongs to a general function family, such as neural networks, and outputs
real-valued scores. These scores are then fed into softmax layer, which converts the scores to
probabilities over actions. Naively, the number of possible routing actions can grow exponentially
in the number of queues and servers. Nonetheless, one can e ciently sample from the action
space by having the output of (x) 2 R™ " be a matrix where row i, denote as (x);, contains
the scores for matching serveri to di erent queues. Then by applying the softmax for row i,
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Figure 12. Performance of PPO with and without work-conserving softmax for the Re-entrant 1
network with 6 classes. Average holding cost of PPO without any modi cations, PPO initialized

from a behavior cloned policy (PPO BC), and PPO with the work-conserving softmax (PPO WC).

Average cost of thec -rule added for reference. Without any modi cation, PPO is unable to stabilize
the queues, resulting in an average queue-length of $Gand does not improve over time. Behavior
cloning provides a much better initialization, and the policy improves with training. However, it fails

to improve over the ¢ -rule. With the work conserving softmax, even the randomly initialized policy
is capable of stabilizing the network { achieving an equivalent cost as thec -rule { and is able to

outperform the ¢ over the course of training.

i.e., softmax (x)i), we obtain the probability that server i is assigned to each queue. We then
sample the assignment independently for each server to obtain an action ik). For the purpose of
computing the PATHWISE estimator, softmax (x);) also gives a valid fractional routing in U. We
let softmax (x)) 2 U denote the matrix formed by applying the softmax to each row in  (x).

Under this "vanilla’ softmax policy, the probability ~ (x); that server i is routed to queuej (or
alternatively, the fractional capacity server i allocated to j) is given by

(X)ij
(x)j = softmax (x))j = PL (Vanilla Softmax)

n x--:
=1 € (X)i

Many of the policies mentioned earlier can be de ned in this way, such as the soft MaxWeight
policy, (x)i =f jXj jj gjnzl. This parameterization is highly exible and (x) can be the output
of a neural network. However, for a general (x), there is no guarantee that ( )(x)ij = O if
Xj = 0. This means that such policies may waste service capacity by allocating capacity to empty
gueues even when there are non-empty queues that servercould work on.

We propose a simple x, which reshapes the actions produced by the policy. We refer to this
as the work-conserving  softmax

e (i 1fx; > 0g~

WC (). — i P
(X)ij = softmaxWq  (x))ij ' |n=1 e (i ifx, > 0g~

; (WC-Softmax)

where” is the minimum and is a small number to prevent division by zero when the queue lengths
are all zero.

This parameterization is fully compatible with deep reinforcement learning approaches. (x)
can be a neural network and critically, the work-conservingsoftmax preserves the di erentiability
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