Note: Revision 1 (ErFL, 12/15/99). This material now covers Weiss I,
Chapters 2 and 3 and 4 as well as what you are responsible for from
the flow lectures. Corrections, if needed, and some solution material
will follow.

BMEN E3500, Fall, 1999

Practice Problems: (1) lonic Transport across Cell Membranes. (Chs. 2-4,
Weiss, T. F., Cellular Biophysics, V. 2 (Electrical Properties) M.I.T. Press,
Cambridge, 1996). (2) Laminar flow in straight conduits.

1. Define electrically small cdls and electrically large cdls.

2. Give aphyscd explanation of why the conduction velocity islarger in fibers of larger
diameter if dl other factors are the same.

3. Give aphysica explanation of the meaning of Equation 2.18,

1 (zt)
‘ﬂz
without the use of equations.

4. Congder the measurements of the action potential shown in the figure below, in both
oil and seawater.

a. Find the conduction velocity of the action potentia in oil.

b. Find the conduction velocity of the action potentid in seawater.

c. Sketch the action potentia as afunction of distance dong the axon in both oil
and seawater.

Figure: The effect of increesing the
resstance of the extracdlular
solution on the conduction velocity
of the action potentia of an
unmyelinated axon (adapted from
Hodgkin, 1939, Figure 2). A crab
(Carcinus maenas) axon of 30 um

r \ diameter wasimmersed dternately in

Axon in:

seawater

oil

seawater and in oil and the action

potentia recorded 13 mm from the

gte of dimulaion. Thetime scdeis
given by asmultaneoudy recorded

sne wave of period 1 ms (lowest
ANNNNT el

seawater

oil

1of 10



5. Equations 2.35 (2pa(r,+rn°=K_ ) ad 2.38 (1 = /I;”a) gppear to imply different

dependences of conduction velocity on axon radius. Equation 2.35 gppears to imply that

nu 1/+/a , wheress Equation 2.38 appears to imply that n p Ja . Resolve this dilemma,
and determine which result is correct.
6. The function f(z, t) is the solution to a wave equaion. The solution is shown in the
figure below as afunction of timet at the position z = 0.
a.  Suppose that f(z, t) is propageting in the podtive z-direction a a propagation
veocity of 200 mm/ms. Plot f(z, t) versusz a timet = 2ins.
b. Suppose that f(z, t) is propagating in the negaive z-direction a a propagation
veocity of 100 mm/ms. Plot f(z, t) versusz a timet = 2ins.
7. Andectricdly large cylindrica cell of 200 um radius has an internd longitudina
current that is congtant in time with a spatid dependence of 1,(z) = -exp(5z) for z <0,
where 1;(z) has units of UA and z has units of cm. There are no externd currents for z <0.

Figure. Solution of the wave
1 equation as a function of time at

o one podtion (z = 0) (Exercises
= 2.10 and 2.11). The time function
g isnonzerofor 0<t<2ins.
0+ . !
0 1 2
t (ms)

a. Determine the longitudinal current density in the cytoplasm, J(2).

b. Determine the current per unit length through the membrane, K, (2).

c. Determine the current dengity through the membrane, Jn(2).

d. Determine the total current flowing through the membrane, 1, in the segment

-1<z<0.
8. A sguid axon (500 um in diameter) is placed in seawater and stimulated eectricaly at
t = 0 (Figure below) to produce an action potentia, V (t), that isrecorded at asite 10 cm
from the point of simulation, as dso shown below. The resistivity of the axoplasm of this
axon is (remarkably enough) 10p W- cm. The resstance of the externd solution can be
assumed to be negligibly smdl. A fine platinum wire with aresstance per unit length of
160 Wicm isinsarted down the entire length of the axon, third figure below.. The wire
takes up negligible space. The axon is simulated eectricaly in an identicd manner to
produce an action potentid, V2 (t).
a.  Find the conduction velocity, 1, of the peek of the action potentia under the
conditions shown in the left figure,
b.  Find the conduction velocity, v», of the peak of the action potential under the
conditions shown in theright figure.

20f 10



C.  Sketch V(1) on the sametime axis as V1 (t).
d. Writean expresson for Va(t) interms of V(t).
Va(t) +50 Va(t) ﬁ
Va(t)
10 cm a2 10 cm -
Axon Platinum Z —50 Axon  Plati
> v o1 e P
ie(t) —100 T T T T T T Z(?)
0 5 10 15 20 25
Time (ms)

The following are "Exercises’ from Weiss, Ch. 3:
3.1 Define both the space congtant and the time constant.
3.2 Doesthetime congtant of acylindrical cdl depend on its dimensions? Does the

3.3

34
35

gpace congtant of acylindricd cell depend onits dimensions?

The space constant decreases as the specific membrane conductance is increased.
Give aphyscd explanation of this resuilt.

Give aquantitative explanation of what is meant by an infinitessmal electrode.

For each of the following statements, assume that the electrical properties of a patch
of the membrane of the cell can be represented as a pardld resstance and
capacitance. Assume that the cell has acylindrica shape, with aradiusthat issmal
compared to the length of the cdll. Determine if each assartion istrue or false, and
give areason for your choice.

a. For andectricdly smdl cdl, the membrane potentia in response to a step
of current through the membrane is an exponentia function of time.

b. For andectricdly smdl cell, the steady-sate vaue of the membrane
potentia in response to a step of current applied through the membrane at one
position dong the cdl is acondant that is independent of position dong the
cdl.

c. For andectricdly large cell, the membrane potentid in response to a step
of current gpplied through the membrane at one pogtion dong the cdl isan
exponentid function of time.

d. For andectricaly large cdl, the steady- gate vaue of the membrane
potentia in response to a step of current applied through the membrane at one
position dong the cdl is an exponentid function of longitudind pogition

dong the cdl.

e. For an dectricdly large cell, the seady-date vaue of the membrane
potentid in response to a step of current gpplied through the membrane at one
position aong the cell isa Gaussan function of postion dong the cell.
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3.6 (modified) Know the difference among the conductance variables: G, (specific
conductance, S/n), Im (conductance, S, shown in the text as ascript itdlic capitdl
G) and gm, (conductance per unit length, Sm) ?

3.7 Physcdly, what does the characteristic conductance of an infinite cable represent?

3.8 Explanwhy acdl isan dectricdly smdl cdl if its dimensons are small compared
to the space constant.

Exercises omitted here make extensive reference to figuresin the text. They aren't-in
general- irrelevant; they are just too difficult to reproduce here.

3.1 A squid axon is placed in alarge volume of seawater so that you may assumethét r,
« ri. Thefollowing deta are given: resdivity (pecific resstance) of squid axoplasm,
ri = 30Wsem; diameter of axon, 500 nm; space congtant, | . = 6 mm; thickness of
membrane, d = 50 A; capacitance per unit area of membrane, C, = 1 niF/en?

a. Find the conductance of the axon per unit length, gnm.
b. Find the conductance of the axon per unit area, Gp,.

c. Fndl ¢ for unmydinated axons whose membranes have specific prop-
erties(i.e, Gm and , r ) that areidentica to those of the squid axon, but
whose diameters are 1 mm, 0.1 mm, 0.01 mm, and 0.00 1 mm.

d. Findt,, for thesquid axon and for the same axons considered in part c.

Problems, Chapter 4. (Exercises have not been included here but severa of them would
be a good basis for exam questions.)

4.11 The figure below shows the relation between the membrane potentid and the
membrane current density during a propagated action potential as computed from
the Hodgkin-Huxley modd. The membrane current dendity conssts of an initid
outward current followed by an early inward current whose peak occurs before the
peek in the action potentid.

a.  Theinitid outward current is due primarily to (choose one of the following)

I. an ionic current carried by sodium ions.
i. an ionic current carried by potassum ions.
. anionic current carried by chloride ions.
V. an ionic current carried by calcium ions.
V. a capacitance current.

b. Theearly inward current is due primarily to (choose one of the following)

I an ionic current carried by sodium ions.
i. an ionic current carried by potassum ions.
i. an ionic current carried by chloride ions.
V. anionic current carried by cacium ions.
V. a capacitance current.

c. Beforethe pesk of the action potentia, the membrane potentia increases fromits
resting vaue, whereas the membrane current dengty isfirst outward (increasing and
then decreasing) and then reverses polarity to become inward (decreasing and then
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increasing again). Discuss this complex relation between membrane potentid and
current. In particular, explain how the Hodgkin-Huxley mode accounts for the fact
that the current can be both inward and outward during an interva of time when the
membrane potentid is depolarizing.

Relaion of membrane
potentia and membrane
current dendty during a
- 0.4 propagated action potential
=~ (Exercise 4.11). The
_ | cdaulaionisthe sameasin
-------------------- -0 f,: Figure 432. The dotted
Ek"

vertica line marks the time of
occurrence of the pegk of the
action potentid.
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4.12 The membrane ionic current density is computed for the Hodgkin-Huxley mode of
avoltage-clamped squid giant axon. All parameters of the model are at their
standard values. Theinitiad voltage V ' is set equal to -80 mV, thefind voltage V ',
is-40 mV, and the resulting waveforms are shown in the figure below. In each part
of this problem, determine the effect of changing asingle parameter of the model on
the pesk inward current dengity J, and on the steady- state outward current density
Js. Indicate whether the change causes the current component to become more pos-
itive or more negative or to change only a smdl amount (less than 10%). For dl
parts, explain your reasoning.

a Theexterna concentration of sodium is doubled.

b. The externa concentration of potassum is doubled.
¢. V' ischanged from -40 mV to -30 mV.

d. V' ischanged from -80 mV to -70 mV.

Vin(t) ; Definition of the peak inward current dengty
(Jp) and the steady- state outward current
J Vi dengty (Jss) (Exercise 4.12).
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Steady- State Fluid Mechanics

The following materid is excerpted from Chapter 2, pp.35-41 of Bird, R. B. et al.,
"Trangport Phenomena’, Wiley, New York, 1960. It dedswith the flow of afaling film

of liquid and isa pardld example to the development of the Poiselille equation

developed in class.

The problems we have considered are approached by setting up momentum balances over
athin “shdl” of fluid. For steady-state flow, the momentum baanceis

rate of momentum in - rate of momentum out + sum of forces acting on system =0

Momentum may enter the system by momentum transfer according to the Newtonian (or
non-Newtonian) expresson for the momentum flux. Momentum may aso enter by virtue
of the over-dl fluid motion. The forces we are concerned with are pressure forces (acting
on surfaces) and gravity forces (acting on the volume as awhole).

This momentum baance is easy to goply only when the streamlines of the system are
straight lines (i.e, in rectilinear flow).

Generdly, the procedure for setting up and solving viscous flow problemsis asfollows:
firgt we write a momentum ba ance of the form given above for ashdl of finite thickness;
then we let this thickness gpproach zero and make use of the mathematica definition of
the firgt derivative to obtain the corresponding differential equation describing the
momentum flux didtribution. Now one may insert the appropriate Newtonian or nor+
Newtonian expression for the momentum flux to obtain a differentia equation for the
velocity digribution. The integration of these two differential equations yields,
respectively, the momentum flux and velocity digtributions for the system. This
information can then be used to caculate various other quantities, such as average
veoaity, maximum velodity, volume rate of flow, pressure drop, and forces on
boundaries.

In the integrations mentioned above, severd congtants of integration appear, which are
evauated by the use of “boundary conditions,” that is, satements of physica facts at
gpecified vaues of the independent variable. The following are the most used boundary
conditions.

a. At olid-fluid interfaces the fluid velocity equals the velocity with which the surface
itsdf ismoving; that is, the fluid is assumed to ding to any solid surfaces with
which it isin contact.

b. At liquid-gas interfaces the momentum flux (hence the velocity gradient) in the
liquid phaseis very nearly zero and can be assumed to be zero in most caculations.

c. At liquid-liquid interfaces the momentum flux perpendicular to the interface, and the
velocity, are continuous across the interface.

FLOW OF A FALLING FILM

We consder the flow of afluid dong an indined flat surface, as shown beow. Such
films have been sudied in connection with many artificid organs and in the andysis of
various natura flows in organs and organisms. We congder the viscosity and density of
the fluid to be congtant. We focus our attention on aregion of length L, sufficently far
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from the ends of the wall that the entrance and exit disturbances are not included in L,
that is, in this region the velocity component v, does not depend on z. Thisisthe
condition of fully developed flow mentioned in class.
We begin by setting up a zmomentum balance over a system of thickness Dx, bounded
by the planesz=0and z= L, and extending adistance in the y-direction. (See Figure.)
Momentum
in by flow

Velocity
distribution

Momentum in by
viscous transpaort

Momentum
flux

)
distrihutiun\&

Momentum out by
viscous transport

v
]
Momentum Direction
out by flow of gravity

The various components of the momentum baance are then:

rateof z
momentum in (LW)(t )],

across surface
at X

rate of z-
momentum out (Lw)(t,,)

across surface
ax+ Ax

X+Dx

rate of z-
momentum in WDxv, (rv,)| _,
across surface
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az=0

rate of z-
momentum out (WDxv, (r vZ)|Z:L

across surface
az=L

gravity force
acting on fluid (LWDx)(r gcosb)

Note that we dways take the “in” and “out” directionsin the direction of the positive x-
and z-axes (in this problem these hgppen to coincide with the direction of momentum
trangport). The notation x+Dx means “evauated a x + Dx.”

When these terms are subgtituted into the momentum balance of Eq. 2. 1—1, we get

LWt lex- LW |, +WDxr v - WDxr V2

] +LWDxr gcosb =0

z=

Because v, isthesameat z=0asitisat z= L for each vaue of x, the third and fourth
termsjust cancel one another. We now divide this equation by LW Dx and take the limit
as Dx gpproaches zero:

a

IMe™ o 3

The quantity on the left Sde may be recognized as the definition of the first derivative of
t xz With respect to x. Therefore, the equation may be rewritten as

d
—t __=r gcosb
dX ). ¥4 g

Thisisthe differentid eguation for the momentum flux t .. It may be integrated to give

t,=rgcosb +C,
The congtant of integration may be evaluated by making use of the boundary condition at
the liquid-gas interface, as discussed above.

B.C. 1. at x=0,t =0

Thus C; = 0. Hence the momentum-flux digribution is
t,=rgcosb

as shown in the figure above.
If the fluid is Newtonian, then we know that the momentum flux is related to the
velocity gradient according to Newton's (phenomenologica) 'law' of viscosty:
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Xz

Subgtitution of this expresson for t , into the momentum-flux digtribution gives the
following differentid equation for the velocity digtribution:

dv, _ & gcosb i_jx

Z —

X & m g

Thiseguation is easly integrated to give
v, =- & gcosh gxz +C,
8 m g

The congant of integration is evaluated by using the boundary condition
B.C. 2 ax=d, v,=0

Subdtitution of this boundary condition into the velocity distribution shows that
& gcoshb o )

C_g 2m g

Therefore, the velocity didiribution is

é
V_aergd cosboél ae<ou
g 2m g@ 8d

Hence the velocity profileis parabalic. (See the figure.)
Once the velocity profile has been found, anumber of quantities may be calculated:

(i) The maximum velocity iscearly the velocity & x = 0; thet is
_& gd cosb o
e

() Theaverage velocity <v>> over across section of the film is obtained by the
following caculation:

N QV.axdy 1 rgd?cosb 4€ ‘U
()= SR L =00 5 210 0
_ rgd’cosh
3m
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(i) The volume rate of flow Q is obtained from the average velocity or by integration
of the velocity didribution:

3
Q= QW(‘Sdexdy:Wd (v,) _ r gWd?cosb

3m

(iv) Thefilm thickness d may be given in terms of the average velocity, or the volume
rate of flow:

d=s 3m(v,) =3’ 3
I gcosb \]r gW cosb

(v) The zcomponent of the force F of the fluid on the surface isgiven by integrating
the momentum flux over the fluid-solid interface:

L W
F,= QQ t Xz|x:d dydz

_Lw oy,
=QQ - ma‘ﬁd dydz
& rgdcosh O
= (LW)(- m)gg—+
2
=r gdLW cosb

Thisis clearly just the z component of the weight of the entire fluid in the film. The
foregoing andytica results are vaid only when the film isfaling in laminar flow with
graight sreamlines. For the dow flow of thin viscous films, these conditions are
satisfied. It has been found experimentaly that as the film velocity <vz) increases, asthe
thickness of thefilm d increases, and the kinematic viscosty v = mir decreases, the
nature of the flow gradualy changes; in this gradua change three more or less distinct
stable types of flow can be observed: (&) laminar flow with straight streamlines, (b)
laminar flow with rippling, and () turbulent flow.
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