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ABSTRACT: Radiative forcing by carbon dioxide depends on the difference between the surface and stratospheric tempera-
ture scaled by the logarithm of its concentration. This relationship arises due to the cooling-to-space theory or the t 5 1 law,
where all emission of infrared radiation originates from the atmospheric pressure level where the gas reaches sufficient optical
thickness [in the case of carbon dioxide (CO2), in the stratosphere]. Here, we develop theoretical understanding of forcing by
other well-mixed greenhouse gases including methane (CH4), nitrous oxide (N2O), and chlorofluorocarbons (CFCs). Radiative
forcing by an optically thin absorber (e.g., CFC-12) is governed by emission throughout the troposphere and scaled by the total
change in gas concentration, such that a linear increase in gas abundance yields a linear increase in forcing. We examine the fac-
tors that control the magnitude of radiative forcing, demonstrating analytically that CFC-12 is a stronger per-molecule absorber
than CO2 due to its larger average cross section, rather than its bandwidth or spectral position. Application in idealized atmos-
pheres with simplified lapse rates illustrates how radiative forcing by optically thin gases depends almost linearly on the lapse
rate. Finally, gases that are both optically thin and optically thick across their absorption spectrum, such as N2O and CH4, can
be understood as a combination of the two regimes, yielding a superlogarithmic relationship to concentration. Our theory is in
excellent agreement with full-physics line-by-line calculations in atmospheres with and without spectral overlap by water vapor.

SIGNIFICANCE STATEMENT: The impact of a greenhouse gas on Earth’s energy balance is critical to understand-
ing Earth’s climate. Optically thin gases, including ozone-depleting substances, exert an aggregate radiative forcing
about a third of that of carbon dioxide despite their much lesser concentration. To understand the underlying physics,
we derive an analytical model of radiative forcing by these gases, finding excellent agreement with reference calcula-
tions. We show that for a linear increase in gas concentration, there is a linear increase in radiative forcing by an opti-
cally thin gas, in contrast to the logarithmic response of carbon dioxide. Gases that are optically thick but less so than
carbon dioxide, such as methane and nitrous oxide, act as a combination of thin and thick regimes.
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1. Introduction

Increasing the concentration of well-mixed greenhouse gases
in the atmosphere increases longwave absorption and alters
Earth’s energy budget. The measure of the direct effect of gas-
eous absorption on the energy budget at the top of the atmo-
sphere in a single atmospheric column is called instantaneous
radiative forcing (IRF). Radiative forcing for a single profile
can be calculated to arbitrary precision with line-by-line codes
(Pincus et al. 2020) and predicted accurately with empirical
models (Hansen et al. 1988; Forster et al. 2021; Huang et al.
2016). Theory, in contrast, lends interpretability to compli-
cated spectral behavior and helps explain unexpected phe-
nomena. Recently developed theories of radiative forcing by
carbon dioxide (CO2) are based on the insight that, in the
most opaque regions of its main absorption band, CO2 emits
to space primarily in the stratosphere so that radiative forcing
by CO2 can be viewed as a swap of surface emission for

stratospheric emission (Wilson and Gea-Banacloche 2012; Jee-
vanjee et al. 2021; Stevens and Kluft 2023). This insight, along
with idealized representations of CO2 spectroscopy, yields a
simple analytical expression for F

CO2
i"f , the IRF by CO2 be-

tween initial and final mass concentrations qi and qf:

F
CO2
i"f 5 2l ln

qf
qi

( )
[B(n *, Ts) 2 B(n *, Tstrat)]: (1)

Here, l describes the rate at which the logarithm of CO2’s ab-
sorption coefficient decreases with wavenumber, B is the hem-
ispherically integrated Planck function evaluated at the band
center n* 5 667:5cm21 (where peak absorption occurs), and
Ts and Tstrat are the surface and stratospheric temperature, re-
spectively. This relationship explains why instantaneous radia-
tive forcing is negative when the stratosphere is warmer than
the surface, as occasionally happens on the Antarctic Plateau
(Schmithüsen et al. 2015; Smith et al. 2018). It also provided
the impetus needed to identify the majority of intermodel
spread in CO2 IRF in global climate models as being caused
by biases in stratospheric temperature (He et al. 2023).

Carbon dioxide is the most opaque well-mixed greenhouse
gas: The cumulative optical depth at the surface ts .. 1 across
most of its band (Fig. 1a) so that the emission level t 5 1 is
within the atmosphere, allowing for simplified treatments of
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emission. CO2’s spectral structure is also remarkably regular
and symmetric (Wordsworth et al. 2024), with the absorp-
tion coefficient falling off exponentially with wavenumber
away from the maximum or band center; this behavior
underlies the logarithmic dependence of radiative forcing
on concentration.

Equation (1) cannot be applied to other well-mixed green-
house gases (e.g., halocarbons, methane, or nitrous oxide) as
its derivation relies on two properties that are specific to CO2.
One is that CO2 is very optically thick and, in the simplest
case, emits from the locally isothermal stratosphere in the
most absorptive part of its band (Seeley 2018; Jeevanjee et al.
2021). The second is that CO2 spectroscopy can be neatly ide-
alized as symmetric exponential falloff from its maximum ab-
sorption in the band center}a log-linear triangle (Fig. 1a).
These simplifications do not apply to other major well-mixed
greenhouse gases. For instance, ozone-depleting substances
chlorofluorocarbon (CFC)-11 and CFC-12 are optically thin
throughout their band (Figs. 1b,c) yet exert an aggregate forcing
almost a third of that of CO2 (;0.4 W m22 from 1950 to the
present; Polvani et al. 2020; Hodnebrog et al. 2020). Methane
and nitrous oxide exert a significant radiative forcing (Polvani
et al. 2020; Forster et al. 2021), though they are not as optically
thick as CO2. Furthermore, methane and nitrous oxide exhibit
complicated spectral absorption with multiple radiatively active
bands with different optical thicknesses across the longwave
spectrum (Figs. 1d,e).

Here, we develop a complete theory for local clear-sky
longwave radiative forcing by greenhouse gases across opacity

regimes, from very thin gases like the CFCs to the optically
thick, well-understood CO2. Our theory does not aim to com-
pete with existing physical (e.g., Buehler et al. 2025; Pincus
et al. 2016), statistical (e.g., Huang et al. 2016), or empirically
derived (e.g., Byrne and Goldblatt 2014) models of radiative
forcing but rather to extend the understanding of how charac-
teristics of the forcing arise from spectral features. We begin by
deriving an analytical model for radiative forcing by well-mixed,
optically thin gases from solutions to the radiative transfer equa-
tion (section 2a). We show that instantaneous radiative forcing
by optically thin gases is linear in concentration because band-
average (linear) absorption, rather than (exponential) spectral
features, governs its behavior. In section 2b, the theory identifies
the factors that control the magnitude of the forcing by a given
gas which allows us to demonstrate that CFC-12 is a much
more powerful absorber, per-molecule, than CO2 because its
average cross-section size is larger than that of carbon diox-
ide (Ramanathan 1975; Shine 1991). The theory agrees well
with full-physics line-by-line calculations of CFC-12 forcing
in both idealized and realistic profiles with and without the
presence of water vapor (sections 2c and 2d). Forcing by opti-
cally thin gases depends strongly on the entire atmospheric tem-
perature profile, in contrast to CO2, whose IRF depends only
on the surface and stratospheric temperatures (section 2e). We
further construct analytical models for radiative forcing by gases
that are more opaque than the CFCs but more transparent than
CO2, providing a set of expressions that span opacity regimes
(section 3a). We show that forcing by methane (section 3b)

FIG. 1. The total atmospheric optical thickness at Earth’s surface of a greenhouse gas at what are taken as present-day concentrations is
shown: (a) CO2 at 420 ppm (ppm), (b) CFC-11 at 240 ppt, (c) CFC-12 at 495 ppt, (d) CH4 at 1650 ppb, and (e) N2O at 332 ppb. (f) All six
gases; line colors are made more transparent for readability. Spectral overlap by water vapor at 50% relative humidity is shown in blue,
and the line above which a wavenumber is considered optically thick t ’ 1 is dotted in gray.
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and nitrous oxide (section 3c) can be understood as a linear
combination of logarithmic and linear contributions.

2. Radiative forcing by optically thin gases

a. Theory

We seek an expression describing the instantaneous, clear-
sky, top-of-the-atmosphere (TOA) radiative forcing by an ar-
bitrary well-mixed optically thin gas, defined by optical depth
t , 1 at each wavenumber throughout the atmosphere. We as-
sume in this section that this gas is the only radiatively active
species in the atmosphere; spectral overlap with water vapor is
treated in section 2c. Monochromatic (per-wavenumber) in-
stantaneous radiative forcing is defined as the difference be-
tween net downward TOA flux in an atmospheric column with
initial concentration qi and final concentration qf. For long-
wave (thermal) forcing, net downward radiation is equal to
negative outgoing longwave radiation (OLR):

F i"f (n) 5 Fnet_
f (n) 2 Fnet_

i (n) 5 OLRi(n) 2 OLRf (n):

The OLR is given by Schwarzschild’s two-stream equations
(Schwarzschild 1906):

F i"f (n) 5 B(Ts)e2ti,s 2

�ps

pTOA

B(p) d
dp

[e2ti(p)]dp
{ }

2 B(Ts)e2tf ,s 2

�ps

pTOA

B(p) d
dp

[e2tf (p)]dp
{ }

,

where B is the hemispherically integrated Planck function at
temperature T or pressure p and t is the cumulative optical
thickness profile including a diffusivity constant. Subscripts s and
TOA denote the surface and the top of the atmosphere, respec-
tively. Though the Planck function and optical thickness are
monochromatic, we omit n from our notation for convenience.

Combining like terms and defining the change in transmis-
sivity between gas concentrations qi and qf as Di"fT (p) :5
T i(p)2 T f (p)5 e2ti(p) 2 e2tf (p),

F i"f (n) 5 B(Ts)Di"fT s 2

�ps

pTOA

B(p) d
dp

[Di"fT (p)]dp: (2)

To compute the vertical integral in Eq. (2), we assume the
Planck function can be approximated with a bulk atmospheric
emission constant B ’ B(p), which yields

F i"f (n) ’ B(Ts)Di"fT s 2 B
�ps

pTOA

d
dp

[Di"fT (p)]dp

5 B(Ts)Di"fT s 2 BDi"fT s: (3)

We take B to be the weighted-average Planck function in
pressure, i.e.,

B 5

�ps

pTOA

v(p)B(p)dp�ps

pTOA

v(p)dp
: (4)

In atmospheres with arbitrary thermal structure, B must be
calculated numerically (we show results for idealized profiles in
section 2e). The weighting function v(p) is carefully chosen to
capture the levels where atmospheric emission originates. The
difference in transmissivity between two gas concentrations
Di"fT (p) informs the choice of weighting function.

For optically thick gases, Di"fT (p) maximizes at one emis-
sion pressure pem where t 5 tem. The emission optical thickness
tem defines the threshold at which a gas can be considered opti-
cally thick and is approximately tem ’ 1, though we follow
Jeevanjee et al. (2021) to calculate this value in detail, discussed
in the appendix, section a. This emission pressure framework is
shown schematically in purple in Fig. 2, where a very optically
thick gas emits entirely at a low pressure level. In this case, F is
well approximated by choosing v to be a Dirac delta function
centered at pem. This choice and the assumption that the emis-
sion temperature Tem,i 5 Tem,f, followed by a geometric spec-
tral integration, yield Eq. (1) (see section 3a; Dufresne et al.
2020; Wilson and Gea-Banacloche 2012; Jeevanjee and
Fueglistaler 2020a).

For optically thin gases, however, the weighting function
can be directly derived: DT is linear in pressure (Dufresne
et al. 2020), so that (dDT )/dp is approximately constant, and
the weighting function v ’ 1 (Fig. 2, black). Mathematically,
we can show that v ’ 1 from the second term in Eq. (2). If
(d/dp)[Di"fT (p)] is approximately constant,

�ps

pTOA

B(p) d
dp

[Di"fT (p)]dp ’
d
dp

[Di"fT (p)]
�ps

pTOA

B(p)dp:

(5)

Replacing (dDi"fT )/dp with its finite difference,

FIG. 2. The schematic illustrates the change in transmissivity
Di"fT , which informs the weighting function in Eq. (4). For an op-
tically thick gas, the peak in transmission occurs at the emission
pressure pem and can be approximated by a Dirac delta function at
that pressure level (purple). Conversely, an optically thin gas leaves
all atmospheric levels transparent to thermal radiation, and the
weighting function can be constant (black).
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d
dp

[Di"fT (p)]
�ps

pTOA

B(p)dp ’
Di"fT s 2 Di"fT TOA

ps 2 pTOA

�ps

pTOA

B(p)dp

(6)

5 Di"fT s

�ps

pTOA

B(p)dp�ps

pTOA

dp
(7)

5 Di"fT sB, (8)

identical to the second term in Eq. (3) with v 5 1. This weight-
ing function is similar to those used in other contexts (Stephens
1994; Liou 2002; Huang and Bani Shahabadi 2014; Dufresne et al.
2020), though as v is derived from the expression of IRF, it
characterizes a change in gas emission rather than at a given
gas concentration. Additionally, pressure averaging the tropo-
spheric Planck function ties the magnitude of Planck emission
to the atmospheric mass distribution and is mathematically de-
rived above. For this reason, in practice, we numerically integrate
Eq. (4) to the tropopause rather than the TOA; nonetheless,
optical depth is calculated throughout the depth of the atmo-
sphere, and we only consider TOA radiative forcing in this
work.

The fact that t ,, 1 also allows us to approximate the trans-
missivity T 5 e2t as T ’ 12 t (e.g., Dufresne et al. 2020).
Then, Di"fT ’ Df"it and the monochromatic IRF takes the
simple form:

F i"f (n) 5 [B(Ts) 2 B]Df"its: (9)

Equation (9) demonstrates that radiative forcing by an opti-
cally thin gas results from the replacement of emission from
the surface [B(Ts)] by the mass-weighted emission of the at-
mosphere (B) scaled by the total change in atmospheric opti-
cal depth (Dts).

Figure 3 shows spectrally resolved IRF for preindustrial–
present-day concentrations of CFC-12 (Fig. 3a) and CFC-11
(Fig. 3b) and a quadrupling of CO2 from 0.5 to 2 parts per

billion by volume (ppbv) so that it is optically thin throughout
the band (Fig. 3c). While this concentration of CO2 is not realis-
tic on Earth, the calculation demonstrates that Eq. (9) applies to
any optically thin gas. Also shown are full-physics line-by-line
Atmospheric Radiative Transfer Simulator (ARTS) computa-
tions (Buehler et al. 2022, 2025), which we take as an exact refer-
ence at high spectral resolution. ARTS uses the high-resolution
transmission (HITRAN) spectroscopic dataset (Gordon et al.
2017; Kochanov et al. 2019) to calculate the monochromatic op-
tical depth ts. Here and throughout the paper, Schwarzschild’s
equations are solved directly using Eq. (2). Calculations are
clear-sky, longwave only, disregard scattering, and assume per-
fect blackbody emission from the surface. Single-column cal-
culations assume a standard tropical temperature profile with
a surface temperature of 286 K and a temperature profile follow-
ing a moist adiabatic lapse rate. Our theoretical model (color)
tracks line-by-line (LBL) forcing (gray) well for individual
wavenumbers.

Radiative forcing is the spectral integral of Eq. (9). To inte-
grate, we first assume that the absorption coefficient k is indepen-
dent of temperature and pressure. We ignore the second-order
effects of temperature and pressure broadening in favor of ana-
lytical tractability, as we find good agreement with line-by-line
calculations even in their absence. Then, cumulative optical
depth t at given gas concentration q is

t(p, n , q) 5
�p

pTOA

Dkref(n)
q
g
dp 5 Dkref(n)

q
g
p, (10)

where kref (m
2 kg21) is the mass absorption coefficient at a

reference pressure (Jeevanjee et al. 2021), q is the mass con-
centration of the gas (kg kg21), g is the acceleration due to
gravity (m s22), and integration is performed from the top of
the atmosphere to the given pressure level p (Pierrehumbert
2010). Though a diffusivity constant of D 5 1.66 has long
been known to minimize errors in computing longwave fluxes
in nonscattering media under most conditions (Elsasser 1942;
Goody and Young 1964), here we use D 5 2 to match the de-
fault two-stream coefficient used by our reference line-by-line
code ARTS.

FIG. 3. The LBL (solid gray) and modeled (colored lines) forcings exerted by (a) preindustrial–present-day CFC-12 concentra-
tions (yellow), (b) preindustrial–present-day CFC-11 concentrations (orange), and (c) a quadrupling of optically thin CO2 (red),
calculated via Eq. (9) in a single standard tropical atmosphere.
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Substituting Eq. (10) for ts in Eq. (9) allows us to write the
spectral integral of forcing as

F i"f 5 (qf 2 qi)
Dps
g

�
n

[B(Ts, n) 2 B(n)]kref(n)dn :

Next, the Planck function is evaluated at the wavenumber
n * at the band center (e.g., CFC-12 is radiatively active be-
tween 800 and 1200 cm21; Fig. 1b), as the Planck function is
generally monotonic in a given band, and so the band center
value is equal to its mean (Jeevanjee et al. 2021):

F i"f 5 [B(Ts, n
*) 2 B(n*)](qf 2 qi)

Dps
g

�
n

kref(n)dn :

Now, only kref varies spectrally. Its integral k*ref is its spec-
tral average: k*ref 5 [�

n
kref(n)dn]/dn , where dn is the spectral

width of the band. In other words, the rectangle with the
height k*ref and width dn has the same area as the spectrally
resolved kref. Making this substitution,

F i"f 5 [B(Ts, n
*) 2 B(n *)](qf 2 qi)

Dps
g

k*ref dn :

If we define t*(p) :5 k*ref(Dp/g) as the band-average optical
thickness profile at unit mass concentration (q 5 1 kg kg21),
we can write the spectrally integrated optically thin gas forc-
ing as a function of Dq5 (qf 2 qi):

F i"f 5 [B(Ts, n
*) 2 B(n *)]Dq t*s dn : (11)

Forcing by optically thin gases differs from forcing by carbon
dioxide at present-day (optically thick) concentrations in two
key ways. First, F i"f ~ (qf 2 qi), i.e., radiative forcing by an
optically thin gas is linear in gas concentration independent of
the shape of the absorption coefficient; in fact, Eq. (9) demon-
strates that F is monochromatically linear in t. Second, radia-
tive forcing by optically thin gases depends on the difference
between the surface temperature and the entire mass-weighted
temperature profile rather than the temperature difference be-
tween the surface and stratosphere. Physically, the linearity of
optically thin gas forcing follows from the fact that all wave-
numbers substantially contributing to the total radiative forcing
have an optical depth of about the same order of magnitude,
t;O(0:1), and the contribution of wavenumbers where t ,, 1
is negligible. Thus, the integral (or sum) of these contributions
is linear with Dq. Conversely, in the optically thick regime, all
wavenumbers with t . 1 contribute to the forcing with varying
orders of magnitude, the distribution of which is determined by
the shape of the absorption coefficient. Consequently, IRF by
CO2 at Earth-like concentrations is logarithmic in concentra-
tion because of the exponentially decreasing shape of its ab-
sorption coefficient.

Line-by-line calculations in Fig. 4 confirm the linear relation-
ship between Dq and F for CFC-12 (yellow), CFC-11 (orange),
and optically thin CO2 (red). The gray line between smallest
and largest forcing by each gas illustrates the near-perfect line-
arity of the LBL forcing in concentration. While Eq. (11) or a
regression would provide a similar result, we use the simplest fit

to demonstrate the linear functional form independently of our
model. Though CO2 is presently many orders of magnitude
more abundant than CFCs, in Fig. 4, the IRF is plotted at equiv-
alent concentrations of each gas to illustrate that linear behavior
for small t applies across gas species. The slope of the linear re-
sponse is determined by the band-average absorption coeffi-
cient, an idea we discuss next in section 2b.

b. Band-average CFC-12 cross section controls its
radiative efficiency

Though CFC-12 is many orders of magnitude less concen-
trated in the present day than CO2, CFC-12 exerts a forcing only
a factor of three smaller over the period 1950–2005 (Polvani et al.
2020; Hodnebrog et al. 2020); Fig. 4 shows that for the same con-
centrations, IRF by CFC-12 and CFC-11 is much larger than
that by CO2. What determines the difference in forcing magni-
tude between CFC-12 and CO2? Radiative forcing in a single col-
umn is governed by four factors: the concentration change Dq,
the size of the absorption cross-section k*ref, the magnitude of
the Planck function where the gas emits B(n *), and the width
of the band where the gas emits dn (see also Shine 1991;
Pinnock et al. 1995). In Fig. 5, we change each factor indi-
vidually to determine which has the largest impact.

To compare CFC-12 and CO2 using the optically thin theory,
we study CO2 at preindustrial–present-day CFC-12 concentra-
tions [0–495 parts per trillion by volume (pptv)], where it is opti-
cally thin across its band. For a given atmospheric profile, the
resulting CO2 radiative forcing is much smaller than CFC-12
forcing at the same concentrations (Figs. 5a,d). When CFC-12 is
moved to emit from the CO2 band center, from n * 5 1025to
n * 5 667cm21, the forcing increases modestly (Fig. 5b) as the
Planck function peaks around 560 cm21. However, replacing the
band-mean CFC-12 absorption coefficient k*ref with the CO2

FIG. 4. LBL forcing by CFC-12 (yellow), CFC-11 (orange), and
CO2 (red) in a single tropical column for small concentrations
away from zero (hundreds of pptv). Cross-shaped markers denote
the forcing at present-day concentrations of CFC-11 and CFC-12.
The gray line gives the linear fit between the smallest and largest
forcings for each gas, demonstrating the linearity of the forcing in
concentration.

C Z ARNECK I E T A L . 735515 DECEMBER 2025

Brought to you by Columbia University | Unauthenticated | Downloaded 12/03/25 08:28 PM UTC



band-mean absorption coefficient (Fig. 5c) yields a large de-
crease in the forcing, closer in magnitude to the CO2 forcing.
CFC-12 and CO2 emit over a comparably sized bandwidth
(dn ’ 350 cm21), so this factor is not shown. Of course, applying
both changes to the Planck function and the absorption coeffi-
cient recovers the optically thin CO2 forcing at 495 pptv (Fig. 5d).
This simple exercise illustrates that, as Shine (1991) hypothesized,
the larger band-average size (k*ref) of the CFC-12 absorption cross
section is the main reason for its increased radiative power com-
pared to CO2 in the optically thin regime.

c. Atmospheres with water vapor

Spectral overlap by thicker gases in the atmosphere will
reduce the radiative forcing of optically thin constituents.
Nitrous oxide, methane, and halocarbons share the longwave
spectrum with many gases in different parts of their bands,
though here we treat only spectral overlap by water vapor,
the strongest greenhouse gas. Our discussion closely follows

the approaches outlined in Jeevanjee and Fueglistaler (2020b)
and Jeevanjee et al. (2021).

At the wavenumbers where water vapor is optically thick
(where tH2O

. temH2O
’ 1), the temperature at the pressure

level where H2O emits replaces Ts in Eq. (9), as the atmo-
sphere will be opaque to thermal radiation below this emission
level. To find the water vapor emission temperature, we sort
the H2O optical thickness and split the band into two parts:
the part of the band where H2O is optically thin (tH2O

, temH2O
)

and a subband where H2O is optically thick (tH2O
. temH2O

).
The emission temperature is then found by computationally
inverting water vapor’s optical thickness for the level where
tH2O

’ temH2O
; the details are left to the appendix, section b.

Equation (11) still applies in the portion of the band where
H2O is not emitting. In the subband where H2O optical thick-
ness is significant, surface temperature is replaced by mean
H2O emission temperature, calculated numerically. The forc-
ing in the two subbands is added together, yielding

FIG. 5. Forcing resulting from manipulating CFC-12 and optically thin CO2 (for direct comparison) to illustrate the impact of absorption
coefficient magnitude and spectral position on the forcing. (top) The schematics of these manipulations. Optical depth at the surface due
to CFC-12 and CO2, both at present-day CFC-12 concentrations (495 pptv), is shown in gray. The colorful spectra show the changes to the
absorption applied to the forcing calculation below. (a) The preindustrial–present-day CFC-12 forcing in a single tropical column (yellow).
The black hatching represents the corresponding LBL calculation. (b) The forcing after moving the CFC-12 absorption coefficient to the
CO2 absorption band (teal). (c) The forcing after changing the CFC-12 absorption coefficient mean value to that of CO2 (navy). (d) The
CO2 forcing at CFC-12 preindustrial and present-day concentrations (red) and the corresponding LBL calculation (hatching).
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F i"f 5 [B(Ts, n
*) 2 B(n *)]Dq t*s dngas

1 [B(TH2O
em , n *) 2 B(T # TH2O

em , n *)]Dq t*H2O
dnH2O

:

(12)

The first term remains as in Eq. (11): the difference be-
tween the surface Planck function and the mean atmospheric
Planck function, attenuated by the mean total change in optical
depth across the band, but now, it is proportional to the width
of the subband that is not covered by H2O (dngas). The second
term is analogous to the first, but the Planck function and the
unit-concentration optical depth t* are evaluated at the temper-
ature and pressure where H2O emits and scaled by the width of
the band where water vapor dominates (dnH2O

). This results in
a smaller atmospheric contribution B and reflects the fact that
the optically thin gas is only radiatively active above the water
vapor. Note that even when H2O is optically thick, the thin gas
can still exert a forcing, as this second term is not necessarily
zero.

d. Application: Radiative forcing by CFC-12

To ensure our theory captures the physics of radiative forc-
ing across a range of surface temperatures, lapse rates, and wa-
ter vapor concentrations, we compare Eqs. (11) and (12) to
line-by-line calculations for the March 1981 monthly mean of
ERA5 reanalysis data (Hersbach et al. 2023), chosen for direct
comparison to Jeevanjee et al. (2021). Surface temperature
and relative humidity for this month are shown in Figs. 6a
and 6b. The ERA5 dataset is interpolated onto a standard
pressure grid, so the data are processed to exclude pressure
levels higher than the surface pressure. The parameters needed
to evaluate IRF from Eq. (12) are fit to spectroscopic data from
the HITRAN database (Gordon et al. 2017). We note that these
fits require a series of choices; while a different approach might
yield a different set of absolute parameter values, the physical in-
sights derived from our theory are not sensitive to these values.
Our fitting procedure for H2O and CFC-12 absorption is detailed
in the appendix, sections b and c.

Figures 6c–h show the spatial distribution of forcing by pre-
sent-day concentrations of CFC-12, with our theory on the
left and line-by-line calculations on the right. In the upper
row, CFC-12 is the only radiatively active species at preindus-
trial (0 parts per trillion by volume) and present-day (495 pptv)
concentrations. Instantaneous radiative forcing closely follows
surface temperature and is strongly impacted by topography as
there is both less mass above and lower surface temperatures at
high-elevation areas such as Antarctica or the Tibetan Plateau.
For CFC-12 alone (Figs. 6c–e), the global-mean forcing yielded
by our theory is 0.276 and 0.278 W m22 from line-by-line
calculations.

Damping of CFC-12 radiative forcing by water vapor is rel-
atively small at about 8% (lower row); we emphasize that, in
these calculations, CFC-12 and H2O are the only radiatively
active species. CFC-12 varies from preindustrial to present-
day concentrations, while by contrast, water vapor concentra-
tions and temperatures are constant. Note that although water
vapor is always more optically thick than CFC-12 by at least

an order of magnitude at the surface (Fig. 1b), CFC-12 still ex-
erts a radiative forcing because its optical thickness above the
water vapor emission level changes as concentration changes
from qi to qf.

e. Dependence of forcing on the atmospheric
thermal structure

Radiative forcing by all absorbers displays a strong meri-
dional dependency that, in clear skies, can be attributed in
varying degrees to surface temperature, atmospheric lapse
rates, and water content. The atmospheric-average Planck
function B in Eq. (11) implies that radiative forcing by opti-
cally thin gases depends on the temperature structure of
the troposphere. Surface temperature and water vapor con-
centration have competing effects on the forcing: Warmer
temperatures are associated with larger Planck surface emis-
sion B(Ts) and so a larger forcing. At the same time, warmer
atmospheres can hold more water vapor, which damps the
forcing by reducing the Planck emission term from B(Ts) to
B(Tem

H2O
).

As surface temperature and lapse rate are highly correlated,
we explore the dependence of IRF on only relative humidity and
surface temperature. For simplicity, we limit our analysis to opti-
cally thin gases in idealized atmospheres with moist adiabatic
lapse rates (assuming constant relative humidity) up to an iso-
thermal stratosphere at 200 K (Jeevanjee et al. 2021), calculated
using the MetPy Python package (May et al. 2022), to explicitly
draw out how forcing depends on temperature and relative
humidity.

The Planck function profile can be idealized as a power law
in pressure (Koll et al. 2023), where g describes how the
Planck function changes with pressure:

B(p) 5 B(Ts)
p
ps

( )g
: (13)

The exponent g 5 agLR, where a 5 [d lnB(n)]/(d lnT)’ 4
in the CFC-12 band (estimated from Fig. 4 in Jeevanjee and
Fueglistaler 2020a), and gLR is a bulk moist adiabatic lapse
rate as in Eq. (9) of Koll et al. (2023). Then, the average
Planck term B can be directly calculated:

B 5

�ps

pTOA

B(p)dp�ps

pTOA

dp
5

1
ps

�ps

pTOA

B(Ts)
p
ps

( )g
dp 5

B(Ts)
1 1 g

:

As the stratosphere is isothermal in this idealized setting,
integration to the TOA and the tropopause are equivalent;
we integrate to the TOA for mathematical simplicity.

Substitution for B in Eq. (11) allows us to write

F i"f 5
g

1 1 g

( )
B(Ts, n

*)(qf 2 qi) t*sdn : (14)

The presence of water vapor is treated as in Eq. (12), replac-
ing surface emission in the fraction of the band where H2O is
optically thick. As before, this second term is evaluated at
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water vapor’s t 5 tem level, which depends on relative humid-
ity (discussed in the appendix, section b):

F i"f 5
g

1 1 g

( )
B(Ts, n

*)(qf 2 qi) t*s dngas

1
g

1 1 g

( )
B(TH2O

em , n*)(qf 2 qi) t*H2O
em dnH2O

: (15)

Unlike CO2, whose IRF depends only on the surface and
stratospheric temperatures [Eq. (1)], Eqs. (14) and (15) high-
light the dependence of thin-gas forcing on tropospheric lapse
rate g. The forcing in moist adiabatic atmospheres can thus be
characterized by surface emission attenuated by the total thick-
ening of the atmosphere and scaled by the lapse rate.

Radiative forcing by CFC-12 [Eq. (15)] in atmospheres with
idealized moist adiabatic lapse rates is plotted for a range of sur-
face temperatures (260–310 K) and relative humidities in Fig. 7.
The idealized power-law bulk lapse rate g approximates the

actual lapse rate with varying faithfulness, resulting in a modeled
F that imperfectly matches LBL calculations and so highlights
the sensitivity of the forcing to the temperature structure of
the atmosphere. At Earth-like conditions of approximately
20% , RH , 80% (e.g., Fig. 6b), CFC-12 forcing magnitude is
largely set by surface temperature and attenuation by water
vapor is comparatively weak, decreasing the global-mean CFC-12
forcing by only about 8% (Fig. 6), because of CFC-12’s spectral
position at the edge of the water vapor window. As a point of
comparison, CO2 radiative forcing is decreased by 30% by water
vapor overlap in analogous calculations (Jeevanjee et al. 2021)
because of the stronger spectral overlap by H2O absorption lines.

3. Radiative forcing by optically thick gases

a. Theory

In the optically thin limit, emission occurs throughout the
troposphere and thus can be captured with a linear weighting

FIG. 6. (a) The surface temperature (K) and (b) pressure-averaged relative humidity in the ERA5 sample used for global calculations.
Spectrally integrated preindustrial–present-day CFC-12 forcing is shown in atmospheres (c)–(e) without and (f)–(h) with H2O overlap. In
(c) and (f), the theoretical forcing [Eqs. (11) and (12), respectively] is shown. (d),(g) The corresponding LBL forcing. Zonal means of the
model (red) and LBL (black) are shown in (e) and (h); the transparent lines show the zonal means (e) with and (h) without water vapor
for direct comparison. Global-mean values for each map are also listed.
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function. Optically thick gases, in contrast, can be thought of as
emitting from a single level at each wavenumber. In the broad-
band, this distinction is drawn when the band-average optical
thickness is greater than about 1; then, the emission level is de-
fined at peak absorption. Carbon dioxide is so optically thick
that the emission level is in the stratosphere [Eq. (1); Jeevanjee
et al. 2021; Wilson and Gea-Banacloche 2012]. Methane and ni-
trous oxide are also optically thick and therefore can be modeled
via an emission-level approximation or Dirac delta weighting
function, but inverting line-by-line optical depth for the t ’ 1
pressure level reveals that this level occurs in the troposphere.
We must therefore generalize Eq. (1) to apply it to other gases.

Rather than directly applying the weighting function to
monochromatic fluxes and integrating, we adopt the geometric
perspective illustrated in Fig. 8a (Wilson and Gea-Banacloche
2012; Jeevanjee et al. 2021; Koll et al. 2023; Stevens and Kluft
2023). When a gas is optically thick, it absorbs longwave radia-
tion at one level and reemits it from a lower pressure and tem-
perature, creating an indent or a “ditch” in the OLR away
from the surface blackbody Planck emission (Pierrehumbert
2010). At each wavenumber, the height h of the ditch is the
difference between the surface and emission temperatures:
h 5 B(Ts) 2 B(Tem), where Tem 5 T[t(k, n , q) 5 tem]
depends on the absorption coefficient value k and absorber
concentration q. The width of the ditch in spectral units,
dnem

s (k, q), is computed numerically and likewise depends on
the details of the absorption coefficient k and concentration q
(Fig. 8). Without restricting spectroscopy, spectrally integrated
OLR for such a gas at concentration q can be written as

OLR 5

�
n

B(Ts) 2 A(Ts, T
em, dnem

s ),

where A indicates the area of the ditch as a function of surface
temperature, emission temperature, and emission spectral
width for gas concentration q. The exact form of A will de-
pend on the absorption spectrum of the gas. Then generally,

the radiative forcing resulting from increasing greenhouse gas
abundance from concentration qi to concentration qf can be
written as

F i"f 5 OLRi 2 OLRf 5 A(Ts, T
em,f , dnem,f

s )
2 A(Ts, T

em,i, dnem,i
s ): (16)

This is illustrated in Fig. 8, assuming a log-linear triangular
absorption coefficient (the appendix, section d) with maxi-
mum emission either in the troposphere (Fig. 8a) or the
stratosphere (Fig. 8b). The gray curves represent OLRi and
the black curves represent OLRf, and dependencies on the
maximum value (k0) and the slope (l) of the absorption coeffi-
cient are noted. The OLR at each gas concentration is then
the area under the black and gray curves, respectively; the
forcing between them is their difference.

Radiative forcing by CO2 is a special case of Eq. (16)
(Fig. 8b). As CO2 is very optically thick, it emits in the strato-
sphere, which is close to isothermal: Tem,i 5 Tem,f ’ Tstrat

(Wilson and Gea-Banacloche 2012; Jeevanjee et al. 2021).
[Though in practice, this is not always true, adjusting for strato-
spheric lapse rate makes minimal difference (Seeley 2018).] The
height of the absorption ditch is h 5 B(Ts) 2 B(Tstrat); the
widths are the stratospheric spectral width dnem

strat and the surface
spectral width dnem

s , which may both be calculated by inverting
emission optical thickness for wavenumber [Eq. (4) in Jeevanjee
et al. 2021]. Because the ditch is a trapezoid due to the assumed
flat temperature surface of the stratosphere, spectrally inte-
grated longwave OLR for a given CO2 concentration can be
estimated by computing the area of a trapezoid:

OLR 5

�
n

B(Ts) 2
1
2
[B(Ts) 2 B(Tstrat)](dnem

s 1 dnem
strat):

When CO2 concentration is changed, the width of the trape-
zoid is assumed to increase at the surface and in the stratosphere
equally and symmetrically by some Di"fn , while the height

FIG. 7. Comparison of spectrally integrated preindustrial–present-day CFC-12 forcing in atmospheres with idealized
moist adiabatic lapse rates across a range of realistic surface temperatures and relative humidities. In (a), the theoreti-
cal forcing [Eq. (15)] is shown. (b) The corresponding LBL forcing.
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remains constant (Fig. 8b). Then, the forcing is the difference in
the areas of the two trapezoids:

F i"f 5 [B(Ts) 2 B(Tstrat)]Di"fn :

This is equivalent to Eq. (1), where Di"fn 5 21[ln(qf)2 ln(qi)]
can be derived by inverting the optical depth for the optically
thick wavenumbers in Eq. (10) (Wilson and Gea-Banacloche
2012; Jeevanjee et al. 2021).

Gases such as N2O or CH4 are not as optically thick as CO2

and emit in the troposphere, so that their emission temperature
changes with gas concentration (Fig. 8a). Assuming piecewise-
exponential absorption coefficients, gases with tropospheric
emission can be understood as a special case of Eq. (16):

F i"f 5
1
2
[B(Ts) 2 B(Tem,f )]dnem,f

s

2
1
2
[B(Ts) 2 B(Tem,i)]dnem,i

s : (17)

To treat overlap with H2O, the optical depth of water vapor
is numerically inverted for emission temperature at each wave-
number and the mean across the band is calculated (Jeevanjee
et al. 2021; see the appendix, section b). Then, H2O emission
temperature replaces surface emission in Eq. (17), and spectral
width is calculated at the water vapor emission surface:

F i"f 5
1
2
[B(TH2O

em ) 2 B(Tem,f )]dnem,f
H2O

2
1
2
[B(TH2O

em ) 2 B(Tem,i)]dnem,i
H2O

: (18)

b. Application: Methane

As with other greenhouse gases, methane has become more
abundant since preindustrial times (Forster et al. 2021).

Global-mean preindustrial–present-day radiative forcing due to
methane is about 0.6 W m22 (Forster et al. 2021). We next con-
struct a simple model of methane forcing.

The absorption coefficient of methane is quite irregular
across its band, so for simplicity, we sort and then split it into
two subbands: one optically thick and one optically thin (see
the appendix, section e for details). Adding Eqs. (11) and (17)
yields the total forcing exerted by methane across these two
bands:

F i"f 5 [B(Ts) 2 B] (qf 2 qi) t*s dn 1 [B(Ts) 2 B(Tem,f )]

3
dnem,f

s

2
2 [B(Ts) 2 B(Tem,i)] dn

em,i
s

2
: (19)

As before, for atmospheres including water vapor, the H2O
emission temperature Tem

H2O
is determined numerically and

replaces the surface temperature. Similarly, dnem and t* are
evaluated at the H2O emission pressure rather than the
surface:

F i"f 5 [B(TH2O
) 2 B] (qf 2 qi) t*H2O

dn 1 [B(TH2O
) 2 B(Tem,f )]

3
dnem,f

H2O

2
2 [B(TH2O

) 2 B(Tem,i)] dn
em,i
H2O

2
: (20)

Equations (19) and (20) compare well against LBL calcula-
tions across a range of relative humidity and temperature struc-
tures from a sample of ERA5 (Figs. 6a,b). Because the band
split and absorption coefficient idealizations are somewhat local
in concentration, we show preindustrial–present-day methane
forcing (Figs. 9a–f) and present-day to 43 present-day concen-
trations (Figs. 9g–l). Though the methane absorption coefficient
is irregular and disjoint parts of the methane band emit in dif-
ferent ways, treating the band as a combination of optically

FIG. 8. Schematic illustrating idealized forcing calculation in two cases; the dependence of terms in Eq. (17) on the
gas absorption coefficient peak k0 and exponentially decaying slope l are noted. Outgoing longwave radiation at initial
concentrations (OLRi) is plotted in gray and at increased concentrations in black (OLRf). Planck functions at de-
creasing temperatures are plotted as contours. (a) A general tropospheric emitter such as N2O or methane: The gas is
optically thick, and so emission temperature depends explicitly on k0. Furthermore, spectral width depends on both
the slope parameter l and k0. (b) The CO2 case: The gas is very optically thick and emits at a constant stratospheric
temperature at both concentrations qi and qf. In this case, emission temperature depends on the absorption coefficient
peak k0 only insofar as it is large enough to ensure stratospheric emission, and the equal emission temperature at both
concentrations ensures that Dn depends only on the slope parameter l. In either case, radiative forcing will be a func-
tion of the difference between the area of the black indent and the gray indent.
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thick and optically thin behaviors captures total forcing well
across these different concentrations. Methane IRF is attenu-
ated by water vapor overlap by almost 50%, more than CFC-12
(;8%) and CO2 (;30%) due to the stronger overlap with wa-
ter vapor lines (Fig. 1d). As with CFC-12, Earth’s surface to-
pography is visible in the forcing maps due to its effect on the

surface temperature and atmospheric mass, with smaller forcing
over high-elevation areas.

The presence of water vapor adds an additional challenge for
gases emitting in the troposphere, as not only the surface value
but also the entire profile of the modeled CH4 optical depth
must be correct. Nonetheless, deviations of model values away

FIG. 9. Theoretical methane forcing calculated via Eqs. (19) and (20) and corresponding LBL calculations from (a)–(f) preindustrial to
present-day and (g)–(l) present–43 present-day concentrations in ERA5. (a)–(c) Modeled, LBL, and zonal-mean radiative forcing from
preindustrial to present-day concentrations in a methane-only world. (d)–(f) The spectral overlap with H2O. (g)–(i) The present-day to a
quadrupling of present-day methane concentrations in methane-only ERA5. (j)–(l) The forcing due to a quadrupling of methane concen-
trations including water vapor overlap. As in Fig. 6, the transparent lines on (e),(i) and (f),(l) show the zonal means with and without water
vapor for direct comparison.
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from reference calculations in atmospheres with water vapor are
small in magnitude, and the theory captures attenuation by wa-
ter vapor across a variety of temperature and relative humidity
conditions well. Overall, treating methane as a combination of
thick and thin regimes yields good agreement with line-by-line
calculations. In calculations sampling the global range of condi-
tions, however sparsely, radiative forcing by methane is modeled
as depending on the square root of concentration rather than
the logarithm (Etminan et al. 2016; Byrne and Goldblatt 2014;
Forster et al. 2021). Recognizing that methane forcing consists
of both optically thick and optically thin spectral regions sug-
gests that the square root dependence on concentration arises
from a combination of linear and logarithmic regimes.

c. Application: N2O

Nitrous oxide has three significant bands at present-day con-
centrations (Figs. 1e and 11a). As the absorption coefficients
in each band are approximately log-linear triangles and vary in
optical thickness in different ways, N2O provides an ideal

testbed for our discretization of gases into thin and thick re-
gimes. We apply Eq. (17) to N2O’s first vibrational mode y1
(1220–1340 cm21); line-by-line calculations reveal that this
band is optically thick at preindustrial concentrations and be-
gins to emit in the stratosphere at 10 times preindustrial con-
centrations, thus spanning values of Tem. We idealize y1 N2O
absorption with a piecewise-exponential function, invert the
resulting optical thickness profile for the temperature and
pressure where t ’ 1 (see the appendix, section f), and solve
for IRF using Eq. (17) across this wide range of concentra-
tions. Figure 10 shows good agreement of the theory with line-
by-line calculations in this band. Small errors stem from the
fact that as concentration rises, new parts of the absorption co-
efficient that are not quite constant in slope are revealed. The
functional form of the forcing with concentration is almost
perfectly logarithmic, an observation we extend to the rest of
the N2O spectrum next.

N2O’s surface optical thickness at preindustrial concentra-
tions (270 ppbv) is illustrated in Fig. 11a. The y2 and 2y2 bands
are optically thin, with ts , tem across their bands, though this
classification will change as gas concentration increases. As
building analytical models for the y2 and 2y2 bands would en-
tail a similar procedure as that of the y1 band, we omit it here.
Rather, we turn to line-by-line calculations to understand how
the three bands work together to exert a forcing with a square
root relationship to concentration. We posit that N2O forcing
can be understood by treating each band independently. Then,
the optically thin bands will contribute a linear increase in
forcing for each increase in gas concentration, and optically
thick bands will yield a logarithmic contribution. The total
forcing will then be the sum of linear and logarithmic terms.

We use line-by-line computations to test this idea (Fig. 11b).
Concentrations of N2O are increased from preindustrial by the
given multiple, and the forcing contributed by each of the bands
is shown. Linear and logarithmic functional forms fit the opti-
cally thin and optically thick line-by-line calculations in Fig. 11b
remarkably well. Thus, the total functional form of N2O forcing

FIG. 10. Theoretical radiative forcing by N2O in its y1 band
(centered at 1284 cm21) for concentrations of N2O away from
preindustrial (purple) is compared to LBL calculations (gray).

FIG. 11. Extension of the thin and thick gas forcing theory to N2O, which exhibits both properties across the long-
wave spectrum. (a) The surface optical depth at preindustrial N2O concentrations. N2O is split into three radiatively
active bands (teal, blue, and purple). (b) The LBL forcing contribution by each of these bands in corresponding col-
ors. When the band-mean optical thickness is less than the emission optical thickness, the forcing is plotted in empty
circles and a linear fit is shown in dashed gray. When the band is emitting largely from the atmosphere, the forcing is
plotted in filled circles and a logarithmic fit is shown in solid gray.
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with concentration can be understood as shaped by linear and
logarithmic contributions from optically thin and optically thick
bands. This supports the idea that much as carbon dioxide’s log-
arithmic scaling originates from its absorption coefficient distri-
bution rather than the behavior of individual absorption lines,
the empirical square root functional form that has been fit to
N2O (e.g., Byrne and Goldblatt 2014) stems from its bands act-
ing in different opacity regimes.

While N2O overlaps spectrally with other gases, most signif-
icantly CH4 and H2O (Fig. 1), we do not study this overlap
here. Spectral overlap by CH4 could be included similarly as
that by H2O: by replacing surface emission with the emission
of the tCH4

’ 1 surface. Line-by-line calculations with and
without CH4 (not shown) reveal that spectral overlap of N2O
by preindustrial concentrations of CH4 attenuates the forcing
by a multiplicative factor of about 1.1 across the concentra-
tions shown in Fig. 11 but does not change any of the insights
discussed above.

4. Summary and discussion

In summary, we have taken an analytical approach to gain in-
sight into radiative forcing by greenhouse gases across opacity
regimes. In the optically thin limit, two key assumptions sim-
plify Schwarzschild’s equations: 1) atmospheric Planck emission
can be replaced with the pressure-averaged Planck emission
and 2) when the change in optical depth is small, it is approxi-
mately equal to the change in transmissivity. These insights ap-
ply both monochromatically and in the broad band; to facilitate
the latter calculation, spectroscopy is simplified with the mean
value of the absorption coefficient across its band. Optically
thin gases including CFC-11 and CFC-12 and optically thin
CO2 emit in this vertically and spectrally averaged way, and
thus, a linear increase in thin gas concentration yields a linear
increase in radiative forcing. Though we focus on only well-
mixed gases, this is true of any optically thin atmospheric con-
stituent as long as its total surface optical thickness ts is linear
in its concentration, since ts does not depend on the distribution
of the gas in the column. (An exception to the generality of our
theory is the water vapor continuum because its optical thick-
ness does not depend linearly on its concentration.) Our theory
has identified that the most important contributor to CFC-12’s
powerful radiative forcing is the large average size of its cross
section. Finally, we examined the relationship of radiative forc-
ing to atmospheric temperature profiles, finding that optically
thin gases are sensitive to the details of the thermal profile of
the troposphere.

Next, we bridged our understanding of optically thin gas forc-
ing with existing work on optically thick CO2 forcing to study
gases that emit in the troposphere. Methane presented unique
challenges due to the irregularity of its spectrum. We sorted the
absorption coefficient along the wavenumber axis and then split
it into optically thin and optically thick regimes. Combining the
thin and thick approaches yielded good results at preindustrial,
present-day, and 4 times present-day concentrations.

Finally, nitrous oxide has three radiatively active bands at
Earth-like concentrations that are each classified as optically
thick or optically thin. Idealizing one optically thick band with

piecewise-triangular spectroscopy and tropospheric emission
to space yielded good agreement with line-by-line results across
a range of concentrations. Even though this y1 band breaks sev-
eral of the requirements outlined in Romps et al. (2022) and
Seeley (2018)}including an exponential and symmetrical ab-
sorption coefficient and an unchanging emission temperature
with concentration}its radiative forcing is remarkably logarith-
mic in concentration. The accuracy of this band model along
with our methane model supports the physical insights underly-
ing the CO2 ditch model and the theory that CO2 is logarithmic
in concentration due to the shape of its absorption coefficient,
as these ideas generalize to other gases with similar key proper-
ties [here, optical thickness and piecewise-exponential absorp-
tion coefficients; the theory does not generalize to water vapor
because the relationship of its concentration to emission tem-
perature is highly complex, e.g., Eq. (A2)]. By treating thin and
thick bands independently, we demonstrated that optically thin
bands contribute a linear increase in forcing with concentration,
while optically thick bands contribute an increase in forcing
that is, to first order, logarithmic. Thus, we categorized all of
Earth’s major well-mixed greenhouse gases into optically thin
and optically thick bands. While this is a great simplification of
optical thickness, which is a continuous and not a binary qual-
ity, the linear combinations of these two regimes reproduce the
total behavior of these gases well.

Our analytical work aims to derive understanding of the rela-
tionship between radiative forcing and the optical thickness of
well-mixed gases, and accordingly, we make many simplifica-
tions with the goal of analytical tractability rather than predic-
tion or accuracy. One such simplification is performing our
analysis only in single atmospheric columns, following prior
work (Romps et al. 2022; Jeevanjee et al. 2021). Conversely,
functional forms studied for the sake of prediction in IPCC re-
ports and related studies are typically empirically fit global
means over time, accounting for clouds, seasonally variable
temperature distributions, spectral overlap by various gases,
and fast adjustments (Byrne and Goldblatt 2014; Hansen et al.
1988; Forster et al. 2021; Huang et al. 2016). Though our values
of forcing cannot be directly compared to these global averages,
our approach sheds some light on the spectroscopic contribu-
tion of each gas to its radiative response, and related work has
shown that implications of theories derived in single columns
can hold for more complicated global calculations (e.g., Zhang
et al. 2020). The similarity of our results to more complete cal-
culations including spectral overlap by other gases, clouds, and
stratospheric adjustments further supports the generality of our
theory (Chiodo and Polvani 2022), and the dependence of opti-
cally thin gas IRF on the temperature structure of the tropo-
sphere supports the idea that ozone depleting substances may
have a particularly strong lapse-rate feedback (Liang et al.
2022). Nonetheless, in the future, a rigorous assessment of the
relationship of these single-column calculations to global forc-
ing and feedback experiments should be performed.
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APPENDIX

Idealized Absorption

a. Emission optical depth

The emission optical thickness tem, or the optical thickness
at which atmospheric emission outweighs surface emission, is
modeled throughout the paper via

tem 5 [G̃(1 1 g)]1/g, (A1)

where g 5 (d lnB)/(d lnt)5 (a/b)[(RdG)/g] and G̃ is the Euler
gamma function (Jeevanjee et al. 2021; Jeevanjee and Fueglistaler
2020a). The exponent b sets the average slope of the optical
thickness profile, G is the local (tropospheric or stratospheric)
lapse rate at the emission level, Rd 5 287 J kg21 K is the ideal

dry gas constant, and g 5 9.8 m s22 is the acceleration due to
gravity. The coefficient a 5 [d lnB(n)]/(d lnT) and captures
the relationships between the Planck function, temperature,
and wavenumber for a given gas band. Equation (A1) is de-
rived by inverting the outgoing longwave radiation of an ideal-
ized gas for tem and as such depends on Planck function,
which varies spectrally; the temperature dependence is smaller
and so ignored. For a more detailed discussion, see appendix B
of Jeevanjee et al. (2021). To first order, tem ’ 1 as pre-
dicted by the cooling-to-space theory or the t 5 1 law (e.g.,
Pierrehumbert 2010).

b. H2O

Water vapor optical depth is the sum of H2O line absorp-
tion and continuum absorption, each of which depends on rel-
ative humidity and temperature in different ways. Where both
line and continuum absorption act, the optical thickness of wa-
ter vapor is given by Eq. (12) in Jeevanjee and Fueglistaler
(2020a) and Eq. (11a) in Jeevanjee et al. (2021):

tH2O
5 tlineH2O

1 tcontH2O

5 Dklineref
p

plineref

WVP0e
2(L/Ry )T 1 D

RH2r*v(Tcont
ref )kcontref

RHcont
ref Ga

ea(T2Tcont
ref ):

(A2)

Here, t lineH2O
and t contH2O

are the optical thickness of water vapor
due to line and continuum absorption, respectively; klineref and
kcontref are the reference line and continuum absorption coeffi-
cients, respectively; plineref and RHcont

ref are the pressure and rela-
tive humidity at which the reference absorption coefficients are
sampled, respectively; WVP0 is the reference water vapor path;

TABLE A1. Descriptions of parameters needed for calculating optical thickness by water vapor.

Parameter Description Value Source

tem,CFC–12 Emission t (CFC-12 overlap) 0.6 Eq. (A1)
tem,CH4 Emission t (CH4 overlap) 0.7 Eq. (A1)
kline, CFC212
ref 5 k0e

2(|n 02n |)/l Reference H2O line coefficient
(CFC-12 overlap)

k0 5 0.6 m2 kg21 Fit to LBL
n0 5 1200 cm21

l 5 7 cm21

k
line,CH4
ref 5 k0e

2(|n 02n |)/l Reference H2O line coefficient
(CH4 overlap)

k0 5 3.8 m2 kg21 Fit to LBL
n0 5 1450 cm21

l 5 35 cm21

plineref Reference line absorption pressure 370 hPa Jeevanjee and Fueglistaler (2020b)
WVP0 5

Tay RHp‘n
GL Reference water vapor path Tay 5 average temperature (K) Jeevanjee and Fueglistaler (2020b)

RH 5 relative humidity (%)
G 5 lapse rate (K m21)

L Specific heat of vaporization of
water

2.5 3 106 J kg21 Jeevanjee and Fueglistaler (2020b)

p‘n Reference value for saturation
vapor pressure

2.5 3 1011 Pa Jeevanjee and Fueglistaler (2020b)

Ry Gas constant for water vapor 461 J (kg K)21 Jeevanjee and Fueglistaler (2020b)
kcontref Mean reference H2O self-continuum

coefficient
0.006 m2 kg21 Line-by-line model

Tcont
ref Continuum reference temperature 275 K Jeevanjee et al. (2021)

RHcont
ref Continuum reference RH 0.75 Jeevanjee et al. (2021)

r*n Saturation vapor density kg m22 Jeevanjee et al. (2021)
a 5 2 L

Ry T
2
ref
2 s Vapor pressure scaling s 5 0.02 K21 Jeevanjee et al. (2021)
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L is the specific heat of vaporization of water; Ry is the gas
constant for water vapor; r*n is the saturation vapor density; G is
the lapse rate; and a is the vapor pressure scaling. Specific con-
stants and coefficient fits are recorded in Table A1. We con-
sider continuum absorption only in the atmospheric window
and disregard foreign continuum absorption as it is small here.

Next, we wish to invert Eq. (A2) for the emission temper-
ature, finding T where tH2O

(T)5 temH2O
; this temperature will

replace surface temperature where water vapor is optically
thick. Unfortunately, Eq. (A2) cannot be solved directly for
T(t 5 tem). Furthermore, H2O does not always overlap the
entire optically thin gas band (see Fig. A1a). The magnitude
and extent of this overlap depend on temperature and rel-
ative humidity. Thus, we must determine 1) how much of
the optically thin gas band is covered by optically thick
water vapor and 2) the average emission temperature of
the water vapor in the overlapping part of the band. To
invert Eq. (A2) for water vapor emission temperature, we
assume no correlation between the band-average absorp-
tion coefficient of the optically thin forcer and H2O. Then,
we can sort the H2O absorption coefficient and numeri-
cally solve for emission temperature in the portion of the
band where H2O is optically thick.

In the optically thick case, the shape of the greenhouse gas
absorption coefficient matters and we cannot make the non-
correlation assumption. In this case, Eq. (A2) is solved numer-
ically and monochromatically across the band for Tem. The
band-average Tem then replaces surface temperature in our
model equations, as in Jeevanjee et al. (2021).

c. CFC-12

As CFC-12 is optically thin, we use a band-average ab-
sorption coefficient of 198 m2 kg21. Next, we add in spectral
overlap by water vapor as described by Eq. (12). The line-
by-line absorption coefficients are detailed and highly variable

(Fig. A1a). Assuming that the H2O absorption coefficient is
uncorrelated with the CFC-12 coefficient allows us to sort the
H2O overlap along the wavenumber axis (Fig. A1b). Fitting
exponential and linear functions to the line and continuum
absorption coefficients, respectively, yields good agreement in
optical thickness profile to line-by-line coefficients (Fig. A1c).
Exact values are listed in Table A2.

d. Idealized absorption coefficients

Here, we discuss the details of the absorption coefficient
idealizations for CFC-12, N2O, and methane, and water vapor
overlaps, where applicable. Absorption coefficients are gener-
ally assumed to be band-averaged, constant values for optically
thin gases and exponentially triangular for optically thick gases,
with the functional form

k 5 k0e
2(|n 02n |)/l: (A3)

Here, k0 gives the height, or the peak, of the triangle and l
gives the slope of the exponential falloff. The spectral coordi-
nate of k0 is given by central wavenumber n0. Parameter val-
ues for each gas are explicitly recorded in tables below.

We note that each absorption coefficient fit requires a set of
choices, the combination of which affects the accuracy of the
theory (see also Koll et al. 2023; Jeevanjee and Fueglistaler
2020a; Jeevanjee et al. 2021). We fit each parameter of the ab-
sorption coefficient separately where possible to understand

FIG. A1. A schematic illustrating the idealization of the CFC-12 absorption coefficient and its spectral overlap with H2O. Orange repre-
sents CFC-12, dashed light blue represents H2O line absorption, dashed medium blue represents H2O self-continuum absorption, and
navy blue represents their sum. The emission optical depth tem 5 0.6 line is drawn in gray on each plot. (a) The LBL surface optical depth;
(b) the H2O absorption coefficients are sorted and the CFC-12 mean value is shown. (c) Absorption coefficients are idealized: kCFC-12 and
kcontH2O

are parameterized as lines, and klineH2O
falls off exponentially from its peak value. The resulting optical depths are computed according

to Eq. (A2) for H2O and Eq. (10) for CFC-12.

TABLE A2. Descriptions of parameters needed to model
radiative forcing by CFC-12.

Parameter Description Value Source

n * CFC-12 band center 1025 cm21 LBL model
dn Width of CFC-12 band 350 cm21 LBL model
k*ref Mean absorption coefficient 198 m2 kg21 LBL model
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where any errors arise. While a different fitting approach may
result in different values of k0, l, and n0, the physical insights
gained from the model remain unchanged. Fitting methodically
ensures that the idealized absorption coefficients are parame-
terizing the real absorption coefficient in physically tractable
ways, as in practice there are many values of k0 and l that
could successfully recreate gas behavior.

e. CH4

The methane spectrum is not as well behaved as that of
other gases, with small adjacent sections that differ in magni-
tude, slope, and optical thickness (Fig. A2a). To address this,
we apply insight from our treatment of water vapor to assume
the methane absorption coefficient is uncorrelated with Planck
function across its band. This allows us to sort the methane
absorption coefficient by magnitude along the wavenumber
axis (Fig. A2b). This assumption is not dissimilar from that
made in correlated-k distributions, where absorption coef-
ficients are similarly sorted across wavenumber bands for
easier spectral integration (e.g., Fu and Liou 1992). Then,
we split the coefficient into two radiatively active bands: one
where the mean optical depth at the surface is always smaller
than the methane emission optical depth [temCH4

’ 0:82 accord-
ing to Eq. (A1)] across a range of concentrations (Fig. A2b,

light green) and one where the whole band is emitting in the
atmosphere (Fig. A2b, dark green). The very optically thin
leftmost part of the band is ignored as it does not exert a forc-
ing. The very large rightmost part of the band is also disre-
garded; this tail is small (about 10 cm21), and as it emits in
the stratosphere where lapse rates are small, it does not exert
a forcing. The natural split between the two bands is the elbow
in slope, though in practice, the boundary between these two
bands is fluid as concentration changes, so this choice is some-
what local to present-day concentrations.

The optically thick absorption coefficient is simplified with
an exponential function [Eq. (A3)], with k0 5 125 m2 kg21,
l 5 14 cm21, and n0 being the end of the band (Fig. A2c;
Table A3). As with N2O, the slope parameter l is isolated by
optimizing model forcing to line-by-line calculations in an ideal-
ized isothermal atmosphere with discontinuous, varying surface
temperature. This fit is performed from 1/4 to 1/2 preindustrial
concentrations where the peak of the band emits in the tropo-
sphere, but the minimum of the band is optically thin to sepa-
rate l from k0. Note that if all the wavenumbers in this band
are optically thick, we instead take the area of a trapezoid by
adding the area of a rectangle with width dnem

s and height
B(Ts) 2 B(T1), where T1 is the emission temperature at the
edge of the band.

FIG. A2. A schematic illustrating the idealizations to methane and H2O spectroscopy. Green represents CH4, and blue shows line ab-
sorption by H2O. (a) The LBL mass absorption coefficients in the 1000–1500 cm21 band. (b) The sorted CH4 absorption coefficient; in
practice, H2O is sorted by the same index, though this is not shown. This absorption coefficient is split into an optically thin band, defined
as where mean optical thickness is less than the emission optical depth (t , tem, light green) and an optically thick one (t . tem; dark
green). (c) The exponential fit to the thick part of the sorted absorption coefficient. (d) The mean value absorption coefficient approxima-
tion for the part of the band where the mean t is always optically thin. (e) The model for line absorption by water vapor, taken
from Eq. (10) in Jeevanjee and Fueglistaler (2020b).

TABLE A3. Descriptions of parameters needed to model radiative forcing by CH4.

Parameter Description Value Source

tem Emission optical thickness 0.82 Eq. (A1)
kthick 5 k0e

2(|n 02n |)/l Thick band absorption coefficient k0 5 125 m2 kg21 Fit to LBL
n0 5 1490 cm21

l 5 14 cm21

kthin Thin band absorption coefficient 0.5 m2 kg21 Fit to LBL
n * CH4 band center 1305 cm21 LBL model
dn CH4 thin bandwidth 109.5 cm21 Fit to LBL
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The optically thin band is modeled as a band-average
absorption coefficient. We determine this coefficient as best
representing the band-mean optical depth and resulting
forcing and obtain k

CH4
thin 5 0:5m2 kg21 (Fig. A2d).

Finally, we treat spectral overlap of water vapor with meth-
ane. Only line absorption is considered as it dominates overlap
with the CH4 band. The idealized H2O absorption coefficient
in the methane band is plotted in Fig. A2e, with numerical
values in Table A1. The water vapor absorption coefficient is
sorted according to the same index as the CH4 absorption
coefficient to preserve monochromaticity (not shown). As
before, where water vapor emits in the troposphere, the sur-
face temperature is replaced with the water vapor emission
temperature in Eq. (19).

f. N2O

We model only the 1220–1340 cm21 band of N2O as it is
optically thick at preindustrial concentrations. A piecewise-
triangular absorption coefficient described by peaks k0 and
exponential falloff with slope l [Eq. (A3)] is fit as follows:
First, slope coefficients l are fit in idealized isothermal atmos-
pheres with differing surface temperatures. The isothermal at-
mosphere allows the forcing to be independent of k0 such that

the slope coefficient l can be fit independently. This is similar
to the fit of the CO2 absorption coefficient in isothermal and
varying stratospheres in Jeevanjee et al. (2021). Next, the
slope coefficients are held constant, and the peak absorption
coefficient k0 is fit in moist adiabatic atmospheres with vary-
ing surface temperature. The line-by-line and resulting ideal-
ized absorption coefficients are plotted in Fig. A3, and exact
parameter values are listed in Table A4.
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