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This appendix presents the firms optimality conditions and the complete set of competitive
equilibrium conditions.

1 Firm’s Optimality Conditions

Write the Lagrangian of the firm as:

L = E0

∞∑

t=0

r0,t

{
Pi,a,t(ci,a,t + gi,a,t) + P ∗

i,a,t(c
∗
i,a,t + g∗i,a,t) − Wt(ci,a,t + gi,a,t + c∗i,a,t + g∗i,a,t)

+Pa,tν
c
i,a,t

[(
Pi,a,t

Pa,t

)−η

xc
a,t + θc

as
c
i,a,t−1 − ci,a,t

]

+Pa,tν
g
i,a,t

[(
Pi,a,t

Pa,t

)−η

xg
a,t + θg

as
g
i,a,t−1 − gi,a,t

]

+P ∗
a,tν

c∗
i,a,t

[(
P ∗

i,a,t

P ∗
a,t

)−η

xc∗
a,t + θc∗

a sc∗
i,a,t−1 − c∗i,a,t

]

+P ∗
a,tν

g∗
i,a,t

[(
P ∗

i,a,t

P ∗
a,t

)−η

xg∗
a,t + θg∗

a sg∗
i,a,t−1 − g∗i,a,t

]

+Pa,tλ
c
i,a,t

[
sc
i,a,t − ρsc

i,a,t−1 − (1 − ρ)ci,a,t

]

+Pa,tλ
g
i,a,t

[
sg
i,a,t − ρsg

i,a,t−1 − (1 − ρ)gi,a,t

]

+P ∗
a,tλ

c∗
i,a,t

[
sc∗
i,a,t − ρsc∗

i,a,t−1 − (1 − ρ)c∗i,a,t

]

+P ∗
a,tλ

g∗
i,a,t

[
sg∗
i,a,t − ρsg∗

i,a,t−1 − (1 − ρ)g∗i,a,t

]}

The optimality conditions associated with the firm’s problem with respect to Pi,a,t, P ∗
i,a,t, ci,a,t,
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gi,a,t, c∗i,a,t, g∗i,a,t, sc
i,a,t, sg

i,a,t, sc∗
i,a,t, sg∗

i,a,t, respectively, are

ci,a,t + gi,a,t = η
Pa,t

Pi,a,t

[
νc

i,a,t(ci,a,t − θc
as

c
i,a,t−1) + νg

i,a,t(gi,a,t − θg
as

g
i,a,t−1)

]

c∗i,a,t + g∗i,a,t = η
P ∗

a,t

P ∗
i,a,t

[
νc∗

i,a,t(c
∗
i,a,t − θc∗

a sc∗
i,a,t−1) + νg∗

i,a,t(g
∗
i,a,t − θg∗

a sg∗
i,a,t−1)

]

−Pa,tν
c
i,a,t + Pi,a,t − Wt − (1 − ρ)Pa,tλ

c
i,a,t = 0

−Pa,tν
g
i,a,t + Pi,a,t − Wt − (1 − ρ)Pa,tλ

g
i,a,t = 0

−P ∗
a,tν

c∗
i,a,t + P ∗

i,a,t − Wt − (1 − ρ)P ∗
a,tλ

c∗
i,a,t = 0

−P ∗
a,tν

g∗
i,a,t + P ∗

i,a,t − Wt − (1 − ρ)P ∗
a,tλ

g∗
i,a,t = 0

θc
aEtrt,t+1Pa,t+1ν

c
i,a,t+1 + Pa,tλ

c
i,a,t − ρEtrt,t+1Pa,t+1λ

c
i,a,t+1 = 0

θg
aEtrt,t+1Pa,t+1ν

g
i,a,t+1 + Pa,tλ

g
i,a,t − ρEtrt,t+1Pa,t+1λ

g
i,a,t+1 = 0

θc∗
a Etrt,t+1P

∗
a,t+1ν

c∗
i,a,t+1 + P ∗

a,tλ
c∗
i,a,t − ρEtrt,t+1P

∗
a,t+1λ

c∗
i,a,t+1 = 0

θg∗
a Etrt,t+1P

∗
a,t+1ν

g∗
i,a,t+1 + P ∗

a,tλ
g∗
i,a,t − ρEtrt,t+1P

∗
a,t+1λ

g∗
i,a,t+1 = 0

Similar optimality conditions can be derived for foreign firms producing varieties of good b.

2 Competitive Equilibrium

A competitive equilibrium is a set of processes xc
a,t, xg

a,t, xc∗
a,t, xg∗

a,t, xc
b,t, xg

b,t, xc∗
b,t, xg∗

b,t, sc
a,t, sg

a,t,
sc∗
a,t, sg∗

a,t, sc
b,t, sg

b,t, sc∗
b,t, sg∗

b,t, λc
a,t, λg

a,t, λc∗
a,t, λg∗

a,t, λc
b,t, λg

b,t, λc∗
b,t, λg∗

b,t, νc
a,t, νg

a,t, νc∗
a,t, νg∗

a,t, νc
b,t, νg

b,t, νc∗
b,t,

νg∗
b,t, ca,t, cb,t, ga,t, gb,t, c∗a,t, c∗b,t, g∗a,t, g∗b,t, wt, w∗

t , ht, h∗
t , xc

t , xc∗
t , µa,t, µ∗

a,t, µb,t, µ∗
b,t, ea,t, eb,t, τt,

gt, et, yt, tbyt, and ct satisfying the complete asset market condition, the conditions defining the
domestic block, and the conditions defining the foreign block, given initial conditions sc

a,−1, sg
a,−1,

sc∗
a,−1, sg∗

a,−1, sc
b,−1, sg

b,−1, sc∗
b,−1, sg∗

b,−1, g−i, e−i, y−i, tby−i, and c−i for i = 1, 2, 3, 4, and the exogenous
processes ε1

t , and g∗t .

2.1 Complete Asset Market Condition

ea,t =
Ux∗(xc∗

t , h∗
t )χ∗

a(xc∗
a,t, x

c∗
b,t)

Ux(xc
t , ht)χa(xc

a,t, x
c
b,t)

. (1)

2.2 Domestic Block

We introduce the parameter Θj
k for j = c, g and k = a, b to allow for the implementation of the

superficial-habit model as a special case of the deep-habit model. Specifically, the deep-habit model
emerges by setting Θj

k = θj
k, and the superficial-habit model obtains by setting θj

k = 0.
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χb(xc
a,t, x

c
b,t)

χa(xc
a,t, x

c
b,t)

= τt (2)

xc
t = χ(xc

a,t, x
c
b,t) (3)

− Uh(xc
t , ht)

Ux(xc
t , ht)χa(xa,t, xb,t)

= wt (4)

ca,t + c∗a,t + ga,t + g∗a,t = ht (5)

xg
a,t = ga,t − Θg

as
g
a,t−1 (6)

xc
a,t = ca,t − Θc

as
c
a,t−1 (7)

xg
b,t = gb,t − Θg

bs
g
b,t−1 (8)

xc
b,t = cb,t − Θc

bs
c
b,t−1 (9)

1 − 1
µa,t

= νc
a,t + (1 − ρ)λc

a,t (10)

1 − 1
µa,t

= νg
a,t + (1 − ρ)λg

a,t (11)

1 − 1
µ∗

a,t

= νc∗
a,t + (1 − ρ)λc∗

a,t (12)

1 − 1
µ∗

a,t

= νg∗
a,t + (1 − ρ)λg∗

a,t (13)

ca,t + ga,t = η[νc
a,t(ca,t − θc

as
c
a,t−1) + νg

a,t(ga,t − θg
as

g
a,t−1)] (14)

c∗a,t + g∗a,t = η[νc∗
a,t(c

∗
a,t − θc∗

a sc∗
a,t−1) + νg∗

a,t(g
∗
a,t − θg∗

a sg∗
a,t−1)] (15)

θc
aβEt

Ux(t + 1)χa(t + 1)
Ux(t)χa(t)

νc
a,t+1 + λc

a,t = ρβEt
Ux(t + 1)χa(t + 1)

Ux(t)χa(t)
λc

a,t+1 (16)

θg
aβEt

Ux(t + 1)χa(t + 1)
Ux(t)χa(t)

νg
a,t+1 + λg

a,t = ρβEt
Ux(t + 1)χa(t + 1)

Ux(t)χa(t)
λg

a,t+1 (17)

θc∗
a βEt

U∗
x(t + 1)χ∗

a(t + 1)
U∗

x(t)χ∗
a(t)

νc∗
a,t+1 + λc∗

a,t = ρβEt
U∗

x(t + 1)χ∗
a(t + 1)

U∗
x(t)χ∗

a(t)
λc∗

a,t+1 (18)

θg∗
a βEt

U∗
x(t + 1)χ∗

a(t + 1)
U∗

x(t)χ∗
a(t)

νg∗
a,t+1 + λg∗

a,t = ρβEt
U∗

x(t + 1)χ∗
a(t + 1)

U∗
x(t)χ∗

a(t)
λg∗

a,t+1 (19)

sc
a,t = ρsc

a,t−1 + (1 − ρ)ca,t (20)

sg
a,t = ρsg

a,t−1 + (1 − ρ)ga,t (21)

sc∗
a,t = ρsc∗

a,t−1 + (1 − ρ)c∗a,t (22)

sg∗
a,t = ρsg∗

a,t−1 + (1 − ρ)g∗a,t (23)
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µa,t =
1
wt

(24)

µ∗
a,t

µa,t
= ea,t (25)

ca,t + ga,t + ea,t(c∗a,t + g∗a,t)
ca,t + ga,t + c∗a,t + g∗a,t

gt = ga,t + τtgb,t (26)

xc
a,t

xc
b,t

=
xg

a,t

xg
b,t

(27)

ln(gt/g) = B1(L)




ln(gt−1/g)
ln(yt−1/y)
ln(ct−1/c)

tbyt−1 − tby

ln(et−1/e)




+ ε1
t , (28)

yt = ht (29)

ct =
ca,t + τtcb,t

γ + (1 − γ)τt
(30)

tbyt =
ea,t(c∗a,t + g∗a,t) − τt(cb,t + gb,t)
(ca,t + ga,t) + ea,t(c∗a,t + g∗a,t)

(31)

et =
γ∗ea,t + (1 − γ∗)eb,tτt

γ + (1 − γ)τt
(32)

where wt ≡ Wt/Pa,t denotes the real wage in terms of domestic goods.

2.3 Foreign Block

χ∗
b(x

c∗
a,t, x

c∗
b,t)

χ∗
a(xc∗

a,t, x
c∗
b,t)

= τt
eb,t

ea,t
(33)

xc∗
t = χ(xc∗

a,t, x
c∗
b,t) (34)

− Uh(xc∗
t , h∗

t )
Ux(xc∗

t , h∗
t )χ∗

b(x
c∗
a,t, x

c∗
b,t)

= w∗
t (35)

cb,t + gb,t + c∗b,t + g∗b,t = z∗t h∗
t (36)

xc∗
a,t = c∗a,t − Θc∗

a sc∗
a,t−1 (37)

xg∗
a,t = g∗a,t − Θg∗

a sg∗
a,t−1 (38)

xc∗
b,t = c∗b,t − Θc∗

b sc∗
b,t−1 (39)

xg∗
b,t = g∗b,t − Θg∗

b sg∗
b,t−1 (40)

µb,t − 1
µb,t

= νc
b,t + (1 − ρ)λc

b,t (41)
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µb,t − 1
µb,t

= νg
b,t + (1 − ρ)λg

b,t (42)

µ∗
b,t − 1
µ∗

b,t

= νc∗
b,t + (1 − ρ)λc∗

b,t (43)

µ∗
b,t − 1
µ∗

b,t

= νg∗
b,t + (1 − ρ)λg∗

b,t (44)

cb,t + gb,t = η[vc
b,t(cb,t − θc

bs
c
b,t−1) + vg

b,t(gb,t − θg
bs

g
b,t−1)] (45)

c∗b,t + g∗b,t = η[vc∗
b,t(c

∗
b,t − θc∗

b sc∗
b,t−1) + vg∗

b,t(g
∗
b,t − θg∗

b sg∗
b,t−1)] (46)

θc
bβEt

Ux(t + 1)χb(t + 1)
Ux(t)χb(t)

νc
b,t+1 + λc

b,t = ρβEt
Ux(t + 1)χb(t + 1)

Ux(t)χb(t)
λc

b,t+1 (47)

θg
bβEt

Ux(t + 1)χb(t + 1)
Ux(t)χb(t)

νg
b,t+1 + λg

b,t = ρβEt
Ux(t + 1)χb(t + 1)

Ux(t)χb(t)
λg

b,t+1 (48)

θc∗
b βEt

U∗
x(t + 1)χ∗

b(t + 1)
U∗

x(t)χ∗
b(t)

νc∗
b,t+1 + λc∗

b,t = ρβEt
U∗

x(t + 1)χ∗
b(t + 1)

U∗
x(t)χ∗

b(t)
λc∗

b,t+1 (49)

θg∗
b βEt

U∗
x(t + 1)χ∗

b(t + 1)
U∗

x(t)χ∗
b(t)

νg∗
b,t+1 + λg∗

b,t = ρβEt
U∗

x(t + 1)χ∗
b(t + 1)

U∗
x(t)χ∗

b(t)
λg∗

b,t+1 (50)

sc
b,t = ρsc

b,t−1 + (1 − ρ)cb,t (51)

sg
b,t = ρsg

b,t−1 + (1 − ρ)gb,t (52)

sc∗
b,t = ρsc∗

b,t−1 + (1 − ρ)c∗b,t (53)

sg∗
b,t = ρsg∗

b,t−1 + (1 − ρ)g∗b,t (54)

µ∗
b,t =

z∗t
w∗

t

(55)

µ∗
b,t

µb,t
= eb,t (56)

g∗a,t + τt
eb,t

ea,t
g∗b,t =

τt/ea,t(cb,t + gb,t) + eb,tτt/ea,t(c∗b,t + g∗b,t)

cb,t + gb,t + c∗b,t + g∗b,t
g∗t (57)

xc∗
a,t

xc∗
b,t

=
xg∗

a,t

xg∗
b,t

(58)

where w∗
t ≡ W ∗

t /P ∗
b,t.
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