A DIMENSION DESCENT SCHEME FOR THE POSITIVE
MASS THEOREM IN ARBITRARY DIMENSION

SIMON BRENDLE AND YIPENG WANG

ABSTRACT. We describe how the Schoen-Yau proof of the positive mass
theorem can be extended to arbitrary dimensions. To overcome the
problem of singularities, we propose a new inductive scheme. To carry
out the inductive step, we use a combination of several techniques, in-
cluding the shielding principle of Lesourd-Unger-Yau, as well as a con-
formal blow-up argument in the spirit of Bi-Hao-He-Shi-Zhu. Our argu-
ments also rely on the Cheeger-Naber bound for the Minkowski dimen-
sion of the singular set.
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1. INTRODUCTION
We begin with several definitions.
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Definition 1.1. Let n > 3 be an integer. Let (M, g) be a complete Rie-
mannian manifold of dimension n. We say that (M, g) has an asymptotically
flat end if there exists a compact domain K C M with smooth boundary
and a connected component Ey of M \ K such that Ej is diffeomorphic to
the complement of the unit ball in R™. Moreover, we require that there exist
real numbers o and § > 0 such that

’Dm(g _ (1 + Cw42—71) §)|§ < C’(m) rQ—n—m—Qé

at each point in Ey and for every nonnegative integer m. Here, g denotes
the Euclidean metric on the asymptotically flat end Ey, D™ denotes the
covariant derivative of order m with respect to g, and r = /2§ + ...+ 22

denotes the radial coordinate on the asymptotically flat end Ej.

Definition 1.2. Let n > 3 be an integer. Let (M, g) be a complete Rie-
mannian manifold of dimension n with an asymptotically flat end. We define
the mass of (M, g) to be (n — 1)a, where o denotes the coefficient in the
asymptotic expansion of the metric.

Definition 1.3. Let n > 3 be an integer. An n-dataset consists of a com-
plete Riemannian manifold (M, g) of dimension n together with positive
smooth functions p and @ satisfying the following conditions:
e The manifold (M, g) has an asymptotically flat end Ej.
o If n = 3, we assume in addition that M \ Ej is a bounded subset of
(M, g). In other words, if n = 3, we assume that (M, ¢g) has no ends
other than Ej.
e There exist real numbers 8 and § > 0 such that

D™ (p— (14 Br> ™))z < C(m)r>— =2
and B
D" Qly < Cm)rr %

at each point in Ey and for every nonnegative integer m.
e We have

1 n+1
/p\df\2+2/ p(R—QAlogp—ildlogpF)fz

Z/Mpr2

for every smooth test function f with the property that the set
{f # 0} \ Ep is bounded and there exists a constant a such that
the set {f # a} N Ey is bounded. In view of our decay conditions,
the functions R, Alogp, |dlog p|?, and @Q belong to L'(Ej), so the
integrals are well-defined.

Definition 1.4. Let n > 3 be an integer, and let (M,g,p,Q) be an n-
dataset. We define the mass of the n-dataset (M, g, p, Q) to be (n—1)a+24,
where a denotes the coefficient in the asymptotic expansion of the metric
and [ denotes the coefficient in the asymptotic expansion of p.
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We now state the main result of this paper.

Theorem 1.5. Let n > 3 be an integer, and let (M, g, p, Q) be an n-dataset.
Then the mass (in the sense of Definition 1.4) of the n-dataset (M, g, p, Q)
is strictly positive.

As a special case, we obtain the following result.

Corollary 1.6. Let n > 3 be an integer. Suppose that (M, g) is a complete
Riemannian manifold with an asymptotically flat end. If the scalar curvature
of g is positive at each point in M, then the mass (in the sense of Definition
1.2) of (M, g) is strictly positive.

Corollary 1.6 follows from Theorem 1.5 by putting p =1 and Q = %R.

In their groundbreaking works [18],[19],[20], Schoen and Yau proved the
positive mass theorem for asymptotically flat manifolds of dimension n <
7. Lesourd, Unger, and Yau [14] extended the positive mass theorem to
manifolds which have one asymptotically flat end and in addition have other
arbitrary ends. As part of their work, Lesourd, Unger, and Yau introduced
a shielding principle, which plays a central role in our work. Chodosh,
Mantoulidis, Schulze, and Wang [8] have verified the positive mass theorem
up to dimension 11, and Bi, Hao, He, Shi, and Zhu [4] recently gave a proof
of the positive mass theorem up to dimension 19. Finally, Schoen and Yau
[21] and Lohkamp [15] have proposed proofs of the positive mass theorem
in arbitrary dimension.

The proof of Theorem 1.5 proceeds by induction on n. For n = 3, Theorem
1.5 can be reduced to the classical positive mass theorem of Schoen and Yau
[19].

We now give an overview of the proof of the inductive step. Suppose that
n > 4 and (M,g,p,Q) is an n-dataset with nonpositive mass. Following
Lesourd-Unger-Yau, we construct an open domain E together with smooth
functions ® and Q satisfying the following conditions:

e The closure of Ej is contained in E.
The complement E \ Ey is a bounded subset of (M, g).
®=0and Q= %Q at each point in Ej.
® <0 and Q > 0 at each point in F.
® — —oo on the boundary JF.
Q + 2 —2|d®| > 2Q at each point in E.
Note that E has compact, smooth boundary and one asymptotically flat
end.

In the next step, we slightly enlarge the domain E. On the enlarged

domain E, we construct a positive solution v of the linear PDE

. . 1 n+1 9 L
~ A%~ (dlog p,db) + 5 (R—2A10gp— mo ldlog —Q)v_O

with Dirichlet boundary condition on OF. We then restrict 9 to the smaller
domain F, and define p = p 0.
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In the next step, we construct a p-bubble in E. This u-bubble may have
singularities. We denote by > the regular part of the u-bubble. Then 3 is
a smooth hypersurface in F satisfying

Hy + (Viog p,vs) = 9.

To construct this p-bubble we need barriers near infinity, as well as barriers
near the boundary dF. To construct the barriers near infinity, we use the
fact that the n-dataset (M, g, p, @) has nonpositive mass. To construct the
barriers near JF, we use the fact that ® — —oo on OF.

The hypersurface ¥ with its induced metric § can be viewed as an incom-
plete manifold of dimension n—1 with an asymptotically flat end. Moreover,
Y. satisfies a stability inequality. By combining the stability inequality for X
with a generalization of the famous Schoen-Yau identity, we conclude that
a certain quadratic form on X is positive.

In the last step, we construct a conformal metric g = wzité g on Y. The
conformal factor w is obtained by restricting a suitable function on ambient
space to . This function blows up at a controlled rate near the singular set,
thereby ensuring that the metric g is complete. Importantly, the conformal
factor can be chosen in such a way that the positivity of the quadratic form
is preserved. This allows us to construct an (n — 1)-dataset with mass equal
to 0, thereby completing the inductive step.

2. PROOF OF THEOREM 1.5 FOR n = 3

Throughout this section, we assume that (M, g, p, @) is a 3-dataset. Let
Ey denote the asymptotically flat end of (M, g). By assumption, M \ Ej is
a bounded subset of (M, g).

Proposition 2.1. Suppose that a is a constant and F' is a smooth function
1
on M such that F = a p2 near infinity. Then

1 1
/|dFy2+8/ RF2—4/ QF? > —nfBd?,
M M M

where 8 denotes the coefficient in the asymptotic expansion of p.

Proof. Let f = p_% F. Then f = a near infinity. Since (M, g, p, Q) is a
3-dataset, we know that

W [ ol [ p(R=281080= S latoes) £ = [ pr

On the other hand, it follows from the divergence theorem that

(2) /M div(f%dp) = —4nBa’.
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Adding (1) and (2) gives
3 _ 1
[ ootz [ apdn«d [ oo g [ oRs?
M M M M
> —4m8a2+/ pQ 2.
M
Using the pointwise inequality
3 _
plaf|* +2f (dp.df) + = p~" |dp|* f*

8 1 2 5 1 2
=_pld ffld‘—f‘d ffld‘
3p’f+2/> Jdp 5P f+5p Jdp

we obtain
1 2 1
4/ plds+ 507" 1ol +2/ pr22—47rﬂa2+/ Q2.
M M M

Since F' = p% f, we conclude that

1
4/ |dF|2+/ RF22—47rﬁa2+/ QF2.
M 2 M M

This completes the proof of Proposition 2.1.

In the next step, we construct a solution of a certain linear PDE. To
that end, we follow the arguments in Eichmair-Huang-Lee-Schoen [9] and
Carlotto [6]. Let us fix a nonnegative smooth function w such that w is
supported in Ey and w = 2 near infinity. By Hardy’s inequality (see e.g.
[24], Theorem 6.4.10), we can find a positive constant x such that

(3) / |dF|* + /MQF2 > K/MWFQ

for every smooth function F' on M that vanishes near infinity. Since the
function 4kw + R is positive near infinity, we can find a large constant
A > 2 such that

(4) CA-4)Q+4kw+R>0
at each point on M.

Proposition 2.2 (Coercivity). Suppose that F' is a smooth function on M
that vanishes near infinity. Then

/dF\2 /RF28A (Q + 4k w) F2.
M
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Proof. We compute

1 1
FI2+ = J QR a— 4k w) F?
/M\d | +8/MR A M(Q+ Kw)
=—_— dF)*+= | RF*—- | QF
A <M| | 3 M 4 M
+1</ \dF|2-|-1/ QF2—/<;/ sz)
A\ Sy 8 Jm M

1
— —4 2.
t M<(2A )Q+4/<aw+R)F

The first term on the right hand side is nonnegative by Proposition 2.1. The
second term on the right hand side is nonnegative by the Hardy inequality
(3). The third term on the right hand side is nonnegative in view of (4).
This completes the proof of Proposition 2.2.

Let H denote the set of all functions F' € H}. (M) with the property that

/ |dF|2+/ (Q +w) F? < oo
M M
We define
1P|, = / dF[? + / (Q+w) F?
M M

for all F € H. Since |R| < O(r~32%), we know that R € L'(M). Moreover,
RF € LY(M) and RF? € L*(M) for all F € H.

Proposition 2.3. We can find a function v € H with the property that v
minimizes the functional

1 1
/|dv|2+/ Rv2+/ Rv
M 8 Jm 4 Ju

among all functions v € H. Moreover, we can choose v so that 1 4+ v > 0.

Proof. It follows from Proposition 2.2 and a standard approximation
argument that

1 1
dF2+/ RFQZ/ Q +4kw) F?
/M| | 8 Ju 8A M( )

for all F € H. Using this coercivity property, the existence of a minimizer
follows easily. By replacing v by |1 + v| — 1, we can arrange that 1+ v is
nonnegative. This completes the proof of Proposition 2.3.

Let v denote the minimizer constructed in Proposition 2.3. By elliptic
regularity theory, v is a smooth solution of the PDE

(5) —Av+%R(1+v):O.
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Since v € H, the function 1 + v does not vanish identically. Moreover,
the function 1 + v is nonnegative. Using the strict maximum principle, we
conclude that the function 1 4 v is strictly positive everywhere.

Our assumptions imply that

‘DmRb < O(,r—?)—m—%)

for every nonnegative integer m. Standard results for linear PDE [17] imply
that there exists a real number v such that

D™ (v =57 Yy <0G
for every nonnegative integer m, where § € (0, 4).

Proposition 2.4. We have 4y < 8, where 3 denotes the coefficient in the
asymptotic expansion of p and 7y denotes the coefficient in the asymptotic
expansion of v.

Proof. Proposition 2.1 implies that

1 1
/|dF|2+8/ RF2—4/ QF?> —np
M M M

for every smooth function F' on M with the property that F = ,0% near
infinity. Note that p = 14+ O(r~!) and 1 + v = 1 + O(r~1), and we have
corresponding estimates for all the higher derivatives. By a standard approx-
imation argument, the preceding inequality holds for the function F = 1+w.

This gives
1 1
/|dv|2—|—/ R(1+v)2—/ Q1 +v)> —rp.
M 8 Jm 4 Jm

On the other hand, using (5), we obtain

/M |dv|? + é/M R(1+4v)* = /M div((1 +v) dv) = —477y.

Finally, since the function @) is strictly positive and the function 1 + v is
strictly positive, we know that

/ Q(1+v)*>0.
M

Putting these facts together, we conclude that —4ny > —n3. This com-
pletes the proof of Proposition 2.4.

It follows from (5) that the conformal metric (1 + v)*g has zero scalar
curvature. Moreover,

(1+v)lg=(1+(a+4y)r Hg+0>r10)
near infinity. We now apply the classical positive mass theorem of Schoen
and Yau [19] to the conformal metric (1 + v)*g. This implies a + 4y > 0.
Combining this inequality with Proposition 2.4, we conclude that a+ 3 > 0.
Therefore, the 3-dataset (M, g, p, Q) has strictly positive mass in the sense
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of Definition 1.4. This completes the proof of Theorem 1.5 in the special
case n = 3.

3. PROOF OF THEOREM 1.5 FOR n > 4

In this section, we complete the proof of Theorem 1.5. Let us fix an integer
n > 4. We assume that Theorem 1.5 holds for all (n — 1)-datasets. We will
show that Theorem 1.5 holds for all n-datasets. We argue by contradiction.
Suppose that (M, g, p,Q) is an n-dataset with nonpositive mass. In other
words,

(6) (n—1a+25<0,

where o denotes the coefficient in the asymptotic expansion of the metric
and B denotes the coefficient in the asymptotic expansion of p. Let FEj
denote the asymptotically flat end of M.

3.1. A result from Lesourd-Unger-Yau’s work. In this subsection, we
recall an important construction from the work of Lesourd-Unger-Yau.

Lemma 3.1 (cf. Lesourd-Unger-Yau [14], Proposition 3.1). We can find
an open, connected domain E with smooth boundary, a smooth function ®
defined on E, and a smooth function Q defined on E with the following
properties:

The closure of Ey is contained in E.

The complement E \ Ey is a bounded subset of (M, g).

® =0 and Q = %Q at each point in Ey.

® <0 and Q > 0 at each point in E.

® — —o0 on the boundary OF.

Q+ @2 —2[d®| > 2Q at each point in E.

Proof. Let us fix positive real numbers sy and s such that s; > sg and

Q) > =2

S$150
for each point x € Npy4)(Eo,250) \ Eo. Let us fix a smooth function x :
R — [0,1] such that xy = 0 on (—00,3], x = 1 on [1,00), and 0 < y/ < 3.
We define a smooth function ¢ : (—o0, s1 + s9) — (—00, 0] by

(s) " ()
S)=m ——7—7—7—— -
v sl—i-so—sx S0

for all s € (—o0,s1 + sg). Clearly, ¢ is monotone decreasing, ¢(s) = 0 for

all s € (—o0, ], and ¢(s) = _S1+§0*S for all s € [sg, s1+ s0). In particular,
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p(s) = —o0 as s — s1 + sp. Moreover,

/ 8 (S 8 5
A= o o) " s X

24 8

$150 8%
> 32

S$150

for all s € (—o0, sp) and
¢'(s) = =2 els)

for all s € [sg, s1 + sp)-

By Proposition 2.1 in [12], we can find a smooth function ¢ on M such
that |o(z) — darg)(2, Eo)| < % and |do(z)| < 2 for all z € M. We may
further assume that s; + sg is a regular value of . We claim that

7) Q) + 5 @0 () +4¢!(o(x) > 0

for each point = € {0 < s1 + so}. To prove this, we distinguish three cases:
Case 1: Suppose that x € Ep. In this case, o(x) < %. This implies

Q) + 5 @0 (@)? +4¢/(0(x)) = Qx) > 0.

Case 2: Suppose that x € {0 < s} \ Eo. Then x € N(y4)(Eo,250) \ Eo.
Consequently, Q(x) > %. This gives

128

Q@) + 5 9lo(@)? +19(0(@) > = +44(0(a)) 2 0.

Case 3: Suppose that z € {sp < o < s1 + so}. In this case,

Q) + 5 plo()) + 44 (()) = Q(x) > 0.

This proves (7).

Let E denote the connected component of the set {o < s; + so} that
contains the set Ey. Then E C N4 (Fo, 1+ 250). In particular, the set
E\ Ej is a bounded subset of (M, g). We define a smooth function ® on F
by

O(z) = p(o(x))
for x € E. Clearly, & = 0 at each point in Ey, & < 0 at each point in F,

and ® — —oco on the boundary dE. We define a smooth function Q on E
by

Q) = 5 Q@) + § #lo(@))? +2¢/(0(x))
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for z € E. Clearly, Q) = %Q at each point in Fy. Moreover, it follows from
(7) that Q > 0 at each point in E. Finally,

Q) + 5 B(@)* — 2 |db(x)| — 2Q(2)

= Q@) + 5 (0(2))? — 21 (o (2)| [do ()] — 2Q(a)
= 21¢/(0(2))| 2 - do(2)])

>0

for each point z € E. This completes the proof of Lemma 3.1.
Remark 3.2. In Lemma 3.1, we allow the possibility that OF = ().

In the following, we fix an open, connected domain F with smooth bound-
ary such that the closure of E is contained in E and the complement F \E
is a bounded subset of (M, g). From now on, we will work exclusively
on the closure of the domain E.

3.2. Solving a linear PDE with Dirichlet boundary condition on
the enlarged domain E. In this subsection, we construct a solution of
a certain linear PDE on E with Dirichlet boundary condition. We again
follow the arguments in Eichmair-Huang-Lee-Schoen [9] and Carlotto [6].
Let us fix a nonnegative smooth function w such that w is supported in Fjy
and w = r~2 near infinity. By Hardy’s inequality (see e.g. [24], Theorem
6.4.10), we can find a positive constant x such that

® Lo+ [ oar=u [ por

for every smooth function f on E that vanishes near infinity. Since the
function

1
mw+R—2Alogp—%\dlogp[2

is positive near infinity, we can find a large constant A > 4 such that
1
9) (A—4)Q+f<cw+R—2Alogp—%]dlogp\Q20
n

at each point on E.

Proposition 3.3 (Coercivity). Suppose that f is a smooth function on E
such that f =0 on OF and f vanishes near infinity. Then

1 n+1
df* + - R—2Alogp— —— |dlogp|* — Q) f*
/Ep!f!JrZ/Ep( 0gp— - —— ldlogp| Q)f

> A EP(Q-l—/-iw)fQ.
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Proof. We compute

1 n+1
2, - _ _ 2 2
/E,o|df] +2/EP(R 2 Alogp n+2\dlogp| Q)f

= 2
oA Ep(Qme)f
= </Ep|df| +2/EP(R 24logp — = ldlog | 2Q)f>

1 1
ey (Lowreg [rar—x [ por)
E E E
1 n+1
— A—4 —2Alogp — —— |dlog p|?) f2.
+ox Ep(( )Q+rw+ R og p n+2|d0gp!)f

The first term on the right hand side is nonnegative since (M, g, p, @) is an
n-dataset. The second term on the right hand side is nonnegative by the
Hardy inequality (8). The third term on the right hand side is nonnegative
in view of (9). This completes the proof of Proposition 3.3.

Let H denote the set of all functions f € Hﬁ)c(E) with the property that

Lotdr?+ [ p@+w) s <o
E E
and the boundary trace of f along OF vanishes. We define

2 2 2
Hﬂy—ép#|+ép@+@f

for all f € H.

Let us fix a nonnegative smooth function vy on F such that vg = 0 on OF
and vg = 1 near infinity.

Proposition 3.4. We can find a function v € H with the property that v
minimizes the functional

1 1
/p]dv2—i—/p(R—ZAlogp—H\dlogp[z—Q>v2
B 2 /i n+2

1
—1-2/p(dvo,dv>—|—/p<R—2Alogp—n+|dlogp|2—Q>vov
B E n+2

among all functions v € H. Moreover, we can choose v so that vg + v > 0.

Proof. It follows from Proposition 3.3 that
1 n+1
/ pldf|* + 2/ p (R— 2 Alog p — —— |dlog p|* — Q) f?

Z;A/EP(Q—FHw)fz.

for all f € H. Using this coercivity property, the existence of a minimizer
follows easily. By replacing v by |vg + v| — vp, we can arrange that vy + v is
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nonnegative. This completes the proof of Proposition 3.4.

Let v denote the minimizer constructed in Proposition 3.4. By elliptic
regularity theory, v is a smooth solution of the PDE

— A(vo +v) — (dlog p, d(vo + v))
1 1
(10) +§(R—2Alogp—%|dlogp|2—62) (vo+v) =0
on the domain E with Dirichlet boundary condition v = 0 on OF. Since
v € H, the function vg+v does not vanish identically. Moreover, the function
vo+ v is nonnegative. Using the strict maximum principle, we conclude that

the function vg + v is strictly positive everywhere.
Our assumptions imply that

_ 1
’Dm (R —2Alogp — % |dlog p|? — Q) ‘g < O(r~nmm=29)

for every nonnegative integer m. Standard results for linear PDE [17] imply
that there exists a real number v such that

D0 =y )y < O )
for every nonnegative integer m, where be (0,0).
Proposition 3.5. We have v < 0.
Proof. Since (M, g, p,Q) is an n-dataset, we know that

1 n—+1
df|> + = —2Alogp— —— |dlog p|? — 2 2>
/Eplfl +2/EP(R og p n+2| 0g p| Q)f >0

for every smooth function f on E with the property that f = 0 on dF and
f = 1 near infinity. By approximation, the preceding inequality also holds
for the function f = vg 4+ v. This gives

1 1
/ p|d(v0—|—v)|2—|—/ p (R—ZAlogp—i \dlogp|2—2Q> (vo+v)% > 0.
) 2 /g n+2

On the other hand, using (10), we obtain

1 +1
/pld(vo+v)|2+/p(R—ZAlogp—nIdlogPIQ—Q) (vo +v)?
) 2 /g n+2

B /Ediv(’) (vo +v)d(vo +v)) = —(n—2)|S" |,

Note that there is no boundary term on OF since vy 4+ v vanishes on OFE.
Finally, since the function @ is strictly positive and the function vg + v is
strictly positive, we know that

/pQ(vo+v)2 > 0.
E
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Putting these facts together, we conclude that —(n — 2)|S™ ']y > 0. This
completes the proof of Proposition 3.5.

From now on, we will work exclusively on the closure of the
domain FE. We define © = vp+v and p = p 0. With this understood, ¢ and
p are strictly positive smooth functions on the closure of E. The function ©
satisfies

D™ (5 = (1+727)|y < O(r2m=2)

for every nonnegative integer m. Hence, if we put B = B + 7, then the
function p satisfies

ID™(p— (14 Br> ™)y < O* "2

for every nonnegative integer m. Using Proposition 3.5 and the inequality
(6), we obtain

(11) (n—1)a+ 23 < 0.
Finally, the identity (10) gives
— Av — (dlog p, dv)

1 n+1 2 ~
12 7( —2Al1 — ——|d1 — ) =
(12) +5 (R ogp— . ——ldlogp|"~ Q) v =0
on the domain E. This implies

— Alogt — |dlogd|> — (dlog p, dlog )

1 n+1 9
1 7( —2Alogp— 2241 . ):
(13) t3 R ogp n+2|d ogpl*—Q) =0

on the domain F.

3.3. A family of hypersurfaces in the asymptotically flat end Ej
with positive p-weighted mean curvature. Throughout this subsec-
tion, we identify the asymptotically flat end Ey with the complement of the
unit ball in R™. For A > 0 sufficiently large, we define two hypersurfaces
N;r and Ny by

Ny = {xn =A—(n—-3+0)" 2+ +a2 +)\2)_n_§+5}
and
Ny = { —ap=A—(n=34+0)" (@ .. a2, +>\2)*7"7§’”}.

We choose the unit normal vector field along Ny so that dxn(VNj) > 0 at

each point on N ;r . We choose the unit normal vector field along Ny~ so that
dmn(uN;) < 0 at each point on N, . The following proposition is similar to
the classical work of Schoen and Yau.
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Proposition 3.6. If A > 0 is sufficiently large, then the hypersurface N;
satisfies
Hyy + (Vlog p, VN;r) >0

and the hypersurface Ny satisfies
HN; + (Vlog p, VN>\—> > 0.

Here, the mean curvature and unit normal vector are computed with respect
to the metric g.

Proof. We only prove the assertion for N . The proof for N \ is anal-
ogous. Let H N denote the mean curvature of the hypersurface Ny T with
respect to the Euchdean metric g. Then

ntl4d A
5 2

HN; R N D & iy (5(:314—...—1—:15%_1) —(n— 1))\2)‘
Moreover, the metric g satisfies
9= (1+ar®™) gy < 7%

and B R
ID(g— (1+ar®™)g)lz < Crim 2.

Consequently, the mean curvature of N ;“ with respect to the metric g satis-
fies

%(n—2)(n— Dair™

— (@R N

HN;'+

n+1+5

(B(ai . +a2y) = (-1
< Ol
The function p satisfies
|f3 - (1 + ,6}7”27”)’ < Cr27n725

and B X X

[D(p— (14 Br* ™)l < Cri-72.
Consequently, the normal derivative of the function log p along N;r satisfies

[(Vlog p,vys) + (n—2) BAr—| < Crimn 2,

Putting these facts together, we obtain

1 R
HN; + (Vlog p, I/N;r) +-(n—-2)((n—Da+28)Ar "

2

(@t et D) (G .+xi,l)—(n—1)A2)‘
< Crlfnfﬁ.

Recall that (n — 1)a + 28 < 0 by (11).
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It is convenient to divide N;r into two regions. In the region
NIn{d @2+ +a2_y)>4(n— 1A%},
we have
Hys + (Vlog p, I/N;->
> (@22 AT G a2 ) — (i 1) A2

- C 7,17n725

weres (1
> (22 4. a2l + AR (ié(x%+...+a:i,1)+(n— 1)/\2)
_ CTl_n_28

and the expression on the right hand side is positive if A is sufficiently large.
Finally, in the region

NIn{§ @2+ +22_,) <4(n—1)\?%},
we have
A 1 2 —-n —n—4
Hyt +(Vlogp.vys) > =5 (n=2) ((n = Da+26) Ar~" = Cri=",

and the expression on the right hand side is positive if X is sufficiently large.
This completes the proof of Proposition 3.6.

Let us fix a large constant Ao with the following properties:

e For each A\ > )\g, we have
HN; + (Vlogp, VN;-> >0
at each point on N ;r .
e For each A\ > )\, we have
HN; + <Vlogﬁ,uN;> >0
at each point on Ny .

e The hypersurfaces {N)" : A € [Ag,4)\o]} form a foliation.
e The hypersurfaces { N, : X € [Ag, 4o} form a foliation.

Proposition 3.7. There exists a large constant sy (depending on \g) with
the following significance. If s > so and X € [No,4\o], then the hypersurface

We={a?+.. . +22_ | =5

intersects N; and N, transversally. Moreover, <I/N;\L,I/WS> < 0 at each

point on N;r NWs and <1/N; ,vw,) < 0 at each point on Ny N"W,. Here, vy,
denotes the outward-pointing unit normal vector to Wi.
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Proof. We only prove the assertion for Ny . The proof for N , 1s analo-
gous. Let 1/N+ denote the unit normal to Ny & with respect to the Euclidean
metric g, and let Dy, denote the outward-pointing unit normal vector to Wi
with respect to the Euclidean metric. We compute

n1+

1
2

(P Pw)g = =5 (52 +X%)~ (1+s*(s* + )\2)1—n—8)

at each point on NV ;r N Ws. Hence, if s is sufficiently large (depending on
o), then

_ _ 29— n—o _
(D s w)g + 7" < Cs7"
at each point on N /\+ N Ws. Since the metric g satisfies

|g—(1—{—ar ™) gl <Cr2”26

9lg
and the Riemannian metric (1 + ar?~")g is conformal to g, we conclude
that

(s 0wy — Py P, gl < €272

at each point on NV ;L NWs. Therefore, if s is sufficiently large (depending on
o), then we obtain

(s sviw)g + 8270 < O 52

at each point on NV ;’ N Ws. This completes the proof of Proposition 3.7.

Definition 3.8. For each A € [Ag,4)\g], we define an open domain Eg,p »
by

A n—3+4
Egabr = E\ {Ifcnl >A—(n—3+8)" (@ 4. +ady + AT }
Note that dEgan ) = Ny UN; UJE.

We define a vector field X on Egap 4y, \ Eslab,), s0 that X is the unit
normal vector field to the foliation N ;r in the region

n—3+4
2

{Ao—(n—3+5)*1(z%+...+xi,l+/\3)*

San < Ado— (=345 @+ el +1603) )

and X is the unit normal vector field to the foliation N,  in the region

n— 3+5

{Ao—(n—3+5)*1(x§+...+ T 1+/\0)

< —mp<Ah— (=348 (@i 4. 42 +16A2) e }

Note that |X| =1 at each point in Egap 4, \ Eslab,o-
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Proposition 3.9. Let X denote the vector field constructed above. Then
divy(p X) > 0 at each point in Egabaxr, \ Eslaby,- Moreover, if s > sq, then
(X, vw,) <0 at each point in (Egab.ax, \ Esiab,ng) N W.

Proof. The first statement follows from Proposition 3.6. The second
statement follows from Proposition 3.7.

3.4. Construction of a yu-bubble (possibly with singularities). In this
subsection, we construct a suitable pu-bubble. The use of p-bubbles in the
study of scalar curvature was pioneered by Gromov [13].

In the following, ® will denote the function constructed in Lemma 3.1.

Lemma 3.10. We can find a small positive constant ng so that the following
statement holds. The distance function d(Mg)(-, OF) is smooth on the tubular
neighborhood ENN 1,4y (OF, 4n9). Moreover, we have div(pY') > p® at each
point in B ﬂj\/‘(M’g) (OFE,4ng), where Y denotes the gradient of the function

—d(p,g) (-, OF).

Proof. By Lemma 3.1, we know that & — —oo on the boundary JF.
From this, the assertion follows. This completes the proof of Lemma 3.10.

Let us consider a sequence s; — oco. For each A € [Ag,4)] and each j,

we define an open domain Es(lja)b \ by

S

E(fa)b’)\ = Egapx \ {23 + ... +22_, > 332 .
For each j, we consider a variational problem on the domain Es(lj;)b’ Ao

Definition 3.11. Let 7o be chosen as in Lemma 3.10. We denote by z()
the collection of Caccioppoli sets 2 C E(Qh 1), With the property that

S

Q ﬁ-/\/’(M,g) (aEv 770) = 07

on |J NF=0
AE[3/\0,4)\0)
and
U N- 2 2 2
N\ zi+ .z > 85 CQ
)\E[3/\0,4A0)

Note that the domain Eilja)b 1, M{@n < —10} belongs to Z (7). In particular,
z0) £ 9.

Definition 3.12. For each Q € ZU), we define

]-“(j)(Q):/ _ ﬁd’H"‘l/ﬁcI)dH".
o*QnEY) Q

slab,4\(
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Since ® < 0 at each point in E, we have

FO(Q) > / pamn!

8*QmEs(1]:b,4)\0
for each Q € (7).
Lemma 3.13. Let 19 be chosen as in Lemma 3.10. Let 2 € 20), and
suppose that 2 has smooth boundary in Es(lj;b 4x,- Let us choosen € (310, 4m0)

so that O is transversal to ON(u; ¢ (OE, 7). Then FO(Q) < FU(Q), where
Q= Q\ Ny (OF, 7).

Proof. Let Y denote the vector field constructed in Lemma 3.10. Then
Y| =1 and divy(pY) > p® at each point in ENNy4)(0F,4np). Integrat-
ing this inequality over Q NN (7,5)(OF,7) C ENNyyg)(0F, 410) gives

/ pAdanl . / /fjd%nfl
BQQ./\/’(ALQ)(BE,ﬁ) aﬂﬂa/\/(M,g)(aE,f))

> [ p(Y.voa) ar [ paHm!
6Qﬁ./\/’(M7g) (OE,n) 8908}\/(A17g) (OE,N)

= / div(pY)dH"
Qﬁ/\/’(M’g) (OE,7)

> / pPdH"™.
QNN (a1,9) (OE,7)

This implies FU)(Q) < FU)(Q). This completes the proof of Lemma 3.13.

Lemma 3.14. Let Q € ZU) | and suppose that Q has smooth boundary in
Eéf;b an- Let us choose X € (Ao, %) so that 02 is transversal to N;. Then
FU(Q) < FO(Q), where
a=a\ |J N
Ae(X,4X0)

Proof. Let X denote the vector field constructed in the previous sub-
section. Then |X| = 1, (X, VW5j> < 0 on (Egabar, \ Esabr,) N W,
and divg(pX) > 0 in Egabax, \ Eslabr,- We now integrate the inequal-
ity divy(p X) > 0 over

oan |J N
Ae(X,4X0)
Consequently, the p-weighted area of

oan |J Ny
Ae(X4X0)
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is bounded from below by the p-weighted area of 2 N V. ; . Since ® = 0 on

Ey, it follows that FU)(Q) < FU)(Q). This completes the proof of Lemma
3.14.

Lemma 3.15. Let € 2 and suppose that Q has smooth boundary in
Es(ljgb an,- Let us choose A € (Ao, %) so that 9 is transversal to Ny . Then

FUNQ) < FON(Q), where

Q:QU< U N;\{x%%—...—l—xi_lZs? >
Ae(M4x0)

Proof. Let X denote the vector field constructed in the previous sub-
section. Then |X| = 1, (X, VWSj> < 0 on (Egabar, \ Fslabry) N W,
and divg(pX) > 0 in Egabary \ Eslab),- We now integrate the inequal-
ity divy(p X) > 0 over

U dov@uiai+.. +a2 =87},
Ae(X,4X0)
Consequently, the p-weighted area of
oan | J Ny
Ae(X4X0)
is bounded from below by the p-weighted area of N 5 \ ©. Since ® = 0 on

Ey, it follows that FU)(Q) < FU)(Q). This completes the proof of Lemma
3.15.

Proposition 3.16 (Existence of a minimizer). For each j, there exists a
Caccioppoli set Q) € 2@ which minimizes the functional F9) . Moreover,

(14) 00 A Ny gy (OF, 200) = 0,
AE[2X0,4)0)
and
(16) U NoV{ei+.. 422, >3 Qb
)\6[2/\0,4)\0)

In particular, the reduced boundary of OU) s contained in the closure of

Es(lja?bmo \ Na,g) (OF, 2n).

Proof. We fix an integer j. Let {QUY : 1 =1,2,..} ¢ 2ZU) be a
minimizing sequence for the function F@). By Theorem 13.8 in [16], we
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may assume that QU has smooth boundary in Es(ljgb 1) In view of Lemma
3.13, Lemma 3.14, and Lemma 3.15, we may further assume that

(17) Q(J}l) m'/\/’(M,g)(aE,?)T]O) _ @,
(18) Q(j,l) N U N;_ _ @7
Ae[220 4)0)
and
(19) U NVl +. +al =57 cabib,
Ae[359,420)
Clearly,

sup H"_l(a*Q(j’l) N Es(fgb 4)\0) < o0.
l b

Thus, for each j, the sets {QU4) : 1 =1,2,...} have bounded perimeter. We
now invoke the compactness theorem for BV functions. Hence, we can find
a Caccioppoli set OU) such that, after passing to a subsequence if necessary,
lgGy converges to lg strongly in L'. The statements (14), (15), (16)

follow from (17), (18), (19). Therefore, Q) e ZU). Since the BV norm is
lower semicontinuous with respect to L' convergence, it follows that

FOUQW)Y < lim sup FU) (QUD).

l—00

Thus, 2U) is the desired minimizer. This completes the proof of Proposition
3.16.

Lemma 3.17. Let U be an open domain with smooth boundary which is
contained in a compact subset of Egap 3, \/\/(My) (OF, 3%) Then

/ f)d?—l”_lg/ pdH™ L.
*QU)NU U

Proof. Since U is contained in a compact subset of Egab 31, \ N (M,g)(OF, 3%),

it follows that Q) \UeZzZ (7). Using the minimization property of F\9), we
obtain

FOQWY < FO(QW\ U).
This implies

/8* QWNEY)

slab,4\

ﬁd?—["l—/ p@d%ng/ pdH™ L.
,U QUINU U

Since ® < 0, the assertion follows. This completes the proof of Lemma 3.17.
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Lemma 3.18. We can find a large number s, with the following significance.
Suppose that j is sufficiently large so that s; > s.. Then

/ ) , pdH < st
o QINEY) |\ {1 2<a?4..a2_, <s?}

slab,4\

for each 5 € [s4, s;], where C is a uniform constant.

Proof. Let
1
U= Eslab’% N {152 <zid..+ri < 52}.
Clearly, U is an open set which is contained in a compact subset of Egjap 31, \
Nwg) (OF, 3%) Arguing as in the proof of Lemma 3.17, we obtain

/ pdH™ ! g/ pdH" 1.
QW nU U

From this, the assertion follows. This completes the proof of Lemma 3.18.

In the next step, we take a limit of the minimizers QW) as j — oo. To
do that, we use ideas from the work of Eichmair and Koérber [10]. Using
Lemma 3.17, we obtain local area bounds for QU We again invoke the
compactness theorem for BV functions. After passing to a subsequence, we
can find a Caccioppoli set 2 such that loo) — 1g in Llloc(EslabA)\o)-
Definition 3.19. Let U be an open set which is contained in a compact
subset of Fgab. 3, \/\/'( M,g)(OF, 3%) Given a Caccioppoli set 2 C Egab 4x,,

we define
]-"(Q;U):/ ﬁd?—["l—/ pPAH".
o*QNU Qno

Since ® < 0 at each point in F, we obtain
F(Q;U) > / pdH™ .
o*QnU
Lemma 3.20. Let U be an open domain with smooth boundary which is
contained in a compact subset of Egab3x, \N(ar,g)(OF, 3%) If Q C Eglab,ax,
is a Caccioppoli set with the property that the symmetric difference QAQ is
contained in a compact subset of U, then F(Q;U) < F(Q;U).

Proof. For s > 0 sufficiently small, we define U = {z € U : darg) (T, oU) >

s}. Recall that
/ 1om) —1al =0
U

as j — o0o. By the co-area formula, we can find a sequence of positive real
numbers €; — 0 and a sequence of positive real numbers §; — 0 with the
property that the boundary trace of 1¢;, —1¢, along Us; has L1(8U§j)—norm
less than ¢;.
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By assumption, the symmetric difference QAQ is contained in a compact
subset of U. Hence, if j is sufficiently large, then the boundary trace of
o) — Lo along U, has L'(0Us,)-norm less than ;.

If j is sufficiently large, then the set () \ Us;) U (2N Us,) belongs to
20U). Using the minimization property of FU), we obtain

FO(QWy < FO) ((Q(j) \Us,) U (Qn U§j>)
if j is sufficiently large. This implies
FOQUUs,) < F(QUs,) + Ce;
if j is sufficiently large. Finally, we send j — oco. Since the BV norm is
lower semicontinuous with respect to L' convergence, we conclude that

F(Q;U) < limsup F(QU); Ug) < limsup(F(Q; Us,) + Cej) < F(Q;0)
Jj—0o0 j—o00

for every open domain U with the property that the closure of U is contained
in a compact subset of U. This finally implies

F(U) < F(Q;0).
This completes the proof of Lemma 3.20.

Lemma 3.21. If5 is sufficiently large, then the following holds. If (Z1,...,ZTn—1)

is a point in R"™1 with \/Z3 4+ ...+ 72_, =5, then

/ ) ﬁd%n_l
O* QN Eglab,axg M (21-1)2+... A+ (@n—1—Fn_1)2<§ 52}

< (140(1))|B" Y (% 5)'

Proof. Let

1
U= Eslah@ N {(331 —Z1)2 4+ (T —Tn)?i < 152}.

We can find an open domain U with smooth boundary such that U is con-
tained in a compact subset of U and U is contained in a compact subset of
Egab3ro \ Narg)(0F, 212). Using Lemma 3.20, we obtain

FQ;U) < FQ\U;D).
This implies

1 n—1
/ pAH ! < / paH™ ' < (14 0(1))|B™ Y (f 5) :
o*QNU AU\NS,, 2

This completes the proof of Lemma 3.21.
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Definition 3.22. We denote by S the singular set of (2, and by © = (8*Q N
Egabax,) \ S the regular part of (). Note that X is a smooth (possibly
disconnected) hypersurface in F'\ S, and Hy + (Vlogp,vs) = ® at each
point on 3.

In the remainder of this subsection, we show that the singular set S is
compact and ¥ is asymptotically planar near infinity.

Proposition 3.23. The singular set S is compact. The second fundamental
form of ¥ satisfies |hs| < Cr~! near infinity. For every nonnegative integer
m, the m-th order covariant derivative of the second fundamental form of
is bounded by C(m)r=™"1 near infinity.

Proof. This follows from Lemma 3.21 together with Allard’s regularity
theorem (see [2] or [22]) and standard interior estimates.

Corollary 3.24. Near infinity, the hypersurface ¥ can be written as a graph
Tn = u(r1,...,2n—1). The function u is bounded. For every nonnegative
integer m, the m-th order derivatives of u are bounded by C(m) (z? + ...+
z2 )72 near infinity.

Proof. This follows by combining Proposition 3.23, the density bound in
Lemma 3.21, and the fact that X is contained in a slab.

Proposition 3.25. There exist real numbers cy and pg such that

3—n
‘U(xlau-,xn—l) —(cot+po@i+...+ap 1)72)

3—n—4o
<O((@i+...+a2_) 2 ),
and we have analogous estimates for the higher derivatives of u.

Proof. The hypersurface ¥ satisfies Hy, + (Vlog p, vs) = 0 near infinity.
Hence, the restriction of the coordinate function x, to X satisfies

(20) Aszy + (V¥ logp, VZa,) = Az, — (D?zn) (v, vs) + (Vlog p, Vi)
near infinity.

Since ¥ is contained in a slab, we know that |x,| < C at each point in X.
From this, we deduce that

(21) |Az,| < O(r179),

(22) (D%2,)(Vtn, Vag)| < O@r1—"9),
and

(23) (V1og p, V)| < O(r'="9)

along ¥. The inequality (22) implies
(24) (D%2,) (vs, ve)| < O(r ")
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along ¥. Combining (20), (21), (23), and (24), we conclude that
|Axz, + <VZ log p, szn)] < O(rl_”_g)
on X. Since x,, = u(xy,...,xn—1) at along 3, it follows that
|Asu(@1, .. @n1) + (VZog p, V(1 . .. an_1))] < O(r77%)

on Y. Therefore, the function u satisfies a linear PDE of the form

1

3
|

n
aij(l’l, e IL‘nfl) Oﬁju + Z bj(!L‘l, ... ,l’nfl) 8ju(:r:1, e ZL‘nfl)
j=1

~.
Il
—

7j

= G(.%'l, e ,xn_l)

near infinity, where

2 2 -1
19{?2&271 |aij(x1, ... 7$n71) — 5”‘ < O((wl —+ ...+ l‘n_l) 2),

(z1.. ) <O((22+.. . +22 )L
1§I§1§§_1|bg($1, 1) SO((af+ ... 42 q)7Y),

and
G(21, - 1)| O((a2 + .. a2 ) 5.

Moreover, we have analogous estimates for the higher derivatives of a;j, b,
and G. Since u is bounded, the assertion follows from standard results about
linear PDE (see [17]). This completes the proof of Proposition 3.25.

3.5. The stability inequality for the u-bubble. In this subsection, we
show that () satisfies a stability inequality. In the first step, we state the
stability inequality for Q). In the second step, we will pass to the limit as
j — oo.

Proposition 3.26. Let j be a large integer. Suppose that a is a real number
and V' is a smooth vector field on E such that V =a % in a neighborhood
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of Wsj N Eslab,S)\()- Then

n—1
1

0 .,E,ﬂ f e, e denfl
2/(3*Q(J>QE(-7) pZ( vZvg)(e, ex)

slab,d\g k=1

+/ V(V(p))dH™ !
a*Q(])mE(J)

slab,4\(

13

n—1
1 . .
1 / 5 ST (Log)en e1) (Lorg)ers @) dH!
2 JorahnED

slab,dxg  k,l=1
1 n—1
1 b3 (Lrg)(en ex) (Lrg)(er,er) dm
4 a*Q(])mE(J)

slab,dxg  k,I=1

n—1
+/ (5) Y _(Lvg)(er, ex) dH™ !
a*Q(J)r\'E(J) el

slab,4\(

> / div(div(p @ V) V) dH".
Q)

Proof.‘ This follows from the fact that Q2U) is a minimizer of the func-
tional FU).

Proposition 3.27. Suppose that a is a real number and V is a smooth
vector field on E such that V = a % near infinity. Then

n—1
1 . e
. 5 S (Lo Lrg) (en ex) AT
O*QNEglab,ang  —1

+/ ) V(V(p))dH" !
0*QNEglab,axg
1

n—1
-3/ b3 (Lrg)(en 1) (Lig) (e, er) am
9*QNEsiab,ang g i=1

n—1
1 ) .
s (e e (Frger e dn
*QNEsiabarg =1

n—1

+/ . (Lvg)(ex, ex) dH™
O*QNEglab,ax kz
> / div(div(p® V) V) dH™.

0

Proof. We first observe that
(25) [ Lvgl < Clalr'™", | L Lgl <Clafr™"
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and

(26) V(p)l < Clalr'=",  [V(V(p))] < Claf*r™"

near infinity.
Let us fix a smooth function y : R — [0, 1] such that x = 0 on (—ooc, 4] and

X = 1 on [1,00). For § > 0 sufficiently large, we define a smooth function
Zs: M — R by

Za(x) = x(3 2 (¥ +...+22 ) forzeE
- 0 for x € M \ Ej.

In the following, we assume that j is chosen sufficiently large depending on
5. Using (25), (26), and Lemma 3.18, we can bound

n—1

/8*§2(j)mE(j) s p (fv,iﬂvg)(ek’ ek,’) dH" !

slab,4)\( 1

+ / R V() dH!
6*Q(j)ﬁE(J)

slab,4 )\

N | —
=~
Il

—_

n—1
- /a ANNEY =sp (Lrg)(er,er) (Lvg) ek, er) dH™ !
* J m

slab,4)( k=1

\V)

+
A~ =

n—1
/<9*Q(j)mE(j) Esp Y (Lvg)(en ex) (Lvg)(e e) dH™ !

slab,4Xq k7l:1

+

/ V) S (g en o) dHT
8*Q(g)mE(])

slab,4)q k=1
< Cla*s™,
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where C' is independent of § and j. Combining this inequality with Propo-
sition 3.26, we obtain

; /
2 Jor i nEY)

slab,4\(

+ / (1 - Z9) V(V(p) dH"!
a*Q(J)mE(J)

n—1
(1-Z:5)p > (LvLyg)(en ex)dH™"
k=1

slab,4X
1 n—1
. / 1-205 S (Lrg)er er) (Lvg)(en er) dH™
2 o*QNED), i Py
1 n—1
+ / (1= p Y (Lvg)er er) (Lvg)(e,e)dH"
4 8*Q<J>0E(5’b o P}
n—1
" / (1-Z) V() S (Lrg)(er ex) dH
o QnEY) g 1

2/ div(div(p @ V) V) dH" — C'|a|* 571,
Q)

where C' is independent of s and j. In the next step, we send j — oo,
keeping s fixed. It follows from Theorem 21.14 in [16] that the (n — 1)-
dimensional Hausdorff measure on 9*Q) NEglab,4x, converges (in the sense of
weak convergence of measures) to the (n—1)-dimensional Hausdorff measure
on QN Eqab,4ax,- In other words, there is no mass drop. Reshetnyak’s
continuity theorem (see e.g. [23]) now implies that the varifold associated
with ) converges weakly to the varifold associated with Q as j — oo. This
implies

—_\ A 1
/ ) 1-E55)p Z (L Lyvg) (e, ex) dH"™
8*Qmquab 4)\0 k=1

+ / A (1 - Z0) V(V(p) dH"!
0*QNEgjab,ax

DO |

n—1
1 —\ A n—
- 2/ . (1-Z5)p Y (Lvg)lere) (Lvg)(er,e) dH"
0*QNEglab,axg k=1
1 n—1
vaf 1-295 3 (Lro)ew ex) (Log)(en er) dHm
4 0*QNEglab,axg k,l:l
+/ A (1-Z5) Z (Lrg)(ex, er) dH™ !
0*QNEglab,ax h—1

> / div(div(p @ V) V) dH" — C'|a|*5 1,
Q
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where C is independent of 5. The assertion follows now by sending 5 — oo.
This completes the proof of Proposition 3.27.

Corollary 3.28. Suppose that a is a real number and f is a smooth test
function on % with the property that f vanishes near the singular set and
f=a <8g ,Us)) near infinity. Then

/EﬁIVEfIQ—/EﬁRiC(Vz,VE)ﬂ—/Eﬁ|h2|2f2

+/Z/3(D210gﬁ)(1/2,v2)f2—/ENV@,I@) 2 >o0.

Proof. We can find a smooth vector field V' on E such that (V,vs) = f
at each point on ¥, V = 0 in a neighborhood of the singular set, and

V=a ai near infinity. We define a vector field W on E by W = Dy V.

Since V =a ai near infinity, it follows that W =a?D o % near infinity.

This implies |[W| < C'|a|? r'=" near infinity.
In the next step, we define a tangential vector field Z along X by

n—1

Z = D (V') = divy (V) VI 423 " b (VI ep) (V,vs) e
k=1

Using Proposition 3.25, we obtain |hy| < Crl™" |V < C'la|r?>™™, and
|Z| < Clal? 372" near infinity. Proposition A.1 gives

pIVZII? = p (Ric(vs, vs) + |hsl?) f2 + (D*p) (v, vs) 2 — = (Vi,vs)”
+ divy (p W) — divs(p Z) + divg (V1R V= p) Vian)
p(VO,vy) f +div(p @ V) (V,vg) + divs(p ® (V,vy) Vtan)

1
(L Lyvg)ew,ex) +V(V(p))

Il
I\D\H
> 3
Il |
A

3
|

|
N
>

(Zvg)(er er) (Lvg)(ex,er)

ko
Il
—_

i
L

_l’_
NG
>
]

(Zvg)(ek,ex) (ZLvg)lener)

=z
I
—

1

+Vi(p) ) (ZLvg)(ek,ex)
1

3
I

?



POSITIVE MASS THEOREM IN ARBITRARY DIMENSION

at each point on Y. Integrating this identity over 3 gives

/;’)szlz—/ﬁ(RiC(Vz,V2)+|h22)f2
> b}

25 (e ) 12— A (T a2 f2
+/2(Dp)( s, vs) f /p (Vp,vs)" f

by

- / 5 VD, vx) f2 + / div(p V) (V, )
>

1 ~
24f§*%ﬁ@@m@+évw@)
~3 Z (Lvg)(ener) (Lrg)(ener)
Y i=1
/ Z (Lvg)(er,ex) (Lyvg)leer)
5 =1

+/2V( )Z(iﬂvg)(emek)-

k=1

The assertion follows now from Proposition 3.27. This completes the proof

of Corollary 3.28.

29

Remark 3.29. From now on, we will no longer work with the domain Q,
but we will work exclusively with the hypersurface 3. The hypersurface X
may be disconnected. If ¥ is disconnected, then we focus on the connected
component of 3 that contains the asymptotically planar end. We discard

all the other connected components of 3.

3.6. A generalized Schoen-Yau identity. In this subsection, we prove

a generalized Schoen-Yau identity on X.
Proposition 3.30. We have
RiC(VE, I/E) + ‘h2|2 — (D2 log ﬁ)(l/z, 1/2) + <Vq), VZ>
1 n A
~(Rg —2Aslog p — —— V1 @)>
+2<R2 s logfp n+1\V ogpl”) > Q
at each point on X. Here, Q 1s defined as in Lemma 3.1.

Proof. The hypersurface X satisfies
(27) Hy + (Vlog p,vs) = ®.
The Gauss equations imply that

1 . 1 1 1
(28) QR—RIC(UE,VE)—§R2+§H§;—§|hg‘2:
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at each point on ». Moreover,
(29) Aslogp = Alog p — (D*log p)(vs,vs) — Hs (Vlog p, vs)
and
(30) V¥ log p|* = |V1og p|* — (Vlog p, vs)?.
This gives
Ric(vs, vs) + |hs|? — (D?log p)(vs, vs) + (V®, vs)
1 (Rg —2Axlogp — % V= logﬁ\Q)
= R 41 HE + = \th + (VO vs)
- Az logp —(D? log p)(vs,vs) — ﬁ V> log pf®
- R+ HE + = \hg|2 + (VO vs)
— A log p —|— Hs, (Vlogp7 vy)

|V log pl* + j (Viogp, ve)?

. n n
2(n+1) 2(n+1

11 1 1
— -R+-° 7( 2——H2) ®

n
— (A1 Alogd) — —— |V log 9|2
(Alogp + Alog ) 2(n+ )\V og p + Vlog |
n-+1 2
— (H 1
Jr4(n—1)< =t +1<v ng’yx>)

1 1 1
:§Q+Z¢2+§(|h2|2—mH%) +<V(I),V2>

1 2
T2 Ylogh+ —— V1 ‘
2+ 1) ‘V ogv+ Vogp

n+1 2
m (HZ + <V log p, VE>>

1 1
> P2 VD
25Q+ Vo

_|_

at each point on ¥. The first equality follows from (28). The second equality
follows from (29) and (30). The third equality follows from (27) and the
identity p = p 0. The fourth equality follows from (13).

Finally, Q —1—% P2 -2|VO| > 2 @ by Lemma 3.1. This completes the proof
of Proposition 3.30.
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Corollary 3.31. Let f be a smooth test function on % with the property
that f vanishes near the singular set and f is constant near infinity. Then

1 n
~ S 12 ~ A )) ~12 2
/PC fl 2/2F<E > logp n 1|C ng|>f

z/ZﬁQf?

Proof. Using Proposition 3.28 and a standard approximation argument,
we obtain

/EﬁIVEfIQ—/ZﬁRiC(Vz,Vz)fQ—/Eﬁlhz!2f2

+/Eﬁ(D210gﬁ)(VE,VE)f2—/ENV@,I@) 2 >o0.

The assertion follows now from Proposition 3.30. This completes the proof
of Corollary 3.31.

3.7. A function on ambient space that blows up at the singular set
at a controlled rate. In this subsection, we construct a function that will
allow us to apply a conformal blow-up technique in the spirit of Bi-Hao-He-
Shi-Zhu [4].

Throughout this subsection, we assume that the singular set S is non-
empty. In this case, n > 8. Note that S is a compact subset of E. In
particular, S has positive distance from the boundary OF. Let us fix a pos-
itive real number ¢, so that /. < %d(Myg) (S,0F) and v/t < %inj(M?g) (p)
for each point p € S.

Let us fix a nonnegative smooth function ¢ : (0, 00) — R such that

2 3-n 4 7—2n

=03t to7t"

for t € (0,%] and

¢(t) =0
for ¢t € [ty,00). In the following, ® will denote the function constructed in
Lemma 3.1.

Lemma 3.32. We can find a small constant ty € (0, tz*) with the following
significance. Let p be a point in S. Let us define a smooth function v :

E\{p} = R by
U(@) = ((dag) (P, 2)°)
for all x € E\ {p}. Then
-3

AY — (D*)(E.6) + =

4 1
— (- S (V10gp.&)) (V0.8) < —5 duasgy () 3

(Vlogp, Vih)
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for each point x € By, g (p, Vto) and every unit vector £ € T, M. Moreover,
-3
Aty — (D2 2 (Viogp
¥ = (DM)(E ) + = (Vlog p, Vo)

4
— S — ) <
(- — (VIogp. ) (Ve &) < C
for each point x € E'\ {p} and every unit vector §{ € T, M.

Proof. We define a function 7 : E — R by 7(z) = d(a,q)(p, z)? for all

z € E. Since /T, < §inj(yr,)(p), the function 7 is smooth in Bz 4)(p, v/tx).-
The gradient and Hessian of 7 satisfy

|dr|* = 47
and
D*r >2(1—Cor)g
at each point = € B(yr,q)(p, vx). We next observe that
dp = —(7 2 +7 1 )dr

and

D% = —(7'1T +771 ) D*r

1 n n
—1-1(2(71—1)7'_ EN (271—3)7'_24+1

)d7'®d7'

at each point = € Bz 4)(p, @) Consequently,
Ap — (D*P)(€,€)

1—n 3—2n

= —(r 2 47 1) (AT — (D*1)(£,9))

_ 2n+41

L @17 4 @n )2 (7P = (9,6

at each point x € B (ps @) Using the estimate AT — (D?7)(¢,€) >
2(n — 1) (1 — Cp7) and the inequality |V7|? — (V7,£)? < |VT]2 = 471, we
obtain

1—n

A — (D*)(£,6) < —2(n—1) (17 +7 1) (1 - Cor)

+ (2(n—1) o+ (2n —3) 7'7275%) T

3—

=iy 2(n—1)Co (T&Tn +7

7—2n

)

at each point = € By g (P, @) Since v/t. < %d(My) (S,0F), the function
@ is uniformly bounded on By, (p, v/t+). This implies

n—3 . 4 .
——" (Vlog p, Vip) — (‘D S (Vlogp, 5)) (Vy,€)

<Cyldy| =20 (172 1)
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at each point z € B(yy,q)(p, ‘/25) Putting these facts together, we conclude

that

A= (D*0)(€,6) + 5 (V1og, V)

_ (cp 4 <Vlog,5,§>> (Vi €)

n+1
< —731211 +2(n—1)Cy (T&Tn + 7774271)

—n 5—2n

+2Cl(TQT+T 1)

at each point z € By, q)(p, T‘/t») Hence, if we choose t( sufficiently small,
then the first statement holds. Moreover, the second statement holds in

the ball B/ 4)(p, @) Finally, it is easy to see that the second statement

holds on the set E\B(M,g) (P \/Qg) This completes the proof of Lemma 3.32.

In the next step, we need an estimate for the Minkowski dimension of the
singular set S.

Theorem 3.33 (cf. J. Cheeger, A. Naber [7], Theorem 5.8). The singular
set S has Minkowski dimension at most n — 8.

The bound for the Minkowski dimension of the singular set was origi-
nally proved by Cheeger and Naber [7] for area-minimizing currents in codi-
mension 1. Their arguments rely on the monotonicity formula and can be
generalized to the setting of pu-bubbles (see [1],[11]).

For each positive integer I, we define t; = 47! ¢y. For each positive integer
I, we choose a finite subset S() € S so that the balls {Bag)(psvVti) = p €
S (l)} are disjoint, and so that S®) is maximal with respect to this property.
Clearly,

Z voly (B(ar.g) (P, V) < volg(Narg) (S, VD))

peSU)

Consequently, the cardinality of S®) is bounded from above by

voly (Vs (S. VD).

On the other hand, since & has Minkowski dimension at most n — 8, we
know that

sV <cy,

n
2

8—p
VOIg(MM,g) (S, \/5)) < C(p) 2] 2
for each p > 0. Putting these facts together, we obtain

8—n—p
2

|S(l)| < C(p) 2]

n—o

5
for each y > 0. In particular, $°7°, ¢, 2 [SU| < o0.



34 SIMON BRENDLE AND YIPENG WANG

We now define a function ¥ : E\ S — R by

(31) Z > tl 2@ 2)7)

=1 pes®

n—>5
for all points * € E\'S. Since Y12, ¢ % [SP| < oo, the series con-
verges and the function ¥ is well-defined. Moreover, using the fact that

] tl |ISW| < o0, it is easy to see that ¥ is a smooth function on E \ S.
Indeed, for every nonnegative integer m, we can bound

|D™W| < C(m Z > tl doasg)(p, )™

=1 pes®

X n=5
m) Z tl 2 |S(l)| d(M,g) (xa S)3—n—m’
=1

where D™ denotes the covariant derivative of order m with respect to the

metric g.

Proposition 3.34. Suppose that T is a point in E\S satisfying dins,g) (7, S) <
1 Vto. Then ¥(z) > (n 3 3 d (g gy (2, 8) 2

Proof. Since dy 4 (7,S) < 1 Vo, we can find an integer [y > 2 such
that \/fi,11 < dig)(z,S) < y/f,- We can find a point ¢ € S such that
d(a,g)(,q) < /T, In view of the maximality of SU0) we can find a point

po € St) such that Bat,g)(po, Vi) NV Barg) (a4, Tiy) # 0. Using the triangle
inequality, we obtain d(y/ ¢ (po,q) < 2+/,. This implies

d(M,g)(p07x) < d(M,g) (pO,Q) + d(M,g) ($a Q) <3 tlo~

Since lo > 2, it follows that d(sq)(po,z) < vto < ¥5*. Thus, we conclude
that
d 5> _2 g gns 2 giony st
¢( (M,g)(p():x) ) > n_3 (M,g)(PO,x) = n_3 lo

This finally implies
n—>5
\I’(«T) > t102 C(d(M,g)(p07x)2)
2

>
“—n-—3
> _ 1
~2(n—-3)

—n -1
3P
33—n d(M,g) (x, S>_2

This completes the proof of Proposition 3.34.
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Proposition 3.35. Suppose that x is a point in E\S satisfying d(y,g)(z,S) <
% to, and § € T, M is a unit vector. If dipp gy (2,8S) is sufficiently small,
then

AV~ (D?0)(E,€) + i’<v10gp,w>

—((I)—n Vlogpf)vllff

at the point x.

Proof. Since dy 4 (7,S) < to, we can find an integer Iy > 2 such
that /#1411 < diag) (7, S) < ,/tlo. As above, we can find a point py € S0
such that d(y/ 4)(po, ) < 31/f;,. Using Lemma 3.32, we obtain

AV — (D*W)(€,6) + <V log p, V¥)

1
—((I)—n Vlogp§>V\Ilf

n—5

1
< -t
> 2 lO

3—2n —T n=>5 I
§—§3 > tlo4+CZt,2 5O
=

Since Y21 t, \S )| < o0, the expression on the right hand side is negative
if Iy is sufﬁmently large. This completes the proof of Proposition 3.35.

dirsg) (Poz) 2 +Czt 7 S0

—_

Corollary 3.36. We can find a small positive real number g with the prop-
erty that

AT — (DX0)(E,€) + 2 (Vlogp, V)

4 n—3
— (- 7 (V108 9)) (VI8 < =<'

for each point x € E\ S and every unit vector £ € T, M.

Proof. The function ¥ vanishes near F and near infinity. Moreover,
Proposition 3.35 implies that

-3
AU — (D*¥ D22 (Viog p, VI
(D*0)(€,€) + 2 (Vlog p, VW)
4
— (2 = (VIogp.©) (V) <0
if d(ar,g) (7, S) is sufficiently small and £ € T;;M is a unit vector. Since the

function Q is strictly positive, the assertion follows. This completes the
proof of Corollary 3.36.



36 SIMON BRENDLE AND YIPENG WANG

Corollary 3.37. Let ¢ be chosen as in Corollary 3.36. Then
n—3
n+1

~

-3
(V1og . V7)< "o eg ! Q

AE\I/ —+

at each point on 3.

Proof. The hypersurface 3 satisfies
Hy + (Vog p,vs) = 9.
This implies

n—3 _x P!
Ag‘ll+n+1<v log p, V=W)
-3
— AU — (D20 P70 Y log p. VU
( )(V27V2)+n+1(v og p, V)

4 .
- <‘I> i (Vlogp, VE)) (VU vy).

If we apply Proposition 3.35 with & = vy, the assertion follows. This com-
pletes the proof of Corollary 3.37.

3.8. The conformal blow-up procedure and the conclusion of the
inductive step. In this subsection, we complete the inductive step and
conclude the proof of Theorem 1.5. Throughout this subsection, we denote
by ¢ the induced metric on ¥. The metric § satisfies

(32) G=dm ®@dei+...+drg @dr, 1 +O0((@F+...+22_)7")

near infinity. Moreover, the restriction of the function p to X satisfies
N 2—n
(33) Pl =1+0((@?+ ... +a7_1)7)
near infinity.
We first consider the case that the singular set S is empty.

Proposition 3.38. If S = 0, then (X, §, |, Q|s) is an (n— 1)-dataset and
its mass (in the sense of Definition 1.4) is equal to 0.

Proof. Since § = 0, it follows that (3, §) is a complete Riemannian
manifold. Using Corollary 3.31, we can show that (E,g,ﬁ|g,Q|g) is an
(n — 1)-dataset. Finally, it follows from (32) and (33) that (%, 3, p|s, Qls)
has zero mass (in the sense of Definition 1.4). This completes the proof of
Proposition 3.38.

In the remainder of this subsection, we assume that the singular set S is
non-empty. In this case, n > 8. Let ¥ denote the function defined in (31),
and let €9 be chosen as in Corollary 3.36. We define a function w : ¥ — R
by

(34) w = 1+€0\If|2.
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Since W is nonnegative, we have
(35) w>1

at each point on 3. We define a conformal metric g on ¥ by
ntl

(36) g=wnr3g.

Moreover, we define a positive smooth function p on 3 by

n+l

(37) p=w""2 pls.

Finally, we define a function @ on ¥ by

(38) Q=
Lemma 3.39. We have

Wi Q<@

1
T A — Zw Y dlos p R
=3 w Agw 5 W (dlog p, dw),

at each point on X.

Proof. Using (34), (35), and Corollary 3.37, we obtain

n—3
n-+1

n—3 n—3 A
A 2 Ve og p, VEW) < <
(39) zw+n+1<V og p, VZw) < L@ < Qu

n +

at each point on ¥. The assertion follows from (38) and (39). This com-
pletes the proof of Lemma 3.39.

Proposition 3.40. Let f be a smooth test function on ¥ with the property
that f vanishes near the singular set and f is constant near infinity. Then

- 1 - 5 n _
/Ep |df |2 dvolg + 3 /E p (R;, —2Aglogp — p ydlogpg) £ dvolg

> [5G v
)
Proof. Note that
ntl
wiss [df |2 = |df 2.

The standard formula for the change of the scalar curvature under a confor-
mal change of the metric gives

n+1 4(n —2) _ntl ntl

(n—2)(n+1) (n—2)(n+1) _
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Moreover,
w3 Aglogp = w T dng(w%1 dlog p)
= Aylogp+ nTH (dlog p,dlog w)
= Aylogp — nT—I-l Aglogw + RTH (dlog p, dlogw)g

(n+1)° 2
- dtogu

n—+1

1
= Aglog p — % wt Ajw + w1 (dlog p, dw)g

a1+

1 w™? \dw\g

and

ntl - -
w3 |dlog pl2 = |dlog pf2

1 2
- dlogﬁ— L—QI_ dlogw

g
= |dlog p| — (n+ 1) w™" (dlog p, dw);
(n+1)2 _
v 2 ]dwlg.

Using these identities together with Lemma 3.39, we obtain the pointwise
inequality

ntl 1 nt1 ~ . } 1 -
WSl + 5w (Rg = 28glogp = o dlog ) £~ wi Q.

1 . n A A
> |dff}+ 5 (By —28glogp — — |dlog pf?) £ = Q 12

This finally implies
/Zﬁ |df |2 dvol + ;/2;3 (Rg —2A;logf— HLH \dlogﬁ@) 2 dvol;
— /EﬁQfQ dvolg
> / p |df |2 dvol, + ;/ p(Bs —28510gp — —— |dlog pf2) f* dvol,
b b n+1
— /EprQ dvolj.

The expression on the right hand side is nonnegative by Corollary 3.31. This
completes the proof of Proposition 3.40.

Proposition 3.41. The metric § on X is complete.
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Proof. By Proposition 3.34, we can find small positive constants ¢; and
¢o such that
w(x) > c2 d(M7g)(:IZ,S)72
for each point = € X satisfying d(ys g (7, S) < c1.
Suppose now that yy and y; are two points in X, and suppose that o :
[0,1] — ¥ is a smooth path satisfying o(0) = yo and o(1) = y;. Then

d
@d(M,g) (U(t), S) > _‘O-/(t) |£7

whenever d(4)(0(t),S) < c1. Here, the derivative is understood in the
sense of liminf of backward difference quotients. This implies

d 4 4 n+1

(g (00, 8)75) £ — = din gy (00), )+ o' (1)
__n+41 n
< G T (o) 00
4

~ 5ty
2(n—3 /
= [ t)|s
n—3 2 ‘U ( )|9
whenever d(y4)(0(t),S) < c1. Here, the derivative is understood in the
sense of limsup of backward difference quotients. From this, we deduce that

[
d(M,g)(th) n— 3 < maX{d Mg y078) n_37cl n—3}
n+1
+n_3 22(n3/ ‘ ’gdt

__4 4 7%73
d(M,g) (yb 8) n=3 < max {d(M,g) (y07 8) n=3, (&} }
4 _n+1l

n—3 Cy , 00 d(E g)(y07y1)

where d(x, 5 (Yo, 1) denotes the Riemannian distance of yo and y; with re-
spect to the metric g on ¥. Therefore, the metric g on ¥ is complete. This
completes the proof of Proposition 3.41.

Thus,

_|_

Corollary 3.42. If S # 0, then (X,§,5,Q) is an (n — 1)-dataset and its
mass (in the sense of Definition 1.4) is equal to 0.

Proof. It follows from Proposition 3.41 that (X, g) is a complete Rie-
mannian manifold. Using Proposition 3.40, we can show that (X, g, g, Q) is
an (n — 1)-dataset. We next observe that the function ¥ vanishes near in-
finity. Consequently, w = 1 near infinity. Using (32) and (33), we conclude
that

2 2—n

j=g=dri®dri+...+dry,1 @dr,_ 1 +O((xi+...+22_4) 7))

and
p=plx =1 —i—O((az% +.otaE )2
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near infinity. Thus, (%, g, p, Q) has zero mass (in the sense of Definition
1.4). This completes the proof of Corollary 3.42.

Combining Proposition 3.38 and Corollary 3.42, we conclude that Theo-
rem 1.5 is false in dimension n—1. This contradicts the inductive hypothesis.
The proof of Theorem 1.5 is now complete.

APPENDIX A. A DIVERGENCE IDENTITY

In this section, we state a divergence identity that generalizes Proposition
A.2 in [5] (see also [3]).

Proposition A.1. Let (M,g) be a Riemannian manifold and let p be a
positive function on M. Let 3 be a two-sided hypersurface in M satisfying
Hy, + (Vlog p,vs) = @, where ® is a smooth function on M. LetV be a
smooth vector field on M, and let W = Dy V. We define a function f on X
by f = (V,vs). Moreover, we define a tangential vector field Z along ¥ by

n—1

Z = DPuan (V) = divs (V) VI 423 (V2 1) (V, )
k=1

Then
pIVZ I = p(Ric(vs, vs) + |hsl?) f2 + (D?*p)(vs, vs) 2 = p~ 1 (Vi,vm)” f°
+ divs (p W) — divy(p Z) + divs (Ve VEp) Vian)

p(V, vs) 2+ div(p @ V) (V,vs) + dive(p @ (V, vs) V)
1
(L Lyvg)ex,er) +V(V(p))

3
|

l\DM—t
=~
I
O

3
|

N | —
>

(Zvg)(ex,er) (Lvg)(exer)

kS
Il
—

i
L

+
e~ =
>
]

(Lvg)(e,ex) (ZLvg)leser)

ko
Il
—

1

+V(p) ) (Lvg)ler, ex)
1

3
|

=
Il

at each point on ¥.. Here, {e1,...,en—1} denotes a local orthonormal frame
on 3.

Proof. We adapt the proof of Proposition A.2 in [5]. As in [5], we write
Z =7M + 73 where

Z(l) — D‘%tan (Vtan) _ diVE(Vtan) /tan



POSITIVE MASS THEOREM IN ARBITRARY DIMENSION 41

and

n—1
72) _9 Z hE(Vtan, er) (V,vs) eg
k=1

Using the Gauss equations and the identity (D.,V,e;) = (D, V™ ¢;) +
hs(ex,er) (V,vs) for k,l € {1,...,n — 1}, we compute

divs(ZWM)
n—1 n—1
Z (De VI, e1) (De, V'™, ) — Z (De, V'™, ) (D, VI, )
k=1 k=1

R CE(Vtan Vtan)

n

|
—

M

n—1
(De, V,er) (De,Vier) — Y (De,Viex) (De,V, )
k.l=1

k,l=1 =
n—1 n—1
— 2> hy(er, e) (De, V™, &) (Vivg) + 2Hs Y (Do, Vi ex) (V,vs)
k=1 k=1
_ %<V, VE>2 _ ’h2|2 (V, VZ>2 + HE hz(vtan,vtan) _ h%(vtanvvtan)
n—1
+) RV e, VI ey,).
k=1

Using the Codazzi equations, we obtain

divs(Z2?) =2 Z hs(ex, er) (De, V'™, &) (V,vs)

k=1
n—1

+2)  hs(V, ep) (De, V,vs) + 2 b3 (V' Vi)
k=1
n—1

+2) RV e, vm, ex) (V,vw) + 2 (V7 Hs, V) (V, vp).
k=1

Moreover,
n—1 n—1

IVEFP = (Do, Vovs)® +2)  hs (V'™ er) (Do, V,vs) + B3 (VI Viam),
k=1 k=1
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Putting these facts together, we obtain

diveZ — |VEf]2 + (Ric(vs, vs) + |hs]?) f2

n—1 n—1
= Z <D6kV7 el) <D€lvvek> - Z <Dekva ek> <Dezv7 el)
k=1 k=1
n— n—1
=Y (D, Vivs)* + > R(V,er, Viex)
k=1 k=1

+ HE hz(vtan, Vtan) _ H% <‘/" VZ>2
n—1

+2Hs Y (De,V,ex) (Vyvs) +2(VZHy, V) (V,vz).
k=1

Using the identity Hy, + (Vlogp,vs) = @, it follows that

divs(p Z) — divg (Va8 V= p) Vtan)

— pIVZfI* + p (Ric(vs, vs) + |hs|?) £

— (D*p)(vs,vs) f2 4+ (Vi,vs)? 2

—2p(VED, VY (V, ug) — 25 @ divs (V) (V, 1)

=20 (V¥p, V) (Vivs) = p@ hs (V" V) — p&* (V,vs)?

n—1 n—1

=p <D€kvvel> <D61V76k>_ﬁ Z<‘Dekv’€k> <Dezvﬂel>
1 k=1

We next observe that
for all vector fields X,Y on M. Moreover,

V(V(3) — W(p) = (D*)(V. V).
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Using these identities together with the identity Hy, + (V log p, vs) = ®, we
obtain

n—1

pY (L Lyg)(en er) + V(V(p) — dive(p W) — p& (W, vs)
k=1

l\.’)\r—t

1

3
|

N\

n—1
1D, VP = 5> R(V,ex,Viex) + (D*p)(V,V)
k=1

3
—

(D, V,e) —l—pz (D, V,vs) —pZRVek,Vek) + (D*p)(V, V).

k;ll k=1 k=1

Putting these facts together, we conclude that

M\H

i Ly Lyg)ex,er) +V(V(p) — divs(p W)
k=1

+ divs(p Z) — divg (V0 V= p) Vian)
— pIVZ [P+ p (Ric(vg, vs) + |hsl?) £
— (D*p)(vs,ve) f2 45 (Vpvs)? [
— PO (W,vg) — 25 (VZ0, V™) (V,vx) — 2p @ divs (V™) (V, vx)
— 28 (Vp, V) (V,vg) — p@ hp (V™ V) = &% (V, vy)?

n—1 n—1

= Z <DekV el 2 +p Z DekV el DelV, ek>
k=1 k=1
n—1

n—1
(Do, Vyex) (De,Vier) =2V (p) Y (De,Vex).
k=1

Eo

y

Il
—

Finally, a straightforward calculation gives
PO (W,vs) +2p (V2D VY (V1) + 25 ® divy (V) (V, vg)
+ 20 (VEp, VY (V1) + p & hy (VIR V) 4 502 (V, 1y)?
= —p(VO,us) (V,ug)? +div(p @ V) (V,vx) + dive (p ® (V, vs) VD).

From this, the assertion follows easily. This completes the proof of Proposi-
tion A.1.
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