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Abstract

This paper analyzes the implications of a balanced-budget fiscal policy rule for price-
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regimes. It shows that the price level is indeterminate under a nominal interest rate peg and
determinate under a money growth rate peg. Under a feedback rule that sets the nominal
interest rate as a non-negative and non-decreasing function of the inflation rate, the price
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allow for bounded secondary surpluses or deficits. Comparing our results to those empha-
sized in the fiscal theory of the price level, it becomes clear that a key consideration for
price-level determination is whether fiscal policy is specified as an exogenous sequence of
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1. Introduction

In the past decade, the idea of imposing fiscal discipline through a balanced-
budget requirement has gained considerable importance in the economic policy
debate. This is reflected perhaps most clearly in the proposed balanced-budget
amendment that was passed by the United States House of Representatives on
26 January 1995. Yet, little light has been shed on the consequences of bal-
anced-budget rules for business-cycle fluctuations beyond the basic Keynesian
insight that balanced-budget rules amplify business cycles by requiring tax
increases and expenditure cuts during recessions and the reverse during booms.
Even less theoretical work has been devoted to understanding the implications
of balanced-budget rules for nominal stability, and, in particular, to understand-
ing the restrictions that such a fiscal policy rule may impose on monetary policy
if nominal stability is to be preserved.

This paper is part of a research project that aims to bridge this gap. In
Schmitt-Grohé and Uribe (1997), we show in the context of a real economy that
a balanced-budget rule can create real instability by making expectations of
future income tax increases self-fulfilling. This kind of instability arises for
plausible parameter configurations and for income tax structures similar to
those observed in the United States and other G7 countries. The present paper
embeds a balanced-budget fiscal policy rule into a monetary economy and
analyzes its implications for nominal stability, and in particular, for the deter-
minacy of the price level. We model a balanced-budget requirement as a fiscal
policy that sets an exogenous path for the secondary surplus, defined as tax
revenues net of government expenditures and interest payments on the out-
standing public debt. We combine the balanced-budget requirement with three
simple monetary policy specifications: a nominal interest rate peg, a money
growth rate peg, and a feedback rule whereby the nominal interest rate is set as
a non-negative and non-decreasing function of the inflation rate. We conduct
the analysis within the cash-in-advance model with cash and credit goods
developed by Lucas and Stokey (1987).

We first focus on a specification of the balanced-budget rule in which
each period the secondary surplus is required to be zero, that is, the pri-
mary surplus (the difference between taxes and government expenditures)
is required to be equal to interest payments on the outstanding public
debt. We find that under this type of balanced-budget rule, the price level
is indeterminate when the monetary authority follows an interest rate peg
and is determinate when the monetary authority follows a money growth
rate peg. These results are not necessary consequences of the monetary
policy specifications alone. For example, Auernheimer and Contreras (1990),
Sims (1994), and Woodford (1994) find that if the primary surplus is set
exogenously, then an interest rate peg delivers a unique price level. This
comparison highlights that given the monetary policy regime the adoption
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of a balanced-budget rule may have important consequences for nominal
stability.

If the balanced-budget rule is combined with the feedback rule, the price level
is determinate when the nominal interest rate is moderately sensitive to the
inflation rate, and is indeterminate when the nominal interest rate is either very
responsive or little responsive to the inflation rate. Again, this result is driven by
the balanced-budget requirement. For the same monetary policy specification
we consider, Leeper (1991) shows that when the primary surplus is exogenous
- a fiscal policy to which he refers as active - the price level is not indeterminate
regardless of how sensitive the interest-rate feedback rule is with respect to
inflation.! Leeper also shows that if the primary surplus is increasing in and
sensitive enough to the stock of public debt - a fiscal policy to which he refers as
passive — the price level is indeterminate for relatively insensitive feedback rules
and is determinate otherwise. Leeper’s passive fiscal policy is similar to our
balanced-budget rule because under both policies taxes are an increasing func-
tion of the stock of public debt. The reason why in our model, unlike in Leeper’s,
highly sensitive monetary feedback rules render the equilibrium price level
indeterminate is that in our model the nominal interest rate affects the consump-
tion/leisure, or cash/credit, margin. In Leeper’s model this effect is not present
because in his endowment money-in-the-utility-function model with a separable
single-period utility function, the marginal utility of consumption is independent
of the nominal interest rate in equilibrium.

In practice, balanced-budget proposals typically allow the fiscal authority to
run secondary surpluses, as in the proposed US balanced-budget amendment of
1995, or bounded secondary deficits, as in the Maastricht criteria for member-
ship in the European economic and monetary union. Thus, our benchmark
definition of a balanced-budget rule, although analytically convenient, is clearly
unrealistic since it forces the government to run a zero secondary surplus on
a period-by-period basis. However, it turns out that our main results are not
driven by this particular specification of the balanced-budget rule. Specifically,
we show that in the case in which fiscal policy takes the form of an exogenous,
non-zero, bounded path for either real or nominal secondary surpluses/deficits,
the price level remains indeterminate under an interest rate peg. Combining this
result with that emphasized by the fiscal theory of the price level - i.e., that an
interest rate peg combined with an exogenous path for the primary sur-
plus/deficit delivers nominal determinacy - it becomes clear that a key consid-
eration for price-level determination under an interest rate peg is whether fiscal

! Leeper studies local equilibria by characterizing solutions to a linear approximation of the
equilibrium conditions near a steady state. By contrast, we perform a global analysis characterizing
solutions to the exact equilibrium conditions.
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policy is specified as an exogenous sequence of primary surpluses/deficits or
alternatively as an exogenous sequence of secondary surpluses/deficits.?

We also study the implications of a balanced-budget requirement for optimal
monetary policy. We find that under a balanced-budget requirement that
eliminates budget surpluses as well as deficits in combination with any of the
three monetary regimes described above, there exists no rational expectations
equilibrium consistent with the optimum quantity of money advocated by
Milton Friedman - a monetary policy consistent with a zero nominal interest
rate. If the balanced-budget requirement allows for positive secondary surpluses,
an equilibrium consistent with the optimum quantity of money may or may not
exist depending on the sign of cumulative fiscal surpluses as well as on whether
the fiscal authority specifies an exogenous path for the real or nominal surplus.

In the next section, we describe the formal model and the fiscal policy regime.
In Sections 3-5, we analyze the implications of balanced-budget rules for the
determination of the price-level when the monetary authority follows, respec-
tively, an interest rate peg, a money growth rate peg, and a feedback rule linking
the nominal interest rate to inflation. Section 6 concludes.

2. A cash-in-advance economy
2.1. Households

In this section, we present a model of a cash-in-advance economy in which
public and private consumption are cash goods and leisure is a credit good.?
The economy is assumed to be populated by an infinite number of identical
households with log-linear single-period utility functions defined over consump-
tion, ¢, and leisure, 1 — h,, who seek to maximize their lifetime utility

E, i BFlln(c,) + 0In(1 — k)], 0 >0, (1)
=0

where fe(0,1) denotes the subjective discount factor and E, denotes the
expectation operator conditional on information available in period t. Each
period t > 0 is divided into two non-overlapping markets. In the first market,

2 Woodford (1995) defines Ricardian regimes as ones in which the present discounted value of
outstanding government debt converges to zero regardless of the path of other endogenous
variables, and argues that under such regimes fiscal variables fail to play any role for the determina-
tion of the price level. We show below that a balanced-budget rule in combination with an interest
rate peg is not Ricardian in the sense of Woodford.

3 The presentation of the model follows Woodford (1994).
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households use their nominal wealth at the beginning of the period, W,, to pay
lump-sum taxes, T, to acquire money, M;, and to purchase state-contingent
claims, D, , which cost E,r,,D,,; dollars and pay D,,; dollars in period
t+1 (ie, r,+ is the price of a one-period contingent claim divided by the
probability of occurrence of that state). The household’s budget constraint in the
first market is then given by

W,>T, + M; + Et{rt+1Dt+1}~ (2a)

In the second market, goods and labor services are traded. The household
purchases consumption goods at a price of P, dollars per unit using the money
balances it held at the beginning of the goods market. Further, the household
has access to a linear technology that enables it to produce one unit of the
consumption good per unit of labor input. The household sells these consump-
tion goods at a price of P, dollars per unit. Its nominal asset holdings at the
beginning of period ¢t + 1 are

Wii1 =Diry + Mi — Pic, + Pih,. (2b)
Purchases of goods are subject to a cash-in-advance constraint of the form
M; = P,c,. (2¢)

The household chooses sequences for W, 1, D, 1, M;, h; and ¢;, given W > 0,
so as to maximize (1) subject to ¢,, M; >0, 0 <h, <1, Egs. (2a), (2b), (2¢)
and the following borrowing constraint that prevents it from engaging in Ponzi
schemes

Wi = — q;+11 Z Et+1{qt+j+1Pt+j - %+sz+,‘}, (2d)

j=1

where ¢, denotes the price in period 0 of one dollar in period t in a particular
state of the world divided by the probability of occurrence of that state and is
defined as

qs =7y Iy ... 1 Wlthqul

The borrowing limit (2d) ensures that in every state of the world private debt is
not greater than the amount an agent would be able to repay, which is equal to
the present discounted value of the time endowment net of taxes.

It can be shown (Woodford, 1994), that the set of sequences {c;,h,, My}
satisfying the budget constraints (2a)-(2d) are equivalent to the set of sequences
{c;, hy, M7} satisfying the cash-in-advance constraint (2¢) and the following



216 S. Schmitt-Grohé, M. Uribe | Journal of Monetary Economics 45 (2000) 211-246

present-value budget constraint:

Wy + Eq Z (410 P, —q,T,]
t=0

> Eq Z [q:Pcc, + (9, — g 1)M7 — P.c,)], (3)
t=0

which states that the household’s initial nominal wealth plus the present dis-
counted value of its labor endowment net of taxes must to be greater than or
equal to the present discounted value of consumption expenditures plus the
opportunity cost of money holdings in excess of consumption.

From the first-order conditions of the household’s optimization problem,
consumption and hours must satisfy

1 1
—r =f—-, 4
P.c, o ﬁP:+1Cz+1 @

0 P,
— = BE—"—. 5
1 —h, p tPt+lct+1 ©

The first equation is a standard pricing equation for a one-step-ahead contin-
gent claim and equates the loss in utility from buying a contingent claim in
period t with the expected gain in utility realized from consuming its payoff in
period t 4+ 1. The second equation is a labor supply schedule and says that the
disutility of working an extra hour in period ¢ has to equal the utility derived
from spending the wage on consumption goods in period t + 1. A further
requirement for optimality of the household’s contingent plan is that the present
value budget constraint (3) be satisfied with equality.

2.2. The government

We assume that the government issues a riskless one-period pure discount
bond, that is, a bond that pays one dollar in the following period regardless of
the state realized. The government’s period-by-period budget constraint is

B,y

M, +
t R,

=B, +M,  +Pg—T, (6)

where M, denotes the money supply, B, bonds maturing in period t, g constant
real government purchases, and R, the gross nominal interest rate paid on the
riskless bond, which must satisfy the arbitrage condition

1

Eiriiq

R, )
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The government, like households, is subject to a cash-in-advance constraint on
its purchases of goods

M§ > P,g.

The central element that distinguishes this paper from other studies of price
level determination is the specification of fiscal policy. We assume that the
government is subject to a balanced-budget requirement whereby the primary
surplus must be equal to interest payments on the outstanding public debt, that
is,

B
Tt_Ptg:(Rt—l_l)Rt~ (8)
t—1

This specification of the balanced-budget rule implies that seignorage income
cannot be used to finance current spending or to pay interest on the debt.
Combining Egs. (6) and (8) yields

B B
1+1 M, | +-—

M
‘R, Ry

©)

which says that end-of-period total nominal government liabilities are constant
over time; that is, under the balanced-budget rule, changes in the stock of money
are implemented exclusively through open market operations.

We consider three alternative monetary policy regimes: (i) a pure interest rate
peg, (ii) a money growth rate peg, and (iii) a feedback rule whereby the nominal
interest rate is set as an increasing function of the inflation rate. Under policy
regimes (i) and (iii), the central bank sets the nominal interest rate by fixing the
price of the riskless one-period nominal bond and standing ready to exchange
money for bonds in any quantities demanded. This means that M, and B, are
endogenous. Under policy regime (ii), the government specifies a deterministic
path for the money supply, so that B,,; and R, are endogenous.

2.3. Equilibrium

In equilibrium, the product and money markets clear, that is,
hy=c +yg (10)
and
M, = M; + M} = M; + P,g, (11)

where the last equality follows from the assumption that the government’s
cash-in-advance constraint is always binding. Because all agents are identical
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and government bonds are the only financial assets in positive aggregate net
supply, it must be the case that D,,; = B,y and W, = M _{ + B,.

In equilibrium, the nominal interest rate must be non-negative. When the
nominal interest rate is positive (R, > 1), the household’s cash-in-advance con-
straint holds with equality (M; = P,c¢,;) and when the nominal interest rate is
zero (R, = 1), consumption is equal to the social optimum,

¢ =argmax [Inc, + 0ln(l — ¢, — g)].

c

Therefore, in equilibrium

€ = min(ea m; — g)’ (12)
where
M,
=_", 13
my P, (13)

Using Egs. (12) and (13) and the definitions

Om
F =
) = min(mz + g)
and
G(m) = "

" min(mi +g) — ¢’
one can write the first-order conditions (4) and (5) as

Gm)riy = PGimy )M, /M 14 (14)
and

F(m) = BE[G(m,+ )M /M, ]. (15)

Taking expected values of both sides of Eq. (14) and substituting (7) and (15)
implies a demand for real balances of the form

G(m,)
F(m,)

=R, (16)

The function G(-)/F(-) is continuous at all m > g. For m < ¢ + g, G(m)/F(m) is
greater than one and strictly decreasing in m, and as m approaches g from above,
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G(m)/F(m) becomes arbitrarily large. For m > ¢ + g, G(m)/F(m) equals one.
Thus, for any R, > 1, there exists a unique g < m, < ¢ + ¢ satisfying (16), while
for R, = 1, any m, > ¢ + g satisfies (16).*

From (14) we can express the present value deflator as

G(m,)
G(mo)'

4 = p'Mo/M, (17)
Substituting the market clearing conditions (10) and (11) into (3), which in
equilibrium must hold with equality, yields

M_{ +By=E, Z q[T: — Pig + (1 — g+ 1/9)M,]. (18)
t=0

This expression says that in equilibrium total nominal liabilities of the govern-
ment at the beginning of period zero must equal the present discounted value of
primary surpluses plus interest savings from the issuance of money. It is
equivalent to (6) and the transversality condition

lim Eoq,+ (M, + B,+1) =0,

t— o0

which can also be written as

lim Eqq,[M; + B,+1/R, — (1 — qi+1/9)M,] = 0. (19)
t—> o0
Note that under the assumed balanced-budget requirement, the sum of the first
two terms within the square brackets is constant. Using (9) and (17) to eliminate
M, + B,+ /R, and ¢, from this transversality condition yields

lim Eo fTGm)A - /M, + F(m;) — G(m,)] = 0, (20)

t— o0

where A_; = M _; + By/R_; denotes total nominal government liabilities at
the end of period — 1 and is assumed to be positive.

A rational expectations monetary equilibrium is a set of processes m; > ¢,
M, >0, and R, > 1 satisfying (15), (16), (20), and one additional equation

#Such a liquidity preference relation arises for more general preferences than the log-log form
considered here. Specifically, it obtains for single-period utility functions of the form U(c,1 — h) that
satisfy the following assumptions: U is strictly concave and twice continuously differentiable,
U,,U, >0, ¢ and 1 — h are normal goods, lim..o Us(c,]1 —g —¢)/Us(c,1 —g —¢) = o0, and
g < argmax, U(c,]l —g —¢) <1 — g. In this case, F(m) = mU ,(min(¢,m — g),1 — g — min(¢,m — g))
and G(m) = mU{(min(¢,m — g),1 — g — min(¢,m — g)). It can also be shown that the assumption
that government purchases are cash goods is not essential in deriving a money demand relation of
this form.
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specifying the monetary policy regime, given A _; > 0. Given a rational expecta-
tions monetary equilibrium, one can uniquely determine ¢, from (12); h, from
(10); P, from (13); r, ; from (14); ¢, from (17); B, /R, from (9); and T, from (6).>

3. Equilibrium under an interest rate peg

The monetary policy regime considered in this section is an interest rate peg of
the form

Rt =R9

where R is a constant satisfying R > 1.

Consider first the case R > 1. To establish the existence of a rational expecta-
tions equilibrium, recall that for any R, > 1, there exists a unique m, satisfying
Eq. (16). Thus in any rational expectations equilibrium real balances are unique
and constant. Let m denote the value of m, that solves (16) when R, = R. Use
Egs. (15) and (16) to replace Eo[G(m,)A-1/M,] by (BR) 'G(m)A-,/M, in Eq.
(20) to obtain

lim R™'G(m)A_ /Mo + B'LF(m) — G(m)] = 0. 21)

t— o0

This equation is satisfied for any M, > 0. Therefore, a rational expectations
equilibrium exists, and nominal balances are indeterminate. Since real balances
are unique, the indeterminacy of nominal balances implies that the price level,
Py = My/m, is also indeterminate.’® The fact that R > 1 implies that
g <m < ¢ + g and that the household’s cash-in-advance constraint is binding.
Thus, ¢, = m — g. From market clearing in the product market, it follows that
h, = m.

Consider now the evolution of real debt and real taxes. Using the facts that
real balances are constant, that total nominal government liabilities are con-
stant, and that Eq(1/M,) is equal to (BR)"‘/M,, the expected value of real
government debt outstanding in period t can be expressed as

B+ Ay —M

— t_ -t _
E, RP, =E, P, =m[(fR)"'A- /M, 1].

5> Note that in order to determine T it is necessary to know the composition of initial government
liabilities, M _y and By/R_q, as well as R_;.
6 Clearly, this result also obtains for the more general preference specification described in

footnote 4. Further, the assumption that government purchases are subject to a cash-in-advance
constraint does not affect this result in any important way.
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According to this expression, the expected stock of real debt depends on the
initial money supply M, and is therefore not unique. The expected long-run
level of real debt depends on the level of the nominal interest rate. If the
monetary authority pegs the nominal interest rate at a level higher than the real
interest rate (i.e., R > 1), then the stock of real debt is expected to converge to
— m. That is, the government is expected to become a net lender to the public.
Alternatively, if the monetary authority pegs the nominal interest rate at a value
below the real interest rate (i.e., 1 <R < B~ '), then the stock of real debt is
expected to grow without bound.” The reason for this explosive behavior is that
when the nominal interest rate is below the real interest rate, both prices and
nominal balances are falling and therefore seignorage income is negative. These
seignorage losses must be financed with new debt because, by the balanced-
budget rule, the government is only allowed to raise taxes to cover government
spending and interest on the outstanding debt. Private agents are willing to hold
the ever increasing government debt because they face a path of real lump-sum
taxes which is also expected to increase over time (Eq. (8)).

We have established the main result of this section, namely, that if the
government pegs the nominal interest rate at a positive level (R > 1), a bal-
anced-budget rule leads to price level indeterminacy. The intuition for this result
is the following. In equilibrium the present discounted value of nominal govern-
ment liabilities net of interest savings from the issuance of money must converge
to zero as t approaches infinity. Under a balanced-budget rule, nominal govern-
ment liabilities are constant, thus their present discounted value approaches
zero for any positive nominal interest rate path. In addition, interest savings
from the issuance of money are proportional to nominal balances. Since the
nominal interest rate is constant and positive, real balances are constant, thus
nominal balances grow at the rate of inflation. But the inflation rate is less than
the nominal interest rate because the real interest rate, given by the subjective
discount factor, is positive. Therefore, regardless of their initial level, nominal
balances converge to zero in present discounted value.

This finding recovers the Sargent and Wallace (1975) result of price-level
indeterminacy under an interest rate peg. However, unlike in Sargent and
Wallace’s model, here price-level indeterminacy obtains in an economy with
a fully specified fiscal regime. On the other hand, our finding contrasts with the
central result of the fiscal theory of the price level, namely, that if the policy
regime consists of an interest rate peg and an exogenous path for the primary
surplus, the equilibrium price level is determinate (Auernheimer and Contreras,
1994; Sims, 1994; Woodford, 1994). To see that the price level is uniquely
determined if the path for the primary surplus is exogenous, use Egs. (7) and (17)

7 Note that although the expected stock of real debt is increasing over time, its present discounted
value, Eo 8B, 1 /(RP,), converges to zero.
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and the fact that for R > 1 real balances are constant to express the trans-
versality condition (18) as

M_l +BQ

Py - Z B'LEo(T./P, —g) + (1 — R™"m].

When the process for the real primary surplus, T,/P, — g, is exogenous, the
above expression uniquely determines P,, provided its right-hand side exists
and is positive and finite. The price level is also uniquely determined in the case
in which the sequence of nominal primary surpluses, T, — P, g, is exogenous and
deterministic. To verify this, rewrite the above expression as

Mo+ Bo _ 5 ﬁ’[T' Py —Rl)m:|.
PO t=0 (ﬂR) PO
This expression can be solved for a unique positive P, provided that
M_{ + By >R (T, — Py).

More recently, there has been an effort to classify policy regimes according to
whether equilibrium conditions involving fiscal variables are needed for price-
level determination. For example, Benhabib et al. (1998a) refer to regimes in
which fiscal policy fails to play a role for price-level determination as Ricardian.
Specifically, they define a Ricardian policy regime as one in which the present
discounted value of total end-of-period government liabilities converges to zero
regardless of the behavior of endogenous variables. Clearly, the policy regime
considered in this section — a balanced-budget rule in combination with an
interest rate peg — is Ricardian in the sense of Benhabib, Schmitt-Grohé and
Uribe since by the balanced-budget rule total government liabilities are constant
and by the assumed monetary policy the nominal interest rate is strictly
positive.®

8 Woodford (1995, p. 27) defines a Ricardian regime as one in which the exogenous sequences and
feedback rules that specify the policy regime imply that the present discounted value of outstanding
nominal government debt necessarily converges to zero regardless of the behavior of other endogen-
ous variables and argues that under such regimes the price level is typically not uniquely determined.
According to Woodford’s definition, a balanced-budget rule of the type considered in this section in
combination with an interest rate peg is not Ricardian. To see this, consider for simplicity a perfect-
foresight economy and note that under a balanced-budget rule, the present discounted value of
outstanding government debt can be written as

B,
lim R™ =L = [im R™'[A_, — M,].
1= w0 R t—w
The right side of this expression does not necessarily converge to zero for any path of endogenous
variables. For example, consider an off-equilibrium path in which M, grows at a rate equal to or
greater than R.
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We now extend the class of balanced-budget rules by allowing for non-zero
secondary surpluses. This type of budget rules is clearly more realistic than our
baseline specification of a zero period-by-period secondary surplus. For
example, the proposed balanced-budget amendment that was passed in 1995 by
the US House of Representatives allows for positive secondary surpluses.
Another example of a budget rule of this type is the ‘Excessive Deficit Procedure’
of the Maastricht Treaty on Economic and Monetary Union which requires
that a country’s secondary budget deficit for each fiscal year be no larger than
3 percent of its gross domestic product.

For simplicity, we assume that the time path of either the real secondary
surplus, s,, or the nominal secondary surplus, S,, is exogenous and bounded.
Under either assumption, lump-sum taxes are given by

B
Tt=P,g+(R,,1—1)Rt + S,

t—1

Combining this expression with the government’s sequential budget constraint
(6), the evolution of total nominal government liabilities, M, + B,./R,, be-
comes

B B
t+1 :M171 + t

M
‘TR, R,

t
_St: :Afl - Z Sj
Jj=0

Using this expression to eliminate M, + B, /R, in the transversality condition
(19) yields

t
lim EOQt|:A—1 - Z S; — (1- Qt+1/Qt)Mt:| =0, (22)
t— o j=0

which together with (17) replaces equilibrium condition (20).

We continue to assume that the nominal interest rate is pegged at a strictly
positive value R > 1. As shown earlier, in this case real balances and consump-
tion are uniquely determined and constant, and lim,., Eyq,[4-; —
(1 —¢;+1/9)M,] = 0. Thus Eq. (22) collapses to

t

t— o0 j=0

Assume first that the fiscal authority sets an exogenous and deterministic path
for the real secondary surplus that is bounded above by 5§ and below by s. Using
the facts that g, = f'M,/M, and EoM;/M, = (BR) ", the left side of Eq. (23) can
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be written as

lim qutz S; = lim Eoﬁ‘ Z P;s;
tJ 0

t— o0 j=0 t— o0

= lim ﬁ’ Z E0

t— o0

< lim ﬂ’ Z EO

= lim z (BRY™!

Mys 1 —(BR)™!
m 1—fR

=lim R

t— 0
=0.
Similarly,

Mos 1 — (BR)™!

hmqutZS>11mR’ I pR

t— o j=0 t— 0

=0,

so that the transversality condition (22) is satisfied for any M, > 0. Given
a value for M, the price level is given by M, /m. Thus, as in the case in which the
balanced-budget rule requires the secondary surplus to be exactly equal to zero
at all dates and all states, a rational expectations equilibrium exists and the price
level is indeterminate.

Assume now that the fiscal authority sets an exogenous and deterministic
path for the nominal secondary surplus that is bounded above by S and below
by S. In this case the left side of Eq. (23) satisfies

t t

t— o0 j=0 t— o0 j=0

t— o0

= lim StR™*

t— o0

=0,
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and

t
lim Eqq, Y. S; > lim StR™"

t— o0 Jj=0 t— o0
=0.

This implies that the transversality condition will be satisfied for any M, > 0
and hence the initial price level is again indeterminate.

We have demonstrated that if the monetary authority pegs the nominal
interest rate at a strictly positive value, a balanced-budget rule induces price-
level indeterminacy even if it allows for bounded secondary deficits or surpluses.
Comparing this result with those emphasized in the fiscal theory of the price
level it becomes clear that a key consideration for price-level determination is
whether the fiscal policy is described as an exogenous sequence of primary
deficits/surpluses or, alternatively, as an exogenous sequence of secondary
deficits/surpluses.

3.1. The optimum quantity of money

Consider now a monetary policy whereby the nominal interest rate is set
at zero (R =1). This policy corresponds to the optimum quantity of
money advocated by Milton Friedman. Assume first that the government
follows a period-by-period state-by-state balanced-budget rule as described
by Eq. (8). From (16) it follows that F(m,) = G(m,). Thus (20) becomes
lim,, ,, Eof'G(m,)A _ /M, = 0, which using (15) and (16) can be expressed as
lim,, , G(mgy)A -1 /M, = 0. This equality is a contradiction because any solution
to (16) satisfies m > ¢ + ¢, so that G(mg) > 0. Consequently, the optimum
quantity of money cannot be brought about under a balanced-budget rule.

The intuition behind this result is simple. In equilibrium, initial government
liabilities must be equal to the present discounted value of primary surpluses
plus interest savings from the issuance of money. By the balanced-budget rule,
the primary surplus must equal interest payments on the public debt. Thus, if the
nominal interest rate is zero, so is the primary surplus. A zero nominal interest
rate also implies that interest savings from the issuance of money are nil.
Therefore, when the nominal interest rate is zero, the present discounted value of
government revenues vanishes, which is inconsistent with a positive initial level
of government liabilities.

This non-existence result is fragile for at least two reasons. First, it follows
from our earlier analysis that if the nominal interest rate is positive but
arbitrarily close to zero, a rational expectations equilibrium exists and the
associated real allocation is arbitrarily close to the one associated with the social
optimum. Second, as we show next, an equilibrium consistent with the optimum
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quantity of money may exist under a balanced-budget rule if the present
discounted value of secondary surpluses is expected to be positive.

Consider the case that the government sets an exogenous and deterministic
path for either the nominal or the real secondary surplus. When R = 1, Eq. (22)
simplifies to

t
A71 = lim qut S]' (24)
=0

t— o0 J

We first analyze the case that the real secondary surplus is exogenous and
deterministic. From (16) it follows that in any equilibrium m, > ¢ + ¢, which
implies that G(m,)=m,/¢ and, by (17), that g, = p'Py/P,, so that
Eoq,Yi—oPjs; = B'PoY i—oEoPjsj/P. = B'PoY j—of’~'s;, where the last equal-
ity follows from the facts that P;/P, = '"'q,/q; and Eoq,/q; =1 for any
t >j > 0. Thus (24) becomes

t
A_y =Pylim Y Bs;.

t—>o0 j=0

Suppose further that the limit on the right hand side of this equation, the present
discounted value of real secondary surpluses, exists. Since initial nominal
government liabilities are assumed to be positive, a rational expectations
equilibrium exists and the price level is unique if and only if the present
discounted value of real secondary surpluses is positive and finite.

Finally, assume that the nominal secondary surplus is exogenous and deter-
ministic, then (24) becomes

t

t—ow j=0

This equation will in general not be satisfied for arbitrary paths of the nominal
secondary surplus. Thus, in general, a rational expectations equilibrium does
not exist. In the unlikely event that the above equation is satisfied, a rational
expectations equilibrium exists, but the equilibrium price level is indeterminate.

4. Equilibrium under a money growth rate peg

Under the monetary policy regime to be considered in this section, the
government pegs the gross growth rate of the money supply at a constant level
w > 0. Thus, M, is given by

M, = (‘M. (25)
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Given this policy rule, Eq. (15) reduces to
_B
F(m,) = ﬁEIG(mt+ 1)s (26)

and the transversality condition (20) becomes

lim BEo{Gm)u~"A-; + [F(m,) — G(m,)]Mo} = 0. (27)

t— o0

A rational expectations monetary equilibrium is a process m, > ¢g satisfying
Egs. (26) and (27), given A_; >0 and M, > 0.

4.1. Steady-state equilibria

We first characterize equilibria in which real balances are constant. Clearly,
a steady-state equilibrium does not exist if u < f because in that case no
constant value of real balances satisfies (27). In particular, this means that the
policymaker cannot bring about the optimal allocation, or optimum quantity of
money, by reducing the money supply at the subjective rate of discount. The
intuition for the impossibility of implementing the Friedman rule by pegging the
money growth rate is essentially the same as in the case of an interest rate peg:
under a balanced-budget rule total nominal government liabilities are constant
over time and because x = f§, the nominal interest rate is equal to zero. There-
fore, total nominal government liabilities do not converge to zero in present
discounted value.

It follows that any fiscal regime that makes total government liabilities vanish
asymptotically will allow for the existence of a steady-state equilibrium consis-
tent with the Friedman rule. An example of such a fiscal policy is one in which
the government keeps the stock of public debt equal to zero at all times
(Woodford, 1994). In this case, total government liabilities are equal to the
money supply, which, by the Friedman rule, shrinks at the rate of discount.’
Another example is a fiscal policy that specifies an exogenous sequence of
nominal secondary surpluses whose sum is equal to the initial stock of total
nominal government liabilities.

In what follows, we assume that the growth rate of the money supply exceeds
the discount factor (u > f5). Given this assumption, any constant value of
m satisfies (27). Thus, establishing the existence and uniqueness of a steady-state
equilibrium reduces to studying solutions to (26) in which m, = m* > ¢ for all ¢,

9 Clearly, the fiscal policy analyzed by Woodford is not a balanced-budget rule because secondary
deficits are financed by seignorage income.
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that is, solutions to

F(m*) = ﬁG(m*). (28)

Form > ¢ + g, F(m) = G(m), thus the left side of (28) is greater than the right side
(Fig. 1). For g <m < ¢ + g, G(m) is monotonically decreasing, and F(m) is
monotonically increasing. Further, as m approaches g from above, G(m) con-
verges to infinity and F(m) converges to Og/(1 — g), so the right side of (28)
becomes larger than its left side. Therefore, there exists a unique solution m* to
(28), which satisfies g < m* < ¢ + g. We have established that if u > f, a steady-
state equilibrium exists and is unique. The price level is uniquely determined as
P, = M,/m*. From (16) it follows that the gross nominal interest rate, R*, is
equal to u/f. Because real balances are constant, the rate of inflation must be
equal to the growth rate of the money supply. Using the fact that
B,:1/R, + M, = A_4, the real value of public debt can be expressed as

Bt+ 1
P,

= ,u_tR*m*A,l/Mo — R*m*.

T
B/u G(m,)

b o om e e e - -

g m m &+g m,
Fig. 1. Money growth rate peg, u > f and Assumption (A2)

m, Om,
G(m,) = > F(m,) =

T min(m,2 +9)—g 1 — min(m,,¢ + g)°
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Hence, if the rate of growth of the money supply is negative (u < 1), then the real
stock of debt associated with the steady-state equilibrium grows without
bounds. If, on the other hand, the money growth rate is non-negative (u > 1),
then the long-run real stock of debt is finite. If the money growth rate is strictly
positive, the real value of the public debt converges to a negative value.!®

4.2. Non-steady-state equilibria

We make the following assumption regarding preferences and the size of
government purchases

Al Flg) <’ inf Gm).

m>g

This assumption is satisfied for any value of u for which private consumption
exceeds government consumption in the steady-state equilibrium. The following
proposition shows that if (A1) is satisfied, then real balances held by the private
sector are finite and bounded below by a strictly positive value.

Proposition 1. Suppose that preferences satisfy (A1) and that u > 8. Then there
exist bounds me(g,Cc + g) and i < oo such that in any monetary equilibrium
m < m, < m. Thus, self-fulfilling inflations as well as self-fulfilling deflations are
impossible.

Proof. The proof of this proposition, which draws heavily on the proof of
Propositions 4 and 5 in Woodford (1994), is presented in Appendix A. [

Proposition 1 establishes that in any equilibrium there are at most bounded
fluctuations. The existence of an upper bound and hence the impossibility of
self-fulfilling deflations depends crucially on the assumed balanced-budget re-
quirement. For example, under a fiscal policy in which the stock of public debt is
zero at all times speculative deflations are possible (Woodford, 1994). The
intuition for the impossibility of speculative deflations under a balanced-budget
rule is simple. In a speculative deflation prices grow at a rate smaller than the
rate of monetary expansion. Thus real balances become arbitrarily large, exceed-
ing ¢ + ¢ after a finite number of periods, at which point the cash-in-advance
constraint ceases to bind and the nominal interest rate becomes zero. In any

197t is straightforward to show that the results of this subsection also hold when preferences are of
the more general type described in footnote 4 or when government purchases are not subject to
a cash-in-advance constraint or both.
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rational expectations equilibrium, the present discounted value of total nominal
government liabilities net of interest savings from the issuance of money has to
converge to zero. But as discussed earlier, this can never be the case if the
nominal interest rate is zero because under a balanced-budget rule total nominal
government liabilities are constant.

On the other hand, the balanced-budget requirement does not rule out the
existence of speculative inflations. The balanced-budget rule ensures that in any
speculative inflation the transversality condition will necessarily be satisfied,
that is, the present discounted value of total nominal government liabilities net
of interest savings from the issuance of money necessarily converges to zero. The
intuition for this is as follows. In a hyperinflation real balances converge to zero
and the nominal interest rate increases over time. Since under a balanced-budget
rule total nominal government liabilities are constant, the fact that the nominal
interest rate is positive ensures that their present discounted value converges to
zero. At the same time, as real balances are shrinking, interest savings from the
issuance of money disappear in present-discounted-value terms.

The existence of a lower bound on real balances is guaranteed individually by
both the assumption that government purchases are subject to a cash-in-
advance constraint and the assumed log-linear preference specification. More
generally, any preference specification with a single-period utility function of the
form U(c,1 — h) satisfying lim._, cU(c,1 — ¢) > 0 rules out self-fulfilling infla-
tions in the absence of a cash-in-advance constraint on government purchases
(see also Woodford, 1994).

To establish the uniqueness of the rational expectations equilibrium, we make
the following assumption:

(A2) ¢g< ﬁ

uo
Like assumption (A1), assumption (A2) is satisfied whenever private consumption
exceeds government consumption in the steady-state equilibrium. Assumption
(A2) is stronger than assumption (Al). To see this, note that (Al) is satisfied
whenever g < f/(10)/(1 — /p), and that 1/(1 — p/u) > 1. The following proposi-
tion completes the characterization of equilibrium under a money growth rate peg.

Proposition 2. If u > f and assumption (A2) is satisfied, then the steady-state
equilibrium is the unique rational expectations monetary equilibrium. Thus, the
equilibrium price level is unique.

Proof. See Appendix A.
The main implication of this proposition is that under a balanced-budget

requirement, the monetary authority can control the price level by controlling
the rate of expansion of the monetary aggregate. This result stands in stark
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contrast with the one obtained under an interest rate peg. In that case, a
balanced-budget rule necessarily renders the price level indeterminate.

5. Equilibrium under an interest rate feedback rule

Since Taylor (1993), a growing empirical literature has documented that
post-war US monetary policy can be characterized as following an interest-rate
feedback rule whereby the nominal interest rate is set as an increasing function
of inflation and output.'! Particular attention has been placed on the implica-
tions of the magnitude of the inflation elasticity of such a rule for macroeco-
nomic stability. In this section, we consider the consequences of interest rate
feedback rules for the determinacy of equilibrium in the presence of a balanced-
budget requirement. Specifically, we assume that the nominal interest rate is set
according the following non-linear rule

R, = max[1,R + a(n, — fR)], o, R >0, (29)

where ©, = P,/P,_, denotes the gross rate of inflation. This specification of
monetary policy ensures the non-negativity of the nominal interest rate for all
possible paths of the inflation rate. We will refer to monetary policy as active if
in response to an increase in the inflation rate, the monetary authority raises the
nominal interest rate by more than one-for-one and as passive otherwise. One
implication of the zero bound requirement on nominal interest rates is that if
monetary policy is globally non-decreasing and active for some values of the
inflation rate, then it must also be passive for some other values. As will become
clear below, this property of the feedback rule gives rise to multiple steady-state
rates of inflation and has important consequences for the global stability of
equilibrium.

Under the monetary policy regime described by Eq. (29), the supply of both
money and bonds is endogenous, as is the case under the pure interest rate peg
discussed in Section 3. Throughout this section, we restrict the analysis to
perfect-foresight equilibria. Using (16) to replace R,, the feedback rule can be
written as

G(m,) |: m—; M, :|
=max| 1, R(1 —ap) +« — | 30
F(m,) ( A m, M,y (0
Using (15) to eliminate M, /M, yields
G(my+ 1) |: my, G(mt+1):|
—— =max| , Rl —af)) + o — |, t=0 31
F(mt+1) ( ﬁ) ﬁmz+1 F(mt) ( )

11 See for example, Orphanides (1998) and Clarida et al. (1997).
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and

G(my) .
F(my) a

M
max|:1,R(1 —af) + ot — ] (32)
moP _4
A perfect-foresight equilibrium consists of a pair of sequences {m,, M, } satisfy-
ing m, > g, M, > 0, Egs. (15), (20), (31), and (32), given A_; and P_;.

5.1. Steady-state equilibria

Consider first steady-state equilibria, that is, perfect-foresight equilibria in
which real balances are constant from period 0 onward. In such an equilibrium,
real balances, m*, must satisfy m* < ¢ + g. To see why, suppose that m* > ¢ + g.
This implies that G(m*) = F(m*) and, by (15), that M, = 'M,. Using these two
relations, the left side of (20) can be written as G(m*)4_,/M, > 0, so that the
transversality condition is violated. For g < m* < ¢ + ¢, G(m*)/F(m*) > 1, and
hence m* must satisfy

G(m*) G(m*)
Fir) R(1 —apf) + CxﬁF(m*)'

Suppose that aff # 1. Clearly, if R < 1, the above equation is inconsistent, and
thus no steady-state equilibrium exists. If R > 1, then m* solves
G(m*)
F(m*)

(33)

As discussed in Section 3, this equation has a unique solution. Evaluating (15)
and (32) at m, = m* yields M, = (BRYM, and M, = Rfm*P_, > 0. As is
readily verified, this sequence of nominal balances and m, = m* for all ¢ satisfy
the transversality condition (20). Since both nominal and real balances are
unique, so is the price level, P, = M,/m*. Comparing Egs. (16) and (33), it follows
that the nominal interest rate is equal to R.*?

Note that in the steady-state equilibrium real balances are independent of
o and identical to the level of real balances that would obtain if the nominal
interest rate were pegged at R. However, unlike the interest rate peg, the
feedback rule induces a unique price level. This key difference is accounted for
by the link between the nominal interest rate and the contemporaneous inflation
rate introduced by the feedback rule.

121f 9B = 1, there exists a continuum of steady-state equilibria. Specifically, any level of real
balances m*e(g,¢ + ¢) and a sequence of nominal balances M, = (BG(m*)/F(m*)M, with
M, = (G(m*)/F(m*))pm*P_, > 0 constitute a steady-state equilibrium.
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To highlight the role of a balanced-budget rule for price level determination
under an interest rate feedback rule, consider an alternative fiscal policy where-
by the government specifies an exogenous path for the real primary surplus. In
this case, unlike in the case of a balanced-budget rule, there exists no steady-
state equilibrium satisfying g < m* < ¢ + ¢. To see this, note that Egs. (32) and
(33) imply that P, = fRP_,. At the same time, the transversality condition (18)
implies that Py = (M _; + Bo)/}.2of'[T:/P; — g + (1 — R™")m*]). These two
expressions are inconsistent because their right sides are exogenous and in
general different from each other.!?

5.2. Non-steady-state equilibria

For the analysis of non-steady-state equilibria, we assume that R > 1 and
aff # 1. Two elements of the model play a key role for price level determination
in addition to the assumed fiscal regime: the elasticity of the feedback rule with
respect to inflation, af, and the steady-state leisure-to-consumption ratio,
which, by Eq. (16), is equal to OR. Our main finding is that if the leisure-to-
consumption ratio is greater than one, - which as we will argue below is the case
of greatest empirical relevance - then the equilibrium price level and real
allocation are indeterminate for both relatively low and relatively high values
of the inflation elasticity of the feedback rule. Specifically, the equilibrium
is indeterminate for off <1 and for «ff > (OR + 1)/(OR —1). For inter-
mediate values of the inflation elasticity of the feedback rule, 1 < aff <
(OR + 1)/(OR — 1), the perfect-foresight equilibrium is unique. The following
proposition formalizes this result.

Proposition 3. Suppose that the steady-state leisure-to-consumption ratio, OR, is
greater than one. If the inflation elasticity of the feedback rule, ofs, satisfies

OR + 1
O<ap <1 or 1[3>9R_1,
then there exists a continuum of perfect-foresight equilibria in each of which
the sequence of real balances is different. In each of these equilibria, the
initial price level can be taken to be different. In addition, if off >
max[1 + 0~ (OR + 1)/(OR — 1)], there exists an infinite number of perfect-fore-
sight equilibria in which the real allocation is equal to the optimal allocation for
arbitrarily many periods.

13 Another difference between this fiscal regime and a balanced-budget rule is that under this fiscal
regime a steady-state equilibrium in which m* > ¢ + g may exist. Specifically, this is the case if we
impose the following restrictions on the parameters of the model: (¢f — 1)(R —1) >0 and
(14 @B = DR)/x = (M_y + Bo)/(P-;) 20 B(T,/P, — g)) > 0.
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On the other hand, if

OR + 1

1
<a[3<0R_1,

then the only perfect-foresight equilibrium is the steady-state equilibrium. Thus, the
equilibrium price level is unique.

Proof. See Appendix A.

Three implications of this proposition are noteworthy. First, unlike the case of
a pure interest rate peg, if under an interest rate feedback rule the price level is
indeterminate, so is the real allocation. Second, in the presence of a balanced-
budget requirement the monetary authority can control the price level without
directly controlling a monetary aggregate by following an interest rate feedback
rule with an appropriately chosen inflation elasticity. Third, our result differs
from that of existing studies on price-level determinacy under interest rate
feedback rules in that indeterminacy arises not only under passive monetary
policy (2 < 1) but also under active monetary policy («f > 1). For example,
Leeper (1991) finds that under active monetary policy, if an equilibrium exists,
then it is unique.

In order to understand the difference between our result and Leeper’s,
it is important to take into account the behavior of the real interest rate
in each of the two models. Leeper studies an endowment economy with separ-
able preferences over consumption and real balances. In such a model, the
equilibrium real interest rate is exogenous. To see this, note that the real interest
rate is equal to the intertemporal marginal rate of substitution, which in
equilibrium depends only on present and future endowments. Thus, given
a constant endowment stream, the equilibrium nominal interest rate moves
one-for-one with expected inflation. Suppose now that the public expects an
increase in next period’s inflation. Then the current nominal interest rate
increases by the same amount. If the inflation elasticity of the feedback rule is
greater than one, the current rate of inflation increases by less than the increase
in the nominal interest rate and hence by less than next period’s expected
inflation. As a result, an increase in today’s inflation is accompanied by an even
higher increase in expected future inflation. Such an explosive path is inconsist-
ent with a stationary equilibrium and therefore expectations-driven fluctuations
are impossible.

By contrast, in our model the real interest rate is endogenous because the
intertemporal marginal rate of substitution is a function of current and future
consumption, which, being a cash good, depends on the nominal interest rate.
To see why expectations of higher future rates of inflation can be self-fulfilling
under active monetary policy, suppose that next period’s inflation is expected to
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be above its steady-state level. By the feedback rule, this produces an increase in
next period’s nominal interest rate, which in turn depresses future consumption.
Given current consumption, the decline in future consumption implies a
lower current real interest rate. For some parameter configurations, the
decline in the real interest rate outweighs the increase in expected inflation
leading to a decline in this period’s nominal interest rate. By the feedback rule,
the decline in the current nominal interest rate must be associated with lower
current inflation. If current inflation decreases by more than future inflation is
expected to increase, the resulting path converges to the steady-state inflation
rate — in an oscillating fashion — and can therefore be supported as an equilib-
rium outcome.

It is clear from this explanation that what is necessary for the change in the
nominal interest rate to be dominated by movements in the real interest rate
rather than in expected inflation is a high elasticity of consumption with respect
to the nominal interest rate. It can be shown that the magnitude of this elasticity
only depends on and is increasing in the leisure-to-consumption ratio 6R. The
following proposition, together with Proposition 3, shows that a leisure-to-
consumption ratio greater than one is a necessary condition for indeterminacy
to arise under active monetary policy.

Proposition 4. Suppose that the steady-state leisure-to-consumption ratio, OR, is
less than one. If the inflation elasticity of the interest rate feedback rule, of3, satisfies

O0<ap <1,

then there exists a continuum of perfect-foresight equilibria in each of which the
sequence of real balances is different. In each of these equilibria the initial price
level can be taken to be different.

If
oaff > 1,

the only perfect-foresight equilibrium is the steady-state equilibrium. Thus, the
equilibrium price level is unique.

Proof. See Appendix A.

Fig. 2 summarizes the relation between price level determinacy, the elasticity
of the interest rate feedback rule with respect to inflation, «f, and the steady-
state leisure-to-consumption ratio, OR. The case of greatest empirical interest is
the one in which the leisure-to-consumption ratio exceeds one. In the context of
our model, the leisure-to-consumption ratio equals the ratio of leisure to labor
divided by the share of private consumption in GDP. In the real-business-cycle
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Fig. 2. Relationship between price level determinacy, the elasticity of the feedback rule with respect
to inflation, o3, and the leisure-to-consumption ratio, OR. (o) price level is determinate, (-) price level
is indeterminate.

literature, the value assigned to the leisure-to-labor ratio ranges from 2 and 4.**
Thus, assuming a ratio of private consumption to GDP greater than 2/3 implies
a range for OR between 2 and 6. Consequently, the implied threshold of af
beyond which the equilibrium becomes indeterminate under active monetary
policy, (AR + 1)/(6R — 1), lies between 1.3 and 3. At the same time, empirical
estimates of the inflation elasticity of the feedback rule take values between
1 and 2.'5 We interpret these back-of-the-envelope calculations as suggesting

14 Based on the microeconomic evidence from time allocation studies reported in Ghez and
Becker (1975) and Juster and Stafford (1991), Cooley and Prescott (1995) assign a value of 2 to the
leisure-to-labor ratio. King et al. (1988) assume a value of 4, which is based on the empirical evidence
that about 20 percent of total weekly hours are devoted to market work.

15 For example, Orphanides (1998) reports values for the sensitivity of the feedback rule with
respect to current inflation between 0.8 and 1.6 in a sample of US data beginning in 1987 and ending
in 1993. Rotemberg and Woodford (1997) estimate a three-variable VAR using quarterly US data
from 1980:1 to 1995:2 and find that the long-run sensitivity of the nominal interest rate with respect
to the inflation rate is 2.13.
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that in the US economy the adoption of a balanced-budget rule, if not accom-
panied by a change in the stance of monetary policy, may lead to the loss of the
nominal anchor.

However, this conclusion should be interpreted with caution. In the first
place, empirical estimates of interest rate feedback rules typically allow for
partial adjustment, that is, the monetary authority is assumed to implement its
target interest rate only slowly over time. This is important because if we were to
allow for partial adjustment in our model, the threshold beyond which the
equilibrium is indeterminate under active monetary policy would change. Sec-
ond, a growing body of empirical work argues that US monetary policy may be
better described by a forward-looking interest rate feedback rule, that is, a rule
in which the current nominal interest rate is set as a function of expected future
inflation. One can show that, in the context of our model economy, a forward-
looking rule implies that the price level is indeterminate regardless of the
inflation elasticity of the feedback rule. However, the resource allocation is
determinate under passive monetary policy and indeterminate under active
monetary policy provided the leisure-to-consumption ratio exceeds one, which
is, as we argue, the case of greatest interest. Interestingly, empirical estimates of
forward-looking feedback rules suggest that at least since the early 1980s US
monetary policy has been active (e.g., Clarida et al., 1997, 1998; Orphanides,
1998). Thus, our model predicts that even under a forward-looking feedback
rule, the adoption of a balance budget requirement, if not accompanied
by a change in monetary policy, could entail both real and nominal inde-
terminacy.'®

Before closing this section, we briefly discuss how the results change under
alternative fiscal regimes. Consider first a specification of the balanced-budget
requirement that allows for bounded secondary surpluses.'” If the policy stipu-
lates an exogenous path for nominal secondary surpluses, it can be shown that
the results are unchanged. However, if the policy stipulates an exogenous path
for real secondary surpluses that are sufficiently large in present discounted
value, then under active monetary policy («ff > 1) the steady-state equilibrium is
no longer unique. Specifically, in addition to the steady-state equilibrium in

16In the context of a sticky-price model, Clarida et al. (1998) obtain the opposite result, namely,
that the resource allocation is indeterminate under passive forward-looking feedback rules and
determinate under active ones. The difference in results can be explained by the implication of their
assumption of nominal rigidities for the interaction between output and inflation. Specifically, their
model includes a forward-looking Phillips curve linking current output to current and expected
future inflation. By contrast, our model implies a forward-looking Phillips curve linking current
output only to expected future inflation. See Woodford (1996), Bernanke and Woodford (1997), and
Benhabib et al. (1998a) for further analysis of the determinacy of equilibrium under interest-rate
feedback rules in models with nominal rigidities.

17 Secondary surpluses are not restricted to be positive.
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which the nominal interest rate is positive (R, = R > 1), there exist an infinite
number of steady-state equilibria in which the nominal interest rate is zero
(R, = 1). The equilibrium price level is identical across all steady-state equilibria
in which the nominal interest rate is zero, but different from the one associated
with the steady-state equilibrium in which the nominal interest rate is positive.

A more complex picture arises when one considers non-steady-state equilib-
ria. It can be shown that if the fiscal policy specifies a non-zero exogenous path
for real secondary surpluses, then under active monetary policy the equilibrium
is always indeterminate. In particular, there exist an infinite number of equilib-
rium sequences of nominal interest rates originating arbitrarily close to the
steady state in which the nominal interest rate is positive that converge either to
that steady state or to the steady state in which the nominal interest rate is zero.
In addition, there may also exist equilibria in which the nominal interest rate
fluctuates forever around R. Clearly, the existence of equilibria in which the
interest rate converges to zero hinges critically on the assumed non-linear form
of the interest rate feedback rule. Under the alternative assumption that the
interest rate feedback rule (29) takes the form R, = R + a(n, — SR), equilibria in
which the nominal interest rate converges to zero are impossible.'® We conclude
that, unlike the case in which the fiscal authority specifies a zero secondary
surplus or an exogenous path for the nominal secondary surplus, when the fiscal
policy consists of a non-zero exogenous sequence for the real secondary surplus,
the price level is indeterminate regardless of the magnitude of the inflation
elasticity of the feedback rule.

Finally, consider a fiscal regime in which the path of the real primary surplus
is exogenous. The set of perfect-foresight equilibria that arises in this case is
fundamentally different from that obtained under a balanced-budget rule. On
the one hand, if monetary policy is active and in the intermediate range,
1 <aff <(OR + 1)/(0R — 1), then as shown above under a balanced-budget rule
the only perfect-foresight equilibrium is the steady-state equilibrium with
m* < ¢ + g, a positive nominal interest rate, and a suboptimal real allocation.
By contrast, under a fiscal regime in which real primary surpluses are
exogenous, such a perfect-foresight equilibrium does not exist. Instead the set of
perfect-foresight equilibria includes — but may not be limited to - equilibria in
which m, > ¢ + g for all ¢, the nominal interest rate is equal to zero, and the real
allocation is optimal. On the other hand, if monetary policy is passive,
0 < aff < 1, then under a balanced-budget rule the perfect-foresight equilibrium
is indeterminate, while under a fiscal policy in which real primary surpluses are
exogenous, if an equilibrium exists, it is unique.®

18 Similar implications of a zero lower bound on nominal interest rates for global stability apply
to models with nominal rigidities (see Benhabib et al., 1998b).

191t is possible to show that in this case a perfect-foresight equilibrium always exists provided that
R(1 —oapf) > 1.
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6. Conclusion

In this paper, we argue that an important but largely ignored aspect of
balanced-budget fiscal policy rules is their implication for nominal stability. For
example, we show cases in which given the monetary policy regime the mere
implementation of a balanced-budget rule may lead to the loss of the nominal
anchor. Our findings complement our earlier work on the real consequences of
balanced-budget rules, Schmitt-Grohé and Uribe (1997), where we show that in
a standard neoclassical growth model without money a balanced-budget policy
may lead to real instability by allowing for equilibria in which expectations of
future income tax increases can be self-fulfilling. The study of the macroeco-
nomic consequences of balanced-budget rules could be extended in several
directions. First, it would be worth studying how the results of this paper are
modified in a model augmented with nominal frictions such as sticky prices.
Second, expanding the set of monetary policies might provide additional in-
sights into the restrictions that the particular fiscal policy studied in this paper
imposes on the conduct of monetary policy. The family of Taylor rules, that is,
feedback rules whereby the nominal interest rate depends not only on current
inflation but also on the output gap, are especially interesting from an empirical
point of view.

Appendix A

Proof of Proposition 1. We first prove the existence of the lower bound m.
Define

m= inf{m > g’F(m) > fB/u inf G(m’)}

By (A1), m > g. Since m > ¢ + g implies F(m) = G(m) > f/uG(m), it follows that
m < ¢ + g. Suppose m, < m, then

Fim;) < p/u inf Gm') < f/HE,[G(m;+1)]

contradicting (26). Therefore, m, > m in any equilibrium. Next we show the
existence of the upper bound m. Define

m= max{ﬁ/ué sup G(m), ¢ + g}

m<m<t+tg
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The fact that G(m) is continuous on the compact interval [m,¢ + g] implies that

m < oo. The definition of m furthermore implies that for all m in the interval
[me +gl,

m
Gm) < p/B - (A.1)
Observe also that for all ¢ + g <m < m,
G(m) =

<

<uwp

| 3
>3
(‘w.\ S

Thus (A.1) holds for all m in the interval m < m < . Suppose that at some date
m, > m. Then, letting P,(x) denote the probability of the event x conditional
upon information available at time ¢, it follows that

m

?t = F(m,) = ﬁEt[G(mt+1)]

= ﬁpt(mwl < ME[G(m; 4 1)lm, 4y < ]

; ﬁP,(mm ~ E,[Glmes sy > ]

_.m _ 1
< P(myq < m)g + gpt(mtﬂ > m)E[mq|myq > m]g

m _m - 1
= — Pmy >m)— + ﬁpt(mﬁrl > m)E[m; 4 |my 1 > m]
e ¢ u e
m 1 _ _
<4 L > ) T Oy > ) — )
m 1
==+ EEt [max(m,+; —m,0)].
¢ onu e

Then for any m, > m, it follows that
E,[max(m;+, —m,0)] > w/Bmax(m, —m,0).
Since G(m;) = (1/¢)max(m, — m,0), it follows that E\G(m,) >

(1/8)(w/B) max[my, — m,0]. Consider now the transversality condition (27).
Since 0 < G(m) — F(m) < G(m) — F(m) for all m=>m, it follows that
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lim,.., B'Eo[F(m,) — G(m,)] = 0. Thus,

lim B’EO[G(mI)% + [F(m,) — G(m,)]M0:| > max[m, — m,0] A:I,

t— o0

so that the transversality condition is violated if m, > m. Therefore, in any
equilibrium m, < m. Since a transversality condition like (27) must hold not
only in period 0 but also for all ¢ > 0, it follows that m, <m for allt > 0. O

The following lemma establishes the uniqueness of the perfect-foresight equi-
librium and serves as the basis for the proof of Proposition 2.

Lemma 1. If u > f§ and assumption (A2) is satisfied, then the steady-state equilib-
rium is the unique perfect-foresight monetary equilibrium.

Proof. If assumption (A2) holds, then m =¢ + ¢. Since in any equilibrium
m; < in, (26) can be solved for m,;{ as a function of m, to get

gm,

m = f(m,), (A.2)

My =

where y = f/(0p). Since u > f and m, is bounded, the transversality condition
(27) is satisfied. Since assumption (A1) is satisfied whenever assumption (A2)
holds, it follows that a steady-state equilibrium, m, = m* for all ¢, exists, is
unique, and satisfies g < m* < ¢ + g. Suppose there exists a perfect-foresight
equilibrium {m, } with my < m*. Let /i, = my,, t > 0; From (A.2), it follows that
i1 = (g7m)/[(1 + y)g — y)ir, + y*]. Assumption (A2) and the fact that
mo < m* imply that {/i, } is a monotonically decreasing sequence, and Proposi-
tion 1 implies that it must be bounded below by m. Therefore, the sequence {7, }
must converge to some e [m, m*) satisfying i = (¢*m)/[(1 + y)g — p)i + y*].
But the only non-zero solution to this equation is m = (y + ¢)/(1 + y) = m¥,
which is a contradiction. By a similar argument, one can show that there exists
no perfect-foresight equilibrium with m, > m*. Hence, the unique perfect-
foresight equilibrium is m, = m* for all t. [J

Proof of Proposition 2. Suppose there exists a rational expectations equilibrium
with m < m, < m* for some t. Let m{, ; = f(m,), where f(-) is defined by (A.2). It
follows that there exists an even integer J such that for all s<J —1,
mfy€[mm] and m!’, ; < m. Note that m{,; > m* and that P(m,, >m/,;) >0
because E,G(m,1,) = G(m{+,) and G(-) is strictly decreasing on [m,n]. Let
St+s = P(mt+s = mf+s|mt+sfl < mf+371)7 if s is 0dd9 and let Sr+s =
P(m, s <ml m, 1 >mly 1), if s is even. The probabilities ¢, , are strictly
positive for all s < J. To see this, assume first that m, . ,_; < m’,,_;. Then, since
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F(m) is strictly increasing, F(m,,,_ 1) < F(mf,,_,). Using (26), this implies that
E, s_1G(m, ) < G(mF,,) and thus, since G(-) is strictly decreasing, &, > 0.
Similarly, if m, ,_, >mf,_, then E, , ;G(m,,)> G(mF,,) and hence
&4+ > 0. Next, note that

P(my sy <m) > P(m,; <mfy,)
=& Py =mfsy 1)
+ P(mys gy <micsimee gy <mivy— )Py <miey_y)
> e g P(Mesy—1 > misy—y)

>

J
> ] exsPmyy > mis )
s=2

> 0.

But this is impossible according to Proposition 1. Similarly, one can show that
m, > m* leads to the contradiction P(m,,; < m) > 0 for some J. Hence, in any
rational expectations equilibrium m, = m* at all times. [l

Proof of Propositions 3 and 4. Using the definitions of F(-) and G(-) Eq. (31) can
be expressed as

N max[a + b, c +dim, 1] if 1 +6R(1 —af)<0
My = (A.3)

min[a + bin, ¢ + din,;] if 1 +0R(1 —af) >0
where m, = min[m,,¢ + ¢g] and
(I —ap)1 + 0Rg)
1+0RA —ap)’

.
1+ 60R(1 —ap)

_ 1+ 6g
‘1T ORI —ap)

and

— 0+ OR(1 — ap)

d= 1+ 0R(1 —af)
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Suppose 1 < aff < (1 + OR)/(OR). Then b > 1 and (A.3) takes the form
M+, = min[a + by, c + dim, ] (A4)

The upper left panel of Fig. 3 shows with solid lines the functions a + bii, and
m,. It indicates with a broken line the value of m,, that satisfies (A.4) as
a function of m,;. Since for m<¢+yg, c+dm>im and for m=¢ +g,
c+dm=m,m+ =¢+gis asolution to (A.4) only if a + b, > ¢ + g. Sup-
pose m, < m* and construct a sequence for m, that satisfies (A.4). After a finite
number of periods, a + bin, < g, so that no 71, ; > ¢ satisfying (A.4) exists.
Alternatively, consider m, > m* and construct a sequence for m, that satisfies
(A.4). After a finite number of periods ', m, =¢ + ¢g for all t >t. Such a
path violates the transversality condition (20). To see this, note that for
any t > t', F(m,) = G(m,) and G(m,)/M, = B ~'G(m,)/M,; so that B [G(m,)A_,/
M, + F(m,) — G(m,)] = p*A_,G(m,)/M, > 0 for any t > t'. Therefore, if b > 1,
the only perfect-foresight equilibrium is the steady-state equilibrium.

«a+bri

é+g é+9

m
—1<b<0
A I
é+tg - -1
I
«a+brm :
|
: «—a+bri
I
]
)
i gr-——F-""""""7t~ """~~~ --
1 1 | 1
1 1 1 1 o
g m’ é+g g m’ é+g
m m

Fig. 3. Feedback rule: R, = max[1,R + a(n, — fR)] i, = min[m,,¢ + ¢,

max[a + b, c + di, 1] ifb<0
EEEE N, i, = .

min[a + by, c + din,.,] if b>0
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Suppose now that

iRl if OR > 1,

oo,  otherwise,

1+0R
OR

<ocﬂ<{

so that b < — 1. Then (A.3) takes the form
ﬁlt+1 = maX[a + bﬁlt, c + dﬁlt+1]. (AS)

The upper right panel of Fig. 3 illustrates this case. Note that for m < ¢ + g,
¢+dmn<m and that for m=¢+g¢g, ¢ +dm=im, so that m,.; =¢+g¢g is
a solution to (A.5) only if a+ bin, <¢ +g¢g. In any equilibrium it must
be the case that m, >m = max[g,c+ g —a)/b] because for m, <m,
a+ bm;> ¢+ g and thus no m,,, that satisfies Eq. (A.5) exists. Consider
my > m different from m*; the corresponding sequences of 7, constructed
from (A.5) must converge to ¢ + ¢g. However, as just shown, such a sequence
cannot be an equilibrium because it violates the transversality condition, (20).
Therefore, if b < — 1, the only perfect-foresight equilibrium is again the steady-
state equilibrium.

If of >(1 +0R)[(OR —1)>1, then —1<b <0 and 1 + OR(1 —af) <O.
Thus, (A.3) takes the form

m;+1 = max[c + dm, . {,a + bm,]. (A.6)

This case is shown in the lower right panel of Fig. 3. Choose mg €(m,¢ + g),
where m = max[g,(¢ + g — a)/b] < ¢ + ¢, and construct a sequence for m, from
m;+1 = a + bm,. Since |b| <1 the so constructed sequence of real balances
converges to m*. It is straightforward to show that this sequence satisfies (20).
This sequence is also a solution to (A.6): note first that for any t, m, < ¢ + g;
further,0 > b > — 1 implies that ¢ + dm < mform < ¢ + g. From (32) one can
find the level of nominal balances, M, associated with a particular choice of m,.
Since R(1 — af) < 0 whenever b <0, and G(m,)/F(mg) > 1 for mg e(m,c + g),
there exists a unique positive M, that satisfies (32) and a unique P,
(= [G(mgy)/F(mg) — R(1 — aff)]P_ /o). Therefore, there exists a continuum of
perfect-foresight equilibria indexed by m,. Since G(mg)/F(m, is monotonically
decreasing for m, €(g,¢ + g), in each of these the price level can be taken to be
different. If in addition of > 1 + 0™, then for any m, > m there exist multiple
solutions to (A.6), that is, m,.; > ¢+ g as well as my,y =a+bm, <¢+g
satisfy (A.6). Consider the following sequence: m, > ¢ + g for t even and
m, = a + bm,_ for t odd. For this sequence to be an equilibrium it must satisfy
the transversality condition. To see that it does, note that (15) and (16) imply
that M,/G(m,) = f'Mo/F(mo)| [:—1R,. Also, note that F(m) — G(m) is bounded
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for m > m. It follows that

: . BA_F(mo)
| '[G(m)A_{/M, + F -G =lim — e
tljilo BLG(m)A- /M, (m,) (my)] tin:) ﬁtMong;llR
— lim lF’"O)]‘[ R
t— o0
= 0.

The last equality follows from the fact that for any ¢3¢’ such that m, < ¢ + ¢, so
that R, > 1. This implies that 1/[ [{Z] R, is decreasing over time and converges
to zero. Therefore the transversality condition is satisfied. Finally, as shown
above, the fact that b < 0 ensures that the nominal money supply associated
with any m, > m is positive.

IfO<oaf <1,then 0 <b <1 and 1 + OR(1 — aff) > 0. Thus, (A.3) takes the
form

My, = min[a + b, c + din, 1 ].

Further, for any m > g, a + bin < ¢ + g and ¢ + din > ¢ + g; so sequences of
real balances that satisfy (A.3) are the same as those that satisfy

}’;lt+1 =d + bﬁ'lt. (A7)

The lower left panel of Fig. 3 plots this case. Eq. (A.7) implies a sequence for
m, that converges monotonically to m* given any mq > ¢. It is straightforward
to show that any such sequence satisfies the transversality condition. From (32)
one can find the level of nominal balances, M, associated with a particular
choice of my. A requirement of equilibrium is that M, > 0. If R(1 — af)) < 1,
M, is positive for any mo > ¢. If, on the other hand, R(1 — «ff) > 1, the initial
money supply, M, associated with a particular choice for m, is positive only if
me < m= %”,%f—a,%)e(m & + g). Note that for any m, < min[m,¢ + g], the
initial price level P, is given by [G(my)/F(my) — R(1 — af)]P_ /o and that
G(m)/F(m) is monotonically decreasing in m, which implies that the initial
price level is a monotonically decreasing function of m,. Since
min[m,¢ + g] > m* > g, there exists a continuum of perfect-foresight equilibria
in each of which the sequence of real balances and prices can be taken to be
different.

Finally, note that if 14+ 60R(1 —of)=0, then (31) becomes
0 =max[(1 + 0y, — (1 + 0g),(1 + gOR)/(OR) — (1 + OR)/(OR)in,]. The only
solution to this expression that does not violate the transversality condition is
m, =m* for all t. [
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