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ABSTRACT
We develop Bayesian predictive stacking for geostatistical models, where the primary inferential objective is
to provide inference on the latent spatial random field and conduct spatial predictions at arbitrary locations.
We exploit analytically tractable posterior distributions for regression coefficients of predictors and the
realizations of the spatial process conditional upon process parameters. We subsequently combine such
inference by stacking these models across the range of values of the hyper-parameters. We devise stacking
of means and posterior densities in a manner that is computationally efficient without resorting to iterative
algorithms such as Markov chain Monte Carlo (MCMC) and can exploit the benefits of parallel computations.
We offer novel theoretical insights into the resulting inference within an infill asymptotic paradigm and
through empirical results showing that stacked inference is comparable to full sampling-based Bayesian
inference at a significantly lower computational cost. Supplementary materials for this article are available
online, including a standardized description of the materials available for reproducing the work.
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1. Introduction

Geostatistics (Cressie 1993; Chilés and Delfiner 1999; Zimmer-
man and Stein 2010; Banerjee 2019) refers to the study of a spa-
tially distributed variable of interest, which in theory is defined
at every point over a bounded study region of interest. Cus-
tomary geostatistical modeling proceeds from a latent stochastic
process over space that specifies the probability law for the
measurements on the variable as a partial realization of the
process over a finite set of locations. Inference is sought for the
underlying spatial process, which is subsequently used for spa-
tial predictions (Stein 1999) to grasp the scientific phenomenon
under study. The spatial process is often assumed to be sta-
tionary and specified by parameters representing the sill, the
nugget, the range and, possibly, the smoothness of the process.
We collectively refer to these as process parameters that are often
empirically estimated from measurements at sampled locations
using the variogram.

Likelihood-based inference for this process is, however,
thwarted by the absence of classical consistent estimators
of the process parameters in a customarily preferred infill
asymptotic paradigm (see, e.g., Stein 1999; Zhang 2004; Zhang
and Zimmerman 2005; Kaufman and Shaby 2013; Tang, Zhang,
and Banerjee 2021). Bayesian inference for geostatistical data
(Handcock and Stein 1993; Berger, Oliveira, and Sansó 2001;
Banerjee, Carlin, and Gelfand 2014; Li, Sun, and Zhu 2023),
while not relying upon asymptotic inference, is also not entirely
straightforward. Specifically, irrespective of how many spatial
locations yield measurements, the likelihood fails to mitigate the
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prior distributions’ impact on the inference. This is undesirable
since prior elicitation for the process parameters is challenging.
Objective priors for spatial process models have also been
pursued, but interpreting such information in practice and their
implications in scientific contexts are not uncontroversial. The
related question of how effectively (or poorly) the realized data
identify these process parameters (in an exact sense from finite
samples) has also received commentary (Hodges 2013; Bose,
Hodges, and Banerjee 2018; De Oliveira and Han 2022).

It is, therefore, not unreasonable to pursue methods that will
yield robust inference for the spatial process and for spatial
predictions of the outcome at arbitrary points (“kriging”) while
circumventing inference on the weakly identified parameters.
Instead of seeking families of prior distributions for such param-
eters, recent efforts at computationally efficient algorithms for
geostatistical models have proposed multi-fold cross-validation
methods (Finley et al. 2019) to fix the values of weakly identi-
fied parameters. However, the metrics for ascertaining optimal
values of such parameters are somewhat arbitrary and may not
offer robust inference.

Our primary contribution here is to develop and explore
Bayesian predictive stacking of geostatistical models. Stacking
is a model averaging procedure for generating predictions
(Wolpert 1992; Breiman 1996; Clyde and Iversen 2013). Stacking
methods and algorithms in diverse data analytic applications
are rapidly evolving and a comprehensive review is beyond
the scope of this manuscript. Significant developments of
stacking methodology in Bayesian analysis have been achieved
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in recent years (Le and Clarke 2017; Yao et al. 2018, 2021; Yao,
Vehtari, and Gelman 2022), but, to the best of our knowledge,
developments in the context of spatial data analysis are lacking.
Stacking can be regarded as an alternative to Bayesian model
averaging (Madigan et al. 1996; Hoeting et al. 1999). Assume
that there are G candidate models M = {M1, . . . ,MG}
and each model Mg is indexed according to a set of fixed
values of certain spatial covariance parameters so that the exact
posterior distribution is analytically tractable (Section 2). We
follow a specific formulation of a spatial hierarchical linear
model that seamlessly evinces the familiar closed-form posterior
distributions of regression coefficients, random effects and
variance components.

The inferential properties of conventional stacking are
largely available for exchangeable models that do not apply
to geostatistics. Therefore, we offer theoretical insights within
an infill asymptotic paradigm by exploiting tractability offered
by the Matérn covariance kernel and conjugate Bayesian
linear regression (Section S2). Section 3 offers implementation
details, including two algorithms: (i) stacking of means, which
combines posterior predictive means; and (ii) stacking of
posterior predictive densities (Yao et al. 2018), which combines
posterior predictive densities. These methods are evaluated
theoretically and empirically through simulation experiments
(Section 4) demonstrating that stacked inference is comparable
to full Bayesian inference using MCMC at significantly less
computational expense. An illustrative data analysis is presented
in Section 5 including comparisons with machine learning
interpolation. Section 6 concludes with pointers to future
research.

2. Bayesian Spatial Models and Stacking Algorithms

2.1. Overview

Let y(s) be a spatially indexed outcome at location s ∈ D ⊂ R
d

and x(s) is a p×1 vector of predictors observed at s. A customary
geostatistical model is

y(s) = x(s)Tβ + z(s) + ε(s), (2.1)

where β is the p × 1 vector of slopes, z(s) ∼ GP(0, σ 2R�(·, ·))
is a zero-centered spatial Gaussian process on R

d with spatial
correlation function R�(·, ·) indexed by parameters �, σ 2 is the
spatial variance parameter (“partial sill”) and ε(s) ∼ N (0, τ 2) is
a white noise process with variance τ 2 (“nugget”) capturing
measurement error. Processes z(·) and ε(·) are assumed to
be independent. Let χ = {s1, . . . , sn} ∈ D be a set of n
spatial locations yielding measurements y = (y(s1), . . . , y(sn))T

with known values of predictors at these locations collected
in the n × p full rank matrix X = (x(s1), . . . , x(sn))T. We
let z = (z(s1), . . . , z(sn))T denote the realization of z(s)
over χ and let R�(χ) = (R�(si, sj))1≤i,j≤n be the n × n
spatial correlation matrix constructed from the correlation
function.

Bayesian modeling extends (2.1) by assigning proper prior
distributions to the parameters {β , z, σ 2, �, τ 2} and drawing
samples from the posterior distribution p(β , σ 2, �, τ 2 | y).

However, evaluating the posterior distribution, particularly
when employing iterative Markov chain Monte Carlo algorithms
(MCMC, Robert and Casella 1999), is cumbersome due to slow
convergence of weakly identified process parameters. Instead,
we exploit exact distributions for conjugate Bayesian spatial
models by fixing some process parameters and subsequently
implement stacked posterior inference over candidate values of
the process parameters.

Our approach can be broadly described as follows. We
separate our model parameters 	 = {θ1, θ2} into two sets
θ1 = {β , z, σ 2} and θ2 = {�, δ2}, where δ2 = τ 2/σ 2. We
use conjugate distribution theory so that p(θ1 | y, θ2) is available
in closed form. We are primarily concerned with Bayesian infer-
ence on θ1 averaging out the effects of θ2. Therefore, our desired
posterior distribution is p(θ1 | y) = ∫

p(θ1 | y, θ2)p(θ2 | y)dθ2.
The key bottleneck here is that p(θ2 | y) is intractable and will
require either MCMC or iterative quadrature such as Integrated
Nested Laplace Approximations (INLA, Rue, Martino, and
Chopin 2009) or variational inference (Ren et al. 2011; Blei,
Kucukelbir, and McAuliffe 2017). However, such algorithms
are thwarted by convergence issues arising especially from
weakly identified parameters � in the spatial correlation kernel.
Therefore, we reformulate the inference problem by writing
p(θ1 | y) = ∫

p(θ1 | y, θ2)p(θ2 | y)dθ2 ≈ ∑G
g=1 wgp(θ1 | y, θ2g),

where the collection of weights wg replace p(θ2 | y). While this
may seem to resemble quadrature, a key distinction is that
we find the weights using convex optimization with scoring
rules and do not attempt to approximate p(θ2 | y). Once the
optimal weights, say ŵg are computed, posterior inference for
quantities of interest subsequently proceed from the “stacked
posterior” p̃(· | y) = ∑G

g=1 ŵgp(· | y, θ2g). To circumvent
iterative algorithms, we employ conjugate Bayesian spatial
models with closed form expressions for p(θ1 | y, θ2) and then
proceed to obtain the stacked posterior by averaging over
candidate values of θ2. Section 2.2 derives the analytically
accessible models that are used in Section 2.3 where we devise
the stacking methodology and algorithms.

2.2. Conjugate Bayesian Spatial Model

We extend (2.1) to a conjugate Bayesian hierarchical spatial
model,

y | z, β , σ 2 ∼ N (Xβ + z, δ2σ 2In), z | σ 2 ∼ N (0, σ 2R�(χ)),
β | σ 2 ∼ N (μβ , σ 2Vβ), σ 2 ∼ IG(aσ , bσ ),

(2.2)
where we fix �, the noise-to-spatial variance ratio δ2 := τ 2

σ 2 ,
and μβ , Vβ , aσ , and bσ are fixed hyper-parameters specifying
the prior distributions for β and σ 2. This design enables closed-
form posterior distributions, as summarized below (also see
Kitanidis 1986; Handcock and Stein 1993; Gaudard et al. 1999;
Banerjee 2020, for exact Bayesian inference). Let γ = (βT, zT)T.
The posterior distribution of (γ , σ 2) from (2.2) is

p(γ , σ 2 | y, �, δ2) = IG(σ 2; a∗
σ , b∗

σ )︸ ︷︷ ︸
p(σ 2 | y)

×N (γ ; γ̂ , σ 2M∗)︸ ︷︷ ︸
p(γ | σ 2,y)

, (2.3)
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where γ̂ = M∗XT∗V−1∗ y∗, y∗ = [y, μβ , 0]T, a∗
σ = aσ + n/2,

b∗
σ = bσ + 1

2 (y∗ − X∗γ̂ )TV−1∗ (y∗ − X∗γ̂ ), M−1∗ = XT∗V−1∗ X∗,

XT∗ =
[

XT Ip 0
In 0 In

]
and V∗ =

⎡
⎣δ2In 0 0

0 Vβ 0
0 0 R�(χ)

⎤
⎦. The

posterior distribution p(γ | y, �, δ2) obtained after integrating
out σ 2 is multivariate Student’s t (i.e., t2a∗

σ
(γ ; γ̂ , (b∗

σ /a∗
σ )M∗))

with degrees of freedom 2a∗
σ , location γ̂ and scale matrix

(b∗
σ /a∗

σ )M∗. The derivation follows standard results from
the Normal-Gamma family of distributions (Kitanidis 1986;
Handcock and Stein 1993). The posterior distributions remain
well-defined in the limit as δ2 → 0, as elaborated in Section S1
in the supplement.

Furthermore, let χ̃ = {s̃1, . . . , s̃m} be a set of m unknown
points in D, z̃ and ỹ be the m × 1 vectors with elements z(s̃i)
and y(s̃i) for i = 1, 2, . . . , m. Let X̃ = (x(s̃1), . . . , x(s̃m))T

be the m × p matrix that carries the values of predictors at χ̃

and let J�(χ , χ̃ ) = (R�(s, s′)){s∈χ ,s′∈χ̃} Then, spatial predictive
inference follows from the posterior distribution

p(z̃, ỹ | y, �, δ2) =
∫

p(ỹ | z̃, β , σ 2, �, δ2)p(z̃ | z, σ 2, �, δ2)

p(γ , σ 2 | y, �, δ2) dγ dσ 2 , (2.4)

which is again a multivariate t distribution with degrees of
freedom 2a∗

σ , location μ̃ and scale matrix (b∗
σ /a∗

σ )M̃ where
μ̃ = Wγ̂ , M̃ = WM∗WT + M2, M1 = R�(χ̃) −
JT
�(χ , χ̃ )R−1

� (χ)J�(χ , χ̃ ), W =
[

0 JT
�(χ , χ̃ )R−1

� (χ)

X̃ JT
�(χ , χ̃ )R−1

� (χ)

]
and

M−1
2 =

[ 1
δ2 Im + M−1

1 − 1
δ2 Im

− 1
δ2 Im

1
δ2 Im

]
. The predictive distributions

p(z(s0) | y, �, δ2) and p(y(s0) | y, �, δ2) are also available in
analytic form as a univariate t distributions for any single point
s0 ∈ D. Bayesian inference proceeds from exact posterior
samples obtained from (2.3). We first draw values of σ 2 ∼
IG(a∗

σ , b∗
σ ) followed by a single draw of γ ∼ N(γ̂ , σ 2M∗) for

each drawn value of σ 2. This yields samples {γ , σ 2} from (2.3).
Predictive inference for the latent process z(s0) and the outcome
y(s0) is obtained by sampling from (2.4) by drawing a value of
z̃ ∼ N(μz(γ ), σ 2M1) with μz(γ ) := JT

�(χ , χ̃ )R−1
� (χ)z for each

value of {γ , σ 2} drawn above (see sec. 3.4 in Banerjee 2020),
then drawing a value of ỹ ∼ N(X̃β + z̃, σ 2δ2Im) for each drawn
value of β (extracted from γ ), σ 2 and z̃.

This direct sampling is possible if � and δ2 are fixed. How-
ever, these parameters are not consistently estimable (Zhang
2004; Tang, Zhang, and Banerjee 2021), and trying to estimate
them from the data impedes the convergence of the MCMC
algorithms. Diggle and Ribeiro (2007) proposed inference with
discrete priors on these parameters (Ribeiro Jr et al. 2007),
which still entails evaluating potentially numerically unstable
conditional posterior densities. Alternate approaches that use K-
fold cross-validation have been explored with limited success
(Finley et al. 2019). Instead, we avoid numerically computing

marginal posterior distributions and pursue optimization based
on stacking over a set of fixed values of {�, δ2}.

2.3. Stacking Algorithms for Bayesian Spatial Models

Let {Mg , g = 1, . . . , G} be the set of candidate models.
The Bayes predictor for y(s0) under model Mg , for each
g = 1, . . . , G, is Eg(y(s0) | y,Mg), where Eg(· | y,Mg) is the
expectation with respect to p(y(s0) | y,Mg) = t2a∗

σ
(y(s0); hT

g γ̂g ,
(b∗

σ /a∗
σ )hT

gM∗hg) with hT
g = [xT(s0), J�g (s0, χ)R−1

�g
(χ)] and a∗

σ ,
b∗
σ , γ̂g and M∗ given by (2.3) with � = �g and δ2 = δ2

g . Stacking
will combine the G Bayes predictors as a weighted average,

G∑
g=1

wgEg(y(s0) | y,Mg) =
G∑

g=1
wghT

g γ̂g , (2.5)

where {w1, . . . , wG} are the stacking weights. We refer to
(2.5) as the stacked predictor. Subject to the constraint that
stacking weights are nonnegative and their sum equals one,
we define the corresponding stacked predictive density as∑G

g=1 wgp(y(s0) | y,Mg). We consider two stacking algorithms:
stacking of means and stacking of predictive densities.

Stacking of means: This is the most natural stacking algorithm
adapted from Breiman (1996). Define the leave-one-out (LOO)
Bayes predictor for y(si) under model Mg as ŷg(si) =
Eg(y(si) | y−i,Mg) = hT

g,−iγ̂g,−i, where y−i is the data without
the ith observation, hT

g,−i is defined as in (2.5) but with si
and χ−i = χ \ {si} replacing s0 and χ , respectively, and
γ̂g,−i is obtained from (2.3) applied to the data without si.
The expectation Eg(· | y−i,Mg) is calculated with respect to
p(y(si) | y−i,Mg) = t2a∗

σ ,−i

(
y(si); hT

g,−iγ̂g,−i,
b∗
σ ,−i

a∗
σ ,−i

hT
g,−iM∗,−i

hg,−i + δ2
)

, where a∗
σ ,−i, b∗

σ ,−i and M∗,−i are, again, provided
in (2.3) for the data excluding si. Stacking of means determines
the optimal weights as

arg min
w

n∑
i=1

⎛
⎝y(si) −

G∑
g=1

wgŷg(si)

⎞
⎠2

. (2.6)

Stacking of predictive densities: Following the generalized
Bayesian stacking framework in Yao et al. (2018), we devise a
second stacking algorithm for spatial analysis, which we refer
to as stacking of predictive densities. This algorithm finds the
distribution in the convex hull C = {∑G

g=1 wg × p(· |Mg) :∑
g wg = 1, wg ≥ 0} that is optimal according to some proper

scoring functions. Here p(· |Mg) refers to the distribution
of interest under model Mg . Let SG

1 = {w ∈ [0, 1]G :∑G
g=1 wg = 1} and pt(· | y) be the true posterior predictive

distribution. Using the logarithmic score (corresponding to the
KL divergence), we seek w so that
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max
w∈SG

1

1
n

n∑
i=1

log

⎛
⎜⎜⎜⎜⎝

G∑
g=1

wg t2a∗
σ ,−i

(
y(si); hT

g,−iγ̂g,−i,
b∗
σ ,−i

a∗
σ ,−i

hT
g,−iM∗,−ihg,−i + δ2

)
︸ ︷︷ ︸

p(y(si) | y−i,Mg)

⎞
⎟⎟⎟⎟⎠ . (2.7)

The optimal distribution
∑G

g=1 wgp(y(si) | y−i,Mg) provides a
“likelihood” of observing y(si) on location si given other data.
Therefore,

∏n
i=1

∑G
g=1 wgp(y(si) | y−i,Mg) serves as a pseudo-

likelihood that measures the performance of prediction based
on the weighted average of the LOO predictors for all observed
locations.

Stacking using K-fold cross-validation predictors: Solving stacking
weights relies upon computing the Bayes predictor and
predictive density. Computing the exact LOO Bayes predictor
and predictive densities for all observed locations {s1, . . . , sn}
requires refitting a model n times. For a Gaussian latent
variable model with the number of parameters larger than the
sample size n, there are limited choices for approximating LOO
predictors accurately without the onerous computation (see,
e.g., Vehtari et al. 2016). Instead of using the LOO predictors,
computing predictors through K-fold cross-validation (CV)
is more practical. For each fold in K-fold CV, Cholesky
decompositions—a major computational bottleneck—are
required for each fold, whereas for LOO-CV, they are required
for each observation. As a result, LOO-CV is typically more
computationally intensive (see, e.g., Vehtari and Lampinen
2002, and references therein for computational details including
greater computational savings and numerical stability achieved
by K-fold CV). Using K-fold cross-validation instead of LOO
in stacking is explored in Breiman (1996), who demonstrated
that 10-fold cross-validation provides more efficient predictors
than LOO. If the data is partitioned into K folds and y[−k]
denotes the observed outcomes that are not included in the
kth fold, then, following (2.7), we have p(y(si) | y[−k],Mg) =
t2a∗

σ [−k]
(

y(si); hg[−k]Tγ̂g[−k], b∗
σ [−k]

a∗
σ [−k]hg[−k]TM∗[−k]

hg[−k] + δ2
)

, where si is in kth folder. Here, a∗
σ [−k], b∗

σ [−k],
hg[−k], and M∗[−k] correspond to a∗

σ ,−i, b∗
σ ,−i, hg,−i, and

M∗,−i in p(y(si) | y−i,Mg), but are derived using data excluding
the kth folder instead of just the ith observation. The K-fold
cross-validation Bayes predictor for y(si) under model Mg is
ŷg(si) = Eg(y(si) | y[−k],Mg) = hg[−k]Tγ̂g[−k]. For stacking
of predictive densities, the optimal distribution changes into∑G

g=1 wgp(y(si) | y[−k],Mg).

Reconstructing stacked posterior distributions: Once the stacking
weights are calculated using either stacking of means or stacking
of predictive densities, we use them to reconstruct the posterior
distributions of interest as

p(· | y) =
G∑

g=1
ŵgp(· | y,Mg) , (2.8)

where · represents the inferential quantity of interest. We refer
to (2.8) as the stacked posterior density. For parameter inference

we take · as {β , z, σ 2}, while for predictive inference we use y(s0)
at an arbitrary location.

3. Implementation of Stacking Algorithms

Our theoretical development and implementation of the stack-
ing algorithms center on Matérn models. Supplement S2 pro-
vides theoretical insights into posterior inference under the
Matérn framework and supports the use of stacking in this
context. The Matérn model is a special case of (2.1), where z(s)
is modeled with the isotropic Matérn correlation function,

R�(s, s′) := (φ|s − s′|)ν
�(ν)2ν−1 Kν(φ|s − s′|), � = {φ, ν} . (3.1)

Here φ is the decay parameter, ν > 0 is a fixed smoothness
parameter, �(·) is the Gamma function, and Kν(·) is the modi-
fied Bessel function of the second kind of order ν (Abramowitz
and Stegun 1965, sec. 10).

We outline algorithms that compute the weights for spatial
stacking. We first partition the data into K-folds based on loca-
tions. Let X = [x(s1) : · · · : x(sn)]T be the design matrix
with X[k], y[k] and χ [k] denoting the predictors, outcome and
observed locations from kth fold, respectively, and X[−k], y[−k]
and χ [−k] denoting respective data not in kth fold. Let nk be the
number of observed locations for the kth fold. The values of the
prefixed hyper-parameters {φ, ν, δ2} of the conjugate Bayesian
spatial regression model are picked from the grid Gall, which
is expanded over the grids of candidate values as the Cartesian
product Gφ × Gν × G2

δ for {φ, ν, δ2}. We compute the posterior
expectation E(y[k] | y[−k], φ, ν, δ2) for k = 1, . . . , K and all
candidate {φ, ν, δ2} when using stacking of means to obtain
the stacking weights. Algorithm 1 describes the procedure with
additional details in Section S3.1. Algorithm 1 structures the
computation for different choices of δ2 to be nested in each
folder k. This structure allows the re-use of the correlation
matrix for the same {φ, ν} in the same folder for different δ2,
but it only works for the shared candidate values G2

δ .
Let Ŷkg be the nk×1 vector with elementsE(y[k] | y[−k], φ, ν, δ2)

for each {φ, ν, δ2} ∈ Gall, where g = 1, . . . , G indexes the
distinct combination of {φg , νg , δ2

g } ∈ Gall and G = |Gall|.
We suppress the index g in Algorithm 1 for ease of notation.
We construct Ŷg = (ŶT

1g , . . . , ŶT
Kg)

T as the n × 1 vector with
n = ∑K

k=1 nk, and Ŷ = [Ŷ1 : . . . : ŶG] as an n × G
matrix. Algorithm 1 describes the explicit steps for computing
E(y[k] | y[−k], φ, ν, δ2). Let w = (w1, w2, . . . , wG)T be the
stacking weights obtained as argmin

w
{(y − Ŷw)T(y − Ŷw)}

under constraints
∑G

g=1 wg = 1 and wg ≥ 0 for g = 1, . . . , G.
We formulate this as a quadratic programming (QP) problem
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Algorithm 1 Computing stacking weights using stacking of means
1: Input:, X, y, χ , prior parameters μβ , Vβ , aσ , bσ , Gφ , Gν , Gδ2 , and K
2: Output: w = {wφ,ν,δ2}(φ,ν,δ2)∈Gall : Stacking weights

3: Compute X(k)
prod = XT[−k]X[−k], X(k)

y = XT[−k]y[−k] and nk for k = 1, . . . , K
4: for {φ, ν} ∈ Gφ × Gν do
5: for k = 1 to K do
6: Calculate R−1

φ,ν(χ [−k]) and store Jφ,ν(χ [k], χ [−k])
7: for δ2 in Gδ2 do

8: Set W =
[

X[k]T

R−1
φ,ν(χ [−k])Jφ,ν(χ [k], χ [−k])T

]
and m∗ =

[
V−1

β μβ + δ−2X(k)
y

δ−2y[−k]

]

9: Set M−1∗ =
[
δ−2X(k)

prod + V−1
β δ−2XT[−k]

δ−2X[−k] R−1
φ,ν(χ [−k]) + δ−2In−nk

]
10: Set E(y[k] | y[−k], φ, ν, δ2) = WTM−1∗ m∗
11: end for
12: end for
13: end for
14: Construct Ŷ using E(y[k] | y[−k], φ, ν, δ2) for k = 1, . . . K and {φ, ν, δ2} ∈ Gall.
15: Solve convex optimization problem: arg minw(y− Ŷw)T(y− Ŷw) under constraints

∑G
g=1 wg = 1 and wg ≥ 0 for g = 1, . . . , G,

where G = |Gall|.

Algorithm 2 Stacking weights calculation using stacking of predictive densities
1: Input:, X, y, χ , prior parameters μβ , Vβ , aσ , bσ , Gφ , Gν , Gδ2 , and K
2: Output: w = {wφ,ν,δ2}(φ,ν,δ2)∈Gall : Stacking weights
3: for {φ, ν} in grid expanded by Gφ and Gμ do
4: for k = 1 to K do
5: for δ2 in G2

δ do
6: Compute E(y[k] | y[−k], φ, ν, δ2) (Follow line 1-7 in Algorithm 1)
7: for s in χ [k] do
8: Compute lp(φ,ν,δ2)(s) = log(p(y(s) | y[−k], φ, ν, δ2))
9: end for

10: end for
11: end for
12: end for
13: Calculate weights by maximizing

∑
s∈χ log

(∑
(φ,ν,δ2)∈Gall

exp {lp(φ,ν,δ2)(s)} ∗ w(φ,ν,δ2)

)
under constrains∑

(φ,ν,δ2)∈Gall
w(φ,ν,δ2) = 1 and w(φ,ν,δ2) > 0

and use the quadprog package in R and the solver Mosek
(Andersen and Andersen 2000) in Julia to solve for the
weights (see Section S3.5).

We obtain the stacking weights for predictive densities by
evaluating the log point-wise predictive density, (lp(φ,ν,δ2)(s)),
of y(s) for all locations in each fold for all candidate models.
The log point-wise predictive density is derived explicitly in
Section S3.2, while Section S3.3 devises a Monte Carlo algo-
rithm for stacking of predictive densities. The stacking weights
for predictive densities are calculated using Mosek in R and
Ipopt in Julia, both employing interior-point methods for
optimization problems with logarithmic objectives and linear
constraints. Algorithm 2 summarizes the procedure with further
details provided in Section S3.1.

While inferential performance of these algorithms is promis-
ing (theoretically and asymptotically) when the candidate values
of the correlation parameters fall in a reasonable domain, the
choice of Gφ , Gν , and G2

δ still impact the performance of stack-

ing in practical analysis. Here, we offer guidance on specifying
Gφ , Gν , G2

δ . More comprehensive evaluation and discussion are
presented in Section 4. Based on the property of Matérn kernel,
popular choices for ν include 0.5, 1.0, 1.5, and 1.75 or 2. Matérn
kernels with ν > 2 generate overly smoothed processes and
cause numerical instabilities. The range of candidate values for φ

are determined by a lower and upper bound of range along with
the choices for ν. In simulations, we choose equally spaced can-
didate values for Gφ . We note that an even grid is not equivalent
to a uniform prior unlike, for example, Kazianka and Pilz (2012).
Gφ serves as a discretized domain for φ and, as we described and
showed in Section S4.4, one can hardly obtain inference about
hyper-parameters through stacking. The choice of candidate
values for δ2 is more subtle. In our implementation, we use quan-
tiles of beta distribution Beta(a1, a2) to select candidate values of
δ2/(1+δ2), which falls between 0 and 1. This is based on the fact
that when σ 2 ∼ IG(a1, b), τ 2 ∼ IG(a2, b) and the two param-
eters are independent, δ2/(1 + δ2) ∼ Beta(a1, a2). The two
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shape parameters a1, a2 are determined from values of nugget
and partial sill estimated from an empirical semivariogram. We
choose b to be the larger value of the estimated nugget and
partial sill in our implementation. Since the posteriors of σ 2 and
τ 2 are not independent, other choices for G2

δ are preferred when
additional information about δ2 is available.

4. Simulation

4.1. Simulation Settings

We present four simulation experiments to evaluate predictive
performance using our stacking algorithms. The data for these
experiments are generated using (2.1) on locations sampled
uniformly over a unit square [0, 1]2 with R� being the Matérn
covariogram in (3.1). The sample size n of the simulated datasets
ranges from 200 to 900, and we randomly pick nh = 100
observations for checking predictive performance. The vector
x(s) consists of an intercept and a predictor generated from a
standard normal distribution. We use the parameter values β =
(1, 2)T, σ 2 = 1, τ 2 = 1, ν = 1, and φ = 7 and 2 to generate data
for the first and second simulation, respectively. For the third
and fourth simulation, we set φ = 20 and 2, respectively, with
σ 2 = 1, τ 2 = 0.3 and ν = 0.5.

We analyze our data using the K = 10-fold stacking Algo-
rithms 1 and 2 with candidate values ν ∈ Gν = {0.5, 1, 1.5, 1.75}.
The candidate values for φ are selected so that the “effective spa-
tial range”, which refers to the distance where spatial correlation
drops below 0.05, covers 0.1 and 0.6 times

√
2 (the maximum

inter-site distance within a unit square) for all candidate values
of ν. Here we set Gφ = {3, 14, 25, 36}. It is worth noting that
the actual value of φ in the second and fourth simulation are 2,
which are smaller than the lowest candidate value in Gφ . The
values of φ were deliberately chosen to be large and small to
investigate the behavior of the proposed algorithms. Finally, we
specify Gδ2 to comprise the 0.05, 0.35, 0.65, and 0.95th quantiles
of a beta distribution with expectations of σ 2 and τ 2 equal
to their data generating values. We assign an IG(aσ , bσ ) prior
with aσ = bσ = 2 for σ 2. The prior of β is N(μβ , Vβ)

where μβ = 0 and Vβ = 4 · I. For each simulated dataset,
we implement stacking of means and of predictive densities to
obtain the expected outcome ŷ(s) based on the held out observed
locations. The predictive accuracy is evaluated by the root mean
squared prediction error over a set of nh hold-out locations in set
Sh (RMSPE =

√∑
s∈Sh

((ŷ(s) − y(s))2)/nh). We also compute
the posterior expected values of the latent process ẑ(s) for z(s) on
all of the n sampled locations in S and evaluate the root mean
squared error for z(s) (RMSEZ = √∑

s∈S(ẑ(s) − z(s))2/n). To
further evaluate the distribution of predicted values, we compute
the mean log point-wise predictive density for the nh held out
locations (MLPD = ∑

s∈Sh
{log(

∑G
g=1 wgp(y(s) | y,Mg))}/nh).

Apart from stacking, we also implement a fully Bayesian
model with priors on the hyperparameters using Markov chain
Monte Carlo (MCMC) sampling for comparison. In addition, we
carry out exact Bayesian inference using the conjugate model
in Section 2.2 with hyper-parameters fixed at the exact value
(denoted as M0). We use the same priors for σ 2 and β as those
in stacking implementations. For the rest of the priors needed

in full MCMC sampling, we assign uniform priors U(3, 36) for
φ and U(0.25, 2) for ν, and an IG(2, 2) prior for τ 2. Sampling is
fitted through the spLM function in the spBayes package in R.
The diagnostic metrics are computed based on 1000 posterior
samples retained after convergence was diagnosed over a burn-
in period of 10,000 initial iterations. The algorithm for recov-
ering the expected z and the log point-wise predictive density
based on the output of spLM is presented in Section S3.4 of the
supplement. We monitor all diagnostic metrics for prediction
for all competing algorithms. To measure uncertainty of the
diagnostic metrics, we generate 60 datasets for each sample
size in each simulation, fit each dataset with the four compet-
ing methods and record the diagnostic metrics of each model
fitting.

4.2. Predictive Performances

The aforementioned methods exhibit different behaviors in the
four simulation studies. Figure 1 compares predictive perfor-
mance for the first and the third study. The results for Sim-
ulation 2 and 4 closely mirror those of the first simulation
and are included in Section S4.1 of the supplement for brevity.
There are no pronounced distinctions in predictive performance
among the competing models in the first simulation. In the third
simulation, however, stacking of means seems to deliver better
estimates for the latent process at observed and unobserved loca-
tions than stacking of predictive densities (based on RMSEZ),
while stacking of predictive densities outperforms stacking of
means in terms of the log point-wise predictive density (based
on MLPD). This is unsurprising as we optimize prediction error
in the stacking of means and we maximize the log predictive
densities in the stacking of predictive densities. Treating the
fully Bayesian model with priors on all hyperparameters (fit-
ted using MCMC) as a benchmark, we find that stacking of
predictive densities is very competitive in terms of MLPD. The
performance of latent process estimation for the full Bayesian
model falls between stacking of means and stacking of predictive
densities. All competing algorithms deliver very similar predic-
tion accuracy for the outcome at unobserved locations, while
stacking of means slightly outperforms the full Bayesian model
with regard to the medians of the RMSPEs for all fittings; both
are slightly better than stacking of predictive densities, The con-
jugate Bayesian model M0 provides the best point estimates for
the outcome and latent processes based on RMSPE and RMSEZ,
but is less impressive in terms of MLPD. These results indicate
that stacking of means excels in point estimation, while stacking
of predictive densities is preferable for interval estimation.

We check the counts of the nonzero weights in stacking and
find that stacking of means tends to produce a slightly smaller
number of nonzero weights than stacking of predictive densi-
ties. The number of nonzero weights is small for both stacking
algorithms. This sparsity is not an artifact of our methodology
but rather a known characteristic of stacking. As first reported
by (Section 9 Breiman 1996), the author observed that stacking
combines a “surprisingly few” number of models. Our findings
are consistent with this observation: on average, there are around
3.6 and 4.3 out of 64 weights that are greater than 0.001 in the
simulation studies for stacking of means and stacking of predic-
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Figure 1. Distributions of the diagnostic metrics for prediction performance for the first simulation (left) and the third simulation (right). Each distribution is depicted
through a violin plot. The horizontal line in each violin plot indicates the median.

Figure 2. Distributions of the counts of nonzero weights in the first (a), second (b), third (c), and fourth (d) simulation. The distribution of the counts are described through
violin plots whose horizontal lines indicate the medians.

tive densities, respectively. This number is relatively consistent
when the sample sizes increase. Plots for the distributions of
nonzero weights counts are provided in Figure 2. To further
explore this, we visualize the distributions of the nonzero weight
values in Supplement S4.2. These plots reveal a strongly right-
skewed distribution, confirming that stacking not only selects
a small set of models but further concentrates the predictive
influence on just a few top performers. This inherent parsimony
highlights stacking’s ability to perform implicit model selection.

Building on the preceding broader analysis, we now attend to
more specific scrutiny of inferential performance. We examine
a case from Simulation 1 featuring 800 observations, another
from Simulation 2 with 600 observations, a third from Simu-
lation 3 containing 400 observations, and a fourth from simu-

lation 4 containing 200 observations to enhance our evaluation
of stacking’s predictive performance. These four examples are
intentionally selected to represent typical inferential behavior
across varying parameter settings and sample sizes. The results
from these selected examples are consistent with our empirical
findings across 60 replicates and align well with the diagnostic
metrics for predictive performance reported for the full set of
simulations. Figure 3 directly compares 95% credible intervals
(CIs) and point estimates obtained through stacking and MCMC
methods for the first and the third cases. Results for the second
and fourth cases, which closely resemble those of the first case,
are provided in Section S4.1 of the supplement for brevity.
Here, the 95% CIs for stacking are based on 900 draws from
the stacked posterior distribution. Specifically, we generate 900



1556 L. ZHANG, W. TANG, AND S. BANERJEE

Figure 3. Scatterplots for predicted versus actual outcomes at 100 unobserved locations with 95% credible intervals from Simulation 1 with 800 observations (upper
row) and another example from Simulation 3 with 400 observations (lower row). Each plot includes a solid black line representing the 45-degree reference line, with titles
indicating 95% CI coverage. “pds” denotes predictive densities.

posterior samples from each candidate model with nonzero
stacking weights and then randomly sample 900 draws from this
pool according to the stacking weights. Stacking of predictive
density appears to closely align with inference from MCMC,
while stacking of means tends to marginally underestimate the
CI widths, particularly in the setting with a smaller range. In
addition, following a reviewer’s suggestion, we include a com-
parison with the Bayesian method implemented in the geoR
package (Ribeiro Jr et al. 2007) in Section S5 of the supplement,
as an additional reference for interested readers.

Section S4.3 illustrates the interpolated maps of the predicted
outcome at held out locations and the expected latent processes
over all locations generated by different fitting algorithms. The
posterior predictive means, E(y(s) | y), and E(z(s) | y), share
similar patterns with the raw data. The mean of z(s) estimated
by stacking of predictive densities appears smoother than those
estimated from M0, full Bayes and stacking of means, while
the predicted mean of y(s) at unobserved locations are indistin-
guishable across all methods.

4.3. Running Time Comparisons

Computer programs for reproducing the simulation stud-
ies are hosted in the GitHub repository https://github.com/
LuZhangstat/spatial_stacking. Comparisons in predictive per-
formances presented above are conducted in R. For the running
time comparisons reported here, the stacking algorithms are

implemented using Julia-1.11.1. The MCMC sampling
algorithms are executed through the package spBayes in
R-4.3.2, which relies on underlying functions written in C++
for computational efficiency. We report the time for obtaining
weights for stacking, and we consider the sampling time
for {φ, ν, σ 2, τ 2} using MCMC (no sampling of {β , z} and
no predictions). The timing comparisons are based upon
experiments on a Linux system equipped with 64 AMD EPYC
7513 32-Core Processors. Parallel computing is performed using
8 threads. Figure 4 summarizes the running time for the three
competing algorithms. On average, the stacking of means is
496 times faster than MCMC, while stacking of predictive
densities is only slightly slower being around 483 times faster
than MCMC sampling. These experiments clearly establish
that predictive stacking algorithms are efficient alternatives to
MCMC for estimating latent spatial processes and predicting
spatial outcomes.

4.4. Impact of Hyperparameter Selection

We further explore improving inferential performance of stack-
ing by judicious choices of {φ, ν, δ2}. We explore the inferential
impact of selecting candidate values for the prefixed hyper-
parameters from their posterior distributions. These posterior
distributions are evaluated from MCMC samples of the full
Bayesian model. The method for choosing candidate values
as outlined in previous subsections is now referred to as the

https://github.com/LuZhangstat/spatial_stacking
https://github.com/LuZhangstat/spatial_stacking


JOURNAL OF THE AMERICAN STATISTICAL ASSOCIATION 1557

Figure 4. Running time comparison for stacking and MCMC sampling.

Figure 5. Densities of σ 2 for the example with 800 observations from simulation 1 (left) and the example with 400 observations from simulation 2 (right). Vertical red lines
indicate the actual σ 2 values. Grey densities represent MCMC-recovered posterior distributions of σ 2. “Default” and “MCMC+Stacking” show stacking results using two
methods for selecting φ, ν, δ2 candidates. Left panel: stacking of means. Right panel: stacking of predictive densities.

Figure 6. Predictive densities of the outcome at 50th point in the example with 800 observations from simulation 1 (left) and the example with 400 observations from
simulation 3 (right). Vertical red lines indicate the actual values. Grey densities represent MCMC-recovered posterior distributions. “Default” and “MCMC+Stacking” show
stacking results using two methods for selecting φ, ν, δ2 candidates. Left panel: stacking of means. Right panel: stacking of predictive densities

“default” method. Given that the default algorithm in the simu-
lation studies involves 64 candidate models, we randomly select
64 samples of {φ, ν, δ2} as candidate values. Although obtaining
marginal posterior samples is impractical when implementing
the stacking algorithm, this approach serves as our benchmark,
assuming full knowledge of the marginal posterior. We also
present the posterior distributions recovered by MCMC as the
gold standard for comparisons.

Figure S16 depicts a comparison of diagnostic metrics and
reveals that there is no significant improvement in predictive
performance by selecting the prefixed correlation parameters
through posterior distributions. To further check the impact, we
revisit the four selected examples in Section 4.2, featuring 800,
600, 400, and 200 observations from simulations 1, 2, 3, and 4,
respectively. Representative results from the first and third
examples are included in the main paper, with all simulation
results detailed in the supplement for completeness. Figure 5
compares the posterior distributions for σ 2. Regardless of

the method used for selecting candidate values for the pre-
fixed hyper-parameters, the marginal distributions recovered
through stacking invariably exhibits multimodal behavior. This
reinforces the claim that stacking does not provide effective
inference for covariance parameters, including σ 2. Furthermore,
we observe that the distribution of σ 2 recovered by stacking
is highly dependent on the choice of candidate values for the
correlation parameter. Similarly, for τ 2, we observe multimodal-
ity in the third example, as shown in Figure S18. Intriguingly,
the variations in the distribution of σ 2 resulting from stacking
do not impact the predictive distribution of outcomes. We
examine the predictive distribution of the outcome at several
unobserved points and present some typical examples in
Figure 6 and S20 . The predictive distributions obtained from
stacking are largely consistent regardless of hyperparameter
selection methods. Additionally, the predictive distributions
recovered by stacking of means tend to concentrate around the
mode compared to those recovered by stacking of predictive
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Figure 7. Upper: MODIS Aerosol Optical Depth (AOD) Visualization. From left to right: Log-transformed AOD values, training data (pixels not covered by clouds), and testing
data (cloud-covered pixels), as of September 13th, 2018. Lower: Visualization of Regression Model Predictors. From left to right: Enhanced Vegetation Index (EVI) from MODIS
MOD13A2 products, impervious surface percentage from USGS NLCD 2018, and weighted road network density from OpenStreetMap, all resampled to 1-km resolution.

densities. The distributions for the intercept recovered by
stacking may have larger variance according to Figure S19 , while
those for regression coefficients β2 closely align with inference
from MCMC. We conclude that the improvement of selecting
candidate values for {φ, δ2, ν} from the posterior is limited based
on these results.

5. AOD Prediction

We use K = 10-fold Bayesian stacking to analyze Aerosol
Optical Depth (AOD) observations from satellite technologies
in global aerosol research. This is an increasingly important field
across multiple disciplines such as environmental health, clima-
tology, atmospheric science, and remote sensing (Voiland 2010).
Unlike ground-based monitoring that is limited by regional cov-
erage and budget, satellite-derived AOD data provides a more
expansive picture of aerosol distributions on a global scale. How-
ever, cloud screening and conditions of high surface reflectance
can result in a significant proportion of missing data in AOD
satellite observations (Li et al. 2009). Prevailing AOD interpo-
lation algorithms often rely upon random forests and neural
networks (Fan and Sun 2023; Aguilera et al. 2023). Nonetheless,
Gaussian process models present a competitive alternative by
accommodating data-driven processes and providing essential
uncertainty quantification. We apply our Bayesian spatial regres-
sion model using stacking to analyze 1-km MODIS AOD prod-
ucts (MCD19A2) over the Greater Los Angeles area (Lyapustin
et al. 2018) and assess their predictive performances in the con-
text of large-scale AOD retrieval and uncertainty quantification.

Figure 7 is a base image with near-complete AOD coverage
on September 13th, 2018, encompassing 16,003 pixels that do
not encroach over water bodies. We use the cloud pattern from
August 24th, 2018, to partition the data. Pixels not obscured by
clouds comprise the training set (totaling 11,857 pixels), while

the remaining 4146 pixels form the testing set. We use log-
transformed AOD as the outcome and five predictors (resam-
pled to a 1-km resolution): the x-y coordinates, the Enhanced
Vegetation Index (EVI) from the 16-day MODIS MOD13A2
products, the impervious surface percentage from the USGS
National Land Cover Database (NLCD) 2018, and the weighted
road network density from OpenStreetMap (Figure 7).

Following the prototype in simulation studies, we set Gν =
(0.5, 1.0, 1.5, 1.75). The candidate values for φ were set at
(0.1, 0.4, 0.7, 1.0) so that the practical range of the process spans
from 5km to 25km. This range was conservatively estimated
based on the empirical semivariogram of the residual of a
linear regression model (Figure S22 ). We used the estimated
values for σ 2 and τ 2 from the empirical semivariogram to
determine Gδ2 . We assigned σ 2 ∼ IG(2, 0.05) and the remaining
settings following those used in our simulation studies. In
addition to stacking, we expanded the analysis by including five
competitive algorithms: Deep Learning, Random Forest (RF)
(Breiman 2001), Gradient Boosting Machine (GBM) (Friedman
2001), an Ensemble Model integrating the aforementioned three
algorithms, and Bayesian Linear Regression (BLR) without
spatial effects. We implemented the first four algorithms on
H2O (Cook 2016), a popular open-source platform designed for
big data analytics. Specifically, we used H2O’s default settings
for the Deep Learning algorithm (Candel et al. 2016) and
similarly for the GBM. For the RF model, we determined the
optimal configuration, setting the number of trees to 120 and
the maximum tree depth to 60-via a Cartesian grid search. We
validated these learner models with 10-fold cross-validation.
H2O’s Ensemble method is another stacking algorithm which
finds the optimal combination of predictions from the fitted
DL, RF, and GBM models. The BLR model was fitted through
R package brms. We assigned N(0, 22) to our regression
coefficients and a half-Cauchy prior half-Cauchy(0, 0.5) to the
standard deviation of the error.
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Figure 8. Interpolated and testing data AOD in the selected region.

Table 1. Comparative performance metrics for AOD interpolation.

Method RMSPE MAE R 95% CIC 99% CIC

Bayesian linear regression 0.019 0.0147 0.693 94.9% 99.4%
Deep Learning (H2O) 0.0166 0.0127 0.792 NA NA
Gradient Boosting (H2O) 0.0161 0.0122 0.797 NA NA
Random Forest (H2O) 0.0153 0.0115 0.821 NA NA
Ensemble model (H2O) 0.0154 0.0116 0.816 NA NA
Stacking of means 0.010 0.007 0.927 75.9% 87.0%
Stacking of posterior density 0.010 0.007 0.926 82.1% 93.9%

NOTE: Best results are in bold.

For stacking and BLR, the AOD interpolation was retrieved
using posterior mean. We calculated the root mean squared
prediction error (RMSPE), mean absolute error (MAE) and
Pearson correlation coefficient (R) by comparing the interpo-
lated AOD with the testing data AOD, and we have summarized
these results in Table 1. The two stacking algorithms signifi-
cantly outperformed the other competitive algorithms in terms
of Pearson correlation coefficients, RMSPE and MAE. Figure 8
showcases predictions at a selection of central testing locations,
where we note that the stacking algorithms produce smoother
interpolations. We compare the 95% CI for the testing AOD in
Figure S23 and provide the CI coverage (CIC) for 95% CI and
99% CI in Table 1. Although the BLR model achieved excellent
CI coverage, the CIs it produced are remarkably wider than
those obtained through stacking. This analysis demonstrates
the effectiveness of our stacking algorithms in AOD interpo-
lation, notably outperforming prevailing models in accuracy
and uncertainty quantification with limited predictors, showing
great potential for future remote sensing data interpolation.

6. Conclusion and Future Work

We devise Bayesian inference for geostatistical data using predic-
tive stacking. The underlying idea is to optimally average a finite
set of analytically tractable conditional posterior distributions by
fixing the values of certain parameters in the spatial covariance
kernel. We explore inferential performance through simulations
and analysis of an AOD data. The empirical results reveal that
Bayesian predictive stacking delivers predictions comparable
to full Bayesian inference obtained using MCMC samples, but
at significantly lower computational costs. Our proposed algo-
rithms are implemented in parallel using efficient storage and,
hence, comprise an efficient alternative to full Bayesian inference
using MCMC samples. We can build upon our current frame-
work to extend Bayesian stacking for multivariate geostatistics
using conjugate matrix-variate normal-Wishart families (Zhang,
Banerjee, and Finley 2021) and conjugate exponential families
for non-Gaussian data (Bradley, Holan, and Wikle 2020). A
recent article by Pan et al. (2024) extends the current frame-
work to spatial-temporal generalized linear models and another
by Presicce and Banerjee (2025) develops a Bayesian transfer
learning framework for massive spatial datasets using predictive
stacking. Stacked Bayesian inference for high-dimensional geo-
statistics (e.g., building on the conjugate frameworks in Zhang,
Datta, and Banerjee 2019; Banerjee 2020) is also possible as
is the development of stacking methods for pooling inference
across subsets of data (e.g., as an alternative to meta-kriging
described in Guhaniyogi and Banerjee 2018). Finally, the R
package spStack available for download from https://cran.
r-project.org/package=spStack implements Bayesian predictive

https://cran.r-project.org/package=spStack
https://cran.r-project.org/package=spStack
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stacking for Gaussian and non-Gaussian data based on the
methodology developed in this article.
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