THE OCCUPATION TIME OF A RANDOM WALK GENERATED BY
THE UNIFORM RANDOM PERMUTATION
— A GPT-6 ASTRA PROOF
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ABSTRACT. This note provide a proof of Conjecture 2.5 in Fang et al. (J. Appl. Probab.,
58(4):851-867, 2021), with the help of GPT-6 Astra. We show that the number of edges
lying above zero of a random walk generated from the uniform permutation has the discrete
arcsine law. The proof is short but hinges on an unexpected representation. We also make
several comments on solving the problem using large language models.
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The purpose of this note is to record a proof of Conjecture 2.5 in [2], thanks to GPT-6
Astra.

The problem is concerned with the distribution of the occupation time of a permutation
generated random walk, a model motivated by applications in genomics. [I0, II]. The
problem and the subsequent paper [2] grew out of the AIM workshop https://aimath.org/
pastworkshops/steinhd.html.

Let’s describe the problem: let 7 := (71, ..., m,41) be a permutation of [n+1] := {1,...,n+
1}. Let

X, — +1 if mp < mpga,
F=Y -1 if g > ma,

and denote by Sy, := > ;_; Xj, So := 0 the corresponding walk generated by m. An obvious
candidate for 7 is the uniform random permutation of [n + 1]. This random walk model also
appeared in the physics literature [§], and in the study of zigzag diagrams [5].

One intriguing quantity related to the walk (S, 0 < k < n) is the occupation time above

Zero.
n

Ny =Y 1(Sg-1 >0, Sj, > 0); (0.1)
k=1
that is, the number of edges which lie above zero up to time n. The following result (now a
theorem) was conjectured in [2].

Theorem 0.1. For m a uniform permutation of [2n + 1], let (Sk, 0 < k < 2n) be generated
from w. The distribution of Nay, defined by (0.1) is given by

1 [2k\ (2n — 2k
P(Ngn:2k):22n<k><z_k> fork=0,...,n; (0.2)

that is, the discrete arcsine law.
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Before proving Theorem let’s make a few comments.

(1) The reason why we believed the formula should be true is because (a) it holds
for all small cases from computer enumerations; (b) the boundary case k = 0,n is
known via a non-trivial bijection [].

(2) As will be seen, the proof of Theorem (0.1 culminates an “aha” moment. (It is short,
and is eventually an exercise of good tricks.) Our failure to find a proof was partly due
to our firm insistence on a bijective proof in the spirit of [I], “misled” by the boundary
case. GPT-6 Astra (Medium) was also not able to produce such a (bijective) proof.

(3) Theorem|0.1|is one of the three conjectures that I constantly (since GPT-4) used to test
the reasoning ability of large language models. The other two are on one-dependent
processes [6], and Poisson binomial distributions [4, @]. All these conjectures are
probabilistic/combinatorics, which I believe are true. To the date, only Theorem
has been resolved with GPT-6 Astra. (All the previous GPT versions also failed to
prove Theorem [0.1])

Below is the GPT-6 Astra’s (1mb51s) proof, which is hard to beat.

Proof of Theorem[0.1]. Since (S, 0 < k < n) is a simple walk (with +1 increments), the
values of So_1 are odd (# 0). So the edges adjacent to Sor_1, i.e., (Sog—_2,52%—1) and
(Sok—1, S2k), lie above zero if and only if Sor_1 > 0. As a result,

Non =2 1(Sayk—1 > 0), (0.3)
k=1

which holds pathwise.

Next, a uniform random permutation can be constructed via i.i.d. uniform(0,1) random
variables. Let Uy, ...,Usu4+1 ~ Unifom(0, 1), and sort these numbers in increasing order
Uy < -+ < Ugy). Then the permutation 7 defined by

2n+1
me=14 Y WU <Uk), k=1,....2n+1,
7j=1
(i-e., Ur, = Ugy) is uniform (see e.g., [T, Section 3.4.2]). We have:
k
Xr =1—-21(Uy > Ugy1) and hence, Sp=k— 22 L(U;j > Ujq1). (0.4)

Now comes the “aha” moment. Define
Vi=Uy, Vi={U;—Ug}fork>2,

where {z} denotes the fraction part of . The random variables Vj, are i.i.d. Unifom(0,1).
Observe that
Vier = Ujp1 = Uj + 1(U; > Ujpa),

SO
k+1

ZV Uk+1+z (Uj > Ujt1).
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Therefore, Z;?:l L(U; > Ujt1) = [ l;+11 VJ}, where [z] denotes the integer part of z. By

]:
©-9.

k+1
Se=k-2|>V
j=1

So
2%k

Sop_1 > 0 <= Z V < k. (0.5)
j=1

Finally, define the “new” increments and the walk:

k
Y, =1—Vop,_1 —Vo, and T} := ZYk’ fork=1,...,n. (0.6)
j=1

By (0.3) and (0.5, we get:
Nop =2 1T > 0) = 2#{k : Ty > 0}. (0.7)
k=1

Note that the increments Y;’s are i.i.d., continuous, and symmetric with respect to 0. By
the classical Sparre-Anderson theorem (see e.g., [3, Chapter XII.7]), #{k : T}, > 0} has the
discrete arcsine law, which allows us to conclude. ]
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